Embedding and compactness results for multiplication
operators in Sobolev spaces

Anna Canale* and Ciro Tarantino™*

Abstract: The paper deals with the operator U —> QU defined in the Sobolev space
W "P(Q) and which takes values in L () when € is an unbounded open subset in
R" The functions 9 belong to Morrey type spaces which provide an intermediate space

between L”(Q) and LE,C (€2) . The main result is a embedding result from which we can

deduce a Fefferman type inequality. L” estimates and a compactness result are also stated.
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1. Introduction

Let Q be an unbounded open subset in R" .
In literature there are different results about the study of multiplication op-
erator for a suitable function g : Q—>C

u—gu, (1.1)

as an operator defined in a Sobolev space (with or without weight) and
which takes values ina L"(Q) space.

In W,"?(Q) or in W"P(Q) with Q regular enough, reference results are
some well-known inequalities which state the boundedness of (1.1): Hardy
type inequalities (see H. Brezis, Sobolev spaces, A. Kufner, Weighted, ].
Necas, Les methods) when ¢(X) is an appropriate power of the distance of
X from a subset of 0Q , Fefferman inequality (C. Fefferman, The uncertain-
ty principle, see, e.g. F. Chiarenza - M. Franciosi, A generalization of, F. Chi-
arenza - M. Frasca, A remark on) obtained when g belongs to suitable Mor-
rey spaces.
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On some methods and applications of ordered Banach spaces

Our aim is to study the multiplication operator in the Sobolev space
W"P(Q) , reN , 1< p<+owo when g belongs to suitable Morrey type
spaces MP(Q) which include L”(Q) and which are wider than classical
Morrey space L™" when Q=R" . We observe that the space M?(Q) pro-
vides an intermediate space between L*(Q) and L. Q) .

The main results we stated concern embedding and compactness results for
multiplication operators.

One of the aspects of our interest in these estimates lies in the fact that this
type of inequalities are useful tools to prove a priori bounds when studying
elliptic equations. Furthermore a priori bounds enable us to state existence
and uniqueness results. For some applications in the study of the a priori
bounds see A. Canale, A priori 2003, On some results 2006, On some results
2007, Bounds in spaces 2008, Bounds in space 2009.

In Section 2 and Section 3 we introduce the spaces M" and some suitable
subspaces analyzing their inclusion properties and the relations between
such spaces and the classical Morrey spaces L™" . In Section 4 we state the
embedding result and L" estimates when the functions g belong to the sub-

spaces M® and M{ defined in Section 2. Moreover we deduce from embed-
ding result a Fefferman type result.

The compactness result for the multiplication operator is stated in Section 5.

2. Notations and Morrey type spaces

Let R" be the n -dimensional real euclidean space, and B, (X) the set
B,(x)={yeR":|y—x|<r}, B, =B, (0) VxeR", VreR,,

For any x e R" , we call open infinite cone having vertex at X every set of the
type

{X+A(y=x): 1eR,, |y—-zl<r},
where r e R, and z € R" are such that |[z—X|>T .
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For all 8€]0,7/2[ and for all xe R" we denote by C,(X) an open infinite
cone having vertex at X and opening 6 .
For a fixed C,(X) , we set

C,(x,n)=C,(x)"B,(x), VheR..

Let QO be an open set in R" . We denote by I'(Q2,0,h) the family of open
cones C cc Q of opening & and height h .

We assume that the following hypothesis is satisfied:

h,) There exists @ €]0,7/2[ such that

vxeQ 3C,(X) suchthat C,(X,p) c Q.

Let (Q,(X)),., be the family of open sets in R" defined as
Q,(x)=B,(x)"nQ, xeQ, p>0.

If 1< p<+oo we define by MP(Q) as the space of functions g e LP (Q)
such that

— -n/p
19 0= 599 (o™ 191l g )<+ >0, (2.1)
pel0,d]
equipped with the norm defined by (2.1). Furthermore let Mp(Q) be the
closure of L”(Q) in M"(Q) and M{(Q) the closure of C;’(Q) in M"(Q) .

Remark 2.1 We observe that:

1. If Q is a bounded open set and d = diamQ , then M*(Q) coin-
cides with the space L™"(Q) , the classical Morrey space.

2. If Q=R" then L""(Q)cM"(Q) .

The norm (2.1) is a sort of average integral on B, (X) . To this
end we note that if the family {Q (X)} shrinks nicely to X , that
isif Q (X) = B, (X) forany p>0 and there is a constant o >0
, independent of p , such that |Q (X)[>a|B,(X)| , the meas-
ure of Q (X) is equivalent to the measure of B, (X) .

W
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For functions that belong to the spaces M®(Q) we can state the following al-
ternative definition. Let X(Q) the o -algebra of Lebesgue measurable sub-
setsof Q .

Lemma 2.2 A function g € Mp(Q) if and only if g € M?(Q) and the func-
tion

U; cte [O,l]-) Esglzl(l?z) (H gZE ”M P(Q)) (2 2)

sup p "[ENB, (x)|t
X

pel0,d]

is continuous in zero, where y denotes the characteristic function of E .

Proof. Let 9 be a function belonging to the space M?(Q) and let & be con-
tinuous in zero. We denote by &, a positive number such that

M p(Q)

EcX(@, suwlp" [ENB,0I)<5, = oz
pel0,d]

and by Q, the set
Q.(9)={xeQ : [g(X)2r} VreR.. (2.3)

Then there exists a positive constant C € R, , independent of I and g , such
that

. 191, (€2)
sup (o0, me(x)|)scr—p.
pe]0,d]

If we set
(gl °?
r= MP () ’
0,
we get

sup (0", NB,(0)|)<&

xeQ
pe]0,d]
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and, as a consequence,

H gZQkE ||MP(Q)S €.

Let us introduce now the function

9. =9-9%o, -
Evidently g, € L*(Q2) and

|| g - g&' ||Mp(Q):|| gZng ||M P(Q)S E.

Conversely, let us assume g € Mp(Q) . Then there exists g, € L”(Q) such
that

|| g - g;; ||MP(Q)S 8/2'

So we get

|| gZE HMP(Q) S H (g - gg)ZE ||MP(Q) +|| ggZE HMP(Q) S

n /
<6121, I, sup (0" [ENB,(0] )7

p€]0,d]
(2.4)
from which we deduce that
|| gZE HMPQ)S &.
for any E € 2(Q) such that
P
_n &
sup p | Q (X)NE[S| —————
20, o

pe]0,d]

and the lemma is proved.
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3. Inclusion properties
The following Theorem states inclusion properties of the spaces M"(Q) .

Theorem 3.1 The following inclusions hold:

a) L(Q)>M(Q)  Vpe[ltod .
b)) MIQ) > M (Q), 1<p<q<o.
o MI(Q)cMP(Q), 1<p<qg<+o.

Proof.

a) If gel”(Q) we get

_ -n/p
19 lsey= 55 (" 18 1l )<
pel0.d]
-n/ 1/
NGl sup (0™ 19,001"°)<cll gl g
xeQ)

p+€]0,d]

where, if @, denotes the volume of the unit ball B,(0) , we get

1

— P
cC=w.

b) By Hoélder inequality it follows

_n 11
|| g ||MP(Q)S leelflzj (p ’ || g ||LQ(QP(X))|Qp(X)|p q)S

pel0,d]

(3.2)
q
<€ sup P 19l >

pe]0,d]

al—

1
with ¢, =@,

c) We observe that, if g € M%(Q) , from b) we have g e M?(Q) . Fur-
thermore
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-n/
|| gZE ||Mp(Q): lee'lg p e || g ||Lp(Qp(x)r\E)S

pe]0,d]
1_1
S Sup p_n/p ‘Qp(x)m E ‘p qH g HLQ(Q (X)ﬂE)S (3'3)
xeQ P
pel0,d]
< 9 lhyaey SUP (P 1Q,(0NE] )7,
xeQ

pel0,d]

and we deduce that the function o , defined by (sigma), is continu-
ous in zero.

From Lemma 2.2 it follows that g € M Q) .

4. Embedding result

Let us consider the function

1 if yeQ (x)
g (Xy)eQxQ—> . (4.1)
0 if yeQ (x).
and, for any X € Q , we set
EX)={yeQ : xeQ (y)}. (4.2)

Lemma4.1  For any XeQ , E(X) is a measurable set and there exist
C,,C, € R, such that

c,p" < E(X)[<c,p" VxeQ. (4.3)

Proof. Clearly the function ¢ is a measurable function. Then, for any fixed
y e Q , the function ¢’ : x€Q — ¢(X,Y) is measurable. Since ¢’ is the
characteristic function of E(Y) , we have that E(Y) is measurable.

Now we prove that (4.3) holds. The inequality on the right is easily proved.
We will prove the inequality on the left.
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Let us consider C,(X, p) such that C,(X, p) c Q2 . We get
C,(%,p) = E().

In fact let y € C,(X,0) . Then there exists a cone C e I'(Q2,8,h) such that
X,yeC .So

xeB(y,p)nQ=yeE(X).

Thus the inequality (4.3) is stated.

Now we state a Lemma which we will use in the proof of the embedding re-
sult.

Lemma4.2  If h) holds, then we have v e L'(Q) if and only if the map
XeQ—o p V| belongs to L'(Q) . Therefore there exist C,,C, € R,

such that

L'(Q, (x)
C, ||V||L‘(Q)SIQp_n ||V||L‘(Qp(x)) dx<c, ||V||u(g) vv e l'(Q). (4.4)

Proof. The result is a consequence of the relation

[0 IVl o B¢ = [ 27" [ 1VCY) | 40, y)ecly =

- (4.5)
=[ v ldy [ px

and of the Lemma 4.1.

Let r, p,q be real number with the condition

h)) reN, 1<p<g<+o, qzﬂ, q>ﬂifﬂzp>1_
r r r
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Let ueW"P(Q) . For any X € Q we set

v yeQ—>x+y;X , Q*p(x):‘PX(Qp(x)).

u' ="’ : 2eQ (X) > u(x+ p(z - X)).

We note that
uteW"P(Q (x)).

We also note that, in consequence of h) Q7 (x) has the cone property,

with the characteristic cone having height and opening independent of X .
On the other hand, if 7=q/p , from h,) we get

e>l r>lif Dops1, s L_T

r pr p n

From well-known embedding theorems of Sobolev spaces (see, e.g., R.A.
Adams, Sobolev ...... ), we deduce that

U e L (Q (X))
and the following bound holds

* < *
I ”L%(Q;(X))_ G lv ”Wr'p(ﬂ’;m)’ (4.6)
where ¢, =C,(p,0,r,Nn) is a constant independent of X and u” .
From (4.6) easily it follows that
-l =" Aa
p P ||u|| pr S('.:0 Zp P ||a u||Lp(Qp(X)) . (4'7)

L1(Q, (x) lal<r

Theorem 4.3 If h) and h,) hold, then for any g e M*(Q) and for any
ueW"?(Q) weget gu e L?(Q) and

|| gu |||_D(Q)S C || g ||Mq(Q)|| u ||WT~P(Q)’ (4'8)
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where the constant ¢ =c(p,q,r,n) is independent of g and U .

Proof. Let ueW"?(Q) and g € M*(Q) . By (4.4) and by Hélder inequality
it follows that

flouPdxsc ] o[ Toul”dyax<e [ o7 911 g ()l Iy, ks
P

<€ 119 oo p( )J “qu L (Q(x) P

(4.9)
On the other hand from (4.7) and Lemma (4.2) we obtain
P lulre, dx<, 30 p " 110U g (o, X<
L1(Q,(x) la<r
< C z plalp H aau HLP(Q)
< (4.10)

From (4.9) and (4.10) the inequality (4.8) follows.

The following theorem is a consequence of the embedding result stated in
the Theorem 4.3 (see result of C. Fefferman, The uncertainty, and also F.
Chiarenza - M. Frasca, A remark on, for a simplified proof).

Theorem 4.4 If h)) and h,) hold then for any g € M*(Q) , we get
|| gu |||_P(Q)S C || g ||Mq(Q)|| Vu |||_P(Q) vu eW()l’p(g-z)'

where the constant ¢ =C(p,q,n) is independent of § and u .

Proof. Taking in mind the Poincaré inequality, the proof is a direct conse-
quence of the Theorem 4.3 when r=1.

The LP estimates below are obtained when the function g belongs to the
closure of L”(Q) in M?(Q) or to the closure of C;(Q) in MY(Q) . In the
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applications to the elliptic differential equations we deal with multiplication
operators belonging to these spaces.

Lemma4.5 Ifh), h,)) hold and ¢ eM’ (Q) , then for any ¢ € R, there
exists ¢(¢) € R, such that

|| gu |||_P(Q)S & || u ||Wr.p(Q) +C(8) || u ||Lp(Q) vu EWr’p(Q)'

Proof. Let ¢, € L"(Q) such that

where the constant C is the constant in the bound (4.8). Then by Theorem
4.3

H gu HLP(Q) SH (g _¢g)u |||_P(Q) + || ¢gu |||_P(Q)S
S C || (g _¢{,‘)u ||Mq(Q)|| u ||WVVP(Q) + || ¢{;‘ |||_°°(Q)|| u |||_P(Q)S (4'12)

<e|ul +c(e) [lul

w"P(Q) LP(Q)

with c(&) ={| ¢, |

L@ °

Lemma4.6 If h) , h)) hold and g € M{(Q) , then for any ¢ € R, there
exist (&) € R, and an open set Q0 cc Q with cone property such that

|| gu HLP(Q)S & H u ||erP(Q) +C(8) H u ||Lp(Qs) vu eWr’p(Q)' (4'13)

Proof. Let ¢, € C;(QQ) be such that (4.11) holds.

Reasoning as in the proof of the Lemma 4.5 we get
|| gu |||_P(Q)S 8 || u ||W"-P(Q) +C(8) || u ||p,supp¢g’ (4'14)

with c(¢) as in the Lemma 4.5.
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Then let us fix € €]0,7/2[ and h, €]0,dist(0Q,supp @, )/2[ . If we denote
by Q, the open set of R" union of the cones CeI'(Q,8,h,) such that
C M supp g, is not empty, then (4.13) follows from (4.14).

5. Compactness result

Now we state the compactness result.

Theorem 5.1 If h), h,) hold and g € MJ(Q) , then the operator

ueW"?(Q)— guel’(Q)
is compact.

Proof. We remark that for any open set Q' cc Q the operator
ueW"?(Q) > uly,eW""(Q")

is linear and bounded.
On the other hand, if Q' verifies the cone property too, by Rellich-
Kondrachov's theorem the operator

ueW"?(Q")—->uel’(Q)
is compact. Then also the operator
ueW"?(Q)->ulye L"(Q)

is compact. Therefore if {u,} eW"?(Q") is a bounded sequence there exists

a subsequence {U, } converging to U in L°(Q') . By Lemma 4.6 we get

19Uy, =W IS & 1Up, = Uy ) +E(E) [Un, —U L5 VU eW"?(Q)

from which we can deduce the result.
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