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ABSTRACT

In this article, we establish the phenomenon of existence and nonexistence of positive
weak solutions of parabolic quasi-linear equations perturbed by a singular Hardy
potential on the whole Euclidean space depending on the controllability of the
given singular potential. To control the singular potential we use a weighted Hardy
inequality with an optimal constant, which was recently discovered in Hauer and

é\gigl Rhandi (2013). Our results in this paper extend the ones in Goldstein et al. (2012)
35B09 concerning a linear Kolmogorov operator significantly in several ways: firstly, by
35B25 establishing existence of positive global solutions of singular parabolic equations
35D30 involving nonlinear operators of p-Laplace type with a nonlinear convection term
35D35 for 1 < p < oo, and secondly, by establishing nonexistence locally in time of positive
35K92 weak solutions of such equations without using any growth conditions.
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1. Introduction and main results

The aim of this article is to establish the phenomenon of existence and nonexistence of positive weak
solutions of p- Kolmogorov equations perturbed by a Hardy-type potential
ou

i Kyu=V |u’?u on R¥x]0, T, (1.1)
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depending whether A < (Id;pl)p or A > (‘d;pl)p for 1 < p < oo, d > 2, and the potential V € L (R4\ {0})

satisfies

0<V(x)< ‘x)ip for a.e. z € R%. (1.2)

Here, we call a real-valued measurable function v on R¢ x (0,T) positive if u(z,t) > 0 for a.e. z € R% and
a.e. t € (0,7T) and the operator

Kpu = div (\Vu\p_Q Vu) + o7t [Vl T VuVp (1.3)
is the p- Kolmogorov operator for the particular density function
plx) = N e~ 3= A" (1.4)

for every x € R?, where A is a real symmetric positive definite (d x d)-matrix and N some normalisation
constant such as the integral [p, p(z)dxz = 1. The operator K, was first introduced in [17] and we note
that the case A = 0 corresponds to the density function p = 1. In this case, one does not normalise and
the phenomenon of existence and nonexistence of positive solutions of Eq. (1.1) on bounded and unbounded
domains has been well-studied in the past (see, for instance, [15,2,19]). Thus, it is the task of this article,
to investigate the case A is a real symmetric positive definite (d x d)-matrix. Furthermore, we denote by du
the finite Borel-measure on R? given by

dp = p dz,

for 1 < ¢ < oo and any open subset D of R%, let LI(D, ;) and W'9(D, i) denote the standard Lebesgue
and first Sobolev space with respect to the measure du and Wy?(D, 1) the closure of C2°(D) in Wh4(D, p).
Under these assumptions, the second and third authors of this article established in [21] the following Hardy
inequality with a remainder term.

Lemma 1.1 (/21]). Let d>2,1<p < oo and A be a real symmetric positive definite (d x d)-matriz. Then

_ /2
) [ e [ o dns () s [ EAD
( P ) /Rd T du < /Rd |Vl du—l—( - ) sign(d — p) » |ul o du (1.5)

for all w € WYP(R?, 1) with optimal constant (ldp%p‘)p,

In contrast to the case A = 0 (cf., for instance, [15] or [26] and the references therein), our weighted
Hardy inequality (1.5) admits the remainder term

(L;pl)p_lsign(d—p) /Rd Juf? (@ Aap? dp. (1.6)

jz[”

This term has, in fact, a great impact on the existence of weak solutions of Eq. (1.1) in the degenerate case
2 < p < d, while for establishing nonexistence of positive solutions this term does not cause any problems.
It is somehow surprising that in the case p > d, the remainder term (1.6) becomes negative and so provides
further estimates in LP(R%, ). We note that one does not find much in the literature about Hardy type
inequalities in the case p > d > 2.

In this article, we make use of the following notion of weak solutions, which seems to be natural for
parabolic equations of p-Laplace type with singular potentials (cf. [10,8,9] or [18] for p = 2 and [19] by
J. Goldstein and Kombe).

Definition 1.2. Let V € L (R?\ {0}, 1) be positive. If p # 2, then for given ug € L2 (R, 1) we call u a

loc
weak solution of Eq. (1.1) with initial value u(0) = ug provided

u € C([0,7); L (R {0}, 1)) N LP(0, T; Wit (R4 \ {0}, 1)),

loc



for all open sets K with compact closure in R?\ {0}, (abbreviated by K € R\ {0})
u(t) — ug in L*(K,p) ast — 0+, (1.7)
for all 0 < t; <ty < T, and all o € W2(ty, to; L2(KC, ) N LP(t1, ta; Wy P (K, 1)),

to
/ / L+ |Vul’™ Vchp} dpdt = / / ) [ulP " wpdpdt. (1.8)

If p = 2, then for given ug € L2 _(R% pu), we call u a weak solution of Eq. (1.1) provided u €
c(]0,7); L2 (R4\ {0}, p)) satisfies for every K € R\ {0}, initial condition (1.7), for every open ball B(0,r)

loc

centred at x = 0 with radius r > 0 and every 0 < t; < ty < T, one has that Vu € L'(¢1,t2, L' (B(0,7), 1))

and
t2 t2
/ / ———Kgap dpdt = / / z)updupdt
Rd

for all o € Wh2(ty,to; L2(RY, 1)) N L2 (ty, t1; W22(RY, 1)) with (-, t) having compact support.

(USOL2

(u, ©) r2(Ra,

Our two main results of this article read as follows. We begin with the existence result.

Theorem 1.3. Let d > 2 and A be a real symmelric positive definite (d x d)-matriz. Then the following
statements hold true.

1. Leteitherm<p<2andp;édlfd>2ord<p<oo If)\<( > I)p, then for every T > 0, and
every positive ug € L*(R%, 1), there is a weak solution u € C([0,T]; L*(R%, 1)) of Eq. (1.1) with initial
value u(0) = ug.

2. If 1 <p< dz—fQ, then for every A\ > 0 and every positive ug € L*(R%, 1), there is a strong solution of
Eq. (1.1) in L3R4, p).

Note, the notion of strong solutions of Eq. (1.1) is given in Definition 2.1 in Section 2. We want to
point out that by using a Galerkin method, one can, in particular, establish the existence of sign-changing
solution of Eq. (1.1) with a right-hand side f € L2(0,T;L*(R% u)) or f € LP'(0,T;W~5P/(R?, 1)) for
A< (@)p, where W~=1P/(R?, 11) denotes the dual space of W1P(R?, ). In addition, taking initial values
ug € WHP(R4, p) or A < (@)p provides more regularity on the weak solutions of (1.1) (similarly, as
n [15] or [2]). However, in order to lose not the focus on the phenomenon of existence and nonexistence
provided by the optimality of the Hardy constant (ldg—p‘)p, we state here only our results on the existence
and nonexistence of positive very weak solutions of Eq. (1.1).

Our nonexistence results read as follows.

Theorem 1.4. Let d > 2, A be a real symmetric positive definite (d x d)-matriz and V = ﬁ Then the

following statements hold true.

(i) Ford=2let 1 <p <2, and for d > 3 let d+2 <p<2. IfA> ( )p and if ugy is a positive nontrivial
element of L% (R%, 1), then for any T > 0, Eq. (1.1) has no posztwe weak solution.
(ii) Let d > 2, p> 2, and p £ d. If A > (ld p‘) , and if ug € LE (RY, 1) is positive and for some r > 0,

inf > 4§ >0, 1.9
wegggg}r) UO(Z) - ( )

then for any T > 0, Eq. (1.1) has no positive weak solution.



The intimate relation between Hardy’s inequality and the nonexistence results of positive solutions of
parabolic equations with a singular potential was discovered in [5] by Baras and the first author of this
article. More precisely, they established the following result:

Theorem (Baras—Goldstein, [5]). Let 2 = (0,R) for some 1 < R < oo if d =1 and if d > 2, let 2
be a domain in R? with B(0,1) C 2 and a smooth boundary 002. If A < (%)2, then for every positive
up € L1(£2)\ {0} and every T > 0, problem

Qu_ Au= ﬁgu in 2 x(0,7), u=0on 902 x(0,T), u(-,0) =wuy in 2 (1.10)

has a positive weak solution. If A > (%)2 and if ug € LY(2)\ {0} is positive, then for any T > 0
problem (1.10) has no positive weak solution.

A few years later, Cabré and Martel discovered in [9] a second and more intuitive proof of the
Baras—Goldstein result [5]. They proved in [9] that indeed the existence and nonexistence of positive solutions
of problem (1.10) is largely determined by the generalised eigenvalue of —A — A |9U|_2 given by

_2 _ Jo IVel® du = [ 2 lel” du
o(Mz|77,02) = inf 5 .
0ZpeC (12) Jo lel™ dp

In [19], the first author and Kombe showed that the method introduced in [9] can be very useful to establish
nonexistence (locally in time) of positive solutions of singular nonlinear diffusion equations associated with

either the p-Laplace operator or other fast-diffusion operators. The existence and the qualitative behaviour of
positive solutions of singular parabolic problems associated with the p-Laplace operator has been intensively
studied, for instance, in the articles [2,15]. In particular, by using a separation of variables method, Garcia
Azorero and Peral Alonso established in [15] in the degenerate case 2 < p < d nonexistence (locally in time)
of positive solutions of a parabolic p-Laplace equations perturbed by the potential V = A |z|™* on a bounded
domain with zero Dirichlet boundary conditions. In [13,14], Galaktionov employed the zero counting method
(Sturm’s first theorem, cf. [30]) to show that the assumption that the weak solutions of these equations need
to be positive can be omitted, but with the restriction that the initial datum wug is assumed to be continuous
and ug(0) > 0.

Recently, the first and the third author discovered in [18, Theorem 3.4] together with G.R. Goldstein, the
weighted Hardy inequality (1.5) for p = 2 and by employing the Cabré—Martel approach [9], they established
existence and nonexistence of positive global weak solutions of Eq. (1.1) for the potential V = X |z| >
depending whether \ < (%)2 or A > (%)2. Moreover, in order to establish nonexistence (globally in
time) of positive weak solution of (1.1), the additional assumption that the solutions satisfy the exponential
growth condition

()l L2 ra oy < M uoll 2 ga, ) € (1.11)

for all ¢ > 0 is needed in [18].

The results of this article complement the known literature in the following way. We establish existence
dz—_(_iz, %ﬁz <p<2 p+#d p>d> 2 and nonexistence
results for all 1 < p < 2 with p # d and p > d > 2. Until now, only the case p = 2 has been considered in

of positive solutions of Eq. (1.1) for 1 < p <

[18, Theorems 1.3 & 2.1]. In this work, we improve the results in [18] by proving nonexistence of positive
locally in time weak solutions of Eq. (1.1) for p = 2. In contrast to [18], our proofs in this article provide a
way to establish nonexistence of positive solutions of (1.1) without using the exponential growth condition
(1.11). In addition, by comparing the results in [15], we provide a different proof to establish nonexistence

locally in time of positive weak solutions of (1.4) in the degenerate case 2 < p < 0o and p # d.

. . . . cps . cps 2
In this article, we neither prove existence of positive solutions of Eq. 221.1) for the critical case p = i

nor for 2 < p < d. The reason for this is that in the critical case p = 713 there is a lack of compactness



and in the case 2 < p < d, the remainder term in the weighted Hardy inequality (1.5), does not allow us to
derive uniform L?-a priori bounds for some suitable ¢ > 1.

2. Proof of existence of positive weak solutions

This section is dedicated to the proof of Theorem 1.3. Here, we proceed in two steps. In the first step,
we establish for every positive ug € L2(R?, u) and m > 1, the existence of positive solutions u,, of Eq. (1.1)
when the potential V € LS (R \ {0}) is replaced by the truncated potential

loc
Vin(x) == min{V (z), m} (2.1)
and when the initial value ug is replaced by the truncated initial value
u0,m () = min{ug, m}. (2.2)

Then, the corresponding solution wu,, admits more regularity and the sequence (u,,) is monotone increasing.
Using this fact together with Hardy’s inequality (1.5) for A < (@)p, we show in the second step that the
limit function
w:= lim u,,
m— 00

is a positive weak solution of the singular Eq. (1.1) with initial value ug.

2.1. Ezistence of strong approzimate solutions

Suppose that the potential V € LS (R?\ {0}) is positive. Then for every u € L?(R%, p), let

o

1 VulP dp if w e WHP(RY, 1),
S /\ P du (R, 1) 03

400 if otherwise,

and

LV dp iV el € L'(RY ),
oy () = / (2.4)

+o00 if otherwise.

The functionals ¢ : L%(R%, u) — [0, +o00] and ¢, : L2(R% i) — [0,+00] are convex, proper, lower semi-
continuous on L*(R?, 1) and have dense domains D(¢) == {u € L*(R% )| ¢(u) < 400} and D(yp,) in
L?(R9, 11). Moreover, the subgradient Oy in L2(R%, 1) is single-valued, has domain

there exists h, € L*(R%, ) s.t. for all v € C;X’(Rd),}

D(0p) = {u € WHP(RY, 1) N L*(RY,
(9¢) {u (RY, ) (R?, 1) / uP 2 Vuvo duz/ ho o di
R4 R4

do(u) = h, for every u € D(dyp),

and an integration by parts shows that —d¢ describes the realisation in L?(R?, 1) of the p-Kolmogorov
operator K, defined in (1.3).
Similarly, the subgradient dp,, in L2(R%, i) is single-valued and given by

V |ul? € LY(RY, 1), there exists h, € L*(R%, p) s.t.
/ V|u|p_2uvd,u:/ hyv dp Vo € C(RY) }’
R4 R

0p, (u) = h,, for every u € D(0¢p,,).

D(0g,) = {u e LR, p)




Let m > 1. Then, we begin by establishing the existence of positive solutions of Eq. (1.1) for the truncated
potential V, given by (2.1):
du,,

o + 00(um) = 0¢,, (um) on (0,T) (2.5)

in L2(RY, u) satisfying u,, (0) = ug,,, for the truncated initial value ug,, given by (2.2). The approximate
solutions wu,, of Eq. (2.5) is, generally, more regular than the weak solution u of (1.1). In fact, we show that
solutions of Eq. (2.5) are strong in the following sense.

Definition 2.1. For given ug € L*(R?, 1) and positive V € L>®(R?\ {0}), we call a function u € C([0,7];
L2(R4, 1)) a strong solution of Eq. (2.5) in L?(R?, 1) with initial value ug if u satisfies u(0) = ug in L?(R%, p),

we LP(0, T; WHP(RY, ) N WH2(6,T; L2 (RY, 1))

for every § > 0, and for a.e. t € (0,7, u(t) € D(dp,, ) and

du p—2 _
/Rd G Mvdut /Rd [Vu(t) P~ Vu(t)Vodu = /Rd o, (u(t))vdu

for all v € WHP(RY, p) N L2(RY, p).

Our result on the existence of strong solutions of Eq. (2.5) for the truncated potential V,, is given in
the following proposition. Note that we make neither further restriction on 1 < p < oo nor on the positive
potential V € L2 (R4\ {0}).

loc

Proposition 2.2. Let V € L (R4 \ {0}) be positive, T > 0, and m > 1 an integer. Then, for every positive

ug € L2(R%, 1), there is at least one positive strong solution u,, € L=(R? x (0,T)) of Eq. (2.5) with initial
value U (0) = ug,m satisfying

U (2, 1) < U1 (2, t) (2.6)
for all t € [0,T), a.e. x € R,
For the proof of Proposition 2.2 we employ a method due to Fujita [12]. The same method has already
been employed in [15, Section 6.] and [2, Section 2.] to study Eq. (1.1) with density function p = 1.
The following compactness result is quite interesting and helpful, for instance, to establish further auxiliary
inequalities (see (2.8)), which we use to establish existence of strong solutions of Eq. (2.5) and weak solutions

of Eq. (1.1). Note that the density function p defined in (1.4) is, in general, not radial, compactness results
concerning weighted Sobolev spaces with radial weight functions are well-studied (see, for instance, [1] or [3]).

Theorem 2.3. Let d > 2, 1 < p < oo and A be a real symmetric positive definite (d x d)-matriz. Then the
embedding from WP (R?, 1) into LP(RY, 1) is compact.

Since Theorem 2.3 is not the central object of this paper, we post its proof to Appendix of this article. As
an immediate consequence of this compactness result, we obtain the following useful Poincaré inequality:
Corollary 2.4. Let d > 2,1 < p < 0o and A be a real symmetric positive definite (d x d)-matriz. Then, there
is a constant C' > 0 such that

llu— EHLP(Rd,y) <cC HVUHLP(]Rd“u)d (2.7)
Jor all we WHP(RY, 1), where T =[5, udpu.



Note that the proof of Corollary 2.4 follows immediately by using standard arguments. Hence we omit
its proof. By the triangle inequality and since L?(R%, ) is continuously embedded into L!(R¢, i) for any
1 < ¢ < o0, we can conclude the following result, which we state for later reference.

Corollary 2.5. Let d > 2, 1 < p < oo and A be a real symmetric positive definite (d x d)-matriz. Then for
1 < g < o0, there is a constant C' > 0 such that

”u”Lp(]Rd,u) <C (HVUHLP(]Rd,u,)d + ”uHLq(Rd,u)) (2.8)
for all w € WHP(R?, 1) N LY(RY, ).

For the proof of Proposition 2.2, we employ weak comparison principles. The following one will be
useful also later by establishing nonexistence (locally in time) of positive weak solutions. Here, for a given
open subset D of RY and T > 0, we denote by W, (D, u) the closure of C°(D) in W?(D,u) and set
Dy =D x (0,T) and PDyp = (0D x (0,T)) U (D x {0}).

Lemma 2.6. Let D C R? be a bounded open subset with a Lipschitz continuous boundary and f: D xR — R
be a Carathéodory function satisfying f(x,0) = 0 for a.e. x € D and there is a constant L > 0 such that
|f(z,u) — f(z,0)] < L |u— 14| for all u, & € R and a.e. x € D. Suppose that

u,v € C([0,T); L*(D, ) N WH2(6,T; L*(D, ) N LP (0, T; WP (D, )

for any 0 < 6 < T and satisfy

[ G0~ 50| eact [ 19uor?vae - wuop- ol v

+ [ (o) - o) pdu< . (2.9)
for all positive v € Wol’p(D,u) and a.e. t € (0,T). Then
esssup e “(u—v)(z,t) < esssup e ' [u— ] (a,0). (2.10)
(z,t)eDr (z,t)€PDr

Proof. To prove the assertion of this lemma, we employ the truncation method of Stampacchia (cf. the proof
of Théoreme X.3 in [7, p. 211]). Suppose that
B +(3!:, t) is finite,

k= esssup e~ u—v]

(z,t)ePDr

where we denote by [v]1 := max{0,v(z,t)} the positive part of a measurable function v defined on D, and
set

w(z,t) = u(z,t) —v(z,t) — kel for a.e. (z,t) € Dr.
Since the function s +— [s]T is Lipschitz-continuous on R, we have by [7, Corollaire VIIL.10] that w* €
WY2(8,T; L?(D, 1)) N LP(0, T,WP(D, uu)). Since by hypothesis, w* = 0 on dD x (0,T), we have by
[23, Lemma 3.3], that w™ € L?(0,T; Wol’p(D,p)). We denote by 1y,_,>kerty the characteristic function
of the set {(z,t) € Dy | u(z,t) —v(z,t) > kel'}, and we set (t) = 1 ||w+(t)|\2L2(D7H) for all ¢ € [0, T]. Then,
e WL2(8,T) for all 0 < § < T, ¢ € C[0,T], p(0) =0, ¢ >0 on [0,T], and for a.e. t € (0,T),

du du

d0 = [ |G- 5o voa- [ e
D D

- /D [Vu(t) [P~ Tut) — [Vo(B) 2 Vo ()] [Vau(t) — To(t)] Lo perey i

IN



- / (@ u(t)) — fo(t)] w (£) du— / kL et wh (1) dy
D D

Lt
=t /{uv>keLf}[U(t) —u(®)]w* () du - /D kLe" wt(t)du

<0.

Thus, ¢(t) = 0, proving that inequality (2.10) holds. O
Now, we turn to the proof of Proposition 2.2.
Proof of Proposition 2.2. Let ug € L?(R%, 1) be positive and for m > 1, let ug ,, be given by (2.2). Then,

as a lst Step, we begin by constructing iteratively a sequence (Ym.x)r>1 of positive strong solutions ¥, k
of the equations

dym,k

1 T 0(um) = Voo iy on (0,T) (2.11)
in L2(R%, p) with initial value y,, x(0) = ug ., satisfying
Ymk € LX(R? x (0,T)) (2.12)
and
Ym (T, 1) < Ympt1(2,t) < Ly =M +m (2.13)

for all t € [0,T], a.e. x € R? and all integers k > 1, where for given T > 0, we choose M > 0 such that
T = M/(LE Y m +m).

We begin by constructing the function y,, ;. For this, we need the following two auxiliary functions wp,
and v,,. One easily verifies that the function

Wi (z,t) =t (M LE7 +m) +m (2.14)
for all t > 0 and = € R?, is the unique strong solution of the equation
d
720? + 0p(wm) =m Ll +m  on (0,7)
in L?(R%, 1) with initial value w,,(0) = m. Further, by [6, Théoréme 3.1], there is a unique strong solution
Uy OF
dUNL
T + 0p(vm) =0 on (0,7) (2.15)

in L2(R?, p) with initial value vy, (0) = ug,m. Since 0 < v,,(0) = u
the weak comparison principle (Lemma 2.6) implies

Y <m = w,,(0)and since 0 < m LE 1 4+m,
0 < vy <wpy
for all t € [0,7] and a.e. x € R By [6, Théoréme 3.6], there is a unique strong solution ¥, 1 of equation

dym,l
dt
in L2(R9, 1) with initial value yy,.1(0) = ug . Since T = M (L2, 1 m +m)~! and since w,, < M +m = Ly,
on R? x (0,T), one has that

+ 0¢(Ym,1) = Vi vﬁ;l on (0,T)

0< Vin(vm)P P <m Ll 4+ m
a.e. on R% x (0,T). Hence the weak comparison principle yields

0 S vm($7t) S ym,l(xvt) S wm(xvt)



for a.e. x € R? and all ¢ € [0, 7). Now, iteratively, for every k > 2, there is a unique strong solution Ym, i Of
Eq. (2.11) with initial value Y, x(0) = ug,m. Since

0 S Vm (vm)p_l S Vm (ym,k72)p_1 S Vm (ym,kfl)p_l S ngn_l +m
a.e. on R% x (0,7) for all k > 2, where we set Ym,0 = Uny if kK =2, the weak comparison principle implies
0 S 'Um(xat) S ym,k—l(xat) S ym,k(xyt) S wm(x7t) S Lm

for a.e. x € R? and for all t € [0,T]. Thus, every y,, » satisfies (2.12) and (2.13).

Step 2:  Next, we show that the following a priori-estimates hold:

t
Hym,k(t)HLz(Rd,u) < ||u07m||L2(Rd”u,) +/0 va w%—l(s)HLz(Rd#) ds, (2.16)

t t 2
/0 /Rd (Vi (8)|P dpeds < ||u07m||iz(Rd’H) +3 UO | Vin wfn*1(5)||L2(Rd,u) ds (2.17)

and if ug € WP(R4, ) N L2(R%, i) then
t
J

t
— 2
< E/Rd ‘vuo,m|p dﬂ"’/o ||Vm wy, 1(S)||L2(Rd,u) ds (2.18)

K dymk ?
fo e

L2(R,p)

dym,k (S) 2

ds

ds+ 2 / Vs ()P dp
L2(R4, 1) Rd

and

ds—}—%/ IVYm ()" dp
R
t 2
2 2 3 -1
< Eluo ey + 3| [ IV O

t
+ /0 s || Vin wﬁ;l(s)HiQ(Rdm ds (2.19)

for all £ > 1 and all t € [0, T]. To see that the estimates (2.16) and (2.17) hold, we multiply Eq. (2.11) by
Ym.x With respect to the L?(R?, u) inner product and subsequently integrate over (0,t), for ¢t € (0, T]. Then,
by Cauchy—Schwarz’s inequality and since 0 < yp, -1 < Wy, We obtain that

t
% ||ymvk(t)|‘iQ(Rd,u) +/0 /Rd |Vym,k(8)|p d:u ds

t
2 _
<3 [to,m I 72(ga ) +/0 [V wh; 1(5)HL2(Rd,#) Y1 ()| L2 (ga ) D5,

from where by [6, Lemme A.5] inequality (2.16) follows. Inserting inequality (2.16) into the latter one and
applying Young’s inequality, we see that inequality (2.17) holds. By [16, Lemma 7.6], if ug € WP(R%, 1)
N L%(RY, i), then ug , € WHP(RY, 1) N L2(RY, i) with

V’LL(),m = VUO ]1{u0<m}'

Hence, multiplying Eq. (2.11) by 2 % with respect to the L2(R% u) inner product and subsequently
integrating over (0,¢) for t € (0,T) and applying [6, Lemme 3.3], Cauchy—Schwarz’s and Young’s inequalities,
we see that inequality (2.18) holds. Similarly, by multiplying Eq. (2.11) with 2¢ dyé’;"‘ and applying inequality

(2.18), we see that estimate (2.19) holds.




Step 3: The sequence (Y, k) constructed in Step 1 consists of positive measurable functions y,,; on
R? x [0, T, satisfies monotonicity property (2.13) and is uniformly bounded on R? x [0, T]. Thus the limit

function

U (2, 1) == SUP Yy k(x, 1) = hm Ym. (2, 1) (2.20)
E>1

exists for a.e. 2 € R? and every ¢ € [0, T] and satisfies 0 < 4, < Ly, on R? x [0, T]. We show that the limit
function

U € C([0,T]; LA(RY, 1)) N L (R? x (0,T))

and satisfies u,,(0) = ug,m in L2(R%, 11). By Lebesgue’s monotone convergence theorem [29, Theorem 1.26],
the function u,, is measurable on R¢ x [0, T]. Moreover, one has that

Hym,k(t)HLZ(Rd,M) < ||ym,k+1(t)||L2(Rd7H)
for every ¢ € [0,T] and every k > 1, and
() gy Nt ()l
as k — oo for all ¢t € [0,T]. Since

sup Sup ||y k()| 12 (ga ) < Lim
k>1t€[0,T)

and ymr € C([0,T); L?(R%, ) for every k > 1, Dini’s Theorem and the uniform convexity of L?(RY, p)
imply that u,, € C([0,T]; L2(R%, u)) and

Jm g = w0 C([0,T]; LA(RY, ). (2.21)
In particular, since ¥, x(0) = ug n, for all £ > 1, we have that w,,(0) = ugm.

Step 4: First, we consider the case ug € WHP(R? 1) N L%(R%, ). Due to the a priori-estimates (2.16)
(2.18) and by inequality (2.8), the sequence (Y, x) is bounded in the space W1H2(0,T;L?(R%, pn)) N
LP(0,T; WHP(R? 11)). Since this space is reflexive and by limit (2.21), we obtain that u,, € W2(0,T;
L3(R%, 1)) N LP(0,T; WHP(R?, 11)) and there is a subsequence of (yx ), which we denote, for simplicity,
again by (ym i) such that

klim Ym.k = Uy weakly in WH2(0, T} L3(RY, 1)) N LP(0, T; WHP(RY, ). (2.22)

Since 0 < mefn; L <mLE we have for ae. t € (0,T) that yme—1(t) € D(0p,, ), 00, (Ymk—1(t)) =
mef;:,i_l(t) and by limit (2.20),

Tim Dy, (g1 (1) = Dy, (un(t))  strongly in 2(RY, ).
Using again the fact that 0 < V,,y" ; L <mLPt we see that

m LP1

m

H mymk 1 ‘LZ(]Rd,M) =

for a.e. t € (0,T). Thus
Jim Oy, (ym k1) = Oy, (um)  strongly in L*(0,T; L*(R?, ).
— 00
Moreover, for a.e. t € (0,T'), ym x(t) € D(9p) with

dym,k (t)

0P (Ym k(1)) = 0py, (Ymk—1) — I



in L2(R%, ). Therefore

diy,

% (t) weakly in L2(0,T; L*(R%, 11)). (2.23)

99 (ym k(1)) = O, (um) =
—00

Since for dy the associated operator on L?(0,T; L?(R%, 1)) is maximal monotone by [6, Exemple 2.3.3], the
two limits (2.23) and (2.21) imply by [6, Proposition 2.5] that for a.e. t € (0,T), um,(t) € D(0p) and

Ay,
— (7).

3 )

This shows that u,, € L®(R? x (0,T)) is a positive strong solution of Eq. (2.5) with initial value
Um (0) = ug,m. Furthermore, sending k — oo in the inequalities (2.16), (2.17) and (2.19), and by using
the limits (2.21) and (2.22) yields

p(um(t)) = Oy, (um(t)) —

t
||um(t)||L2(]Rd“u) < ||u0,m||L2(Rd7M) +/0 ||Vm wpm_l(S)HLZ(Rd,“) ds, (2.24)
t , . )
/() \/]Rd |Vum(s)|p duds < Huo’m”L?(Rdw) + % [»/0 ||Vm wfnil(s)H[ﬁ(Rd’M) d5:| (2.25)
and
t 2 : )
du )
- ds < 2 luo.m 3 / VP! d
/0 s ’ s (s) P s < = |, HLZ(]Rd,M) +3 [ | H wb (S)HL2(]Rd,#) s

t
—I—/O sHVmw%_l(s)HiQ(Rd’#) ds. (2.26)

It is left to show that the sequence (u,,)m>1 satisfies (2.6). If for every integer m > 1, wy, is given
by (2.14), then w,, < wpy4+1 and if v, denotes the unique strong solution of problem (2.15) with initial
value v,,(0) = ug,m, then by the weak comparison principle, 0 < v,, < vp,41 for ae. z € R? and all
t € [0,T]. Since M > 0 can always be chosen such that T = M m~! L1-P = T,, for every m > 1, we have
that 0 < ym,1 < Ymt1,1 < W4, and by iteration, 0 < Ymp < Ymt1,p < Wyt for ae. x € R and all
t € [0, Ty41]. Therefore, if we send k — +o0 in inequality

0 S Ym k S Ym+1,k S Wm+1 (227)

for fixed m > 1, then we find that 0 <y, < Upy1 < Wiy for ae. x € R? and all ¢ € [0,7},,41]. This shows
that the claim of this propositions holds if the positive initial value ug € WP (R%, ) N L2(R?, ).

Now, let ug € L%(R%, 1) be positive. Standard mollifying and truncation techniques show that C°(R?) C
WhP(RE, ) N L2(RY, 1) is dense in L?(R?, ;1) and, in particular, we may assume that there is a sequence
(uéj)) of positive functions ugj) € WhP(RY, ) N L?(R?, 11) such that ugj) converges to ug in L2(R%, 1) as
éjzn = min{uoj ,m} converges to ug ., = min{ug, m} in L2(R%, ) as j — oo. For
(4) (4)

m,k m,k

j — o0. Fix m > 1. Then u,

of strong solutions y ', of (2.11) satisfying initial value y(j ) (0) = uY)
0,m

m,k
and a sequence (u%)) of strong solutions u) of Eq. (2.5) with initial value u%)(O) = u(()] Zn such that limit

every j > 1, there is a sequence (y

uld (2, t) = supy?, (x,t) = lim y, (,t)
E>1 ’ k—o0 ’

(@

m,k

and monotonicity property (2.27) hold a.e. on R¢ x (0,7 for y
(2.27) for fixed j > 1, we obtain

instead of ¥, . Thus sending &k — oo in

0<ud <u) | <w,py (2.28)



for every j > 1 and every m > 1. By the inequalities (2.24) and (2.26), the sequence (uffq)) is bounded in

WL2(5,T; L2(RY, 1)) for every § € (0, T). Hence (u$)) is bounded and equicontinuous in C([8, T]; L2(R, 1))
for every 6 € (0,T). By Arzela-Ascoli, there is a function u,, € C((0,T]; L*(R%, 1)) and by a diagonal

sequence argument, there is a subsequence (ugn )) of (u 5,31)) such that

lim (%) =, strongly in C([6, T]; L*(R%, 1)) (2.29)

j—00

for every ¢ € (0,T). In particular, for every ¢ € (0,T],
lim u{%) (t) = u,,(t) a.e. on RY. (2.30)

j—o0
Thus, by (2.28), and since 0 < V,,, < m, we have for all ¢ € (0,T] that u,(t) € D(dyp,, ) with
3g0vm (um(t)) = Vi |um(t)|p72 U (t) and

lim o, (ulFa)y = ¢, (up) strongly in L*(0,T; L*(RY, 1)). (2.31)

Moreover, for a.e. t € (0,7T), ugﬁj)(t) € D(dy) with

ks ks dugrl:j)
Poulf?) (1)) = D, (ufh (1) — L2 ()

in L2(R%, 1) and

diy,
hm Op(uyy, (k; )) O, (Uum) — e

for every § € (0,T). Since for dp the associated operator on L?(0,T; L?(R%, ;1)) is maximal monotone, the
two limits (2.29) and (2.32) imply that for a.e. t € (0,7T), u,(t) € D(9p) and

du,y,
Op(um(t)) = 630vm (um (1)) — dt (t).
On the other hand, by limit (2.30) and by (2.28)

(t) weakly in L2(6, T; L*(R%, ) (2.32)

—2
lim Vi, |uys ul%) =V, [um [Pt strongly in LP' (0, T; LP' (R%, 1))

J—o0

and hence, in particular,

-2
lim Vi, |uy? ulks) = Vi, [P "% u,  strongly in LP'(0,T; (WP (RY, 1)) + L2(RY, ).

J—0o0

(k)
By the estimates (2.24) and (2.25), ( ) is bounded in LP(0, T; W'P(RY, n)NL?(R%, ). Therefore, (d“gl';] )

is bounded in L¥' (0, T; (WP(R4, n)) + L?(R%, 1)) and so (u (¥ J)) is bounded in the reflexive space
V= W0, T (WP (RY, ) + L(RY, 1)) 1 L2 (0, T5 WP (R, ) 1 L2(RY, ).

Therefore, there is a u € V and a subsequence of (uﬂf] )), which we denote again by (ugf] )) such that us,]fj)
converges to u weakly in V. Since V is continuously embedded into C([0, T); L?(R%, 1)) (cf. [24, Remarque 1.2,
Chapitre 2]), u € C([0,T); L*(R4, u)) and u(]) UW)(O) converges weakly to u(0) in L?(R?, 1) as j — oc.

(J) ). converges to ug,, in LQ(Rd,u) as j — oo, we have that u,,(0) = ug, in L*(R%, u).

In addition, sendmg j — oo in (2.28) for appropriate subsequences (uS,/)) and (u 5:31) we see that the

Hence and since u

sequence (u,,) satisfies the monotonicity property (2.6). This completes the proof of this proposition. O

2.2. Proof of Theorem 1.3

With these preliminaries, we can outline now the proof of Theorem 1.3.



2.2.1. Proof of claim (1) of Theorem 1.3
We begin to outline claim (1) of Theorem 1.3. As in the previous proof, we proceed here in several steps.

Step 1: For given m > 1 and positive ug € L2(R%, 1), let u,, be a positive strong solution of Eq. (2.5) with
initial value u,(0) = ug,m. Then we begin by showing that (u,,) satisfies the following a priori-estimates:

[ ()] L2 (Ra 1)

_ B p—1 » t 2—p
< o mll3 2l y ex0 (1= 8) ) + 2= p) (52) 43 / exp ((1-5) (t—s)) ds (2.33)
ifl<p<?2,
d—p Plop
142 (—) A2
(O] 2 gty < Ntt0,ml] 2 gay €xp | ———gr——1 (2.34)
if p=2<d, and if p > d > 2, one has
H“m(t)HLZ(Rd,H) < HuO,mHm(Rd,u) (2.35)
and
' P —a\'"P -5 2
/0 et ()12 gy 5 < (252) 7 A%F 4 ltoml3 2 (2.36)

where A4 and A4 denote the smallest and largest eigenvalues of the matrix A. To see this, multiply Eq. (2.5)
by u,, with respect to the L?(R?, ;1) inner product and subsequently integrate over (0,t), for t € (0, T). First,
consider the case 1 < p < 2 and p # d. Then, by using Hardy’s inequality (1.5) and Holder’s inequality,

_ t
et Oz oy < Jtom 2ot iy +2 (22) A5 [ ()P gy ds
m L2(Rd,p) = 0,mllL2(Rd, 1) P A 0 m L2(R4, ) ’

from where we can deduce the inequalities (2.33) and (2.34) by using a nonlinear generalisation of Gronwall’s
inequality (cf. [27, Theorem 1, p.360]). Now, consider the case p > d. Then the reminder term (1.6) in Hardy’s
inequality (1.5) has a negative sign. Hence

1 2 1 2 ld—p| \P~! |2 ! p
Lt ()32 < 3 Mtomll3aay = (152)7 A% / e ()12 gy s

from where we can deduce the inequalities (2.35) and (2.36).

Step 2: By Proposition 2.2, each strong solution u,, of Eq. (2.5) satisfies (2.6). Thus by Lebesgue’s monotone
convergence theorem, the function

u(z, t) = su>p1 U (z, 1) = mlgnoo U (2, 1)
mZ=

for all £ € [0,7] and a.e. x € R? is measurable on R? x (0, T). In addition, since for every t € [0, 7],
[t (@, O < et (@, O [ulz, )],

for a.e. x € R, Lebesgue’s monotone convergence theorem and by the bound (2.33)(2.35) combined with
the boundedness of the sequences (ug ), we obtain that for all ¢ € [0, 7], u(t) € L*(R, ),

[em )l L2y < N1 (D] L2 (ga )

for every m > 1 and

il (D) para gy = () g2za ) -



Now, we can apply Dini’s theorem, to deduce that u € C([0, T]; L?(R%, 1)) and

lim w, =u in C([0,T]; L2(R?, u)). (2.37)

Moreover, since u,,(0) — u(0) in L2(R%, u) and u,,(0) = ug m — uo in L2(R%, ), it follows that u(0) = wuo.

Step 3:  Next, we show that (u,,) satisfies the following a priori-estimates on the annuli Ry := {z € R |
27F < |z| < 2%} in R? for any fixed k > 1:

no

¢ ¢
/ L2 (1) de + %p,/ / |V, (s)]P deds < / tud P d + C/ [t () Lo (a iy ds (2.38)
Ry, 0 JR Rita 0

for some constant C' > 0 depending on p, 2¥, V¢ and SUpg, p~t. Fix k > 1 and choose a cutoff function
¢ € C°(Ri41) satisfying 0 < ¢ < 1 in Rigq1 and ¢ = 1 on Ry. If p denotes the density function given by
(1.4), then the weak gradient

V(umCPp~") = Vi (" + pumC” 'V p ! = upn (P L.

Thus, multiplying Eq. (2.5) by u, (Pp~! with respect to the L?(R? u) inner product and subsequently
integrating over (0,t) for ¢ € (0,7 yields

t t
[ toeds [ P cdedsep [ ] Dl Van (Ve () de ds
Ri4+1 0 JRik41 0 JRyy1

t t
— [ wdacdes [ Vunel Va9 dds+ [ f
Ryt 0 J Rkt 0 JRp41

and so by applying Holder’s and Young’s inequality, we see that inequality (2.38) holds.

uP

I’;|(;>C”dxds

Step 4:  Since ug,,, converges to uy in L?(R%, ), the a priori-estimates (2.33)-(2.36) imply that (u,,) is
bounded in C([0,7T]; L?(R%, u)) for 1 < p < 2 and p # d and bounded in C([0, T]; LP(R4, u)) for p > d > 2.
Thus by a priori-estimate (2.38) on the annuli (Ry), the sequence (u,,) is bounded in LP(0,T; W1P(Ry))
for every k > 1. Now, fix k > 1. Since the space LP(0,T; W'P(Ry)) is reflexive and by limit (2.37), it follows
that u € LP(0,T; WHP(Ry)) and there is a subsequence (uy,, ) of (uy,) such that

lim wy,, =u weakly in LP(0,T; W P(Ry,)). (2.39)

m—00

Furthermore, the operator
Agu == —p~ ! div (p |VulP~? Vu) — || 7P uP P

maps bounded sets of LP(0,7;WYP(Ry)) into bounded sets of LP(0,T;W~YP'(Ry)), where we denote
by W' (Ry) the dual space of W,P(Ry). Hence the sequence (uy, ) is bounded in the space
WLP'(0,T; W=1P'(Ry)). Thus by the uniqueness of the limit (2.37), we have that u € WZ1»'(0,T;
W=LP(Ry)) and there is a subsequence of (uy,, ), which we denote, for convenience, again by (ug,, ) such that

lim P%n — v weally in LP(0,T; W57 (Ry)). (2.40)

M— 00 dt

If % < p < 2 and p # d, then by Rellich-Kondrachov (cf. [7, Théoréme I1X.16]), the embedding from
WP(Ry) into L2(Ry) is compact. If p > d > 2, we use that the embedding from WP (Ry) into LP(Ry,) is
compact. Hence by the lemma of Lions—Aubin (cf. [25, Théoréme 5.1]), the limit function u given by (2.37)

belongs to LP(0,T; LP(Ry)) and there is a subsequence of (uy,, ) such that

lim wg,, =u strongly in LP(0,T; LY(Ry)) (2.41)

m— 00



for ¢ = 2 if d2—|(-i2 <p<2 p#d,and q =p if p > d. Therefore, since p > 0 and since p is bounded on Ry,

=2 Jul”" u

jl”

lim |k, [~ ug

m— oo |],‘|p

m

strongly in L* (0, T; L (Ry, p)). (2.42)

Furthermore, by a priori-estimate (2.38) on the annulus Ry, the sequence (Vuyg, ) is bounded in
LP(0,T; LP(Ry, 1)¢). Thus there is a function x;, € LP'(0,T; LP'(Ry, 11)?) and another subsequence of (uy,, )
such that

lim |V, |P"% Vg, = xx weakly in L” (0, T; L¥ (R, p1)?). (2.43)

Since Ry C Ry41 such that s, Ry = R?\ {0} and since the limits (2.39), (2.41)-(2.43) and (2.40) on
Ry, also hold on Ry_1, a diagonal sequence argument shows that u € LP(0, T} I/V1 PR\ {0}, i), such that
du e LP'(0,T; W=7 (R?\ {0}, u)) and there is a subsequence (ug,,) of (uy,) such that

lim wg, =u weakly in LP(0,T; W,oP(R4\ {0}, 1)), (2.44)
lim wug, =u strongly in LP(0,T; LL (R \ {0}, 1)), (2.45)

Whereq—21fd+2<p<2 p#d,and g =pifp>d,

I |uk'rn P2 Uk, |u‘p_2 v i LI)I 0 T LP’ Rd 0 2.46
ml_r)noo |l‘|p |x|p strongly in ( ) loc \{ } U)) ( . )
lim_ Bk — du oally in LP(0, T; Wioe ' (R {0}, ). (2.47)

Moreover, there is a function y € L' (0, T} s

loc

(R4\ {0}, 1)?) such that
lim \Vug,, |’ Vuy, =x weakly in LF'(0,T; LY (R?\ {0}, u)%). (2.48)
Step 5: In this part of the proof, we prove that
x = |Vu" > Vu a.e. onR? x (0,7).

Fix k& > 1. Then, multiplying (2.5) by v € LP(0, T; Wy P (R4 1, 1)) 0 L*(0,T; L*(Ry 1, 1)) and subsequently

integrating over (0,7) yields
Vukm Vodpds = / /
Rpt1

d'u.k
dsm ’ U / / |vukm
Ry41

where {(-,-) denotes the duality pairing between the spaces LP'(0,T; W‘“”(R;@H, w)) and LP(0,T;
WP (Ryy1, ). Now, sending m — 400 in this equation and using the limits (2.46) (2.48), we obtain

dé, / / XV’Ud,udS—/ / pvduds
Ryq1 Ryq1 |

for all v € LP(0, T; Wy (Rgy1, 1)) N L2(0, T; L*(Ry 11, 1)) Note that

vduds

(e ucPy = %/R u?(T) ¢P du — %/R u?(0) ¢” dpe. (2.49)

This formula is easily proved by either approximating u(? by convolution (similarly as described in
[31, Section 1.5, p.264]) or by using the Steklov average together with Lemma A.2. Thus taking v = u(?, in



the last equation and applying formula (2.49) yields
T T
%/ uz(T)deu—i—/ / xVuPduds = %/ u2(0)§pdu—p/ / xV¢ P udpds
Rpq1 0 Rpi1 Riqa 0 Rpq1

T up—l
+ / / —pvduds. (2.50)
0 Rk+1 |$‘

On the other hand, multiplying Eq. (2.5) by ug,, (¥ with respect to the L?(Ry1, ) inner product and then
integrating over (0,7T) gives

T
/ / Vg,
0 Ry

20} [ u, (@)¢dn

Ri41

P (Pduds = %/

Ri41

T
-p / / Vg, [P~ Vg, VP uy, dpds
0 Rpq1

T
+ / / Vin [ug,,
0 Ry

Sending m — oo in this equation and using the limits (2.37), (2.45), (2.46) and (2.48) and subsequently

P (Pduds. (2.51)

comparing the resulting limit with Eq. (2.50) yields

T T
lim/ / |Vug,, | de,udSZ/ / xVuPduds. (2.52)
m=eo Jo Ry 0 Ry

Now, we use a method due to Leray and Lions [24]. For every m > 1, let

Hy, (x,t) = <|Vukm|p72 Vug, — |Vul’ ™ Vu, Vuy,, — Vu)Rd
for a.e. (x,t) € Rgy1 x (0,7T). Every Hy , is a positive measurable function on Rj41 x (0,7) and the limits
(2.44), (2.48) and (2.52) imply that Hy, (P converges to 0 in L*(Rgi1, u). Since we have chosen ¢ = 1 on
Ry, it follows

lim Hy, =0 in L*(Ry x (0,T)). (2.53)

m— 00

There is a subsequence of (uy,, ) and there is a measurable subset Z C Ry, x (0,T") of Lebesgue measure zero
such that for all (z,t) € Ry, x (0,T)\ Z, Hy, (x,t) is finite and Hy, (x,t) converges to 0 in R as m — +oo.
By Hoélder’s and Young’s inequalities,

\Vug, (z,8)|P < Hy,, (z,t) + |Vu(z, t) [P~ Vu(z, t) Vug,, (2, t) + [V, [P~ Vug,, Vu(z, t) — [Vul?

< Hkm (.%‘,t) +c |Vu(x,t)|p + % |vuk7u (aj’t)‘p )
for some constant ¢ = ¢(p,n, 3) > 0 and so
3 Vg, (z,8)[" < Hy,, (z,t) + c|[Vu(z, t)[” (2.54)

for every m > 1. Thus, for every (z,t) € Ry, x (0,T) \ Z, the sequence (Vu,,(x,t)) is bounded in R? and so
there is an &(x,t) € R? and a subsequence of (ug,,) such that Vuy,, (z,t) — &(z,t) in R as m — +o00. On
one side, Hy, (z,t) converges to 0 as m — 400, but on the other side,

lim Hy, (2,1) = (|€(@, 1) @) = [Vulz, )" Vu(e, ) (€, 1) — Vu(a, t)).
Hence

(€@, O &, t) = [Vulz, 1)~ Vu(a, 1)) (@, 1) - Vu(z, 1)) =0



and so the strict convexity of z +— |z|” on R? implies that &(z,t) = Vu(x,t) in R Since we can identify
the limit of the sequence (Vuy,, (x,t)) as m — oo with Vu(z,t) for every (x,t) € Ry x (0,T) \ Z and since
Hy,, (z,t) converges to 0 as m — oo for every (x,t) € R, x (0,T)\ Z, we have thereby shown that Vuy, (z,)
converges Vu(z,t) for all (z,t) € Ry x (0,T) \ Z. Integrating inequality (2.54) over a measurable subset
E C Ry, x (0,T) yields

%/ |Vum|pduds§/ Hkm—i—c/ |Vu|” duds
B B B

and so by limit (2.53), the sequence (|Vug,, |*) is equi-integrable in L' (R, x (0,T')). Thus Vitali’s convergence
theorem implies that

lim Vu,, = Vu strongly in LP(Ry x (0,T))?

m— 00

and so by limit y = |[Vu[""? Vu a.e. on Ry, x (0,T). Since k > 1 was arbitrary and since Ups1 Bk = R?\ {0},
we have thereby shown that x = |[Vu[’”? Vu a.e. on R x (0, T). Using again a diagonal sequence arguments
shows that there is a subsequence of (uy,,) such that

lim wg, =u strongly in LP(0,T; WEP(R\ {0}, ). (2.55)

m— o0 loc

Now, let £ € R?\ {0} and 0 < t; < to < T. Multiplying Eq. (2.5) with ¢ € Wh2(ty,to; L2(K, 1)) N
LP(tq,t9; Wol’p(lC, 1)) and subsequently integrating over (t1,t2) yields
P~

to to _ to u 2u
/ Up,, pdp +/ / {Ukm%‘fHVukmlp QVUkmv‘p}dﬂdsz/ / Wipkmwdud&
R4 t1 t1 Rd t1 R4 |l“

Sending m — oo in this equation and using the limits (2.37), (2.55) and (2.46) shows that u is a weak
solution of Eq. (1.1) and by Step 2, u € C([0,T]; L*(R%, 1)), u is positive and u(0) = ug. This completes the
proof of claim (1) of Theorem 1.3.

2.2.2. Proof of claim (2) of Theorem 1.3
Here, we show that claim (2) of Theorem 1.3 holds.

Proof of Theorem 1.3 (Continued). Suppose that 1 < p < % and A € R. Then, we note first that Holder’s

inequality yields

2

2—p too _ 2 d—p
/ (Q'p) du < |A|ﬁo(sd_1>/ () T T gy
R4 0
,L+ﬂ

P\ —p/2 e 1—2ydp 1 4
Ay t Ty e "dt =: My, (2.56)
0

2 p
< W= asen) ()
>\A

where A4 > 0 is the lowest eigenvalue of the positive definite matrix A. Since

2 d-
1-—= +27P 50 ifandonlyifp <
2—-p P

2d
d+2?

the integral
+o0 .
/ tl_ﬁip’LdTp_le’tdt
0

is finite and hence My is finite. Now, we proceed again in several steps.



Step 1: Let ug € L?(R%, 11) be positive. Then for every m > 1, the approximate solution u,, of (2.5) satisfies
the following a priori-estimates:

t P
[t ()l L2 e,y < |:|u0,7n||i;ng7#) exp((1—=2)t)+(2—p) Mo /o exp ((1—2)(t—s))ds ,(2.57)
¢ , .
/0 /Rd [V (s)]P duds < l[wo,mll72(ga ) —l—/o M ||“m(s)||1£2(ﬂed,u) ds (2.58)
and if up € WHP(R4, ) N L2(RY, ),
t dum 2 t p 1 t »
/ s ||——(s) ds + 5/ [V, ()" dp + 5/ / Vi [t |” dpuds
0 dS LQ(Rd,H) Rd 0 Rd
¢
<5 /0 /R |Vt (s)” dpds + 204 [ ()72 ga ) ds. (2.59)

To see this, multiply Eq. (2.5) by u,, with respect to the L?(R%, 11) inner product and subsequently integrate
over (0,t), for t € (0,T]. Then, by (1.2) and estimate (2.56),

t t
2 2
ot (812 gy + /0 /R V() duds < Juoml2aqea ) + /O Mo 1t (5) [y s

from where we can deduce the inequalities (2.57) and (2.58) by using a nonlinear generalisation of Gronwall’s
inequality. If ug € WHP(RY, 1) N L2(RY, 1), then ug ,,, € WHP(RY, ) N L2(RY, 11). Hence multiplying Eq. (2.5)
by s d;‘—sm(s) with respect to the L?(R%, ) inner product, subsequently integrating over (0,t), for ¢ € (0, T]
and then applying [6, Lemme 3.3], the fact that the potential V satisfies (1.2) and estimate (2.56) yields
inequality (2.59). Now, proceeding as in Step 4 of the proof of Proposition 2.2, we see that the claim (2)
of Theorem 1.3 holds. Since this part of the proof of Theorem 1.3 coincides with Step 4 of the proof of

Proposition 2.2, we omit the details of the proof. [

3. Nonexistence of positive solutions

This section is dedicated to the proof of Theorem 1.4. We make use of several lemmata. Thus we divide
this section into two subsections.

8.1. Preliminaries for the proof of Theorem 1.4
We begin this subsection with the following lemma, which generalises [19, Proposition A.1].

Lemma 3.1. Let D C R? be a bounded domain and let 1 < p < d. If the function M € L¥/?(D, u), then for
every e € (0,1), there is a constant C(g) > 0 such that

[arier aus sz [ 9o dusc@) [ ol du for all 6 € Wir D) (3.1)
D D D

Proof. Let (M,),>1 be the sequence defined by M, (z) := min{M (x),n} for a.e. z € D, and every n > 1.
Then, M, (x) — M(x) as n — +oo for a.e. x € D and |M,,| < |M(z)| for a.e. z € D and all n > 1. Thus and
since by hypothesis, M € L% P(D, i), we have by Lebesgue’s dominated convergence theorem (see Théoréme
IV.2 in [7]) that

M, — M in LYP(D, u) as n — +oo0. (3.2)



We fix ¢ € C}(D). Then by Hélder’s inequality, for every n > 1,

[arioran< [ pr—anjor dun [ 1o an
D D D

P d—p
d d d—p dp_ —d
([iar=on? ) oz, ([ 1007 ao) © b [ ol an e
D D D

Since ¢ is assumed to have a compact support, the function ¢ belongs in particular to C}(R9). Thus by the

IN

Sobolev-Gagliardo—Nirenberg inequality (see Théoréme IX.9 in [7]), there is a constant C = C(p,d) > 0
such that

(d—p)p

p dp
(L5 ar) ™ <o [ 1vor ae <l e, [ V08 an
D D D

Inserting this inequality into estimate (3.3), gives

d a a—p _
M gf" du < ([ IM—=Ma|7 dp ) ol %0y Cllo™  poo iy [ [V dutn [ g du.
D D (D) D D

Due to the limit (3.2), for every given e € (0, 1), there is a n(e) > 1 such that

d a . _d-p _1—-1
(/D |M = My |7 du) < =g Pl L=(p) Iz ||L°°(D)’
and hence
/ M |¢)|p d/l — 1l—¢
D

Since C!(D) lies dense in W, (D, ), the claim of this lemma holds with C(e) = n(e). O

du+n(e) [ 1ol d

The next lemma generalises [32, Remark 2.1.4, p.158].

Lemma 3.2. Let p # 2, and let V € LS (R%\ {0}) be positive. If u is a weak solution of Eq. (1.1) and if

loc

g : R — R is Lipschitz-continuous, then for every ¢ € CL(R?\ {0}) and every 0 < t; <ty < T,

u(tz) u(t1)
// s)dsddy — // ds¢>d,u—|—/ / |Vul? ¢'(u) ¢dudt
R4 R4

//|Vu|“vuv¢>g Ydpdt = //VW (u) ¢ dp dt. (3.4)

Proof. We fix ¢ € C}(R?\ {0}), and for fixed 0 < t <t + h < T, we take t; = t, to = t + h, and multiply
Eq. (1.8) by h~t. Then,

/ Bt (u(t + h) — ult ))¢du+/t+h/ ht |VU|” 2vu) Vo dudt

t+h
/ / V u|P 2 >¢d,udt.
R

Let uy, be the Steklov average of w (cf. Definition A.1 in Appendix). Then by Fubini’s theorem, since
%(t) = h~! (u(t + h) — u(t)), and by definition of the Steklov average, the last equation can be rewritten

as

/Rd us )¢du+/ ('Wp*zw)h“)wd“:/w (V") ()6 dn



By the hypothesis and by Theorem 2.1.11 in [33], for any ¢t € (0,T), g(un(t))¢ € WyP(K,u) with
distributional partial derivatives

5% (9(un(®) 9) = g (un () (£2) ()6 +glun(t)) 52,

where K € R?\ {0} is chosen such that the support of ¢ is contained in K. Thus, we can replace ¢ by g(up(t)) ¢
in the last equation. Now, we integrate the resulting equation over |t1,ts] for fixed 0 < ¢; < to < T and
apply first Fubini’s theorem and then the fundamental theorem of calculus with respect to d¢. We obtain
that

/. (/Ouh(mms) ds) odn- [ (/Ouh(tl)g@)ds) pdu

+ [ A (92 90), 0 @06 + (907 90), (0t (1) 6} e

- /tt /R (V) (@) g(un(®) édudt.

Sending h — 0+ in the last equation and using Lemma A.2 leads to Eq. (3.4). O

Lemma 3.3. Let D C R? be an open and bounded set with 0D € C?, and let d(z) denote the distance of a
point © € D to the boundary OD. If u € LY(D, ) and if there is a constant ¢ > 0 such that u(z) > cd(x)
for a.e. x € D, then

log(ud) € LP(D,pn) for all p > 1. (3.5)
For the proof of Lemma 3.3, we have been partially inspired by the proof of [20, Theorem 1.1].

Proof. We set D = D1UD, with D1 = {2z € D |ud < 1} and Dy = {z € D | ud > 1}. Since D is bounded,
the diameter diam (D) := sup{|x — y| | z,y € D} of D is bounded. Then,

[ hogtud)p” ap= [ ostua)l an+ [ fog(ud)f” dp. (3.6)
D D Do
We have Dy = D271L'JD272 with D2,1 =Dy N {ud > ep_l} and D272 =Dy N {ud < ep_l}. Hence

[ lostud)l” dp =Ty + 22

D»
with
Toy = / log(ud)|” du and Zpo = / [log(ud)|” dpu.
D2)1 D

2,2

We show that Z5; and Z, 2 are both finite. Indeed,
Too = / (log(ud))? du < u(D) (p — 1)P  is finite.
D3 2

To see that Z, 7 is also finite, we assume that p(Ds 1) > 0, since otherwise there would be nothing to show.
The mapping s — (logs)? is concave on the interval Je?~!, +oo[. Thus by Jensen’s inequality for concave
functions and since d(z) < diam(D) for every x € D, we obtain that

p
Ty = / (log(ud)) dy < p(D) <1og DD / udu) .
Dgyl D2,1

Since u € L'(D, p), the right hand-side of this inequality is finite and so the second integral on the right
hand-side in Eq. (3.6) is finite. It remains to verify that also the first integral on the right hand-side in



Eq. (3.6) is finite. For this, we note that log(ud) < 0 on D;. Thus and since by hypothesis, there is a ¢ > 0
such that u(z) > cd(z) for a.e. € Dy, we have that

/;lmngn du = [ (- log(ua)? d

Dy

<AFMWme

<Gy <logcp w(D1) + 2@/ |log d|” du) .
D

Since we have assumed that D has a C? boundary, logd € LP(D) for every p > 1. Thus and since p > 0
is bounded on D, we obtain that logd € LP(D, ) and so by the last estimate, the claim of this lemma
holds. O

Lemma 3.4. Let D C R? be a bounded domain with 0D € C?. If v € C*1(D x (0,T)) is a positive nontrivial
solution of the boundary value problem

v —Kov=0 inDx(0,7T),
v=20 on 0D x (0,T),

then for every t € (0,T), there is a constant C(t) > 0 such that
v(z,t) > C(t)d(xz) forall xz € D. (3.7

Proof. By the weak maximum principle, v attains its minimum at the boundary 9D x (0, T). Since D has a C*?
boundary 9D, then the boundary 9D satisfies a uniform interior sphere condition (cf. [11, Proposition B.2]).
Thus at every point z € 9D there is an open ball B(y, r) centered at some y € D with some radius r > 0 such
that B(y,r) C D and B(y,r) N dD = {z} and by [28, Theorem 6], the outer normal derivative @( t) <0
on 0D for every t € (0,T). Since for every t € (0,7, 6V( ,t) is continuous on the compact set 0D, gg( ,1)
attains a maximum on 9D and so vy(t) == max{%(x,t) | 2 € 0D} < 0. For the rest of this proof, we fix

€(0,7).

By [11, Proposition B.3], there is a 6 € (0,1) such that for every z € 0D, the open ball B, =
B(z —v(2)8,3) € Ds == {z € D | d(z) < 6} and 9B, 5N 0D = {z}. Here v(z) denotes the unit outward
normal vector to 0D at z. Furthermore, for every © € Ds := {z € D | d(z) < J}, there exists a unique
z = z(x) € D such that |z — z(z)| = d(x) holds. Thus every x € Dj can be written as z = z(z)—v(z(x))d(z)
for a unique d(x) € (0,0). By hypothesis,

Z\

1,5=1

8%v(-,t)
Ox;0x

+1=C(t) is finite.

c(D)

We calculate the Taylor expansion of v(-,t) at z(x) € 9D for every & € Ds. Then for every « € Ds, there is
a 0(x) € (0,1) such that

v(x,t) = v(z(z) — v(z(x))d(x),t)

= —(Vo(z(2), 1), v(2(2)))pa d(2) + 5 (v(2(2)) Hy(0(x)v(2(2))), v(2(2)) ra d(z)?

— 5o (2(@), ) d(@) + 5 (v (2(2)) Hy (0(x)v(2(2))), v(2(x)) ra d(@)
(—w(t)) d(z) — O(t) d*(x),
where H, denotes the Hessian of v. We take dy = min{J, 229(;)))} Then, for all z € Ds,, (—vp(t)) —
C(t)d(z) > (gﬂ Therefore

Y

v(z,t) > E0W) q(2) for all x € Dy, .




On the other hand, by the strong maximum principle [28, Theorem 5], v(t) > 0 on the compact set
D\ Ds,. Thus and since D \ Ds, has a positive and uniform distance to the boundary of D, there is a
constant Cy(t) > 0 such that

v(z,t) > Ca(t)d(z) for all z € D\ Ds,.
Therefore, if we set C5(t) = min{Cs(t), (_VQM}, then C5(t) > 0 and for this constant v(t) satisfies inequality
(3.7)on D. O

The following weak comparison principle for positive weak solutions is a refined version of [18, Proposi-
tion 4.1].

Lemma 3.5. Consider the case p = 2. Let ug € L*(R%, u) and V € LS, (R4\ {0}) be both positive, D be an
open and bounded subset of RY with a Lipschitz-continuous boundary, and g € L (D) be such that

0<g(x) <V(x) forae xze€D. (3.8)
If for given m > 1, v, € WY2(8,T; L*(D, p)) N L2(0, T; Wy 2 (D, 1)) (8 € (0,T)), is the unique positive
strong solution of

‘%m — Kyv=g(x)v inDx(0,T),

v=0 on 0D x (0,T), (3.9)
v(0) = ugm in D,

and if u is a positive weak solution of Eq. (1.1) for p = 2 with initial value u(0) = wug, then 0 < v, < u
almost everywhere on D x (0,T).

Proof. Note first that by [6, Proposition 3.12], for every positive ug € L*(R%, 1) and m > 1, problem (3.9)
admits a unique strong solution v,,. In addition, by the weak maximum principle (see Lemma 2.6), the
solution v, is positive.

Now, for given ¢ € (0,T), let ¢ € W2(0,T; L2(D, u)) N L*(0,T; Wy*(D, 1)) be positive such that
o(-,T —¢) = 0. If we extend ¢ by zero on (R?\ D) x (0,T), the extension has compact support in R?
for almost every ¢ € (0,7') and belongs to W2(0,T; L2(R%, 1)) N L2(0,T; W > (R?, 1)). Thus every weak
solution u of Eq. (1.1) on R? x (0,T) is, in particular, a weak solution of Eq. (1.1) on D x (0, 7). Thus

T—e T—e
/ / U{—% —KQSO} dpds = (u(0), ¥)r2(D.w) / / z)updpds. (3.10)
0 D

Next, the strong solution v, satisfies

(ag? (t)7 ¢) L2(D,p) = (KQUm(t)a ¢)L2(D,u) + (g(x)vm(t)v ¢)L2(D,u)

for almost every t € (0,T), and all ¢ € L?(D, u1). If we take ¢ = ¢ in this equation, integrate over (0,7 —¢),
and apply integration by parts once with respect to ds and twice with respect to du, then

T—¢ T—e¢
/ / U, {*% - sz} dpds = (vm(0), ©)L2(D,p) +/O /D 9(x) v pdpds. (3.11)

Using both Egs. (3.10) and (3.11), we obtain for (v,, — u) that

T—¢
| [ on =0 {=e~ Kap =~ s@ho} duds = @a(0) = u0). 9)120,0

T—e¢
/ / ) upduds.



By hypothesis, v, (0) = ugm < ug = u(0), since we have assumed that g(z) satisfies condition (3.8), and
since u is positive, we can deduce from the last equation that

/OT_E /D(Um —u) {*905 — Kap — 9(55)90} dpeds <0 (3.12)

for all positive ¢ € WH2(0,T — &; L2(D, p)) N L*(0,T — &; Wy * (D, 1)).
Now, let ¢ € C(]0,T — ¢]; C°(D)) be positive and consider the parabolic problem

2zt — Koz =g(x)z+¢ inDx(0,T—¢),
z=0 on 0D x (0,T — ¢), (3.13)
2(0)=0 in D.

By [6, Proposition 3.12], problem (3.13) has a unique strong solution
z € W172(07 T— €5 Lz(Dv /1’)) N C([Ov T— 5}; W()1’2(Dv N))

and this solution is positive by the weak maximum principle. If we set ¢o(z,s) = z(x,t — s) for a.e. x € D
and all s € [0,T — €], then ¢y is a strong solution of

—pot — Kapo —g(x)po =1 inDx(0,T—¢),
wo=0 on 0D x (0,T —¢),
wo(T—¢e)=0 in D.

Inserting ¢q into inequality (3.12) shows that for all positive ¢ € C([0,T — ¢]; C°(D)),

/OT_S/D(’U—U)’(/Jd,udtSO.

The set C([0,T — €]; C°(D)) lies dense in L?(0,T — &; L*(D, u)). Thus by an approximation argument, we
can take ¢ = [v — u]* in the last inequality and hence we obtain that v < u a.e. on D x (0,7 — ¢). Since
€ > 0 has been arbitrary, the claim of this lemma holds. O

The statement of the next lemma, is well-known in the case p =1 (cf. [7, Remarque 18. in IX.4, p. 171]
or [4, Remark 2.6 on p. 1019]).

Lemma 3.6. Let d > 2, D be an open subset of R%, and let 1 < p < d. Then,
Wy (D, ) = WyP(D\ {a},p) for every a € D.

Proof. In this proof, we follow the idea of [4, Lemma 2.4 and Remark 2.6]. Let (p,,),>1 denote a standard
mollifier (see [7, p. 70]): that is, for every n > 1, p, € C(RY), the support supp(p,) € B(0, %), pn > 0,
and [pq pndz = 1. We fix a € D and set

Y(z) = /d p5(y) Lp(as/4)(x —y)dy for all 2 € RY,
R L

(e

where 1 (q,5/4) denotes the indicator function over the open ball B(a, g) of centre x = a and radius r =
Then, it is not hard to verify that 1 € C°(R%), 1) > 0, ¢ = 1 on B(a,1) and ¢y = 0 on R?\ B(a,?2). For
every n > 1, we set ¢, (z) = 1(nx) for every x € R%. Then, 1, € C>®(R?), ¥,, >0, ¢ =1 on B(a, %), and
¢ =0 on R?\ B(a, 2). Since

OYn

_4a _d=p
Wnllneey =% [¥llogrey and |32 ;

o1
8$i

=n
Lr(R%)

Lr(R4)

for every i = 1,...,d, and since by hypothesis, p < d, we have that v,, — 0 in W'P(R%) as n — +o0.



Obviously, it suffices to show that W, *(D,u) € Wy (D \ {a},n) since the other implication is clear.
Since Wy *(D, ) is the closure of the set C1(D) in W'?(D, u), we need to show that for every ¢ € C}(D)
and for every € > 0, there is § € C!(D\ {a}) such that ||p — Ollwrn(p,uy < € Todoso, we fix ¢ € Cl(D) and
€ > 0. Since D is open and a € D, there is an r > 0 such that the open ball B(a, r) of centre = a and radius
r is contained in D. By the first step of this proof, there is an index n, > 1 such that ¢,, € C°(B(a,r)) for
every n > n,.. Then, for every n > n,., 6,, == o(1 —,) € CX(D\ {a}) and

H(P - enle,p(D’#) = H‘pwnHWLp(D,u) S C H’(/)TLHWLP(]RU!) ’

where the constant C' > 0 depends on ¢ and [[p[| e supp(e)) Put is independent of 1,,. Since we can choose
n > n, large enough such that ||wnHW1,,,(Rd) < &71» the claim of this lemma holds. [

3.2. Proof of Theorem 1.4

With the prerequisites of the preceding subsection in mind, we finally turn to the proof of Theorem 1.4.

Proof of Theorem 1.4. First, we study the case 1 < p < 2ifd =2, and d+2 <p < 2ifd> 3. In this part of
the proof, the authors follow partially the idea given in [19]. Let A > ( - ) . We argue by contradiction and
hence we suppose that there is a positive nontrivial ug € L7, 1oe(R%\ {0}, 1) such that there is a T > 0 and a
positive very weak solution u of Eq. (1.1) with initial value u(0) = ug. We fix some bounded domain D C R?
containing z = 0. Let ¢ € C}(D\ {0}), and for every integer k > 1 and every s € R, let gi(s) = (s + 1)~
if s > 0 and gx(s) = kP! if s < 0. Then, by Lemma 3.2 for g = gz, ¢ = |<p|p t; =0, and t; =1,

(u®+2)°7" | ( +8)777 B |Vus>|p|wwp
/72 5 el dp— s —— lel” du+(1 | Gy deds

P=2yy(s P— uP (s
+p/ / Wus)l v ),“fl “"Vgpdudsf/ / E G+ " pl” duds. (3.14)

u(s U(S

By Young’s inequality,

t
p [ 19uPTule) (u(s) + ' Ve P pdpds
0
t
< P—l)A‘AJVU@W)@@)+%ym|wwdﬂds+tlﬂv¢wd%

and since (u(0) + 1)*7? |¢[” > 0 a.e. on D, we can deduce from equality (3.14) that

t
_ 1- 2—
/O /D a7 (s) (uls) + 1) " el” duds <t /D [Vel” du + 545 ; (u(t) + )" " lol” du. (3.15)
For almost every (z,s) € D x (0,t), we have that

P 2— _
0< 2 S E) o o) and (e s) + 1) @)l \ M (as) ()

as k — —+o0. Thus, by Beppo-Levi’s theorem, sending k& — +oco in inequality (3.15) gives

t/ o ol du—t/ [Vel” du < 2%/ u?7P(t) |l” dps.
D D P D

First, consider the case d = 2 and 1 < p < 2. Then, (2 — p)% < 2, and so ﬁ > 1. Thus by Holder’s
inequality,

(2— p)z 2p—2 525
/D“() du < u(D)" 7 Nlull2{p, . -

Since u(t) € L?(D, ), the last estimate implies that u>~? € L*/?(D, p).



Next, consider the case d > 3 and let m < p < 2. Then, (2 — p) < 2 and since u(t) € L?(D, i), we

obtain again by Holder’s inequality that u>~? € LY?(D, ).

Therefore in both cases, d =2 and 1 <p <2 or d > 3 and
€ (0,1), there is constant C'(g) > 0 such that

d+2 < p < 2, Lemma 3.1 implies that for any

[ el = [ Vel du< o= [ [wer aurce) [ jol” an (3.16)
D D D D

If the matrix A is positive definite, then there are
Aa, Aa >0 such that Ay |z < 2'Az < Ay |z|* for all 2 € RY. (3.17)

Furthermore, by Lemma 3.6 and since 1 < p < 2 < d, the set C(D\ {0}) is dense in W, (D, ). Therefore,
by estimate (3.16), and since ¢ € C}(D \ {0}) has been arbitrary, we obtain that
zt Az)P/?
o Vel dp— [0 - ONT [ ol A dp— (1—¢) [, 2 lol” dps
fD “P|p dp

> A2 [(1— )N T — Ce) (1 —e) > —oo, (3.18)

where the infimum is taken over all o € W, (D, i) with Il oD, > 0-

But for every
P P
0<e<l-)"1 (%) we have that (1 —&)A > (%) .

Thus and since 0 € D, (3.18) obviously contradicts to the optimality of the constant (@)p in Hardy’s
inequality (1.5). Therefore the assumption is false and hence claim (i) of Theorem 1.4 is true for 1 < p < 2

if d=2 and d+2<p<21fd>3

We turn to the case p = 2 and d > 3. In this case, we follow partially an idea given in [9]. Again, we argue
by contradiction. Let A > (‘1;—2)2 and let ug be a positive nontrivial element of L?(R¢, 11). We suppose that
there is a T' > 0 and there is a positive weak solution u of Eq. (1.1) with initial value u(0) = ug. Let (D;);>1
be a sequence of bounded domains D; of R? satisfying 0 € D; C D4y, D; € R, with boundary 0D; of
class C*°, and |J;»; D = D. Then by hypothesis, there is an D;, C R? such that ug # 0 almost everywhere
on D;,. We set D= Dy, and fix ¢ € C(D). For every integer n > 1, let u,, be the unique positive strong
solutions of Eq. (2.5) with initial value u,(0) = g . Further, let v, be the unique positive strong solutions
of (3.9) with g(x) = 0. Then by the weak comparison principle (see Lemmas 2.6 and 3.5), for all m > 1,

0<v; < vy <ty <u o almost everywhere on D x (0,7). (3.19)
Since the boundary of D is smooth, v; is infinitely differentiable in D x (0,7) and vy, gﬂ and 62 g; are

continuous up to the boundary of D (cf. [22, Theorem 12.1 in Chapter IIT & Theorem 1.1 in Chapter VI).

Since v; is positive and since v1(0) # 0 a.e. on D, the strong maximum principle (cf. [28, Chapter III,

Theorem 5]) implies that for every ¢ € (0,T), v1(t) > 0 on the compact subset supp(¢) of D. Thus for all
€ (0,T), there is a constant Cy(¢) > 0 such that for all n > 1,

u(t) > um(t) > v (t) > v1(t) > Co(t) >0 on supp(yp).

Thus, for every m > 1, we may multiply Eq. (2.5) with truncated potential V,,, by u! |<,o|2 with respect to
the L?(D, i) inner product, and subsequently integrate over the interval (to,t) with respect to ds for any



fixed 0 < tg < t < T. Then, we obtain

| o2 1l - / [ 190 (s I s

+2/tO/DvUn($)v90(un(s))1(pdud8(tto)/;mln{nvlwg} |§0|2 d‘LL (320)

By Young’s inequality,

2 / /D Vit (8) Vg (n(3)) ™ dprds < (t — to) /D Vol du+ / /D Vun(S)P (un ()2 | o[ dpeds.

t

Thus, we can deduce from equality (3.20) that

. 2 2 Un
[ mingn 2} 16 dn= [ 1968 < 2 [ o (28 1of? d (3.21)

Furthermore, by Lemma 3.4, for every ¢ € (0,T), there is another constant C;(¢) > 0 such that vy(t) >
C1(t)d(z) for all x € D and so by (3.19), we have that for all n > 1,

w(z,t) > up(z,t) > C1(t)d(z) for almost every z € D.

/Dlog< ) Jel? du</Dlog(cl 0a) Il = /Dlog(cl(to ) el du

and hence sending n — +o0o in inequality (3.21) yields to

2 2 u(t) d
[ e tol = [ (9l du < 2 [ ron(c2ftn) ol du

By Lemma 3.3, log(ud) € LP(D) for all p > 1 and since D has smooth boundary,

Thus

log(C1(to) d*) = log(Ci(to)) + 2 logd € LP(D, p)

for all p > 1. Thus log(cf((ttg)ddz) € LY2(D, ). By Lemma 3.1, for every ¢ € (0,1) there is a C(¢) > 0 such
that

| e tel du= [ Vel an< 5= [ (9ol aurce) [ fof” an
D D b b

Now, we proceed as in the proof of claim (i) and reach a contradiction to the optimality of ( ) in Hardy’s

inequality (1.5).

(R%) be positive and satisfying (1.9) for some

Let p > 2, d # p, and let A > (ld )p and let ug € L?
r > 0. We argue by contradiction and so we assume, there is a T' > 0, for which Eq. (1.1) has a positive weak
solution u on [0, T') with initial value u(0) = ug. For the above given r > 0, we fix ¢ € C1(B(0,7)\ {0}) and
for every integer k > 1 and every s € R, we set g (s) = (s + 1) 77 if s > 0 an g(s) = k#~* if s < 0. Then,
by Lemma 3.2 for t; = 0, to =t > 0, and ¢ = |p|”, we obtain that

u(0)+4)*7" u®)+24)*?
[ O S ppau- [ GO gy
B(0,r) B(0,r)
_ \Vu(s)\”\so\ |Vu(s) \P zw(s)|<p|r' ©
(1 / /B(Or ()43 duds+p/ / o) (e 1) Voduds

/ / 2 : lol” duds. (3.22)
B(0 r) u(s )

w,loc




By Young’s inequality

t
p / / ( )|Vu(s)|p_2 Vu(s) (u(s) + 1) 7" Vo |plP > pduds
0 JB(0,r

t
<(p-1) / / Vu) (u(s) + 1) o duds +¢ / Vol dp,
0 JB(0,r) B(0,r)

and since (u(t) + 1)*7? |¢|” is positive, we can deduce from (3.22) that

t -

B . u@0)+%)" "

/ / a1 () (uls) + 1) 7 [l duds <t / Vel dpu+ / Lo o an
B(0,r) B(0,r) B(0,r)

We send k — +oo in this inequality. Then, by Beppo-Levi’s convergence theorem, we obtain that
Loodrlelan= [ el ans gy [ ) el di (3.23)
B(0,r) B(0,r) B(0,r)
)

Thus, since supp(y) C B(0,7) \ {0}, and by hypothesis (1.9), we have that

/ m lel” du —/ Vol” du < #2575 / lel” dp. (3.24)
B(0,r) B(0,r) B(0,r)

Since the matrix A is positive definite, inequality (3.17) holds. Thus and since inequality (3.24) holds for all
o € CX(B(0,7) \ {0}), we can conclude that

zt Az)P/?
fB(o ) [Vel” dp — A% fB(m “P|p( \x|2 -dp — f(B(o,r)) ﬁ lol” du g2
fB(o ) lol” dpe )

where the infimum is taken over all ¢ € C(B(0,7)\ {0}) with H‘PHLﬁ(B(o,r)) > 0.

2 p=l
e

If 2 < p < d, then by Lemma 3.6, the set C}(B(0,7) \ {0}) lies dense in W;:OP(B(O,T)) and if p > d > 2,
then the set C1(B(0,7) \ {0}) lies dense in W;:g(B(O, 7) \ {0}). Therefore in both cases, the last inequality
contradicts to the optimality of the constant (ldp%p‘)p in Hardy’s inequality (1.5). O

Acknowledgements

The second and third authors were partially supported by the DAAD-MIUR grant, Project Vigoni-ID
54710868.

Appendix
A.1. Steklov averages and an integration by parts

In this subsection of the appendix, we recall some well-known facts about Steklov averages for the purpose
of proving an integration by parts formula (Lemma 3.2).

For any open subset D of R? and any T > 0, we denote by Dz the cylinder D x (0,T). For ¢, > 1, we
denote by L?"(Dr) the parabolic Lebesgque space L"(0,T; L1(D)). The space L?"(Dr) is equipped by the

norm
T z 1/r
HU”LW(DT) = (/ (/ lu(z)|? dx) > for all u € LY (Dr).
0 D



Definition A.1. Let D be an open subset of R? and let T > 0. Then, for v € L'(Dr), h > 0, t € (0,T), and
for a.e. € D, we define the Steklov mean value of v (also called Steklov average) by

t+h
L v(x,s)ds ift e (0,T —h), and
VAP LY BRTCE 0.7~ h)

0 ift>T—h.

The following lemma is a more detailed version of Lemma 4.7 in [22, p. 85]. Nevertheless, this lemma is
quite standard (cf. [22,10]) and so we omit its proof.

Lemma A.2. Let D C R? be an open set. Then the following assertions hold true.

(i) For v € L¥"(Dr), let 9(t) == v(t) if t € [0,T] and 0(t) = 0 if t € R\ [0,T]. Further for every
0<h<d<T,let pp(t) =h~1 ]l[_LO](h’lt) for every t € R. Then,

/ pr(t)dt =1, pp >0, lim prpdt =0 forallO<r<T, (A1)
R h=0+ JR\ (—r,r)
and
(0% pp)(t) = / (s) pn(t — s)ds = vp(t) for every t € (0,T — ). (A.2)
R

(if) If v € LY (Dr), then for every 0 <6 < T,
vp — v in LY (Dp_s) ash —0+.

(iii) If v € C([0,T; L9(D)), then v,(t) can be defined in t = 0 by vp(x,0) = %f00+h v(z,s)ds (x € D) for

all h >0, and for every 0 <e < T and every t € [0,T — ¢),
vy, — v in C([0,T —6]; LYD)) as h— 0+ .
(iv) If v € VP(Dr) == C([0,T]); L*(D)) N L?(0,T; W*P(D)), then
v, € WH((0,T — 8); L*(D)), and 22:(t) = h™ ' (v(t + h) — v(t))

for every t € (0, T —6) and every 0 <h < § < T,

In the standard references (as, e.g., [22,10]) the second and third claims of Lemma A.2 are often employed,
but in general without any proof. Thus we give its proof here.

Proof. First, we prove that the sequence (pp)p>o defined in (i) satisfies the properties (A.1). Since
Li_q0)(h™ ') = Lj_p,g(t) for all t € R,

0
/ph(t)dt:hfl/ 1dt=1.
R —h

Further, for every 0 < 7 < T, we have that (R \ (—r,7)) N [—h,0] = @ for every 0 < h < r. Hence

/ pr(t) dt = ht / Lj_p,g dt =0.
R\]—r,r[ R\]—r,r[



To see that formula (A.2) holds, we fix ¢ €]0,T — ¢[, and note that ]1[,1,0](“78) = 14 ¢4n)(s) for every s € R.
Hence,

(0% pp)(t) = A1 /Rf)(s) Li_10) (52) ds = ht /Rv(s) Lt eq0)(8) ds = vp(2).

Now, let v € L?"(Dy) and fix 0 < h < § < T. Then, for every t €]0,T — 4|,

t+h

vh(t):hl/tt+hu(s)ds:/th v(m)dr:/olv(h (s+1)) ds,

h
where we applied in the first equality the substitution s + r(s) = h~!'s and in the second equality the
substitution r — s(r) = r — £. Hence for every t € (0,T — ),

/O1 (v (h (s + 1)) - o(t) ds

vmn—wwhmn=] N
La(D

< [l s+ ) = 00 (A3)

If v € C([0,T]; LY(D)), then v is uniformly continuous on [0,T — 4] with values in L?(D). Thus for every
e > 0, there is a & > 0 such that for all 0 < h < §, and all s € [0,1], all t € [0, T — 4],

[o(h (s + %)) - U(t)HL‘Z(D) <&
and so by estimate (A.3), for all 0 < h < 0,
sup v (t) = v()ll Lo(py <&
te[0,7—4]

This shows that claim (iii) holds. On the other hand, by estimate (A.3) and by Hoélder’s inequality,

T—6 1/r T—§ 1 T 1r
(/0 th(t) - U(t)HZq(D) dt) > </0 (/0 lo(h-s+t)— U(t)HLq(D) ds) dt)
-5 1 i/r
</ / [o(h-s+t) = v(t)|[La(p) dsdt) :
0 0

By Tonelli’s theorem and again Hoélder’s inequality,
1 T35 Yr
(/L/ nwns+w—mwzmnmw>
0 Jo

T—5 1 1/r
(/0 /O lolh - s+ ) = 0@ dsdt)
1 T—5 1/r
/0</0 ||v(h-s+t)—v(t);qw)dt> ds.

A

IN

IN

If v € L&"(Dr), then for a.e. s € (0,1),

1/r

T-6
(/ |WM%+0—Mﬂan&> —0 ash—0+,
0

and by Minkowski’s inequality, for a.e. s € (0,1) and all 0 < h < §,

T—6 r T—6 . r
(/O [o(h s +) = o) La(py dt) (/0 (Hv(h s+ pep) + ”v(t)”LQ(D)) dt)

T—§ 1/r
(/0 lo(h - s +)ll74(p) df) + vl Lo (pr_s)

IN

IN



hes+T—6 Lr
- /h o P IR

-S

< 2 |llger (g -

Therefore, by Lebesgue’s dominated convergence theorem, we obtain that claim (ii) holds. To see that claim
(iv) holds, let 0 < h < § and fix £ € C}(0,T — §). Then by Fubini’s theorem,

T—6 t+h T+h—§6 min{s,T— 6}
/ h1 / v(s) L(t)dsdt = h~ / / 4 () dt ds
0 t ax{0,s—h}
T—6
=h- / / t)dtds + h~ / / 9 (1) dt ds
T+h— T—6
+h™ / / v(s) L (1) dt ds.
s—h

T-6 T-46 t+h
/0 on(t) L (1) dt = / h1/+ v(s) %(t) dsdt

T—6
=h" // s) L (t)dtds + h~ / / 4 (t)dtds

T+h—46
+h—1/T ) /h v(s) L (1) dt ds

T—06

h
— / o(8)(€(s) — £(0)) ds + b / o(3)(E(s) — (s — h)) ds

h

E:\m

C“\

Therefore

Q\

T+h—9
+h—1/ v(s)(&(T — 8) — &(s — h)) ds

s

— /O”v(s)g(s)ds o /h”u(s)g(s —h)ds
oy / T (s — by ds

— b /H gas—nt [ u(s)E(s — by ds

:h*/o (s )5()ds—h1/0 v(r +h)§(r) dr

--/ T R s ) — o) €(s) ds.

Therefore, claim (iv) holds true and this completes the proof of Lemma A.2. O

A.2. Proof of Theorem 2.3

Let D be an open set in R for d > 1. We call a real-valued measurable function w : D — [0, co] a weight
function. For 1 < p < co we denote by LP(D,wdx) the set of all equivalent classes of measurable functions
u having finite integral

Il = [ [l (o) o

where two measurable functions belong to the same equivalent class if they coincide a.e. on D. Then
LP(D,wdx) equipped with the norm ||-||LP(D wdz) 18 @ Banach space. Furthermore, we define the weighted



Sobolev space W1P(D,wdz) as the set of all u € LP(D,wdz) such that all weak partial derivatives
83—;1, A 571: belong again to LP(D,wdz). We equip WP (D, wdz) with the norm

”quva(D#wdx) = HUHiP(Dde) + ”v“”ip([),wdz)

for every u € WHP(D,wdx).
For the proof of Theorem 2.3, we need the following classical result of a sufficient condition for compact
embeddings in the non-weighted case:

Lemma A.3 ([1, Theorem 6.47]). Let D be an open set in RY having the following properties:

1. There exists a sequence { Dy }%—; of open subsets of D such that Dy C Dy, and such that for each N
the embedding

WhP(Dy) < LP(Dy)

is compact.
2. There is a continuously differentiable function @ : U — D, where U C D x R is an open set containing
D x {0}, and which satisfies ®(x,0) =z for every x € D and if Dy = D\ D} then
(a) Dy x [0,1] C U for each N,
(b) &(-,t) is injective on D for every fized t,
(c) there is a constant M >0 such that |2 &(z,t)| < M for all (z,t) € U.
3. The function dy(t) = sup,¢p,, |det D,d(x,t)|”" satisfies
(a) imy_oo dn(1) =0,
(b) limy o [, dn(t)dt = 0.

Then the embedding
W?(D) — LP(D)
is compact.
Moreover, we make use of the following sufficient condition for compact embeddings in the weighted case.
Lemma A.4 ([3, Theorem 4.3]). Let D be an open set in R? and w a weight function such that the sets
Dy :={x € D|w(x) =0} and Dy = {x € D | w(x) = 400} are both closed subsets of D with Lebesgue

measure zero. Further suppose the w is bounded from below and above by positive constants on every compact
subsets K C D\ (Do U D). If the subgraph

D, = {(x,z) eEDxR|0< 2 <w(x)}
is such that the embedding
Wh?(D,) — LP(D,) (A.4)
is compact, then the embedding
WhP(D,wdz) — LP(D,wdx)

is compact.



Proof of Theorem 2.3. Since A is a real symmetric positive definite (dx d)-matrix, there is orthogonal (dx d)-
matrix B and eigenvalues \; > 0,...,A\q > 0 of A such that B‘AB = A, where A is a (d x d)-diagonal matrix
with entries A1, ..., \¢. By using the isomorphism ¥; : R4*! — R*! defined by &;(z,2) = (B'z, z), we see
that the subgraph D, is linear isomorphic to the subgraph

d p/2
4(£ )
(v,2) R xR[0 < Qe \S 7
wherein we denote the vector Btz =y = (y1,...,yq). Since all eigenvalues \; are strictly positive, we have

that

d 1/2
llyll == <Z Ai@/?) (A.5)

for every y € R?, defines a norm on R?. Now, if we set 7 = [|y| and 6 := y/ ||y|| for every y € R\ {0} and
r=0and § = 0 if y = 0, then the mapping ¥, : [0,00) x Sg_1 x R — R¥*! defined by Wy(r,0, 2) = (1, 2) is
another linear isomorphism of R4*! where S;_; := {y € R? | ||y|| = 1} denotes the unit sphere in R? with
respect to the norm ||| defined in (A.5). By using this isomorphic transformation, we see that subgraph

D, = {(r,@,z) €10,00) X Sg—1 x R‘O <z <g(r)},

where the function g(r) := C(A4,d) e "™ for every r > 0 and equality of the two sets means isomorphic. For
the rest of the proof, we follow partially the idea of the proof of [3, Lemma 5.3]. To do so, consider for every
positive integer N the set

(Dy)n = {(7‘7972) € Dp‘r > N}.

Since the function g belongs to C1([0,0)), is non-increasing, and has bounded derivative, we see that the
set (D,)Nn = D, \ (D,)n is bounded and has the cone property (see [1, Definition 4.3, p.66]). Hence the
embedding

WHP((Dy)Ny) < LP((Dy) )

*

is compact. Moreover, we have that (D,)% C (D,)x, for all N. Now, consider the mapping ¢ : U — D,
defined by

B(r,0,2,t) = <r —t,0, g(;(;)t) z>

for every (r,0,z,t) € U = {(r,@,z,t) ‘ (r,,2,) € D,, 0<t< 7"}. Obviously, the open set U contains the

sets D, x {0} and (D,)n x [0,1] for every N. Since g is strictly positive and of class C', the mapping @ is
continuously differentiable on U. By construction of ¢ and by g, one sees that &(-,-,,t) is injective on D,

9 _ —g'(r—1t)
&(ﬁ(r’ 0,z,t) = (1,0, 972

for every fixed t. In addition,

for every (r,0, z,t) € U. Thus and since ¢’ is bounded on [0, c0), we have that

9 2 1/2
55 00,0,2,6)| < (141913 (0,000

for every (r,0,z,t) € U. Moreover,

det Dyg.) P(r,0, 2,1) =



on U and so

L=ty =17),

dn(t) = sup
(T’,H,Z)E(DP)N

=supe
r>N

_9(r) ‘
g(r—1t)

For 1 < p < oo, we have that p(r —t)P~1t < 7P — (r —t)P for every r > t, and so (r —t)? —rP < (—p)(r —t)P~1t
for every r > t. Hence

dy (t) < e—(N—t)pflt

for every t € [0, 1]. Thus & satisfies the conditions in Lemma A.3 and so the embedding (A.4) is compact
with w = p. Therefore and by Lemma A.4 we can conclude that the embedding from W1P(R?, 1) into
LP(R?, 1) is compact. This completes the proof of this theorem. [
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