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SMALL DOUBLING IN ORDERED NILPOTENT
GROUPS OF CLASS 2

GREGORY A. FREIMAN, MARCEL HERZOG, PATRIZIA LONGOBARDI,
MERCEDE MAJ, AND YONUTZ V. STANCHESCU

ABSTRACT. The aim of this paper is to present a complete de-
scription of the structure of finite subsets S of torsion-free nilpotent
groups of class 2 satisfying |S?| = 3|S|—2. In view of results in [12],
this gives a complete description of the structure of finite subsets
with the above property in any torsion-free nilpotent group.

1. Introduction.

Let o and 3 denote real numbers, with o« > 1. A finite subset S of
a group G is said to satisfy the small doubling property if

1S% < alS|+8,

where S? = {515 | 51,80 € S}.

The classical Freiman’s inverse theorems describe the structure of
finite subsets of abelian groups, which satisfy the small doubling prop-
erty (see [?], [?], [?], [?], [?] and [?]). Recently, several authors obtained
similar results concerning various classes of groups for an arbitrary «
(see for example [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?] and [?]).

In particular E. Breuillard and B. Green in [?] and M. Tointon in [?]
investigated the problem in the case of GG being a nilpotent group.

In [?] we started the investigation of finite subsets of ordered groups
satisfying the small doubling property with o = 3 and small |3]. We
proved that if (G, <) is an ordered group and S is a finite subset of G of
size k > 2, such that |S?| < 3k — 3, then (S) is abelian. Furthermore,
if £k > 3 and |S? < 3k — 4, then there exist z1,9 € G such that
g > 1, gry = x19 and S is a subset of the geometric progression
{21,219, 719% -+ , 219"}, where t = |S?|. We also showed that these
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results are best possible, by presenting an example of an ordered group
with a subset S of size k with (S) non-abelian and |S?| = 3k — 2.
Other recent results concerning small doubling properties appear in
2, 7], [2], [2].
In [?] we studied finite subsets S of torsion-free nilpotent groups such
that |S?| = 3k — 2.

The aim of the present paper is to give a complete description of
the structure of subsets S of size k in torsion-free nilpotent groups
satisfying |S?| = 3k — 2.

It is known that torsion-free nilpotent groups are orderable (see [?]
and [?]), so the results in [?] apply. Furthermore, we can assume that
the class of G is 2, because of Theorem 5 and Corollary 3 in [?].

Our main result is the following theorem.

Theorem 1.1 Let G be a torsion-free nilpotent group and let S be
a subset of G of size k > 4 with (S) non-abelian. Then |S?| = 3k — 2
iof and only if there exist a,b,c € G and non-negative integers i,) such
that

S ={a,ac,--- ,ac',bbc, - b},
withl1+i+1+j=k, c#1 and [a,b] = ¢*'.

Here [a,b] = a~'b~'ab is the commutator of the elements a, b.

We refer to [?] and [?] for results concerning ordered groups. In
particular, we use at several places the following result proved by B.H.
Neumann in [?].

Proposition If G is an ordered group and a,b € G are such that a
commutes with b"™ for some integer n > 1, then a commutes with b.

2. Some general results.
We start with the following two very useful lemmas.

Lemma 2.1 Let (G, <) be an ordered nilpotent group of class 2 and
let S be a subset of G of size k > 3, satisfying

S=A{xy, o}, T <x9 <o <
Let T = {z1,--- ,x51} and for any positive j < k — 1, let T; =
{xj, - ,xK_1}. Suppose that for some positive i < k — 2, we have

{@wp, 22} C T

Then either x;x) or xpx; belongs to Tfﬂ
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Proof. Write z;x, = x;x;, for suitable [, < k — 1, then j > i + 1.
Similarly, write z,x; = x,x4, for some s,t < k— 1, thent > i+ 1. We
claim that either [ > i+ 1 or s > i + 1. We have z;x; = zgz;[x;, 2y
and either [z;,zx] > 1 or [z;,2x] < 1. Suppose, for example, that
[z;, 2] > 1. Then [z, x;] < 1, and zsxy = xpw; = viwg[eg, ;) < zx,
thus, from ¢ < k it follows that s > ¢ + 1. Similarly, if [x;, 2x] < 1, we
get [ > 1+ 1.

L]

Lemma 2.2 Let (G, <) be an ordered nilpotent group of class 2 and
let S be a subset of G of size k > 3, satisfying:

S=A{xy, - a}, 11 <x9 << ap

and
TpTr—1 7 Th-1Tk-
Let T ={xy, - ,x1_1}. Then:

|S?| > |T?| + 4.
In particular, if (T') is non-abelian, then

|S?| > 3k — 1.

Proof. Write
D = {flfi, TpLr—1, xk—lxk}-

Then |D| = 3 and D C S?\ T?. If either x3x_o or ox_ox; does not
belong to T?UD, then
[SP\T?| > 4,
as required. So we may assume, from now on, that
{xr2p—0, Tp_oxi} C T?UD.

Our aim is to reach a contradiction.
First, we claim that the case

2
{rtp—2, vp—oz} C T
is impossible. Indeed, in this such case,
TpTp—o = TjTp—1 and Tp_oTp = T_12;, for some 7,5 < k — 1.

Moreover, by Lemma 2.1, either j =k —1or¢ =%k — 1.
Assume that j = k — 1, thus z3z,_o = 22_,. Then

T2 = $k$k—2[$k—2, xkz] = $i_1[$k—2, fL‘kL
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which implies that x;,_; centralizes x,_oxy, since G has class 2. There-
fore xy_sx) = T1_12; = x;74_1, forcing e = k — 1 and

2
TTlg—2 = Tp_1 = Tkp—2Tk.

Thus z;, centralizes z;_o and hence z; centralizes m,%_l. But then z;

centralizes zj_1, a contradiction. Similarly, we get a contradiction if
we assume that z;_sx), = 27 _,. This completes the proof of our claim.

Thus either xj,_sa), or 12— is not in T2 and hence it belongs to D.
We claim now that

{xpwr—o, Tp—sxr} C D.

Indeed, assume that xixi_o € D, which implies that
TpTp—2 = Th_1 Tk

Then zp_o = x,;lxk_lxk = zp_1¢, where ¢ € Z(G). If xp oz €
T?, then x_ox; = xp_17; for some ¢ < k — 1, which implies that
Tp_1CT, = Tp_12; and x = ¢ ;. It follows from zj_ox, = Tr_17; that
$k$k—2[$kz—2,$kz] = $i$k—1[$k—17$i]- But [%—2,%] = [%—107 Ciliﬁz‘] =
[Tr_1,2:], 50 Tpx)_o = Ty € T? a contradiction. Thus zpx)_o €
D implies that x,_ox, € D and similarly xp_szr € D implies that
TrpTp_o € D, as claimed.

Finally, we claim that

{@rTp—2, T2z} C D.

is impossible. Indeed, if that is the case, then zpx,_o = xp_125 and
Tp_oX = TpTr_1, which implies that
ZI?_I
Tp1 = Ty = 1k,
Thus [x)_9,27] = 1 and hence [z;_o,75] = 1, which implies that
Tp_oT = (Tp_omk )™ = T)_12k, a final contradiction.
Therefore under our assumptions |S?| > |T?| 4+ 4. In particular, if
(T) is non-abelian, then by Theorem 1.3 of [?] we get that |T?| >
3(k —1) — 2 =3k — 5 and hence |S?| > 3k — 1. O

The following observation will be used repeatedly.

Lemma 2.3 Let G be a torsion-free nilpotent group of class 2. Let
a,b,c € G and consider the subset

S = {a,ac,--- ,ac',b,bc, - b’}

of G for some non-negative integers 1,5 satisfying i +j > 1. Write
A={a,ac, - ,ac'} and B = {b,bc, -+ ,bc’}.
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If c# 1 and [a,b] = ¢tV for some v € N satisfying v < i+ j, then
ABUBA = {abc', 1€{0,--- i+ j+v}}.
In particular, |ABU BA| =i+ j+v+1 and
|S%] = 3|S| + (v — 3).

Proof. Suppose, first, that ba = abc’. Then ¢’ € Z(G) and hence ¢ €
Z(G). Thus (A) and (B) are abelian and a ¢ Cg(B), b ¢ Cg(A). We
have AB = {ab,abc,- -+ ,abc*} and BA = {ba = abc",--- ,abc’ T},
SO

ABUBA = {ab,abc, - - - ,abc" 1},
since v < i + j. Therefore |AB U BA| =i+ j + v + 1. Furthermore,
A2 =2(i+1)—1=2i+1, |B =2j+1, and
S? = AU B? U(ABU BA),
with ) = A2NB? = A>N(ABUBA) = B*N(ABUBA), since b ¢ Cg(A)
and a ¢ Cg(B). Hence:
12| =2i+14+2j+1+i+j+v+1=3i+3j+3+v=23S|+ (v—3),

as required. The case ab = bac’ can be dealt with similarly. 0

While studying subsets S of size k of ordered nilpotent groups of
class 2 with the small doubling property, we shall often try to reduce
the hypotheses to those of the following proposition.

Proposition 2.4 Let (G, <) be an ordered nilpotent group of class
2 and let S be a subset of G of size k > 4, with (S) non-abelian.
Write S = {x1,29, - ,Tp—1, Tk}, T1 < Ty < -+ < xf, and T =
{z1,29, -+ ,xK_1}. Suppose that (T') is abelian and

|S?| =3k +i <4k —6

for some integer i. Then i > —2 > —k and there exist a,b,c € G such
that

S C{a,ac,--- ,ac b} C {a,ac,--- ,ac*=5 b}

with [a,b] = ¢ for some v € N satisfying v < k + 1.



Proof. Since (S) is non-abelian, it follows by Theorem 1.3 of [?] that
|S?| > 3k — 2,804 > —2 > —k. Since (T) is abelian, it follows that
z ¢ Co(T) and hence |z, T U Tx,| > k by Proposition 2.4 of [?].
Moreover,
S? = (T*U{x32}) U (2T U Txy,)
since 7, ¢ (T) C Cg(T), and z7 ¢ T? since otherwise 77 € Cq(T),
which implies that x; € Cg(T), a contradiction. Thus
3k+i=1|S? =T+ 1+ |mTUTay| > |T? +1+k, (1)
and consequently
IT? <2k +i—1<3k—7=3|T| -
Hence it follows by Proposition 3.1 in [?] that
T g {CL, ac, - - - 7ack+i} g {CL, ac, CLC2, e 7a62k_6}a
where a,c € G, ¢ > 1 and ac = ca. Moreover, as |T?| > 2|T| — 1 =
2(k — 1) — 1, our assumptions and (1) also imply that
4k—6 > 3k+i = |S?| > |T?|+14- |2, TUT xg| > (2(k—1)—1)+ 14|, TUT 2|,
SO
2|T| - |[EkT N TZL'k| = |CL’]€TU Tl’k| S 2k — 4
and
|z, T NTag| >2(k—1) — (2k —4) = 2. (2)
Write x, = b. Then
VT C {ba,bac, - -- ,bac™™} and Tb C {ab, cab, *ab, --- ,c*ab},

in view of ac = ca. As, by (2), [bT' NTb| > 2, there exist 0 < [, j,s,t <
k + i such that
bad = dab and bac® = cab,
with [ # s and j # t. Now, bacl = ac’b implies that b~la"'bac =
b=1c7b, yielding
[b,a] = b b = [b, ]I

c
Hence ¢! € Z(G) and similarly ¢*~! € Z(G).

Suppose, first, that j # . Then ¢/~ € Z(G) implies that ¢ € Z(G).
If I > j, then

ab=bac™ with 0<1l—j<k+i,
and if 7 > [, then
ba =abd! with 0<j—1<k+i.

Thus the theorem holds. Similarly, the theorem holds if s # t.
6



So assume, finally, that [ = 7 and s = t. In this case we shall reach
a contradiction. We have bac! = ac'b, bac® = ac®b and [ # s. Thus

1 =[b,ac'] = [b,a][b,d] and 1 = [b, ac’] = [b, a][b, c*].

Hence [b,c!] = [b,c*], implying that ¢ ‘bt = ¢~ %bc®. Thus ¢/=% and
b commute with each other and since | # s, it follows that ¢ and b
commute with each other. But then bac! = abc! and hence b and a
commute with each other. So b € C¢(T'), a contradiction. O

Notice that, conversely, if S = {a,ac,ac?, -+ ,ack=2 b}, with k > 4,
c# 1, [a,b] = c** for some v € N satisfying v < k— 3, then, by Lemma
2.3, 5% = 3k +v —3 < 4k — 6.

As an easy consequence of Lemma 2.2, we get the following result
for completely-non-abelian subsets, where we say that a subset S of a
group G is completely-non-abelian (S € CNA in short) if ab # ba for
any a,b € S, a # b.

Corollary 2.5 If S is a CNA-subset of size k of an ordered nilpotent
group of class 2, then:

|S?| > 4k — 4.

Proof. In fact, the result is certainly true if £ = 1. If £k = 2 and
S = {a,b}, then S? = {a? ab,ba,b?} and |S?| =4 =4-2—4. So
let |S| = k£ > 3, and suppose that the result holds for £ — 1. Let
S =z, ,x}, 11 < a9 < --- <z and let T = {xy,-- 251}
Then, by Lemma 2.2, |S?| > [T?+4 > 4(k — 1) — 4+ 4 = 4k — 4, as
required.

O

3. Subsets S with |S?| = 3|S| — 2.

The aim of this section is to study subsets S of a torsion-free nilpotent
group of class 2 satisfying |S| = k and |S?| = 3k — 2.

If |S| =2 and |S?| =3-2—2=4, then S = {a, b}, ab # ba, and the
converse is also true. So we shall study subsets S with |S| =k > 3.

In the case when k& = 3, we have the following result.
7



Proposition 3.1 Let G be a torsion-free nilpotent group of class 2
and let S be a subset of G of size |S| = 3, with (S) non-abelian. Then
|S?| = 7 if and only if one of the following holds:

(1) SNZ((S)) # 0

(ii) S = {a,ac,b}, where a,b,c € G, ¢ # 1, [a,b] = ¢**. In particu-
lar, c € Z(G).

Proof. There exists an order < on G such that (G, <) is an ordered
group. Write S = {z1, x9, x5} with z1 < 25 < z3 and T = {x1, x5 }.

Suppose that |S?| = 7. If 2129 = wox; and x9x3 = 379, then
xe € Z((S)) and S satisfies (i).

So assume, first, that zex3 # x3z9. Since |T? < |S? —4 = 3,
by Lemma 2.2 it follows that zixy = xoxy. If z123 = 2371, then
1 € Z((S)) and S satisfies (i). So assume that z1x3 # x3x;. Since
Toxy # x3x9, it follows that x3 ¢ (1, x9) and the elements

2 2 2
L1, L1X2, Lo, L1T3, L2X3, T3

of S§? are all different. Since |S?| = 7, we have either x37; = w973 or
r3xy = x1x3. Thus, if we put z1 = a,29 = ac,x3 = b, then ¢ > 1,
ac = ca and either ba = cab or bac = ab. Hence ¢ € Z(G) and S
satisfies (ii).

Similarly, if z129 # x921, then we get the result by considering the
order opposite to <.

A direct calculation yields the converse. O

In order to prove Theorem 1.1, we study first the following particular
case.

Proposition 3.2 Let G be a torsion-free nilpotent group of class 2
and let S be a subset of G of size |S| = k > 4, with (S) non-abelian.
Assume that |S?| = 3k — 2 and S = T U {z}, with (T') abelian. Then
there exist a,b,c € G such that

S ={a,ac, - ,ac" 2 b},

with [a,b] = ¢, In particular, c € Z(G).

Proof. By Proposition 2.4, we have

S C{a,ac, - ,ac" 2 b},
with [a,b] = ¢ for some v € N satisfying v < k — 2. Since |S| = k,
it follows that S = {a,ac,--- ,ac®2,b}, and by Lemma 2.3 we get

|S?| = 3k + (v —3). But |S? =3k — 2, so v = 1, as required. O
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Now we can prove Theorem 1.1.

Proof. Let G be a torsion-free nilpotent group and let S be a subset
of G of size k > 4 with (S) non-abelian. By Corollary 3 of [?] we can
assume that G is of class 2.

If a,b,c € G with 1 # [a,b] = ¢!, and if

S = {a,ac,ac*,---  ac',b,bc,bc*, -+ b’}

with 4, j denoting non-negative integers satisfying 14+i14+1+7 =k > 4,
then |S?| = 3k — 2 by Lemma 2.3, for v =1 .

Conversely, assume that |S?| = 3k—2. Our aim is to prove that there
exist a,b,c € G such that S = {a,ac,ac?,--- ,ac’,b,bc,bc?, -+ b},
where either [a,b] = ¢ or [b,a] = ¢, and where i,j are non-negative
integers satisfying 1 +i+1+j =k > 4.

There exists an order < on G, such that (G, <) is an ordered group.
Write

S:{xlax%'“ Jxk}7 T:{Ila"' 7$k_1}, V:{xQJ'“ 7xk}7

and suppose that 1 < 9 < --- < 1. If S contains a subset of size k—1
which generates an abelian subgroup of GG, then our claim follows by
Proposition 3.2. Therefore we may assume that S contains no subsets
of size k — 1 generating an abelian subgroup of GG. In particular, the
subgroups (T') and (V') of G are non-abelian.

If xx_1x) # wpxR_1, then (T) is abelian by Lemma 2.2, a contradic-
tion. So we may assume that

Tp—1Tk = TpTp—1.

Similarly, by considering the order opposite to < and the set V', we
may assume that

T1T9 = To.

Obviously {22, z_12;,}NT?* = ). Let u+1 be a minimal integer such
that (x,41, - ,xy) is abelian. By our assumptions, 0 < pp < k — 2.

If x,zy and z,z, both belong to T2, then, by Lemma 2.1, either
zuxy or xpx, € {@upr,,xp—1}?. Thus z, € (Tyq1,--- ,2%) and
(xy, -+, o) is abelian, in contradiction to the minimality of p + 1.
Hence either z,x), ¢ T?, or zyx, ¢ T2
So either S? D T?U{a?, xp_12%, x,xp} or S? D T?U{a}, xprp—1, ThT, ),
which implies that 3k — 2 = [S?| > |T?| + 3. Thus

IT?| <3k —5 =3(k — 1) — 2 and similarly [V?| < 3(k —1) — 2.
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If |T?] < 3(k — 1) — 3, then (T) is abelian by Theorem 1.3 of [?],
in contradiction to our assumptions. Hence we may conclude that
|T?| = 3(k — 1) — 2. Similarly, also |V? = 3(k —1) — 2.

Moreover, we may assume that

{a1mg, mozy, -+ apoxp} \T? <2, (3)

since otherwise, in view of xy_1zy, 72 ¢ T? | we obtain 3k — 2 = |S?| >
|T?| + 4, yielding |T?| < 3k —2 —4 = 3(k — 1) — 3. But then, again by
Theorem 1.3 of [?], (T') is abelian, in contradiction to our assumptions.
A similar argument indicates that

Hapzy, 2pa, -+ oprp o \ T? < 2. (4)

We now argue by induction on k.

If k=4, then |T| = 3, |[T? = 7 and we may apply Proposition 3.1.

We will first show that TN Z((T)) = 0.

Assume that TN Z((T)) # (0. Recall that we have z129 = x911,
1374 = x473 and by (3) either x x4 € T? or xozy € T?. In any case
S <T>

Now, if 3 € Z((T)), then (x1,xs,x5) is abelian, in contradiction
to our assumptions. If x, € Z((T')) for r € {1,2}, then x,x3 = z3z,
and z,xy = x42,, since 4 € (T), so (z,,x3,x4) is abelian, again in
contradiction to our assumptions. Thus T'N Z((T')) # 0 is impossible.

Next assume that T = {a,ac,b}, with ¢ > 1 and [a,b] = 1. In
particular, ¢ € Z(G). We have x3xy = xyx3. If either 3 = a or
x3 = ac, then (a, ac, x4) is abelian, in contradiction to our assumptions.
So assume that x3 = b. We have bxy = x4b. First suppose ab = bac.
Then we have

T? = {d? da’c,a*c®, b*} U {abc ™!, ab, abc}.

By (3) either axy € T? or acxy € T?. If either axy or acxy belongs to
{a?, a’c, a®c?, b*}, then bxy = x4b implies that ab = ba, a contradiction.
Hence {axy, acz,}N{abc™, ab, abc} # ). Hence x4 = bc! for some | < 1
and [ = 1 since b = x3 < x4. If ba = abc, then we have

T? = {a? a*c,a’c®,b*} U {bac ', ba, bac}.

By (4) either z4a € T? or wqac € T?, and using argument similar to
those used above, we obtain x; = bc and our claim follows.

Now assume that & > 4 and, by induction, the result is true for k—1.
Then there exist a, b, c € G such that

T = {a,ac,--- ,ac',b,bc,--- ,bc’},

where either [a,b] = ¢ or [b,a] = ¢, and where i, are non-negative
integers satisfying 1 +i+ 1+ j = k — 1 > 4. Relabelling the elements,
10



we can assume that ¢ > 1. We have ¢ € Z(G) and since zj_; is a
maximal element of 7', we have either z;_; = ac’, i > 0 or x;_; = bc’,
j > 0. Assume, without loss of generality, that z,_; = bc’. In order to
complete the proof, we need to show that z = bc’T1. If [a, b] = ¢, then
we have

T2 = {a? %, - @ JU(R Be o B pufabe ! ab,abe, -+ abe' ).

We have i > 1, since otherwise {b,bc,--- ,bc’,x;} is a subset of S
of size k — 1 and generates an abelian group. Now by (3) we have
{ac zy, ac’x,} N'T? # (. Since ¢ € Z(G), if

{ac™ oy, 'z} 0 ({a®,aPc, - @ F U D% b, - 0P} # 0,

then a belongs to the subgroup generated by the elements x, b and c.
Since x, b and ¢ commute with each other, it follows that a commutes
with b, a contradiction. Hence we have

{ac zy, acdzp} N {abc™, ab,abe, - - - abct7} # (.

Hence z;, = bc!, for some integer [ < j + 1. Since zj, > x_1 = bc/, it
follows that [ = j + 1. Hence we obtain the theorem if [a,b] = c.
If [b, a] = ¢, then we have

T2 = {CL2, CLQC, e ,GQC%}U{bQ, b207 T, b202j}U{bCLC_1, ba, bac, s ,bCLCH_j}.

Now, by (4) we have {xjac™ zrac'} NT? # . It follows using the
arguments similar to those used above that z;, = bc/*!. Hence the
theorem follows.

U
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