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Embedding and compactness results for multiplication  
operators in Sobolev spaces 

 
 

Anna Canale and Ciro Tarantino 
 
 

Abstract: The paper deals with the operator guu   defined in the Sobolev space 
)(, prW  and which takes values in )(pL  when   is an unbounded open subset in 

nR  The functions g  belong to Morrey type spaces which provide an intermediate space 
between )(L  and )(p

locL  . The main result is a embedding result from which we can 
deduce a Fefferman type inequality. pL  estimates and a compactness result are also stated.  
Keywords: multiplication operator, pL  estimates, compactness results. 
JEL class. 35J25, 46E35.  

 
 

1. Introduction 
 

Let   be an unbounded open subset in nR  . 
In literature there are different results about the study of multiplication op-
erator for a suitable function Cg :   

,guu       (1.1) 

as an operator defined in a Sobolev space (with or without weight) and 
which takes values in a )(pL  space. 
In )(,1

0 pW  or in )(,1 pW  with   regular enough, reference results are 
some well-known inequalities which state the boundedness of (1.1): Hardy 
type inequalities (see H. Brezis, Sobolev spaces, A. Kufner, Weighted, J. 
Nečas, Les methods) when )(xg  is an appropriate power of the distance of 
x  from a subset of   , Fefferman inequality (C. Fefferman, The uncertain-
ty principle, see, e.g. F. Chiarenza - M. Franciosi, A generalization of, F. Chi-
arenza - M. Frasca, A remark on) obtained when g  belongs to suitable Mor-
rey spaces. 
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Our aim is to study the multiplication operator in the Sobolev space 
)(, prW  , Nr  ,  p1  when g  belongs to suitable Morrey type 

spaces )(pM  which include )(L  and which are wider than classical 
Morrey space npL ,  when nR  . We observe that the space )(pM  pro-
vides an intermediate space between )(L  and )(p

locL  . 
The main results we stated concern embedding and compactness results for 
multiplication operators. 
One of the aspects of our interest in these estimates lies in the fact that this 
type of inequalities are useful tools to prove a priori bounds when studying 
elliptic equations. Furthermore a priori bounds enable us to state existence 
and uniqueness results. For some applications in the study of the a priori 
bounds see A. Canale, A priori 2003, On some results 2006, On some results 
2007, Bounds in spaces 2008, Bounds in space 2009. 
 
In Section 2 and Section 3 we introduce the spaces pM  and some suitable 
subspaces analyzing their inclusion properties and the relations between 
such spaces and the classical Morrey spaces npL ,  . In Section 4 we state the 
embedding result and pL  estimates when the functions g  belong to the sub-
spaces 

p
M  and p

0M  defined in Section 2. Moreover we deduce from embed-
ding result a Fefferman type result. 
The compactness result for the multiplication operator is stated in Section 5. 

 
 
2. Notations and Morrey type spaces 

 
Let nR  be the n  -dimensional real euclidean space, and )(xBr  the set  

 
,,)0(},||:{)(  RrRxBBrxyRyxB n

rr
n

r  
 

For any nRx  , we call open infinite cone having vertex at x  every set of the 
type  
 

},||,:)({ rzyRxyx    
 

where  Rr  and nRz  are such that rxz  ||  . 
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For all [2/,0]    and for all nRx  we denote by )(xC  an open infinite 
cone having vertex at x  and opening   . 
For a fixed )(xC  , we set  

.,)()(),(  RhxBxChxC h  
 
Let   be an open set in nR  . We denote by ),,( h  the family of open 
cones C  of opening   and height h  . 
We assume that the following hypothesis is satisfied: 
 

)1h   There exists [2/,0]    such that  

.),(such that)(   xCxCx  
 
Let  xx))((   be the family of open sets in nR  defined as  

.0,,)()(   xxBx  

If  p1  we define by )(pM  as the space of functions )( p
locLg  

such that  
 

  ,0,||||sup||||
))((

/

],0]

)(








dgg
xL

pn

d

x
pp






M
  (2.1) 

equipped with the norm defined by (2.1). Furthermore let )(
p

M  be the 
closure of )(L  in )(pM  and )(0 pM  the closure of )(0 C  in )(pM  . 
 

 Remark 2.1  We observe that: 
 

1. If   is a bounded open set and  diamd  , then )(pM  coin-
cides with the space )(, npL  , the classical Morrey space. 

2. If nR  then )()(,  pnpL M  . 
3. The norm (2.1) is a sort of average integral on )(xB  . To this 

end we note that if the family )}({ x  shrinks nicely to x  , that 
is if )()( xBx    for any 0  and there is a constant 0  
, independent of   , such that |)(||)(| xBx    , the meas-
ure of )(x  is equivalent to the measure of )(xB  . 
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For functions that belong to the spaces )(
p

M  we can state the following al-
ternative definition. Let )(  the   -algebra of Lebesgue measurable sub-
sets of   .  
 
Lemma 2.2  A function )(

p
g M  if and only if )( pg M  and the func-

tion 
 

   
)(

|)(|sup

)(
||||sup1,0:

],0]










 p

n

d

x

ME

txBE

E

p
g gt 







 

 (2.2) 

 
is continuous in zero, where E  denotes the characteristic function of E  . 
 
Proof. Let g  be a function belonging to the space )(pM  and let p

g  be con-
tinuous in zero. We denote by   a positive number such that 
 

   









 )(

],0]

|||||)(|sup),( pME
n

d

x
gxBEE  

and by r  the set 
 

.}|)(|:{)(  Rrrxgxgr    (2.3) 
 

Then there exists a positive constant Rc  , independent of r  and g  , such 
that 
 

  .
)(||||

|)(|sup

],0]

pr
n

d

x r

g
cxB

p
p 






M




  

If we set  

,
||||

/1

)(

pp
pg

cr













 


 

M  

we get  
  











|)(|sup

],0]

xBr
n

d

x
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and, as a consequence,  
 

.||||
)(





 p
k

g
M

 

Let us introduce now the function  
 

.


 k
ggg   

Evidently )( Lg  and  
 

.||||||||
)()(


 
 p

k
p M

ggg
M

 
 

Conversely, let us assume )(
p

g M  . Then there exists )( Lg  such 
that  
 

.2/||||
)(
 

pgg
M

 

So we get  

  pn

d

x
L

EMEE

xBEg

gggg ppp

/1

],0]

)(

)()()(

|)(|sup||||2/

||||||)(||||||


























MM

 

  (2.4) 
from which we deduce that  
 

.||||
)
 

pEg
M

 

for any )(E  such that  
p

L

n

d

x g
Ex





















  )(

],0]

||||2
|)(|sup






  

and the lemma is proved. 
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3. Inclusion properties 
 

The following Theorem states inclusion properties of the spaces )(pM  . 
 
Theorem 3.1  The following inclusions hold: 

 
a)  )()(  pL M   [,1[ p  . 
b)   qppq 1),()( MM  . 
c)  ),(~)(  pq MM    qp1  . 

 
 Proof.  
 

a) If )( Lg  we get 
 

 
 

)(

/1/

],0]

)(

))((

/

],0]

)(

|||||)(|sup||||

||||sup||||













 



L

ppn

d

x
L

xL

pn

d

x

gcxg

gg pp










M

  (3.1) 

where, if n  denotes the volume of the unit ball )0(1B  , we get 
p

nc
1

  . 
 
b) By Hölder inequality it follows 
 

,||||sup

)|)(|||||(sup||||

))((

],0]

1

))((

],0]

)(

11

xL

d

x

xL

d

x

q
q
n

qp
q

p
n

p

gc

xgg


































M

  (3.2) 

with qp

nc
11

1


   . 

 
c) We observe that, if )( qg M  , from )b  we have )( pg M  . Fur-

thermore 
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  ,|)(|sup||||

|||||)(|sup

||||sup||||

11

11

],0]

)(

))((

/

],0]

))((

/

],0]

)(

qp
q

q
qp

pp

Exg

gEx

gg

n

d

x
M

ExLp
pn

d

x

ExL

pn

d

x
E









































M

  (3.3) 

and we deduce that the function p
g  , defined by (sigma), is continu-

ous in zero.  
From Lemma 2.2 it follows that )(

p
g M  . 

 
 

4. Embedding result 
 

Let us consider the function 
 












).(if0

)(if1
),(:

xy

xy
yx



    (4.1) 

and, for any x  , we set 
 

)}.(:{)( yxyxE       (4.2) 

 
 
Lemma 4.1  For any x  , )(xE  is a measurable set and there exist 

 Rcc 21,  such that 
 

.|)(| 21  xcxEc nn      (4.3) 
 
 
Proof. Clearly the function   is a measurable function. Then, for any fixed 

y  , the function ),(: yxxy    is measurable. Since y  is the 
characteristic function of )(yE  , we have that )(yE  is measurable. 
Now we prove that (4.3) holds. The inequality on the right is easily proved. 
We will prove the inequality on the left. 
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Let us consider ),(  xC  such that ),(  xC  . We get  
 

).(),( xExC   
 

In fact let ),(  xCy  . Then there exists a cone ),,( hC   such that 
Cyx ,  . So  

 
).(),( xEyyBx    

 
Thus the inequality (4.3) is stated. 

 
Now we state a Lemma which we will use in the proof of the embedding re-
sult. 
 
 
Lemma 4.2  If )1h  holds, then we have )(1  Lv  if and only if the map 

))((1||||
xL

n vx





  belongs to )(1 L  . Therefore there exist  Rcc 21,  
such that 
 

).(|||||||||||| 1

)(2))(()(1 111 




  Lvvcdxvvc
LxL

n

L 
  (4.4) 

 
 
Proof. The result is a consequence of the relation 
 

dxdyyv

dxdyyxyvdxv

n

yE

n

xL

n


























)(

))((

|)(|

),(|)(||||| 1

 (4.5) 

and of the Lemma 4.1. 
 
 
Let qpr ,,  be real number with the condition 

.1if,,1,)2  p
r

n

r

n
q

r

n
qqpNrh  
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Let )(,  prWu  . For any x  we set  
 

.))(()(,: * xx
xy

xy p
xx 


 

 

 
.))(()(:)( xzxuxzuu x     

We note that  

)).((, xWu pr     

We also note that, in consequence of )1h   )(x  has the cone property, 
with the characteristic cone having height and opening independent of x  . 
On the other hand, if pq /  , from )2h  we get  

.
11

,1if1,1
n

r

pp
p

r

n






  

From well-known embedding theorems of Sobolev spaces (see, e.g., R.A. 
Adams, Sobolev ……), we deduce that  

))((1 xLu
p

  





 

and the following bound holds 
 

,||||||||
))((0

))((
,

1
xW

xL
prp ucu 








 




     (4.6) 

where ),,,(00 nrqpcc   is a constant independent of x  and u  . 
From (4.6) easily it follows that 
 

.||||||||
))((

||

||
0

))((1

)1(

xL
rxL

n
p

p
n

p
p ucu






















 





  (4.7) 

 
Theorem 4.3  If )1h  and )2h  hold, then for any )( qg M  and for any 

)(,  prWu  we get )( pLgu  and 
 

,||||||||||||
)()()( , 

 prqp WL
ugcgu

M
    (4.8) 
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 where the constant ),,,( nrqpcc   is independent of g  and u  . 
 
Proof.  Let )(,  prWu  and )( qg M  . By (4.4) and by Hölder inequality 
it follows that 
 

 
.||||||||

||||||||||||

))((
)(1

))((
))((1)(1

1

1

1

dxugc

dxugcdxdygucdxgu

p

xL

np

p

xL

p

xL

np

x

np

pq

pp



















































M

 (4.9) 
On the other hand from (4.7) and Lemma (4.2) we obtain 
 

.||||

||||||||

)(

||

||
1

))((

||

||
0

))((1

)1(

p

L

p

r

p

xL

np

r

p

xL

n

p

pp

uc

dxucdxu











































 (4.10) 

From (4.9) and (4.10) the inequality (4.8) follows. 

 
The following theorem is a consequence of the embedding result stated in 
the Theorem 4.3 (see result of C. Fefferman, The uncertainty, and also F. 
Chiarenza - M. Frasca, A remark on, for a simplified proof). 
 
 
 Theorem 4.4 If )1h  and )2h  hold then for any )( qg M  , we get  

).(|||||||||||| ,1
0)()()(




p

LL
Wuugcgu pqp M

 

where the constant ),,( nqpcc   is independent of g  and u  . 

Proof. Taking in mind the Poincaré inequality, the proof is a direct conse-
quence of the Theorem 4.3 when 1r  . 
 
The pL  estimates below are obtained when the function g  belongs to the 
closure of )(L  in )(qM  or to the closure of )(0 C  in )(qM  . In the 
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applications to the elliptic differential equations we deal with multiplication 
operators belonging to these spaces. 
 
Lemma 4.5  If )1h  , )2h  hold and )(

q
g M  , then for any  R  there 

exists  Rc )(  such that  

).(||||)(|||||||| ,

)()()( , 


pr

LWL
Wuucugu pprp   

 
 Proof. Let )( L  such that  

,/||||
)(

cg q  
M

      (4.11) 

where the constant c  is the constant in the bound (4.8). Then by Theorem 
4.3 

)()(

)()()()(

)()()(

||||)(||||

||||||||||||||)(||

||||||)(||||||

,

,















ppr

pprq

ppp

LW

LLW

LLL

ucu

uuugc

uuggu











M
 (4.12) 

 with 
)(

||||)(


L
c   . 

 
Lemma 4.6  If )1h  , )2h  hold and )(0  qg M  , then for any  R  there 
exist  Rc )(  and an open set   with cone property such that 
 

).(||||)(|||||||| ,

)()()( , 


pr

LWL
Wuucugu pprp


   (4.13) 

 
Proof.  Let )(0  C  be such that (4.11) holds. 
Reasoning as in the proof of the Lemma 4.5 we get 
 

,||||)(|||||||| sup,)()( ,


 ppWL
ucugu prp 


    (4.14) 

 
with )(c  as in the Lemma 4.5. 
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Then let us fix [2/,0]    and [2/)supp,(dist,0]  h  . If we denote 
by   the open set of nR  union of the cones ),,(  hC   such that 

gC supp  is not empty, then (4.13) follows from (4.14). 

 
 
5. Compactness result 
 

Now we state the compactness result. 
 
Theorem 5.1 If )1h  , )2h  hold and )(0  qg M  , then the operator  
 

)()(,  ppr LguWu  
is compact. 
 
Proof.  We remark that for any open set   the operator  
 

)(|)( ,,  
prpr WuWu  

 
is linear and bounded. 
On the other hand, if   verifies the cone property too, by Rellich-
Kondrachov's theorem the operator  
 

)()'(,  ppr LuWu  
 

is compact. Then also the operator  

)(|)(,  
ppr LuWu  

is compact. Therefore if )(}{ ,  pr
n Wu  is a bounded sequence there exists 

a subsequence }{
knu  converging to u  in )(pL  . By Lemma 4.6 we get  

)(||||)(||||||)(|| ,

)()()( , 


pr

LnWnLn Wuuucuuuug p
k

pr
k

p
k

  

 
from which we can deduce the result. 
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