SCHRODINGER TYPE OPERATORS WITH UNBOUNDED DIFFUSION
AND POTENTIAL TERMS

ANNA CANALE, ABDELAZIZ RHANDI, AND CRISTIAN TACELLI

ABSTRACT. We prove that the realization A4, in LP(R"™), 1 < p < oo, of the Schrédinger
type operator A = (1 + |z|*)A — |z|® with domain D(4,) = {u € W*P(RY) : Au €
L? (RN)} generates a strongly continuous analytic semigroup provided that N > 2, a > 2
and 8 > a — 2. Moreover this semigroup is consistent, irreducible, immediately compact
and ultracontractive.

1. INTRODUCTION

In this paper we study the generation of analytic semigroups in LP-spaces of Schrodinger
type operators of the form

(1.1) Au(z) = a(z)Au(z) — V(z)u(z), xeRY,

where a(x) = 1 + |z|* and V(z) = |z|® with o > 2 and 8 > a — 2. We investigate also
spectral properties of such semigroups. In the case when « € [0,2] and 8 > 0, generation
results of analytic semigroups for suitable realizations A, of the operator A in LP(R™) have
been proved in [4].

For 8 =0 and « > 2, the generation results depend upon N as it is proved in [8]. More
specifically, if N = 1,2 no realization of A in LP(R"™) generates a strongly continuous (resp.
analytic) semigroup. The same happens if N > 3 and p < N/(N — 2). On the other hand,
if N >3 and p > N/(N —2), then the maximal realization A, of the operator A in LP(RY)
generates a positive analytic semigroup, which is also contractive if a > (p — 1)(N — 2).

Generation results concerning the case where § = 0 and with drift terms of the form
|z|%~22 were obtained recently in [9]. The operator with a more general diffusion term was
also investigated in [10] and [14].

We quote also the recent paper [5]. Here the authors studied the generation of Cj
and analytic semigroups in LP(R"), 1 < p < oo, of operators of the form A = |z|*A +
c|z|* 2z - V — b|z|*2. They prove for o # 2, in particular for ¢ = 0 and b = 1, that a
suitable LP-realization of A generates a bounded analytic semigroup in LP(R") if and only
if N/p < (N —2)/2+4/1+ (N —2)2/4, see [5, Theorem 1.2]. We note here that 8 = o — 2
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corresponds to a critical case. The methods used in [5] are completely different from our
and lead to results which are not comparable with our case (8 > a — 2).

Here we consider the case where o > 2 and assume that N > 2. Let us denote by A, the
realization of A in LP(RY) endowed with its maximal domain
(1.2) Dypmaz(A) = {u € PRY)NWEP(RY) : Au € LP(RN)}.

C

After proving a priori estimates, we deduce that Dy, ;4. (A) coincides with
Dp(A) :={u e WH[RY) : Vu, (14 |z[*"H)Vu, (1+|2|*)D?*u € LP(RV)}.

So we show in the main result of this paper that, for any 1 < p < oo, the realization A,
of A in LP(RY), with domain D,(A) generates a positive strongly continuous and analytic
semigroup (7}(t))i>o0 for any 8 > o — 2. This semigroup is also consistent, irreducible,
immediately compact and ultracontractive.

The paper is structured as follows. In Section 2 we study the invariance of Co(RY) under
the semigroup generated by A in Cy(R™) and show its compactness. In Section 3 we use
reverse Holder classes and some results in [13] to study the solvability of the elliptic problem
in LP(RY). Then, in Section 4 we prove the generation results.

Notation. For any k € NU{oo} we denote by C¥(R") the set of all functions f : RY — R
that are continuously differentiable in RY up to k-th order and have compact support (say
supp(f)). The space Cy(RY) is the set of all bounded and continuous functions f : RY — R,
and we denote by || f||o its sup-norm, i.e., || f|loc = sup,ern |f(z)|. We use also the space
Co(RY) :={f € Cy(RY) : limy 0o f(x) = 0}. If f is smooth enough we set

N

N
Vi@ =) IDif(@)P,  |ID*f()* =) |Diyf ()

i=1 ij=1

For any zg € RY and any r > 0 we denote by B(zg,r) C RY the open ball, centered
at xo with radius r. We simply write B(r) when xg = 0. The function yp denotes the
characteristic function of the (measurable) set F, ie., xgp(z) = 1 if z € E, xg(z) =0
otherwise.

For any p € [1,00) we denote by LP(RY) the Banach space of all measurable and p-
integrable functions in R with respect to the Lebesgue measure endowed with its usual
norm ||+ ||,. Finally, by -y we denote the Euclidean scalar product of the vectors z,y € RY.

2. GENERATION OF SEMIGROUPS IN Cp(RY)

In this section we recall some properties of the elliptic and parabolic problems associated
with A in Cy(RY). We prove the existence of a Lyapunov function for A in the case where
a > 2 and f > a—2. This implies the uniqueness of the solution semigroup (7'(t)):>o to the
associated parabolic problem. Using a domination argument, we show that T'(¢) is compact
and T(t)CD(RN) C Co(RN).

First, we endow A with its maximal domain in Cy,(R")

Dinaz(A) = {u € GRY)NW2P(RY), 1<p<oo: Aue CyRY)}.

C
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Then, we consider for any A > 0 and f € C,(R") the elliptic equation
(2.1) Au— Au = f.

It is well-known that equation (2.1) admits at least one solution in Dy, (A) (see [3, Theorem
2.1.1]). A solution is obtained as follows.

Take the unique solution to the Dirichlet problem associated with A — A into the balls
B(0,n) for n € N. Using Schauder interior estimates one can prove that the sequence of
solutions so obtained converges to a solution w of (2.1). It is also known that a solution
to (2.1) is in general not unique. The solution w, which we obtained by approximation, is
nonnegative whenever f > 0.

As regards the parabolic problem

{ u(t,z) = Au(t,z) = € RN, t>0,

(2.2) u(0,2) = f(x) r € RV,

where f € Cy(RY), it is well-known that one can associate a semigroup (7'(t))¢>0 of bounded
operator in Cy(R™) such that u(t, z) = T(t) f(x) is a solution of (2.2) in the following sense:
u € C([0,400) x RM) N o

loc ((0, 400) x RY)
and u solves (2.2) for any f € Cy(RY) and some o € (0, 1). Uniqueness of solutions to (2.2)
in general is not guaranteed. Moreover the semigroup (T'(¢)):>0 is not strongly continuous
in C,(RY) and does not preserve in general the space Co(RY). We note here that the
obtained solution u is the minimal solutions among all positive solution of (2.2). For this
reason the semigroup 7T'(t) will be called the minimal semigroup. For more details we refer
to [3, Chapter 2, Section 2.

Uniqueness is obtained if there exists a positive function ¢(z) € C?(RY), called Lyapunov
function, such that lim,_, w(z) = +00 and Ap — Ap < 0 for some A > 0.

Proposition 2.1. Let N > 2, a > 2 and f > o — 2. Let p = 1+ |z|” where v > 2. Then
there exists a constant C' > 0 such that

Ap < Cop.
Proof. An easy computation gives
Ap = (N +7 = 2)(1+ [a|*)a" 72 = (1 + [a]")]2|” .
Then, since 5 > a — 2, there exists a C' > 0 such that
YN+ =2)(1+ |72 < 1+ |2 + O(L + [2[).
O

Then we can assert that the problem (2.2) admits a unique solution in C([0, c0) x RV) N
C2((0,00) x RY) and problem (2.1) admits a unique solution in D,,q.(A).

In order to investigate the compactness of the semigroup and the invariance of CO(RN )
we check the behaviour of T'(¢)1. We use the following result (see [3, Theorem 5.1.11]).

Theorem 2.2. Let us fir t > 0. Then T(t)1 € Co(RY) if and only if T(t) is compact and
Co(RY) is invariant under T(t).
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Let Ap be the operator defined by Ay := a(z)A. By [6, Example 7.3] or [8, Proposition 2.2
(iii)], we have that the minimal semigroup (S(t)) is generated by (Ag, Dz (A0)) NCo(RY).
Moreover the resolvent and the semigroup map Cy(RY) into Co(R™) and are compact.

Set v(t,z) = S(t)f(x) and u(t,z) = T(t)f(x) for t > 0,z € RY and 0 < f € Cy(RV).
Then the function w(t, x) = v(t,x) — u(t, x) solves

wi(t,x) = Aow(t, ) + V(z)u(t,z), t>0,
{ w(0,7) =0, x¢cRVN.
So, applying [3, Theorem 4.1.3], we have w > 0 and hence T'(t) < S(¢). Thus, T(¢)1 €
Co(RY), since S(t)1 € Co(RY) for any t > 0 (see [8, Proposition 2.2 (iii)]). Thus, 7'(t)
is compact and Co(RY) is invariant under T'(¢) (cf. [3, Theorem 5.1.11]). Then we have
proved the following proposition:

Proposition 2.3. The semigroup (T(t)) is generated by (A, Dyar(A)) N Co(RY), maps
Cy(RN) into Co(RN) and is compact.

3. SOLVABILITY OF THE ELLIPTIC PROBLEM IN LP(RY)

In this section we study the existence and uniqueness of solutions of the elliptic problem
Au— Apu = f for a given f € LP(RY), 1 < p < oo and A > 0. Let us consider first the case
A=0.

We note that the equation (1 + |z|*)Au — Vu = f is equivalent to the equation

1% f .

Au — = = f.
e T el

Therefore we focus our attention to the LP-realization flp of the Schrodinger operator

i—a-— ' AV
I+l

Let us denote by G the Green function (or the fundamental solution) for A. Thus,

(3.1) u@) = [ Glay)f(y)dy,
RN
Thus, u(z) = [pv G(z,y) 11%‘)(1 dy and solves Au = f for every f € LP(RY). So we have to
study the operator
fy)
3.2 u(x) =1L x::/ G(x, dy.
(32) (@) = L) = [ Gy

To this purpose, we use the bounds of G(x,y) obtained in [13] when the potential of flp
belongs to the reverse Holder class B, for some ¢ > N/2 .

We recall that a nonnegative locally Li-integrable function V on R is said to be in
By, 1 < g < oo, if there exists C' > 0 such that the reverse Holder inequality

<|;| /B Vq(x)d:v)l/q §C<|;y /B V(m)d:v)
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holds for every ball B in RY. A nonnegative function V € L (RY) is in By, if

loc

1
|memchBAjmwQ

for any ball B in RY.
One can verify that

By ifpg—a>0
- B, iff-a>-%
q
(3:3) VEL By iffB-a>-2
2
By ifg—a>-1

for some g > 1. So, it follows from [13, Theorem 2.7] that, if 5 —a > —2 then for any k£ > 0
there is some constant Cj > 0 such that for any z, y € RV

Ch 1
(1+m(z)e —y)* lo—yN?

(3.4) |G (z,y)| <

where the function m is defined by

1 1 N
3.5 = SUPR T T —— Viydy <1y, zeRN.
( ) m(x) 7">18{ rN=2 /B(x,r) (y) = }

Due to the importance of the auxiliary function m we give a lower bound.

Lemma 3.1. Let « — 2 < 8 < a. There exists C = C(a, B, N) such that
(3.6) mz) > C 1+ |z) 7.

Proof. Fix € RV, and set fo(r) = TN%Q fB(I ") V(y)dy, r > 0. Since V € By/o implies
V € B, for some ¢ > %, by [13, Lemma 1.2], we have

ll—% fz(r) =0 and Tlgglo fa(r) = oo.

Thus, 0 < m(z) < co.
In order to estimate ﬁ we need to find ro = ro(z) such that r € [rg, oo[ implies f,(r) > 1.

In this case we will have % < 7.

Since V € B N/2, there exists a constant C'; depending only «, 8, N such that

Q;wawwfmqu;AV@@)

for any ball B in RY. Then we have

1 .
TRT A V(y)dy
|B($,r)| B(z,r)

N-tonr? 1 "
N oo \N/2
V(y)™dy
C1 (’B(%T)‘ /B(x,r) ®) )

fo(r) = N~ lonr?

v
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2/N
N-lgn)1-2/N B

- <g>( / V(y)N/2dy> ,
1 B(z,r)

where o is the (N — 1)-dimensional measure of 9B(0,1). Hence, if

(3.7) / V()N dy - Cy > 0,
B(z,r)

N/2 -
< Note that V > V* in RN \ B(0,1)

(N 10'N)N/2 1°

then f,(r) > 1, where Cy = Ca(a, B, N) =
with V*(z) = |z|P~“. Hence,

/ V()N idy > / V(y)N/ZdyZ/ V*(y)Ndy
B(a.r) B(ar)\B(0,1) B(a)\B(O,1)
= / V*(y)N/zdy—/ V*(y)N2dy
B(z,r) B(z,r)nB(0,1)

> / V*(y)N/zdy—/ V*(y)Ndy
B(z,r) B(0,1)

1-N/2
= [ WYy 27PNy
B(z,r) N(2_O‘+B)
(3.8) > Nloyr Bi(r;fr)(V*)N/Q — C3(a, B, N)
9—N/2,.N
(3.9) — Nloy—————— —Cs.
BN
(le +7)2

Let n = # < 1 and § > 0 a parameter to be chosen later, and set

ro =0(1+ |z|)"
By (3.8) condition (3.7) becomes
- 2_N/2’I“N
/ V(y)N/Zdy -Cy > NflaN—f_ —Cy—C}5
B(z,ro) (‘.%" +T’0)T
N nN
— N-l9-N/2 6 (1 + |z) oy Cy
(] + 8(1+ [a])m) 2
nN
> N-logN/2, SN (1 + Ja) = _c,
(1+ya;\+5(1+\x|) )7 N
niN
Z N7127N/2 (1 + |CCD C4

(6 + 1)1 +[a])) 7N

N
= N_12_N/2O'N L —Cy.
(1—1—5)
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N
Since 0‘2;’3 < 1 we can choose § > 0 such that N~127V/25y <5QB> —Cy > 0.
(1+6) 2"

So, (3.7) is satisfied for » = ¢ and hence it is satisfied for any r > ro. Thus, f.(r) > 1
for r > 1o, and, hence, ﬁ <ro=06(1+ |z|)". O

The same lower bound holds in the case § > « as the following lemma shows.

Lemma 3.2. Let 3 > a. There exists C = C(a, 8, N) such that

B—«
(3.10) m(z) > C(1+|z]) 2 .
Proof. From [13, Lemma 1.4 (c)], there exist C; > 0 and 0 < 79 < 1 such that, for =,y € RY,
C
m(z) > 1m(y)

(L+ |z —ylm(y)™
In particular,
C1m(0)

"2 A el )

where ﬁ = sup,-o {7 : fo(r) <1} with

1 B r B+N-1
fO(T) — N2 / |Z| adz = ;]XQ / L fo" dp.
r B(os) 1+ 2] r o L+p

We have WWHQ < fo(r) < /BZ_NNrﬁ'*'Q. Since 8 > 0 and f — a + 2 > 0 it follows

that lim,_,o fo(r) = 0 and lim,_,~ fo(r) = co. Consequently,

0 <sup{r : fo(r) <1} < o0
>0

and, hence, m(0) = Cy for some constant Co > 0. Then

C1Cy Cs
11 >
40 "2 TGl = W Ja)"

for some constant C3 > 0. 3
On the other hand, since § > «, we obtain by (3.3) that V' € B,. Then, by [13, Remark
2.9], we have

(3.12) m(z) > C5VY2(z) = Cslz) 5 (1 + |2]) "% .
The thesis follows taking into account (3.11) and (3.12). O

Applying the estimate (3.4) and the previous lemma we obtain the following upper bounds
for the Green function G.

|z|®
Lt fa]e

Lemma 3.3. Let G(x,y) denotes the Green function of the Schridinger operator A —
and assume that 8 > o — 2. Then,
1 1

Bap |y — y|N-2"
L Jo =yl (14 |y =F e~

for any k > 0 and some constant Cy, > 0 depending on k.

(3.13) G(z,y) < Cy z,y € RY

Using the above lemma we have the following estimate.
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Lemma 3.4. Assume that o > 2, N > 2 and 8 > « — 2. Then there exists a positive
constant C such that for every 0 <~ < 8 and f € LP(RY)

(3.14) Izl L1l < Cllfllps
where L is defined in (3.2).

Proof. Let I'(z,y) = ﬂf;‘{l, f € LP(RY) and

u@) = [ T o)y

We have to show that
[z["ull, < C|lf]lp-

Let us consider the regions Fy := {|z —y| < (1 + |y))} and Es := {|z —y| > (1 + |y|)}
and write

u(z) = /E I(a,y) f(y)dy + /E D(a, ) f(y)dy = wi (@) + us(z) |
In E; we have
Lt fa] _ 14fz—yl+ ]yl

< <2.
1+ |yl 1+ |yl

So, by Lemma 3.2

1+ |z|? 14 |z|®
z|Tuq (z ng/I‘x,yfydyS /
e <leP [ vl <50 [

Gz, y)|f(y)ldy

C(1 +|a))? / G, y)|f(w)ldy < Cm? (x)i(),

where @(z) = [pn G(z,y)|f(y)|dy. By (3.3) we have V € By. So applying [13, Corollary
2

2.8], we obtam |lm2d|, < C||f|l, and then |||z u1ll, < C||f|lp-
In the region E5, we have, by Holder’s inequality,

||z[Tuz(2)] < \xl”/ F(w,y)lf(y)ldyz/ (lz["T(z,y))»

E2 E2

o=

(J2 (2, )7 | (y)ldy

s <(f 2 |x'¥r<x,y>dy)‘3' (f 2 rxwr@,y)rf(y)wdy)’l’

We propose to estimate first ng |z| T (z,y)dy. In Ey we have 1 + |z| < 1+ |y| + |z —y| <
2|z — y|, then from (3.13) it follows that
2T (z,y) < |2 G(z,y)
1+ |z/? 1
B-a —_ y|N—2

v =yl (1+ [y =" |7~ vl

1 1

— q|E—=B+N-2 B=a

==l 1+ o))"

< C

C
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For every k > g — N + 2, taking into account that we get

[z — yl < 1+|y\’
1

B—a+2 _9_n "
(14 [yt =20

Since  — a + 2 > 0 we can choose k such that g(,@—a+2)+N—2—5>N, then

1
x”Fx,ydy</ "Gz, y)dy < C
/E2 =T ) o =[G ) RN (14 |y|)§ 24+B—a)+N—-2—0

|z["T(z,y) <

dy < C.

Moreover by the symmetry of G we have

" T(z,y) < |2]"G(z,y)

- C 1+ |z/? 1
- B—a N-2
=yl (L4 [y |2 vl
1 1
C
k—pB+N-—2 Lo
=9l (1))t
Taking into account that | 1 | ﬁlx‘, arguing as above we obtain
(3.16) / [T (2, y)dz < C.
Es

Hence (3.15) implies

(3.17) |z uz(2)[” < C/E |z["T(, y)[ £ (y) Pdy.
2

Thus, by (3.17) and (3.16), we have

WWWMSC/ /\ﬂwmwnmﬂmﬂmmwuwwwm

=c [ 15w ([ erri) dy < csi.

We are now ready to show the invertibility of A, and D, me:(A4) C D(V).

Proposition 3.5. Assume that N > 2, a« > 2 and 8 > o — 2. Then the operator A, is
closed and invertible. Moreover there exists C' > 0 such that, for every 0 <y < 3, we have

(3.18) i |7u||p < CHApqu» Vu € Dp,mam(A) .

Proof. Let us first prove the injectivity of A,. Let u € D} mas(A) such that Ayu = 0, in
particular Ayu = 0. Tt follows that € Dp maz(A) = D(A)N D ( 1217 ), (see [11]). Then

T]af
multiplying A,u by u|u[P~2 and integrating over RY we obtain, by [7],

-2 ||
0 = / u|ul? Audx—/ |u|Pdz
RN Ry 1+ |z|*
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B8
=~ [ Pvalac - | S
RN gy 1+ [z]*

from which we have u = 0. On the other hand, we recall that the function given by (3.2)
solves Au = f for every f € LP(RY). Applying Lemma 3.4 with v = 0, we deduce that
u € LP(RY) and so by elliptic regularity we have u € Dj mar(A). This together with
the injectivity of A, gives the invertibility of A, and A1 € L(L? (RN)). This implies in
particular that A, is closed. Finally, the estimate (3.18) follows from (3.14). O

The previous Theorem gives in particular the A,-boundedness of the potential V' and the
following regularity result.

Corollary 3.6. Assume that N > 2, a > 2 and 8 > a— 2. Then
(i) there exists C' > 0 such that for every u € Dy maz(A)
1A+ V)ullp < CllApullp;
(i)
Dpmaz(A) = {u € W2P(RY) | Au e LP(RM)} .
Proof. We have only to prove the inclusion Dy maz(A4) C {u € W2P(RY) | Au € LP(RV)}.
Let u € Dy maz(A). Then, by (i), Vu € LP(RY) and hence

Au = M c LP(RN).
1+ |z|>
So, the thesis follows from the Calderon-Zygmund inequality. U

We can now state the main result of this section.

Theorem 3.7. Assume that N > 2, > a—2 and o > 2. Then, [0,+00) C p(4,) and
(A — A,)~1 is a positive operator on LP(RN) for any A > 0. Moreover, if f € LP(RV) N
Co(RN), then (A — Ap)~Lf = (A= A)7Lf.

Proof. Let us first prove that if 0 < A € p(4,), then (A — A4,)~! is a positive operator
on LP(RM). To this purpose, take 0 < f € LP(RY) and set u = (A — A,)~'f. Then, by

Corollary 3.6, u € D(A,) and
_(Ap —AQJu=qf = fv

where ¢(z) = Since flp generates an exponentially stable and positive Cp-semigroup

1
- Ltzfo -
(Tp(t))e>0 on Lf“(RN) (see [4, Theorem 2.5]), it follows that the semigroup (e~ T, (t));>0

generated by A, — Ag is positive and exponentially stable. Hence,
u=(Aqg— /Nlp)*lf > 0.

We show that E = [0,400) N p(A,) is an non empty open and closed set in [0, +00).

By Proposition 3.5 we have 0 € p(A,) and hence E # (. On the other hand, using the
above positivity property and the resolvent equation we have (A — A,)™! < (=A,)"1 =L
for any A € FE and therefore

(3.19) IO = Ap) M < L] -
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It follows that the operator norm of (A — A,)~! is bounded in F and consequently E is
closed. Finally, since p(A,) is an open set, it follows that E is open in [0,+00). Thus,
E =10, +00).

Now in order to show the last statement we may assume f € Cg°, the thesis will follow
by density. Setting u := (A—A,)~!f, we obtain, by local elliptic regularity (cf. [2, Theorem
9.19]), that u € CL7(RN) for some 0 < o < 1. On the other hand, u € W*P(RY), by
Corollary 3.6. If p > %, then by the Sobolev’s inequality, u € LI(RY) for all ¢ € [p, +00). In
particular, u € LI(RY) for some ¢ > & and hence Au = —f+Au € LI(RY). Moreover, since

u € CHH7(RYN), it follows that u € I/VIZO’Cq(RN). S0, u € Dymaz(A) C W2URN) C Cp(RY),
by Corollary 3.6 and the Sobolev’s embedding theorem, since ¢ > %

Let us now suppose that p < % Take the sequence (ry,), defined by r, = 1/p — 2n/N
for any n € N, and set ¢, = 1/r, for any n € N. Let ng be the smallest integer such that
Tny < 2/N noting that 7,, > 0. Then, u € Dp maz(A) C L8 (RY) N LP(RY), by the Sobolev
embedding theorem. As above we obtain that u € Dy, maz(A) C L2(RY). Iterating this
argument, we deduce that u € Dy, maez(A). So we can conclude that u € Cy(RY) arguing

as in the previous case. Thus, Au = —f + A € Cy(RY). Again, since u € C’lZOJgU(RN),
it follows that u € W'li’g(RN) for any ¢ € (1,+00). Hence, u € Dyar(A). So, by the
uniqueness of the solution of the elliptic problem, we have (A — A,)~!1f = (A — A)~1f for

any f € C®(RV). O

4. GENERATION OF SEMIGROUPS

In this section we show that A, generates an analytic semigroup on LP (RN ), 1 < p < oo,
provided that N > 2, a > 2 and 8 > a — 2.

We start by giving the characterization of the domain of A. More precisely we prove that
the maximal domain D), ;,q5(A) coincides with the weighted Sobolev space Dp(A) defined
by

Dp(A) :={u e W*P[RY) : Vu, (1+ |z|* HVu, (1+ |2|%)D?*u € LP(RY)}
endowed with its canonical norm.

To this purpose we need the following covering result from, see [1, Proposition 6.1], to
prove a weighted gradient estimate.

Proposition 4.1. For every 0 < k < 1/2 there exists a natural number ¢ = ((N,k)
with the following property: given § = {B(z, p(x))},ern, where p : RY — Ry is a Lip-
schitz continuous function with Lipschitz constant k, there exists a countable subcovering
{B(2n, p(21)) }nen of RN such that at most ¢ among the double balls {B(xyn,2p(2n)) Ynen
overlap.

We need the following weighted gradient and second derivative estimate.

Lemma 4.2. Assume that N > 2, a > 2 and 8 > o — 2. Then there exists a constant
C > 0 such that for every u € D,(A) we have

(4.1) 11+ J2[*" ) Vull, < Clldpully

(4.2) 11+ |2[*) D?ull, < Cll Apullp -
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Proof. Let u € Dy(A). We fix 79 € R™ and choose 9 € C°(RY) such that 0 < 9 < 1,

9(x) = 1 for x € B(1) and 9(x) = 0 for = € RN\ B(2). Moreover, we set 9,(x) = 0 (%)
).

where p = 1(1 4 |zo|). We apply the well-known inequality

(4.3) Vol zo(mry < Cloll sy A0 gy, v € WP(B(R)) N Wy P(B(R), R >0,

to the function ¥,u and obtain for every € > 0,
11+ J2o))* ' Vull Lo (Bao,p)) < N1+ 120))* ™V (9 pu)l| Lo(B(w0,20))
1 1
<Cl(1+ ‘xODOlA(ﬂpU)H[Z,p(B(mO,gp))||(1 + ‘xODaiQﬁpqup(B(mmzp))

o 1 a—
<C <€||(1 + [2ol)* AWpu)l L (B(wo,20)) + 711+ |ol) 219pu||LP(B(mo,2p))>

< € (<l -+ ool Aulaenany + 252 + o)V oot

eM o 1 a—
+?H(1 + [2o])*ull Lr (B(zo,20)) T Zg”ﬂ + |xo]) 2UHLT’(B(360,2p))>

< O (ell(X + [xo])* Aull Lo (B(ao,2p)) + 8Mel (1 + |20))* ™ Vul| Lo (B(20,20))
1 _
+ (1600 ) 100+ o) a3t
< ) (#1420 Al a2 + <L+ 207 Tl 20

1 o
200+ o)™ Pl )

where M = ||[V¥||oo + [|A¥||oo. Since 2p = (1 + |zo|) we get

1 3
S0t laol) < 14 Jal < S0 +laol), @ € Blao,2p).
Thus,
3 a—1
10+ ) Vullasaaon < (5) 10+ l20)™ ullatan
< C (ell(X 4 [x0))* Aull Lo (B(ao,20)) + €Il (X + [20])* ™ Vull Lo(Bao,20))
1 o
#2100+ o) 2l )
< C(2%|(1 + |2))* Aull Lo(B(a.2p)) + 2%l (1 + 12))* 7 Vul| Lo(B 2o 20))
2a—2 o
(4.4 10 b)) ) -

Let {B(2n, p(x,))} be a countable covering of RY as in Proposition 4.1 such that at most
¢ among the double balls {B(zy,,2p(x,))} overlap.
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We write (4.4) with zy replaced by z, and sum over n. Taking into account the above
covering result, we get

1L+ 2D Vullp < C(ell (1 + [a))* Aullp + el|(L+ ) Vull,
1 _
I+ =) ullp) -
Choosing € such that eC < 1/2 we have

1 _ 1 C
S+ 2DVl < SIA+ ) Aull, + |
Furthermore |||z 2ul|, < ||(1 + |z|?)ul, < C||Apull, for any u € D,(A) C Dy maz(A) and
some C' > 0 by Corollary 3.6. Hence,
11+ [2))* " Vall, < Ol Apullp + [[ull,).
As regards the second order derivatives we consider the classical Calderén- Zygmund in-
equality on B(1)
ID%0]| o (1)) < CllAV] Lo(sy), v € WHP(B(1)) N Wy P(B(1))

by rescaling and translating we get

(1 + Ja))*2ull, -

(4.5) ID?[| Lo(Beo.r)) < ClIAV 1o (B(2o,R))
for every xg € RNV, R > 0 and v € W2P?(B(x0, R)) N Wol’p(B(afo, R)). We observe that the
constant C' does not depend on R and xg.

Then we fix 9 € R and choose p and 9, € C°(RY) as above. Applying (4.5) to the
function ¥,u in B(zg,2p), we obtain

(1 + [z0])* Dul| Lo (B(zo,p)) < (1 + |20))*D* (0 pt)l| Lo(B (w0 ,20))
< O+ [zo))* A pu) | Lo (B(zo,20))-
Reasoning as above we obtain
1L+ |z))* D?ully < C (1 + [2))* Aullp + |1+ |2 Vallp + (1 + [2)*ull,) -

The lemma follows by Corollary 3.6 and by the gradient estimate (4.1).

The following lemma shows that C2°(RY) is a core for (A, Dy(A)).

Lemma 4.3. Assume N >2, a > 2 and 8 > a—2. The space C°(RY) is dense in D,(A)
with respect to the graph norm.

Proof. Let us first observe that C2°(R™) is dense in W2 (RY) with respect to the operator

norm. Let u € Wg P (RN ) and consider u,, = p, * u, where p, are standard mollifiers.
We have u, € C®(RM), u, — u in LP(RY) and D?u,, — D?u in LP(RY). Moreover,
suppuy, C suppu + B(1) := K for any n € N. Then

[Apu = Aunlp = [| Apu = Aun|| Lr x)
<+ |2V A = wn) | oy + [l (u = ) | o)

<+ ) e ) 1M = ) Loy + Ml ey 1 = 00) oy = 0 35 7= 00
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Now, let w in Dy q2(A) and let n be a smooth function such that n =1 in B(1), n =0
in RV \ B(2), 0 < n <1 and set n,(z) =n (%£). Then consider u, = npu € W2P(RY). First
we have u,, — u in LP(R™) by dominated convergence. As regard Apu, we have

Aptin (@) = (14 |2|*) A(pu) () — |2]nn (2)u(z)
= M (2) Apu(z) + 2(1 + [2|*) Vi () Vu(z) + (1 + [2]*) Ann (2)u(z)
= () Apu(e) + > (L4 [ef*)Vn (2) Vula) + 50+ ) an (D) ule)
and
mmApu — Apu in LP(RY)
by dominated convergence. As regards the last terms we note that Vn(z/n) and An(xz/n)
can be different from zero only for n < |z| < 2n, then we have

1 x -
Vi (5)‘ [Vu| < C(1+ |2|*™ 1) VulX {n<joj<2n)

n

(1 + [2|%)

and

S0+ 42l [ (E)]lul < €O+ o) ulxgusisizan -
The right hand sides tend to 0 as n — oo, since by Proposition 3.5 and Lemma 4.2 we have
1L+ l2l*=2)ull, < CllApull, and [[(1 + [2]*~1)Vull, < Cl|Apully. So, applying again the
dominated convergence theorem, we obtain A,u, — Apu in LP(RY). This ends the proof
of the lemma. O

We can give now the complete characterization of D) yaz(A).

Theorem 4.4. Assume that N > 2, o > 2 and f > a—2. Then mazimal domain Dy pmaz(A)
coincides with Dy(A).

Proof. We have to prove only the inclusion D) a2 (A) C Dy(A).
Let @ € Dp maz(A) and set f = Aa. The operator A in B(p), p > 0, is an elliptic operator
with bounded coefficients, then the problem

Au=f in B(p)
(4.6) { u=0 on 8é)(p) ,

admits a unique solution w, in W*P(B(p)) N Wol’p(B(p)) (cf. [2, Theorem 9.15]). Now
u, € Dp(A) and by Lemma 4.2 and Corollary 3.6 (i)

1+ 2% upll Loy + 1A+ 121 Vupl o)
+ (L + |2|*) D?upll Lo o)) + 1V Upll Lo o)) < CllAupllp

with C' independent of p. Using a standard weak compactness argument we can construct
a sequence u,, which converges to a function u in Wfof such that Au = f. Since the
estimates above are independent of p, also u € D,(A). Then we have At = Au and since
Dp(A) C Dpmaz(A) and A is invertible on D) max(A) by Proposition 3.5, we have @ = w.
O

Let us give now the main result of this section.
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Theorem 4.5. Assume N > 2, a« > 2 and 8 > a — 2. Then the operator A, with domain
Dp.maz(A) generates an analytic semigroup in LP(RY).

Proof. Let f € LP, p > 0. Consider the operator ;1; := A, —w where w is a constant which
will be chosen later. It is known that the elliptic problem in LP(B(p))

)\u—A;UZf in B(p)
(4.7) { w=0 on 8Bp(p),

admits a unique solution u, in W2P?(B(p)) N Wol’p(B(p)) for A > 0, (cf. [2, Theorem 9.15]).

Let us prove that that eiwz?p is dissipative in B(p) for 0 < 6 < 6, with suitable 6, €
(0,%]. To this purpose observe that

—~ T
Apu, = div (1 + |2]|*)Vu,) — a|x!a*1mVU,p — |z|Pu, — wu, .

Set u* = u,|u,[P~% and recall that a(x) = 1+ |z|*. Multiplying Avpup by u* and integrating

over B(p), we obtain

/ E,up urdx = —/ a(z)|u, P~ Re(u,Vu,)|*dx
B(p) B(p)

[ alulm(, Vg Pz~ (-2 [ (o)1, VupRe(n, Vg do
B(p) B(p)

—a [l el S ude— [ (jal? +0) JugPda.
B(p) ] B(p)

We note here that the integration by part in the singular case 1 < p < 2 is allowed thanks
to [7]. By taking the real and imaginary part of the left and the right hand side, we have

Re (/ E;,up u*da:)
B(p)

— <=1 [ al@lul Re(@ V) Pz~ [ alo)ugim(a, V) Pda
B(p) B(p)

—a/ \up|p*2lw\a*1£Re(ﬂqup) dx —/
B(p)

] B(p)

=—m—n/ M@MWﬂ%mN%WM—/ o)y~ T (a, V) Pda
B(p) B(p)

2 el E V) de = [ (jal? ) [P
B(p) ||

p B(p)

<|x]’8 + w) |u,|Pdx

=—m—n/ M@MPﬂ%wﬁ%Ww—/ a() up P4\ Tm(w, V) Pdx
B(p) B(p)

b (gt ol ) P
B(p) p
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and
Im </ ITI,up u*dac) = —(p—2) / a(z)|u, P~ Im (T, Vu,) Re(u,Vu,) da
B(p) B(p)

—a/ ]up\p_2|x]°‘_1£1'm(ﬂqup) dx.
B(p) ]

We can choose ¢ > 0 and w > 0 (depending on ¢) such that
N -2
umaﬁ _ mfi —w < —¢z|* 2

So, we obtain

—Re / Zl;upu*d:n > (p—l)/ a(z)|u, P~ Re(T,Vu,)|2dx
B(p) B(p)

—i—/ a(ac)\up\p_4]1m(ﬂqup)\2dx + E/ ]up]p\x]a_de
B(p) B(p)
= (p—1)B*+C? +éD2

Moreover,

Im </ Z;,up u*d:r)
B(p)

< |p—2| (/ Iup!”‘4a(ﬂf)!Re(upwp)l2dw)
B(p)

NI
NI

(/ |up|p_4a(:c)|Im(uqup)]2d$>
B(p)

1 1
2 2
ﬂ{/ wm%mmeNme)</ wmmwwﬂ
B(p) B(p)

= |p—2|BC+ aCD,

where

B = [ Juglata) | Re(w, V)
B(p)
o2 = / P~ a () Tm(@, V)| da,
B(p)
D2:/ P2 dr.
B(p)

o2
Let us observe that, choosing §2 = Jf()p_ml) + %2 (which is independent of p), we obtain

Im(/ ;(pup u*dx) <4 {—Re(/ ;l:,up u*da:) } )
B(p) B(p)
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If tan 6, = 6, then eiw;l; is dissipative in B(p) for 0 < 6 < 6,. From [12, Theorem 1.3.9]
follows that the problem (4.7) has a unique solution u, for every A € ¥y, 0 < 6 < 6, where

Yg={AeC\{0}: |Arg\| < 7/2+ 0}.
Moreover, there exists a constant Cy which is independent of p, such that

Cy
(4.8) lupll e (o)) < WHfHLp, € Xy

Let us now fix A € ¥y, with 0 < 0 < 0, and a radius r > 0. We apply the interior LP
estimates (cf. [2, Theorem 9.11]) to the functions u, with p >+ 1. So, by (4.8) we have

lupllw2rBery) < C1 (\|>\Up — Apupll o)) + HUPHLP(B(rJrl))) < Co||f|lze-

Using a weak compactness and a diagonal argument, we can construct a sequence (py) —
oo such that the functions (u,,) converge weakly in VVfof to a function w which satisfies

Au— Ayu = f and
Co

(4.9) [ullp <
Py

1fllp, A € .

Moreover, u € Dpmaez(Ap). We have now only to show that \ — 2{79 is invertible on
Dy maz(Ap) for X € Ey. Consider the set

E={r>0:3nNnC(r) CP(Zp)},

where C(r) := {\ € C: |A\| < r}. Since, by Theorem 3.7, 0 is in the resolvent set of 24;,
then R = sup F > 0. On the other hand, the norm of the resolvent is bounded by Cy/|\|
in C(R) N Xy, consequently it cannot explode on the boundary of C'(R), then R = oo and
this ends the proof of the theorem. O

Remark 4.6. Since A, generates an analytic semigroup Tp,(-) on LP(RY) and the semi-
groups Ty(+), ¢ € (1,00) are consistent, see Theorem 3.7, one can deduce (as in the proof of
4, Proposition 2.6]) using Corollary 3.6 that T,(t)LP(RN) ¢ CT(RN) for anyt > 0, v €
(0,1) and for any p € (1,00).

We end this section by studying the spectrum of A,. We recall from Proposition 3.5 that
|||$”8qu < CllApullp, Vu € Dpmaa(A).
So, arguing as in [4], we obtain the following results.

Proposition 4.7. Assume N > 2, a > 2 and > a — 2 then

(i) the resolvent of A, is compact in LP;

(i) the spectrum of A, consists of a sequence of negative real eigenvalues which accu-
mulates at —oo. Moreover, o(A,) is independent of p;

(1) the semigroup Tp((-) is irreducible, the eigenspace corresponding to the largest eigen-
value Ny of A is one-dimensional and is spanned by a strictly positive function 1,
which is radial, belongs to C;J”’(RN) N C2(RN) for any v € (0,1) and tends to 0
when |x| — co.
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