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ABSTRACT

X

In the present paper we propose a ngw clas

andlytical solutions for the equilibrium
turing the effects of the history of the

sand pile formation on the stress distrib8ion. The material is modeled as a continuum
composed by a cohesionless gran materidl ruled by Coulomb friction, that is a material

problem of a prismatic sand pile under&éty,

governed by the Mohr-Coulomb
obtained by considering a s
tensor relative to a speci

This assumption generate
three parameters. By tuning t
is obtained, reproduycing closely some published experimental data, and corresponding to
different construc}n histories, namely, for example, the deposition from a line source and
aining. The repertoire of equilibrated stress fields that we obtain in two spe-

by unifo

condition. The closure of the balance equations is
cial restfiction on stress, namely a special form of the stress
inear, locally non-orthogonal, reference system.

ss of closed-form equilibrium solutions, depending on
value of the parameters a family of equilibrium solutions

cial cases cOmtains an approximation of the Incipient Failure Everywhere (IFE) solution and
a closed-form @escription of the arching phenomenon.

O

Granular piles in stati rium have attracted much
interest due to their rich ph¥§ical phenomenology and the
number of curious effects that they exhibit. The most pop-
ular among these effects is the appearance of a stress dip
at the center of the pile, that was detected experimentally
and described and interpreted by several papers in the late
1990s . The main result of these studies (among which we
recall the comprehensive work of Wittmer et al. (1996) and
the extensive references cited therein) is that the dip is a
result of arching. Describing the degree of arching and pre-

1. Introduction
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dicting its dependence on the construction history was, at
that time, still an open issue.

Such a challenge was taken up lately by a number
of researchers, among which we recall Michalowski and
Park (2004a, 2004b); 2005), Pipatpongsa and Siriteerakul
(2010), Pipatpongsa et al. (2010), which propose some an-
alytic stress solutions, and Bierwisch et al. (2009), Sibille
et al. (2015) and Zhu et al. (2008), which adopt numerical
approaches based on discrete element simulations.

In the present paper we propose a new analytical solu-
tion to the equilibrium problem of a prismatic sand pile
under gravity. Our main objective is to give closed-form
solutions of the equilibrium equations, capable of describ-
ing the different degrees of arching that are determined by
different construction histories. It is a fact, for example as
shown by Vanel et al. (1999), that the pressure dip beneath
the pile can have different profiles or even almost disap-
pear depending on the loading history. Such an effect is
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captured by our closed-form solution just by tuning three
parameters.

The material is modeled as a continuum composed by
a cohesionless granular material. The modeling strategy is
based on some simplifying assumptions:

o There is a stress tensor T which is well defined as a
local average over many grains.

The particle are hard (that is are rigid), therefore no
elastic strain variable exists and the static frictional
forces are indeterminate.

Friction is ruled by Coulomb linear law, that is the
stress is restricted by inequalities depending on a single
coefficient (see the inequalities (2) below).

The construction history determines the grain arrange-
ment and packing, that is the local restrictions ruling
the stress.

In the model there is no trace of elasticity or of any
constitutive behaviour or dependence of the stress on the
strain or on the strain rate. The main tool that we use to
select a particular equilibrium solution is represented by
the choice of a special curvilinear system (04, 6,), with the
lines 6, directed vertically and the lines 6, directed along
curved trajectories. This family of curved lines can be cho-
sen, in principle, in an infinite number of different ways,
but we explore just the easiest possibilities namely: hyper-
bolas and parabolas. The closure condition that we adopt
to make the problem statically determined, consists in as-
suming that the tangential stress component, in this spe-
cial reference system, is zero, that is the vertical load (the
body load) is taken by normal stresses directed as the ver-
tical lines 6, and as the curved lines 6. The ratio between
the load that is taken by the columns, and the loa at is
taken by the arches can be regulated by tuning thre@ypa-
rameters.

In particular, in the case in which the cuiiledgliges are
parabolas, we find two special solutions that, 1 ms of

base pressures, resemble closely the e iments by Vanel
et al. (1999). G

2. The Coulomb friction

As a first approximation togie behaviour of dry granu-
lar masses, a cohesionless materfal ruled by Coulomb fric-
tion, that is a material governed by the Mohr-Coulomb
yield condition, can be adopted. This crude unilateral
model material that idealizes the real material as indefi-
nitely strong if compressed within the yield cone, but in-
capable of sustaining stresses outside the yield surface, is
perfectly rigid in compression, in the sense that no strain
rates can occur if the stress is inside the limit surface. The
material can exhibit unaccelerated flow when the stress
belongs to the limit surface and accelerated motion must
occur if the stress is outside the yield locus (see Lippiello,
2007).

If we restrict to statics, and exclude therefore the possi-
bility of accelerated motion, the stress state is restricted to
belong to the Mohr-Coulomb cone. In the plane case, de-
noting T the stress tensor, the Mohr-Coulomb restriction,
in terms of the first and second stress invariants

11(T) =trT  (»,(T) =detT, (1)

can be written as follows:

2
detT — COSZ(¢)<¥> >0, trT<0, (2)
¢ being the friction angle.

With Coulomb friction there is a linear relation be-
tween the normal component of stress and the maximum
admissible tangential component that can be exerted on
a given surface. When shear stress reaches this maximum
value sliding on that surface becomes possible. Such a slid-
ing is geometrically similar to the slipping occurring along
discontinuity lines (concentrated shearing) in some per-
fectly plastic metallic materials, say plastic materials gov-
erned by the Mises yield condition. Energy is dissipated
into heat during flow in both cases.

Unfortunately whilst the slipping flow rule of Mises
materials is associative, the slipping of a Mohr-Coulomb
material is not, since, for any value of the friction angle ¢
in the open interval (0, v )Uch a strain rate is not orthog-
onal to the limit surface. Th e the statics of frictional
materials cannot be
ysis, unless the fricti
see Heyman®1966;
gelillo et al., 2&?014&, 2014b, 2014c) or 0 (perfect uni-
lateral fluigs, see @horin and Marsden, 2000; Dostal, 2009;
Schechte d Bridson, 2012).

This me that, if, for a given structure under given
e find a stress field that is equilibrated with the
d within the yield limits (that is a statically admis-
jbress field), we are not sure that the same structure,
under the same loads, would not collapse for some special
loading histories.

In the application we present here, we focus on the
statical approach, namely, on assuming some closure re-
strictions on stress, we obtain statically admissible stress
fields, that, in principle, can be attained by performing
special loading histories. Actually, for granular masses the
loading history is determined by the construction history,
which determines the arrangement of grains and, therefore,
the way in which the grains interact, that is, in the contin-
uum model, the special material restrictions that are lo-
cally valid.

3. Formulation of the problem

The equilibrium of a prismatic sand pile of height h and
base 2a (Fig. 1), and standing on a perfectly rigid rough
plane, is considered. The angle of repose i = arctan(h/a)
of the pile is usually assumed coincident with the friction
angle of the material ¢, though the case of a repose angle
less than ¢ can be considered.

The typical construction history for a prismatic sand
pile consists in pouring the material from a line source. An-
other typical construction history considers the pile con-
structed through uniform deposition (uniform raining).

3.1. Geometry and curvilinear coordinates
The relevant geometrical dimensions of a prismatic pile

are its height h and its width 2a. By reducing the problem
to the plane case, the density p of the material is defined
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Fig. 1. Perspective view of a prismatic sand pile in planar equilibrium (a). Cross section and relevant notation (b).

Fig. 2. Forms A and B of the function f(a) plotted as a function of 91,&= const. form A in (a), form B in (b).

per unit area, and the stress is a generalized stress (that is
a force per unit length). A schematic perspective view of a
sand pile supported on a rigid base is depicted in (Fig. 1a).

For simplicity, the density of the material, actually vari-
able along the height due to the changing porosi f the
material on moving from the free surface to the&s
considered as a constant.

By denoting {..} the components of vego antities
with respect to the Cartesian frame shown 1 ig. 1b),

the special curvilinear coordinate sys 61, 0,) defined
through the relations
X(61,6;) = {61, f(6h,062)} (3)

is introduced to describe t oblem. In (3) the function f
is a generic smooth function ofg;, 0,, even with respect to
64, strictly monotonic with respect to 65, and such that

[6.00=h- 2 F0.0 =0 @

In particular, we assume that 0; € [—a, a] and restrict to
the values of 6, € [0, a] such that x is into the sand pile,
that is belongs to the triangular domain €2 comprised from
the pile free surface and the rigid base.

A typical arrangement of the curvilinear lines 64, de-
scribed at 6, = const, by hyperbolas (that is sections of
a circular cone, centered at the vertex of the pile, with
planes parallel to the cone axis) is shown in Fig. 2a.

The idea behind the choice of this special curvilinear
system is better clarified by the closure assumption that
we make later, to render the equilibrium problem stati-
cally determined. All we can say here is that, with our
assumption, the self-load is carried partly by elementary
columns delimited by two closely spaced vertical lines 65,

b
198 x,/h

-1.0 —08 0.5 x,/a 1.0

Th& natural (covariant) base vectors associated to the
curvilinear system defined on S by the couple (64, 65),
are

a; = {1, f1},
a, = {0, fo}, (5)

where a comma followed by an index, say «, stands for
differentiation with respect to xq.
The reciprocal (contravariant) base vectors are

a' ={1,0},
2_|=fa 1
a_{f,z’f,z}’ (6)

The basic elements of differential geometry, necessary
to render this analysis self-contained, are summarized in
Appendix A.

3.2. Equilibrium

The generalized stress in €2, is defined by the stress
tensor T. In the covariant base, by adopting summation

convention on repeated Greek indexes, o, B, y,...=1,2, it
can be represented as follows
T=T"a, ®ag, (7)

T®f being the contravariant components of T. Notice that
the basis (a;, ap) is neither unit nor orthogonal, then
though the contravariant components are useful and con-
venient, they are non-physical components of stress, and a
bit of conversions is needed to transform them into Carte-
sian stress components.
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Internal equilibrium is dictated by the condition that
the divergence of the generalized surface stress T balances
the load b = {0, —pg}, defined per unit area on Q. Such
a vector/differential condition can be written, explicitly, as
follows (see Appendix A)

d
%(T“ﬂaa ®ag)a’ +b=0. (8)

Indeed, by projecting Eq. (7) into the two non-collinear
directions a'!, a2, after some simple transformations (and
considering that f , is never zero by assumption) one ob-
tains
(T f2) 1+ (T?f3)2 =0,

(TR2f22) 14+ (T2f22) 2+ T2 f2f 12
+T"fofn — pgf, =0. 9)

We consider traction boundary conditions at the free
surface that is

T(6;,0)n =0, (10)

n being the unit outward normal to the free surface. Tak-
ing into account the material restrictions (2), that is the
fact that the material is strictly unilateral, the stress itself
must vanish at the free surface, and we obtain three scalar
conditions:

T"(6,,0) =0, T2(0;,0)=0, T?*(6;,0)=0. (11)

3.3. Closure assumption

The closure restriction on stress that we assume is that
the stress component T'2 in this special reference sy§tem is
zero everywhere in Q. With this assumption we ;&
that the load due to gravity is balanced in pagfby a vef-
tical normal stress component, and, for another , by a
normal stress tangent to the arch-like curvilin es 0,
= const, defined by the function f.

Then the system (8) is closed and @ Ay integrate it
to find the two non-vanishinggstress cOmaponents T'! and
122,

On assuming T'2 = 0, th
duce to the form

(TMf2)1=0,
(T?2f5%) 2 = -T"fof 11 + pgfa. (12)

where f is a given function, to be integrated with the fol-
lowing boundary conditions:

T"(6,,00=0, T?*(6,,0)=0. (13)

ilibrium equations (8) re-

3.4. A restricted family of balanced stress fields

The form of the solution that we obtain depends on
the choice of the form of f. Of course, if we accept nu-
merical solutions, there exist an endless repertoire of pos-
sible functions f that could be explored. In the present pa-
per, confining ourselves to analytical solutions, we consider
only the simplest choices, namely the forms A and B:

R RN TN R

£* =~ (62 + /AT +7 - 20), 19

shown graphically in Fig. 2a and b, for comparison. Forms
A and B can be produced by interesting cones based on the
triangular domain €2 (in the sense that the vertex of the
cone coincides with the vertex {0, h, 0} of the triangle, and
the slanted sides of the triangle are two of the generating
half-lines of the cone) with planes parallel to the plane of
€2, that is orthogonal to the axis x3 perpendicular to (O;
X1, X). Form A is obtained by considering as the diretrix
curve a circle of radius r contained in the plane (O; x3, X1)
and passing through the points {—a, 0, 0}, {q, 0, 0}. Form B
is obtained by considering as the diretrix curve a parabola
contained in the plane (O; x3, Xx;) and passing through the
points {—a, 0, 0}, {o, a, 0}, {a, 0, 0}. Forms A (in the special
case r = a) and B are reported pictorially in Fig. 2.

On integrating the first of Egs. (12) one obtains
T _ m(ez)’ (15)

fa

m(6,) being an unkfo umeric function of 0,, that we
develop in a gower ies retaining the cubic terms only:

m(6,) = ko + +k2922 —|—k3923. (16)

At thiglpoint we have to choose the more convenient
form of f. e present paper we have exploited the most
atary choice, namely f = fB. This choice leads eas-
We shall see, to a closed-form representation of a
res ed class of equilibrated stress field depending on
three parameters. The different experiments we made with
the form f4, corresponding to different choices of r (though
limited in number), were not successful. In particular the
form f4, for r = a, cannot be used since f , diverges for r
— a. The other choices of r that we tested produce stresses
that are not admissible, in the sense that do not satisfy the
Mohr-Coulomb inequalities (2) for any value of the three
parameters, within the sand pile.

On assuming for f the form B, since

h 6,
fo=— |1+ ——— ). (17)
? 20( \/49124*922)

the first boundary condition on the stress gives kg =0,
that is

T“ﬁz = m(@z) = k] 92 + k2922 + k3923, (18)
and then
T _2(192,/4012 +022(k1 + kzez + ’(3922)

h(e2 + /467 +922)

Taking into account (18), from the second of Eq. (12),
one obtains

1252 _ / (08f2 — (ki + k262 + ks03) f 1) d65.  (20)

Recalling Eq. (17) and taking into account that for the
form B of f

. (19)

2h6,

fi= -
' a0 02
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(21)

one obtains

ghp
T2f3 = E(Zafez 7@)
2 _ 4
2 og (5, + /a7 7)oz + AEK101 = 256ho0
’ 12,/

+n(6), (22)
n(f) being an unknown numeric function of 6;.

On imposing the second of the boundary conditions
(13), one finally obtains

ghp
T2 = —ﬁ<2a—2 02

48k,62 — 256k;04
_ ? (—sz log (2 0?)0% + 19 k36; )

12,/07
k, log (02 + /467 1 62) 62
+gh—p<2a—92—1/4912+922)7@ A
2a a /407 + 62
2h (6ki 807 +63) + 3ka02 (1207 + 63) — 2k; (12801 + 160705 — 05)
a 6,/462 + 07 '

(23)

The physical stress components, denoted T, ), and rep-
resenting the Cartesian components of stress in the given
Cartesian frame (O; xq, X3), can be obtained from the con-
travariant components T8 through the formula

T(aﬂ) = (Tﬂvau ® av) 'éa ® éﬁa (24,
where &, are the unit base vectors associated to tl&-

sian frame (O; xq, X;), that is, with the notation adopt€d
for Cartesian components in the global franf€, &me {1, 0},
é, =1{0,1}.

In particular, recalling (5) and (6), gmghas

Ty = (T"ay @ a1 + T2, @ a) - eRQ T,
Tz = (T"a; ® a; + T%3
Ty = (T"a; ® a7 + T?a3

— T]lf:Z] + T22f’2’
that is

(25)

2a6,/402 + 02 (ky + kb, + k362)
h(6 + /467 + 62)

4(ky + kb + k3626, 6,

Tz =
6y +.,/40% +63
ghp 7y)
Ty = ~Sa (Za -2 91 )
48k 62 — 256k304
+ 21 6ky log (4 /03)912 it bt Bt it
¢ 12,/62
+gh—”<2a70 _ Jap? +92)
2a 2 1772
2h ( 4620, (k1 + kb + k362) )

@\ a0 + 3 (0, + J407 +03)

Ty =—

an [ Katog (2(62 + J407 +03) )07
a /492 + 02
405 + 05
2h (sk1 (862 +62) + 3ky6, (1202 + 62) + 2ks (12867 — 166262 + 0;))

¢ 6,/402 + 02

(26)

The stress fields described by expression (26) define a
class of equilibrated solutions depending on the three pa-
rameters kq, k, and ks. By choosing {kq, ky, k3}/(pg) in the
interval I' = {[0, 1],[-1, 1],[0, 1]}, a family of stress fields
is obtained whose admissibility, in the sense of the Mohr-
Coulomb condition (2), has to be verified.

For example, by taking k; = k, = k3 = 0, a compressive,
uniaxial vertical stress field is obtained, and the stress is
statically admissible only if the friction angle of the ma-
terial is /2. By taking f{kq, ko, k3}/(pg) in the range I,
a compressive biaxial strg§s field is obtained and the ad-
missibility of the stress mu verified by checking that

inequality (2), that i@ components form

2
Ty + Tz
T(ﬂ)T(zz) —?(ZXCO ¢)< (11) 5 (22) >0, 27)
is satisfigd.
To looRyat the admissibility of the equilibrated stress

S that we produce, and measure their degree of safe-
introduce the non-dimensional distance
detT

d(T) > — c0s?(¢), (28)
()

defined for any T such that tr T < 0. Such a distance is pos-
itive, and has actually a maximum for T=o1 (¢ > 0), of
value d(—ol) =1 —cos?(¢); d(T) is positive if T is safe, is
zero when T is a yield state, and becomes negative when
T is outside the cone.

4. A simple example

4.1. First case: {r = 45°, ¢ =45°, ky = 0.1287 pg,
]{2 = 1(3 =0

To fix ideas we first consider the case in which a =h,
that is the angle of repose ¥y = 45°, and the friction angle
¢ coincides with v. By assuming k, = k3 = 0 and changing
the value of the parameter k; in the range [0, 1] we find
that the stress satisfies the Mohr Coulomb constraint, in a
narrow neighborhood around a single value of k;, namely
ki = 0.12827 pg. The results in terms of stress, correspond-
ing to such a choice are summarized in Figs. 3-5, in a scale
normalized by taking pg =1, a = 1. In particular, in Fig. 3
the contour plot of the physical stress component Ty
is reported. Analogous plots of the shear component Ty
and of the normal component T(,, are depicted in Figs. 4
and 5.

In Fig. 9a, the contour plot of the distance d(T) intro-
duced in (28) is represented. From such a plot we see that
the yield function is strictly positive all over the triangu-
lar domain, though the value of it is rather small being
less than 103, all over the domain. This means that the
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1.0 T T T T

0.2 0.4 0.6 0.8 1.0

Fig. 3. Physical stress component Ty as a function of 64, 65, for the first
example: ¥ =45°, and ¢ = 45°. Contour plot of Ty, in the right hand
side of the pile.

stress is very close to the limit surface that is close to the
limit state at each point of ; therefore the equilibrium
is highly unstable and such stress state can be maintained
only admitting a very careful and smooth construction his-

tory. Any small vibration of the base of the pile or any ,

other energy input from the outside due to an out dis-
turbance, would produce a sudden loss of stability a
small change of the profile of the pile and a correspond

Fig. 4. Physical stress component Ty, as a function of 61, 65, for the first
example:  =45°, and ¢ =45°. Contour plot of Ty in the right hand
side of the pile.

1.0 T T T T

Fig. 5. Physical stress co (22) as a function of 64, 65, for the first

example: Y = 43" and ¢ =45°. Contour plot of T, in the right hand
side of the pile. \

of p&ial energy, at the price of interface frictional
ene eat).
g. 10a the profile of the stresses Ty, T(12), and of

is depicted. Notice that we adopted the sign convention for
stress in the stress matrix, then the negative sign of the
normal stress means that T, points upward, and the pos-
itive sign of the shear stress means that T(;,y points toward
the left.

1.0 T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 6. Physical stress component Ty;y as a function of 64, 65, for the
second example: ¥ =45°, and ¢ = 46°. Contour plot of T(y;, in the right
hand side of the pile.
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0.0 0.2 0.4 0.6 0.8 1.0

Fig. 7. Physical stress component T(;;) as a function of 6;, 8, for the
second example: ¥ =42°, and ¢ = 46°. Contour plot of Ty, in the right
hand side of the pile.

4.2. Second case: ¥ = 45°, ¢ = 46°, k; =0.19 pg,
kz = k3 =0

As a second case, we then consider h = arctan45°,
namely that the angle of repose is { = 45°, whilst we as-
sume for the friction angle ¢ = 46°. The idea is that th
pile has suffered a less smooth construction hist with
the result that the angle of repose is less than the i

angle. By assuming k, = k3 = 0 and changin, e value of
the parameter k; in the range [0, 1] we find stress

0 . -
0.0 02 04 0.6 0.8 1.0

hand side of the X

0. 02 0.4 0.6 0.8 1.0
Fig. 8. Physicei stress pondht T, as a function of 64, 6, for the
second examp :Klso, d ¢ = 46°. Contour plot of T,y in the right

satisﬁes& Mohr Coulomb constraint, over an interval
es of ki, whose maximum is k; = 0.17 pg. The re-

terms of stress, corresponding to such a choice are

su rized in Figs. 6-8 in a scale normalized by taking
pg=1, a=1. In particular in Fig. 6 the 3d plot and the
contour plot of the physical stress component Ty is re-
ported. Analogous plots of the normal component Tq,) and
of the shear component T,,) are depicted in Figs. 7 and 8.
In Fig. 9b, the contour plot of the distance d(T) is rep-
resented. From such a plot we see that the yield function is

0.8 [€

0.6

0.4

0.2

0.

.0 - . >
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 9. Contour plot of g= 1 — cos? ((p)(trT/Z)z/detT as function of 81, 6, for the first (a) and the second (b) examples.
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Fig. 10. Plot of the stress profiles at the base for the first (a) and the second (b) examples as functions of x;, in the interval [0, a]. Dotted-dashed line:

T(12), dashed line: T(y), solid line: Tj5y).

Fig. 11. Physical stress component Ty as a f] of 01, 0,, for the
first example: ¥ =35°, and ¢ = 35°. Contour Plot offT(;;) in the right

hand side of the pile.

strictly positive all over the triangular domain. The value of
it is rather large, being less than 0.1, only in a narrow band
located in proximity of the free surface. Such a state of
stress of lower potential energy with respect to the previ-
ous one, could be reached either perturbing the limit equi-
librium of the first case with a small vibration, or directly
by adopting a more dynamic way of construction, namely
the construction from a line source.

In Fig. 10b the profile of the stresses T(z,), T(12), and of
the stress component Tqq), emerging at the base of the pile
is depicted. Notice that we adopted the sign convention for
stress in the stress matrix, then the negative sign of the
normal stress means that T, points upward, and the pos-
itive sign of the shear stress means that Ty, points toward
the left.

A pronounced central dip can be seen in the graph
representing the pressure at the base in this second
example.

1.0

Fig. 12. Physical stress component T(;;) as a function of 64, ,, for the
first example: ¥ =35°, and ¢ = 35°. Contour plot of T(j;) in the right
hand side of the pile.

5. A second example

5.1. First case: ¥ = 35°, ¢ =35°, k; =0.116 pg,
ky = —0.104 pg, k3 = 0.220 pg

In this second numerical example we explore the case
of a smaller friction angle. We first consider the case
in which the angle of repose i =35° and the friction
angle ¢ coincides with 1. By assuming k, = —0.104 pg,
k3 =0.220 pg and changing the value of the parameter
kq1/(pg) in the range [0, 1] we find that the stress satisfies
the Mohr Coulomb constraint, in a narrow neighborhood
around a single value of ki, namely k; = 0.116 pg. The re-
sults in terms of stress, corresponding to such a choice are
summarized in Figs. 11-13, in a scale normalized by tak-
ing pg=1, a=1. In particular, in Fig. 11 the contour plot
of the physical stress component Tyqy is reported. Analo-
gous plots of the shear component T(q,) and of the normal
component Ty, are depicted in Figs. 12 and 13.
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Fig. 13. Physical stress component T, as a function of 64, 6;, for the

first example: ¥ =35°, and ¢ = 35°. Contour plot of Ty, in the right
hand side of the pile.

1.0 T T T T

0.8F 1

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 14. Physical stress component Ty;) as a function of 64, 65, for the
second example: ¥ = 33°, and ¢ = 35°. Contour plot of Ty, in the right
hand side of the pile.

In Fig. 17a, the contour plot of the distance d(T) in-
troduced in (28) is represented. From such a plot we see
that the yield function is positive all over the triangular
domain, though the value of it is rather small being less
than 10~', all over the domain.

In Fig. 18a the profile of the stresses Ti,), T(12), and of
the stress component Ty, emerging at the base of the pile
is depicted. Notice that we adopted the sign convention for
stress in the stress matrix, then the negative sign of the
normal stress means that T, points upward, and the pos-

1.0 T T T T

Fig. 15. Physicg stress porient Ty as a function of 64, 65, for the
second exampl€: g/ = 33°,qnd ¢ = 35°. Contour plot of Ty, in the right
hand side of the X

1.0 T T T T

Fig. 16. Physical stress component T, as a function of 64, 6,, for the
second example: ¥ = 33°, and ¢ = 35°. Contour plot of T, in the right
hand side of the pile.

itive sign of the shear stress means that T(;,y points toward
the left.

5.2. Second case: ¥ = 33°, ¢ =35°, ky =0.08 pg,
ky =0.12 pg, k3 = 0.22 pg

As a second case, we then consider h = arctan33°,
namely that the angle of repose is ¥ = 33°, whilst we as-
sume for the friction angle ¢ = 35°. The idea is that the
pile has suffered a less smooth construction history, with
the result that the angle of repose is less than the friction
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Fig. 17. Contour plot of g =1 — cos? ((p)(trT/Z)z/detT as function of 61, 05, for the first (a) and ﬂ&d (b) examples.
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T(12), dashed line: T(y;), solid line: T,y).

Fig. 18. Plot of the stress profiles at the base for the first (a) %second (b) examples as functions of x;, in the interval [0, a]. Dotted-dashed line:
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Fig. 19. Comparison of the stress profiles at the base corresponding two the first (a) and the second (b) analytical solutions, with the experimental results

of Vanel et al. (1999).

angle. By assuming k; = 0.12 pg, k3 =0.22 pg and chang-
ing the value of the parameter k;/(pg) in the range [0, 1]
we find that the stress satisfies the Mohr Coulomb con-
straint, over an interval of values of k;, whose maximum is
ki = 0.08 pg. The results in terms of stress, corresponding
to such a choice are summarized in Figs. 14-16 in a scale
normalized by taking pg =1, a = 1. In particular in Fig. 14
the contour plot of the physical stress component Tyyy is
reported. Analogous plots of the shear component T;;) and
of the normal component T,y are depicted in Figs. 15
and 16.

In Fig. 17b, the contour plot of the distance d(T) is rep-
resented. From such a plot we see that the yield func-
tion is strictly positive all over the triangular domain. The
value of it is rather large, being less than 0.1, only in
a narrow band located in proximity of the free surface.
Such a state of stress of lower potential energy with re-
spect to the previous one, could be reached either per-
turbing the limit equilibrium of the first case with a
small vibration, or directly by adopting a more dynamic
way of construction, namely the construction from a line
source.
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In Fig. 18b the profile of the stresses Ty,), T(12), and of
the stress component Tqq), emerging at the base of the pile
is depicted. Notice that we adopted the sign convention for
stress in the stress matrix, then the negative sign of the
normal stress means that T, points upward, and the pos-
itive sign of the shear stress means that Ty, points toward
the left.

A pronounced central dip can be seen in the graph rep-
resenting the pressure at the base in this second example.

6. Comparison with test results and conclusions

In Figs. 10 and 18 the profile of the normal stress at the
base, predicted by our analysis, for the four cases studied
in the previous section, is reported. Notice that the nor-
mal stress emerging at the base for the second case of both
examples (¢ = 45° and ¢ = 35°), shows a pronounced dip
beneath the apex of the pile. Such a dip is not present in
the first case. The results obtained in terms of base pres-
sure with our theory, are compared with an experimental
test reported in the literature, namely the test performed
by Vanel et al. (1999). The results reported by Vanel et al.
(1999) refer to the measurement of the base pressure of
prismatic sand piles (composed of granular materials with
a repose angle of approximately ¢ = 35°), constructed with
two deposition procedures: through uniform raining (a)
and from a line source (b).

Deposition from a line source is intuitively more shaky
than uniform raining, since, in pouring the material from a
stationary line source, each element of sand arrives at the
apex of the pile, rolls down the slope disturbing the other

grains, and finally comes to rest and is finally buried. /

This idea is confirmed by comparing the rgsults o
the experiments with our analytical results. In p%l;

the first case that we presented in the second exa

(¥ =35°, ¢ = 35°), namely the state of stre e to the
limit state all over the pile, is very well ced by
the experimental case (a) (uniform rainjpg), w the sec-
ond case of the second example (Y = 35°) repro-

duces closely the experimental case e source). The
comparison of the experi results in terms of pres-
sure measured at the ba the base pressure corre-
sponding to the two statica dmissible solutions derived
through our analysis, are repo in Fig. 19a and b.

Appendix A. Curvilinear coordinates in 2d

Let (61, 6,) be a curvilinear coordinate couple defined
over the plane domain €2, through the relation
X = i(@] s 92) (A.1)

x being the position vector of a point of €2.
The natural bases associated to the curvilinear lines {04,
6,} are

2 — ox
1= 30,
ox
a = 396, (A2)

and the dual bases a', a2, defined through the relation
a%.ag = 8%, (A3)

8%‘ being the Kronecker symbol, are

a0
1= axa o>
06,
az = E ea, (A4)

The component forms of vectors and tensors in this
curvilinear system and in the global Cartesian frame are

u=u"a, =ugaf =u,€,
T=T"a, ®a5 =T,pa" @’ =Tfa" @ ag
= Tiap)€u ® g, (A.5)

where ® denotes the tensor (dyadic) product. Such vector
and tensor components can be obtained by other compo-
nent forms through scalar products, namely

u? =wa%, U, =uay, U, = u-ey,
T =T-(a* ®af), T,"RT (a, ®ap).

Tap) =T-(€ ®€p), (A6)

The gradient of§g sclar field ¢(x) defined over Q2 can
be computé® in curvilinear coordinates through the chain
rule. Since \

g X

grady (M= m eg (A7)

dp 00y ~ o
gr (X)_E%eﬁ_ﬁa
Analogously, if u is a vector field and T is a tensor field

on €2, the gradient and the divergence of the vector field u
and the right divergence of the tensor field T are

(A8)

rad u = a—u ® a“
g = 30, ,
. Ju
divu= 30, a“,
divT = 88% a%. (A.9)
o
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