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1. Introduction

The aim of this paper is threefold:

(a) Finding new direct and inverse results in the additive number theory concerningMinkowski sums
of dilates.

(b) Finding a connection between the above results and some direct and inverse problems in the
theory of Baumslag–Solitar (non-abelian) groups.

(c) Solving certain inverse problems in Baumslag–Solitar groups, assuming appropriate small
doubling properties.

We start with our first topic (a), concerning the additive number theory. In this paper Z denotes
the rational integers, N denotes the non-negative elements of Z and the size of a finite set A will be
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denoted by |A|. Subsets of Z of the form

r ∗ A = {rx : x ∈ A},

where r is a positive integer and A is a finite subset of Z, are called r-dilates.
Minkowski sums of dilates are defined as follows:

r1 ∗ A + · · · + rs ∗ A = {r1x1 + · · · + rsxs : xi ∈ A, 1 ≤ i ≤ s}.

These sums have been recently studied in different situations by Bukh, Cilleruelo, Hamidoune, Ljujić,
Nathanson, Plagne, Pontiveros, Rué, Serra, Silva and Vinuesa (see [2–4,9,10,12–15]). In particular, they
examined sums of two dilates of the form

A + r ∗ A = {a + rb | a, b ∈ A}

and solved various direct and inverse problems concerning their sizes.
For example, it was shown in [9,4] that

|A + 2 ∗ A| ≥ 3|A| − 2,

which represents a direct result. Moreover, they solved the following inverse problem: what is the
structure of the set A if

|A + 2 ∗ A| = 3|A| − 2?

Their answer was that in such case A must be an arithmetic progression.
Inverse problems of this type, where the exact bound is assumed, will be called ordinary inverse

problems. The term extended inverse problemwill refer to inverse problems in which a small diversion
from the exact bound is allowed, still enabling us to reach a definite conclusion concerning the
structure of A.

As an example of an extended inverse problem, consider the following question: what is the
structure of the set A if |A| ≥ 3 and

|A + 2 ∗ A| < 4|A| − 4?

Our answer to this question is:

(A) If |A| ≥ 3 and |A + 2 ∗ A| < 4|A| − 4, then A is a subset of an arithmetic progression P of size
|P| ≤ |A + 2 ∗ A| − 2|A| + 2 ≤ 2|A| − 3 (see Theorem 4, Section 3).

The abovementioned authors and others studied also the sums A+ r ∗A for r ≥ 3. In this direction
we proved the following new (direct) result:

(B) If r ≥ 3, then |A + r ∗ A| ≥ 4|A| − 4 (see Theorem 5, Section 4).

This very useful result yields a uniform bound for all sets A and for r ≥ 3. In the literature, most
bounds of this type are asymptotic.

It is worthwhile to notice that in Corollary 3.3 of [10] Hamidoune and Rué proved that |n∗A+m∗

A| ≥ 4|A|−4. But they assume that 2 ≤ n < m, with n andm coprime. As far as we can see, our result
does not follow from their corollary.

We continue now with the second topic (b), dealing with a connection, noticed by us, between
results concerning sums of dilates and some problems in the theory of Baumslag–Solitar groups.

If S and T are subsets of a group G, their product is defined as follows:

ST = {st | s ∈ S, t ∈ T }.

In particular, S2 = {s1s2 | s1, s2 ∈ S} and if b ∈ G, then bS = {bs | s ∈ S}.
For integersm and n, the general Baumslag–Solitar group BS(m, n) is a group with two generators

a, b and one defining relation b−1amb = an:

BS(m, n) = ⟨a, b | amb = ban⟩.
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We shall concentrate on the Baumslag–Solitar groups

BS(1, n) = ⟨a, b | ab = ban⟩.

Let S be a finite subset of BS(1, n) of size k1 contained in the coset br⟨a⟩ for some r ∈ N and let T
be a finite subset of BS(1, n) of size k2 contained in the coset bp⟨a⟩ for some p ∈ N. Then

S = {brax0 , brax1 , . . . , braxk1−1},

where A = {x0, x1, . . . , xk1−1} is a subset of Z. We introduce now the notation

S = {brax : x ∈ A} = braA.

Thus |S| = |A|.
Similarly, T = bpaB for some subset B = {y0, y1, . . . , yk2−1} of Z. Since ab = ban, it follows that

a−1b = ba−n and

axby = byan
yx for each x ∈ Z and y ∈ N. (1)

In particular,

axb = banx for each x ∈ Z.

Eq. (1) implies that

(brax)(bpay) = br(axbp)ay = br(bpan
px)ay = br+pan

px+y

for each x, y ∈ Z and for each r, p ∈ N. Therefore the product set

ST = {vw | v ∈ S, w ∈ T }

can be written as

ST = {(braxi)(bpayj) | i ∈ {0, 1, . . . , k1 − 1}, j ∈ {0, 1, . . . , k2 − 1}}

= {br+pan
pxi+yj | i ∈ {0, 1, . . . , k1 − 1}, j ∈ {0, 1, . . . , k2 − 1}} = br+pan

p
∗A+B (2)

and |ST | = |np
∗ A + B|.

We have proved the following basic theorem.

Theorem 1. Suppose that

S = braA ⊆ BS(1, n), T = bpaB ⊆ BS(1, n)

where r, p ∈ N and A, B are finite subsets of Z. Then

ST = br+pan
p
∗A+B

and

|ST | = |np
∗ A + B|.

In particular,

S2 = b2ran
r
∗A+A

and

|S2| = |nr
∗ A + A|.

This result will serve us as the major means for investigating |ST |, and in particular |S2|, using
information about sizes of sums of dilates.

We skip now to our third topic (c), dealing with inverse problems in Baumslag–Solitar groups.
By means of Theorem 1 and the results mentioned in topic (a), we proved the following statements,
where the previous notation is used.
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(C) If S = baA ⊆ BS(1, 2), then |S2| = |2 ∗ A + A|. Hence |S2| ≥ 3|S| − 2 and if |S2| = 3|S| − 2, then
A is an arithmetic progression (see Theorem 2(a), Section 2).

(D) If S = baA ⊆ BS(1, 2) and |S2| < 4|S| − 4, then A is a subset of an arithmetic progression of size
|S2| − 2|S| + 2 ≤ 2|S| − 3 (see Theorem 6, Section 5).

(E) If S = baA ⊆ BS(1, r) with r ≥ 3, then |S2| ≥ 4|S| − 4 (see Corollary 1, Section 6).
(F) If S = bmaA ⊆ BS(1, 2) with m ≥ 2 an integer, then |S2| ≥ 4|S| − 4 (see Corollary 2, Section 6).

For more results concerning S2, when S = baA ⊆ BS(1, n), see Section 2.
Conditions of type |S2| < 4|S| − 4 are called small doubling properties. In [7], we used methods

of [19,20] in order to determine the structure of arbitrary finite non-abelian subsets S of the monoid

BS+(1, 2) = {g = bmax ∈ BS(1, 2) : m, x ∈ Z, m ≥ 0},

satisfying the small doubling property

|S2| < 3.5|S| − 4.

The monoid BS+(1, 2) is a subset of BS(1, 2), which is closed with respect to multiplication.
In this paper, Section 2 is devoted to results which follow immediately from our Theorem 1

and from known results about the sizes of sums of dilates. In Sections 3 and 4 we prove our basic
Theorems 4 and 5 concerning the sizes of sums of dilates. Finally, in Sections 5 and 6 we use these
theorems in order to solve inverse problems in Baumslag–Solitar groups.

Our paper is a pilot study in the following more general direction. Let G be an infinite non-abelian
group of certain type and let S denote a finite non-abelian subset (i.e. ⟨S⟩ is non-abelian) of G of order
k (k-subset in short). It is natural to ask the following questions:

Q.1. FindmG(k), the minimal possible value of |S2| for non-abelian k-subsets S of G.
Q.2. What can we say about the detailed structure of extremal k-subsets of G, i.e. finite non-abelian

subsets S of G of size k, satisfying

|S2| = mG(k)?

Q.3. More generally, what can we say about the detailed structure of non-abelian k-subsets S of G,
satisfying some small doubling property, say,

mG(k) ≤ |S2| < c0k + d0,

where c0 is a small constant greater than 1 and d0 is some small constant.

As mentioned above, we tried to answer these questions in the case of G = BS(1, n) and in
particular for G = BS(1, 2). We hope that our work will lead to similar studies for other classes of
non-abelian groups.

This paper is a contribution to the current programme of extending the Freiman-type theory,
concerning the structure of subsets of Z with a small doubling property (see [5,16]), to subsets S
of non-abelian groups with a small doubling property (see, for example, [6,8,21,1] and references
therein).

Preliminaries

In this paper we use the following notation. The algebraic sum of two finite subsets A and B of Z
will be denoted by

A + B = {a + b | a ∈ A, b ∈ B}.

In particular, if b ∈ Z, then A + b = {a + b : a ∈ A}. The sum 2A = A + A is called the sumset of A.
Throughout this paper we shall use the well known inequality

|A + B| ≥ |A| + |B| − 1.

Let A = {a0 < a1 < · · · < ak−1} be a finite increasing set of k integers. By the length ℓ(A) of A we
mean the difference

ℓ(A) = max(A) − min(A) = ak−1 − a0
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between its maximal and minimal elements and
hA = ℓ(A) + 1 − |A|

denotes the number of holes in A, that is hA = |{a0, a0 + 1, a0 + 2, . . . , ak−1} \ A|. Finally, if k ≥ 2,
then we denote

d(A) = g.c.d.(a1 − a0, a2 − a0, . . . , ak−1 − a0).
We shall use several times the following results of Lev–Smeliansky in [11] and of Stanchescu

in [18]:

Theorem LSS. Let A and B be finite subsets of N such that 0 ∈ A ∩ B. Define

δA,B =


1, if ℓ(A) = ℓ(B),
0, if ℓ(A) ≠ ℓ(B).

Then the following statements hold:
(i) If ℓ(A) = max(ℓ(A), ℓ(B)) ≥ |A| + |B| − 1 − δA,B and d(A) = 1, then

|A + B| ≥ |A| + 2|B| − 2 − δA,B.

(ii) If max(ℓ(A), ℓ(B)) ≤ |A| + |B| − 2 − δA,B, then

|A + B| ≥ (|A| + |B| − 1) + max(hA, hB) = max(ℓ(A) + |B|, ℓ(B) + |A|).

Proof. Assertion (i) is Theorem 2(ii) from [11]. Assertion (ii) is Theorem 4 from [18]. �

2. Extremal sets contained in one coset of BS(1, n)

In this section we consider finite subsets S of
BS(1, n) = ⟨a, b | ab = ban⟩

which are contained in the coset b⟨a⟩ of ⟨a⟩ in BS(1, n). In other words, if |S| = k, then
S = b{ax0 , ax1 , . . . , axk−1} = baA,

where A = {x0, x1, . . . , xk−1} ⊆ Z.
In view of Theorem 1, Questions Q.1 and Q.2 concerning such S belong to the Additive Number

Theory: find a tight lower bound for the size of theMinkowski sum n∗A+A and describe the structure
of extremal sets A.

For n = 2 and n = 3, the answer to Questions Q.1 and Q.2 are known. Using Theorems 1.1 and 1.2
in [4] and Theorem 1, we get the following group-theoretical results:

Theorem 2. Let A ⊆ Z be a finite set of integers. Then the following statements hold.
(a) If S = baA ⊆ BS(1, 2), then |S2| ≥ 3|S|− 2. Moreover, equality holds if and only if A is an arithmetic

progression.
(b) If S = baA ⊆ BS(1, 3), then

|S2| ≥ 4|S| − 4.

Moreover, equality holds if and only if either one of the following holds:

A = {0, 1, 3}, A = {0, 1, 4}, A = 3 ∗ {0, . . . , n} ∪ (3 ∗ {0, . . . , n} + 1)

or A is an affine transform of one of these sets.

Proof. (a) It follows from Theorem 1.1 in [4] that |A + 2 ∗ A| ≥ 3|A| − 2 and |A + 2 ∗ A| = 3|A| − 2 if
and only if A is an arithmetic progression. Since |S2| = |A + 2 ∗ A| by Theorem 1, we get (a).

(b) It follows from Theorem 1.2 in [4] that |A + 3 ∗ A| ≥ 4|A| − 4 and |A + 3 ∗ A| = 4|A| − 4 if and
only if either one of the following holds:

A = {0, 1, 3}, A = {0, 1, 4}, A = 3 ∗ {0, . . . , n} ∪ (3 ∗ {0, . . . , n} + 1)

or A is an affine transform of one of these sets. Since |S2| = |A + 3 ∗ A| by Theorem 1, we get (b). �
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For n ≥ 4, Theorem 1 and known results concerning sums of dilates yield the following partial
results.

Theorem 3. Let A ⊆ Z be a finite set of integers and let S = baA be a subset of BS(1, n). Then:

(a) If S ⊆ BS(1, 4) and |S| ≥ 5, then |S2| ≥ 5|S| − 6.
(b) If S ⊆ BS(1, n), then |S2| ≥ (n + 1)|S| − o(|S|).
(c) If p is an odd prime number, S ⊆ BS(1, p) and |S| ≥ 3(p − 1)2(p − 1)!, then

|S2| ≥ (p + 1)|S| − ⌈p(p + 2)/4⌉.

Moreover, equality holds if and only if A = p ∗ {0, . . . ,m} + {0, . . . , p−1
2 } for some m.

Proof. Using Theorem 1, we get |S2| = |n ∗ A + A|.
Inequality (a) follows from |S2| = |4 ∗ A + A| and Theorem 3 in [17].
Inequality (b) follows from |S2| = |n ∗ A + A| and Theorem 1.2 in [2].
Assertion (c) follows from |S2| = |p ∗ A + A| and Corollary 1.3 in [3]. �

3. An extended inverse result for |A + 2 ∗ A|

In this section we extend Theorem 1.1 in [4], which states that |A+ 2 ∗ A| ≥ 3|A| − 2 for any finite
subset A of Z and |A + 2 ∗ A| = 3|A| − 2 implies that A is an arithmetic progression. In Theorem 4
below, we prove the following extended inverse result in the Additive Number Theory: if A is a finite
subset of Z of size |A| ≥ 3 satisfying |A + 2 ∗ A| < 4|A| − 4, then A is contained in an arithmetic
progression of size at most 2|A| − 3. Our proof is independent of Theorem 1.1 in [4]. This result will
be used in the next section.

Theorem 4. Let A = {a0 < a1 < a2 < · · · < ak−1} ⊂ Z be a finite set of integers of size k = |A| ≥ 1.
Then the following statements hold.

(a) If 1 ≤ k ≤ 2, then |A + 2 ∗ A| = 3k − 2 and A is an arithmetic progression of size k.
(b) If k ≥ 3, assume that

|A + 2 ∗ A| = (3k − 2) + h < 4k − 4. (3)

Then

h ≥ 0, |A + 2 ∗ A| ≥ 3k − 2

and the set A is a subset of an arithmetic progression

P = {a0, a0 + d, a0 + 2d, . . . , a0 + (l − 1)d}

such that

|P| ≤ k + h = |A + 2 ∗ A| − 2k + 2 ≤ 2k − 3. (4)

(c) If k ≥ 1 and |A + 2 ∗ A| = 3k − 2, then A is an arithmetic progression

A = {a0, a0 + d, a0 + 2d, . . . , a0 + (k − 1)d}.

Proof. (a) If k = 1, then |A+ 2 ∗ A| = 1 = 3k− 2 and A is an arithmetic progression of size k. If k = 2
and A = {a < b}, then

A + 2 ∗ A = {3a, a + 2b, b + 2a, 3b}.

Since a ≠ b, it follows that |A + 2 ∗ A| = 4 = 3k − 2 and A is an arithmetic progression of size k. The
proof of (a) is complete.

(b) We assume now that k ≥ 3 and (3) holds. Suppose, first, that A is normal, i.e.

min(A) = a0 = 0 and d = d(A) = gcd(A) = 1. (5)

Thus ℓ(A) = ak−1.
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We split the set A into a disjoint union

A = A0 ∪ A1,

where A0 ⊆ 2Z and A1 ⊆ 2Z + 1. Since 0 = a0 ∈ A0 and d(A) = 1, it follows that A0 ≠ ∅ and A1 ≠ ∅.
Therefore

m = |A0| ≥ 1, n = |A1| ≥ 1 and k = m + n.

We denote

A0 = {0 = 2x0 < 2x1 < · · · < 2xm−1}, A∗

0 =
1
2
A0 = {0 < x1 < · · · < xm−1},

A1 = {2y0 + 1 < 2y1 + 1 < · · · < 2yn−1 + 1},

and

A∗

1 =
1
2
(A1 − 1) − y0 = {0 < y1 − y0 < y2 − y0 < · · · < yn−1 − y0}.

Thus

ℓ(A∗

0) = xm−1 < ak−1 = ℓ(A) and also ℓ(A∗

1) = yn−1 − y0 < ak−1 = ℓ(A).

The set A+ 2 ∗ A is the union of two disjoint subsets A0 + 2 ∗ A ⊆ 2Z and A1 + 2 ∗ A ⊆ 2Z + 1 and
therefore

|A + 2 ∗ A| = |A0 + 2 ∗ A| + |A1 + 2 ∗ A| = |A∗

0 + A| + |A∗

1 + A|. (6)

We continue our proof with two claims.

Claim 1.
ℓ(A) ≤ k + max(m, n) − 2 ≤ 2k − 3. (7)

For the proof of Claim 1 we shall use Theorem LSS(i). Since ℓ(A) > ℓ(A∗

0), ℓ(A
∗

1), we have δA,A∗
0

=

δA,A∗
1

= 0.
Suppose, first, thatm ≤ n. If the claim is false, then

ℓ(A) ≥ k + n − 1 = |A| + |A∗

1| − 1 ≥ k + m − 1 = |A| + |A∗

0| − 1

and since d(A) = 1, Theorem LSS(i) yields the following inequalities:

|A∗

0 + A| ≥ k + 2|A∗

0| − 2 = k + 2m − 2 and |A∗

1 + A| ≥ k + 2|A∗

1| − 2 = k + 2n − 2. (8)

Using (6) and (8), we get that |A + 2 ∗ A| ≥ 4k − 4, which contradicts our hypothesis (3).
Similarly, if n ≤ m and

ℓ(A) ≥ k + m − 1 ≥ k + n − 1,

then d(A) = 1 and Theorem LSS(i) imply again the inequalities (8), which together with (6) yield
|A + 2 ∗ A| ≥ 4k − 4, a contradiction.

Hence ℓ(A) ≤ k+max(m, n)−2. Since k = m+n andm, n ≥ 1, it follows that max(m, n) ≤ k−1
and hence ℓ(A) ≤ k + max(m, n) − 2 ≤ 2k − 3. The proof of Claim 1 is complete.

Next we state and prove Claim 2.

Claim 2.
|A + 2 ∗ A| ≥ (3k − 2) + hA. (9)

Recall that hA = ℓ(A) + 1 − |A|. For the proof of Claim 2 we shall use Claim 1 and Theorem LSS(ii).
We distinguish between two cases.

Case 1: Suppose thatm ≤ n and hence, by (7), ℓ(A) ≤ k + n − 2.
Thus it follows by Theorem LSS(ii) that

|A∗

1 + A| ≥ (n + k − 1) + hA
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and therefore

|A + 2 ∗ A| = |A∗

0 + A| + |A∗

1 + A|

≥ (|A∗

0| + |A| − 1) + |A∗

1 + A| ≥ (m + k − 1) + (n + k − 1) + hA

= (3k − 2) + hA.

Case 2: Suppose that n < m and hence, by (7), ℓ(A) ≤ k + m − 2.
Thus it follows by Theorem LSS(ii) that

|A∗

0 + A| ≥ (m + k − 1) + hA

and therefore

|A + 2 ∗ A| = |A∗

0 + A| + |A∗

1 + A| ≥ (m + k − 1) + hA + (n + k − 1) = (3k − 2) + hA.

In both cases we obtain that hA, the total number of holes in the normal set A, satisfies

0 ≤ hA ≤ |A + 2 ∗ A| − (3k − 2) = h ≤ k − 3.

Hence

h ≥ hA ≥ 0 and |A + 2 ∗ A| ≥ (3k − 2).

Moreover, the set A is contained in the arithmetic progression

P = {a0, a0 + 1, a0 + 2, . . . , ak−1} = {0, 1, 2, . . . , ak−1}

of size

ak−1 + 1 = k + hA ≤ k + h ≤ 2k − 3. (10)

It follows that Theorem 4(b) holds for normal sets A satisfying (5) and (3).
Let now A be an arbitrary finite set of k = |A| ≥ 3 integers satisfying the inequality (3). We define

B =
1

d(A)
(A − a0) =


1

d(A)
(x − a0) : x ∈ A


.

Note that |B| = |A| = k, min(B) = 0, d(B) = 1 and

|B + 2 ∗ B| = |A + 2 ∗ A| = (3k − 2) + h < 4k − 4.

Therefore B is a normal set satisfying inequality (3) of Theorem 4 and as shown above

0 ≤ hB ≤ |B + 2 ∗ B| − (3k − 2) = |A + 2 ∗ A| − (3k − 2) = h ≤ k − 3.

Hence also in the general case we get

h ≥ 0 and |A + 2 ∗ A| ≥ (3k − 2).

Moreover, it follows from (10) applied to B that B is contained in the arithmetic progression

P = {0, 1, 2, . . . , bk−1}

with

bk−1 = max(B) ≤ k + h − 1 ≤ 2k − 4.

Thus A = d(A)B + a0 is contained in an arithmetic progression

{a0, a0 + d, a0 + 2d, . . . , a0 + (k + h − 1)d}

of size k + h ≤ 2k − 3, where d denotes d(A). The proof of (b) is complete.
(c) If 1 ≤ k ≤ 2, then our claim follows from (a). So suppose that k ≥ 3. Then h = 0 and by (4) in

(b), A is a subset of an arithmetic progression of size k at most. But A is a set of size k, so A is equal to
the arithmetic progression. The proof of (c), and hence also of Theorem 4, is now complete. �
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4. A new lower bound for |A + r ∗ A|

In this section we obtain a new tight lower bound for |A + r ∗ A|, provided that r ≥ 3.

Theorem 5. Let A = {a0 < a1 < a2 < · · · < ak−1} ⊂ Z be a finite set of integers of size |A| = k ≥ 1.
Then for every integer r ≥ 3 we have

|A + r ∗ A| ≥ max(4k − 4, 1) ≥ 3k − 2. (11)

Remark. If r = 3, then Theorem 5 follows from Theorem 1.2 in [4]. If r ≥ 4, then the results of
[2,3] are asymptotically stronger than (11), but we need a lower bound valid for every k. Our proof is
independent of [4].

Proof. If k = 1, then |A + r ∗ A| = 1 = max(4k − 4, 1) = 3k − 2 and the theorem holds.
If k = 2, then A = {a < b} and r > 1 implies that a + rb ≠ b + ra. Hence

|A + r ∗ A| = |{a, b} + {ra, rb}| = |{(r + 1)a, b + ra, a + rb, (r + 1)b}|
= 4 = 4k − 4 = 3k − 2,

so the theorem holds also for k = 2. Therefore we shall assume, from now on, that k ≥ 3. Thus, since
k > 1, we need only to prove that

|A + r ∗ A| ≥ 4k − 4.

We assume first that A is normal, i.e.

min(A) = a0 = 0 and d = d(A) = gcd(A) = 1. (12)

We split the set A into a disjoint union of s non-empty subsets, each of which being contained in a
distinct residue class modulo r:

A = A1 ∪ A2 ∪ · · · ∪ As,

where

Ai ⊆ xi + rZ, |Ai| ≥ 1 and xi = min Ai.

Note that k ≥ 3, d(A) = 1 and min(A) = a0 = 0, so s ≥ 2.
We clearly have

|A + r ∗ A| =

s
i=1

|Ai + r ∗ A| ≥

s
i=1

(|Ai| + |A| − 1) = |A| + s(|A| − 1).

If s ≥ 3, then we get |A + r ∗ A| ≥ 4|A| − 3 and Theorem 5 follows.
Hence we may assume that s = 2 and A = A1 ∪ A2, where A1 and A2 are non-empty subsets of A

contained in disjoint residue classes modulo r . Let

k1 = |A1| and k2 = |A2|.

Then k = k1 + k2 and we may assume, without loss of generality, that

k1 ≥ k2.

Hence 2k1 ≥ k and k1 ≥ 2.
Recall that if S is a finite subset ofZ, then ℓ(S), the length of S, is defined by ℓ(S) = max(S)−min(S).

For i = 1, 2 we define

A∗

i =
1
r
(Ai − min(Ai)) =


1
r
(x − xi) : x ∈ Ai


,

where xi = min Ai. Clearly |A∗

i | = |Ai| and we have

|Ai + r ∗ A| = |A∗

i + A|.
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Thus

|A + r ∗ A| = |A1 + r ∗ A| + |A2 + r ∗ A| = |A∗

1 + A| + |A∗

2 + A|.

Note also that

ℓ(Ai) ≥ r(ki − 1) and ℓ(A∗

i ) =
1
r
ℓ(Ai),

so

ki − 1 ≤ ℓ(A∗

i ) =
1
r
ℓ(Ai) ≤ ℓ(Ai) ≤ ℓ(A).

Moreover, ℓ(Ai) > ℓ(A∗

i ) if and only if ki > 1, so ℓ(A1) > ℓ(A∗

1) since k1 ≥ 2.
Clearly we must have either k1 = k − 1 > k2 = 1 or k1 ≥ k2 > 1. We shall examine these two

cases separately.
Case 1: Suppose that k1 = k − 1 > k2 = 1. We have k = k1 + 1 and ℓ(A) ≥ ℓ(A1) > ℓ(A∗

1).
Moreover,

ℓ(A) ≥ ℓ(A1) ≥ r(k1 − 1) ≥ 3k1 − 3.

We distinguish now between two complementary subcases.
(i) Suppose that ℓ(A) ≥ k + k1 − 1 = 2k1. Then, since d(A) = 1, Theorem LSS(i) implies that

|A + A∗

1| ≥ k + 2k1 − 2.

(ii) Suppose that ℓ(A) ≤ k + k1 − 2 = 2k1 − 1. Then, since k1 ≥ 2, Theorem LSS(ii) implies that

|A + A∗

1| ≥ ℓ(A) + |A1| ≥ 3k1 − 3 + k1 = 4k1 − 3 ≥ 3k1 − 1 = k + 2k1 − 2.

Thus in both cases we have

|A + r ∗ A| = |A∗

1 + A| + |A∗

2 + A| ≥ (k + 2k1 − 2) + k = 4k − 4,

as required.
Case 2: Suppose that k1 ≥ k2 > 1. Then

ℓ(A) > ℓ(A∗

1), ℓ(A) > ℓ(A∗

2)

and

ℓ(A) ≥ ℓ(Ai) ≥ r(ki − 1) ≥ 3ki − 3

for i = 1, 2.
We distinguish now between three complementary subcases, depending on the value of ℓ(A) with

respect to k + k1 − 1 and k + k2 − 1.
(i) Suppose that ℓ(A) ≥ k + k1 − 1. Then also ℓ(A) ≥ k + k2 − 1 and since d(A) = 1, Theorem LSS(i)
implies that

|A + A∗

1| ≥ k + 2k1 − 2, |A + A∗

2| ≥ k + 2k2 − 2.

Hence

|A + r ∗ A| = |A∗

1 + A| + |A∗

2 + A| ≥ (k + 2k1 − 2) + (k + 2k2 − 2)
= 4k1 + 4k2 − 4 = 4k − 4,

as required.
(ii) Suppose that k + k2 − 1 ≤ ℓ(A) ≤ k + k1 − 2. Then

k1 ≥ k2 + 1

and since d(A) = 1, Theorem LSS(i) and (ii) imply that

|A + A∗

1| ≥ ℓ(A) + |A∗

1| ≥ 3k1 − 3 + k1 = 4k1 − 3 and |A + A∗

2| ≥ k + 2k2 − 2.
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Hence

|A + r ∗ A| = |A∗

1 + A| + |A∗

2 + A| ≥ 5k1 + 3k2 − 5 ≥ 4k1 + 4k2 − 4 = 4k − 4,

as required.
(iii) Suppose that ℓ(A) ≤ k + k2 − 2. Then 3k1 − 3 ≤ ℓ(A) ≤ k1 + 2k2 − 2, yielding 2k1 ≤ 2k2 + 1.
Since k1 ≥ k2, it follows that

k1 = k2 ≥ 2

and

3ki − 3 ≤ r(ki − 1) ≤ ℓ(Ai) ≤ ℓ(A) ≤ k + k2 − 2 = 3k1 − 2 = 3k2 − 2.

We claim that ℓ(A) = 3k1 − 2. Indeed, if ℓ(A) = 3k1 − 3, then ℓ(A1) = ℓ(A2) = ℓ(A) = ak−1. But
ak−1 ∉ Ai for some i and hence ℓ(Ai) < ak−1, a contradiction. This proves our claim.

Recall that ℓ(A) > ℓ(A∗

1) and ℓ(A) > ℓ(A∗

2). Since ℓ(A) = 3k1 − 2 = k + (ki − 2) = |A| + |A∗

i | − 2
for i = 1, 2, it follows, by Theorem LSS(ii), that

|A + r ∗ A| = |A∗

1 + A| + |A∗

2 + A| ≥ ℓ(A) + k1 + ℓ(A) + k2 = 2(3k1 − 2) + k = 4k − 4,

as required. Our proof in Case 2 is complete.
So Theorem 5 holds for normal sets A. Let A be now an arbitrary finite set of k = |A| ≥ 3 integers.

We define

B =
1

d(A)
(A − a0) =


1

d(A)
(x − a0) : x ∈ A


.

Note that |B| = |A| = k,min(B) = 0, d(B) = 1 and |A + r ∗ A| = |B + r ∗ B|. For the normal set Bwe
have proved that |B + r ∗ B| ≥ 4|B| − 4. It follows that

|A + r ∗ A| = |B + r ∗ B| ≥ 4|B| − 4 = 4|A| − 4,

as required. The proof of Theorem 5 is complete. �

5. An extended inverse result for subsets of b⟨a⟩ in BS(1, 2)

In this section we shall apply Theorem 4 in order to obtain an extended inverse result in Group
Theory.

Recall that BS(1, 2) = ⟨a, b | ab = ba2⟩. In Theorem 2(a) we obtained the following ordinary
inverse group-theoretical result:

If A ⊆ Z is a finite set of integers and S = baA ⊂ BS(1, 2), then

|S2| ≥ 3|S| − 2.

Moreover, equality holds if and only if A is an arithmetic progression.
Theorem4, togetherwith Theorem1, allows us to solve the corresponding extended inverse group-

theoretical problem.

Theorem 6. Let A ⊆ Z be a finite set of integers of size k = |A| ≥ 1. If S = baA is a finite subset of the
group BS(1, 2), then |S| = k and

|S2| ≥ 3k − 2. (13)

Moreover, if k ≥ 3 and

|S2| = (3k − 2) + h < 4|S| − 4, (14)

then h ≥ 0 and S is a subset of a geometric progression

S ⊆ {bau, bau+d, bau+2d, . . . , bau+(k+h−1)d
}

of size k + h ≤ 2k − 3, where u = min(A) and d = d(A).
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Furthermore, if either 1 ≤ k ≤ 2 or k ≥ 3 and h = 0, then S is the geometric progression

S = {bau, bau+d, bau+2d, . . . , bau+(k−1)d
}.

Proof. Clearly |S| = |A| = k and by Theorem 1, |S2| = |2∗A+A|. Hence it follows by Theorem 4 that
|S2| ≥ 3k − 2, proving (13).

If k ≥ 3, then (14) implies, again by Theorem 1, that

|A + 2 ∗ A| = (3k − 2) + h < 4k − 4.

Hence it follows by Theorem 4, that h ≥ 0 and A is a subset of an arithmetic progression

P = {u, u + d, u + 2d, . . . , u + (k + h − 1)d}

of size k + h ≤ 2k − 3, where u = min(A) and d = d(A). Hence

S ⊆ {bau, bau+d, bau+2d, . . . , bau+(k+h−1)d
}.

Finally, if either 1 ≤ k ≤ 2 or k ≥ 3 and h = 0, then, by Theorem 4, A is an arithmetic progression
and hence S is the required geometric progression. �

6. Other results concerning BS(1, n)

We conclude this paperwith two applications of Theorem5. The first application is concernedwith
subsets of BS(1, r).

Corollary 1. Let S ⊆ BS(1, r) be a finite set of size k = |S| ≥ 1 and suppose that r ≥ 3 and

S = baA,

where A ⊆ Z is a finite set of integers.
Then

|S2| = |A + r ∗ A| ≥ max(4k − 4, 1) ≥ 3k − 2. (15)

Proof. By Theorem 1, |S2| = |A + r ∗ A| and hence, by Theorem 5, |S2| ≥ max(4k − 4, 1) ≥ 3k − 2,
as required. �

The final application deals with subsets of BS(1, 2) of type S = bmaA form ≥ 2.

Corollary 2. Let S ⊆ BS(1, 2) be a finite set of size k = |S| ≥ 1 and suppose that

S = bmaA,

where m ≥ 2 is an integer and A ⊆ Z is a finite set of integers.
Then

S2 = b2maA+2m∗A (16)

and

|S2| = |A + 2m
∗ A| ≥ max(4k − 4, 1) ≥ 3k − 2. (17)

Proof. By Theorem 1, |S2| = |A + 2m
∗ A|. Since 2m > 3, it follows by Theorem 5 that |S2| ≥

max(4k − 4, 1) ≥ 3k − 2, as required. �
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