Journal of Computational and Applied Mathematics

http://dx.doi.org/10.1016/j.cam.2015.09.004
1

LOGARITHMIC SPIRALS AND CONTINUE TRIANGLES

GIUSEPPINA ANATRIELLO# AND GIOVANNI VINCENZIZ:!

A Department of Architecture, University of Naples “Federico II”. Via Monteoliveto, 3 1-80134 Napoli, Italy
B Department of Mathematic, University of Salerno. Via Giovanni Paolo 1T, 132 1-84084 Fisciano (SA), Ttaly

ABSTRACT. In this article we will use some special triangles, to construct polygonal
chains that describe the families of logarithmic spirals, among which the celebrated
Golden Spiral, Spira solaris and Pheidia Spiral.
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1. INTRODUCTION

A logarithmic spiral is a plain curve whose equation in polar coordinate (p,0) is p =
te™) . The term h is a positive number called the growth constant of the spiral, and t is
a constant of the spiral depending on the choice of the initial condition § = 0. Note that
0 increases anti-clockwise. The Cartesian representation of a logarithmic spiral is

(1.1) {w(G) = p(0)cos(0) = te"cos(0)

y(0) = p(0)sin(0) = te™ sen(h),

thus the distance from the origin (Pole) of (z(#),y(6)) increases exponentially when 6
increases (anti-clockwise). Sometimes this kind of spiral is more precisely called a Left
hand logarithmic spiral, to distinguish it from a Right hand logarithmic spiral, whose
equation is of the type p = te(="%). For the latter type of spirals the distance from the
Pole of (z(0),y(#)) decreases exponentially when 6 increases.

The most celebrated curve of this type is certainly the Golden Spiral, which is a loga-
rithmic spiral whose growth constant is (2/7)1g(®), where ® is the “Golden Mean”.
Looking at the equation of the Golden Spiral

p =M@ with starting point (1,0),

we note that for 6 = 0 we have p = 1, and for § = 7/2 we have p = ®. More generally it
can be easily seen that, a golden spiral gets wider (or further from its origin) by a factor
of ® for every quarter turn it makes; therefore “ ®* ” gives a measurement of the growth
factor of this spiral after a complete turn around the pole.

The Golden Spiral was first described by Descartes, and then studied by the Swiss
mathematician Jakob Bernoulli (1654-1705), who called it Spira mirabilis, and dedicated
to it the famous motto “ Fadem Mutata resurgo ” which is inscribed on his tombstone.

Approximations of logarithmic spirals can occur in nature (for example, the arms of
spiral galaxies or phyllotaxis of leaves); golden spirals are one special case of these. It
is sometimes stated that spiral galaxies and nautilus shells get wider in the pattern of a
golden spiral, and hence are related to both ® and the Fibonacci series. In truth, spiral
galaxies and nautilus shells (and many mollusk shells) exhibit logarithmic spiral growth,
but at a variety of angles usually distinctly different from that of the golden spiral. This
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pattern allows the organism to grow without changing shape (see [3] and [7]).

Also, we note a very interesting connection between the DN A-spiral and some Fibonacci-
like sequences (see [15]). This highlights the relevant connection between recursive se-
quences and spirals ( see also [8, 1, 19] and the references therein).

The German Mathematician Johannes Kepler (1571-1630) was the first to study the
nature of the logarithmic spirals, and its possible discretezations. He was also attracted
by their shape and their applications in astronomy. For this purpose he considered a
logarithmic spiral, with a lower factor growth (®2): The Spira Solaris, whose equation is
given by:

p=el/ME® — o7 ith starting point (1,0).
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F1GURE 1.1. Dotted Red line is the Spira Solaris, Gold line is the Golden Spiral

Another celebrated logarithmic spiral is the Pheidia Spiral, whose equation is:
p = /2@ — §0/27  with starting Point (1,0).

Note that Pheidia Spirals, Spira Solaris, and Golden Spiral have respectively the fol-
lowing “growth”: ®, ®2, &%
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F1GURE 1.2. Examples of Kepler triangles

Connected to the Spira Solaris, there are the Golden right triangle or Kepler triangle,
that is any right triangle K the lengths of whose sides, a > b > ¢ satisfy the proportion:
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a:b=1">:c The Figure 1.2 shows examples of Kepler triangles. For every integer n,
we will denote by KC,, a triangle the measurement of whose sides are (v/®)", (v/®)"+! and
(v/®)"+2 respectively (® is the golden mean). It is easy to check that each K, is a Kepler
triangle.

Following Pennisi (see[14]), we will say that a triangle (not necessarily right) is continue
if the lengths of whose sides, a > b > ¢ satisfy the proportion: a : b =b: ¢. In [14] Pennisi
studied the connection between Kepler triangles and spirals, and highlighted that ( see
Figure 1.3)

FiGure 1.3. K,_1 UK, _s, is congruent to K,

the polygonal chain
“ A—47 A—?)a A—27 A—17 AO) A17 A27 A37 . '”

can describe (or discretize) the Spira Solaris (in his paper he called it continue spiral).
In the figure it is represented by a dotted line.

There is ample literature from Descartes to the present, that also shows how some
polygonal chains can describe other celebrated logarithmic curves, and their impact on
sciences such as Astronomy, Physics, Biology, Botany, Medicine (see [2, 7, 5, 12] and refer-
ence therein). The applications of logarithmic spirals are very relevant also in Architecture
and Engineering.

It arises the natural question: Are there other logarithmic spirals that can be described
by using continue triangles?

In this article we will give some positive answers. We will investigate the properties
of polygonal chains constructed by continue triangles. We will use a new computational
techniques (see Lemma 3.1 and Corollary 3.2), in order to arrive at a description of the
family of logarithmic spirals (see Theorem 4.1 and section 5). In section 2 we recall the
main properties of a continue triangle (not necessarily right). In section 3 we show the
geometric algorithm for the construction of some polygonal chains: the (r, k)-male spirals.
In section 4 we will see how some families of logarithmic spirals, among which Pheidia
Spiral, Spira Solaris, and Golden Spiral, can be described by these “special” polygonal
chains. The paper is as self-contained as possible, and has been written providing a
soft approach to the study of logarithmic spirals and encouraging the use of professional
mathematical software.
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2. CHAINS OF CONTINUE TRIANGLES

Consider a triangle 7 whose vertices are A, B and C, and define a, b, ¢ as the mea-

surement of the sides that are opposite respectively to A, B and C. In the following we
will denote triangle 7 by (A, B,C) or (a, b, c).
Clearly a triangle is continue, if the measurement of its sides are three consecutive num-
bers of a geometric progression, but the converse is not true: if we consider three numbers
in geometric progression, we cannot say that they are the length of the sides of a continue
triangle. To this end, it is enough to consider the numbers 2,4, 8: they do not satisfy the
triangular property. Moreover, if a > b > ¢ and (a, b, ¢) is a continue triangle, then also
(b, ¢, d) is a continue triangle, having chosen d such that b : ¢ = ¢ : d. Clearly the triangles
(a,b,c) and (b, ¢, d) are similar and have two sides congruent. Following R. T. Jones and
B. B. Peterson we will call such pairs of triangles almost congruent (see [13]).

By definition and triangular inequality we have two elementary properties of continue
triangles (see also [13] Theorem 1, and [14] page 22 ).

Theorem 2.1. Let T = (a,b,c) be a triangle. If T is a continue triangle, then a,b,c are
in geometric progression of mean lying in (1/®,®)\ {1}. Conversely for every geometric
progression kr, kr?, kr®, where k is a positive real number and the mean r lies in (1/®, @)\
{1}, the triangle (kr, kr?, kr3) is continue.

Remark 2.1. In the above statement it is easy to see that if r € (1/®,1/v/®) U (vV®, ®)
the corresponding triangles are obtuse; and if r € (1/v/®,+/®) \ {1} the corresponding

triangles are acute. Moreover, if r is exactly v/® we have that (kr, kr?, kr®) define a
Kepler triangle, for every positive k.

The following figure shows examples of pairs of almost congruent triangles, with integer
sides. (see [4] and [13] p. 182):

18 &
12 18
12

810 900 9/\
729 810

FIGURE 2.1. Pairs of almost congruent triangles with integer sides. Each
of them is a continue triangle

Let r € (1/®,®), and for each integer n consider the continue triangle 7,, = (", r" 1 r"2).
In the following, by writing “7, < 7,,” we mean that the area of 7, is less than the area
of Tpn.

Clearly, for every r € (1/®, ®) the sets {T, bnez = {(r™, r" T r" ™)} ez and {T7, bnez =
()", (3™, (1))} ez coincide,

These two chains of continue triangles exhibit opposite behavior:

If 1 < r, then the chain (7,) is ascendant, while (7”,,) is descendant;

if r < 1, then the chain (7,) is descendant and (7”,) is ascendant.
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Thus we may restrict our considerations to the case of r € (1,®). In particular we
have:

T < T and T, >Tm, Yn<mceLZ.

3. THE CLASS OF (r,k)-MALE SPIRALS

Let r € (1,®), and consider the chain {7, },cz as defined in section 2. In the following,
for every integer n we set A, .1, Ani2, Anis, as the vertices of 7,. Thus

7;L = (T,n’ Tn+17 rn+2) = (An+17 An+2; An+3)~

For every positive integer k we can consider the subchain {7,x},ecz and make the
following construction:

Starting from 7 = (1,7, r?) = (Ay, As, A3), for every integer k we can consider the tri-
angles Ty = (r®, r*+1 pk+2) = (A3, Ay, As) and T_p = (r=F r=F p=k+2) = (A}, Ag, A_y),
and by using their similarity we can draw them as follows:

FIGURE 3.1. The construction of the (r, k)-male spiral

Now we can join triangle 7_j = (A;, Ao, A_1), with the smaller
Toop = (12 2Kl 2Ky (A A LA ),
and triangle Ty = (A3, Ay, As) with the larger one
Ton = (120, p 21 p2052y — (A0 Ag AL,

The result of this iterated process is a polygonal chain that we call (r, k)-male spiral. We
will denote it by P, ;. For this “spiral” we have the following result:

Lemma 3.1. Letr € (1, ®) and k be a positive integer, and consider the (r, k)-male spiral
Pri. Then all the vertices Agy, indexed by an even number, lie on the same line s. In
particular, if we define P as the intersection between s and the line containing all the
vertices Aopi1, then each Ai_yy, lies to the right of P and each As_y, lies to the left of P,
for every integer n. Moreover: the following relations hold:

T2+k

r’f—l—l;

(a) [AP] =) [As—anAs—sgniny] = [AAy] + [ASAS| + ... =

n=0
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o0 2
_ r
(b) |A1P| = §|A1—4nA14(n+1)| = |A1A_s| + |A_3A_7| +. T
o0 \/r2k+7ak — ke pkt2 g2
C AP == A_nA, n == A +. ;
(c) [A2P| §|24 2—a(n+1)| = [A2 A5 )
o0 \/T2k+rk_rk+4+rk+2+r2
d) |AgP| = A A_ym = [ApA_ o=
(d) [AoP| ;y anA sy = [AoA_4| + RE 1)

Proof. We start by showing that A, Ay and A4 are collinear. To this end, consider the
line a through the vertices A; and Ay, and define F' as the intersection of a with A3A,.

F1GURE 3.2. The Pole of the (r, k)-male spiral

The angles AsA; 4, and AgEF'A, are congruent; moreover, the following proportion
holds: Ay Ay : AjAg = F A, : FAqg, in fact, the measurements of these segments result as:

Lot b =gk 1 —p7F,
so that the triangles (As, A1, Ap) and (Ag, F, A4) are similar. In particular, Ay Ap Ay and
FAgA, are congruent. We have proved that three vertices Ag, As, Ay, of the three consec-
utive continue triangles 7_, 7o and T are collinear. Iterating the process “up and down”
we find that all As, are collinear.
In particular, for each integer n, the vertex A;_y4, lies to the right of the line s, and As_4,

lies to the left.
Now we note that P is the intersection of all T, so that:

U A374nA3—4(n+1) = A3P; U A174nA1—4(n+1) = A P,

neNy n€Ng
U A474nA4—4(n+1) = Ay P; U A274nA2—4(n+1) = AP,
neNp n€Np
It follows that:
(a). |AsA_{| = r?> —r>7F |A_ A5 1A 5| = r272F — 273 and in general for every integer

2 onk (2n+1)

n >0 |As_snAs_smir)| =7 — 72 . Therefore
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FIGURE 3.3. The growth of the (r, k)-male spiral

AP = Z |As_anAs_smi1)| = Z p2oink 2 Gtk Z P2 (=)
n=0 n=0 n=0
(%) [e's) 1 1
2 —k —2nk __ 2 —k n__ .2 —k
_T’(]_—’I“ )nz:%r —T’(]_—T’ );(m) —T(]_—T’ )m
T2+k(Tk o 1) T2+k
R T R

(b) Tt follows from (a) that: A;P = Aj A3 — A3P =1r? — :,jikl = %
c¢) To verify this item, we will make double use of Carnot’ theorem. Following the
y

figure 3.3, we set o = A2A1A3. Then
i) [A3As]? = |A3 A7 + |A2 Ay > — 2| A3 A, || A2 Ay |cos(a), so we have

cos(a)

B |A3A1|2—|—|A2A1|2— |A3A2|2 B T4+’f’0—’f’2 . T4+1—7’2
N 2| A5 A |[ A A | 220 2

i) [PAs|? = [PA|? + |As A1 |* — 2|PA; || A3 A |cos(a)

7“2 2

4 2
9 T o +1—r
= -2
(rk+1) + r"?—i-lr 212
- rt N rt41—1r? rt +r2k+2rk+1 (rF+ 1) (r* +1—1r?)
IRGESYE P R P E A P § (1)

rhp 2k ok 1 — kbt gk kb2t g g2 _
(Tk+1)2 -

,,,2k + Tk _ Tk+4 + Tk+2 + 7“2
(T’k + 1)2
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Therefore

\/T2k + rk — pk+4 + rk+2 + r2
)
(d) The triangles (A_q, P, Ag) and (A;, P, A3) are similar so that:

2k k _ pk+4 k+2 2
A2A1 ZA,lA(]:AQP IPAO and 7“0:7“7]“: \/T T ( :_'_1;—T tr ZPA().
r

|PAy| =

[ —k k k_pk k
Therefore PAy = - v +7’(Tk:;;)r4+r +2+T2, and the last relation d is verified.

O

In the next we will refer to the point P of the statement above as the pole of the male
spiral.

Example 3.1. As a particular male spiral we may consider the (\/5, 2)-male spiral. Using
(a) and (c) of Lemma 3.1 we have:

2 Ve e 1

rrl e 041 O

\/—_\/<I>2+<I> PP+ 2P+ D) - B(R + 1)
(@ +1) (®+1)

(P +1)
“V@e+r12 Ve _1/\/_

Thus (Ay, P, Ay) gives Kepler triangle K_5 (see also Figure 1.3). Here the pole P is
exactly the intersection of the height of (Aj, Ag, Ajz) with its hypotenuse.

| A P| =

AP =1/

Corollary 3.2. Let r € (1,®) and k be a positive integer, and consider the (r,k)-male
spiral, Pk, as in the lemma above (see figure 3.3). Then the distance of any A,, from
the pole P of P,}, increases by a factor of r?* for each (positive) turn around the pole.

Proof. We will examine four cases.

(a) A, is to the left of P, that is m = 3(mod4), or in other word m = 3 —4n
for some n € Z. Starting from A3P, we have: |A_1P| = |A3P| — |A3A_41| =

P2k 2=k
1 r? 42k = R and hence
(3.1) APl il
' |A_ P| rk41 r27k '
A A
On the other hand, by construction (see also item (a) of Lemma 3.1), \|A 7A 3‘| =
341

2k Using the elementary properties of the proportions, we have:
A3P . A_lp = A7A3 . A3A_1, thus

A3P : A_1P = A7A3—|—A3P : A3A_1 +A_1P, that is A3P : A_1P = A7P : A3P
In particular
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|A7P ‘ — 2k
| A3 P|
Now by iterating this process, we see that we can extend the equations 3.1 and
3.2 to any n = 3(mod4):

(3.2)

As_ 4 P
(3.3) MowPl e
| As_sn+1) P
(b) A,, is on the right of P, that is m = 1(mod4). Note that:
(34) A Aign| = gk p2mCri()
— — —(2n — b 1 n
= 2R (] — R Bk — 2k k)(ﬁ)

Starting from A, P, by Lemma 3.1 (b), we have:

|A—3P’ = ‘A1P|_‘A1A73‘ = rl:j_l_T-Q—k‘(l_r—k> —_ r277“2+1”2;’2;7.127k+7“2*2k _ 7;12];’_2:1:
It follows that
(3.5) O i o S
. |A_sP| 1k 41722 '
A MRy ()
On the other hand, by equation 3.4 _‘ s = ( )Gr) r2k
| A1 A5 r2=k(1 —r=F) ﬂik)o
Proceeding as in the second part of the proof of item (a), we obtain
AsP AP
(3.6) ’L‘ = r? and more generally M — 2k
|AL P |A1—a(ni1) Pl

(c) A, is above P, that is m = 2(mod4). Set m = 2 — 4n. Note that the triangles
(Ag_s4nPAs_4,) and (As_a(ni1)PAs_a(ns1)) are similar. Then:
[As—anP| _ |Az-anP|
1Ay Pl [As—ai) Pl

and by (a)
|[A—4n P| — 2k

A2 amsn P
(d) A,, is below P, that is m = (mod4). In this case we use the similarity of the
triangles (A;_4, PA_4p) and (A_3_4, PA_4(41)) and the item (b).
0

Remark 3.1. Clearly we may consider the construction of a male spiral by starting from
any triangle; but in the general case the above lemma does not hold, as simple conside-
rations show (see figure 3.4). For example, starting from the triangle 7o = (A;, As, A3)
where A1 Ay = 3, Ay A3 = 4 and A; A3 = 6, we can consider the similar smaller triangle
71 the lengths of whose sides are 3/2,2,3, and the larger one 7; the lengths of whose
sides are 6,8,12. If we make the same construction as in figure 3.2, we find that the
vertices Ay, Aa, A4 are not collinear.




10 GIUSEPPINA ANATRIELLO# AND GIOVANNI VINCENZI?*!

FIGURE 3.4. The construction starting from a non continue triangle

4. (r,k)- MALE SPIRAL AND LOGARITHMIC SPIRALS

Let r € (1,®), and k be a positive integer, and consider the logarithmic spiral S whose
equation is:

(4.1) p = teM/™BUN — 1 k0/7 where t depends on the starting point (p(0),0).

The factor growth of S, or more simply the growth of S, is the term 72~

The next result shows that the (r, k)-male spiral is connected to a pair of logarithmic
spirals: &) = S1(r, k) and Sy = So(r, k).

Theorem 4.1. Let r € (1,®), and k be a positive integer. Then all the vertices A;_a,
(indezed by odd numbers) of the (r,k)-male spiral P, lie on a logarithmic spiral S
of growth r?*, with starting point A, = (ﬁ,O), and all the even points As, lie on a

logarithmic spiral Sy of the same growth r**, with a suitable starting point H depending
onr and k.

FIGURE 4.1. Logarithmic spirals associated with the (r, k)-male spiral
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Proof. By virtue of Corollary 3.2, for every m € Z, the distance of any A,, from the pole
P of P, increases by a factor of 7?* for each (positive) turn around the pole.

From item (b) of Lemma 3.1, |4, P| = %, so that the equation
r

(4.2) 0) = Le(l/ﬁ) lg(r¥)e _ r? R0/
defines a logarithmic spiral S; to which all the vertices A;_s, of the (r,k)-male spiral
belong.

In order to determine the equation of the logarithmic spiral S; to which all the A,, of
the (r, k)-male spiral belong, it suffices to determine the constant ¢’ in the equation:

(4.3) p(0) =t/ — 41 k)
\/r2k+rk_7.k+4+7.k+2+7‘2
(r¥+1) .
As an application of Carnot’ Theorem, we will determine that angle 0y := A;PAs:
’A2A1‘2 = ‘PAQP + ‘PA1’2 — 2‘PA2HPA1’COS(02) It follows
_[PAP + [PAP — A A P
2|PAy||PA,|

From item (c) of Lemma 3.1 we have |AyP| =

cos(0s)

_ (r% A S A o N rd 3 1 (r*+1) k41
- (rk 4+ 1)2 (rk +1)2 PN e s

A2 \/TZk Lok kA k2 42

Thus
1 —rktt ok k2 ot 2
(4.4) Oy = arccoS(Q—T2 N

(ho

Now we are in a position to determine ¢’ in equation p = ") which describes this new
spiral. For this purpose, we substitute 5 in equation 4.3, and we have:

\/712k + Tk: _ T’k+4 + Tk+2 + r2 1
(rk +1) rkb2/m’
Thus the equation of logarithmic spiral Sy also described by vertices As, of the (r, k)-
male is:

|PAy| = p(6;) = t'r**/™ and hence; t’ =

(4.5)
2% | gk _ k4 k2 12 ]
p(0) = vt ( Z+ 1)+ i) a7 rRO/T - where 0y is given by equation 4.4
T rhv2/m
Thus the starting point of Sy is H = (\/TQka(;ZTf)HHQMQ ,,k912/w ,0) 0J

The following remarks follow from Theorem 4.1:

Remark 4.1. Note that S; = S;(V®,2) = Sy = Sy(vV®,2) is the same spira Solaris,
Indeed it can be checked that Ay = H = (1/9,0).
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Remark 4.2. Note that S; = S;(vV/®,1) and Sy = Sy(v/®, 1) are two Pheidia Spirals, with
different starting points.

Remark 4.3. Note that S; = S;(vV®,4) and S, = Sy(vV/®, 4) are two Golden Spirals, with
different starting points.

Remark 4.4. Let P, be an (r, k)-male spiral. If r # V/®, there is no logarithmic spiral
through all the vertices of P, .

5. CONCLUSIONS

Note that starting from an assigned segment r = A;A; of length r € (1/®,®), the

construction that we have presented (see 3.1) can be made by ruler and compass. Infact
all the powers 7", and all the n-parts of r can be constructed, so that it is possible to
construct any (r, k)-mail spiral, for every positive integer k.
In the first section we have remarked that logarithmic spirals appear in nature, and some
of them can be discretized by triangles. On the other hand, we have seen that every (r, k)-
male spiral is connected to a pair of logarithmic spirals: S; = Si(r, k) and Sy = Sa(r, k).
Conversely, here we may highlight that every logarithmic spiral can be discretized by an
(r, k)-male spiral. To this end, it is enough to see that

(5.1) Vh € Rt  lim Vel =1,

so that there exist infinite pairs (k, vet7), such that k is a positive integer and v/eh™ lies
in (1, ®). Therefore, if S is a logarithmic spiral, then we can write its equation as follows:

(5.2) p=te" =tr’s where r= Ve,

An application of Theorem 4.1 shows that the odd vertices (resp. the even vertices) of
the (Ve k)-male spiral discretize S.

We note that the discretization of logarithmic spirals provided by Theorem 4.1 has a
low implementation difficulty, as the vertices of the male spiral are easily computable (see
Lemma 3.1 and Corollary 3.2). This could help the study of all those phenomena related
to logarithmic spirals.

The property of self-similarity of a logarithmic spiral leads to the consideration of these
curves as a model in the study of the Fractal process. This connection is related for
example to the notion of dissipative quantum interference phase (see [20]).

The use of the discretization of the curve can be useful in the learning of the Digital
design Process (see [17], Introduction and Part II) which is an important skill for the
experience of an architect. The discretization of a logarithmic spiral also has applications
in seismology for the prevention of collapse mechanisms (see [10]).

It is natural to ask whether there exist some kind of “good” spirals through all the
vertices of an (r, k)-male spiral, P, . Our conjecture is that the answer is positive.

We will define the elliptic logarithmic spiral and we denote it by &, the curve whose
equation is:

where t; and ¢, depend on the initial condition.

2(0) =t/ cos(8)
(5.3) {y(Q) = torh/7 sin(0),

Note that when t; = t5 we have the equation of a logarithmic spiral, so we may think
of £ as an elliptic curve with an exponential growth around its pole P. In general &£ is
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not equiangular like the logarithmic spirals; on the other hand it preserves the proportion
growth.

The problem is: given r € (1,®), and a positive integer k, can we determine h,ty,ty
depending on r and k, such that the equation 5.3 is satisfied? In other words: is there an
elliptic logarithmic spiral, &, x, through all the vertices of the (r, k)-spiral?

We represent the problem by a figure:

\ :

FiGURrE 5.1. Elliptic logarithmic spiral approximately through all vertices
of an assigned (1.35, 2)-male spiral

Note that this last family of spirals also occurs in nature. It is known (see [6] p. 113)
that the two-thirds of all galaxies have a spiral structure. Among these there are some, for
example the “SO type” galaxies, that are placed in between the elliptical and logarithmic
spiral galaxies. (see [16], page 390). Also in Architecture the elliptic logarithmic spirals
could be employed to realize special curves and surfaces (see for example [21], [22] and
[23]). Here their discretization by triangles suggest important informations.
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