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Abstract Let X (¢) be a time-homogeneous diffusion process with state-
space [0, +00), where 0 is a reflecting or entrance endpoint, and let Z denote
a random variable that describes the process X (¢) evaluated at an exponen-
tially distributed random time.

We propose a method to obtain closed-form expressions for the condi-
tional density and the mean of a new diffusion process Y (¢), with the same
state-space and with the same infinitesimal variance, whose drift depends on
the infinitesimal moments of X (¢) and on the hazard rate function of Z. This
method also allows us to obtain the Laplace transform of the first-passage-
time density of Y'(¢) through a lower constant boundary. We then discuss the
relation between Y (t) and the process X (t) subject to catastrophes, as well
as the interpretation of Y (¢) as a diffusion in a decreasing potential.

We study in detail some special cases concerning diffusion processes ob-
tained when X (t) is the Wiener, Ornstein-Uhlenbeck, Bessel and Rayleigh
process.
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1 Introduction

Determining probability density functions (pdf’s) of diffusion processes is a
relevant problem both from the theoretical and practical point of view. Never-
theless in many cases one is forced to adopt numerical approximations or sim-
ulation techniques since exact solutions are not feasible. Fruitful approaches
leading to closed-form results for transition pdf’s are based on suitable trans-
formations of diffusion processes. We recall the space-time transformations
proposed by Cherkasov [10], Ricciardi [41], Bluman [4], Sacerdote and Ric-
ciardi [43], and Kwok [37], for the mapping of diffusion processes into the
Wiener process, and by Capocelli and Ricciardi [9] for transformations into
Feller processes. More general criteria are given in Bluman and Shtelen [5],
involving nonlocal transformations, and in Borodin [6], for transformations
of jump-diffusion processes. Other methods finalized to the determination
of quantities of interest have been exploited in the past (among others, see
Wong [48], Araujo and Drigo Filho [3]). We point out that many efforts
have been devoted specifically to the determination of pdf’s and other rel-
evant quantities for reflected diffusion processes (see Linetski [38], Wonho
[49], Ricciardi and Sacerdote [42], Giorno et al. [25], Inoue et al. [34]). In-
deed, reflected diffusion processes have attracted a large interest over the
last decades. They stem from several applications to physics, mathematical
biology, queueing, electrical engineering, economic and finance. Specifically,
reflecting diffusions often arise as approximations to stochastic models of in-
terest in applied domains, such as communication networks, manufacturing
systems, dam theory, where the content process take only nonnegative real
values. In these cases the setting of a reflecting boundary at 0 is necessary.
The availability of treatable expressions for the pdf’s is essential for the re-
lated diffusion processes. Our investigation is thus stimulated by the need of
discovering new methods leading to closed-form results. The latter are very
relevant in practical applications, since they show the functional importance
of the parameters and therefore are useful in design decisions.

Following on the previous studies, we propose a method able to determine
the pdf’s and means of certain one-dimensional time-homogeneous diffusion
processes. The method is based on a transformation involving two diffusion
processes with state-space [0,400), having the same infinitesimal variance,
and where the drift of the new process, say Y (¢), is a suitable modification
of the drift of the former process, say X (t). The nature of the endpoints of
such processes is specified as follows:

e 0 is a reflecting regular or an entrance endpoint for both processes X (t)
and Y (¢);

e +oo is an attracting natural endpoint for Y (¢), whereas it is either at-
tracting or non attracting for X (t).

The considered transformation involves the hazard rate function of X (¥)
evaluated at a random exponential time and conditioned to zero initial state.
The proposed method allows us to obtain the pdf and mean of Y (¢) condi-
tional on Y (0) = 0, as well as for the density of Y (¢) evaluated at 0 condi-



tional on Y (0) = y (when 0 is a reflecting endpoint). The proposed method
leads to diffusion processes that are suitable for describing populations sub-
ject to rapid growth, such as bacterial growth (cf. Golding et al. [29], for
instance) and buffer occupation of stochastic networks in heavy traffic (see,
e.g. Kushner [36]). For the new process Y (¢), we get the expressions of the
Laplace transform of the first-passage-time density through a lower constant
boundary.

In addition, we are able to express the pdf of Y (¢) in terms of the density
of process X () in the presence of catastrophes. We recall that there is some
interest in the recent statistical physics literature on stochastic processes
subject to catastrophes, also named as ‘processes with stochastic reset’. See,
for instance, Evans and Majumdar [17], [18] for some results on the Brownian
motion with reset, Pal [40] for general diffusions with resetting, Giorno et al.
[24] for the reflected Ornstein-Uhlenbeck process with catastrophes, and Di
Crescenzo et al. [12], [13] for certain diffusion processes with catastrophes
obtained as approximations of queuing systems. We also point out that the
method exploited in this paper has been adopted recently in the context of
birth-death processes (see [14]).

The paper is organized as follows. In Section 2, we provide the main re-
sults. Specifically, starting from a diffusion processes X (t) with state-space
[0,400) we define a new diffusion process Y (¢), with the same infinitesimal
variance, and express the pdf and the mean of Y (¢) conditional on Y (0) =0
in terms of the pdf of X (¢) and in terms of a new density ¢ (z). The latter is
the density of X (¢) conditional on X (0) = 0 and evaluated at a random ex-
ponential time with mean £ ~! > 0. The special case £ | 0 is also investigated.
We also point out that the process Y (¢) can be described as a diffusion in a
decreasing potential depending on the infinitesimal moments of X (¢) and on
(z). In Section 3, we provide an alternative form for the pdf of Y (¢), involv-
ing the density of process X (¢) in the presence of catastrophes. In Section 4,
we obtain certain expressions for the Laplace transforms of the pdf of Y (¢),
and for the first passage time density of Y (¢) through a constant boundary.
The theoretical results are then applied to some special cases in Section 5,
where we perform a thorough analysis of the diffusion processes obtained as
transformations of the Wiener process, Ornstein-Uhlenbeck process, Bessel
process, and Rayleigh process. In the last 3 cases the proposed transforma-
tion leads to processes that do not seem to have been studied in the past,
whose drifts involve ratios of parabolic cylinder functions, modified Bessel
functions of the second kind, and Kummer’s functions of the second kind.
In all cases we effectively compute the relevant closed-form expressions. In
Section 6, we provide some concluding remarks, and perform a comparison
of the potentials for the studied processes.

Throughout this paper, as usual, [X|B] denotes a random variable having

the same distribution of X conditional on B, and 2 denotes equality in
distribution.



2 Main results

Let {X(t),t > 0} be a regular one-dimensional time-homogeneous diffu-
sion process with drift A;(z) and infinitesimal variance As(x) satisfying
the typical regularity conditions (cf. Feller [19] and [20]). The state-space
is I = [0,+00), where 0 is a reflecting regular endpoint or an entrance end-
point, and +o0 is a natural endpoint. If 0 is an entrance endpoint, it is not
included in I. We recall (cf. Karlin and Taylor [35]) that a reflecting regular
endpoint is such that a diffusion process can both enter and leave from it;
and entrance endpoint cannot be reached from the interior of the state space,
but a diffusion process can begin there; a natural endpoint cannot be reached
in finite mean time and cannot be the starting point of a diffusion process.
The nature of the endpoints is essential to establish the proper conditions,
if any, to be associated with the diffusion equation in order to determine the
transition density of the process (for more details see [19]). We denote the
transition pdf of X (¢) by

fx(z7t|y):%P[X(t)§z\X(0):y], z,yel, t>0.

It satisfies the Fokker-Planck equation
2

D ety = — o @) fx ()] + 5

5@[A2(x)fx(%t|y)}v (1)

the Dirac delta initial condition

and the reflecting or zero-flux boundary condition

6(t), Y= 07
0, y > 0.

. 10

i { (o) ot ) 5 - el Gt ] = { ®
In several applications one is forced to consider a conditioned version of

the process X (t), leading to a new regular diffusion process whose drift, say

Bji(x), is given by the following suitable modification of A;(x):

m(z)’

with prime denoting derivative, whereas the infinitesimal variance remains
unchanged. The transformation shown in (4) has been successfully exploited
by several authors:

Bi(z) = Ai(x) + As() (4)

(i) The case when 7(z) is equal to the speed function of X (t) is treated in
detail in Section 15.9 of [35];

(i) The case when 7(z) is the first-exit probability of X (¢) from an interval
has been investigated by Abundo [2] and by Giorno et al. [26], where the
ratio of the transition densities of the new process and of the original
process X (t) is time-independent;



(iii) The case when 7(z) is equal to a suitable transition density of X (¢), or
an its integral, has been studied in Buonocore et al. [7] and Giraudo et
al. [28], in connection with the construction of certain diffusion bridges;

(iv) The case when 7(z) is a conditional survival probability of a certain
killing time of the diffusion process is the object of Frydman [22].

The main aim of this paper is to develop a transformation of X (¢) based on
a relation similar to (4), and with a new choice of the function appearing
in the last term. We are motivated by the need of investigating the further
potentiality of relations of such type, which are well suited to obtain new
closed-form results for regular diffusion processes. We point out that the cases
considered in the above mentioned papers, with reference to (4), do not deal
with reflecting processes, whereas the approach exploited below focuses on
processes restricted by a reflecting endpoint in 0.

In order to define a new diffusion process suitably related to X(t), we
introduce the following mixture density with exponential mixing pdf:

+o0
¥(x) :/ Ee fx (@ t[0)dt, wel (5)
0
for £ > 0. Hence, (5) is the density of a compound random variable, say

Z £ [X(T)| X(0) = 0], (6)

that describes the conditional process evaluated at a random time 7' expo-
nentially distributed with mean ¢!, with T independent from X (t).

Remark 1 For a given probability measure v on I, let

L (t.2) — lim o HIX(7) — 2l < e}v(an)
vil, el0 2e fot l/(dT)

, t>0, zel

be a v-weighted local time of X (t). Roughly speaking, L, (t,z) denotes a
normalized measure of how much time the process X (¢) has spent in the
neighborhood of z up to time ¢, where time is sampled according to measure
v. Hence, if v(dr) = e ¢"dr, from (5) we have the following asymptotic
mean:

lim E[L,(t,z)|X(0) =0] =¢(x), zel.

t—+oo

We point out that 1(x) can also be expressed in terms of a Laplace
transform. Indeed, denoting by

+oo
fX(S;atly):/ e fx(z,t|y)dt, >0, myyel (7)
0
the Laplace transform of the transition pdf fx(z,t|y), from (5) we have

W(x) =€ fx(&x]0), zel (8)

In addition, in Section 3, we show that v (z) can also be viewed as the
steady-state pdf of the process X (t) subject to catastrophes governed by a
Poisson process with intensity &.



We point out that the density fx(z,¢]|0) may be divergent when z | 0.
Therefore, in the following, we restrict our investigation to the case when
lim, o fx(x,t]|0) is finite for all ¢ > 0, and also v(0) is finite.

Let {Y'(t),t > 0} be a regular one-dimensional time-homogeneous diffu-
sion process with state-space I, and described by the stochastic differential
equation

dY (t) = Bi[Y (1)} dt + v/ Bo[Y ()] dB(t), Y (0) = yo, 9)

where B(t) is a normalized Wiener process (standard Brownian motion) and
yo € I. Similarly to the condition specified in (4), we assume that the in-
finitesimal moments B;(x), i = 1,2, are related to the drift and the infinites-
imal variance of X (t) by

Bi(z) = Ai(z) + Az(x)v(x),  Ba(x) = Az(x), (10)
where 7(z) is the hazard rate function of the random variable Z given in (6),
ie.
d P(x)
Y(@x)=——WP(Z>z)= —/———01 rel (11)
dx [ () de
Briefly, the above assumptions show that one can construct a new diffusion
process Y (t) by incorporating a sampling mechanism into a diffusion process
X (t) via the hazard rate function (11). Due to (6), the sampling refers to the
evaluation of the process X (t) at an independent random time 7" exponen-
tially distributed with mean £~'. Hence, parameter £ may be viewed as the
(constant) sampling rate of the process X (¢). In particular, for X (0) = 0,
the distribution of Z tends to the initial distribution of X (¢) when & grows.
Formally, from (5) and (8) we have
lim ¥(z) =d(x) (xel).
§—+o0
A thorough analysis of the case £ | 0 is performed in Section 2.2.
For £ > 0, the nature of the endpoints for Y (¢) can be specified noting

that, due to (10) and (11), the scale function and speed density of Y (t) are
respectively related to the corresponding functions of X (t) as follows:

hy (2) = hx (2) [ / ) d] sy (@) = sx(2) { e dz]

) (12
for x € I, where (see, for instance, Karlin and Taylor [35])

=exp — " Auz) 2 sx(z -z
ha(z) = p{ > [ A2<z>d}’ x@) = Tome Y

Hence, recalling the conditions specified in Feller [19], [20], we have that the
endpoint 0 for Y (¢) has the same nature as for X(¢). Specifically, if 0 is a
reflecting regular (entrance) endpoint for X (¢) then it is a reflecting regular
(entrance) endpoint for Y (¢) too. Moreover, +oco is an attracting natural
endpoint for Y (¢) (i.e., the sample-paths of the process are attracted to +oo




although their never reach the endpoint), whereas it is either attracting or
non attracting for X (¢). Intuitively, this is due to the fact that the drift of
Y (¢) is larger than that of X (¢). Indeed, from (10), we have By (z) — A;(z) =
Aa(x)y(z) > 0 for all z € I. Hence, if we interpret = as a displacement, then
the drift is seen as a kind of average velocity. We, finally, recall that if +o0c0
is attractive, then the diffusion process has no steady-state density in I.

2.1 Conditional pdf

Hereafter we see that, under suitable assumptions, the pdf of [Y (¢) | Y (0) = 0]
can be expressed in terms of the pdf of [X(¢)| X (0) = 0].

Proposition 1 Letlim, o fx (z,t|0) be finite for allt > 0 and let limg o ¢ (x)
be finite. If

i Fx(@:t10)

AT =0, Vvt >0, (14)

then for the diffusion process Y (t) having infinitesimal moments (10), with
a reflecting or zero-flux condition at 0, we have:

t
fy(z,t]0) = e 8V (x,t) +/ eV (x,7) dr, zel, t>0, (15)
0
where

V(z,t)=—

9 {P[X(t) >z | X(0) = O]}
Ox P(Z > x)

= ~(2) {fx(x,to) [ fx(2,t]0) dz} 7

16
¥(x) f;m P(z) dz (16)

with y(x) defined in (11).

Proof The proof consists of 4 steps.

(i) First we show the initial condition for fy (z,¢|0). From Egs. (2) and (16)

we have lim; o V(z,t) = §(z), and thus from (15) we obtain

(

lgg]lfy(x,t|0) = 0(z).
(i1) From (14) and (16), we get

o A t10)d
/ Vi) do—1— tm Je X0
’ oree [F¥(z)dz

Hence, due to (15), we have the following normalization condition:

+o00
/ fy(z,t]0)dz = 1.
0



(¢it) In order to prove the reflection condition at = 0, from (15) we note
that for x € [ and ¢t > 0

9 p(at]0) = —Etﬁw-m/tf Oy i, )
5,7 (@ =e g V(e | e T o Viw, T)dr,

where (16) yields
1 0 29(x)

0
ZV(at) = e —— fx (@, £]0) + —— 2 fx(, |0
Oz (1) fj 0(2) d (%fX( [0) + [f:oow(z)dzr fx(z,t]0)
V' (x) 29(x) } oo
+ fx(z,t|0)dz.
[f:oc w(z) d2}2 [f:oo w(z) dz}s /z
(18)

Making use of Egs. (10), (17) and (18), we have:

Bi(z)fy (z,t]0) 1%[Bg(x)fy(x,t|0)]=e’5t‘7(z,t)+/0 e 8V (x, 1) dr,

2
(19)
where
~ 1 10
Vo) = oy {10 1 anto 0]}
L ix(et|0)dz () 14d
- (Ai(@)¥(z) — 5~ [Ae(@)¥(a)] p . (20)
|:fz+oo W(2) d2:| 2 { 2 dx }

Let us now consider the Fokker-Planck equation (1) for y = 0; multiplying
both sides for £ e~¢* and integrating over ¢ € (0, 4+00), we obtain

d 1 d?
I [A1(z)y(2)] — 5 da? [A2(2)¥(2)] = =€ ¥(2), zel, (21)
and thus
1d +oo
Ar(2)y(z) — S de [A2(z)y(2)] = € ¥(2)dz, zel. — (22)
This implies that
i { An(o)0(o) ~ § 1 [aa)(ol]} = (23)

Making use of (3) and (23), from (20) we have

lzing(x, t)=46(t) - &



By employing this limit in Eq. (19) we finally obtain the reflection condition

10

11%1 {31($)fY(=’L’7t|0) “ 3 [32(33)fY(=’E7t|0)]} =0(1).

(iv) Let us now prove that fy(z,t]0), given in (15), satisfies the Fokker-
Planck equation. Eq. (19) yields

2

9 (By@)fy (et ]0)] - 12

oz 2 0r2 [Ba(z) fy (x,t]0)]

d = ! 0
— o6t —£7
=e a:EV(a:,t) +/0 e &E[/(:cn') dr. (24)

Making use of (20), (21) and (22), after some calculations, (24) becomes

2 ot
o (B DI 110 = g (B fr (st 0] =~ st (et 10)
e~ )(x) 10
+— JA1(@) fx (2, t]0) — - o= [Aa(@) fx (z,t|0)] p.  (25)

Moreover, from (15) we have

0 0
&fy(a:,tm) =e 2V (a,t)

o
@) [ 10
= ——— " ¢~ Ai(@) fx (2, t]0) + 5 - [A2() fx (2, 2] 0)]
(1 w(z) ] { 2o }
0 (w0, (26)
fz P(z) dz ot

By comparing Egs. (25) and (26), we finally obtain:

0

o e @,t10) =~ o [Ba(a) fy | 0] + 5 s [Bala) (2,8 0)]

which completes the proof.

Let us now give a remark concerning the function introduced in (16).

Remark 2 Given two random variables X and Y, we recall that X is said to
be smaller than Y in the hazard rate order (denoted by X <j, Y) if and
only if the hazard rate of X is greater than or equal to the hazard rate of Y
(e.g. see Shaked and Shanthikumar [44]). Hence, from Eq. (16) it follows that
V(z,t) is a probability density in z if and only if [ X (¢)|X(0) = 0] <, Z.
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Under the assumptions of Proposition 1, from Eq. (16) we have V(0,t) =
Ix(0,£]0) —(0), t > 0, and thus recalling (5) and (15) it follows:

fy(o,t\o):e—ftfx(o,t\o)—/mge—fffx(o,ﬂo)df, t>0. (27)

The results given in Proposition 1 can be used to obtain the conditional
mean of Y ().
Proposition 2 Under the assumptions of Proposition 1, if

, [ fx(z,t]0) dz
lim =z Too

=0, Vt>0, (28)

then for the diffusion process Y (t) having infinitesimal moments (10), with
a reflecting or zero-flux condition at 0, for t > 0 we have:

My(t[0) = E[Y (1) | Y (0) = 0] = e~ R(¢) + /0 CeCR(Y A, (29)

where
400 400 +oo z, dz
R(t):/o xV(m,t)d:r:/O [W} de.  (30)

Proof The expression (29) can be obtained by direct evaluation of the con-
ditional mean of Y (¢), making use of (15) and (16). Assumption (28) ensures
that the function defined in (30) is finite for all ¢ > 0.

Let us now determine an expression for the pdf fy(0,¢|y), for y € I,
under suitable conditions.

Proposition 3 Under the assumptions of Proposition 1, if the endpoint 0 is
a reflecting regular boundary for the process X (t) and if sx(0) is finite then
fory el andt >0 we have

t 400
Fr(0,t]y) = [e—ftfxm,ﬂyw / fe‘gffx(O,le)dT} JAREL
0 y
N 400 t
~¢Fx(e0ly) [ [e-ﬂfx<z,t|o>+ / fe-fffx<z,7|o>d7] dz, (31)
y 0

where fx is defined in (7).

Proof We recall that the transition pdf of Y (¢) satisfies the following detailed
balance equation (also known as time-reversibility relation), for all ¢ > 0:

sy (x)

sy (y)

fY(xat|y) =

fy(g,t'ﬁ), ZL‘,yEI
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Hence, making use of (10), (12), (15) and (16), after some calculations, we
obtain

+o0

t
Fr (0.t ]y) = [e—ftfx<o,t|y>+ / ce (0,7 ]y) dT} b()dz

. Sx (O) I
sx(y)

+o00 +
w(y)/ {E‘Etfx(Z,t\o)Jr/o e ¢ fx(z,7]0) dT} dz.
Yy

Eq. (31) thus follows by noting that

Sx(O)

x () P(y) =€ fx(&0]y), yel,

due to the time-reversibility relation for X (t).

2.2 The special case € | 0

Note that the previous results refer to the case £ > 0. Hereafter we investigate
the process Y (t) in the special case when ¢ | 0.

If the process X (t) admits a steady-state behavior, we shall denote by X
the corresponding random variable, and by

sx(x)

f0+oc sx(z) dz 7

Wx(x):tiizloofx(x,ﬂy): rzel, (32)

the steady-state pdf, for y € I. Moreover, the corresponding hazard rate
function will be indicated as
d 1%
yw(z) = ——InP(X >z) = m& zel (33)
dx fw Wx(z)dz

If X (t) admits the steady-state pdf (32), then from (8) and from a Taube-
rian theorem for Laplace transform we immediately have

limy(o) = Wy(@).  wel. (34)

and thus, from (11) and (33), one has

li = el 35

lim () =w(2), = (35)

In the present case the diffusion process Y (¢) rather than (10) has in-
finitesimal moments

Bi(z) = A1 (x) + Az (x) yw (2), By(x) = As(x), (36)

with yw (z) specified in (33). Again, 0 is a regular endpoint, and +o0 is an
attracting natural endpoint for Y (¢).

The following result is a consequence of Proposition 1 and Egs. (34) and
(35).
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Proposition 4 Let X (t) admit a steady-state behavior; if limg o fx (x,t]0)
is finite for all t > 0, if Wx (0) is finite, and

fa Fx(@:t10)

=0 vt >0 37
LU e ; >0, (37)

then for the diffusion process Y (t) having infinitesimal moments (36), with
a reflecting or zero-fluz condition at 0, we have:

0 [P[X(t) >=z|X(0) =0]
fY(m,t\O)_—% { PIX> 2) }
_ Fx(@,t]0) [ fx(zt]0)dz

with yw (z) defined in (33).

We note that, recalling Remark 2, the right-hand-side of Eq. (38) is a
probability density in z, so that [X ()| X (0) = 0] <, X.
The next result follows from Proposition 3 and Eqgs. (34) and (35).

Proposition 5 Under the assumptions of Proposition 4, if the endpoint 0 is
a reflecting regular boundary for the process X (t), then fory € I and t > 0
we have

—+o00

+oo
Fr(0.t]y) = fx(0.t] ) WX(Z)dZ—WX(O)/ Fx(2.t]0) dz.

Finally, we point out that when the process X (¢) does not admit a steady-
state behaviour, if £ | 0 then By (x) tends to A;(z), for all z € I.

2.3 Diffusion in a potential

Consider the one-to-one transformation

y€el, (39)

v
=)= [ e
vV Ba(2)
where y’ € I is an arbitrary fixed point, with 3’ < y, and let
Y(t)=¢Y (@], t=0, (40)

be also a diffusion process. Hence, Eq. (39) allows us to transform the stochas-
tic differential equation (9) into (see, for instance, Karlin and Taylor [35])

dY (t) = Bi[Y ()] dt + dB(t), Y (0) = ((yo)- (41)
Since the process (40) has drift

() - {Bt(x) {Bl(x) . BT@)] }

e=C1(7)
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and unity infinitesimal variance, the stochastic differential equation of the
type (41) is employed usually to describe a diffusion in a potential (see, for
instance, Hongler and Zheng [32], [33], Forman and Sgrensen [21], Gardiner
[23]). According to (41), we define the potential for the diffusion process Y (¢)
as a function U(z) such that

[Bl(ac) - 354(““")} . wel

d ~ 1
aU(m) = —Bi[((z)] = *T(I)

Hence, taking into account Eq. (10), for & > 0 we have
+oo

C%U(x) =/ As(z) % {_ /z i;gj dz +1In (2)dz+ ilnAz(x)} .

x

In the special case when the infinitesimal variance is constant, say As(z) =
o2, the potential is thus given by

Ulx)=0 {— /Z A (22) dz +1In - P(2) dz} +c, (42)

g T

with ¢ an arbitrary real constant.

3 Connection to processes subject to catastrophes

In this section, we show a result that allows us to express density (15) in a
different form.

Let us consider a jump-diffusion process obtained by superimposing to
X (t) the occurrence of catastrophes. Formally, let {X¢(t),¢ > 0} be a regu-
lar one-dimensional time-homogeneous diffusion process with state-space I,
having drift A;(x) and infinitesimal variance As(z), and subject to catastro-
phes occurring according to an independent Poisson process with intensity
€. A catastrophe is an instantaneous reset of X¢(t) to the zero state.

The pdf of [X¢(t) | X¢(0) = y] is denoted by f$(z,t|y), for z,y € I, and
satisfies the forward differential equation

2
D Fwt1y) = - (A @S )]+ 5 ey [A2(0) fe (st )]

—Ef5at|y). (43)

Moreover, f%(x,t|y) satisfies the Dirac delta initial condition
lim f%(z,t =d(z — 44
b 52, 9) = 52— ) (44)

and the reflecting condition

0(t), y=0,
%{Al(:p) Pt 19) = 2 Ay [, 9)] - é} = {Off) . )

(45)



14

Clearly, when ¢ | 0 the equations (43) and (45) identify with (1) and (3),
respectively.

We recall (see, for instance, Giorno et al. [24]) that the pdf’s of X¢(¢) and
X (t) are related by the following relation, for all z,y € I and t > 0:

t
f?{(z, 3 ‘ U) = 67£tfx($7 t | U) + / geingX(ZH T | 0) dr. (46)

0

Hence, from (5) it immediately follows that

lim fy(z,tly) =), zel,

t—+o00
so that X¢(t) admits a steady-state pdf, which identifies with ¢ (z).

Proposition 6 Under the assumptions of Proposition 1, for t > 0 the pdf
of [Y(t) | Y (0) = 0] is given by

frlat]0) =2 {PW@ > x| X°(0) = 01]

7% P(Z >ZL‘)
= ~(z) [f}}(:r,ﬂo) f:oo f§(z,t0)dz:| 7

Y(x) f;oo P(z) dz vel, (4)

with v(x) defined in (11).

Proof From (15) and (16), for € I and ¢ > 0 we have

fr(o,t]0) = {e’ftfx(x,tlo) + [ ixterio dT}
0

1
x oo b
M(i)dz]z/z [e Efx(z,t\OH/O ge t fX(Z,T‘O)dT}dZ.

Hence, Eq. (47) follows from (46).

We note that, from Eq. (47) and Proposition 6, for z € I and t > 0 we
have

c c o +00 se
PIY(t) > 2| Y(0) = 0] = PX°(t) > 2| X°(0)=0] _ [, f%(2t]0)dz
P(Z > z) f;oo P(z) dz
(48)
and thus [X°(¢)|X¢(0) = 0] <p, X, due to Remark 2. Finally, Eq. (48) implies
that if Z and [Y'(¢) | Y (0) = 0] are independent, then

LX°(8)|X°(0) = 0] £ min{Z, [Y(£) | Y (0) = 0]}.
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4 Laplace transforms and first-passage time

In this section we intend to analyze the downward first-passage-time problem
for process Y (t) by adopting a Laplace-transform based approach. To this
aim, we first determine the Laplace transform of the densities fy (x,¢|0) and
fy(0,t|y). Then, by making use of the continuity of the sample paths of Y(¢)
we obtain the Laplace transform of the first-passage-time density and of the
probability of ultimate first-passage occurrence.

Similarly to the notation used in (7), the Laplace transform of the transi-
tion pdf fy (z,t|y) will be denoted fy(s; x| y). Hereafter it will be determined
in some instances.

Proposition 7 Under the assumptions of Proposition 1, for all s > 0 and
x € I we have

fy(s;x\O):

- - . (49)

s+E o [+ 6e0) LT x4 6200z
¥(z) f:oo P(z)dz

Proof Taking the Laplace transform of (15), from (7) we have
—~ 5 +oo
fr(s;xz|0) = ié-/. e~ T (2 1) dt, s>0, ze€l,
$ Jo

this giving (49) due to (16).

Proposition 8 Under the assumptions of Proposition 3, for all s > 0 and
y € I we have

o~ o~ +Oo
Frisioly) =225 | Fts vl [ vt as
Yy

-~ +()O ~
—§fx(§;0|y)/ fx(8+§;2\0)dz]~ (50)

Proof By taking the Laplace transform in (31), we obtain Eq. (50).
We remark that ¢(0) = ffx(f; 0]0), and thus from (27) we get

ﬁ {A ¥(0)

r(5:0]0) = fx(8+§;0\0)—m}, 5> 0.

Let us now introduce the first-passage time through = € I for the process
Y (t),
Ty =inf{t >0:Y(t) =z}, Y(0)=yel\{z},

and let gy (x,t|y) denote the pdf of T} . We remark that for 0 < z < y the
first passage T}, . is not certain, since +oo is an attracting natural endpoint
for Y (¢).

Even for simple diffusion processes, the determination of gy (z,t|y) is
not an easy task. In few cases first-passage-time densities can be obtained
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analytically (see, e.g. Molini et al. [39]). One is often forced to adopt simu-
lation or numerical methods (see, for instance, the recent progress obtained
by Buonocore et al. [8] and Taillefumier and Magnasco [45]). In certain cases
it is useful to obtain closed forms for functionals of gy (x,t¢|y). Hereafter,
under suitable assumptions, we evaluate the Laplace transform gy (s; x| y) in
the case of a passage from above. This Laplace transform is useful to obtain
quantities of interest in applied fields (see, for instance, Ditlevsen [15] and
Wonho [49]).

Proposition 9 Under the assumptions of Proposition 3, let x,y € I, with
0<zx<wy. For all s >0 we have
gy (siz|y)
C Ix(s+&01y) [ 0(=) de — Efx(&01y) [, Fx(s+&210)dz
Fx(s+&0[2) [F0(z)dz — € Fx(&0]2) [ Fx(s+&2]0)dz’
(51)

Proof Due to the continuity of the sample paths of Y (¢), for ¢ > 0 we have

t
.t = [ av(@rip Ot -rla)dr, 0<e<y.
0
Therefore, taking the Laplace transform, for s > 0 we have

Fr(:0]y)
fy(s0]x)
this finally giving Eq. (51) due to (50).

gy (s;z|y) = 0<z<y (52)

Under the assumptions of Proposition 9, the probability of ultimate first-
passage occurrence (with passage from above) can be expressed as

[ by (2) d=
ol
- ; <z <y,
S h(2) [ wtu) du]az

with hy (z) specified in (12).

Py (z|y) := P(Ty < +0) =

V]

5 Analysis of special cases

In this section, making use of the previous results, we study certain diffusion
processes obtained via transformation of some classical diffusion processes. In
particular, we evaluate various closed-form expressions and perform suitable
numerical computations by MATHEMATICA®.
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5.1 Transformation of the Wiener process

Let X (t) be a Wiener process having infinitesimal moments
Ai(x) = p, Ag(x) = 0 (n € R0 € RT),

with state-space I, and 0 a reflecting endpoint. The transition pdf is given
by (cf. Cox and Miller [11], for instance)

1 T —qy— 2 4 vty 5
fxujwmzzgcéigFmp{_g;iiﬂﬁﬁ,}+ﬁxp{_ ey ) }}

o 2uzx T +y+pt
— ; exp {?} Erfc <0—7\/27t> N (54)

for z,y € I and t > 0, where Erfc(z) = 27~ 1/2 f:oc e~ dz is the comple-
mentary error function. The reflected Wiener process has long played a key
role in various contexts, such as queueing (see, for instance, Harrison [31]).
The process X (t) admits a steady-state pdf Wx (x) = (|u|/0?) exp{—2|p|z/0?},
z € I, if and only if 1 < 0. Moreover, for z,y € I and s > 0 one has

-~ 1 r—y r—y
et = s (K0} o b )
w2+ 202s o o

2 2 2 2
B+ 0°s — py/p? + 20%s (z+y)
+ 3 exp{— = V2 +202s 0 |.

g°s

Hence, from (8) we get

V2 +20% —p B2 +20%6 —p
Texp fo s zel,

P(z) =

and, due to (11), we have

(z) = Vi 4207 —p = 4(0).

rel.
o2

Therefore, from (10) we have that Y (¢) is a diffusion process with state-space
I, infinitesimal moments

Bi(w) = V@2 +20%,  Bala) =%, (55)

and a reflecting endpoint at 0. It follows that Y'(¢) is again a Wiener process,
with +00 a natural attracting endpoint for £ > 0.

The transition pdf of Y (¢) can be easily obtained from (54) by changing
u with \/u2 + 202€. Moreover, the downward first-passage-time density for
Y(t),t>0,is:

y—=x (x —y —t/p? +20%¢)?
t = - 0<z<uy.
gY(x7 ‘y) JW exp{ 20.2t I =T y
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From (53) one obtains the ultimate first-passage probability:

2/ 1?2 + 202¢
Py (z|y) :eXP{UQ

(zy)}, 0<z<y.

We note that dPy (z|y)/d§ < 0, so that Py (x|y) is a decreasing function of
€.

In conclusion, we analyze the behavior of the process Y (¢) as £ | 0. In this
case, from (55) we obtain By (x) = |u| and Bs(z) = 02, so that the boundary
+00 is a natural attracting endpoint for p # 0, and a non-attracting endpoint
for p = 0.

5.2 Transformation of the Ornstein-Uhlenbeck process

Let X(t) be an Ornstein-Uhlenbeck process having infinitesimal moments
Ai(z) = —ax, Ay(z) = o2 (a € RT,0 € RT),

with state-space I and 0 a reflecting endpoint. The conditional pdf is given

by
2

« ax

for x € I and t > 0. The reflected Ornstein-Uhlenbeck process arises in
several applied fields. For instance, in queueing theory it is used for approx-
imating queues with reneging or bulking customers (see Ward and Glynn
[46] and [47)). The process X (t) admits a steady-state density Wx (z) =
2[a/(ra?)]V? exp{—ax?/a%}, x € I. Due to (56) one immediately has

«

+oo

From (8), it follows
- £28/(20) 13 ax? V2«

Y(z) = s r 50 | XP 952 D_¢jo | - ) xel, (58)
where (cf. Gradshteyn and Ryzhik [30], p. 1028, n. 9.240)

N3 ¢( v 1.z2> 22w ¢(1—u 3_z2)
I (%) 272" 2 r(-%) 2 272
denotes the parabolic cylinder function, and ¢ is the Kummer’s function. We
remark that D, (0) = 2*/2\/7 [I" (1*7")]_1 and thus ¢(0) is finite, being

e (5
¢(0)—mm-

D,,(Z) _ 2V/2€7z2/4
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st a=15 . P

(a) £=0.1,0=1.0 (b) «=1.0,0 =1.0

Fig. 1 Drift of Y (¢), given in (61), for different choices of « in (a) and of £ in (b).

From (58), for x € I we have

+o0 2
2 o 13 ox V2a
; (2)dz = \/;25/(2 )I‘(lJr%) eXp{fﬁ}D_l—E/a (xT> )

so that Eq. (11) yields

_ V2a D_¢/a (m@)

7 Dy g/a (x@)

o

v(z) zel. (60)

Consequently, due to (10), Y (¢) is a diffusion process with state-space I and
infinitesimal moments

D¢/ja (l’@)

o

Bi(z) = —az+ovV2a ———~—,
D*lff/a (J)m)

o

where 0 is a reflecting endpoint and +o0o is a natural attracting endpoint.
Some plots of By(z) are given in Fig. 1. From Eq. 19.8.1, p. 689, and Eq.
19.3.7, p. 687, of Abramowitz and Stegun [1], we have

D,(z) ~ e 2 /A z — 400 (62)
and thus, due to (61),
By (z) ~ az, r — +o0.
Making use of (56), (58) and (62), we can see that the limit (14) is satisfied.
The assumptions of Proposition 1 thus hold. By virtue of (16) and recalling
Egs. (56), (57), (58), (59) and (60), we obtain, for z € I and ¢t > 0,

2—¢/(2)

ax?
V(z,t) = exp{—}
g e (o) T
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Jr(x110) Sr(x10)
ost 0.35¢
0.30¢
04 025t/
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!
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01t -7 oost,” ‘
00 e Ctme 000 se Saeien x
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(a) =0.1,£ =0.1,0 = 1.0 (b) «=0.1,0 =1.0,t =25

Fig. 2 For the process with infinitesimal moments (61), the conditional pdf
fy(z,t]0) is plotted for some choices of ¢ in (a) and for some choices of { in

M, (110) M, (110)
107 ; 5t

4} 2t
2F 1+

0 . 0 ‘ ‘ ‘ ‘ ‘ .
0.0 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0

(b) a=0.1,0 =1.0

Fig. 3 For the process with infinitesimal moments (61), the conditional mean
M (¢|0) is plotted for some choices of « in (a) and for some choices of ¢ in (b).

y 2c _ az?
02(1 — e—2at) P\ T 521~ e—2at)
Jia D-ga (o2
D-i-g/a (x@) o*(l—em*)

Making use of (27), when £ > 0 one has:

2 1 1
fv(0,t]0) = g\/ge_gt {\/ﬁ - F(fa’ 5 % + 1;6_2“)}: (64)

for t > 0, where F(a,b;c;z) denotes the hypergeometric series (cf. Grad-
shteyn and Ryzhik [30], p. 1005, n. 9.100). We remark that, making use of
(63), density fy (x,t|0) can be evaluated from (15) via numerical integration.
Some plots are given in Fig. 2.

Moreover, (28) is satisfied by virtue of (57) and (59); hence, the condi-
tional mean of Y (¢) can be numerically evaluated via (29) and (30). Some
plots of M;(¢|0) are shown in Fig. 3.
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Py(0ly)
1.0

Yo 07 Tos o o5 1o 131l
(b) «=1.0,0 =1.0

Fig. 4 The first passage time probability Py (0|y) is given for the process with
infinitesimal moments (61).

We note that for x € I the Laplace transform fy(s; z|0) is given by

s/(2a s+
rovan 20 ()
08 () Do (27)

V2a

V2a V2a\ P-¢/a (1’7)
X D,(SJFO/& xT _D—17(5+§)/a T p Nor .
D—l—g/a (iL' )

Fy(siw]0) =

o

Consider the first passage time problem for Y (¢). The Laplace transform
gy (s;z|y) can be determined by mean of (52), where for y € I results

n s+¢ & §+&\ 51/24¢/a+s/(20)
: = I = 1\ r{=——=12 a+s «
fr(s:01y) somy/a (204Jr ) ( 2 )

V2« V2«
x [Dls/a (yT Dsreyja \Y——
V2« V2«

- D—E/a (y? D—l—(s+§)/a y? .

Finally, due to (53), the probability of the ultimate first-passage occurrence
is given by

e’} 2
f+ — | D-1—¢ja(2)] " dz
Py (z]y) = ﬁf/[ S

[ om0 [Do1-e/a(2)] dz

Some plots of this probability are given in Fig. 4 for z = 0, showing that it
is decreasing in « and in &.

Let us now discuss the case £ | 0. We note that (cf. Gradshteyn and
Ryzhik [30], p. 1030, n. 9.251 and n. 9.254.1)

m x
Dy(z) = e /4 D_4(z) = \/;ez2/4 Erfc (ﬁ) ,
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and thus, recalling (36), we can see that when £ | 0 the infinitesimal moments
given in (61) become

By (z) oz + 204/ P By(z) = o2 (65)
1 = - S S———— 2 = 5
T Erfc (m@)

where 0 is a reflecting endpoint and 400 is a natural attracting endpoint. For
the diffusion process (65), from Proposition 4 we have that the conditional
pdf, for x € I and ¢t > 0 is given by

fr(et]0) = % Erfc (2‘?)

—az?/o?
_ Vo e m/e Erfez. /— % V| (66)
7 FErfc (x—‘{f) o2(1 —em2a)

In particular, from (66) one has:

2 o 1
0,t|0) ==/ —| ——==—-1 t>0
fY(7|) p= ﬂ_(m >7 >0,

o ax?
o2(1 — e—2at) P T 521 — e2at)

where 0 is a regular endpoint.

5.3 Transformation of the Bessel process

Let X(t) be a Bessel process (of order n) having infinitesimal moments

2
Aia) = (=13, As(0)=0> (neNoeR"),  (67)
T
and with state-space I. The endpoint 0 is regular if n» = 1 and entrance if
n = 2,3,...; the endpoint 400 is natural non-attracting. We assume that a

reflecting or zero-flux condition is imposed at z = 0. This process can be
expressed as

n 1/2
X(6) =[IW®) = (Z Wf(ﬂ) , 20,
i=1

where ||w|| denotes the Euclidean norm, and W (t) = [W1(t),..., W, (t)], t >
0, is an n-dimensional diffusion process, the components being independent
Wiener processes started from the origin, with 0 drift, infinitesimal variance
o2, and restricted to [0, +00) by a reflecting condition at 0. As well known,
the conditional pdf is given by (cf. Karlin and Taylor [35], Giorno et al. [27],
for instance)

n—1 n/2 2
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for z € I and t > 0. From (68), we have
+o0 2
1 n T
: t|10)dz = =—=I| =, —= I, t
/m Ix(z,t]0)dz Tn/2) (2’20215)’ zel, t>0, (69)
where I (-,-) denotes the incomplete gamma function. Due to (8), we have
2v2 1/24n/4 [ _T " V28§
= V2 s L) i v I
¢(J)) O'F(TL/Q)g O'\/i —14n/2 | T o ) HAISH (70)
where (see [30], p. 928, n. 8.485)

I_,(z)—1,(2)

Ky(2) = g sin(vm)

is the modified Bessel functions of the second kind. Recalling that (cf. [1], p.
375, 1. 9.6.9)

K, (2) ~ %F(u) (g)ﬁ, v>0, 210, (71)

from (70) we have ¥(0) = v/2€ /0. Furthermore, since (cf. [1], p. 378, n. 9.7.2)

K,(z) ~ % e %, 2z — +00, (72)

from (68) and (70) we see that Eq. (14) is satisfied. Making use of (70), for

x € I we get
n/2
Foo 2 z € V2¢
Ve = o (U 2) Ko (+22).

x

Hence, recalling (11), from (70) and (73) it follows

VI
K71+n/2 337
y(z) = Ve ( ) zel. (74)

e

g

As a consequence, recalling (10), we have that Y (¢) is a diffusion process
having state-space I, with infinitesimal moments

Bi(x) = (n— 1)% +oy/28 KH"/E <j§§> . Bu(@) =0 (T5)
Kups (2%

where n € N, 0 € RT and £ > 0. From (75) we see that, for n = 1, Y (¢)
becomes a Wiener process with drift By (z) = 04/2€. For Y (t) we have that
0 is a regular endpoint for n = 1 and an entrance endpoint for n = 2,3,.. ;



Fig. 5 Drift of Y (t), given in (75), for different choices of n in (a), and ¢ in (b).

furthermore, +o00 is a natural attracting endpoint. By virtue of (72), from
(75) one has:

Bi(z) ~ o/ 2¢, T — +00.

Some plots of By(t) are provided in Fig. 5.

Making use of (68) and (70), by virtue of (72), one can prove that con-
dition (14) is satisfied. Hence, the assumptions of Proposition 1 hold. From

(16), making use of Egs. (68), (69), (70), (73) and (74), after some calcula-
tions for « € I and ¢t > 0 we obtain:

i ()] () )
)

Making use of (27), when £ > 0, for n = 1 one obtains

et I
fy(O,t|O)\f[m+\/;Erf(\/§)—\/g} t>0,

whereas fy(0,t]0) =0, ¢ > 0, for n = 2,3,..., due to the fact that 0 is
an entrance endpoint. By virtue of (71), we also have that when £ | 0 the
function V' (z,t) given in (76) tends to the conditional density (68). For £ > 0,
fy(x,t|0) can be determined making use of (15) and (76), since the integral
in the right-hand-side can be evaluated numerically. Some plots are given in
Fig. 6.

The Laplace transform of density (68) is, for z € I,

Frtsalo) = 2L e, (ﬂﬁ)]{ K oo (M)

s O'fn/4
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Fig. 6 For the process with infinitesimal moments (75), the conditional pdf
fy(z,t]0) is plotted for some choices of ¢t in (a) and for some choices of n in

= K 142 (1’@> K, <$M> }

st¢ Koo <x\/72>€>

g

We conclude this section by remarking that, due to (71), when £ | 0 the
infinitesimal moments (75) tend to those of X (¢), specified in (67).

5.4 Transformation of the Rayleigh process

Let X(t) be a Rayleigh process (of order n) having infinitesimal moments

2
o
Al(:b):(n—l)?—ax, Ay (x) = o2 (neN,a e R", 0 € RT),

x
and with state-space I. The endpoint 0 is regular if n» = 1 and entrance if
n = 2,3,..., whereas the endpoint +o0 is natural non-attracting. We assume
that a reflecting or zero-flux condition is imposed at = = 0. This process can
be expressed as

n 1/2
X&) =@l = <Z Tf(ﬂ) ;o t=0,
i=1

where Y (t), t > 0, is an n-dimensional diffusion process, whose components
are independent Ornstein-Uhlenbeck processes started from the origin, with
drift —a, infinitesimal variance 02, and restricted to [0, +00) by a reflecting
condition at 0.

The conditional pdf of X () is (cf. Giorno et al. [27], for instance)

et = 2 [ | ool )
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for z € I and t > 0. The process X (¢) admits a steady-state density Wx (z) =
2 (/)2 [z /[(n/2)] exp{—ax?/c?}, x € I. From (77) we have:

too 1 n az?
(78)

Due to (8), for z € I we have

o Lamt a2 ax? £ & n_ az?
@) = i (7)o {‘?} r (z) v (5 2 ?) (1)
where

I'l—c¢)

I'(c—1)
I'la—c+1)

U(a,c;z) = @)

P(a,c;z) + 7P a—c+1,2—¢2)
denotes the Kummer’s function of the second kind (cf. [30], p. 1023, n.
9.210.2). Taking into account the asymptotic behaviour of ¥(a,¢; z) for z | 0

(see Abramowitz and Stegun [1], p. 508), we obtain that ¢ (0) is finite, i.e.

()

=1p-1 Uf/a e 1V
r(5+3)

a> 0.

¥(0)

D)

Making use of (77) and (79), and recalling that (see [1], p. 504, n. 13.1.8)
U(a,c;z) ~ 279, z — 400, (80)

one can check that condition (14) is fulfilled. Hence, the assumptions of
Proposition 1 hold. After some calculations from (79) we obtain, for z € I,

~+o0 efax2/a2 5 n § n oz

Due to (11), from (79) and (81) we have
2
a o
y(z) == 5 el (82)

T 13 n az?\’
V|l =4+1-+1;—
(2a+’2+’02)

Thus, by virtue of (10), Y'(¢) is a diffusion process with state-space I, and
infinitesimal moments

o & n oaa?
o? 202 20 27 o2
— —ax

13 n az?\’
Ul =>=4+1,-+1—
<2a+’2+702

B2($) = 0'2,

(83)
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(¢) a=1.0,0=1.0,n=5 (d) «=1.0,6=01,n=5

Fig. 7 Drift of Y(¢), given in (83), for different choices of n in (a), of a in (b), of
¢ in (c) and of ¢ in (d).

withn € N, a € R* and 0 € R™. Since (cf. Eq. (31), p. 267, of Erdélyi et al.
[16])
2

vi1lz 2 1—-v 3
_Z 2. Y _og-v/2 37/4 w( 2.
w( 5 2) 9-v/25 /4D (z), 5

2 9(1-v)/2 ga® /4
7)o D,
it is not hard to prove that when n = 1, the infinitesimal moments (83)
identify with (61). This is to be expected, since for n = 1 the Rayleigh
process X (t) identifies with the Ornstein-Uhlenbeck process. For Y (t), we
have that 0 is a regular endpoint for n = 1 and an entrance endpoint for
n = 2,3,...; furthermore, +00 is a natural attracting endpoint. From (80)
and (83), we note that

By(z) ~ ax as x — +oo.
Some plots of By (x) are given in Fig. 7.

Let us now determine V(x,t), as specified in (16). Making use of (77),
(79), (81) and (82), after some calculations we obtain, for z € I and ¢ > 0,

2 azr?) o" £ £ n ax?\]~

o
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Fig. 8 For the process with infinitesimal moments (83), the conditional pdf
fy(z,t]0) is plotted for some choices of ¢t in (a) and for some choices of n in

n O[wz
L r (7 L (84
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By virtue of (15) and (84), for n = 1 Eq. (64) holds, whereas for n = 2,3, ...
we have fy(0,t]0) = 0, t > 0, since 0 is an entrance endpoint. Moreover,
the density fy(z,¢]0) can be determined making use of (84) in (15), by
evaluating numerically the integral in the right-hand-side. Some plots are
provided in Fig. 8.

For £ > 0, we finally evaluate the Laplace transform

iS5 (5 (5o (1308

sax 2a 2a 2a 2

2
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2a 200 27 o2
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- =
v(£+13+ 18 272 o

Let us now discuss the case € | 0. Since ¥(0,¢;2) = 1 and ¥(1,¢;2) =
e*z'7¢I'(c—1, 2), by virtue of (36) we can see that when £ | 0 the infinitesimal
moments in (83) become

Y= By(x) = 0. (85)

2 n on—1_—az?/c?
Bi(x) = (nfl)g—fozerQU2 va “%2,
2w r(s %)

For the diffusion process (85), from Proposition 4 we have that the conditional
pdf for z € I and ¢t > 0 is given by

2 n—1 n/2 2
fy(z,t|0) = F(:.O‘IQ){|:O'2(1 _ae—Qat):| EXp{fﬁ}




29

Ai(z) Bi(x)
(a) w w2+ 20%¢
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© (-1 (n—1)2r+g\/*L(£)
Ko/ (2275)
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U(z)
(a) —z 7@ +c
(b) oln [D,l,é/a (z@)] +ec
(c) { Inz +1n [K n/2 <x£>]}+c
(d) o2 me+m[p(£+11+528) g5} e

Table 1 Drift A;(z) of the diffusion process X (¢), drift B (z) of the related trans-
formed process Y (¢), and potential U(z) of Y (t), for the cases treated in Section

5. For all processes the infinitesimal variance is o2.

29 o2

n p—ax?/c? 2
_ (@) c _r(Z . ar ) (86)
o r (n ax ) 2’ o (1 _ e—2at)
We note that if n = 1, (85) and (86) identify with (65) and (66), respectively.

6 Concluding remarks

This paper has been devoted to the analysis of certain reflected diffusion
processes obtained via suitable transformations. The infinitesimal moments
of the new process Y (t) are expressed in terms of those of a former process
X (t) by mean of Eq. (10), where v(z) is the hazard rate function of the
compound random variable that describes the former process evaluated at
an exponentially distributed random time. Thus, the effect of the considered
transformation is that the drift of the new diffusion process is larger than
the previous one. As a consequence, the process Y (¢) can be described as a
diffusion in a decreasing potential U(x), according to the notions exploited
in Section 2.3.

The analysis has been centered on the determination of various expression
of interest, such as the pdf and the mean of Y (¢) conditional on zero initial
state. In Section 5 we investigated the diffusion processes obtained start-
ing from Wiener, Ornstein-Uhlenbeck, Bessel and Rayleigh process, with all
processes having constant infinitesimal variance. In Table 1, we report the
drifts of the original diffusion process and the corresponding drifts of the
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Fig. 9 For the diffusion processes considered in Table 1, the potential U(z) is
plotted for ¢ = 0 and some choices of the parameter &.
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Fig. 10 For the diffusion processes with drift Bi(z) given in (c) and (d) of Table 1,
the potential U(z) is plotted for ¢ = 0 and some choices of n.

new processes. Furthermore, in Table 1, we also show the potentials U(z)
of the new processes, obtained by mean of Eq. (42). We recall that in the
context of energy diagrams one can refer to the potentials U(z) by thinking
of a ball rolling around on the top of the function. The ball experiences a
force whose magnitude is proportional to the slope of the U(xz) curve, and
whose direction is oriented toward decreasing potential energy. The diffusion
processes Y (t) investigated in Section 5 describe diffusive motions directed
toward +oo. This is confirmed by the fact that +oo is an attractive nat-
ural endpoint for the processes Y (¢) having infinitesimal moments (10), as
pointed out in Section 2. Taking such remarks in mind, Figure 9 shows the
behavior of the potential U(z) for the processes having drift B;(z), given in
Table 1, for different choices of £. In all cases, if £ increases then the potential



31

decreases more rapidly when z increases. Hence, the effect of the parameter £
involves a reduction of the potential, this implying a greater growth velocity
of the individual processes. Finally, Figure 10 shows the potential U(z) given
in cases (c) and (d) of Table 1 for different choices of parameter n. We note
that the potential increases with n. The variety of shapes exhibited by the
potentials U(z) given in Figures 9 and 10 shows that the method proposed in
this paper allows to construct several types of diffusions suitable to describe
phenomena characterized by rapid random growth, such as bacterial growth,
and buffer occupation processes of stochastic networks in heavy traffic.
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