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We obtain global regularity in generalized Morrey spaces for the gradient of the weak solutions to divergence
form linear parabolic operators with measurable data. Assuming partial BMO smallness of the coefficients and
Reifenberg flatness of the boundary of the underlying domain, we develop a Calderén-Zygmund type theory
for such operators. Problems like the considered here arise in the modeling of composite materials and in
the mechanics of membranes and films of simple nonhomogeneous materials which form a linear laminated
medium.
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1 Introduction

The classical Morrey spaces L7 are originally introduced in Morrey [21] in order to prove local Holder continuity
of solutions to certain systems of partial differential equations. A real valued function f is said to belong to the
Morrey space L¢* with ¢ € (1, 00), A € (0, n) provided the following norm is finite

eR"xRy

1/q
1 q
I fllzormny = (( )sup =y Lf(y)l d)’>

B, (x)
where the supremum is taken over all balls B, (x). The main result connected with these spaces is the following
celebrated lemma: let |[Df| € L9"~* even locally, with n — A < ¢, then u is Holder continuous of exponent
o = 1 — =2 This result has found many applications in the study the regularity of the solutions to elliptic and
parabolic equations and systems. In [9] Chiarenza and Frasca showed boundedness of the Hardy-Littlewood
maximal operator in L%*(IR") that allows them to prove continuity in that spaces of some classical integral
operators.

In [20] Mizuhara extended the concept of Morrey of integral average over a ball with a certain growth, taking a
weight function ¢(x, ) : R* x R, — R, instead of r*. Thus he set the beginning of the study of the generalized
Morrey spaces L?¢ with ¢ belonging to suitable classes of weight functions. In [22] Nakai proved boundedness
of the maximal operator also in LY imposing suitable integral and doubling conditions on ¢ (see Lemma 2.2).

In the present work we are going to establish Calderén-Zygmund type estimates in generalized Morrey spaces
for the weak solutions to divergence structure linear parabolic operators with measurable coefficients. We consider
Cauchy-Dirichlet boundary problem in a cylinder with a base having a rough boundary. More precisely, we derive
global estimate for the spatial gradient of the solution in L%, extending this way the recent L7 and L% *-results of
Byun [1], [2], Byun, Palagachev, Wang [6], Byun, Wang [7], Dong, Kim [13], Dong [12] and Byun, Palagachev,
Softova [5].
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Let @ C R” be a bounded domain, n > 2, and set Q = Q x (0, T for the cylinder in R"*+! with base Q and
of height 7. We consider the following Cauchy-Dirichlet problem

!u, — Dy(a (x,1)Dgu) = Do f*(x,1) in Q,

1.1
u(x,t)=0 on 9pQ, (4.

where 9p Q = (92 x [0, T]) U (2 x {t = 0}) stands for the parabolic boundary of Q and the summation conven-
tion on the repeated lower and upper indeces, running from 1 to n, is understood.

Suppose that the coefficient matrix a(x, 1) = {a*/ (x, 1)} g=1 - Q@ — M"" is measurable, uniformly bounded
and uniformly parabolic, that is, there exist positive constants L and v such that
af
|| () = L. (1.2)
a®?(x, t)E,E5 > VIE|?, V& e R", foralmostall (x,7) € Q.

Denote the nonhomogeneous term in (1.1) by F(x, r) = (fl(x, 1)y oey fM(x, t)) As it is known by [2], [7], if
F € L?(Q), then the problem (1.1) has a unique weak solution. Recall that under a weak solution of (1.1) we
mean a function

ueC’(0,T;L*(Q))NL*(0,T; Hy (XQ))

that satisfies
/ ug, dx dt — / a”ﬁDﬁuDaq) dxdt = / oDy dx dt
Q 0 0
for all ¢ € C5°(Q) with ¢(-, T) = 0. Moreover, the following L>-estimate
/ |Du(x, )| dx dt < c/ |F(x,1)|* dx dt, (1.3)
Q Q

holds where the constant ¢ depends only onn, L, v and T.

Our goal is to develop an optimal regularity theory regarding Calderén-Zygmund estimates for the problem
(1.1) in the settings of generalized Morrey spaces. Namely, taking F € L?-¢( Q) under suitable assumptions over p
and ¢, we are going to show that the spatial gradient of the weak solution Du belongs to the same space L?¢(Q)
under a minimal regularity assumption on a(x, 7) and a very lower level of geometric assumption on 9<2.

Restricting the value of the exponent p in the range (2, 00), we consider weights ¢ satisfying certain doubling
and integral conditions. This is a reasonable restriction ensuring boundedness of the Hardy-Littlewood maximal
operator when acting on L??, see [22], while the monotonicity assumption on ¢ permits to estimate the upper level
sets of the maximal operator. For what concerns the coefficients a®’ (x, t) we suppose these are only measurable
with respect to one spatial variable and are averaged in the sense of small bounded mean oscillation (BMO) in
the remaining space and time variables. This partially BMO assumption on the coefficients is quite general and
allows arbitrary discontinuity in one spatial direction which is often related to problems of linear laminates, while
the behavior with respect to the other directions, including the time, are controlled in terms of small-BMO, such
as small multipliers of the Heaviside step function for instance. It is clear that the cases of continuous, VMO
or small-BMO principal coefficients with respect to all variables are particular cases of the situation considered
here. Regarding the underlying domain €2, we suppose that its non-smooth boundary is Reifenberg flat (cf.
Reifenberg [23]). It means that 92 is well approximated by hyperplanes at each point and at each scale. This
kind of minimal regularity of the boundary ensures the validity in €2 of some natural properties of geometric
and functional analysis such as W' ”-extension, non tangential accessibility property, measure density condition,
the Poincaré inequality and so on. We refer the reader to the works of Kenig, Toro [17], Toro [28], Lemenant,
Milakis, Spinolo [18] and the references therein for further details. In particular, a domain which is sufficiently
flat in the sense of Reifenberg is also Jones flat. Moreover, domains with C'-smooth or Lipschitz continuous
boundaries with small Lipschitz constant belong to that category, but the class of Reifenberg flat domains extends
beyond these common examples and contains domains with rough fractal boundaries such as the Helge von Koch
snowflake with a small angle of the edge.

It is worth noting that the boundary problems and the corresponding regularity theory developed here are related
to important variational problems arising in modeling of deformations in composite materials as fiber-reinforced
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media or, more generally, in the mechanics of membranes and films of simple nonhomogeneous materials which
form a linear laminated medium. In particular, a highly twinned elastic or ferroelectric crystal is a typical situation
where a laminate appears. The equilibrium equations of such a linear laminate usually have only bounded and
measurable coefficients in the direction of the stratification. We refer the reader to the seminal papers by Chipot,
Kinderlehrer, Vergara-Caffarelli [10], Li, Vogelius [19] for the general statement of the problem and various
issues regarding regularity of solutions in case of piecewise smooth coefficients. The non-smoothness of the
underlying Reifenberg flat domain, instead, is related to models of real-world systems over media with fractal
geometry such as blood vessels, the internal structure of lungs, bacteria growth, graphs of stock market data,
clouds, semiconductor devices, etc.

The paper is organized as follows. In Section 2 we give some definitions and auxiliary results regarding the
space L7?, the weight ¢ and the Hardy-Littlewood maximal operator. In Section 3 we set down the hypotheses
on the data of problem (1.1) and state the main result of the paper (Theorem 3.2). The gradient estimate in
the generalized Morrey spaces is obtained in Section 4. The main analytic tools employed in that proof rely on
the Vitali covering lemma, boundedness properties of the Hardy-Littlewood maximal operator and power decay
estimates of the upper level sets of the spatial gradient.

Without essential difficulties, the technique employed in studying the regularity of the solution to (1.1) could
be extended to the case of systems and, that is why, in the final Section 5 we restrict ourselves to announce only
the L?¥-regularity result for the weak solutions to linear, second order parabolic systems with partially BMO
coefficients over Reifenberg flat domains. The same results hold also for elliptic divergence form operators.

Let us note also that a global L?-¢-regularity of strong solutions to linear non divergence form operators have
been recently derived in Softova [25] and in Guliyev, Softova [15], [16], [26] in the framework of generalized
Morrey spaces under different conditions over the weight functions.

Throughout the paper, the letter ¢ will denote a universal constant that can be explicitly computed in terms of
known quantities such as n, L, v, p,p and the geometric structure of Q. The exact value of ¢ may vary from one
occurrence to another.

2 Generalized parabolic Morrey spaces

Let us start this section with the definitions of the families of domains that we need:

® parabolic cylinders centered in a point (y, 7) € R"*! and of radius r > 0
I=T(y.1)={(x,t) eR"™": [x—yl<r |t —7| <r?}

with Lebesgue measure |Z,| = c(n)r" .
® parabolic cubes centered in a point (y, t) = (y1, ¥, 1), ¥ = (2, ..., ¥u), such that

C=C(y.t)={(x.x ) eR™" txy =yl <r ¥ =y <r |t —1] <r’}

with Lebesgue measure |C,| = c(n)r" .

e clliptic cubes in R" centered in y = (y;, y') defined as
Cl(y)={(x1.x)eR": [xi =yl <r,|x =y | <r}
with Lebesgue measure |C/ | = c(n)r".
We call weight a positive measurable function ¢ : R"*! x R, — R, and for any parabolic cylinder Z, (y, 7)
we use the notation ¢(y, 7;r) = ¢(Z, (v, 7)) = ¢(Z).

Definition 2.1 Let Q be a cylinder in R"*!'. A function f € LY(Q),1 < g < 0o, belongs to the generalized
Morrey space L?¥( Q) if the following norm is finite

1 v
I fllee(o) = sup <—/ If(x,t)lqudt) . 2.1
Lo (V}Q()EQ (p(Ir(y’T)) I (y,1)NQ
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If =r*, 1 € (0,n + 2), then LY coincides with the classical Morrey space L9**. However, there exist exam-
ples of weight functions of more general form as ¢(r) = r In(r 4 2) or ¢(Z,(y (fI (7.0) (x,1)dx dt) ,

0 < a < 1,wherew € A, is aMuckenhoupt weight withg € ( )(see [22]) One more example is the following.
The function f(x) = xj_1.1j|x|~"/? belongs to L"#(R) with

1
= / x|dx, —1l<a<-—=,
7 2

where 7 is any interval in R.
Let M denote the Hardy-Littlewood maximal operator on R"*!. For any f € Lloc (R"H) we have

r>0

M , su f f(x,0)|dxdt.
f, )= pﬂyt| ”)

If D is a bounded domain in R"*!' and f € L'(D), then M f = M f, where f is the zero extension of f in
the whole space. It is well known that M is a bounded sub-linear operator from L9 into itself. Precisely, if
fe LQ(R”“), q € (1, 00), then

/ |f(x,t)|qudt§f |Mf(x,t)|‘1dxdt§C/ | f(x,1)|?dxdt (2.2)
RVH»I ]R/H»]

Rn+l1

for some positive constant ¢ = ¢(g, n). Moreover, the following weak type estimate

[{(x, 1) e R Mf(x,1) > 1} | < ;q /R |f(x, )7 dx dt

holds for any 1 < ¢ < oo and any A > 0.

Lemma 2.2 (Maximal inequality, [22]) Assume that there are positive constants k1, K, k3 such that for any
fixed (v, t) € R and any r > 0 it holds

I\“ ’
K1 < M <ky forall r <s <2r 2.3)
¢(Zr(y, 7))
o0
9(Zs(y, 7)) ¢(Z(y. 7))
For 1 < q < oo, there is a constant ¢, > 0 such that
If Nl oo ety < NMFlpaorory < cgll fllpaeeny Yf € LY9(R™).
Impose in addition a kind of monotonicity condition on ¢, precisely
9(Z(y, 7)) S 9(Ls(z,§)) forall I (y,7) CZ(z,§). (2.5)
This implies that for a given Q = Q x (0, T] C R""!, there holds
Z.(y,T)N
sup M < Kq, (26)

(r0)€0 ¢ (Z(y, 7)) —

with a positive constant x4 depending on n, ¢ and Q. In fact, since Q is bounded domain there exists d > 0 such
that O C Z,(0, 0). Then, if r > 2d for any (y, t) € Q we have

Z.nel _ ol
9(Z,(y. 7)) ~ ¢(Z4(0,0))
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On the other hand, if 0 < r < 2d, then we see from (2.4) that

9. 7)) [T eEb.1) o o [T L s #(Za(0,0))
o P 2 [ T s 2@ty ) [ sz AT

2d
It implies that for some positive constant ¢ = ¢(n) it holds

IZ,(y,t) N Q] - crt? - ck3(n +2)(2d)" 2
e(Z(y.7)) T e Z(y.7)) T 9(Za(0,0))

3 Assumptions and main result

For each parabolic cube C,(y, t) and for some fixed x; € (y; —r, y1 +r) we set CX' (y, T) to denote the x;-slice
of C,(y, t), that is,

C'(y.t)={(x 1) eR""xR: (x,x',1) € C:(y, 1)}
Then we define the integral average

(1) = (o1 2 1) do'dr
A ZAE G ] ey P AR

Definition 3.1 We say that the couple (a, 2) is (8, R)-vanishing of codimension 1, if the following properties
are satisfied:

e For every point (y, ) € Q and for every number r € (0, %R] with

dist(y, 9Q) > v/2r, (3.1)

there exists a coordinate system depending on (y, T) and r, whose variables we still denote by (x, 7) so that
in this new coordinate system (y, t) is the origin and

1 — 2 2
—_— 1) — dxdt < 6§°. 3.2
IC.(0,0)] /c.r(o,o) [ax. 1) =8 (00 (1)1 dxdt < G2

® For any point (y, 7) € Q and for every number r € (0, 1 R] such that
dist(y, 02) = dist(y, xo) < v/2r

and for some x( € 9€2, there exists a coordinate system depending on (y, t) and r, whose variables we still
denote by (x, 7) such that in this new coordinate system (xo, 7) is the origin,

QN{x el (0):x; >3r8} C 2NC5.(0) C 2N {x € C5,(0) : x; > —3ré} (3.3)

and
1

—_— la(x,t _EC,O,O X1 |2dxdt§82.
1C3-(0,0)| Jey, (0.0) (e.1) (00 (51)

We add some comments regarding the above definition. Thanks to the scaling invariance property, one can
take for simplicity R = 1 or any other constant bigger than 1. On the other hand § is a small positive constant,
being invariant under such a scaling argument. If a is (8§, R)-vanishing of codimension 1, then for each point
and for each sufficiently small scale, there is a coordinate system so that the coefficients have small oscillation
in (x’, f)-variables while these are only measurable in the x;-variable and therefore may have arbitrary jumps
with respect to it. In addition, the boundary of the domain is (8, R)-Reifenberg flat (see Reifenberg [23]) and the
coefficients have a small oscillation along the flat direction x’ of the boundary and are only measurable along the
normal direction x;. The number +/2r in (3.1) is selected for convenience since we need to take the size of the
parabolic cubes in (3.2) such that there is enough room to have the rotation of C,(y, ) in any spatial direction.

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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We suppose that F € LP%(Q), p € (2, 00), and weight satisfying (2.5) which implies F € L?(Q). Precisely,
choose (y, ) € Q, then SUP(; £)eo {|y —zl+ T — f;‘|} < diam Q. Hence there exists r* < diam Q and such
that Q C Z,«(y, 7). This gives the relation

1 1
IFllzr0) < @(Zr(y, 7)) 7 IFllLrec0) < ©(Z24(0,0)) 7 [Fll oo g) -

Then the Holder inequality implies

IFI2: g, < 101" I FP] 5 o < 101" F0(T2(0,0)) |IFP|

L34(0) (34)

that ensures the existence of a unique weak solution u of (1.1) (see [2], [7]). We are going to prove the following
regularity result.

Theorem 3.2 Let p € (2,0) and ¢ : R"*! x R, — R, be a weight satisfying (2.3), (2.4) and (2.5). Then
there exists a small positive constant 8§ = §(n, L, v, p, ¢, Q) such that if the couple (a, Q) is (8, R)-vanishing of
codimension 1 and ¥ € L??(Q), then Du € L??(Q) and the following estimate

| DullLreco) < cllFllLre(o)
holds with a constant ¢ depending on known quantities.

The present work is a natural extension of the previous papers Byun, Palagachev, Wang [6] which deals with
the regularity problem for parabolic equations in classical Lebesgue classes and Byun, Palagachev, Softova [5]
where the problem (1.1) is studied in the framework of the weighted Lebesgue spaces with a Muckenhoupt weight
and the classical Morrey spaces L?*(Q) with A € (0, n + 2).

In what follows we start with finding a suitable version of the Vitali covering lemma. We then apply the covering
lemma to derive a power decay estimate of the upper level sets for the Hardy-Littlewood maximal function of
the spatial gradient of the weak solution. The required estimate in the main result follows then by the standard
procedure of summation over the level sets.

4 Gradient estimates in L7 ( Q)

Because of the scaling invariance property of the Reifenberg domains discussed above (cf. [6, Lemma 5.2]), we
can take R = 1 hereafter. Fix (yo, 79) € Q, take a parabolic cylinder Z, (yo, 7o) and denote Q, = Z,(yo, 7o) N Q.
We start with some auxiliary lemmas.

Lemma 4.1 Suppose Q is a bounded (8, 1)-Reifenberg flat domain verifying (3.3). Let € C D C Q, be
measurable subsets of Q, satisfying the following conditions: there exists ¢ € (0, 1) such that

® foreach (y,7) €€

[€NCi(y, 7)l <elCi(y, T)l; 4.1)
e foreach (y,t) € Cand p > 0

[€NC,(y,7)| = €lCp(y, T)| implies Q,NC,(y,T) CD. 4.2)

Then

n+2
1072
€] <e¢ (m) D] . 4.3)

Proof. Fix (y, r) € € and for each p > 0 define the function

_1€ne, (.0l
(o) = ICo(y, T)I .

www.mn-journal.com © 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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We have © € C°(0, 00),0(1) < ¢ according to (4.1) and ©(0) = lim,_.o, ©(p) = 1 by the Lebesgue Differ-
entiation Theorem. Therefore, for almost all (y, 7) € €, there exists p(, ;) € (0, 1) such that ®(p(, ;)) = € and
O(p) < eforall p > pyq).

Define the family of parabolic cubes {C,, (¥, T)}(y.r)ec Which forms an open covering of €. By the Vitali

\T)

lemma (cf. [27, Lemma 1.3.1]), there exists a disjoint sub-collection {C, (yi, 7;)}i=1 With p; = p(y, ) € (0, 1),
(i, 7:) € €such that ©(p;) = ¢,

> 1C, (yit)l = clel,  and € | JCs, (i 7).
il i>1

with a positive constant ¢ = ¢(n). Since ©(5p;) < &, we have
1€ N Csp, (v, )l < €lCsp, (v, )l = €5"2ICp, (i, )] -

Further, making use of the bound obtained in [6] (see also [8]) we get

232

n+2
ICp (i, Tl < (m) 10, NCp, (yi> )l

Now we have

€] = U (€N Csp, (vir w))

i>1

<& [Csp(yin )l <&5"2 > 1C, (i 1)

i>1 i>1

n+2
104/2
se<—f> 210, 0C (i )l

1-6 P

<> 1eNnCs, (v, )l

i>1

Having in mind that the {C,, (y;, 7;)};>1 are mutually disjoint, ®(p;) = ¢ and (4.2), we get

n+2 n+2
10v2 102
|¢I§8<—> Ueo nc, (. n) 53(—) 191

i>1

1-46 1-96

O

The following approximation lemma has been proved for various functional spaces in [13, Corollary 8.4], [6,
Lemma 5.3] and [8, Lemma 5.5].

Lemma 4.2 Assume (1.2) and let u be a weak solution of (1.1). Then there is a constant Ay = A (L, v, n) > 1
such that for each ¢ € (0, 1) there exists § = 8(¢) > 0 such that if the couple (a, Q) is (8, 1)-vanishing of
codimension 1 and if C,(y, ©) satisfies

{0 e 0 m(puf’) = 33 ne, (3. 0)] z elcy (3 0)1
then we have
Q,NCp(y, 1) C{(x,1) € Qy : M(I1Dul?) > 1} U {M(IF|*) > 67} .
For any weak solution u of (1.1) and for the fixed Q, = Z,(yo, 7o) N Q we set
¢={(x.1) € Q, : M (IDul’) > A7} (4.4)
and
D ={(x.t) € @ : M(IDul’) > 1} U {M (IF) > 8*} 4.5)

with A; and § as in Lemma 4.2. The next assertion shows that the assumption (4.2) holds for the such defined sets
Cand ®.

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Lemma 4.3 Under the assumptions of Lemma 4.2, we suppose additionally that for each (y, t) € Q,,

[€NCi(y, 1)
o()=—="1""72 4.6
W="Cn.0 *0)
with € as in (4.4). Then for eachk = 1,2, ..., we have
{(x,1) € @, : M(IDul?) > A7*}| < &} [{(x.1) € O, : M (1Dul?) > 1}
k
+) e {(x, 1) e 0, M(IFP) > 5%\%““”” 4.7)

i=

n+2
where 1 = ¢ (%ﬁ) .

Proof. Lemma4.2 and condition (4.6) ensure the validity of the hypotheses of Lemma 4.1 for the sets (4.4)
and (4.5). Thus, we get by (4.3)

|{(x,t) €0, M (IDu|2) > Af}} < ¢ H(x,t) €0, M (IDu|2) > 1}|
+e [{(x,1) € 0, : M(IFP) > 8%} ,

n+2
where e = ¢ 10:[

The last inequality is exactly (4.7) with k = 1. Further, we proceed with the proof by induction, as it is done in
[1, Corollary 4. 15] Suppose that (4.7) holds true for each weak solution of (1.1) and for some k > 1. Define the
functions u; = 7 and F| = A . It is easy to see that u; is a weak solution to the problem (1.1) with a right-hand
side F;. Hence, (4 6) and Lemma 4.2 hold with sets ¢ and © corresponding to u; as defined in (4.4) and (4.5).
According to (4.7), the inductive assumption holds true for u; with the same k > 1. The definition of u; ensures
the inductive passage from k to k + 1 for u. Namely,

{0 e 0 s M(1Dup) > 23]
=|{(x,1) € Q,: M (1Du;*) > A%k}‘
<ei|{(x,1) € Oy : M (IDu1|?) > 1}

k

+3 et e 0 s MR P) > 825

i=

= el [{(x.1) € @, : M(IDuP?) > A1}
k
#3et [ e 0w = |

<& {(x.1) € @, : M(IDul?) > 1}]
k+1 )
+Zsl {0 0 m(FPR) = 8225
O

Let us note that because of the arbitrary choice of the point (yy, 7o) € Q the above estimates hold locally for
any Q, = Z,(y, t) N Q. The next result follows from the standard measure theory.

Lemma 4.4 Let h € L'(Q) be a nonnegative function, ¢ be a weight function satisfying (2.3), (2.4) and (2.5),
€ (1,00) and . > 0,0 > 1 be constants. Then h € L7%(Q) if and only if

0" {(x,1) € Q, : h(x, 1) > 16"} |
u
000 i ¢(Z:(y, 7))
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Moreover,
—8 < ||h||W < (1 —I—S),

where ¢ = c(0, 1, q, ¢, Q).
Proof. Choose (y,7) € Q and take Z,(y, ), then

! q
TOT) /,h (x,t)dxdrt

: / hi(x,t)dxdt
= X, X
@(Z:(y, 7)) {(x,1)€Q,:h<i0)

+ f he(x,t)dxdt
Z ) {(x,1)€Q,: A0k <h<1Ok+1}

k>1
. 10/ (wkﬂ)q
0O T ) @O

k>1

[{(x,1) € Q) : h(x,1) > )»49]‘}’

IA

- okt| {(x,t) € Q, : h(x,t) > Ar6F
oy (12 v REXD (x.1) > 26"} [
o (. 1) & o(Z,(v. 7))
Taking the supremum over (y, t) € Q, r > 0 and making use of (2.6), we get
1Al Z0ei o) <c(1+S)

with a constant depending on ¢, n, ¢, A, 6 and Q. On the other hand

—1 9(x X
STy e s

- m/, <f0h(”) gq-‘dg> dx di

— L 00 N i . .
_wme»A [{(x,1) € Oyt h(x,1) > &}[§9" dk

A

Z| {(x.1) € O th(x,1) > 26"} | g9 dg

7 k>1 AQk—1

:)ﬂ(l—@" Ze’“1| x,t) € O th(x, 1) > 20"} |.

Y k>1

IV

Taking again the supremum over (y,t) € Q,r >0 we get ||h||‘éw( 0 = %S with a positive constant ¢ =
c(6,,q). O

We are in a position now to prove Theorem 3.2.

Proof. RecallthatF € L7?(Q), p € (2, 00), with a weight ¢ satisfying (2.3), (2.4) and (2.5). Because of
the scaling invariance property of (1.1) under a normalization, we can assume that the norm of F is small enough.
In fact, taking

Su(x,r) and Fx,1) = SF(x, 1)

VITERI 20 ) VITERI 20 )
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= 82. Then we need to prove boundedness of the norm of the

instead of u and F in (1.1) we get ||F|?| L59(0)
gradient | Dii|. Because of the properties of the maximal function (see Lemma 2.2), it is enough to get

C.

”M (|Dﬁ|2) ”L'%-W(Q) =

For this goal, we apply Lemma 4.4 with h = M(|Dit|*),0 = A}, A =1andg = £.
Let € be the set defined in (4.4) and corresponding to the solution ii. We note that for each (y, 7) € €,
[€NCi(y, 1)

<c =cC X . 122 > 2
ICi(y,T) ~ <] [{(x.1) € Q, : M(IDal*) > AT} |

gc/ M(lDﬁ|2) (x,t)dxdr < c/ |D12(x,t)|2dxdt

56/ |Dﬁ(x,t)|2dxdt§c/ |F(x, 1) dx dt
(¢ (¢

2 2
=c ”|F| ”L%w(g) < 6,
according to (3.4) with a constant depending on n, p, ¢ and Q. Taking § small enough, we get

_lenCi(y, 1)l

o(1) = <c8’ <e

ICi(y, )l ~

which ensures (4.6). Therefore Lemma 4.3 gives

s |{(x.1) € 0, : M(IDaP) > 33} |
2 o(Z,(y, 1))

k>1

3l £ 00 pat) - )
- 1“1

= ¢(Z:(y.7))

: kp i | {(x, )€ Q,: M(IF|?) > SZAf(k*i)} |
+ZZ)‘1 €] AT

k>1 i=1

= Pe k104
_;(M 1) PEATRD)
) N {(x, 1) e M(IF]) > azﬁ(kﬂ-)} |
Pa) pk—i)
R 0T 1)

i>1 k=i

where we have used (2.6) for the last inequality. Let us note that

/ e H(x,t) €0, : M(IFP) > azxf“‘*")}‘
§=2 " PAER)

k>i

. 2(k—i)\ & -
=207 9(Z(y, 1))

k>i

www.mn-journal.com © 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1612 S.-S. Byun and L. G. Softova: Parabolic operators in generalized Morrey spaces

< m <|Qr|+/QrM<|§—2|2)g(x,t)dxdt)
< m <|Q,<|+/Qr <|§—2|2)g(x,t)dxdt).

Taking again the supremum over (y, ) € Q,r > 0 and making use of (2.6) we get

]277
) <+—HII|

L2%(Q)

=2
F
S'fcp K4+

)=
L24(0)

Taking ¢, and the corresponding §, small enough such that 0 < Ale; < 1 we get

2|1 (x, Q. : M (|Di|?) > A% »
N <P(Ir(y,(r)) )

k>1 k>1

5

Taking again the supremum over (y, t) € Q, r > 0 in the estimates above and making use of Lemma 4.4 we find
that

||M(|Du| )|| <c<oo.

Lzﬂ’

This way, Lemma 2.2 and the definition of # imply

[1Dul] 50 g) = e [1F1P] 5

L2“’ Lz‘”

with constant depending on known quantities. O

5 Linear parabolic systems in divergence form

The previous result can be easily extended to the case of nonhomogeneous parabolic systems in divergence form

: (5.1)
u'(x,t) =0 on 9p 0,

fori=1,...,m.
The tensor matrix of the coefficients

A = [aaﬁ(x [)} . Q SN Rmnxmn

[k 00m) = nuie) e

is assumed to be uniformly bounded and uniformly parabolic, namely, we suppose that there exists positive
constants L and v such that

Al (@ rmmemny < L, Pxongle] = vjEP (5.2)
t)

for all matrices & € M"”*" and for almost every (x,1) € O
When the nonhomogeneous term F(x, 1) = { fi(x, 1)} belongs to L>(Q, R™"), the Cauchy—Dirichlet problem
(5.1) has a unique weak solution u = (u‘, ..., u™) with the standard L%-estimate

| Dullr2(g.rmy < clFllz2(0.rmmy,

where c is a positive constant depending only on n, m, L, v and | Q| (see [2]). In particular, the weak solution of
(5.1) belongs to

H2(0, T; L2(Q,R™) N L (0, T; HY (R, R™)),
and satisfies the estimate

[[all + 1Dull 2o rm) < cllFllL2(g,rm)

H2 0,7;L2(Q,R"))NL2(0,T;H) (Q.R™))
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where the constant ¢ is independent of u and F (see [8]).
The proofs given in Sections 4 apply also to the weak solutions of the system (5.1). That is why, we shall
restrict ourselves only to announce the corresponding regularity result.

Theorem 5.1 Assume (5.2) and let p € (2,00) and ¢ : R"*! x R* — R* be a weight satisfying (2.3), (2.4)
and (2.5). There exists a small positive constant § = §(n,m, L, v, p, ¢, Q) such that if the couple (A, Q) is
(8, R)-vanishing of codimension 1 and F € L"?(Q,R™"), then the spatial gradient Du of the weak solution to
(5.1) lies in LP¥(Q, R™) and satisfies the estimate

|| Du||L,;,¢(Q'Rum) S C”F”L/’*"(Q,R”’”) s

with a constant ¢ independent of u and F.
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