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Dear Editor 

The paper entitled “Novel “load adaptive algorithm based” procedure for 3D printing of 

lattice-based components showing parametric curved micro-beams” by Francesco 

Naddeo, Nicola Cappetti and Alessandro Naddeo is an original article. The manuscript, 

including related data, figures and tables, has not been previously published and is not 

under consideration elsewhere.  

This study deals with the development, the practical application and the experimental 

validation of a procedure based on an original algorithm (filed patent) that runs in a finite 

element environment; it operates inside a three-dimensional virtual solid of any shape, 

withstanding any kind of boundary conditions for both imposed displacements and loads 

(in the field of the static structures) replacing the continuous mass of the solid with an 

appropriate lattice structure, having cylindrical beams that are suitably curved and oriented 

according to the internal stresses induced by the boundary conditions, the new structure 

and the old one sharing the border. The user, in order to optimize the structural behavior, 

can manage several input parameters like average minimum distance between 

convergence nodes, target porosity, target average number of beams converging in each 

convergence node, curvature of the beams and beams’ mechanical properties. By 

introducing parametric curved beams, this algorithm becomes a powerful tool capable to 

design a new porous material able to show a wide range of mechanical properties' values 

in output while maintaining a constant value of porosity i.e., a constant amount of material. 

A cubic representative volume element was appropriately designed and sized to conduct 

sensitivity analyzes in order to show the effect of changes in these parameters on the 

mechanical performances of the new porous material. The finite element results were 

compared with experimental results obtained by compression tests conducted on two 

polymeric 3D printed cubic specimen showing two different value of curvature 

characterizing the beams, the other input parameters being equal. The simulation results, 

Cover Letter



in terms of Young’s modulus, confirmed the validity of the beam element - based structure 

that could be applied to different solid shapes and materials. 

Possible applications could be the production of those porous materials for which it is 

required a set amount of material, a set external shape and at the same time 

heterogeneity of the mechanical properties at the micro and macro levels as for example in 

the field of the computational aided tissue engineering for production of scaffolds (bone-

like structured foams) and in the field of ergonomics for production of highly structured 

foams. 

I will be glad if you want to consider this paper for publication in “COMPOSITES PART B: 

ENGINEERING: JCOMB” - SPECIAL ISSUE ON “COMPOSITE LATTICE MATERIALS 

AND STRUCTURES”. 

 

Thank you for your consideration, 

Sincerely 

Francesco Naddeo 
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Abstract 

This work deals with the development, the application and the experimental validation of a 

procedure based on an original algorithm, running in a finite element environment replacing the 

continuous mass of any solid with a cancellous bone-inspired lattice structure showing curved 

beams oriented on the basis of the external forces, sharing with it border and boundary 

conditions. For the validation of the new lattice structure a cubic representative volume element, 

showing curved micro-beams, was chosen, implementing periodic boundary conditions. At the 

end, the algorithm created a .stl file to be printed by a 3D printer using an appropriate polymer. 

The numerical results were compared with experimental results obtained by compression tests. 

Experimental/numerical correlation confirmed the validity of the FEM “beam element – based” 

lattice structure that could be applied to different solid shapes. 

Keywords 

B. Directional orientation; B. Microstructure; C. Finite element analysis (FEA); D. Mechanical 

testing; 3D printing. 

1. Introduction 

In the past, researchers have always tried to create optimized structures for loads, with special 

attention given to the amount of material used in order to reduce costs and lighten the 

structures since the finite element method (FEM) was invented. Since 2000 [1] researchers 

have developed, improved, and applied finite element-based topology optimization which 

include a maturation of classical methods [2]. The most important types of topology optimization 

are: density-based methods, which include the popular Solid Isotropic Material with Penalization 

(SIMP) technique; hard-kill methods, including Evolutionary Structural Optimization (ESO); 
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boundary variation methods; biologically inspired methods. In the area of biologically inspired 

engineering, we can note how living beings have developed biological tissues characterized by 

such optimized structures. For example, trabecular bone architecture undergoes adaptive 

changes that were first studied by Wolff [3], who described the trajectorial theory of trabecular 

orientation. Several mathematical models have been proposed for bone remodelling and 

various criticisms have been made on Wolff’s law [4] about the one-to-one correspondence 

between the stress trajectories of continuous bodies and the discontinuous structure of the 

bone. The proposed models usually assumed bone tissue final configuration as a function of 

boundary conditions and bone to be a continuous, linearly elastic material. Anisotropic 

continuum-based models were used by Fernandes et al [5], Garcia et al [6] and Jacobs et al [7], 

while orthotropic continuum-based models were used by Cowin [8] and Huiskes and Hollister 

[9]. Some authors [10 - 11] have proposed Hierarchical multi-scale bone models, in which the 

micro/nanometric structure was taken into account. Tsubota et al [12] used large-scale voxel 

finite element models (FEMs) for simulating the trabecular bone remodelling. Optimization 

techniques were proposed by both Luo and An [13] and Boyle and Kim [14] while Hambli et al 

[11] introduced a coupled finite element and neural network computation method. Currently, as 

a non-destructive method in the field of mechanical behaviour research, finite element analysis 

is increasingly used as a way to realize new structures generally used for composite materials 

or porous materials not only to understand the internal stress distribution and the mechanical 

behaviour of already existing structures but also to design new structure. In this case, FEM 

results become input parameters managed by highly complex algorithms that, by means of 

looping procedures, are able to optimize virtual structures respect to a particular mechanical 

aspect. 

The aim of this work was to create a highly structured porous material biologically inspired 

through the three-dimensional printing which, in the same manner of biological tissues and, in 

the present case, of cancellous bone (on the base of Wolff’s law), is able to adapt itself to 

external loading conditions, showing, at the same time, a lightweight structure with the 

possibility to parameterize the homogenized mechanical properties by simply varying the 

sensitive parameters that describe the geometry of the structure. In many fields of research on 
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the highly structured porous materials, the production is often bound to the use of particular 

materials, to respect a particular external geometrical shape and a particular porosity, i.e., a 

particular amount of material. By using the presented algorithm, once you set the material to be 

used (compatibly with the possibility of printing it) you can, for example, set the porosity at a 

certain level and have access to a wide range of mechanical properties by varying a few 

geometric parameters in input. These are much sought-after qualities in the field of Computer 

Aided Tissue Engineering (CATE) for the production of scaffolds. Scaffolding materials for bone 

regeneration, for example, should be osteocondùctive and favour the adhesion and migration 

on the scaffolds of the osteoprogenitor cells that subsequently differentiate and form the new 

bone; for this reason the geometry of the porous material has to mimic that of natural biological 

tissue (that is generally naturally optimized to withstand the loads to which it is subjected during 

its life cycle). Furthermore in the design of such structures you must take into account the 

boundary conditions characterizing the period they will spend in bioreactors in which they will be 

subject to different types of mechanical stimuli both static and dynamic. In a previous study 

Baldino et al [15] have demonstrated that the curvature of the nanofiber is the parameter that 

most influences the weakness/stiffness of this kinds of porous material. For this reason we have 

developed a procedure based on an original algorithm [16], running in a finite element 

environment, operating inside a three-dimensional solid of any shape, withstanding any kind of 

boundary conditions for both imposed displacements and loads (in the field of the static 

structures) replacing the continuous mass of the solid with an appropriate lattice structure, 

having cylindrical beams directed according to the internal stresses induced by the boundary 

conditions, sharing with it border and boundary conditions. In this work, we have used 

parametric curved micro-beams in order to control the weakness of the whole structure after the 

optimization carried on by orienting the beams according to the boundary conditions. A cubic 

representative volume element (RVE) was appropriately selected and sized to conduct 

sensitivity analyzes to show the effect of changes in input parameters on the mechanical 

performances of the new porous material. The finite element results were compared with 

experimental results obtained by compression tests conducted on polymeric 3D printed cubic 

specimens. The simulation results in terms of Young’s modulus confirmed the validity of the 
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“beam element – based” lattice structure that could be applied to different solid shapes and 

materials. 

2. Materials and Methods 

2.1 Description of the algorithm 

The authors created an algorithm running in Ansys FEM environment able to create a virtual 

beam network (beams of any length, of any type of section and aspect ratio) with beams 

connected to each other at the end points with internal fixed joints, inside a solid of any 

geometric shape. The network shares with the solid the borders and the boundary conditions. 

The algorithm remodels the beam network obtaining a structure having the beams mostly 

oriented along the principal stress directions recorded in the continuous mass. After appropriate 

sizing of the beams, the algorithm gives us a new structure able to efficiently withstand the 

same boundary conditions with a considerable lightening of the structure, and consequently a 

notable reduction in materials used. In this work, in order to have a direct control on the 

mechanical properties of the final structure, a parametric curvature has been introduced for 

each cylindrical beam on the bases of studies reported in a previous work [17]. 

The algorithm consists of a single source code and has been written in ANSYS Parametric 

Design Language (APDL); during the calculation, the algorithm performs the following steps 

(Figure 1): 

1. Initially, it takes in input the three-dimensional CAD (Computer Aided Design) geometry 

of the solid taken in consideration; 

2. It creates a random distribution of keypoints (keypoint cloud) that is sufficiently uniformly 

distributed, and that occupies the volume of the solid; 

3. for each generated keypoint, it defines a spherical space of selection (SSS) in order to 

intercept a specified number of keypoints [17] and generates line segments joining the 

initial keypoint, with each keypoint belonging to its SSS; 

4. It activates a routine that conveniently eliminates both overlaps and intersections 

among line segments; 
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5. It creates the mesh of beam elements in each line segment [17 - 18], obtaining a lattice 

structure occupying the volume of the solid that shows an isotropic mechanical 

behaviour; 

6. It applies to the FEM model linear material properties characterizing the real material 

behaviour; 

7. It applies boundary conditions to the solid that simulate the real conditions; 

8. It calculates the elastic solution due to the boundary conditions defined in step 7; 

9. In post-processing, it sorts, in an array, all the identification numbers of the created 

beams in an ascending manner according to an appropriate criterion based on the 

magnitude of the stresses to which each element is subjected during the FEM virtual 

test.  

10. It activates an iterative routine that, according to the array created in step 9, eliminates 

the beams starting from the first component of the array. The iteration stops at a 

specified number of beams such that the number of connections for each convergence 

node is equal to the desired average number of beams (ANB) converging on each 

node; simultaneously it activates an ad hoc routine able to guarantee structural 

continuity; 

11. It activates a routine that eliminates the so-called “dead ends”; i.e., the branches of the 

structure made of beams that, having only a single point of connection with the rest of 

the structure, will not work [19]; 

12. In order to reach the desired homogenized mechanical property of the final product, it 

activates a routine that introduces a parametric curvature to each beam and at the 

same time resize the beams (varying the cross section) to achieve the desired porosity 

(i.e., fraction of the volume of voids over the total volume of the inputted solid). 

13. It generates in CAD environment the solid model of the new structure; 

14. It generates the file .stl for the following rapid prototyping phase in order to obtain the 

physical model. 
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Figure 1. Algorithm fundamental steps for elaborating a generic cubic solid mass withstanding 

generic boundary conditions: A) step 1; B) step 2; C) steps 3 and 4; D) step 5 ; E) steps 6 - 11; 

F) steps 12 - 13; G) 3D printed polymeric specimen. 

 

Previous studies [20] on the same topic, created three-dimensional beam-based structures by 

interpolating only the principal stress directions so that they did not select other elements that, 

being oriented not along isostatic lines may constitute real bracings and improve structural 

performance. In this work, the initial beam network (see step 5), that shows randomly oriented 

beams, allows for the most advantageous directions to be chosen to minimize the amount of 

material used, by eliminating selectively the less loaded beams until reaching a predefined 

number of converging beams for each convergence node. The final result consists of a new 

parametric curved beam network showing porosity set at a desired value, a desired ANB and 

that shares the border with the original solid. Beams are mostly oriented along the principal 

stress directions, whose convergence nodes have a desired average number of connections.  
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2.2 Input parameters 

The algorithm’s input parameters are the following: 

 Average minimum distance between convergence nodes (dist) defined as a linear 

function of a characteristic size of the solid; 

 Target porosity; 

 Target ANB; 

 Radius of the SSS, being a linear function of the previously defined “dist”, that is chosen 

due to its appropriate ANB; 

 Curvature of the beams; 

 Mechanical properties. 

2.3 FEM element type 

In this work, we have implemented quadratic three-node straight beam elements in 3-D, 

showing circular cross section, which are suitable for analyzing slender to moderately 

stubby/thick beam structures. It takes account of both torsion-related shear stresses and 

flexure-related transverse-shear stresses, which henceforth will be generically referred to as 

“shear stresses” (τ), as the focus will be on their absolute maximum value and not on their 

causes. Six degrees of freedom occurred at each node for translations and rotations in 

directions X, Y and Z. 

2.4 FEM mechanical properties 

The first application of the algorithm consisted of the realization of a sensitivity analysis 

campaign on input parameters realized on an appropriate cubic RVE with the aim to evaluate 

the effects of changes in sensitive input parameters, specified in section 2.2, on the mechanical 

performance of the new material in linear elastic conditions. For this reason, for the mechanical 

characterization of the beams, the elastic modulus was set to E = 1 Pa while the Poisson’s ratio 

was set to ν = 0.3 for ease of discussion and without any loss of generality. Later in the 

discussion, the chosen morphometric input data and the material properties of the polymer 

selected for printing and that have been introduced in the algorithm, will be reported. 

2.5 RVE description and boundary conditions 
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In FEM analysis, the RVE should be large enough to contain all the intrinsic characteristics of 

the structure to be simulated, which, in our case, consists of geometrical characteristics and 

material properties. Cubic-shaped RVE (with a unitary volume for ease of discussion and 

without any loss of generality) was chosen to evaluate the mechanical performance of the 

algorithm; cubic-shaped RVE also allows an easy boundary conditioning. 

The target of this work was to optimize the structure of the chosen RVE orienting first the beams 

according to the loads transmitted internally by the boundary conditions and, subsequently, 

introducing a variable curvature to the beams to calibrate, as needed, the value of the 

homogenized mechanical properties. In this study, the RVE was subjected to a virtual tensile 

test along the X axis parallel to one of the edges of the cubic RVE to allow the algorithm to 

properly orient the beams along this axis. 

2.5.1 Periodic boundary conditions 

All the simulations, which have been realized to create and size the FEM model, were carried 

out by applying PBC to the RVE allowing to calculate more accurately the elastic constants of 

the simulated material [21 - 22]. For the specific study of this cubic RVE, an ad hoc written FEM 

routine was used; this routine can automatically create an identical surface distribution of nodes 

for the opposite sides [23]. Further, these nodes are opportunely selected on the basis of their 

location since the conditions on the displacements, in this case, have to couple the 

displacements at each point located on opposite sides of the cubic RVE. These conditions can 

be expressed in the following synthetic matrix form: 

                       (1) 

With    being the strain tensor, Xi (i = 1, 2) being the position vector of the points belonging to 

opposite sides of the RVE, and ui being the relative displacement. 

2.5.2 Homogenized modules 

The routine described in 2.5.1, for each simulation can automatically perform three static tensile 

tests and three static shear tests (with imposed average strains) in order to have an exhaustive 

representation of the mechanical behaviour of the structure. Imposing the overall strain to the 

RVE:               , and assuming elastic behaviour and small strains of the material, for 
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each i-th imposed strain, the routine calculates all the components of the corresponding i-th 

column of the stiffness matrix using the following formulation (elastic overall constitutive law): 

   
     

    

    
 ∀ h, i = 1,...,6        (2) 

with      being the stress component calculated in the FEM post-processing environment, using 

the following relation: 

     
                  

      
        (3) 

      
 being the h-th stress component of the single FEM element, due to the i-th imposed 

strain,         being the element volume, and        the volume of the RVE. In this way, the 

routine calculates all the components of the stiffness matrix with Eq. 2 by means of a single 

FEM run, characterized by six sequential imposed strains. Finally, the routine automatically 

provides the stiffness and compliance matrices of the examined cubic RVE in output. 

2.5.3 RVE sizing 

As reported previously, the main algorithm, in step 5 (see section 2.1), creates a beam network 

that tends to show isotropic material behaviour (see Figure 2). In terms of statistics, the 

increasing of the RVE size (i.e., increasing the number of beams) causes an increase in the 

material’s isotropic degree. For this reason, intrinsic statistical characteristics were taken into 

consideration when choosing the RVE size in order to obtain an acceptable starting isotropic 

degree [22]. An original isotropic criterion [23 -15] to optimize the size of the cubic RVE was 

implemented. It is based on the minimization of the following function: 

                  
       

  
            (4) 

with      being the i, j-th component of the stiffness matrix, calculated from the FEM results; 

    
  being the i, j-th component of the unknown isotropic stiffness matrix; and λ and G 

representing the independent parameters defining the isotropic stiffness matrix (Lamè 

constants). The minimization of Eq. 4 led to the determination of λ and G, i.e., the parameters 

defining the behaviour of the isotropic material closer to the behaviour of the material simulated 

by the FEM calculation. Consequently, an ad hoc written routine calculated the parameter δ, 

which was defined as the ratio of the norm of the “difference tensor”        to the norm of 
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the tensor   . The parameter δ provided information about the isotropic degree of the cubic 

RVE, which was directly related to the previously defined parameter “dist” of the RVE. 

 

 

Figure 2. Example of an initial isotropic cubic RVE. For readability purposes, fewer mesh wires 

than those used in the calculation are represented. 

 

The isotropic criterion showed that the value of the parameter δ tended towards a small 

constant value for      
    

  
, with      being the edge length of the cubic RVE. In this way, the 

RVE size was not too large from a computational point of view, but sufficiently large to make the 

beams substantially oriented in a random manner. This structure gave to the RVE a sufficiently 

isotropic mechanical behaviour prior the application of the boundary conditions designed to 

orient the beams (see section 2.1, step 7). 

2.6 Convergence analysis of the FEM results using straight beams 

Increasing the number of elements for each beam did not cause an appreciable variation in the 

FEM results in terms of elastic moduli. For this reason, each beam was modelled by means of a 

single beam element [24, 25, 18].  

2.7 Beam sorting criteria 
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In the post-processing environment (see section 2.1, step 10), the algorithm sorts, in an array, 

all the identification numbers of the created beams in an ascending order according to an 

appropriate criterion based on the magnitude of the stresses to which each element is subjected 

during the virtual test. The choice of the criterion can be based on considerations relating to 

both the real behaviour of the simulated material (material ductility and brittleness) and the 

boundary conditions. In the present study, three different output entities were considered for 

each beam element: 

 The quantity of elastic strain energy stored during the calculation, 

                       (5) 

with       being the generic component of the elastic tensor of fourth order, and εij and 

εhk, the generic strain components;  

 Maximum equivalent von Mises stress (σeq, Max (von Mises));  

 Maximum principal stress’ absolute value (σprincipal, Max); 

In the second criterion, a selection based on the amount of distortion energy stored by the 

beams during simulated tension/compression test (von Mises failure criterion for ductile 

material) is preferred. The third criterion, conversely, only considers the effect of the normal 

stresses stored in the beams (Coulomb and Mohr failure criteria for brittle materials). To achieve 

this, the main algorithm is equipped with specific routines designed to calculate/retrieve and sort 

the above variables for each element in the post-processing environment (see section 2.1, step 

10). 

2.8 introduction of curved beams 

Once the RVE lattice structure was realized, the beams properly oriented and the porosity P 

set, the ratio of the average diameter to the length of the cylindrical beams is univocally 

determined. Some geometric aspects of the microstructure of porous materials can deeply 

affect their mechanical behaviour. For example aerogel is a very compliant material. Baldino et 

al [15] produced Poly-L-Lactid Acid aerogels for bone scaffolding whose nanometric structure 

was characterize by a network of curved fibres. In this work, it has been demonstrated, through 

a parametric FEM models, that the average curvature characterizing the fibres scaffolds, leads 

to a bending/buckling tendency, determining a higher weakness of the entire structure. This 
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observation was supported by a previous study by Ma et al [19] that, by means of modelling, 

tried to learn more about loop formation during the gel aggregation process and discovered that 

bending was the major mode of deformation of the network. Also Pirard and Pirard [26] 

proposed a mechanism based on the tendency of the network to buckle. In fact, in such lattice 

structure, the straight beams are basically subject to tensile-compression stresses (within small 

displacements), regardless of the type of boundary conditions applied to the nodes. It is 

possible to demonstrate that by substituting the straight beams with curved beams a bending 

moment appears for each beam, and that the bending moment contribution to the 

displacements becomes more prominent with increasing of curvature, especially if the ratio of 

the radius of curvature to beam thickness is greater than 10 as in the proposed FEM model [15]. 

These bending moments determine small local strains/stresses that, determine large deflections 

of the extremes of each beam; i.e., in case of equal displacements, the curved beam lattice 

structure will be subject to local strain/stress lower than the straight beam lattice structure. This 

phenomenon implies a low homogenized Young’s modulus which results in a high softness of 

the whole structure. To advantage of this feature, we implemented a routine in the main 

algorithm that substitutes the straight beams of the lattice structure with parametric cylindrical 

curved beams based on spline curves (lying on a plane and having second order derivative at 

the endpoints equal to zero), modelling the cylinder axis, interpolating three points, two of which 

coincident with the endpoints of the beams and a third in a central position at a distance “d” 

from the straight segment linking the two endpoints; the plane of the spline curve being 

randomly oriented around the straight segment linking the two endpoints. The volume occupied 

by the beam network is: 

          
            (6) 

n being the total number of beams, li the length of the i-th spline, which is a function of the 

parameter d, and Σ the cross section of the beams that does not vary with i. This routine 

produced an interpolating curve of output data points that describes the function 
  

 
        ∀ i ϵ 

[x, y, z], with P being constant, by using the relationship (6), Ei being the homogenized Young’s 

modulus of the cubic RVE along the i-th axis and E being the input Young’s modulus of the 

curved Beams. Figure 3 shows an example of the range of the homogenized Young's modulus 
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values to which it is possible to access by varying d/dist, once set P = 0.8, ANB = 6, SSS = 

1.75. 

 

Figure 3. Percentage ratio of Ex and Ey to E, in function of the beams’ curvature represented by 

"d/dist", the porosity P being constant; Ez has not been introduced in the graph since it is quite 

superimposable to Ey one. 

 

If straight beams were implemented, once set the porosity, it could not be easily to vary the 

homogenized mechanical properties of the cubic RVE since the variation of the resistant section 

of the beams, for controlling these mechanical properties, would lead to a variation of the 

porosity. By introducing parametric curved beams this algorithm become a powerful tool 

capable to design a new porous material able to show a wide range of mechanical properties' 

values in output while maintaining a constant value of porosity i.e., a constant amount of 

material. 

2.8.1 Convergence analysis of the FEM results using curved beams 

A convergence analysis of the results (in terms of Young’s Modulus) was performed choosing 

an average element size of the FEM model equal to M = L/12, L being the length of the curved 

beam, with a corresponding percentage error of 0.055 compared to the asymptotic value. 

2.9. Sensitivity analysis campaign 

A sensitivity analysis campaign was realized on an appropriate cubic RVE, after the orientation 

of the beams, with the aim to evaluate the effects of changes in sensitive input parameters, 

specified in paragraph 2.2, on the mechanical performance of the new material in linear elastic 
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behaviour range. We have used a simple “one factor at a time” approach, estimating the 

influence of some geometric parameters on the response by independently varying the 

parameters over a certain range. However, this approach is unable to clearly reveal possible 

interactions between parameters [27] but it gives us information about the potentiality in 

managing of such an algorithm. 

2.9.1 Variation of the parameter SSS 

The SSS size must ensure an initial ANB as to have available a fairly large number of 

orientations to be selected. An excessive large SSS size, however, determines computational 

errors caused by possible intersections between curved beams, difficult to model in CAD 

environment, with subsequent inability to create the .stl file for 3D printing. For this reason three 

values of SSS radius (1.5 x dist, 1.75 x dist and 2 x dist) were considered, the other input 

parameters being constant. The authors have judged the value of SSS radius equal to 1.75 x 

dist a fair compromise between fairly high value of the homogenized Young’s modulus and the 

risk of possible intersections between curved beams (if the curved beams remain, on average, 

of the same length, the probability that they intersect each other is greatly reduced). 

Furthermore, in this way there is a better accuracy in modelling the boundary of the solid when 

it presents curvatures with a radius of the same order of magnitude as the average minimum 

distance between the convergence nodes. 

2.9.2 Variation of the parameter ANB 

Subsequently, once set the SSS size, ANB was made to vary from a minimum of 3 to a 

maximum of 20. It was found that the homogenized Young’s modulus of the cubic RVE, in the 

loading direction (Ex), tends to decrease with increasing of ANB, while the other two Young's 

moduli (Ey and Ez) tend to increase, thus tending to the same value for ANB greater than 12. 

Thinking of a future production of bone scaffolds that have to mimic, among other things, also 

the geometric distribution of the trabeculae, ANB equal to 6 was chosen also taking account of 

the average number of converging trabeculae characterizing the transversely isotropic 

cancellous bone [18]. 

3. Three dimensional printing and mechanical tests 
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Two virtual models, characterized by the morphometric input data collected in the Table 1, were 

created using the algorithm described in this work that oriented the beams along the X axis.  

The aim was to print three-dimensional specimens to be tested in order to study the 

experimental/numerical correlation. The target of this phase of the study was to validate the 

FEM model characterized by a one-dimensional element (beams) based network. In this case, 

for ease of discussion and without any loss of generality, the parameters "Lrve" (length of the 

cubic RVE) and "dist" have been sized taking into account the characteristics of the 3D printer 

and of the available testing machine. The two models differ only in the curvature of the beams. 

The algorithm has provided, in output, two .iges files containing a set of solids representing the 

curved beams (inflected cylinders on the basis of spline generated by the algorithm) and the 

convergence nodes (spheres whose radius is equal to the inflected cylinders’ radius).  

 

Table 1 Morphometric input parameters characterizing the two cubic RVEs to be printed. 

 RVE1 RVE2 

Lrve 2cm 2cm 

dist Lrve/5 Lrve/5 

SSS radius dist*1.75 dist*1.75 

Porosity 0.95 0.95 

d/dist 0.1 0.25 

ANB 4 4 

 

These files have been treated with a special routine in CAD simulation environment to fuse the 

various solids together and create the .stl files to be supplied to the 3D printer. For printing we 

have chosen a 3D printer (DWS 020D produced by DWS srl - Via Lago di Levico, 3 - 36010 

Zanè (VI) Italy); the specimens were equipped with rigid bases perpendicular to the axes of 

compression in such a way they also acted as a supporting material during the printing phase 

(see Figure 4). Compression mechanical properties of the printed material were measured 

using a CMT4000 Series (by SANS, China). The cubic specimens were compressed at a cross-

head speed of 1mm/min along X, Y and Z directions. Five specimens were tested for each 

configuration. 
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Figure 4. Printed specimens: in the first row, the three configurations of the RVE1 specimen are 

shown; in the second row, the three configurations of the RVE2 specimen are shown. 

4. Experiments 

The algorithm was optimized to process the cubic RVE described in the section 2.5 and 

characterized by the parameters listed in the Table 1. The boundary conditions (see section 2.1, 

step 7) used to select the more loaded beams (oriented along the X axis) consisted of an overall 

deformation             , with      being the strain component along the X axis set to      

for the sake of simplicity. The algorithm, once introduced the experimental mechanical 

properties and calculated the elastic solution (see section 2.1, step 8), selected the beams that 

were directed according to the internal stress by deleting the least stressed beams while 

maintaining structural continuity (see section 2.1, steps 9 - 11). At the end of the routine 

completed by the orientation of the beams (see section 2.1, steps 10 and 11), the algorithm, on 

the basis of the pseudocode listed in Section 2.1, introduced a parametric curvature to each 

beam and, at the same time, resized the beams (varying the circular cross section) to achieve 

the desired porosity (see section 2.1, step 12). Figure 5 shows the effect of the algorithm 

elaboration on the cubic RVE (a, b and c) and the 3D printed polymeric specimen (d). 

At the end, (see section 2.1, steps 13 and 14) two physical models characterized by the 

morphometric parameters listed in table 1 were realized by rapid prototyping technique with the 

purpose of subjecting them to compression test; the three homogenized Young's moduli have 

been evaluated in the three mutually perpendicular directions X, Y and Z of the two cubic 

specimens. Once built the two virtual RVEs described in section 3, boundary conditions, 
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approximating the compression tests, have been applied in Ansys environment, assuming 

absence of sliding of the zones in contact with the rigid bases characterizing the polymeric 

specimen. Then the three Young's moduli have been evaluated in the three directions X, Y and 

Z of the cubic RVE. 

 

Figure 5. Effect of the algorithm elaboration on the cubic RVE: a) isotropic cubic lattice structure 

showing the direction of the imposed displacements (X axis); b) cubic lattice structure showing 

resized beams oriented along the X axis; c) cubic lattice structure showing curved beams; d) 3D 

printed polymeric specimen. 

5. Results 

5.1 Beam sorting criteria results  

The choice of beam sorting criteria was based on a comparison of the FEM simulation results of 

the final cubic RVE showing the beams oriented along the X axis. For the sake of simplicity, an 

input Young’s modulus for beams equal to Ei = 1Pa and with an overall deformation           

were introduced as input parameters. The results used for comparison were maximum values 

(Maxv) recorded in the whole RVE for von Mises equivalent stress, principal stress (absolute 

value), and shear stress (absolute value). To understand the average behaviour of the RVE 

structure and to avoid the possibility that abnormal maximum values could affect the evaluation, 

it was also considered the arithmetic mean value (Amv) of the maximum values recorded in 

each beam of the same items that was calculated by the following formula: 

    
 

 
       

 
            (7) 
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with n being the number of beams and XMax,i representing, alternately, the maximum values of 

von Mises equivalent stress, principal stress (absolute value) and shear stress (absolute value) 

in the i-th beam.  

Finally, a comparison was also made between the homogenized Young's moduli of the RVE, 

calculated in the preferred direction of the beams (X-axis) using the three different criteria.  

Table 2 show the used criteria and the comparison among them. 

 

Table 2 Comparison of the criteria. 

                                CRITERIA 
 
OUTPUT 

Elastic strain Energy σeq (Von Mises) σ principal, Max 

Maxv Amv Maxv Amv Maxv Amv 

σeq, (Von Mises) [Pa] 3.2032E-04 1.2202E-04 3.1591E-04 9.2860E-05 3.1591E-04 1.3007E-04 

Abs(σ principal, Max) [Pa] 3.2022E-04 1.1862E-04 3.1568E-04 9.1430E-05 3.1568E-04 1.2867E-04 

Abs(τ) [Pa] 5.1530E-05 5.9400E-06 4.7010E-05 7.6400E-06 4.7010E-05 6.1900E-06 

RVE Young’s Modulus (Ex) [Pa] 1.6522E-01 1.6515E-01 1.6412E-01 

 

As can be seen in the Table 2, regardless of the criterion used, Maxv for σeq, (von Mises) and Abs 

(σprincipal, Max) assumes about the same value, while Maxv for Abs (τ) assumes a value of about 

one order of magnitude lower. The criterion that sorts/eliminates the beams according to σeq 

(von Mises) allows to have in output a high homogenized Young's modulus value for the RVE, 

and, at the same time, to register relatively low Maxv for σeq, (Von Mises) and Abs (σprincipal, Max) and 

moreover a low Maxv for Abs (τ). Using this criterion, we also have the lowest Amv for the same 

output results, with the exception of shear stresses that, however, remain over one order of 

magnitude lower compared to normal stresses. From the structural point of view, in the context 

of small deformations, the target was the optimization of the structural stiffness. Having to 

choose an internal configuration of the RVE lattice structure, boundary conditions and amount 

of material (porosity) being equal, the author chose equivalent von Mises stress criterion for 

subsequent FEM calculations. This criterion gave a beam configuration that showed a high 

Young's modulus and recorded, inside, the less burdensome stress state.  

5.2 FEM results  
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A photopolymer named RD 096 blue (Digital Impression Resin, produced by DWS srl - Via Lago 

di Levico, 3 - 36010 Zanè (VI), Italy) was chosen for the 3D printing; this polymer, after UV post-

curing, is characterized by the following elastic material properties: E = 3.120GPa and ν = 0.3. 

These properties have been introduced as input parameters in the described algorithm for the 

linear elastic modelling of the curved beams. In order to take account of the real testing 

conditions all the degree of freedom of the nodes belonging to the contact plane between 

specimen and the polymeric bases, have been set equal to zero in order to simulate the 

constraint effect of the base. The calculation of Young’s modulus was carried out by imposing to 

the free side of the RVE perpendicular to the compression axis, an arbitrary displacement and 

obtaining its reaction force as the sum of the nodal forces. Initial section (Lrve
2
) has been 

considered as reference in the calculation. The results of the simulations, in terms of Young’s 

modulus, conducted on the cubic RVEs are collected in Table 3: 

 

Table 3 FEM results. 

  RVE1 RVE2 

Ex (MPa) 13.596 1.585 

Ey (MPa) 0.122 0.038 

Ez (MPa) 0.108 0.034 

 

5.3 Experimental results  

The results of the uniaxial compression tests in terms of Young’s modulus, conducted on the 

cubic specimens are collected in Table 4. The reported results are the arithmetic mean value of 

the five specimens printed for each direction (X, Y and Z): 

 

Table 4 Experimental results. 

  RVE1 RVE2 

Ex (MPa) 12.334 1.594 

Ey (MPa) 0.124 0.038 

Ez (MPa) 0.097 0.036 

 

5.4 Comparisons between experimental and FEM results  
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The histograms reported in Figure 6 shows the comparison of experimental and numerical 

results in terms of Young’s modulus. The percentage relative errors in the calculation of Young's 

moduli Ex, Ey and Ez of RVE1were respectively equal to: Errx = -10.22%, Erry = 1.62%, Errz = -

1.52%; the percentage relative errors in the calculation of Young's moduli Ex, Ey and Ez of RVE2 

were respectively equal to: Errx = 0.55%, Erry = -0.98%, Errz = 6.69%. 

 

 

Figure 6. Experimental/numerical correlation in terms of Young’s modulus.  

6. Discussion, conclusions and perspectives 

This work deals with the development, the application and the experimental validation of a 

procedure based on an original algorithm [16], running in a finite element environment, 

operating inside a three-dimensional solid of any shape replacing the continuous mass of the 

solid with an appropriate lattice structure showing curved cylindrical micro-beams, sharing with it 

border and boundary conditions. The algorithm input parameters are: average minimum 

distance between convergence nodes, target porosity, target ANB, radius of the SSS, average 

beam curvature and beams’ mechanical properties. At the beginning, the algorithm generates 

an appropriate isotropic network of randomly oriented beams; then it adapts the network to the 

loads induced by the boundary conditions according to an appropriate criterion; at the end, a 

routine introduces a variable curvature at each beam in order to control the homogenized 
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Young’s modulus of the porous structure. To show a practical application of the algorithm and 

for the validation of the final FEM model characterized by a one-dimensional element (beams) 

based network, a cubic representative volume element (RVE), properly sized, was chosen to 

facilitate the analysis of mechanical behaviours. By implementing PBC, the algorithm was able 

to retrieve the whole stiffness matrix of the cubic RVE. In this way, once properly curved and 

oriented the beams along a particular direction, the relationship between the compact material 

Young's modulus in input and the resulting homogenized Young’s modulus of the porous RVE, 

along the main beam direction, was estimated. In this case study, once sized the beams’ cross 

sections according to the desired porosity, the algorithm created two solid CAD models that 

were converted in .stl files and printed by a 3D printer using an appropriate polymer (the two 

models differ only in the curvature of the beams). The FEM results were compared with 

experimental ones obtained by compression tests conducted on the printed cubic RVE. The 

FEM and experimental results were very close with a mean relative error of 3.60% (see figure 

6).The worst correspondence between experimental and predicted elastic modulus has been 

observed for the sample RVE1 along the X axis. A three-dimensional element based network 

usually gives us results more close to reality. In this case, it would have been possible to build a 

three-dimensional element based FEM model after the realization of the CAD solid model (see 

section 2.1, step 13). Such a model would have required a very high computational burden 

significantly impairing the computing speed that is one of the peculiar characteristics of a 

parametric variational analysis. However, in this case the closeness between FEM and 

experimental results confirmed the validity of the “beam element – based” network in terms of 

Young’s modulus. This Experimental/numerical correlation confirms the effectiveness of the 

procedure in this phase of design characterized by virtual realization of the parametric model, 

simulations of the elastic mechanical behaviour and three-dimensional printing. Possible 

applications could be the production of those porous tissues for which it is required a set value 

of porosity a set external shape, a low weight and heterogeneity of the mechanical properties at 

the micro and macro levels as for example in the field of research of the CATE for production of 

scaffolds (bone-like structured foams) and in the field of research of ergonomics for production 

of highly structured foams. The algorithm, subjected to further validation, could possibly be 
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applied to other areas of engineering. It can be easily modified in order to be able to control, for 

example, the average resistant section of the curved beams, or, even better, the resistant 

section of each beam according to the boundary conditions. Moreover, possible future 

developments of FEM modelling may be the implementation of new material properties to cover 

the field of geometrical and material nonlinearity, the evaluation of the effect of large 

deformations and the analysis of the influence of the mutual contacts among curved beams. 
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Figure Captions 

Figure 1. Algorithm fundamental steps for elaborating a generic cubic solid mass withstanding 

generic boundary conditions: A) step 1; B) step 2; C) steps 3 and 4; D) step 5 ; E) steps 6 - 11; 

F) steps 12 - 13; G) 3D printed polymeric specimen. 

 

Figure 2. Example of an initial isotropic cubic RVE. For readability purposes, fewer mesh wires 

than those used in the calculation are represented. 

 

Figure 3. Percentage ratio of Ex and Ey to E, in function of the beams’ curvature represented by 

"d/dist", the porosity P being constant; Ez has not been introduced in the graph since it is quite 

superimposable to Ey one. 

 

Figure 4. Printed specimens: in the first row, the three configurations of the RVE1 specimen are 

shown; in the second row, the three configurations of the RVE2 specimen are shown. 

 

Figure 5. Effect of the algorithm elaboration on the cubic RVE: a) isotropic cubic lattice structure 

showing the direction of the imposed displacements (X axis); b) cubic lattice structure showing 

resized beams oriented along the X axis; c) cubic lattice structure showing curved beams; d) 3D 

printed polymeric specimen. 

 

Figure 6. Experimental/numerical correlation in terms of Young’s modulus.  
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Tables 

Table 1 Morphometric input parameters characterizing the two cubic RVEs to be printed. 

 RVE1 RVE2 

Lrve 2cm 2cm 

dist Lrve/5 Lrve/5 

SSS radius dist*1.75 dist*1.75 

Porosity 0.95 0.95 

d/dist 0.1 0.25 

ANB 4 4 

 

Table 2 Comparison of the criteria. 

                                CRITERIA 
 
OUTPUT 

Elastic strain Energy σeq (Von Mises) σ principal, Max 

Maxv Amv Maxv Amv Maxv Amv 

σeq, (Von Mises) [Pa] 3.2032E-04 1.2202E-04 3.1591E-04 9.2860E-05 3.1591E-04 1.3007E-04 

Abs(σ principal, Max) [Pa] 3.2022E-04 1.1862E-04 3.1568E-04 9.1430E-05 3.1568E-04 1.2867E-04 

Abs(τ) [Pa] 5.1530E-05 5.9400E-06 4.7010E-05 7.6400E-06 4.7010E-05 6.1900E-06 

RVE Young’s Modulus (Ex) [Pa] 1.6522E-01 1.6515E-01 1.6412E-01 

 

Table 3 FEM results. 

  RVE1 RVE2 

Ex (MPa) 13.596 1.585 

Ey (MPa) 0.122 0.038 

Ez (MPa) 0.108 0.034 

 

Table 4 Experimental results. 

  RVE1 RVE2 

Ex (MPa) 12.334 1.594 

Ey (MPa) 0.124 0.038 

Ez (MPa) 0.097 0.036 
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