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1. Introduction

Let @ C R",n > 2 be a bounded domain satistying the (A)-condition. We are interested
in boundedness and Morrey regularity of the weak solutions to non-linear elliptic systems
of the type

—div A(x,u, Du) + b(x,u, Du) = f(x), x € Q (1)

where the nonlinear terms are Carathéodory maps

AGou,z) 1 Q x RN x MV — RNx7,
blx,u,z) : 2 x RN x MN*" — RN,

It is known from the classical theory [1,2] that if we take linear elliptic equation in
nondivergence form, that is ZZ’-ZI Aij(x)Djju = f(x) then for any strong solution u €
c'() N Wli’f(fz) we dispose with a maximum principle. As it concerns the divergence
form equations, the celebrated result of De Giorgi [3] and Nash [4] implies that any weak
solution u € WS’Z(Q) of the linear elliptic equation D;(A;j(x) Dju + gi(x)) = f (x) is locally
Holder continuous when g; € LP withp > nand f € L1with q > n/2 even if the coefficients
are only L. Unfortunately the De Giorgi-Nash result does not hold anymore if we consider
system of uniformly elliptic equations because of the lack of Maximum principle. This was
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2 L. G. SOFTOVA

shown by De Giorgi himself almost 10 years later, constructing a counterexample [5].
Precisely, the function u = x/|x|” € WL2(B;(0); R") is a solution to

Di(A ()Djuf (x)) =0 inBi(0), w=x ondBi(0)

with suitably chosen coefficients A?{ﬂ (x).

Moreover, the result of De Giorgi-Nash cannot be extended to quasilinear systems even
if the coeflicients are analytic functions, as it was shown by Giusti and Miranda [6]. In order
to get a maximum principle for elliptic systems we need to impose some quite restrictive
structural conditions. The simplest one requires the system to be in diagonal form, or
decoupled.

Example 1: Consider the operator div (A(x, Du)) = 0 in  with coefficients

n N
AL (x,Du) = Y " SapAs (x)DjuP
j=1 p=1

where 84 is the Kronecker delta. Then u® solves a single elliptic equation and supg, u® <
supyq u*, foreacha = 1,...,N.

Such aresultis obtained also in [7,8] where the author considers linear uniformly elliptic
systems imposing a quite restrictive condition on the ellipticity constants.

One more example was given by Necas and Stara [9].
Example 2: Consider the system div A(x, u, Du) = 0in 2 that is diagonal for large values
of u%, that is,

n N
0< 90( S ua = A?(X, u, Du) = Z Z S(XﬂAzﬂ (x’ u)DJuﬁ (2)
j:l B=1

with bounded and elliptic A‘;ﬂ . It turns out that

sup u® < max {Ga; sup u"’}
Q 90

also in this case.

The situation becomes more complicated if we consider the general non-linear system
div A(x,u, Du) = b(x,u, Du). (3)

In [10] Campanato obtained a maximum principle for such kind of operators supposing
that the map A is C! and possesses quadratic growth with respect to the gradient. This
result covers also the case of linear elliptic systems with constant coefficients studied in
[11].

In our case, along with the Carathéodory conditions on the maps A(x, u,z) and b(x, u, z)
we need to control also the growths of A and b with respect to u and z. These additional
controlled growth conditions ensure the convergence of the integrals in the definition of
weak solution to (3) (see (13)).
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In [12] Leonetti and Petricca assume componentwise coercivity condition on A and
positivity of b for large values of u“, that is, there exist positive constants 6, such that

n
v|z¥|P — M, < ZA‘;‘(x, u,2)z{ @)
i=1

0 <b%=x,u,z).

By < u”

Combining the Sobolev inequality with the Stampacchia Lemma [13] they get a compo-
nentwise bound of the solution, covering this way also the systems studied in [9] since (2)
is a special case of (4). Let us note that getting essential boundedness of the weak solution
to (1) is a starting point for a further study of its regularity in various function spaces.
In [14-16] the authors obtain better integrability and Hoélder regularity of the bounded
solutions to quasilinear elliptic equations (N = 1) under controlled growth conditions on
the non-linear terms. Further this result has been extended in [17] to semilinear uniformly
elliptic systems of the form

div (A(x)Du + a(x,u)) = b(x,u, Du) in Q (5)

with minimal regular assumptions on the coeflicients and the underlying domain. Precisely,
it was shown that if the non-linear terms satisfy the controlled growth conditions (10) with
p € LP(Q),p>2and ¥ € L1(RQ),q > nz_fz then any bounded weak solution to (5) belongs
to W, with r = min{p, ¢*}.

The natural question that arises is what kind of regularity of the solution to (1) we could
expect, assuming that the given functions ¢ and ¥ belong to some Morrey or weighted
Lebesgue spaces. In case of simple equation, we dispose with the results of Byun and
Palagachev [18-21]. Combining the Gehring-Giaquinta-Modica lemma, the Adams trace
inequality and the Hartmann-Stampacchia maximum principle they obtain L estimate
of the solution. Further, the Morrey-type estimate of the gradient permits the authors to
show also Holder regularity of the solution. In case of quasilinear systems, we can refer to
the recent result [22] in which we obtain an optimal Morrey regularity of the gradient Du.

Our goal is to obtain a componentwise maximum principle for any solution of (3)
supposing that the operators A and b satisfy structural conditions expressed in terms of
Morrey functions. As a consequence, we obtain also Morrey regularity of the gradient of u,
extending such a way the regularity results obtained in [9,12,14,17,18,23,24] to non-linear
systems with Morrey data.

Recall that a real-valued function f € LP(Q2) belongs to the Morrey space LP*(£2) with
pell,o0), € (0,n),if

1/p
1
Ifllpa:e = (SuP = / IfFo)1? dy) <00 (6)
QNB,(x)

Brx) T

where the supremum is taken over all balls 3, (x), r € (0,diam Q] and x € Q. Working
in the framework of the Morrey spaces we note that the Sobolev trace inequality is not
enough anymore. For this goal, we will use the following result due to Adams.
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Lemma 3 (Adams Trace Inequality, [25-27]): Let m be a positive Radon measure with
support in Q and such that for each ball B,, it holds

s
m(B,) <Kp™, tp=-(n—r), 1<r<s<oo, r<n (7)
r

with an absolute constant K > 0. Then

(/ |v(x)|5dm)s < C(n,s, r)K% (f |Dv(x)|rdx> ' (8)
Q Q

for each function v € W) ().

In what follows we suppose that & C R",n > 2, is a bounded domain satisfying the
(A)-condition, that is, there exists a constant A > 0 such that

|Q,(x)] > Aqr"  VxeQ, re (0,diam Q] (A)

where ©,(x) = Q N By(x). It is worth noting that the (A)-condition excludes interior
cusps at each point of the boundary and guarantees the validity of the Sobolev embedding
theorem in W' (). This geometric property is surely satisfied when 32 has the uniform
interior cone property (e.g. C!-smooth or Lipschitz continuous boundaries), but it holds
also for Reifenberg flat domains boundaries (cf. [16]).

Throughout the text the standard summation convention on repeated indexes is adopted.
The letter C > 0 is used for various constants and may change from one occurrence to
another.

2. Maximum principle

Consider the non-linear system

—D; (A?‘ (x, u,Du)) + b*(x,u,Du) = f¥(x) in Q 9)
where A = {AY(x,u, z)}‘gnN and b = (b'(x,u,2),...,b"(x,u,z)) are measurable in

x € Q and continuous in (u, z) for almost all (a.a.) x € Q. Suppose that for each (x,u,z) €
Q x RN x MN*" the following controlled growth conditions hold. Namely,

A, w,2)| < A(p(x) + |u]? + |z])

(10)
v—1
bex,w,z)| < A(Y () + [ul” "+ 127
as |ul, |z| — oo, with some positive constant A. Here v is the Sobolev conjugate of 2, that
is,
2n
ifn>3
v=4{n-—2 (11)
any number >2 ifn =2,
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and the given functions ¢, ¥ and f satisfy

¢ € IP*(Q), p>2, e On), p+ir>n
(12)
V. f* € LP(Q), q> 3%, ne (0,n), 29+ > n.

In the particular case n = 2, the powers of |u| could be arbitrary positive numbers
greater then 1, while the growth of |z| is strictly sub-quadratic (cf. [2,28]).

Under weak solution of (9) we mean a function u € W5H3(Q; RN) N LY(Q; RN),
satisfying

> / A% (x,u, Du)D;¢p* (x) dx + / b (x, u(x), Du(x)) ¢ (x) dx
i=1 7% §2
— [ foet o ax (13)

forallp = (¢',...,¢N) € W(}’Z(Q; RN). The conditions (10)-(12) are the natural ones
that ensure convergence of the integrals in (13). Moreover, they are optimal as it is seen
from the following example in the case of single equation (cf. [2,15]).

Example 4: The function u(x) = |x|% e WH2(B1(0)), with n > 3 and ”—Iz <r<2isa
solution to the equation Au = C|Du|" in B1(0). Note that u ¢ L°°(13,(0)).

In order to obtain boundedness of the solutions to (9) we add some restrictions on the
structure of the operator (see for example [12,29]). Precisely, we impose componentwise
coercivity on AY and a sign condition on b*.

For every o € {1, ..., N} there exist positive constants 6, y and a function ¢ such that
for each u®* > 6, we have

n
ylz)? = Ap(x)* < ) A7 (x,u,2)2]

i=1 (14)
0 elP*Q), p>2, p+ir>n re(0,n)

0 <b%(x,u,z) foraa.xeQ VzeMV*",

Theorem 5 (Maximum principle): Let Q2 be an (A)-type domain andu € Wwh2(Q; RN)N
LV(S2; RN) be a weak solution to (9) under the conditions (10), (12) and (14) and such that
supyq u* < oo. Then

sup u® < max{6y, sup u*} + My aef{l,...,N}
Q aQ

where My depends on n,p, g, A, i1, A, v, |9 lpp:s If* | g2 and diam Q.

Proof: Fixa € {1,...,N}. According to our assumptions

supu® = inf{k” : u* < k¥ ondQ,k* € R}
2
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(see [1]). Choose a constant L > 0 such that L > max{0,; k%} and define a vector-function
v as follows

max {u® —L; 0} ifB =« Du* iff=a
vP = s DvP = .
0 ifg #«a 0 it #«a
It is clear that v € Wé ’2(52; RN) and hence v € L'(2; RN) by the Sobolev embedding
theorem.

Defining the set AY = {x € 2 : u*(x) — L > 0}, and choosing ¢ = v as a test function
we obtain

/ Af (x,u, Du)D;ju® (x) dx + / b*(x,u, Du)(u®(x) — L) dx

Af Af

:/ @)W (x) — L) dx.
Al

We will study firstly the case n > 3 when v = 2n/(n — 2). Define the Radon measure
dm supported in Q2 by

dm := (xo(x) + @(x)* + [f*(x)]) dx,

where xq is the characteristic function of Q. Then by (14) we get the estimate

/ |Du“(x)|2dxs§/ w(x)zdx+1/ [f (ol (x) — L) dx
A v Jag v Jay

L

A
< —/ (xe(x) + @) + [f*(x)]) dx
Y Jax
1
41 / (01 () — L) dx (15)
Y Jae
< C(A, y)(m(AD) + 7).

In order to estimate the integral ] = [ A [f*(x)|(u*(x) — L) dx we make use of Lemma 3
applied to the Radon measure dm’ = |f“(x)|dx. Hence

1

J =/ (u*(x) — Lydm' < (/ u¥(x) — L dm/)s m'(Ai‘)l_fﬂ
Af Ag

Evaluating the measure m’ over a ball B, we get

/g
PR/ I |
' (By) = /B @)l dx < c(mp" (—pﬂ fB Lf“(x)ﬂdx)

n—"R o
=Cmp" 7 If*llgue-
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We apply now Lemma 3 with v’ = 2,7} = n— % ands’ = ﬁ (n — ”;“) > 2, calculated
via (7). Hence

% 1
(/ |Du°‘(x)|2dx) m (A%
Al

<C [s/ |Du® (x)|* dx + lm’(Ag)zﬂ—b} . (16)
AY &

L

|

J =CK

Combining (15) and (16), taking & small enough and moving the integral of the gradient
on the left-hand side, and keeping in mind that 2(1 — %) > 1 and m' (A7) < m(AY) we
obtain

/ D (x) 2 dx < C(m(AL) + m(AD)*1~7)) < Cm(A2) (17)
Af

where the constant C depends on known quantities.
To complete the estimate (15) we will use once again Lemma 3. It is immediate that
m(By) ofaball B, € Qis

m(B,) = / (X @) +@x)* + [f*(x)]) dx
2n=1)

<Cmp"+p"" 7 el .0+ 0"

u
1 ||fa||q,u;9 <Kp™ (18)

with K = K(n,p,q, A, i1, diam , |@lp5; 2, If* lg,;) and

. { 2(n—A) n—pu }
Tp = min{n — n— >n—2.
p
Applying (8) with r = 2 < n and calculating s from (7) we get

/ (u"‘(x)—L)dmf(/ |u“(x)—L|sdm> m(A%) 1~
A A

< CK+ /
Af

2
IDu” (ol dx) m(AG) S (19)
= C(”’P’K,V,A)m(A%)lJr%_%

. . 2np—4(n—>x) | 2nq—2(n—pu)
with s = mm{ =D qni=2) } > 2.
A similar bound holds also in the case n = 2. In fact, for any ball B, C R? we have

22-2)

2— 2k
mBy) < Cp>+ 07 7 ol o+ 1 I lgue < Ko™

22005 2-u

- 2 } > 0. Choosing s = 2 we calculate r from (7)

with g = min {

2 44
2p—24+X1"4g—-2+p

} € (1,2).

r=max{
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Then by the Holder and the Adams trace inequalities we obtain

1

W (x) — L)ydm < (/ (u”(x) — L)% dm) m(.Ai‘)%
AL A

1

< CK2 / IDua(x)Irdx> m(A%)%
Af
1 1_1
1 2 ro 2 1
< CK2 / IDu“(X)Izdx> (/ st(x)dx> m(A7)?
A A2
%
< CK: f |Du“(x)|2dx> m(A%)r | (20)
A

o
L

In order to estimate the integral in the last term, we go back to (15). Consider again the
2—u

Radon measure dm’ = |[f*(x)|dx and calculate m’(B,) < K pz_ 4 . Then choosing s’ = 2
we getr = 4‘1—?+#) € (1,2) from (7). This way, Lemma 3 and the Hélder inequality give

J = </ Iu“(x)—ledm’) ' (AL)>
AC(

L

(fowor )

(/ |Dua(x)|2dx> m(A%)%f%m(.A%)%
AO(

L

m (A%

=

CK

IA

|Du® (x)|” dx)
)
1

[T

CK

IA

<cC |:e/ D (x) [ dx + 1m(Ag‘)f/] . 1)
A% &

L

Unifying (15) and (21), taking & small enough and keeping in mind that % > 1, we get

/ |Du®(x)|* dx < Cm(AY)
AD(

L

where the constant depends on the same quantities as in (17). Then the estimate (20)
becomes

/ (W% (x) — L) dm < Cm(A9) 772, (22)
Af
Unifying the estimates (19) and (22) we obtain

f (u®(x) — L) dm < Cm(A%)!+o0 (23)
AL
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where
1 1 A — 2g —
———_min{ P " : rr2q } ifn>2
2 s np—2mn—»r) 2nq—2(n—p)

oy =

1 1 A—2 2 -
———:min{p+ ;q+M 2} ifn=2.
ro 2 2p 4q

Suppose now that m(A7) > 0, otherwise supg u*(x) < L. For any L; > L we have
Af, C A7 and therefore (23) yields

(L1 — Dym(A7)) < / (u”(x) = L)dm
ALY

Ly

< | @%x) —L)dm < Cm(A%)!To0
AL
Hence

m(Af) < L1

In order to estimate the measure of the set A} we will apply the following Maximum
Principle due to Stampacchia [13, Lemma 4.1].

I/I’I(A%)H_UO )

Lemma 6: Let x : [Lo,00) — [0,00) be a decreasing function. Assume that there exist
¢,a € (0,00) and b € (1,00) such that

¢ b
Li>L>L L —(x(L))".
1>L =Ly = x( I)S(LI—L)“(X( )

Then o
X(Lo+d) =0 where d=/[cx(Lop)’ 120-1]¢.

An application of Lemma 6 to the function x (L) = m(A}) witha =1,b =1+ 09 and
Lo = max{6,, k*} yields

1
mAY ;) =0  where  dy < Cm(Q)2' % . (24)

The last assertion means that for each @« = 1,...,N there exists a constant M,
depending on 1, p, A, g, i, ¥ A, 1@l If* | gu: 2 and diam €2 such that

sup u® < max{fy; sup u“} + M, (25)
Q aQ
and this completes the proof of Theorem 5. O

3. The Dirichlet problem

We study the boundedness and the Morrey regularity of the weak solutions to the Dirichlet
problem
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—div A(x,u(x)Du(x)) + b(x,u,Du) = f(x) x € Q

ux) =0 x €02 (26)

in a bounded domain 2 C R".

Theorem 7 (Essential Boundedness of the Solution): Letu € Wg 2 (2, RN) be a solution
to (26) and assume (A), (10), and (12). Suppose in addition that

n
Iz — Ap(x)* < Y A¥(x,u,2)z)

i=1 27
o(x) € IPM(Q), p>2, A€ (0,n), A +p>n, @7)

0 < b*(x,u,z) sign u®(x)
for |u®| = 6y > 0. Then there exists a constant M depending on known quantities such that
”u”oo;Q <M.

Proof: Take a positive constant L such that L > 6, and consider the set A = {x € Q :
u*(x) + L < 0}. Then Theorem 5 applied to —u®* gives

igf u* > =0y — My . (28)
Unifying (25) and (28) we get boundedness of ||u®||o.q foreacha = 1,...,N. Then
||u||oo;§2 = max ”ua”oo;Q = M<o00.
1<a<N

O

Theorem 8 (Morrey Regularity of the Gradient): Let Q2 be a bounded (A)-type domain
inR",n>3,andu € Wé’z (2, RN) be a weak solution to (26) under the assumptions (10),
(12), and (27). Then Du € L>"2(, RN) and

/ IDu(y)|?dy < Cp"?  Vx e Q, p € (0,diam ] (29)
Q) (x)

with a constant depending on known quantities.

Proof: Fix xo € Q and p > 0 be such that B, (xg) C B, (xp) C 2, p < 1. Define a cut-off
function ¢ (x) € C'(R")

ID¢| < —.

L) = 1 x € B,(xo), C
0 x ¢ sz(X()), 1Y
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For any fixed « take ¢ (x) = e”m(")g(x)2 and ¢# = 0 for B # « as a test function in (13)
to get
n
Z / A? (x,u, Du)e™ ¥ Diu® (x)¢ (x)? dx
i=1 7
= / f* (x)e“a(’c)g(x)2 dx — / b*(x,u, Du)e”a(")g(x)2 dx
Q Q

- Z/ Af (x,u, Du)e @27 (x)Dj¢ (x) dx .
i=1 /<

The left-hand side can be estimated by (27) while for the right-hand side we use (10) and
(12)

e ™ / (y1Du® (01> — Ap(x)?)¢ (x)? dx
Q
<M / f* @)1 (x)? dx
Q
+2nAeM/ (¢(x) + lu|2 + |Dul)¢ (x)|D¢ | dx
Q

+AeM/Q(¢(x)+|u|T§ + [Du|"7 ) (x)? dx.

. . /(p=1)
To proceed further, we use the Young inequality ab < eaf + %, whence

1 1
/ ()¢ (%)|Dg (x)| dx < = / (0 (x)? dx + = / ID¢ (x)|* dx
/ |22 (0)[DE ()] dx < ~ M (/ c<x>2dx+f |Dc<x>|2dx)
Q 2 Q Q
/ |Dul¢ (0)|D¢ | dx < [ DuP¢(x)? dx + - / D¢ () dx
Q Q & JQ

/|Du|n:52§(x)2dx§8[ |Du|2§(x)2dx+8_ﬁ%/ §(x)2dx.
Q Q Q

Unifying the above estimates we get

/ IDu ()¢ (x)* dx
Q
sc(i+e7H) [+ @iHvm towiwia ()
Q

+C <1 + l) / ID¢ (x)|* dx + Cs/ |Du(x)|?¢ (x)* dx
& Q Q
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with constants depending on n, A, y, and M. Summing up (30) over « from 1 to N, fixing
¢ small enough and moving the last term to the left-hand side we obtain

/ |Du(x)|*¢(x)*dx < C / (14 ¥ (%) + p(x)H ¢ (x)* dx
Q Q

N
+ CZ/ I (01¢ (x)* dx + c/ IDz(x)[*dx.  (31)
a=1 Q@ Q
Then, by the definition of ¢ and by (12) we have

/B (1 + (%) + (p(x)Z) dx < C[pn + Pn_% 1Yl g

_2(n—n)

+0" 7 el sl

N

_n—pu
E /B lfa(x)|dx§CPn 1 ||f||q,u;S2
a=1""2

/ D¢ (x))*dx < Cp" 2.
B2y
Hence
/ |Du|? dx < Cp*o (32)
B

2(n—2)
p bl

with Ag = min{n — 2,n —
quantities.

Let B, (x0) N 02 # ¥. Then we extend 1 and the given functions f, ¢, and ¢ as zero
in Q¢ and consider the test functions

- %} = n — 2 and the constant depends on known

% (x) = (€™ — 1)¢(x)? sign u®(x) and PP (x) =0 for B £«

where ¢ (x) is the cut-off function defined above. Thus, (13) gives

Z/ Af (x, u, Dw)e!* @Dy (x)¢ (x)? dx
i=1 /<
= /f"‘(x)(elua(")| — 1 (x)? sign u® (x) dx
Q
— Z/ A (x,u, Du) (™ @ — 1)2¢(x)Dj¢ (x) sign u® (x) dx
i=1 7

— / b% (x, u, Du) (™ @ — 1) (x)? sign u® (x) dx .
Q
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Hence the conditions (10) and (27) give

y /S2 D (022 (0% dx < AeM /Q (02 ()2 dx
+eM/ If% (x)[¢ (x)* dx
Q

L onAeM /Q (@) + |u|™Z + |Dul)¢ (x)| D (x)] dx

and to get the desired estimate (29) we argue as above. O
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