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Abstract

We develop Harnack inequalities for two different types of equa-
tions. First we consider a fully nonlinear uniformly elliptic equation
related to the Pucci’s maximal and the minimal operators. Next we
consider a quasilinear equation related to the p-Laplacian. In both
cases we consider lower order terms of Keller-Osserman type. Al-
though the equations considered are quite different, we employ a uni-
fied method to approach both problems and the results we find are
similar.
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1 Introduction

In a recent paper [9], Martin Dindos studied the Harnack inequality for non-
negative classical solutions of Au = f(u) in domains in R™. In [9], Dindos
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used a strict convexity condition and the Keller-Osserman condition on the
nonlinear term f to obtain a global L*° estimate of all non-negative solutions
to the aforementioned equation. The estimate was achieved by comparing
nonnegative solutions to boundary blow-up solutions, the existence of which
is assured by the Keller-Osserman condition. As an important ingredient
Dindos introduced a growth condition on f at infinity which, in conjunction
with the global estimate, led to Harnack inequality for nonnegative solutions.
The results in [9] extend the work of Finn and McOwen in [10].

A weakened version of the conditions used in [9] have been used in [15]
to establish Harnack inequality for general second order uniformly elliptic
equations in non-divergence form. In this paper we wish to extend Dindogs’
work by not only replacing the principal operator with more general elliptic
operators of two types, but also by significantly weakening some of the other
conditions used in Dindos’ work. We use these conditions to develop Harnack
inequality for non-negative viscosity solutions of fully nonlinear equations.
The generalized Dindo§’ condition with p > 1 allows to extend further the
result to operators with different homogeneity degree in the gradient such
as the p-Laplace operator. More specifically we first investigate the Harnack
inequality for non-negative (viscosity) solutions of a fully nonlinear equation
H(x,u, Du, D*u) = g(z,u), where H(z,t,£, X) satisfies appropriate struc-
tural condition related to the Pucci extremal operators. The term g¢(z,t)
is assumed to satisfy f(t) < g(x,t) < Tf(t) for some constant 7" > 1, and
some non-negative function f that satisfies Dindos’ condition, we shall prove
a Harnack inequality for non-negative viscosity solutions of the equations
described above. For basic results on fully nonlinear equations we refer the
reader to [3, 18] and the references therein.

The second part of our investigation will focus on developing the Har-
nack inequality for non-negative weak solutions of the quasilinear equation
div(|Du|P~2Du) + b(x)uP~! = g(z,u), where p > 1, and g(z,t) satisfies the
same condition as before but with f now satisfying a generalized Dindog’
condition (depending on p > 1).

As pointed out earlier, the existence of weak boundary blow-up solutions
of div(|Du|P~?Du) = f(u) plays an important role in our approach. This
infinite boundary value problem for such equations has been investigated by
many authors. For the case p = 2 see [2, 11, 14] and references therein. For
general p > 1 we refer to [8, 12].

The paper is organized as follows. In Section 2, after introducing some
basic facts on fully nonlinear uniformly elliptic equations, we derive Harnack



inequality for non-negative viscosity solutions of differential inequalities in-
volving the Pucci extremal operators with lower order terms. This, which
is of independent interest in itself, would serve as the basic tool for proving
our main Harnack inequality. We then establish the existence of viscosity
supersolutions to Pucci maximal operators with lower order terms with non-
linear terms satisfying the Keller-Osserman condition. These supersolutions
are used to develop a uniform global L*> estimate for all non-negative so-
lutions to such equations. The Dindos’ condition, together with the above
mentioned results, provide the necessary tools to derive the desired Harnack
Inequality.

In recent years there has been considerable interest in absorption equa-
tions with nonlinear principal parts. The reader is referred to the interesting
papers [4, 5, 7, 13] and the references therein.

In Section 3, we look at a class of quasilinear equations and recall some
basic results about them that will aid in our study of the Harnack inequality.
Next, we introduce a general version of the Dindos’ condition that is suited to
the study of Harnack inequality of quasilinear equations. This section follows
the same general approach of Section 2 to develop the Harnack inequality for
non-negative weak solutions of the quasilinear equations under consideration.

In both Sections 2 and 3, we employ a useful estimate involving the
nonlinear term f to derive the Harnack inequality. This estimate is proved
in the Appendix as a consequence of the generalized Dindos condition.

2 The fully nonlinear case in the viscosity
setting

Let €2 be a bounded domain in R™ and §,, be the space of n xn real symmetric
matrices with the partial ordering X <Y, which stands for Y — X positive
semi-definite.

A mapping H : ) x R x R" x §,, — R is said to be uniformly elliptic in € if

ATHY — X) < H(z,t,6,Y) — H(z,t, 6, X) < ATr(Y — X),

for all (z,t,£,X,Y) € QxR xR"x S, xS§,,Y > X, where Tr denotes the
trace and A\, A are positive real numbers such that A < A.

If u € C*(Q2) we denote by Du and D?u the gradient and the Hessian matrix



of u. The operator H[-] acting on u € C%(Q) as
H[u](z) = H(z,u(z), Du(x), D*u(x))

will be called in turn uniformly elliptic (with ellipticity constants A and A).

Special uniformly elliptic operators are the extremal Pucci operators, the
maximal and the minimal one, respectively defined by

M{A(X) = sup Tr(AX)

AL <A<LAIL,

M (X) = inf  Tr(AX),

Al <A<AIn

I, being the n x n identity matrix. These operators satisfy the following
properties for all X,Y € S,,:

(i) M;,A(X> = _MI,A(_X%
(i) MuAX) + ML) S MG A(X+Y)
SMIANX FY) S ML (X) + ML (Y).

All linear uniformly elliptic operators with ellipticity constants A and A

Lu:ZaU DZ]u+Zb YDju + c(x)u

i,7=1

are uniformly elliptic in the sense introduced above with the same ellipticity
constants. In this case H[u] = Lu with

H(z,t,&,X) = Tr(A(x)X) + BT (2)€ + c()t,

where A(z) = [a;(x)] € S, and B(z) = (b;(x)) € R™. The extremal Pucci
operators are fully nonlinear elliptic operators with ellipticity constants A
and A.

Moreover, for all pure second order uniformly elliptic operators H we have

M;,A(D%) < Hlu] < MIA(DQU)'

In particular, Au =Tr(D?u) = M7 (D).
For computational purposes, we recall the following alternative description



of the Pucci operators:

MEA(X) = ATe(XT) = ATe(X ) =AY (X)) =AY les(X)],

e;>0 e; <0
M A(X) = ATr(XF) = ATr(X7) = A [ei(X)| =AY [e( X)),
e;>0 e; <0

where X* are the positive and negative parts of X such that X* > 0,
X=X"—X",X"X"=0=X"XT, while ¢;(X) are the eigenvalues of X.
If w(z) = p(|z|) is a radial function, then the Hessian matrix D?*w(z) has
eigenvalues ¢”(|z|) (which is simple) and % (with multiplicity n — 1).
Therefore, if ¢ is a convex non-decreasing function, we have

My (D)) = A g (jal) + A — 1) 20D g A,

]

Mi A (D*w(x)) = A"(|2]) + AMn — 1) *0/|<QL‘|”|) =\ Aw.

In terms of Pucci operators the uniform ellipticity can be equivalently stated
as

M;,A(Y_X> < H(l’7t,§7Y) —H($,t,§,X)
SM:{A(Y—X), vX,Yes, Y>X

We will also consider a Lipschitz-continuous dependence on the gradient vari-
able:
M)_\,A(Y - X) _B|77 - §| < H(i’,t,?’],Y) - H($,t,€,X)
SMLY = X)+Bn—¢l, VX,V ES, V=X,

for a constant S > 0. In passing we point out that both of the above inequal-
ities are equivalent to the corresponding inequalities without the requirement
Y > X.

Now, we briefly report on viscosity solutions of fully nonlinear elliptic
equations. We say that a function v € USC(Q2) (upper semi-continuous in
1) is a viscosity subsolution of equation H[u] = g, equivalently a solution of
Hlu] > g(x), if for every point z € ) and every test function ¢ € C?(2) such
that u — ¢ has a maximum at x, we have

H(z,¢(x), Dp(z), D*p(z)) = g(=).
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Analogously, a function u € LSC(Q2) (lower semi-continuous in §2) is a
viscosity supersolution of equation Hlu| = g, equivalently a solution of
Hlu] < g(z), if for every point z € Q and every test function ¢ € C?*(Q)
such that © — ¢ has a minimum at x, we have

H(z,¢(x), Do(x), D*p(x)) < g(z) .

A continuous function u which is both a subsolution and a supersolution will
be called a viscosity solution of equation H[u] = g in .

The above definition provides a generalization of the concept of solution in
the sense that a classical solution u € C?(Q) is a fortiori a viscosity solu-
tion whereas conversely a viscosity solution u € C?() is in turn a classical
solution.

A comparison principle for sub and supersolutions is provided by [18, Theo-
rem 3.3].

Here below we also state the Harnack inequality for viscosity solutions
of fully nonlinear uniformly elliptic equations. Denote with B(z, R) the ball
with center at z and radius R.

Theorem 2.1. Suppose u € C(B(z, R)) is a non-negative viscosity solution
of differential inequalities

M\ (D*u) + B|Du| + ou > 0

M A(D*u) = B|Du| — (o + c(x))u < 0

in B(z,R), where a and [ are non-negative numbers and c(z) is a non-
negative continuous function in B(z, R). Then

sup u(z) < C inf wu(x
B(z,R/3) (@) B(z,R/3) (@)

where C' is a positive constant depending only on

A B Q

, I
n, — —R, —R°, — sup c(x
ATA A B(22R/3) (=)

and independent of u.



Proof: From [1] we know that Theorem 2.1 holds true with a+c(z) = 0. This
relies on the following interior estimates for subsolutions and supersolutions,
known respectively as the local maximum principle (LMP) and the weak

Harnack inequality (WHI). Let k € L™(B(z,2R/3)).
(LMP) Let w be a continuous solution in B(z, R) of the differential inequality
M;\FA( 2w) + B|Dw| > —k~.

Then for all p > 0

1
r R
sup w < C { (][ (w*)? dx) + X||k_||Ln(B(z,3R/4))}
B(z,R/3) B(z,2R/3)

BTR and p.

where C'is a positive constant depending only on n, %,

(WHI) Let v > 0 be a continuous solution in B(z, R) of the differential
inequality

M;A(DQU) — B|Dv| < kT
Then there exists py > 0 such that

][ PO dr %<C inf u—|—§‘|k+|’
B(z,2R/3) = "9\ BGRr/3) A L™(B(2,3R/4)) | >

where py and Cy are positive constants depending only on n, % and %%.

To show Theorem 2.1 in the general case o + ¢(z) > 0, we shall use (LMP)
and (WHI) with £ = 0. We divide the proof into 6 steps.

1. Let u > 0 be a solution in B(z, R) of the differential inequalities

M A (D?u) + B|Dul + yu > 0,

o (1)
M A (D7u) — B|Du| —yu <0,

where 7y is a positive upper bound for a + ¢(z) in B(z,2R/3).

2. Setting u = Yyw = v for positive smooth functions ¢ and ¢, from (1) we



get

D D
M5, (D2w+%®Dw+Dw®7¢) + S| Dw|

+ (ML (D) + BIDY| + W)% >0,

D D
M. (D2U+—¢®DU+DU®—¢> — S| Dv|
’ (p (p

(%
+(MA(D*) = 8Dy — w); <0.

We are proceeding as v and w would be smooth functions, but this is allowed
in the viscosity sense since 1) and ¢ are smooth (see Lemma 1 of [6]).
Moreover, we have used here the sub-additivity of ./\/lj\r » and the super-
additivity of My ,. Using these properties again and noticing that

Dy Dw» 2
Tr|A| — Q@ Dw + Dw ®@ —— < — |ADvy||Dw
( <w g )) < g Apvlibul
Tr (A <% ® Dv+ Dv® _Dgp)) > 2 |ADy| | Dv|,
4 2 2

taking sup and inf over \[,, < A < AI,, we get
M5 a(D2w) + (2088 + B) |Dw| + (M, (D) + B1DY| + 1) % >0,

v
Mia(D?) = <2A'D—f + 5) | Dv| + (M3 A (D%0) = BIDy| — vp) 5 S0

3. We choose as ¢ a positive and convex smooth function such that
M (D?*p) = BI1Dyp| — ¢ = 0.

To do this, we set ¢(x) = h(x;) = e** with

S :

in order to have



(M A (D?*¢) — BIDp| — yp) = (AW — Bh' — yh)
=1 ()\a2 — Ba — ’y) > 0.

4. Concerning 1, we need a positive and concave smooth function such that
M A(D*) + BIDY| + 9 <0

in a suitable slab S = {x € R" : 0 < x; < d}.

To do this we take ¢(z) = 2 — h(z1) = 2 — €* with a as in (2). Using the
previous computation we have

M A(D*) + BIDY| + b = — A" + BI' +~(2 — h)

=— (A" — Bh —yh) 4+ 27y(1 — h)
< 29(1—e*) <0.

In order to have v» > 0 we choose d = g with a positive number ¢ < log2 so
that 1 (z) > 2 — e > 0.

5. From the above, we deduce that if B(z,r) is a ball of radius r < d/2,
which we may suppose contained in the slab S = {x € R" : 0 < 1 < d},
then in B(z,r) we have

M5 a(D2w) + (2022 + 8) |Dw| > 0,

My (D) — <2A'D79” + 5) |Dul| < 0.

Choosing 0 = log(3/2), it turns out that 1 < ¢ < 3/2, 1/2 < ¢ < 1,
W < <3¢ and |Dy|/p < 3a, |DY|/1) < 3a where a is as in (2). Therefore
we have

M\ (D*w) + (6Aa + B) [Dw| > 0,

M A (D?v) — (6Aa + B) |Dv| < 0.

Note that v < w < 3v < 3u. Now we apply the local maximum principle
(LMP) to w = 3 with p = pg and then the weak Harnack inequality (WHI)



to v = on B(z,r) obtaining

1

Po
sup u< sup w<C (][ wPo dx)
B(z,r/3) B(z,r/3) B(z,2r/3)
1

<3C (][ o d:c) " <300, if v
B(

2,2r/3) B(z,r/3)

Note that C' and Cj depend only on n, %, ér and %ar = %(gr + \/¥r>
Resuming we have

sup v < C inf w,
B(z,r/3) B(z,r/3)

provided 0 < r < d/2, with C = C(n, %, %, @)

6. Assume now that w satisfies the differential inequalities (1) in a ball
B(z, R) with an arbitrary radius R > 0. Suppose also, as we may, that
z = 0. Let us consider r = d/2 and set p = %.

The re-scaled function u,(y) = u(y/p), |y| < r, satisfies the following differ-
ential inequalities

B Y

M;A(D%Lp) + ;‘Dup’ + F“p >0,
_ p gl
MA,A(DQUp) - ;|DU0| - EUP <0

in B(0,r). Then we may apply the result obtained in the previous step with
u = u, to get

sup u, < C inf wu,.
B(0,r/3) g B(Or/3) "

Turning back to x = y/p, we get

sup u<C inf .
B(0,R/3) B(0,R/3)

We conclude observing that the positive constant C', according to the co-

efficients of the differential inequalities satisfied by u,, depends on n, %,
% = %% and @ = 7732‘ This ends the proof. O
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In the sequel we will make use of the following assumptions:

f positive continuous increasing in (0, 00), (3)

o dS S
/1 0 < 0o, where F(s) :/0 f(t)dt. (4)

The latter is usually called Keller-Osserman condition.

2.1 A boundary blow-up super-solution

Here we assume (3) and (4), and define (see Remark 2.3 of [15]) the non-
increasing continuous function

e ds
T = /t o) - ()

We have ¥(t) — 0 as t — oo, and the inverse ®, the non-increasing continu-
ous function such that

/°° ds _
o) /F(s) = F(2(r))
satisfies ®(r) — oo as r — 0.

For the convenience of the reader, we recall the following result from Lemma
2.5 (Keller, Osserman) of [15].

Lemma 2.2. Assume (3) and (4). Then for all k >0, z € R" and R > 0,
there exists a radial positive solution w € C*(B(z, R)), radially increasing
and strictly convex, of the boundary blow-up problem

Aw = rf(w) in B(z, R)
{ w = 00 on 0B(z, R). (5)
Moreover
O(V2kR) < w(z) < @ ( %R) (6)
and

Du(@)] < " fu(x)) 7)

11



The above lemma will provide boundary blow-up supersolutions when the
Laplace operator is replaced by the fully nonlinear maximal operator occur-
ring in the right-hand side of the structure condition (19), defined later on.
To show this, we notice the following simple consequence of assumptions (3)
and (4).

Lemma 2.3. Assume (3) and (4). Then
lim ol

t—oo t

Proof: We refer to [12] (see the remark to Lemma 2.1 therein). O

Combining Lemma 2.2 and Lemma 2.3, we obtain the following existence
result of boundary blow-up supersolutions.

Lemma 2.4. Assume (3) and (4) and let o, B > 0. Then there exists Ry > 0
such that for each z € R™ and R € (0, Ry) there is a positive supersolution
w € C*(B(z, R)) of the boundary blow-up problem

{ M\ (D*w) + B|Dw| + aw = f(w) in B(z, R) (8)
w = 00 on 0B(z, R).

Moreover

@(%) <w(z) <P (\/2}3\_n> . 9)

Proof: The proof proceeds along the lines of Lemma 3.1 of [15]. Ry will be
chosen in the sequel.

We solve the blow-up problem (5) as in Lemma 2.2 with s = ¢, noting that
the solution w is convex and hence ./\/l;\r A(D?*w) = AAw. Taking also into
account the gradient estimate (7), we get

M\ (D*w) + B|Dw| + aw = AAw + | Dw| + aw

1 BR  oaw (10)
< | - _— —_— .
< (3 e * ) F
By virtue of Lemma 2.3 there exists ¢, > 0 such that
t 1
a—g— as t>t,. (11)
(t) — 2

12



Since ®(r) — oo asr — 07, we choose Ry small enough to have ® <%> > t,.

Using the radial monotonicity of w and recalling (6) with k = 1/(4A) we find

w(z) > w(z) > @(\/%) > @(;;;A) >t in Bz R)

for R < Ry. Hence, by (11) we have

aw
—— =

f(w)

Eventually passing to a smaller Ry, we can also make % < 1 so that we can
conclude from (10) that in B(z, R) we have

Va € B(z, R).

N —

M;A(DQw) + B|Dw| 4+ aw < f(w).

Finally, (9) follows from (6) with x = 1/(4A). O

2.2 Global estimate of solutions

Here we assume the following growth condition (stronger than (3))

ft)

f positive continuous and ¢ — — is non-decreasing in (0,00).  (12)

Assumption (12) provides an estimate for non-negative subsolutions.

Theorem 2.5. Assume (4) and (12), and let o, f > 0. Then there exists
a non-increasing function n : (0,00) — (0,00) such that, if u is any non-
negative subsolution of the equation

M\ (D*u) + B|Du| + au = f(u)
in a (bounded) domain Q of R™, we have
u(z) <nld(z)) Vze, (13)

where d(z) = dist(z, 08).

13



Proof: Let x and Ry be the positive constants of Lemma 2.4. Following the
proof of Theorem 3.3 of [15], let z € Q and 0 < R < min(d(z), Ry).
Comparing a subsolution u in {2 with the supersolution w of the boundary
blow-up problem (8) (see Lemma 2.4), we will show later on that u < w in
B(z, R). Assuming this, since w > t, by the choice of Ry (see the proof of
Lemma 2.4), we may use the right hand side of (9) to find

w@sw@s¢agﬁ)

Finally, as R — min(d(z), Ry) we obtain estimate (13) with

n(r) = o

min(r, Ry) > (14)

vV2An

We are left with showing that « < w in B(z, R). To this end, suppose by
contradiction A, = {z € B(z,R) : u(x) > w(x)} # 0. Note that A, CC
B(z,R), so u =w on 0A,. Then by using (12) we find

M (D) + | Dul + (a - f(w“’(g))) u

(15)
flu@)  flw@) .
> (N -h ) vze aea
On the other hand, by Lemma 2.4 we have
M;A(DQw) + B|Dw| + (a — %) w < 0. (16)

Observing again that w > t,, from (11) we get ¢(z) = a — % <OonA,.
Therefore, by (15) and (16) we obtain

M (D?u) = MJ A (D*w) + B(|Du| — [Dw|)

> —c(z)(u—w) >0 VreA,.

Recalling that
MIAX =Y) > ML (X) = ML (Y)

for all X,Y € 5,, we conclude that the following holds in A,:
M A(D*(u = w)) + B D(u — w)|
> M\ (D*u) — M (D*w) + B(|Du| — | Dwl) > 0.

14



This, together with the condition © = w on 0A, allows us to invoke the
maximum principle (see [1, Theorem 1.2] for instance) to conclude that u = w
in A,. However, this is in contradiction with our earlier assumption that
A, # 0. Therefore u < w in B(z, R), as claimed. O

2.3 The Harnack inequality
We make the following assumption introduced by M. Dindos in [9].

. f(6)
36 > 1 such that htrggf o) > 1. (17)

As noted in [15], (17) implies (4). We also recall a result proved in [15].
Lemma 2.6. If f satisfies (3) and (17) then

2
lim V) J(2(r)) < 00
r—0t CD(T’)
Proof: See the appendix below for p = 2 or Lemma 2.4 of [15]. O

As a consequence of Lemma 2.6 and Theorem 2.5 we have

Corollary 2.7. If n is the function defined in (14) then
r?f(n(r))

— (0, 0<r< Ry,
n(r)

where C'is a constant and Ry is the radius of the largest ball contained in €).
We are now in a position to establish the Harnack inequality for the
equation
H(z,u, Du, D*u) = g(z,u), =z €. (18)
On H(z,t,&, X) we assume the structural condition
M5 (X) = Blél — at < H(z, 1,6, X) < MEA(X) + Ble| +at. (19)

where a and 8 are non-negative constants, t > 0, £ € R” and X € §,,.
On g(x,t) we suppose that there exists a real number 7" > 1 such that for
z € Q and t > 0 we have

ft) < gla,t) <TF ). (20)

15



For example we may have g(x,t) = t9(2+sin(zt)) with ¢ > 1. Then one may
take f(t) =t9 and T = 3.

Theorem 2.8. (Harnack inequality) Let Q@ C R"™ be a bounded domain.
Assume that H satisfies the structural condition (19). Suppose g satisfies
condition (20) with f satisfying conditions (12) and (17). If u is a non-
negative viscosity solution of the equation (18) then, if z € Q there is a
positive constant C', independent of u and z, such that

sup v <C inf .
B(z,d(2)/3) B(z,d(z)/3)

Proof: Thanks to the conditions (19) and (20), the function u satisfies
Mia(D*u) + | Dul + au = f(u)

as well as
M; A (D*u) — B|Dul — au < T f(u).

The function u. = u + €, with € > 0, is in turn a positive solution of the
differential inequalities

MIA(DQ%) + B|Du.| + au. > 0,

M;}A(DQ%) — B|Du.| — (oz + M) ue < 0.

ue ()

Now we wish to invoke Theorem 2.1 with u, instead of u and

T
I (1C0)
u. ()
to obtain
su u+e¢e)<C inf (u+e), 21
B(z,d(E)/S)( ) B(z7d(Z)/3)< ) (21)

with C' depending only on

A B

n,X,X Zmax M2

d d )
(2), A B(z,2d(z)/3) ue(T) (=)

%dg(z) and

16



Since d(z) < diam (£2) < oo, to finish the proof it suffices to show that

flu(z))
B(z,2d(2)/3) U () @ (z)

is uniformly bounded, independently of ¢ and z € ). To this end, we shall
use Theorem 2.5 and condition (12). We observe that condition (12) implies
that the function ¢t — f(¢)/(t + ¢) is increasing. Hence,

flulz)) _ flnd(z))) _ f(n(d(x))) .
wle) =) te S @)
Following [15] we note that if © € B(z,2d(z)/3) then d(x) > d(z)/3. There-
fore, for any = € B(z,2d(z)/3), since n is non-increasing, we find

(@) _ fn(d(=)/3)
) = adzE T

Hence,
: f(u(x))  F(n(d(2)/3)
) B wlw) = Ty )

By Corollary 2.7 we conclude that

YR 01C))

<9C
B(2,2d(2)/3) ()

uniformly in € and independently of z € €2 and wu.
Passing to the limit as € tends to zero in (22) we get the desired result. O

3 On a class of quasi-linear elliptic equations

Consider the quasi-linear elliptic operator
Qu = Ayu+ B(x,u), (22)

where 1 < p < oo and Ayu = div(|DulP~2Du). We assume that B(z,t)
satisfies the following structural condition:

Ju >0 such that |B(x,t)| < ut?™' V(x,t) € Q x RT. (23)
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Remark 3.1. The lack of satisfactory comparison principle for quasilinear
operators Q including a gradient term is the main reason for taking 5 in (22)
to be independent of the gradient term.

We say u € W P(Q) is a solution (resp., subsolution or supersolution) of
Qu = g(z,u) if and only if g(z,u(z)) € Lj,.(R2) and, for all 7 € C§(Q2), 7 > 0
we have

/Q\Du|p2Du~DT—/QB(:L’,u)T:(§, >) —/Qg(x,u)T.

We shall indicate this by writing Qu = (>, <) g(z, u), respectively.
We will make use of the following Harnack inequality which follows from [17].

Theorem 3.2. Let 1 < p < n, and suppose B(x,t) satisfies the structure
condition (23). Let B(z,R) C Q, and let u € WLP(Q) be a non-negative
weak solution of the inequalities

Ayu+ puP~t >0
Ayu — (p+ c(x))uP <0,
where [ is a non-negative constant and c(x) is a non-negative continuous

function. Then

sup u(z) < C inf wu(z),
B(z,R/3) () B(z,R/3) (@)

where C' depends on n,p and RP||p + c(x)| 1 (B(z,2r/3)) -

Proof: In [17, Theorem 7.2.1] the following inequality is proved:

sup u(z) < C inf wu(x),
B(z,R/4) (@) B(z,R/4) (@)

where C' depends on n, p and RP||1+4 ()| L~ (B(z,r))- Replacing R with 2R/3
we find
sup u(z) < C inf wu(z),
B(z,R/6) (=) B(z,R/6) (@)
with C' depending on n,p and RP||p + ()| pe(B(z,2r/3))- I we apply twice
the latter inequality in a ball with radius R/3 then we get

sup w(z) <C?* inf wu(z),
B(z,R/3) (@) B(z,R/3) (@)

18



that is, the inequality stated in our theorem with C? in place of C. O

We wish to use the above theorem to derive a Harnack inequality for non-
negative solutions of

Qu = g(x,u), (24)

where g satisfies (20) with f satisfying (3) as well as the following generalized
Dindos condition.

360 > 1 such that liminf M

t=oo OP1f(1)

Remark 3.3. Condition (25) with p = 2 returns condition (17), which has
already been used in Section 2 and goes back to Dindos [9]. Also note that
if f satisfies (25) then fp%l satisfies the standard Dindos condition (17).
Therefore, by Lemma 2.2 of [15] there are o > 0, t* > 0 and p > 1 such that

> 1. (25)

Fri(t) > ot V>t

It follows that the generalized Dindos condition (25) implies the following
generalized Keller-Osserman condition:

\/loo @iﬁ < 00, F(t) — /0 f(g) ds, Vit>0. (26>

We introduce the following function

B e ds _
v = | O R0 L ey

It is well-known that ¥ is a continuous and decreasing function such that

lim W(t) = 0.

t—o0

Let ® be the inverse of W, that is

/°° ds =1, 0<t<W(04).
o) (¢(F(s) — F(®(1))))

We observe that ®(0+) = oc.
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Remark 3.4. If f satisfies (3) and (26) then
) _

t—oo tP—1

For a proof, see [12] (remark to Lemma 2.1 therein).

Suppose f satisfies (3) and (26). Given R > 0, x > 0 and a ball B :=
B(z,R) C R", n > 2, it is well known that the following boundary blow-up
problem

div(|Dw|P~2Dw) = kf(w) in B
w = oo ondB,

admits a radial solution w(x) = ¢(]z — 2|) that belongs to C'(B(z, R)).
Moreover ¢ satisfies the following, in the sense of distributions:

{ (" (P2 () = e f (o), 1€ (0, R),
p(0) >0, ¢'(0) =0, @(R) = oo.
Let us make note of the following observation (see [16, Theorem 2.1]):
® (KPR) < (0) < @ ((k/n)"/’R).

We summarize the above discussion as follows.

Lemma 3.5. Let 1 < p < oo, R > 0,k > 0 and n > 2. Suppose f
satisfies (3) and (26). Given z € R™ there is a radially increasing function

w € CY(B(z, R)) such that

{ Ayw = kf(w) in B(z,R) (27)

w = 00 on 0B(z, R).

Moreover we have

o (/sl/pR) <w(z) <P ((k/n)/?R).

Furthermore, since w 1is radially increasing we have
w(z) > P (/ﬁ)l/pR) Vx € B(z,R).
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Lemma 3.6. Let B(z,R) C Q and let n > 0. Suppose f satisfies (3) and
(26). Then there is Ry > 0 sufficiently small such that for each 0 < R < Ry
the problem

{ Apw + pwP™t = f(w) in B(z, R) (28)

w = 00 on 0B(z, R)
admits a supersolution w € C'(B(z, R)). Moreover,
1 1
®((1/2)7R) <w(z) < ®((1/(2n))?R).
Proof: By Remark 3.4, we fix t; > 0 such that
ft) >2utP™ Vit >t

Since ®(0+4) = oo, choose Ry > 0 such that

® (277 Ry) > to.

Given 0 < R < Ry and z € Q such that B(z,R) C Q, let w € C'(B(z, R))
be the radial solution of (27) given in Lemma 3.5 with x = 1/2. Let us recall
that

w(z) > ®(2°YPR) >ty V€ B(z,R).

Then for 0 < R < Ry we note that

1
Quwp—1 éf(w)

S ) = )+ (L8 ) w2

It follows that, if 7 € C}(B(z, R)) with 7 > 0 then

/ |Dw[P~2Dw - DT — / pwP / flw)r
B(z,R) B(z,R) B(z,R)

1
> / |Dw|P~>Dw - D1 + —/ f(w)T.
B(=R) 2 J5(m)

Since A,w = f(w) (in the sense of distributions) in B(z, R) we conclude
that w is a supersolution of (28) in B(z, R), as claimed. O
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To proceed further, we need the following additional condition on f:

t
f positive continuous and t — % is non-decreasing in (0,00).  (29)

Theorem 3.7. Let Q@ C R™ be a bounded domain and let B(z,R) C €.
Suppose B(z,t) satisfies the structure condition (23) and that f satisfies con-
ditions (26) and (29). Then there is a non-increasing function n : (0,00) —
(0,00) such that for any non-negative subsolution u of Qu = f(u) we have

u(z) <n(d(z))  for aex €.
Proof: Since u > 0, using the structural condition (23) on B we have
A+ g > Qu > f(u),
that is

1

Ayu+ (u - %) P~ > 0. (30)

We recall from Lemma 3.6 above that

Ay + (u - %) wht <0, (31)

Let z € Q, and take 0 < R < min(d(z), Ry) where Ry is as in Lemma 3.6.
By the proof of Lemma 3.6 we note that

f@)>2utr™t Vit >t

and that w >ty in B(z, R). In particular we have

f(w) <0 in B(z R).

wp—1 —

Let us show that u < w in B(z, R). Suppose, by way of contradiction, the
open set A, == {x € B(z,R) : u(r) > w(x)} is non-empty. Note that
A, CC Q and so u = w on the boundary dA,. Then from (30) and condition
(29) we see that
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Ayu+ (u — LI_”B) u’”' >0 in B(z, R). (32)

wP

Hence, by (31), (32) and the comparison principle (see [8, Theorem 2.2] for
instance) we get v < w in A,, which is an obvious contradiction. Therefore
u < w in B(z, R) as claimed. In particular

u(z) <w(z) <P ((Zn)_l/pR) :
Letting R — min(d(z), Ry) we find that

u(z) <n(d(z)), where n(t):=o ((2n)_1/p min(t, Ry)) .
O

Theorem 3.8. (Harnack inequality) Let Q@ C R"™ be a bounded domain.
Suppose B(x,t) satisfies the structure condition (23). Suppose g satisfies
condition (20) with f satisfying conditions (25) and (29). If 1 < p < n there
15 a positive constant C, independent of z € ) and any non-negative solution

uwe WEP(Q) of equation (24) in Q, such that

loc

sup u<C inf .
B(z,d(z)/3) B(z,d(z)/3)

Proof: By (20) and (23), from (24) we have
Apu A+ puP~t > f(u),
{ Apu — pu~t < Tf ().
With u, = u + € we find
Apue + puP~t >0,

Apue — (,u + %)uﬁ"l <0.

Now we wish to invoke Theorem 3.2 with w. instead of v and R = d(z) to
obtain

sup (u+¢)<C inf (u+e), 33
B(z,d(z)/:s)( ) B(z7d(Z)/3)( ) (33)
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with C' depending only on n, p and
Tf(u)

1

() [+

uPl” HLOO(B(Z,zd(z)/:g))'

We have to show that
d”(z) sup f}(ibl(fl?))
B(z,2d(z)/3) Ut ()

is bounded in €2 uniformly with respect to € and z € Q. The proof is similar
to the fully nonlinear equation case. Using condition (29) and Theorem 3.7

we find

f(u(z)) f(n(d(x))) f(n(d(x))) .

&) = @)+ ey S i)
On noting that if x € B(z,2d(z)/3) then d(z) > d(z)/3, for any = €
B(z,2d(z)/3) (since n is non-increasing), we find

fu@) _ F(dz)/3))
) S i) "t

Hence,

v o @) o fd)/3)
T il i) = I sty
Recalling that
n(t) =& ((Qn)_l/p min(¢, RO)) ,

by Lemma 4.1 (see the appendix below) we conclude that
o) sp L) g
B(z,2d(2)/3) ue(w

uniformly with respect to € and z € €.
Passing to the limit as € tends to zero in (33) we get the desired result. O

4 Appendix

Lemma 4.1. If f satisfies (3) and (25) then
rf(®())

limsup ———= < @
o+ (@(8))P!
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Proof: By (25) we fix g such that

e f(01)
1 <Q<htrgcl)£1f (@)

There is M, such that
F(01) = (0" ) f(2) Yt = M,.
Iterating this, for any positive integer £ we obtain
FO58) = (00" f(t) V=M,

Since F'(2t) > 2F'(t) we note that for s > 2¢ we have

(F(s) - F(5) = {F<s> (1 - ﬁgtm s (F§)>/

Therefore

2t ds o0 ds
WO~ | GET FE b G Fa

2t s 1/p  poo s
Sqll/p/t (f(t)(sd—t))l/p+(§) / <F<dW

< (fm) () [ o

Now we observe that
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/OO <F<i§>l/p:2/tmw<5lﬁg2/tmdsﬁ

o ot ds
B 22/ OIOG

X, o ds
-2y | '
2 s RGO
For t > M, and 0%t < s < "t we find that

fls) o f(0%) (0" D)f(t) _ o f(t
gp—1 > (9k+1t)p71 > (QkJrlt)pfl - (gt)pq'

Therefore we have

ok+1g

/ ds _ (ep—ltp—l)l/P/Qk'Ht@
o (sP(f(s)/sp71))Me =\ oF f(2) ot S

1 \* /-1 1/p

Thus we find
-1 1/p
vo<c(fs)
where C' := C(6,p, ) is a positive constant. The stated inequality follows
from this. O
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