Exact Controllability for Evolutionary
Imperfect Transmission Problems

Luisa Faella®, Sara Monsurro®, Carmen Perugia®*

@ Dipartimento di Ingegneria Elettrica e dell’ Informazione, Universita degli Studi di Cassino e del Lazio
Meridionale, via G. Di Biasio, 43, I - 03043, Cassino (FR), Italy
b Dipartimento di Matematica, Universita di Salerno, via Giovanni Paolo II, 182, I - 84084, Fisciano (SA), Italy
¢ Dipartimento di Scienze e Tecnologie, Universita del Sannio, Via Port’Arsa, 11, 82100, Benevento (BN), Italy

Abstract

In this paper we study the asymptotic behaviour of an exact controllability problem for a second
order linear evolution equation defined in a two-component composite with e-periodic disconnected
inclusions of size €. On the interface we prescribe a jump of the solution that varies according
to a real parameter . In particular, we suppose that —1 < v < 1. The case 7 = 1 is the most
interesting and delicate one, since the homogenized problem is represented by a coupled system
of a P.D.E. and an O.D.E., giving rise to a memory effect. Our approach to exact controllability
consists in applying the Hilbert Uniqueness Method, introduced by J. -L. Lions, which leads us
to the construction of the exact control as the solution of a transposed problem. Our main result
proves that the exact control and the corresponding solution of the e-problem converge to the exact
control of the homogenized problem and to the corresponding solution respectively.

Résumé

Dans cet article nous étudions le comportement asymptotique d’'un probléme de controlabilité
exacte pour une équation d’évolution linéaire du second ordre, dans un milieu composite & deux
composantes présentant des inclusions e-périodiques de taille . Sur l'interface entre les deux com-
posantes on prescrit un saut de la solution qui est proportionnel par un facteur €7 a la dérivée
conormale. On suppose —1 < v < 1. Le cas v = 1, plus délicat, est aussi le plus intéressant,
puisque le probleme homogénéisé est un systeme couplé de deux équations, une EDP et une EDO,
ce qui génere un effet de mémoire. Notre approche a la controlabilité exacte consiste a appliquer la
méthode HUM (Hilbert Uniqueness Method), introduite par J. -L. Lions, ce qui nous conduit & la
construction du controle exact comme solution d’un probléme transposé. Notre résultat principal
montre que le controle exact et la solution correspondante du e-probleme convergent respectivement
vers le controle exact du probleme homogénéisé et la solution correspondante.
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1. Introduction

The aim of this paper is to investigate the exact controllability problem related to a linear
hyperbolic system of equations with oscillating coefficients defined in an e-periodic two-component
domain Q = Q1. UQs.. The first component €21, is supposed to be connected, while the second one
is the union of e-periodic disconnected inclusions of size €. Denoted by I'® = 0. the interface
separating the two components, we prescribe on it a jump of the solution proportional to the conor-
mal derivatives via a real parameter v, meanwhile, a Dirichlet condition is imposed on the exterior
boundary 99 (see Fig.1). This problem models the wave propagation in a medium made up of
two components with very different coefficients of propagation, which gives rise to the jump in the
boundary condition on the interface. This interface condition is the mathematical interpretation
of imperfect interface characterized by the discontinuity of the displacement (see [T}, 2], [12]=[19],
[24, 25], [27, 28], [31], [37]=[41], [43] [44] and references therein). The order of magnitude of the
parameter v, with respect to the period e, determines the influence of the contact barrier in the
propagation properties of the medium. It is natural to suppose v < 1, as one cannot expect to
have boundedness of the solutions when v > 1 (see Hummel in [31], for the homogenization results
in the elliptic case). Moreover, it is already known from previous studies (see [I4 [I5]) that the
asymptotic behavior of the e-problem differs in terms of the homogenized problems in the two
cases v < 1 and v = 1. The second case is more complicated, since the limit problem is a coupled
system of a P.D.E. and an O.D.E. and gives rise to what is called a memory effect. In particular,
in this paper we want to deal with the exact controllability when —1 < v < 1. The case 7 < —1
will be treated in a forthcoming paper.

The issue of exact controllability can be formulated as follows. Given an evolution system (de-
scribed by O.D.E/P.D.E.), we are allowed to act on the trajectories (solutions) by means of a
suitable control (the right hand side of the system, the boundary conditions, etc.). Then, given a
time interval [0, T'], is it possible, for all initial data, to find a control (or set of controls) driving the
system to a desired state at time 77 We use a constructive method known as the Hilbert Unique-
ness Method introduced by Lions (see [33], [34]). The idea is to build a control as the solution of
a transposed problem associated to some suitable initial conditions. These initial conditions are
obtained by calculating at zero time the solution of a backward problem. The control obtained by
HUM is also an energy minimizing control.

The first question we pose deals with the existence of an exact control of the e-problem. If such a
control exists, the second and more interesting question is: does the exact control of the e-problem
converge, as € — 0, to the exact control of the homogenized problem? We are able to answer
successfully both these questions.

The plan of the paper is the following one. In Section 2, we give the precise setting of the
problem and recall some useful properties of specific functional spaces, introduced in [I9] and [39]
in the elliptic framework, suitable for the solutions of these kinds of interface problems. Then we
recall the homogenization result from [I4]. In Section 3, we state Theorem which provides the
exact controllability of the e-problem. In order to seek an answer to the second question, we also
state the exact controllability of two different problems of the same type of the homogenized ones
corresponding to the cases —1 < v < 1 (Theorem and v = 1 (Theorem . Theorem is
proved in Section 4. In Section 5, we detail only the noteworthy points of the proof of Theorem 3.2}
On the contrary, we prove in details Theorem [3:3] which is more delicate since, when trying to use
the same arguments as for the case —1 < v < 1, some difficulties arise due to the lack of symmetry
of the homogenized coupled system. Indeed, the usual existence and uniqueness results for second
order evolution equations and the method developed by Lions in [33][34] cannot be directly applied.
We turn around this difficulty thanks to appropriate properties of the homogenized matrix. More
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precisely, concerning the existence and uniqueness of the solution of a problem like the homogenized
one in the case v = 1, in Theorem we recall the result proved in [28] which provides also the
same estimate as in the symmetric case. Afterwards, in Theorem [5.2] we establish an existence
and uniqueness result for the solution of the related transposed problem, which generalizes to the
non-symmetric case the one proved in [35], Theorems 9.3 and 9.4, Chapter 3, Section 9 only for
the symmetric case. Moreover, following again the idea contained in [33, 34], in Proposition
we get a suitable observability estimate that allows us to find the exact control.

Finally, in Section 6, we prove the main result of this paper, namely, we describe the asymptotic
behavior of the e-controllability problem. Again some difficulties arise when treating the case v = 1.
Indeed, one needs to exploit some homogenization results applied to the transposed problem at
e-level. To do that, it is necessary to study the asymptotic behavior of a stationary e-problem,
with weakly converging data (see Theorem [6.1)). This is possible thanks to the homogenization
result proved in [25].

Optimal control and exact controllability problems in domains with highly oscillating boundary
are considered in [7]=[I1], [2I]+[23] and [42]. Moreover we refer to [33] and [4, [6] for the exact
controllability of hyperbolic problems with oscillating coefficients in fixed and in perforated domains
respectively, to [27, 28] and [29] for the optimal control of hyperbolic problems in composites with
imperfect interface and of rigidity parameters of thin inclusions in composite materials respectively.
In [16] and [I7, 18] the authors study, respectively, the correctors and the approximate control for
a class of parabolic equations with interfacial contact resistance, while in [20] the authors study
the approximate controllability of linear parabolic equations in perforated domains. In [47], see
also [46], the author studies the approximate controllability of a parabolic problem with highly
oscillating coefficients in a fixed domain. The null controllability of semilinear heat equations in
a fixed domain was done in [30]. The exact controllability and exact boundary controllability for
semilinear wave equations can be found in [32] and [45], respectively.

2. Preliminaries

2.1. Position of the problem

Let © be a connected open bounded subset of R", n > 2, and Y :=|0,l1[x --- x]0,[,[ be the
reference cell, with [;, i = 1,...,n, positive real numbers.
We denote by Y7 and Y5 two nonempty open and disjoint subsets of Y such that

Y = Yl U?Q,

with Y7 connected and I' := 9Y5 Lipschitz continuous.
For any k € Z" we define the translated sets Y* and Iy, as follows:

K2

YFi= k+Y;, i=1,2, Iy := k +T,

K2

where k; = (kil1, ..., knlyn)-
Let {e} be a sequence of positive real numbers converging to zero and for any given ¢ let us set

K.:= {keZ" ey NQ #0}.
Then we define the two components of {2 and the interface respectively as follows:
Qe = sm{ U syﬁ}, i=12 and T¢:=0Qy..

keK,
3
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We assume that

oan [ | (erw) | =0 (2.1)

kez™

We explicitly observe that, by construction, the set (2 is decomposed into two components 2 =
Q1. U Qo where 1. is a connected set, while 29, is a disconnected union of e-periodic disjoint

translated sets of €Y3. Moreover I, is the interface separating the two components with 9QNT, = ()
(see Fig. 1).

figurel.pdf

Figure 1: The two-component domain 2
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In the sequel, we denote by
- " the zero extension to the whole of Q of functions defined in Q. or Qo;
- X the characteristic function of any measurable set £ C R";

1
-mp(v) = | /E vdz the average on E of any function v € L (E).

Let us recall (see for istance [5]) that, as € — 0,

Y,
Xq,. — 0; = ||YZ| weakly in L?(Q), for i = 1,2, (2.2)
0; being the proportion of the material occupying £2;..
For any € > 0, let us define the functional space V¢, introduced in [3], as

Ve = {v; € HY(Q.)| v1 = 00n 9N},
which is a Banach space endowed with the norm

[orllve = Vo2,

The condition on 02 in the definition of V¢ has to be understood in a density sense, since we
don’t require any regularity on 9. Namely, V¢ is the closure, with respect to the H'(£2;.)-norm,
of the set of the functions in C*°(£2;.) with a compact support contained in Q. This can be done
in view of .

The first question we deal with concerns the study of the exact controllability of a hyperbolic
imperfect transmission problem defined in the domain €2 previously described. More precisely, let
¢ = (Ciey C1e) € L2 (O,T; L? () x L? (ng)) be a control. For any fixed T' > 0, let us consider
the following problem

uf, —div (A (£) Vure) = (e in 1.x]0, 77,

uf, — div (4 (2) Vi) = G in 050)0.7],

A(2) Vure -nie = —A(Z) Vauge - noe on I'*x]0, T,

A (%) Vuie -nie = —¢7h (%) (u1e —uge) on I'*x]0, T, (2.3)
U =0 on 0010, T7,

ue(0) = Y., ui(0) = UL, in &2,

u2:(0) = Ug.,  uh(0) = Uy, in Qs

where n;. is the unitary outward normal to Q;., i =1,2, —1 <y <1 and

(i) U2 := (UL, UY.) € VE x H'(Qse), 2.0
(i) U2 == (UL, U3.) € L? () x L* (Qa) . '
We suppose that A is a symmetric Y-periodic n x n matrix field in M(«, 3,2), that is
(Z) Ae (Loo (Y)nz) and Q5 = Qji, 1<4,5<n, (2 5)
(i1) (A(@)AA) = alA?, [A(z)A] < BN, '

for every A € R™ and a.e. in 2 where o, 8 € R with 0 < a < 3. Moreover we suppose that h is a
Y-periodic function such that

h e L>®(T) and 3 hg € R such that 0 < hg < h(y), y a.e. in T (2.6)
5
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In the sequel, for any € > 0, we set

he(z) == h (5) (2.7)

€
and

A(z) = A (5) . (2.8)

€

We underline that for clearness sake, throughout the paper, we denote by u. ((.) := (u1e (¢) , u2e (¢))
the solution of problem (2.3)) and where no ambiguity arises, we omit the explicit dependence on
the control.

Definition 2.1. System (2.3) is exactly controllable at time T > 0, if for every (Ug, Usl) , (Zg, Zsl)

in (Ve x H' (Q2:)) x (L? () x L (Qa2)), there exists a control (5 = (({2,(5%) belonging to

L? (O,T; L? () x L? (Qgs)) such that the corresponding solution u. of problem (2.3|) satisfies
ua(T) = 29, wl(T) = 7.

Remark 2.1. It is well known that for a linear system, driving it to any state is equivalent to

driving it to the null state and this is known as null controllability. Hence, in the sequel we study
the null controllability of the considered systems.

Therefore, is null controllable if there exists a control (¢ € L? (O,T; L? () x L? (925))
such that u.(T) = u.(T) = 0.

A second interesting question is the following: if the system is exactly controllable, do
the exact control and its corresponding solution converge, as € goes to zero, to the exact control
of the homogenized problem and to the corresponding solution, respectively?

In this paper, we give positive answers to both questions.

Concerning the exact controllability, we use a constructive method known as the Hilbert Uniqueness
Method introduced by Lions (see [33] [34]). The idea is to build a control as the solution of a
transposed problem associated to some suitable initial conditions. These initial conditions are
obtained by calculating at zero time the solution of a backward problem. The control obtained by
HUM is also the energy minimizing control.

In order to answer the second question, we will use some homogenization results which were studied
in [I4], 15] and [25].

2.2. Recall of the asymptotic behavior of the e-problem

Let us define a class of function spaces that are suitable for the solutions of this particular kind
of interface problems. They were introduced for the first time in [39] and successively in [I9] in
the framework of the study of the analogous stationary problem. Clearly, these spaces must take
into account the geometry of the domain where the material is confined and both the boundary
and interfacial conditions.
For any € > 0 and v € R, we set

HY = {v=(vi,02) |v1 €V® and vy € H'(Qa.)}. (2.9)
The space HY is a Hilbert space when equipped with the norm

[l = [VorlZaq,.) + VU2l e, + €7 llor = vall7a ey
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Moreover, for every fixed e the norms of HS and V< x H'(Qy.) are equivalent, see [14] for details.
It has also been proved that there exist two positive constants C; and C5, independent of €, such
that

Cullollzzs < IV, xarr 00y < Co(L+ " D0l Vo € H, (2.10)
see [16].
We denote by (H5)" the dual of HS. As proved in [I6], for every fixed ¢, the norms of (HS)'
and (V2)' x (H'(Qg.))" are equivalent. Moreover, if (vi,v2) € (Vo) x (HY(Q2:))" and (uq,u2) €
V. x H'(Qgc), then

<U7u>(H§Y)’7H_EY = <U17u1>(VE)’,VE + <U27u2>H1(Q25)’7H1(925) .

For sake of simplicity, throughout this paper, we denote by L2(Q) := L? (Q1.) x L? (Qa.). The
space L?(Q) will be equipped with the usual product norm, that is,

I (wr,w2) 720 = lwillizgq,,) + lwelliz,,) ¥ (wiw2) € L2(9).

Remark 2.2. We point out that HS is a separable and reflezive Hilbert space dense in L2(Q).
Furthermore, HS C L2(Q) with continuous imbedding. On the other hand, one has that LZ(2) C

(Hﬁ)/, with L2(Y) separable Hilbert space. This means that the triple (HS, L2(S2), (Hﬁ)/) is an
evolution triple. We refer the reader to [T}, [I5] for an in-depth analysis on this aspect.

For reader’s convenience, let us now recall the homogenization result proved in [14], [28].

Theorem 2.1 ([14, 28]). Let A. and h. satisfy (2.5)) + (2.8]). Let z. = (z1c, 22:) be the solution
of the following problem

2l — div(A*Vzie) = gie in Qex]0,T[,i=1,2,

AV z1e - n1e = —A°Vzo, - N on I'¢x]0,T7,

AV 2z - nie = —€"h® (21 — 222)  on I°x]0,T7, (211)
z1e =0 on 90x]0,T7, '
215(0) = Z?e? Zis(o) = les m lev

226(0) = ng? Zés(o) = 2215 in Qe

where n;. is the unitary outward normal to Qe, 1 =1,2, =1 < v <1 and

(1) Je ‘= (9167926)6 L2 (O,T; LE(Q)) )
(i) 22:=(20.,79.) € HE, (2.12)
(iii) 2} :=(Zi.,73.) € LZ(Q).

If
() 20— 2°:=(29,29) weakly in [L2(Q)])°, with Z9 € HX(Q) if —1<~ <1,
(i) Z1 — 2':= (2}, 2}) weakly in [L2(0)]°, (2.13)

(i) 11200 < C.



with C positive constant independent of €, and
— - _ 2
(912, 92=) — (91, 92) weakly in L* (O,T; (L2 () ) (2.14)

then there exists an extension operator P§ € L(L>(0,T; H*(Q1.)); L°°(0,T; H*(2))), for k = 1,2,
such that

Pz — 21 weakly* in L (0,T; Hg (1)),

21e — 0121 weakly™® in L™ (07T; LQ(Q)) ,
Zor — 29 weakly* in L> (0,T; L*()),
Pizy. — 2, weakly* in L* (0,T; L*(Q ),

( (@
z, — 012 weakly* in L> (0,T; L*(Q)
( (@)

,;7/25 — 2 weakly* in L™ (0,T; L?(

)

and

AV 2. + AV 2y — AV 2z, weakly* in L> (0, T; [LZ(Q)]7L),

where 61 and Oy are given by (2.2)).
Furthermore

AV — AV weakly* in L (0,75 [L2()]"),
AV z5. — 0 weakly* in L (0,T; [L*(Q)]") .

where the matriz A° is defined as follows:

1
AN = — [ AVw, dy (2.15)
|Y| Y1
with wy € HY(Y7) solution, for any A € R", of
—div (AVwy) =0 in Y1,
(AVwy) -n1 =0 onT,
Wy — Ay Y -periodic, (2.16)
1
— | (wa—A-y)dy=0.
il Jy,
The homogenized problems satisfied by the couple (21, z2) are different for the two cases —1 < v < 1
and v =1.
Case —1 < v < The function zo is given by zo = o271 where z; € L?(0,T; HE(Q)) with

o1 1:
2 € L? (0,1 L*(Q)) is the unique solution of the following homogenized problem

Z{ —div (A%Vz) = g1 + g2 in Qx]0,T],

21 =0 on 002x]0,T7,
21(0) = 29 + 28 in Q,
4(0) = Z} + 73 in Q.
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Case v = 1: The pair (z1,22) € L? (0,T; H}(Q) x L*(Q)) with (2},25) € L? (O,T; (Lz(Q))z) is
the unique solution of the coupled system

0127 — div (AOVzl) +cp (Oaz1 — 20) = g1 in 2x]0,T7,
2t —cp (0221 — 22) = g2 in Qx]0,T7,
z1 =0 on 002x]0,T7,
2.17)
2 4 . <

= — - - Q
20 =2, 40)=2 in €
22(0) = Z8, 25(0) = Z3 in §,

1
where ¢cp, = vl / h(y)doy, >0 and 0;, i = 1,2 are defined in (2.2).
21 Jr

Remark 2.3. The matriz field A° is the same obtained by D. Cioranescu and J. Saint Jean Paulin,
in [3], for the homogenization of the elliptic problem in the perforated domain Q1. with a Neumann
condition on the boundary of the holes.

Moreover let us observe that (see for instance [3]), A is a symmetric constant matriz such that

A € M (a,5,9), (2.18)
where o and B are defined in ([2.5)).

Remark 2.4. The boundness (iii) in (2.13)) is necessary in order to have a priori estimates for
the solution of problem (2.11)).

Remark 2.5. Observe that for v =1 the homogenized problem takes into account also the data h
in the boundary condition of (2.11)). Moreover problem (2.17)) is equivalent to the following one

¢
012] — div (A°Vz) + cpbazy — ciﬁg/ K(t, s)z1(s)ds = F  in Qx]0,T],
0
z1=0 on 0X,
0 2.19
z1(0) = % in Q, (2.19)
o~ A |
z1(0) = — in Q.
61
with 1
K(t,s) := —sin (y/cp(t — s)) (2.20)
cn
and

F(z,t) := g1 + cn Z8 () cos (/ent) + /en Z (z) sin (Vept) + Ch/o K(t, s)g2(z, s)ds.

Moreover, zy is given by

29(z,t) = Z9(x) cos (v/ent) + jczih sin (y/ent) + /Ot K(t, s) (cnb221(x, 8) + g2(x, 8)) ds.

9
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In other words, for v =1 the limit function z, is the unique solution of the secondtorder evolution
problem with a linear memory effect, due to the presence of the term 0292/ K(t, s)z1(s)ds,
K being a periodic memory kernel explicitly computed in . ’

For any € > 0, we set

We = {v = (v1,v2) € L* (0,T; V° x H" (Q)) such that v' = (v},v}) € L* (0,T; LZ()) },
(2.21)
which is a Hilbert space if equipped with the norm

[vllwe = llvill 2o vy + 02l 2073 m1 (@) + VLl 22075220010 + 102Ml 200,72 0000 -

Thanks to Remark 2.2 by using an approach to evolutionary problems based on evolution triples,
as far as the weak formulation of problem (|2.11)) is concerned, we assume as precise formulation of
the formal problem the following one (see [14]):

Find z. = (z1¢, 22¢) in W€ such that

<Zi/ga’U1>(V5)’,V5 + <Zé’€, U2>(H1(Qza))',H1(ng) —‘r/ AEVzMVvl dx +/ AEVZQEVU2 dx

le Q?s

47 he(z1e — 29¢)(v1 — o) doy = /

g1cv1 dx +/ gocV2 dz,
Te Qi Qac

V(’UhUQ) eVeEx Hl(Qgs) in DI(07T),

ZlE(O) - Zlosﬂ Zis(o) = les in QlE’

226(0) = ng, Zéea)) = Z22£ in 926'

(2.22)
As observed in [I4], an abstract Galerkin’s method provides the existence and uniqueness result
for the solution of problem , for any € > 0, and also some a priori estimates.

Theorem 2.2 ([14]). Let T €]0,+oo[. Let HS and W, be defined as in (2.9) and (2.21)), he and
A asin (2.5) = (2.8)). Under assumptions (2.12)), (2.13) and (2.14), problem (2.11)) admits a unique

weak solution z. € W.. Moreover, there exists a positive constant C, independent of €, such that

HZEHLOO(O,T;HE/) + ||Z;||L°°(O,T;L§(Q)) <C (HZSHH; + HZ;HLE(Q) + ngS”Lz(O’T;L?(Q))) )

Let us point out that, for any fixed ¢, the solution of problem (2.11]) has some further properties
(see [35], Chapter 3, Theorem 8.2). In fact, under the same hypotheses of Theorem the unique
solution z. of problem ([2.11)) is such that

2. € C([0,T);HY), zL € C([0,T]; LZ()) -

3. Statement of the main results

This section is devoted to the statements of our main results. More precisely, in Subsection [3.1]
we give exact controllability results for problem for any € > 0, as well as for two evolution
problems posed in a fixed domain. In Subsection we state that for both cases —1 < v < 1
and v = 1, the exact control of the e-problem and its corresponding solution converge, as € goes
to zero, respectively to the exact control and to the solution of the homogenized problems.

10
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3.1. Exact controllability results

In the following theorem, we give a positive answer to the first question posed in Sections
and Indeed we show that for any fixed ¢ > 0, problem ({2.3)) is exactly controllable at time T

(see Remark [2.1)).

Theorem 3.1. Let —1 < v < 1 and T > 0. Suppose (2.4)=([2.8) hold. Then, for given U? €
Ve x HY(Qy.), UL € L2() there exists a control (&% = (¢§¥,¢5¥) € L2 (0,T; L2 (2)) such that the
corresponding solution of problem (2.3) satisfies

ue(T) = ul(T) = 0. (3.1)

This theorem will be proved in Section We want to show that the exact control (found in
Theorem and the corresponding solution converge, as € — 0, respectively to the exact control
and to the solution of the homogenized problem. As there are two different homogenized problems
for -1 <y < 1and~y=1 (see [14]), we will treat these two cases separately.

To do that, in Section [5] we will prove the following results (cfr. Remark :

Theorem 3.2. Let T > 0 and A° be the matrix defined in Theorem by (2.15) and (2.16)). The
system

v —div (A°Vv) = ¢ in 2x]0,T],
v=20 on 90x]0, T,
0 , (3.2)
v(0) =V in €,
v'(0) = V1! in Q

is exactly controllable, that is, for given (VO, V') € H{(Q) x L*(2), there ezists a control (°* €
L?(0,T; L?(Q)) such that the corresponding solution satisfies v(T) = v'(T) = 0.

Theorem 3.3. Let T > 0 and A° be the matriz defined in Theorem by (2.15) and (2.16]). The
system

010y — div (AOVvl) +oep (Oav1 —v2) =G in 2x]0,T7,

v —cp (Bav1 — v2) = (o in Qx]0,T,

v; =0 on 90x]0,T7, (3.3)
v (0) = VY, v1(0) = V¢! in €,

v2(0) = V3, v4(0) = V3 in Q,

1

where cp, = m/ h(y)do, > 0 and 6;, i = 1,2, are defined in (2.2)), is exactly controllable, that
2| Jr B -

is, for given (VO,V1) € (H}(Q) x L3()) x (L*(Q))?, there exists a control (°® := (({%,(§") €

L2(0,T; (L%(2))?) such that the corresponding solution satisfies

vi(T) = vl(T) =0, i =1,2.

3.2. Limit behaviour of the exact controllability problem

(3.4)

The following theorem, which is the main result of our work, gives a positive answer to the
second question posed in Sections [I] and

11



Theorem 3.4. Let T > 0 and (U2, U2) € HS x L(Q) satisfies
; 770 0. 0 ; 2 2 0 1 ;
(i) U2 —=U:=(UP,U9) weakly in [L*()]", with U € H}(Q), if —1<~<1,
(ii) (}E — Ut = (UL,U}) weakly in [LQ(Q)}Z, (3.5)

(iii) (U2 as < C,

with C' positive constant independent of €.

Further, assume that = hold. Let 0;, i = 1,2, be given in and us(S*) =
(w1 (CE7), u2:(CE™)) be the solution of problem where as control (. we take the exact con-
trol C&° = (%, ¢5%) € L*(0,T; L2(Y)) given in Theorem .

Case —1 < v < 1: There exist (¢* € L2(0,T;L%(2)), a function ui((f¥) and an extension
operator P§ € L(L>(0,T; H*(Q1.)); L°°(0,T; H*())), for k = 1,2, such that

{ £T — 0,¢%  weakly in L2(0,T; L?(12)), (3.6)
(5% — 02(®  weakly in L2(0,T; L*(Q2)),
Piui(CE®) = ui ((§7)  weakly™® in L (0, T; HY (),
u;(z;”) — O1ug (C5*)  weakly™ in L™ (O,T; L2(Q ) , (3.7)
u;(zg/l) = Oour (CF%)  weakly* in L™ (0,T; L*(Q2)),
and
Puq (CE*) — ui(CFY)  weakly™ in L (0,T; L* (1)),
u’l/s_(\@”) — 01uq (CF7)  weakly* in L™ (0,T; L*(Q2)), (3.8)
u’;(\/@”) — Goul ((§")  weakly* in L™ (0,T; L*(2)).
1

Moreover the function uy = uy ((f%) € L*(0,T; H(Q)), with v} := | (({") € L? (0,T; L*(2)), is
the unique solution of the following homogenized problem

—div (A°Vuy) = ¢F* i Qx]0,T7,

up =0 on 002x]0,T7,

. 0 , (3.9)
u1(0) = U7 + Us in Q,
uy(0) =Ul + U3 in £,

where (£% € L?(0,T; L2(Q)) is the exact control in Theorem with (VO, V) = (U + U3, U{ + U3).

Case v = 1: There exist (°® := (({*,(5%) € L*(0,T; (L?(2))?), a function u(¢*) = (u1 (%), ua(¢*))
and an extension operator P§ € L(L>°(0,T; H*(1.)); L>(0,T; H*(Q))), for k = 1,2, such that

Af? — (8% weakly in L*(0,T; L3()), (3.10)
(57 — (5% weakly in L*(0,T; L*(R2)), '
Pfuic(C87) = ui(¢°®)  weakly* in L™ (0,T; H (),
u1e(Ce%) = O1uq (C°%)  weakly* in L™ (0,T; L*(Q)) , (3.11)

)
u;—(\ég‘”) — u(¢*) weakly™ in L™ (O,T; L?(Q)
12
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and

Pl (CE%) = (%) weakly* in L= (0,T; L3(2)),
u’ls(/\C;:) — 0104 (C*%)  weakly* in L™ (0,T; L*(Q2)), (3.12)
“;(\E) — uh(¢°T) weakly* in L> (0,T; L*(9)).

Moreover the pair (uy,uz) == (u1(C%*),u2(¢%%)) € L* (0, T; Hy () x L2(2)), with (u} (), u5y((*")) €

L?(0,T; (L*(2))?), is the unique solution of the coupled system

Qlu’l’ —div (AOVul) +cp (9211,1 — UQ) = 161 mn QX]O,T[,
ulf — ep (O2uy — ug) = ¢5° in Qx]0,T7,
u; =0 on 90x]0,T],
o Ul _ (3.13)
()= 55 w0 = 5 in 0,
usl0) = U3, uy(0) = U} i,

where ¢, = il / h(y)doy, > 0 and (¢§*,¢5%) € L? (0,T; (L2(2))?) is the ezact control given by
2
, Uy 1171 Ul 1
Theorem |3. 5, with (V1 ,VQ) = Q—,UQ and (V1 ,V2) = Q—,UQ .
1 1
Let us observe that by (3.5)ii), U} is in fact in HJ(2) (see [14], Remark 2.7 for details).

4. Proof of the exact controllability for the e—problem

In this section, by using the Hilbert Uniqueness Method introduced by Lions (see [33] [34]), we
prove the exact controllability of system ([2.3]), for fixed £, stated in Theorem

For T >0, let (¢2, L) € L2(Q) x (Hi)/ and consider the problem

@i — div(A*Vepi) =0 in Q;.x]0,T[, i = 1,2,

AV p1e - n1e = — AV o, - Noe on I'*x]0,T7,

AV p1e - n1e = —€7h%(p1. — p2:) on I€x]0,T7, 1)
1e =0 on 90x]0, T,

01:(0) = Y., ©1.(0) = i, in Q.,

02:(0) = 93, ¥5.(0) = 3. in Q.,

where n;. is the unitary outward normal to Q;., i = 1, 2.

Since the initial data are in a weak space, in order to give an appropriate definition of weak solution
of problem , one needs to apply the so called transposition method (see [35], Chapter 3, Section
9). To this aim for every f. := (fic, foc) € L?(0,T; L%(2)), let us consider the following backward

13



145

problem

1/)15 =0
V1e(T) = ¢1.(T) =0
V2 (T) = ¢5.(T) = 0

;IE - diV(Avais) = fis
Asvd)ls ‘N1 = 7A€Vw26 * Mg
Aevwle *Nie = _a’yhs(wle - ¢25)

in Q;x]0,T[, i = 1,2,
on I'"*x]0, 77,

on T=x]0, T,

on 90x]0,T7,

in O,

in QQE.

As previously, for clearness sake, throughout the paper, we denote by ¥c(fz) := (¥1e(fe), Y2 (fe))
the solution of problem and where no ambiguity arises, we omit the explicit dependence on
the right hand member. As the initial conditions of problem are in right spaces, we can give
the following definition

Definition 4.1. For any fized (02, ¢}) € L2(Q) x (Hf/)/, we say that a function pe := (Y1e, P2e) €
L?(0,T; L%(Q)) is a solution of problem (4.1)), in the sense of transposition, if it satisfies

T T
/ / 1 (V1. — div(A®Vpy.)) dzdt + / / 2e (Vh. — div(A®Vbae)) dzdt
0 Q1. 0 Qe
== | A0+ (o1 0)) (43

_/Q @gsd}ée(o)dz + <<p%e’ ¢25(O)>(H1(Qze))’7H1(ng)
2¢

for every 1. unique solution of problem (4.2)).
By classical results (see [35], Chapter 3, Section 9, Theorems 9.3 and 9.4), problem (4.1]) admits a

unique solution ¢, € C ([0,7]; L2(2)) N C* ([O7 TJ; (H:i)/) satisfying the estimate
lpellzoe 0.7:L2(0) + Itz 0,mseyy < CUlellLz) + il cazy), (4.4)

with C' positive constant independent of €.
Now, let ¢, € C ([0, TJ; Hf;) net ([0, T]; L? (Q)) be the unique solution of the backward problem

7 — div(A®Vie) = —pie in Q;ex]0,T[,7i=1,2,
AV Y1 - ne = — Ao - Noe on I'"*x]0, 77,
AV 1 - m1e = —€7hE (Y1 — o) on I°x]0,T7, (4.5)
P1e =0 on 90x]0, T,
V1e(T) = ¢1.(T) =0 in Qy,
Yo (T) = 7/’/25(T) =0 in Qo,

where n;. is the unitary outward normal to Q,., ¢ = 1,2, and ¢, is the unique solution of problem

@)

Inspired by HUM method, we introduce the linear operator
Ae: L2(Q) x (H2) — L2(Q) x HE (4.6)
14
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by setting for all (2, l) € L2(2) x (Hi)l,

where 1. is the unique solution of problem (4.5). Moreover it results

(Ae (22,08, (92, 90)) = ((WL(0), =(0)) , (2, 91)) = = (#1es ¥1(0)) ey e

- <(i0%s’wQS(0)>(H1(QQE))/,H1(QQE) +/Q @?Ewlls(O)dl' +A @gswés(o)dw
1le 2e
for every (2, ¢l) € L2(Q) x (H,i)/

The following lemma provides an explicit formula for the operator A..

Lemma 4.1. Let us fix (<p8, @i) € L2(Q) x (Hf;)/ Let . be the corresponding solution of problem
(4.1). Then the following identity holds

(Ae (92,08) , (02,0L)) // lp1e)? dwdt+// |pac | dadt. (4.9)

Proof. Taking into account (4.8]), it sufficies to consider in ) the function v., unique solution
of the backward problem (|4.5). O

Remark 4.1. For anye > 0, by , the operator A is linear, continuous and injective. If A. is
an isomorphism we define the control (¢* € L* (0, T; L2 (Q)) by C* = —p., where . is the unique
solution of problem with initial data (2, L) = AZ1 (UL, —U?). Indeed, by uniqueness, the
state is given by ue(CS) = e, where . is the unique solution of the backward problem .
Hence is satisfied and we obtain the exact controllability at time T > 0 for system .

In order to prove that, for any fixed €, the operator A. is an isomorphism from L2(2) x (H,i)'
to L2(2) x HZ and obtain estimates independent of &, we need to show the following observability
estimate (4.10)), the converse inequality being an immediate consequence of ([4.4]).

Proposition 4.1. Let us fix ((pg,gai) € L2(Q) x (Hi)/ Let . be the corresponding solution of
problem (4.1)). Then, for any €, we have

T T
||s02!|12(9)+||soi||?m),sc<// orcfdsar+ [ |802s|2d$dt>a (4.10)
€ Y 0 ng 0 QZE

AZ <C, (4.11)

1
||L (L2(Q)x HZL2() x (HE)') =
with C' positive constant independent of €.

Let us establish a prehmmary result with more regular data (cps, <p€) € HS x L2(€2). We can define
the solution . of problem (4.1]) by the usual weak formulation. Hence the associated energy is
1
r= 5[ w&u»mx+/'|%gwmm+ AV ()Veore (1)
le

QQE le

(4.12)
4 / AV e (6)Vigae (1) + &7 / B 1e(t) — os(8) P do
925 Fe

15



Lemma 4.2. For any €, one has

T T
E6<0>§c< | etbasies [ ] sogszdxdt>, (4.13)
0 Qla 0 Q2e

with C' positive constant independent of € and where

1 2 2
E<(0) = 3 (/Q ‘(p%el dx + /Q |<p%6‘ dxr + /Q AEVQD?EVga?Eda: + . AEVgogEVgagde
le 2e le 2¢e

+m/ B |0, <pg£|2dax> .

€

Proof. First note that the energy defined in is conserved (see [15], Lemma 4.1), that is
E®(t) = E(0), for everyte [0,T)]. (4.14)
Let p(t) be the function defined by
p(t) = t3(T —t)2, for every t € [0,T). (4.15)

By choosing (p(t)p1c(x,t), p(t)pae(2,t)) as test function in problem (4.1)) and integrating by parts,

we obtain
T T T
// pl%islzd:vdﬂr// pltp'zslzdxdﬂr// P prepldudt
0 Qla 0 Q?E 0 le

T T
+/ / 0 pacph drdt — 5"’/ / ph? | o1 — pac|? dodt (4.16)
0 Jaa. o Jr.

T T
= / / pPA N p1:Vipicdrdt + / / pA N 2.V ipa-dadt.
0 Q1. 0 Qe

Denoting for every ¢ € [0, T

B0 = [ 04V Vertdn+ [ o)A Ver () pl)da

Q2a
(4.17)
427 [ DO lorelt) = a0 o
(4.16)) can be written as
T T T
/ / p|<p/15|2d‘rdt+/ / plwéelzdﬂﬁdﬂr/ / plp1ephdudt
0 Ju. 0 JQoc 0 JQi.
(4.18)

T T
+/ / 0 paciph drdt :/ E; dt.
0 Ja,. 0

16



Then, by making use of Young’s inequality, for any é > 0, we get

T T
/ / Pl p1ep)dadt + / / P p2c b dadt
0 Q1e 0 Q.
T
< / P</ 1 |2dx+/ |2 |2d33) dt
0 . Qe (4.19)

T T
o) ( || ez [ ] |¢;E|2dxdt>
0 Q1e 0 Qoc
1 2 T2

1 (p)? ()
= — = — max =—.
40 ‘ P g 40 0TI 4

By collecting together (4.18]) and (4.19)), we get

T T T
/Ezdtg// plwislzdwdﬂr// pleh. [*dadt

0 0 Q1. 0 Qe

T
+5/ ,0(/ |<p15|2dx+/ |<pza|2dx) dt (4.20)
0 Qe Qo
T T

we@) ([ [ Pzt [ [ i Pasat ).

0 Qla 0 925

Note that by (2.5]), , Remark 2.3 of [39] stating the Poincaré inequality in the space V. with
a constant independent of ¢ and (2.10), we get

where C()

/ AV 1 () Viore (t)da + / ATV o (8) Vi (£ + &7 / Bl o1 (t) — oe (8) 2dos
le

QQE FE
(4.21)
> ([ toP+ [ loa0P) forac. e o1
Qe Qoc
with C’ positive constant independent of .
By (4.20) and (4.21)), we obtain
J T e T /2 T /12
1-— ESdt < ploic“dxdt + plose|“dxdt
C 0 0 Qe 0 Q.
(4.22)

T T
+C(8) (/ / |g0'15|2dxdt+/ / |<p’26|2dxdt> )
0 Qla 0 Q2s

Thus if we choose § < C’, there exists a positive constant C” independent of ¢ such that

T T T
/ Esdt < C” (/ / |} | dxdt —|—/ / <p’262dazdt) . (4.23)
0 0 le 0 QQE
17



Multiplying equation in (4.14)) by p(t) and integrating from 0 to 7', we obtain

T 1 (T 1 /T
EE(O)/ pdt:f/ Ef,dt—kf/ p(/ |<p’15|2da@+/
0 2 0 2 0 Qi Qo
By virtue of (4.23)) and (4.24]) estimate (4.13]) holds. O

Now we are able to prove Proposition
Let m. € HS be the unique solution of the problem

<p’2€2da:> dt. (4.24)

—div(A4A°V ;) = —pi. in Q;., i=1,2,
AEV T e = —A5VToe - N, on I'¢,
e Mae T2 (4.25)
AEVTQE TNl = 767}16(71'15 — 7T25) on FE,
T1e =0 on 092,

with ¢! € (H s)/ By classical arguments concerning symmetric bilinear forms associated to elliptic
equations (see [33] in the proof of Proposition 1.2), one has

Culle sy < Imelline < CalloHllate (4.26)

with C7 and Cs positive constants independent of e.
Let o, be the transposition solution of problem (4.1)) corresponding to the initial data (@27 cp;) €

L2(2) x (Hs)/ Then the function w. = (1., wa) defined by

t
wie(x,t) == / ie(x, 8)ds + mie(x), i=1,2, (4.27)
0
satisfies problem
@/ — div(A*Vew,.) =0 in Q;.x]0,T[,i=1,2,
Angls *N1e = _ASVWQE * Noe on PEX]O,T[,
AEles *Nie = _E’Yhs(wlg — WQE) on FEX]O,T[7 (4 28)
wie =0 on 90x]0, T, '
le(O) = Tle, wlle(o) = <¢0(1)5 in Qla7
wQE(O) = T2e, w/QE(O) = (ng in QZE~

Observe that, since 7. € H and 2 € L2(2), the solution w. is defined by usual weak formulation.
Hence, by applying Lemma in view of (4.27) we get

1
(/ ’@?E|2d$+/ “Pga"zdl“F/
2 \Ja,. Qa. Q.
T T
+5V/ he |m1e —772€|2dox) <C / / |w’1€\2d:vdt+/ / | |2 dadt (4.29)
FE 0 ng 0 QZE
T T
=C / / |<p1€|2dxdt—|—/ / |pac|*dxdt
0 ng 0 925
18
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with C positive constant independent of . Inequality (4.10|) of Proposition is then a direct

consequence of (2.5)), (2.8), (4.26) and (4.29).
Now we prove (4.11)). Using Young’s inequality, (4.9) and (4.10), one obtains that

162 DI, gy ey <2 (1680 + et )

T ) 4.30
SC</=/|%$Mﬁ+/./|m$“m>zcﬁd@w9&¢w9> (4:30)
0 le 0 Q2E

< CllAe (92, 08) llzz@yxmz | (92, 02) 2y x ey

with C' positive constant independent of €.
By (4.30) and taking into account that A. is an isomorphism, we get

||A;1HL(Lg(Q)ng;Lg(Q)x(Hs)’)

(4.31)

16, 22 L2y (s Y
= sup
1Ae (02, 08) |2 () x s

that is (4.11)). O

t (92, 02) € L2(Q) x (Hi)’> <C,

5. Proof of Theorems [3.2] and [3.3]

While the proof of Theorem follows more or less the same arguments as in [33] (see also
[34]), for Theorem the situation is much more delicate. Indeed, we would apply again the
Hilbert Uniqueness Method. To this aim we need to construct a functional associated to a coupled
system of a partial and an ordinary differential equation, which renders this case more difficult.

5.1. Proof of Theorem[3.
The proof of Theorem [3.2] can be found in [33]. Here, for convenience sake, we detail only the
noteworthy points. More precisely, let (cpo, gpl) € L*(Q) x H~1(22) and consider the problem
" —div(A°Vy) =0 in 2x]0,T7,
=0 on 002x]0,T7, (5.1)
e(0)=¢° ¢ (0)=¢" nQ
Since the initial data are in a weak space, one needs to apply the so called transposition method (see
[35], Chapter 3, Section 9) to obtain a unique solution ¢ € C ([0, T7; L*(Q2)) N C* ([0, T]; H~1(Q))
of problem (j5.1)) satisfying the estimate
el o 0,7:220)) + 19| 0,7~ 102)) < CUI° Il L2 @) + 1t lr-1(2)) (5.2)

with C positive constant.
Now, let 1 € C ([0, T]; H3(£2)) NC* ([0, T]; L*(£2)) be the unique solution of the backward problem

" —div(A°Vy) = —p in Qx]0, T,
=0 on 002x]0,T7, (5.3)
P(T) =4"(T) =0 in Q,

19
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where ¢ is the unique solution of problem ({5.1)).
Inspired by HUM method, we introduce the linear operator

A:L2(Q) x HY(Q) — L*(Q) x HL(Q) (5.4)
by setting for all (%, ¢') € L*(Q) x H1(Q),

A% 0h) = (0'(0), —¥(0)) (5:5)

where 1 is the unique solution of problem (5.3]). Moreover it results

(A (2% 01) 5 (€% 9")) = (@'(0), —1(0)), (¥°, ¢"))
(5.6)
== (O sy + [ £ OV,

for every (¢°, ') € L*(Q) x H1(1).

The operator A is an isomorphism (see [33]). Then, we define the control (** € L? (0,T}; L*())
by (¢® := —¢, where ¢ is the unique solution of problem with initial data (gpo,gol) =
A1 (Vl, —VO). Indeed, by uniqueness, the state is given by v({¢*) = v, where v is the unique
solution of the backward problem .

Hence we obtain the exact controllability at time 7" > 0 for system .

5.2. Proof of Theorem|[3.3

Due to the lack of symmetry of the associated operator, classical existence, uniqueness and
regularity results do not directly apply to problem (3.3). Hence we need to recall the following
result proved in [2§].

Theorem 5.1 ([28]). Let T > 0. Let A° be the matriz defined in Theorem by (2.15) and
(216). Then problem ([B.3) admits a unique solution v := (vi,v2) € L? (0,T; H}(Q) x L*())
satisfying the following estimate

||1)HLQO (O,T;Hé(Q)xLQ(Q)) + ||v/||L°°(0,T;(L2(Q))2)
(5.7)
0 1
<C (HV HH;(Q)xLZ(Q) + HV H(L2(Q))2 + HCHLZ(O,T;(LQ(Q))Q)> )

with C positive constant.

Let us point out that, by arguing as in [35], (Chapter 3, Theorem 8.2), the energy equality for
problem (3.3) (see [15], Theorem 4.4) provides some further properties. In fact, under the same
hypotheses of Theorem [5.1] it holds

veC([0,T]; HY(Q) x L2(9)) N C* ([O,T} : (L?(Q))"’) NC' ([0, T); HH(Q) x L2(Q)) . (5.8)

Here, some difficulties arise when one tries to obtain an observability inequality corresponding to
the coupled system ({3.3]).

20
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Fixed ¢° := (00, ¢9) € (L?(Q))? and ¢! = (pl,0d) € H71(Q) x L3(Q), let us consider the
following problem

0107 — div(A'Vep1) + cn(B291 — 2) =0 in Qx]0, T,

py — cn(fapr — p2) =0 in Qx]0, T,

Y1 = on 00x]0,T7, (5.9)
e1(0) = ¢}, ¢1(0) = 1 in Q,

©2(0) = 93,  ©5(0) = @} in Q.

Since the initial data are in a weak space, we should define the solution of problem by
the transposition method. Unfortunately, classical results (see [35], Chapter 3, Section 9) do not
directly apply to problem , since the associated operator is not symmetric. Neverthless, we
can overcome this difficulty thanks to the symmetry of the matrix A° and .

At first, let us give an appropriate definition of what we understand as solution of problem .
To this aim for every f := (f1, f2) € L?(0,T;(L*(2))?), let us consider the following backward
problem

0107 — div(A'Ve1) + cp(Bathr — o) = f1 in Qx]0,T7,

5 — cn(f2h1 —b2) = fa in Qx]0, 77,
P1=0 on 9010, T7, (5.10)
Vi(T) =¢1(T) =0 in Q,
Va(T) = ¢5(T) = in Q.

As previously, for clearness sake, throughout the paper, we denote by ¥(f) := (¥1(f), ¥=2(f)) the
solution of problem and where no ambiguity arises, we omit the explicit dependence on the
right hand member. As initial conditions of problem are in right spaces, then we can give
the following definition

Definition 5.1. For every so = (pl93) € (L*())? and o' = (p1.93) € H1(Q) x L*(Q),
we call solution of problem , in the sense of transposition, a functzon © = (p1,p2) €
L2(0,T; (L3(2))?) satisfying the condition
T
/ / ®1 (911,[)/{ - le(AOVﬂJl) + Ch(921/}1 - ’LZJQ)) dxdt
o Ja
/ /92 0o (VY — en(O101 — 1)) dadt = /elwpl (5.11)

+<01@%>w1(0)>H71(Q),H(§(Q)_/902 1802'/’2 d5f+/92 song 0)dx

or every function ¢ solution of problem (5. such that —div 1) 1S in , T .
f fi jon Y soluti f problem (5.10)) h th div(A°Vay) is in L2(0,T; L2 (9

Now we are able to establish an existence and uniqueness result which generalizes, to the non-
symmetric case, the one proved in [35], Chapter 3, Section 9, Theorem 9.3 and Theorem 9.4 only
for the symmetric case.

Theorem 5.2. Let A° be the matriz defined in Theorem by 2.15) and (2.16). Let ©° =
(09, 09) € (L?(Q))? and ¢* = (¢1,03) € H Y(Q) x L2(). Then there exists a unique ¢ solution
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of problem (5.9) such that p = (¢1,p2) € L=(0,T;(L*(Q))?), ¢’ = (¢}, ph) € L>(0,T; H~1(2) x
L2(Q)) and satisfying the estimate

el 0322 @)2) + 19l Loo 0.1 @) <22 () < C (1%l 22z + @t a1 @ xr2) > (5:12)

with C' positive constant.
Furthermore it holds

¢ € C(0,T]; (L*())*) nC* ([0,T); HH(Q) x L*()) . (5.13)

Proof. First of all, let us observe that, by arguing as in [35], Chapter 3, Section 9, Theorem 9.4, by
a density argument, one can obtain that holds in fact for every v solution of the backward
problem . Hence, if a solution of problem exists, it is unique. Let us now prove the
existence.

As a preliminary, we define the differential operator A : dom(A) C L?(Q) — L?*(Q) by

Av = —div(A°Vw) for every v € dom(A),

where dom(A) = {v € H§(Q) : —div(A°Vv) € L*(Q)}. Due to and the symmetry of the
matrix A%, A is a linear, continuous and selfadjoint operator. Moreover it is easy to observe that
it establishes an isomorphism from Hg () onto H~1(Q2) and the inverse operator A~! is linear,
continuous and selfadjoint itself. Then one has

Hv||i1_1(9) = HA7111||21(Q) = / AVA WV A wde = / vA tvdr Yo € H1(Q). (5.14)
0 Q Q

We consider the sequences ¢ = (¢9,,,¢9,) € H(2) x L2(2) and ¢}, := (p1,,, 3,) € (L3(£2))?
such that 0 0 ) )
Pn =0 in (L3(Q))

(5.15)
ol — o in HY(Q) x L3(Q).
Let us consider the problem
0197, — div(A°Vo1,) 4 cn(f2p1n — w2n) =0 in Qx]0,T7,
(p/2/n - Ch<92(p1n - 902n> =0 in QX]O,T‘[7
©1n =0 on 9010, T7, (5.16)
P1n(0) = ¥Y,,  ©1,(0) = i, in €,
020(0) = ¢8,,  95,,(0) = 3, in €,
whose initial data are more regular. Hence its unique solution satisfies ¢, := (Y1n,P2n) €

L0, T; HH Q) x L2(Q)) and ¢!, = (o, ph,) € L=(0,T;(L*(Q))?). According to usual re-
sults, @/ (t) € H1(Q) x L3(Q) and (A™1p,,, ¢h,) € H(Q) x L3(Q) a. e. in [0,T]. Hence, by
scalarly multiplying the equations of problem ([5.16)) by (Aflga’ln, go’Qn) and summing up, we get a.
e. in [0, 7]

(01601, (1), A1, (1)) + (Apin (1), A1, (8)) + en (201 (t) — @2n(t), A1, (1))

+ (29, (1), ¢ (1)) — cn (Bap1n(t) — @20 (1), 2,(1)) = O,
22



where (-, -) denotes the duality pairing between H () and Hg ().
As both A and A1 are selfadjoint, we get a. e. in [0, 7]

O (a0, A G40 (1) + 5 (D1nl0) P10(0)) + o (P (0), (1)) - e (22 (1), o2 (1)

= 2ch (QOQn(t) - 02801n(t), Ailﬁplln(t)) + QCh (92901n(t)7 cp/Zn(t)) )

) denotes the scalar product in L?(2).
By (5.14]), we can write a.e. in [0, 7]

where (-, -

d
P ['91||<P1n( -1 + I ®1720) + 195 O 72(0) + cnllpan( )||2L2(Q)]

(5.17)
. / (2 () — Baprn(£)) A~ (1) + 2646 / 1 (D)@ (1)l
Q Q

Let us estimate separately the two terms in the right hand side of -
By Holder inequality, the boundness of A~! and Young inequality, we get

/Q(tﬂzn(t) — 0201, () A7 0, () dz < C[[0an(t) — O201n ()| L2 (@) AT 1 (D) 112 (02)

< C1l A7 ll2n (t) = O2010 (B) | 2(0) €10 (D) -1 () (5.18)

< G (Iean @2y + I#n (Ol3a(a) + 601 0))
On the other hand

1
/Q<P1n(t)%0/2n(t)d93 <@ llizz@lle2n ) z2@) < 3 (H@ln(’f)HQLz o) T 105 Ol7 20 )

(5.19)
If we put (5.18)) and (5.19)) in (5.17]) we get
d
= 011641 @) + I1n (B2 + 1650 (1220 + enlleza 3o
(5.20)
< € (Dllehn O+ oy + Io1n D122y + 250 Oy + enll2n (1) 2 (e
with C' positive constant.
By applying Gronwall’s inequality we obtain a. e. in [0, T]
160 Ol F-10) + 91O 172(0) + 1950 1220y + lp2n (B Z2(q)
(5.21)
< C (lekal gy + ok l22q

)+ 16835y + 1681220 )
whit C positive constant.

From (5.15)) and (5.21]) we deduce that ¢,, (resp. ¢!,) remains in a bounded set of L>°(0, T; (L%(£2))?)
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(resp. L>(0,T; H=1(2) x L?(2))) as n — +o00. Therefore, up to a subsequence still denoted by
n, we may deduce

©n = (1n, P2n) = ¢ = (p1,2)  weakly * in L>(0,T; (L*(Q2))?)

O = (P, Phy) = @ = (@1, ) weakly * in L>°(0,T; H1(Q) x L*(12)).

Let us consider the unique solution ¢ = (1, 1) of problem (5.10)) and let us take (1/}1, 9;1w2) as
test function in the variational formulation of problem ([5.16)). Then, we get

(5.22)

T
/ / orm (0107 — div(AOVapy) + en (Bothy — 1)) dudt
0 Q

/ /92 Yon (V5 — cp(b2101 — o)) dadt
(5.23)

_Kzel@?nwi(o)dx + <91S0%m1/11(0)>H71(Q)7H3(Q)

- / 5 o0 (0)de + / 05" b (0)de
Q

By passing to the limit in (5.21)) and (5.23), by convergences (5.15) and (5.22)), we get that

© = (1, p2) satisfies (5.11)), and (5.12)).
Let us observe that inequality (5.21)) gives in fact that ¢, (resp. ¢,) converges uniformly to ¢ (resp.

¢') in (L?(2))? (resp. H~*(2) x L*(£2)) and therefore we get ¢ = (1, ¢2) € C ([0,T]; (L*(2))?) N
C1 ([0, T); H-1(Q) x L2(Q). 0

Now, let v € C ([0, T]; (H}(Q) x L*(€2))) N C* ([0,T]; (L*(2))?) be the unique solution of the
backward problem

91@0/1' - le(A0V7/11) -+ Ch(Gle — 1[)2) = —¥1 in QX]O, T[,

2 —cn(O2h1 —ha) = —pa in 2x]0, 77,
1=0 on 90x]0, T, (5.24)
P1(T) =1(T) =0 in Q,
Va(T) = v5(T) =0 in €,

where ¢ is the unique solution of problem (|5.9)). Inspired by HUM method, we introduce the linear
operator

Ay (L2()? x (H7H(Q) x LA(Q)) — (L*(Q))? x (Hy(Q) x L*(Q)) (5.25)
by setting for all (¢°, ') € (L2(Q))? x (H1(Q) x L3(Q2)),
Ay (¢ 0") = (1(0), —(0)) (5.26)

where 1 is the unique solution of problem ([5.24)). Moreover we define the pairing

<A1 (@07 4101) ) (<p0’ (pl)> = <(w/(0)v —¢(0)) ’ (@07 @1)> = <91<)0%5 w1(0)>H71(Q)’Hé(Q)
(5.27)
+ [ optuiode - [ 67 hun(0de + [ 67 us00
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for every (¢°, ') € (L3(2))? x (H~(2) x L?(2)).
The following lemma provides an explicit formula for the operator A;.

Lemma 5.1. Let us fir (% ') € (L2(Q))? x (H1(Q) x L*(Q)). Let ¢ be the corresponding
solution of problem (@) Then the following identity holds

T T
(A (@0,¢1),(¢0,¢1)>=/ /Q|<p1|2dxdt+92_1/ /Q|<p2|2dxdt. (5.28)
0 0

Proof. Taking into account (5.27)), it sufficies to consider in ([5.11)) the function ¥ = (11, 1s),
unique solution of the backward problem ([5.24)). O

Remark 5.1. By (5.12)) and (5.28), the operator Ay is linear, continuous and injective. If Ay
is an isomorphism, we define the control (¢* € L? (O,T; (L2(Q))2) as °* := —p where ¢ is the
solution of problem (5.9) with initial data (cpo,cpl) = A1_1 (Vl, fVO). Indeed, by uniqueness, the

state is given by v(Ce®) = 1, where 1 is the unique solution of the backward problem (5.24). Hence
(3.4) is satisfied and we obtain the exact controllability at time T > 0 for system (3.3).

In order to prove that the operator A; is an isomorphism from (L?(Q2))? x (H~Y(Q) x L?(2))
to (L?(2))% x (HL(Q) x L*(Q2)), we need to show the following observability estimate (5.29)), the
converse inequality being an immediate consequence of ((5.12]).

Proposition 5.1. Let us fiz (¢, ¢') € (L2(2))? x (H~1(Q) x L*(Q)). Let ¢ be the corresponding
solution of problem (5.9). Then, there exists a positive constant C such that

T T
P e A, s0< | [l asivet [ ] |¢22dzdt>. (5.29)

Let us establish a preliminary result with more regular data (¢°, ¢') € (Hg(Q)x L?(2)) x (L*(€2))2.
We can define the solution ¢ of problem ([5.9)) by the usual weak formulation. Hence the associated
energy is:

B@)i= 3|0 [ 1eh0Par+ 05" [ lebao+ [ 900V
(5.30)

4ot [ Joaer(t) - wz(t)zdw] .
Q

Lemma 5.2. There exists a positive constant C such that

T T
E(0) §O</ /|gp’1|2dxdt+92_1/ /<p’2|2dxdt>, (5.31)
0 Q 0 Q

where

1
E(0) =3 [91/Qltp%|2dx+921/9w%IQdﬂH/ﬂonw?V@?dWrch%1/@|92w?—<p3|2dfv]-
(5.32)

25



Proof. First note that the energy defined in (5.30) is conserved (see the proof of Lemma 4.4 in
[15]), that is

E(t) = E(0), foreveryt e [0,T]. (5.33)
As in the previous subsection, let p(t) be the function defined by
p(t) =t*(T —t)?, for every t € [0,T]. (5.34)

By choosing p(t)p1(x,t) as test function in the first equation of problem (5.9) and p(t)85 (. t)
as test function in the second equation of problem (5.9) and integrating by parts, we obtain

respectively
T T T
/ /61p|ap’1|2dmdt+/ /Hlp’cplgplldazdt:/ /pAOngV(pldxdt
0o Ja 0o Ja o Ja
(5.35)
T
+ch/ /p(@ggol—(pg)galdxdt
0o Ja
and

T T T
/ / 05 ' plh |2 dadt —l—/ 05 p pophdrdt = —chﬁg_l/ / p(0201 — @2)padxdt.  (5.36)
0o Ja 0o Ja 0o Ja

Summing up (5.35) and (5.36]) we get
T T T T
/ /01p|50’1|2dxdt+/ /01p'g0130’1dxdt+/ /0§1p|¢’2|2da:dt+/ /02_1p'<p2g0’2dxdt
o Ja o Ja 0o Jo o Ja

T T
= / / pA°NV o Vo dadt + chﬁgl/ / plOapr — @o|*dadt.
0 Jo o Ja

(5.37)
Denoting for every ¢ € [0, T
B,(0)i= [ AT erOVirt)do +enty” [ plt)apr(6) — ead)Pds,  (539)
Q Q
(5.37) can be written as
T T T
/ / 01| [Pdadt —I—/ / 010" 01 dadt —|—/ / 05 ' plh|?dadt
0o Ja 0o Ja o Jo
(5.39)

T T
+/ / Hglplgogcp’zd:rdt = / E,dt.
0 Jo 0

Then, by making use of Young’s inequality, for any ¢ > 0, we get

T T T
/ /Glp'galgo’lda:dt—l-/ /92_1,0’<p2<p’2dzdt < 5/ /01|<p1\2pdxdt
0o Ja o Ja o Ja

T T T
+C(5)/ /01|cp’1\2dxdt+5/ /9;1|g02|2pdxdt+0(5)/ /9;1|g0’2|2dxdt (5.40)
0o Ja 0o Ja 0o Ja
T T
<o [ "o [ @l 05 o) i +.0) [ ( [ it 405164 ) anar
o Ja 0 Q
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T2
where, as in the proof of Lemma c(9) = 5

By collecting together ([5.39)) and (5.40) we get

T T T
/ Epdté/ p/ (61117 + 65 s ) dwdt+5/ p/ (O1le1[* + 65 |ol?) dardt
0 0 Q 0 Q

T
+0) [ ([ oot + 051648 ) ot
0 Q

Now we want to estimate (*) in (5.41) in terms of E,(¢). To this aim, let us observe that by
applying twice Poincaré inequality and by considering the ellipticity of the matrix A°, we get

(5.41)

O1llp120) + 03 102l1300) < (CLIVOLIZ ) + Ca3 o2 — 201 2 )

<C (/ ANV dr + chHQ_I/ lp2 — 92901|2d33>
Q Q

with C positive constant.

Hence (j5.41]) becomes

T

T T
| Bwa<co [ [ @il +otiep) dcs [ o
0 0 Q 0

Finally we choose § such that 1 — C§ > 0 and get

T T
/ E,(t)dt < C”(a)/ / (01111 + 05 |h|?) dt. (5.42)
0 0 Q

Multiplying equation in (5.33)) by p(t) and integrating in [0, 7], we obtain

T T 1 (T 1 (T
/ pE(O)dt:/ pEdt = 7/ Epdt+f/ p/ (0110117 + 05| ph|?) dadt
0 0 2 Jo 2 Jo Q
which by (5.42) and since 0; < 1, yields (5.31]). O

Now we are able to prove Proposition Let us fix o € H71(Q) x L?(Q) and let 7 €
H}(Q) x L%(Q) be the unique solution of problem

—diV(AOVﬂ'l) + ch(ﬁgm - 7T2) = —9150?‘[ in Q,
—cp (o) — 7o) = — 3 in Q, (5.43)
m =0 on 0f).

Problem ((5.43) is equivalent to

—div(AYVT) = (011 +93) in Q,
m =0 on 0f2.

27



215

220

By classical arguments concerning symmetric bilinear forms associated to elliptic equations (see
[33] in the proof of Proposition 1.2), one has

Crllorer +allr-1() < Imillmy < Co(l0197 + oall-1@)- (5.44)

Let ¢ be the transposition solution of problem (5.9) corresponding to the initial data (¢°, ') €
(L2(Q))? x (H~1(2) x L?(Q2)). Then the function w = (w1, w>) defined by

t
w;(z,t) ::/ vi(z,s)ds + m(x), i=1,2, (5.45)
0

satisfies the problem

1! — diV(AOle) +cp(fowy — @) =0 in QX]O,T[,

wh — ep(faw; — wae) =0 in 2x]0,T7,

w; =0 on 00x10,T7, (5.46)
w@1(0) =m, @i(0) = ¢} in 0,

w2(0) = w2, w@h(0) = I in Q.

Observe that, since 7 € HZ () x L?(Q) and ¢° € (L?(2))?, the solution w is defined by usual
weak formulation. Hence, by applying Lemma in view of (5.45) we get

1
> [01 / |0 da + 05 / 9|2 dw + / AV Vride + b3 / |67y m|2d4
2 Q Q Q Q

T T
<C (/ / |wi\2dxdt+92_l/ / |w’2|2d:vdt> (5.47)
0o Ja o Ja
T T
=C (/ lo1|?dzdt + 02_1/ / |g02|2da:dt>
o Jo o Ja

with C positive constant. By (5.43)), inequality (5.47) gives

1 1,
S0P @) + 502 1651172 () + @l Vi lT2 () + 221172 )

T T
gc(/ /|<p1|2d:z:dt+02_1/ /|<p2|2dxdt>.
0 Q 0 Q

Hence, by ([5.44)), we easily get (5.29). O

6. Proof of the main convergence result

6.1. Homogenization of the transposed problem

In order to prove the main convergence result given in Theorem [3.4] we need to study the
homogenization of problem whose solution is defined by the method of transposition. To this
aim, at first we need to deduce some a priori estimates for both the initial conditions (apg, 4,0;) and
the corresponding solution ¢, of problem (4.1). We start with the following proposition which is
a direct consequence of in Proposition
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Proposition 6.1. Let (¢2,¢l) € L2(Q) x (Hﬁ)/ be the initial conditions of problem (4.1)). Then,
for any e, we have

||(<p8a<p;)||Lg(Q)x(H§)’ <C, (6.1)

with C' positive constant independent of €.

From estimate (6.1, we deduce that there exists ®° € (L?(£2))? such that, up to a subsequence
still denoted by ¢,

@0 — 3° weakly in (L2(£2))2. (6.2)

Moreover, in view of (4.4), we also get
H‘PEHL’Z(QT;Lg(Q)) <C, (6.3)
||<P/5HL2(07T;(H§)') <C, (6.4)

with C' positive constant independent of e.

Theorem 6.1. Let p. be the unique solution of problem (4.1) corresponding to the initial data
(Lpg,go;) € L3(Q) x (Hﬁ)/ Then there exists a subsequence of ., still denoted by e, such that, as
e—0

Q1e = 611 inL* (0,T; L*(2))

(6.5)

©2e = @y inL?(0,T;L*(Q)),
where @1 and P9 are different for the two cases —1 <y <1 and v =1.
Case —1 < vy < 1: There exists a function ®; in H~1(Q) such that ®; € L*(0,T;L?(2)), with
o) € L*(0,T; L*(R)), is the unique solution of the following homogenized problem

Y —div (A°V®y) =0 in Qx]0,T],

P, =0 on 002x]0,T7,
o o ) (6.6)
®,(0) = 09 + @9 in £,
o (0) = P in Q.
Moreover
Dy = 0,4 (6.7)

where 05 is given in .

Case v = 1: There exist two functions ®; and ®3 in H—1(Q) with ®; — &3 € L?(Q), such that
the pair (®1,®5) € L* (0,T; (L*(Q))?), with (¥}, ®4) € L? (0,T; L*(Q) x H~1(R)), is the unique
solution of the coupled system

qu)’l’ —div (onq)l) + cp (92(1)1 — @2) =0 QX]O,T[,

‘I>'2’—ch (92(131 —@2) =0 m QX]O,T‘[7

P, =0 on 6QX]O,T[, (68)
L o5 :

®,(0) = —, P1(0) == in 0,
0, 01

D5(0) = BY, D,(0) = B} — O} in Q.

1
where ¢y, = Val / hy)doy >0 and 6;, i = 1,2, are defined in (2.2).
2| Jr
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Proof. Estimate lb provides the existence of two functions ¢ € L2 (O,T; LQ(Q)) and ®o €
L? (0,T; L*()) such that, up to a subsequence,

Y. — ¢ inL?(0,T;L*(Q2)) ,

(6.9)
©2e = @y in L% (0,75 L3()) .
Let & := (£1¢,&2¢) be the unique solution of the following system
—div(A*V¢E;.) = _50115 in Q,1=1,2,
AV e = —ATVE: - nae on I'%, (6.10)

A*VEi -nie = _57h€(€15 — 525) on I'¢,
§1e =0 on 0.

By hypotheses —, the assumption ¢! € (Hf;)’ and estimate the results of Theorem 2.1
in [25] apply obtaining that there exist an extension operator Q5 € £ (V; Hj(Q2)) and a function
o7 € H~1(Q) sucht that
(i) Q56 — & weakly in Hi (),
(

i) €. — 016 weakly in L2(€), (6.11)
(iii) £or = & weakly in L2 (Q),
with 6, given by and & € H}(Q) unique solution of
—div (A°V&) = —®% in Q,
(A°V¢r) = -2 612
&=0 on 012,

where A° is the matrix defined in and . Let us observe that in , the function @7
is not exactly the sum of the weak limits of ¢]_ and (i_ as in the case of more regular data, but
a more complicated function depending on a subsequence of ¢, i = 1,2 and on some auxiliary
functions (see [25] for details).

Denote

t
oie(x,t) := /0 Vie(x, 8)ds + &ie(x), i=1,2. (6.13)

We do observe that this transformation leads to a system whose initial data are more regular than
(gog,goi). Indeed, 0. := (01¢, 09¢) satisfies

ol —div(A*Vo;) =0 in Q,.x]0,T[,i=1,2,

A*Voie - nie = —A*Voo - g on T x]0, T7,

AV - nye = —e7h% (01 — 02c)  on I€x]0, T, (6.14)
01 =0 on 002x]0,T7,

01:(0) = &1, 01(0) = ¢}, in Q.,

02:(0) = &ae,  05(0) = 5, in Qy

and since ! € (HZ)', one has & € HZ, hence the initial data (&, ¢0) € HS x L2(€). Moreover,

by (6.1) and (6.10) we get, for any &,
[&]ln: < C (6.15)
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with C positive constant independent of &.

By (6.2), (6.11)ii), (6.1T)iii), with & = 62&; for =1 < < 1, and (6.15]) we can apply Theorem [2.1]

to system (/6.14]) obtaining the existence of an extension operator

Pfe £(L>®(0,T; H*(.)); L>(0,T; H*(Q))) for k = 1,2,

such that
(i) Pfore — o1 weakly * in L>(0,T; H} (1)),
(ii) Pfol. — o} weakly * in L°(0,T; L?(Q2)), .
(iii) 09 — 02 weakly * in L°°(0,T; L?(Q2)), (6.16)
(iv) &;; — o}, weakly * in L°°(0,T; L?(Q2)).
Moreover one gets
(i) o1 — 6101 weakly in L2(0,T; L?(2)), (6.17)
(ii) 0/'71; — 610)  weakly in L2(0,T; L?(2)). '

Now let us study in a separate way the cases —1 <y <1 and yv=1.
Case —1 < 7 < 1: Since, as already observed, in this case, {&; = 02§; where £; is the unique

solution of problem ([6.12))(see [25]), by applying the results in Theorem to problem (6.14)), we
have that o; is the unique solution of the homogenized system

of —div (A°Voy) =0 in Qx]0,T],

o1 =0 on 8Q><}O,T[,
. (6.18)
01(0) =& in Q,
a1 (0) = @Y + @Y in O
and o9 = 0907.
By (6.13) it results
Oie = Pie, 1=1,2. (6.19)
Hence (6.9), (6-16)iv) and (6.17)ii), by passing to the limit in (6.19), provide ¢ = 6,01 and

902 = 920'/1.
By classical regularity results for hyperbolic equations we have

o1 € C([0,T); Hy () nC* ([0,T]; L*(Q)) N C* ([0, T; H () .

Hence, by and
01(0) =div (4°Va1(0)) = div (4°V¢&;) = @],

)
Therefore, the function ®; := o] = — is the unique solution in the sense of transposition of system

01
and @2 = 92@1.
Case v = 1: In this case
62 = 9251 — C;qu{ + C}:lq);, (620)
1
where & is the unique solution of problem ((6.12)), ¢, = W / h(y)do, > 0, 65 is given in (2.2),
2| Jr

®% is the same as in the previous case and ®} is again a function in H~1(Q) depending on a
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subsequence of p1_ and on some auxiliary functions (see [25] for details). Hence, by applying the
results in Theorem to problem ([6.14)), we have that the couple (o1, 02) is the unique solution
of the following homogenized system

0107 — div (AOVUl) +cp (0201 —02) =0 in Ox]0,T7,

oy —cp (0201 —02) =0 in 2x]0, 77,

o1 = 0 on 8QX]0,T[, (621)

(I)O

01(0) = &1, 01(0) = 9—1 in €,

02(0) = &, 74(0) = B in Q.
By (6.13)) again, it results

ol =G, i=1,2. (6.22)
Hence, , (6.16)iv) and (6.17)ii), by passing to the limit in (6.22)), provide ¢ = 6107 and
P2 = 0%.
By (5.8) and (6.21) we have
o1 € C([0,T); Hy () n C* ([0,T); L*(0)) N C* ([0, T); H~1(2))

and

oy € C(0,T;L*()) NC* (0,75 L*(2)) N C? (0,T; L*()) .
Hence, by , and , we have

05(0) = Chp (020’1(0) - 0'2(0)) = Cp (9251 - 52) = @T - (I)S (623)
and

0107 (0) = div (4°Va1(0)) — cp, (0201(0) — 02(0)) = 3. (6.24)
Therefore the pair ($1, P2) := (01, 04) is the unique solution in the sense of transposition of system
(6.8). Now the proof is complete. O

6.2. Proof of Theorem[3.)
Let £* be the exact control of problem ([2.3)) given by Theorem [3.1] with respect to the initial
conditions (U?,U}) € HS x L2(2). In Section 4} see also Remark it is proved that

E* = -, (6.25)

where ¢, is the unique solution of the transposed problem (4.1)) with respect to the initial conditions
(02, ) satisfying
Moreover the corresponding state of system ([2.3)) is such that

ue(CE7) = e, (6.26)
where 1. = 1:(p.) is the unique solution of the corresponding backward problem (4.5). Observe
that, as a result of (6.5) in Theorem and (6.25]), we get

(i) (= — ¢, weakly in L2(0,T; L%(9)), (6.27)
(i) (5* — ¢ weakly in L*(0,T; L2(Q2)) '
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up to a subsequence, with R N
G =—0P, G=—-9;. (6.28)

In view of and (6.27), Theorem [2.1]applies to problem for the choice Z0 = U?, Z! = U},
70 =U° Z' = U' and g. = (¢*. Analogously, by in Theorem (6.1} we can apply Theorem
to problem .

Let Pf € L(L>(0,T; H*(Q.)); L=(0,T; H*(R))), for k = 1,2 the extension operator introduced
in Theorem and 60;, i = 1,2 be given in .

Case —1 < v < 1: By (6.28) and in Theorem [6.1] one has

G = %5 (6.29)
1

Hence, up to a subsequence, we obtain the following convergences

Pfuic(Ce") = wr (1) weakly* in L (0,T; H(0)),
ur(Ce%) = G1ur (()  weakly* in L (0,T; L3()), (6.30)
u;(\/ggw) — 92u1(61) weakly* in L (07T; L2(Q)) ,
Piuy (CE7) = i (C1)  weakly* in L (0,T; L2(Q2)),
wh (Ceo) = 01y (G)  weakly* in L (0,T; L*()), (6.31)
u;(\{'g/w) — fou) (51) weakly* in L (0,T; L(2)),

where uy = u;((1) € L2(0,T; HA () with o} := v/ () € L2 (0,T; L*(R)) is the unique solution

of the following homogenized problem

o~

uf —div (A°Vuy) = g—l in 2x]0,T7,
1

uy =0 on 002x]0,T7, (6.32)
uh (0) = UL + U in Q.

On the other hand, by(6.7) in Theorem for the backward problem (4.5) we obtain, up to a
subsequence, the following convergences

Plawle(goE) - ¢1(q)1) Weakly* in L OvTa H(%(Q )7

V1e(pe) = 0191 (P1)  weakly™ in L (0,T; LQ(Q)) , (6.33)
ae(p2) — Oyihy (B1)  weakly* in L (0, T L2(€2))

o~ o~ o~

)

Pl (pe) = ¥1(P1) weakly* in L™

0,T; LQ(Q)),

Uie(pe) = 0191 (@1)  weakly* in L (0,T; L*(€)), (6.34)
(- ()
)

—~ I~

Ph(pe) = O] (®1)  weakly* in L™ (0,T; L*(Q2

where ¥y := 1 (®1) € L*(0,T; H§ () with ] := ¢ (1) € L? (0,T; L*(Q
20 of the following homogenized backward problem
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— div(A°Vyy) = —®;  in Qx]0,T,
Y1=0 on 9Qx]0, T,
V1 (T) =1 (T) =0 in Q.

As both 91 and u; belong to C([0,T]; HL(Q))NCL([0,T]; L*(R2))), by (6.26)), (6.30) and (6.33)), we
get

ul(T) = uy(T) = 0. (6.35)
_ C1

Therefore (7* = —®; is an exact control for problem (/6.32). On the other hand, if we apply

HUM method dlrectly to problem (|6 , in view of Theorem by (5.5) and since ¥ = uy, we
get
A (Y + @9, @7) = (U + Uy, —(U7 + U3)). (6.36)

This identifies (§* in a unique way as the energy minimizing control of problem (6.32)). Moreover

by (6.27)ii) and (6.29), we get

57 1= Gy = 0. (6.37)
This implies that convergences (6.27)), (6.30) and (6.31]) hold for the whole sequences. Hence, by

[6:37), we get (B-6), (B-7) and BI).

Case v =1: Let Z = (CAl7 é;) We obtain, up to a subsequence, the following convergences

Pur(¢E%) = ur(C)  weakly* in L (0, T; H{ (),
e (Ce) = g (O)  weakly* in Lo (0,T; L3(Q)) (6.38)

uge (C5%) — ug(g) weakly* in L> (0,T; L*(2)),

-~

Piuf (¢8%) — uf(¢)  weakly* in L™ (0,T7 L*(12)

)

)
))
(@)
uh (Cem) = 61uf(C)  weakly* in L (0,T; L2(1)),
b (057 = w3 (C )

h

ubh(¢e*) — uh(Q) weakly* in L>® (07T; L2(Q)),

where the pair (1, u2) = (u1(0),u2(0)) € L? (0,75 H} () x L3(Q)), with (u;,u5) := (14(), uh(0) ) €
L? (O, T; (L? (Q))Z)7 is the unique solution of the coupled system

O1uf — div (AOVul) + cp (faur —ug) = CAl in 2x]0,T7,
ul — cp (O2ug — ug) = C/; in 2x]0,T7,
up =0 on 002x]0,T7,
)= wo =2 in 0,

0, 01
uz(0) = U3, uh(0) = Us in €,

1
where ¢, = Val / h(y)do, > 0.
2| Jr
Analogously, let @ := (&1, P5). By (6.5) in Theorem we can apply Theorem to problem
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235

240

(4.5) and obtain, up to a subsequence, the following convergences
Pip1c(pe) = 1(P)  weakly™* in L (O,T;H&(Q ),

Yiz(pe) — Orpy () weakly* in L (0,T; L3(%)) | (6.41)
Q)

)

)

755_@/5) — Pa(P) weakly* in L (0, T; L*(Q
(),
1o(pe) = 611 (@) weakly® in L (0,7 L(9)

—~—

Wb (pe) — b (D) weakly* in L (0,T; L*(2)),

Pipl (pe) = Y1 (®)  weakly* in L™ (O,T; L?

i

where the pair (11, t2) = (11 (®), 1i2(®)) € L2 (0, T; HA(2) x LA(Q)) with (], %) i= (4}(®), v4(®)) €

L? (07 T; (L? (Q))Q) is the unique solution of the coupled backward system

017 — div (A°V41) + ¢ (Bathy — 1P2) = =01 @1 in Qx]0, T,

Y —cp (02101 — o) = — Dy in Qx]0, T,
P =0 on 90x]0, T,
Yi(T) = o(T) = 0, in €,

PI(T) = ¢5(T) =0 in O

where ¢, is as before.
As ¢ € C([0,T]; HE(Q)) N CH([0,T); L3(2))) and o € C([0,T]; L2(2) N CL([0,T]; L*(R))), by
(6.26)), (6.38) and (6.41) we get

wi(T) =uf(T) =0 i=1,2. (6.42)

Therefore (¢* := (¢{*, (5%) = (= (21,22) = (=019, —P3) is an exact control for problem (6.40)).
On the other hand, if we apply directly HUM method to problem (6.40)), in view of Theorem (3.3

by (5.26) and since 1 = u, we get

Al (i)07i)1) = (U()a Ul) )
_ (I)O _ P* 3 0 B 1
where @9 = [ 2,89 ), &, = ( 2,7 - 03 |, Uy = ﬂﬂ& and U; = ﬂ,a} . As before,
01 01 01 01
this indentifies (** in a unique way as the energy minimizing control of problem (6.40). This

implies that, also in this case, convergences (6.27)), (6.38]) and (6.39) hold for the whole sequences

and we get (3.10), (B1T) and (B.1).
Theorem [3.4] is now completely proved.
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