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Abstract

Itis the purpose of this paper to derive two-step hybrid md#fory” = f(x,y), with oscillatory or periodic solutions,
specially tuned to the behaviour of the solution, throughubage of the exponential fitting technique. The construc-
tion of two-step exponentially fitted hybrid methods is shaand their properties are discussed. Some numerical
experiments confirming the theoretical expectations aveiged.
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1. Introduction

It is the purpose of this paper to derive numerical methogs@gmating the solution of initial value problems
based on second order ordinarffeiential equations (ODES)

y’ = f(xy),
Y (%) = Yo (1.1)
Y(Xo0) = Yo,

with f : [X, X] x RY - RY smooth enough in order to ensure the existence and uniguef#®e solution, which is
assumed to exhibit a periodiscillatory behaviour. Although the problem (1.1) couldtizsformed into a doubled
dimensional system of first order ODEs and solved by stanftardulae for first order dferential systems, the
development of numerical methods for its direct integraeems more natural anffieient.

Second order ODEs (1.1) having periodic or oscillatory sohs often appear in many applications, e.g. celestial
mechanics, seismology, molecular dynamics, and so on seestance [24, 31] and references therein contained).
Classical numerical methods for ODEs may not be well-suitddllow a prominent periodic or oscillatory behaviour
because, in order to accurately catch the oscillations,na sraall stepsize would be required with corresponding
deterioration of the numerical performances, especiallierms of diciency. For this reason, many classical nu-
merical methods have been adapted in ordefigiently approach the oscillatory behaviour. One of the jbss
ways to proceed in this direction can be realized by impo#iaga numerical method exactly integrates (within the
round-df error) problems of type (1.1) whose solution can be expreasdinear combination of functions other than
polynomials: this is the spirit of the exponential fittinglaique (EF, see [18]), where the adapted numerical method
is developed in order to be exact on problems whose solugitingar combination of

(1,%,..., XK, exp @ux), xexp Eux), . .., X" exp Eux)},

whereK andP are integer numbers.

In the context of linear multistep methods for second ordeE®, Gautschi [13] and Stiefel-Bettis [28] considered
trigonometric functions depending on one or more freques)aihile Lyche [20] derived methods exactly integrating
initial value problems based on ODEs of ordewvhose solution can be expressed as linear combination oéizow
and exponentials; Raptis-Allison [26] and Ixaru-Rizea] [dérived special purpose linear multistep methods for the
numerical treatment of the radial Schrodinger equayioe: (V(X) — E)y, by means of trigonometric and exponential
basis of functions. More recently, in the context of Rungeti&Nystrom methods, exponentially-fitted methods
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have been considered, for instance, by Calvo [3], Franch RBitnos [1, 27] and Vanden Berghe [29], while their
trigonometrically-fitted version has been developed beaister in [21]; mixed-collocation based Runge—Kutta—
Nystrom methods have been introduced by Coleman and Dyskb(f]. Recent adaptations of the Numerov method
have been provided in [11, 14, 30]. For a more extensivedaibdiphy see [18] and references within.

The methods we consider in this paper belong to the classmbtep hybrid methods

S
Y = (L4 G- Gyna + 12 Y agf(AT), =1, (1.2)
=1

S
Yne1 = 2% = Yo1 + 02 > b (YT, (1.3)

i=1

introduced by Coleman in [4], which can also be represetttemligh the Butcher array

c|l A
—'—bf (1.4)

with ¢ = [cy, Cp, ..., Cg] T, A= (aij)ﬁjzl, b =[by, by, ...,bJ ", wheresis the number of stages. The interest in this class of
methods, as also pointed out by Coleman in [4], lies in th@imiulation: “many other methods, though not normally
written like this, can be expressed in the same way by singaeaangement”. For this reason, they represent one of
the first attempts to obtain wider and more general classesrogrical methods for (1.1), towards a class of General
Linear Methods [2, 7, 10, 19] for this problem.

The aim of this paper is the derivation of EF-based methottsimihe class (2)-(1.3) depending on one or two
parameters, which we suppose can be estimated in advarecpidficy-dependent methods within the clas®){(1.3)
have already been considered in [33], where phase-fittedupdification-fitted two-step hybrid methods have been
derived, and also in [9], where trigonometrically fitted hreds (1.2)-(1.3) depending on one and two frequencies
have been proposed.

In Section 2 we present the constructive technique of EF oastlof type (12)-(1.3). Section 3 is devoted to
the local error analysis and the parameter estimationgwhiSection 4 we analyze the linear stability properties of
the derived methods. Finally section 5 provides numeriestist confirming the theoretical expectations. The paper
concludes with an appendix, where some examples of metrax@sideen reported.

2. Construction of the methods

We present the constructive technique we used to derive BRaae within the class (2)-(13), based on the
so-called six-step procedure, introduced by Ixaru and ¥ari8erghe in [18] as a constructive tool to derive EF based
formulae approaching many problems of Numerical Analysig.(interpolation, numerical quadrature andiedenti-
ation, numerical solution of ODES) especially when thelusons show a prominent periodascillatory behaviour.
This procedure provides a general way to derive EF formula@se cofficients are expressed in a regularized way
and, as a consequence, they do ndliesidrom numerical cancellation. Indeed, @beents expressed as linear com-
binations of sine, cosine and exponentialfesufrom heavy numerical cancellation and, in the implemtionathey
are generally replaced by their power series expansiotghdyitruncated. On the contrary, the @igents of EF
methods obtained by using the six-step flow chart are expddsg means of they(s) functions introduced by Ixaru
(see[15, 18] and references therein contained) and, assegoence, thefiects of numerical cancellation are notably
reduced.

In agreement with the procedure, we first consider the faligvget ofs + 1 functional operators

L[h,bly(x) = y(x+ h) = 2y(X) + y(x — h) — h? Z by (x+ cih), (2.1)
i1
Li[h, aly(x) = y(x + cih) — (1 + ¢)y(X) + ciy(x — h) — h? Z ajy (x+ch),i=1....s (2.2)

=1



which are associated to the metho®)1(1.3). We next report the first five steps of the procedure, whiigémaining
one, i.e. the local error analysis, is reported in Section 3.

e step (i)Computation of the classical moment$e reduced classical moments (see [18], p. 42) are defimed,
our case, as

Li(@)=h™Dghax", i=1...,s m=0,1,2,..., (2.3)
L:(b) = "™ £[h; b]x™, m=0,1,2,... (2.4)
¢ step (ii)Compatibility analysisWe examine the algebraic systems

Li(@=0i=1..sm=01...M-1 (2.5)
Li(b)=0, m=0,1,...,M -1, (2.6)

to find out the maximal values &fl andM’ for which the above systems are compatibles # 2, we have

L =0, L3, =0, L3, =0,

Li=0, L =0, Li, =0,

Ly = 2(1- by - by), Li, = ¢ + €% — 2(aw1 + 1), L}, = Co + C3 — 2(a1 + a2),

L3 = 6(—byc1 — byey), Li; = —C1(1+ 6a11 — €3) — 6ayoCy, Ly = —Co(1 + 6@z, — €3) — BapiCy,

Li = 12¢ - by —bpcd), Li, =c1+Cf — 12(anC + a1oCd), Ly, = Co + Cf — 12(@1C3 + 8ppC2),
and, thereforeM = M’ = 4.

¢ step (iii) Computation of the G functiondn order to derive EF methods, we need to compute the seetcall
reduced (or starred) exponential mome(gse [18], p. 42), i.e.

EG(xz @) = exp@ux)Li[h, al exp@xux),i=1,...,s (2.7)
Eo(xz b) = exp@ux)LIh, b] exp(ux), (2.8)

wherez = uh. Once computed the reduced exponential moments, we caredieeiG functions, defined in the
following way:

G/ (Z.a) = %(Ea(z, a) + Ej(-z a)), i=1...s
G (Z.a) = ziZ(E;;i(z, a) - Ey(-z, a)), i=1...s

G*(Z.b) = 5(Ex(zb) + Ex(-2b)
G(Z.b) = o (Eszb) - Ex(-z b))
2z
whereZ = 7. In our case, th& functions take the following form
S
G (Z,@) = n-1(c%Z) + cn_1(Z) - 2(1+ ¢)) - ZZ an(c?2), i=1...s

=1

S
G (Z a) = cino(cPZ) — cino(Z) — 2(1+ ¢) — ZZ ciajm(cz), i=1....s
=1

S
G*(Z.b) = 21-4(2) -2~ Z ) bin-1(cf2).
=1

S
G (Zb)=-Z Z bjcino(c?2).
=1



We observe that the above expressions depend on the fusigti{) andno(Z) (compare [15, 18]), which are
defined as follows

2y
n-1(2) = %[exp(z”z) +exp(-2*?)] = { Zzzi}zzll/z)) :: i i 2:
and
sin(Z|Y?)/1z/Y? if Z <0,
) - { 221/2[ expE!?) - exp-Z")] if Z#0, _ . 1z7-0
1 z=0, sinh@¥?)/zY2  if z > 0.
We next compute thp-th derivativess* P andG*(, taking into account the formula for theth derivative of
nk(Z) (see [18]), i.e.
(@) = —nkw(Z)
We thus obtain

2p
dP .
GP(za) = —np 1(CPZ) + np—l(Z) Za; Olzp(Zn 1(c22)) i=1....58

2p+1
G P(za) =" —5 (E2) - np(Z) Za,q ddzp(zno(cZZ)) i=1...5s

1 P
G*P(z.b) = Sp1lp-1(Z) = Z bj ﬁ(zn—l(cﬁz)),
G Pz b) = Zb,c,dzp(zn 1(c22))

step (iv) Definition of the function basisWe next decide the shape of the function basis to take irtola:

as a consequence, the corresponding method will exactgriate (i.e. the operataf[h, b]y(x) annihilates

in correspondence of the function basis) all those problhisse solution is linear combination of the basis
functions. In general, the set bf functions is a collection of both powers and exponentiads, i

(LX, ..., XK, exp Eux), xexp Eux), ..., X° exp @Gux)},
whereK andP are integer numbers satisfying the relation
K+2P=M-3. (2.9)
Let us next consider the set bf’ functions
(1,%..., XK, exp @ux), xexp Eux), ..., X" exp @ux)} (2.10)

annihilating the operatotsi[h, aly(x),i = 1,2,..., sand assume th&’ = K andP’ = P, i.e. the external stage
and the internal ones are exact on the same function basieb®ézve that other possible choices can be taken
into account: this can be explained by means of the comfitibf the linear systems to be solved in order to
derive the parameters of the methods. In fact,shenknown elements of the matrixare derived by solving a
linear system o8(K’ + 2P’ + 3) equations, while the elements of the vectdrare the solution of & + 2P + 3
dimensional linear system. Such systems are compatibtelibaly if

& =9K' + 2P +3),
s=K+2P+3,

4



or, equivalently, ifK’ + 2P’ = K + 2P. One natural choice which satisfies this requirement ispafge K’ = K
andP’ = P, but other possibilities can be certainly taken into act¢pawven if they are not explored in this
paper.

e step (v)Determination of the cggcients After a suitable choice oK and P, we next solve the following
algebraic systems:
G:P(z.a)=0,i=1,...,s p=0,...P,
c*P(zb)=0, p=0,...P

The paper focuses on the complete analysis of two-stage ErodsewithK = —1 andP = 1 within the class
(1.2)-(1.3), whose cdBcients have been reported in the appendix. In correspoederthis choice oK andP, the
fitting space assumes the form

{1, X, expleux), XxexpEux)}. (2.112)

We observe that, even K = —1, the monomiak is present in the basis (2.11), because it automaticallihdates
the linear operators (2.1)-(2.2).

It is also possible to extend the above procedure in ordeetivel EF methods belonging to the class (1.2)-(1.3),
in the case of more than one parameter. In particular, therafip reports the cdicients of two-parameters EF
methods with 4 stages, with respect to the basis of functions

{1, X, expluiX), expluzX)}. (2.12)

The final step of this procedure, i.e. the error analysis etérived formulae, is reported in Section 3.

3. Error analysis and estimation of the parameters

According to the used procedure, the general expressitreddtal truncation error for an EF method with respect
to the basis of functions (2.10) takes the form (see [18])

Ly.1(b(2))
(K + 1)1ZP+L

with K, P andM satisfying the condition (2.9). Taking into account our ickeo(2.11) for the functional basis, we
obtain

|teEF(X) — (_1)P+th DK+1(D2 —/,12)P+ly(X), (31)

Li(b(Z
1te=(x) = %DZ(DZ ~ 12y, (3.2)
We next expantte®F in Taylor series aroung, evaluate it in the current point, and consider the leading term of the
series expansion, obtaining

1+ 6c,co

2442
The local error analysis also constitutes a starting painttfe estimation of the unknown parameterhich is,

in general, a nontrivial problem. In fact, up to now, a rigegdheory for the exact computation of the parameter

u has not yet been developed, but several attempts have beerirdthe literature in order to provide an accurate

estimation (see [17, 18] and references therein), gegdyalied on the minimization of the leading term of the local

discretization error. For this reason we annihilate thenfehy®(x,) — 2u2y®(x,) + y®(x,) and estimate the parameter

in the following way:

Ite=F (%) = — (YD (x0) = 262y (x0) + YO (o) 1 + O(HP). (3:3)

YO00) + Y00 =y (XY %)
o= . (3.4)

Yy’ (Xn)
The expressions for the occurring derivatives can be obteamalytically from the given ODEs (1.1).
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4. Linear stability analysis

We next analyze the linear stability properties [6, 31, 32th® resulting methods, taking into account their
dependency on the parameters. The following definitionanceboth the case of constant @bgents methods (1.2)-
(1.3), and their exponentially fitted version.

4.1. Methods with constant cfieients

Following [31], we apply (12)-(1.3), to the test problem
y’ = -2%, 1eR

obtaining the following recurrence relation (see [8])

[ e } _ [ M) Mialv?) H o } (4.1)

where

M11(v?) = 2 -v?b' Q(?)(e+ c),
Mi2(v%) = -1 +v*b'Q()c,

andQ(v?) = (I +v?A) 1, with v = h?42. The matrix

M11(v?)  Mi(v?)

MOA =] o |

(4.2)

is the so-calledstability (or amplification) matri{31, 32]. Let us denote its spectral radius M (»?)). From
[31, 32], the following definitions hold.

Definition 4.1. (0,3?) is a stability interval for the methofl.2)-(1.3)if, Vv? € (0,%), itis
p(M(?) < 1. (4.3)

The condition (4.3) means that both the eigenvalu¢g?) and,(v?) of M(v?) are in modulus less than ¥y? €
(0, 8%). By settingS(v?) = Tr(M?(+?)) andP(?) = det(M?(+?)), (4.3) is equivalent to

PO?) <1, [SOA)I<P() +1, v?e(0,5%. (4.4)
Definition 4.2. The method1.2)-(1.3)is P-stable if(0, 3%) = (0, +).

If A1(v?) andAx(v?) both lie on the unit circle, then the interval of stabilitgdmmes an interval of periodicity,
according to the following definition.

Definition 4.3. (0, H?) is a periodicity interval if,vv? € (0, H3), 11(»?) and12(»?) are complex conjugate and have
modulus 1.

Equivalently,
PO =1 [S0PA)I<2 Vv?e(0,HY). (4.5)

Definition 4.4. The method1.2)(1.3)is P-stable if its periodicity interval i§0, + o).



4.2. Methods depending on one and two frequencies

Coleman and Ixaru discussed in [6] the modifications to ohie in the linear stability analysis for one-parameter
depending EF methods. As a consequence of the presence pduthimetey, the interval of stability becomes a
bidimensional stability region for the one parameter fgroflmethods. In order to emphasize the dependency on the
fitted parameteZ = 7%, we use the notatioM(»2, ), R(»%, Z) = 3Tr(M(2, 2)), P(2, Z) = detM(»2, Z)) to denote
the stability matrix, its halved trace and determinant eesipely. The following definition arises:

Definition 4.5. A region of stabilityQ is a region of thg?, Z) plane, such tha¥(+2, Z) € Q
P02 2Z) <1, |ROAZ) < (PO Z)+1). (4.6)
Any closed curve defined bysB, Z) = 1 and|R(v2, Z)| = $(P(+2 Z) + 1) is a stability boundary.

We next consider the linear stability analysis of methodsetieling on two frequencies. As stated before, for
methods with constant cficients, the stability region is an interval on the real awisile methods depending on one
frequency have a bidimensional stability region. In theecalsmethods depending on the values of two parameters
11, 1o the stability region becomes tridimensional. We now detiwestability matrix of the methods 842, Z1, Z,),
with Z; = p2h? andz, = p3h?. The definition of stability region for two-parameters degiag methods can be adapted
as follows [8, 11]:

Definition 4.6. A three dimensional regio® of the (v2, Z1, Z,) space is said to be the region of stability of the
corresponding two-frequency depending method(if2, Z;, Z,) € Q,

P02 Z1,20) <1, IR0V Z1,2) < %(P(vz, Z1,Z) +1). (4.7)
Any closed curve defined by

P02 Z21,Z) =1, |ROA Z,2)| = %(P(VZ, Z1,25) + 1). (4.8)
is a stability boundary for the method.

Examples of bidimensional and tridimensional stabilityioms are provided in the appendix.

5. Numerical results
We now perform some numerical experiments confirming theritecal expectations regarding the methods we
have derived. The implemented solvers are based on thevfotjlonethods:

e COLEM2, two-step hybrid method (1.2)-(1.3) having constao#Ticients (see [8])

(5.1)

with s= 2 and order 2;

o EXPCOLEM2, one-parameter depending exponentially-fitiethod (1.2)-(1.3), witls = 2 and order 2, whose
codficients are reported in the appendix.



We implement such methods in a fixed stepsize environmettit,steph = 2—1k with k positive integer number. The
numerical evidence confirms that EF-based methods witlgircldiss (1.2)-(1.3) are able to exactly integrate, within
round-df error, problems whose solution is linear combination of ¢basidered basis functions. This result also
holds for large values of the stepsize: on the contraryffeisame values of the step of integration, classical methods
(1.2)-(1.3) are less accurate arffi@ent, because in order to accurately integrate problerisagcillating solutions,
classical methods require a very small stepsize, det¢irigretne numerical performances in terms €f@ency.

Problem 1 We consider the following simple test equation

Yy’ () = 22y(X),

y(0) =1, (5.2)
y’(O) = _/l’

with 2 > 0 andx € [0, 1]. The exact solution of this equationyi&) = exp(=1x) and, therefore, our exponentially-

fitted methods can exactly reproduce it, i.e. the numerwaki®n will be dfected by the roundfberror only. Table
1 shows the results we have obtained by using the above ntaheréthods.

A | k | COLEM2 | EXPCOLEM2
2| 4 8.32e-1 1.09e-14
5 2.29e-1 3.94e-14
6 5.96e-2 1.20e-13
3|7 2.71e-1 1.06e-12
8 6.85e-2 7.96e-12
9 1.72e-2 5.97e-12
41 8 9.09%e-1 1.83e-11
9 2.29e-1 2.26e-11
10| 5.74e-2 1.64e-10

Table 1: Relative errors corresponding to the solution effitoblem (5.2), for dierent values oft andk.

Problem 2 We examine the following linear equation

Y'(¥) - y(¥) = x-1,

¥(0) =2, (5.3)
y(0)=-2,

with 4 > 0 andx € [0, 5]. The exact solution ig(x) = 1 — X + exp(=x) and, therefore, it is linear combinations of all

the basis functions in (2.11). The obtained results arertegin Table 2.

COLEMZ | EXPCOLEM2
8.53e-1 1.65e-14
2.71e-1 5.16e-14
7.26e-2 2.21e-13

~N o o)X

Table 2: Relative errors corresponding to the solution efgioblem (5.3).

Problem 3 We next focus on the Prothero-Robinson problem [25]

Y’ (%) + [y(9) — exp(ax)]® = 2y,
y(0) =1, (5.4)
y(0)=-4,



in x € [0, 5], which is a nonlinear problem whose exact solutioy(} = exp(-1x). The obtained results are reported
in Table 3.

COLEMZ | EXPCOLEM2
3.65e-1 2.41e-15
1.70e-1 3.16e-16
2.65e-2 1.21e-15

WN RPX

Table 3: Relative errors corresponding to the solution efgfoblem (5.4), withy = 1/10.

6. Conclusions and further developments

We have derived the exponentially-fitted version of the step hybrid methods introduced by Coleman in [4].
These methods take advantage from the knowledge of theafiwadibehaviour of the solution, which is supposed to
be of exponential type, depending on one or two parametéescdnstruction of the new formulae has been provided,
together with the stability analysis, the computation & lilcal error and the estimation of the unknown parameters.
Some numerical experiments have also been provided in twd@nfirm the theoretical expectations.

Future work will address the construction and the analysigiader and more general classes of numerical methods
for second order problems (1.1), falling in the class of Gahenear Methods [2, 7, 10, 19, 22, 23].
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Appendix: some examples of methods

We report the caicients of EF methods (1.2)-(1.3) with= 2 ands = 4 with respect to the basis (2.11) and

(2.12) respectively.
Two-stage EF methods within the class (1.2)-(1.3) and esadhe functional basis (2.11) have the following

codlicients:

2¢2 (7-1(2) — 1) 10 (c32)

by = — :
+ 2lono(62) 12 (52) - s (62)mo(52)
. 2¢1 (7-1(2) - 1) mo(32)
* " Z(cono (G2) 11 (22) - can1 (E2) o (22))
e (c22) + cumo (€22) - cacan-4(2) + 212 — Camo(Z) — 261 + 2¢; - 2
" Z(CL - C2)n-1 (CEZ) ’
o C2n-1(2) + can1 (CEZ) — C11o (CEZ) - 262 + c1o(2) + 2
" Z(cy — C2)n-1 (ng) ,
a ¢5 (-n-1(2)) - 211 (ng) + Ca1o (ng) +2C5 — Cono(2) — 2
21 = P

Z(cy — C2)n-1 (CiZ)



Cin-1 (C%Z) + ClC277,1(Z) —2C1Cp — 2¢1 — Cono (CEZ) + C2770(Z) +2C+2
Z(Cc1 — C2)n-1 (C%Z) .
It is easy to prove that, foZ tending to O, these céiicients tend to those of two-step hybrid methods based on

algebraic collocation (see [8]): therefore, applying theéew conditions derived in [4] faZ tending to 0, we discover
that these methods have order 2. Fig. 1 shows an examplebiftgteegion for two-stage one-parameter depending

method withcy = 3, ¢, = .

ayo =

Figure 1: Region of stability in thef, Z)—plane fors = 2, withc; = §, ¢z = .

The codficients of four-stage EF methods (1.2)-(1.3) with respethédunctional basis (2.12) are too long to be
reported in the paper and, for this reason, we present thigicated power series expansion, in correspondence of the

abscissa vectar= [0, 1, 2, 1]":

5 43772 (43 5937,2
b]_=§+

- 2 4 4
360 (360" 27216() 21 +0(Z)) + O(Z).

by =22 T2 (% + 9;‘%;) 22+ O(Z) + OZ2).
by = 3+ 425 + ( % + igzg{) 2,2+ O(Z}) + O(Z)),

by =2 - %Zgz - (71—230+ al 4Z;;C) 2:% +O(Z%) + O(Z),
a1=0, a2 =0, a;3=0, a4=0,

821 = Z_I i ii;%’ (1i§>éo+ 32;00(;)7]425() 2 +0Z) + OZ),

71 8333 833 186072 2 4 4
&2="55" 9720 " [_ 9720 3149289 2 T O%) + O0%).

26 72 (7 53 o oony . ot
a23—2—7+1—35+ 1—35+36741621+O(Zl)+0(22),

41 35725 [ 35 19193

%4 ="162" 5832" | 5832 6613488

539 9292 ( 929 27442
az1 = = + + +
324 11664 (11664 1889568

JZ% +0(23) + O(Z3).

JZ% +0(Z7) + O(Z3).
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Figure 2: Region of stability in the/f, Z1, Z,)-space fors = 4, withc = [0, 3, 3, 1]".

2= —Tr ~ e

54 216

137 37Z3( 37 868013
216 734832

_30 7(3 72 + O(zf) + O(Z3),

209 403 (403 12795%5 \_, 4 4
%3 = 708" 3888 " | 3888+ 42080020 | 22 T O%) + O%),

41 352 35 191} N\, . 4

84="81 2016 " (_ 2916~ 33067440 )21 T 0@ + O(%2).
5 4322 (43 59%2\, _ _, ,

8= 5% 350 * (%* 272160 4 * 0@ + OZ):

15 372 (37 9643
A=~ ~ 143 ~ (144 " Tasmdh) 2 + OF + O

725 (59 7)., s 4

a3 =3+ V3 + (136080+ E) Z7 + O(Z7) + O(Z,),

3 132 (13 47
=~ o= 75" Saagaf | A+ OZ + O,

Also in this case, foZ; andZ; tending to 0, such cdicients tend to those of two-step hybrid methods based on

algebraic collocation and the corresponding method habedic order 4. The tridimensional stability region of this
method is reported in Fig. 2.
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