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Adapted explicit two-step peer methods
Abstract: In this paper, we present a general class of exponentially �tted two-step peer methods for the nu-
merical integration of ordinary di�erential equations. The numerical scheme is constructed in order to ex-
ploit a-priori known information about the qualitative behaviour of the solution by adapting peer methods
already known in literature. Examples of methods with 2 and 3 stages are provided. The e�ectiveness of this
problem-oriented approach is shown through some numerical tests on well-known problems.
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1 Introduction
The presented work aims to solve initial value problems in ordinary di�erential systems

y�(t) = f(t, y(t)), y(t0) = y0 ∈ ℝd , t ∈ [t0, T] (1.1)

where f : ℝ × ℝd → ℝd is smooth enough to guarantee the existence and the uniqueness of the solution. In
particular, we propose an adapted numerical integration which exploits a-priori known information about
the behaviour of the exact solution.

General purpose formulae are developed in order to be exact (within round-o� error) on polynomials up
to a certain degree. However, when the exact solution has a particular behaviour known in advance (e.g.,
oscillatory, periodic, exponentially decaying), the resulting methods could require a very small stepsize in
order to preserve this property. For this reason, special purpose formulae may be more convenient because
they are constructed in order to be exact on functions other than polynomials, following the well-known ex-
ponential �tting strategy [21]. The basis functions are normally supposed to belong to a �nite-dimensional
space Fq = {φ0(t), φ1(t), . . . , φq(t)} called �tting space and are selected according to the a-priori known
information concerning the behaviour of the exact solution. As a result, the coe�cients of the corresponding
methods are no longer constant as in the classic case, but rely on parameters characterizing the exact solu-
tion, whose values are generally unknown. Hence, the exponential �tting technique requires the choice of a
suitable �tting space and a proper estimation or computation of the afore-mentioned parameters.

Following the general idea shown in [21], the adaptation of already existing schemes has led to expo-
nentially �tted methods for a wide range of problems such as interpolation, numerical di�erentiation and
quadrature [6–8, 19, 20, 22, 23, 36], numerical solution of integral equations [4, 5], partial di�erential equa-
tions [12–15] and ordinary di�erential equations [1, 10, 11, 20, 21, 37]. Adapted Runge–Kutta methods have
been constructed in [9, 14, 16, 17, 20, 21, 26, 27, 33, 34]. In [26] it has been shown that for any �tting space
Fq of smooth linearly independent real functions there exists a q-stage Runge–Kutta method �tted to Fq.
However, the stage order of a Runge–Kutta method extremely in�uences the highest dimension that can be
achieved by the �tting space, especially in case of explicit Runge–Kutta methods, whose stage order is 1. For
instance, in [35] an explicit four stage RK method has been constructed on a �tting space having the maxi-
mum dimension equal to 3. By contrast, linear multistep methods do not impose such a strong dimensional
limit, as shown in [17]. Indeed, a k-step method can be �tted on a k + 1-dimensional �tting space.
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Therefore, it appears worthwhile to combine the advantages of Runge–Kutta and linear multistep meth-
ods with the afore-mentioned bene�ts related to exponential �tting: this idea gives birth to exponentially
�tted peer methods.

Peer methods are characterized by several stages like Runge–Kutta ones but all of these stages exhibit
the same properties, especially in terms of accuracy and stability (see [3, 24, 31, 38] and references therein).
Combining the bene�ts of Runge–Kutta and linear multistep methods, they achieve good stability features
and overcome the crucial issue of order reductionwithin the integration of highly sti� systems [30]. Moreover,
two-step peer methods are very suitable for a parallel implementation because the actual stages rely only on
the previous ones [2, 28, 30, 32].

In [3, 25], it has been shown that it is possible to construct explicit two-step s-stage peermethods adapted
on a �tting space of high dimension 2s. In particular, the authors have derived explicit peer methods having
2 and 3 stages and tuned on trigonometric bases. In this paper, we develop a general class of exponentially
�tted two-step explicit peermethods having order s, by employing the six-step procedure presented in [19, 21].

In summary, Section 2 is devoted to the construction of explicit exponentially �ttedpeermethods adapted
to a general �tting space. The results of this section are used to develop peer methods with 2 and 3 stages in
Section 3. Finally, we present some numerical tests on realistic problems in Section 4 and we discuss some
conclusions in Section 5.

2 Explicit two-step peer methods
For the construction of explicit s-stage two-step peer methods, we consider a set of admissible �xed nodes ci
for i = 1, . . . , s such that

|ci − cj| ̸= 0 ∀i ̸= j (2.1)

and we suppose that for any stepsize h > 0 there exists a starting procedure to approximate the solution in
the internal grid points t0i = t0 + ci h, i = 1, . . . , s. An s-stage two-step peer method with �xed stepsize h has
the following expression

Yni =
s
∑
j=1
bij Yn−1 j + h

s
∑
j=1
aij f(tn−1 j , Yn−1 j) + h

i−1
∑
j=1
rij f(tnj , Ynj) (2.2)

with i = 1, . . . , s, n = 1, . . . , N, where

Yni ≈ y(tni), tni = tn + ci h, i = 1, . . . , s.

We recall that no extraordinary numerical solution with di�erent properties is computed, but we simply as-
sume that cs = 1, so Yns is the approximation of the solution at grid point tn+1. The other nodes are chosen
such that ci < 1 for i = 1, . . . , s − 1.

In this treatise, we suppose for simplicity that problem (1.1) is scalar and we employ the following nota-
tion:

Yn = [Yni]si=1 , F(Yn) = [f(tni , Yni)]si=1
A = [aij]si,j=1 , B = [bij]si,j=1 , R = [rij]si,j=1

where A and B are full matrices and R is a strictly lower triangular matrix. Hence, the method (2.2) can be
rewritten in a more compact form

Yn = BYn−1 + hAF(Yn−1) + hRF(Yn). (2.3)

The matrices of coe�cients A, B, and R are constructed in order to achieve high order (uniformly for all
components Yni) and good stability properties. We recall that the method (2.2) has order of consistency p
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if ∆ni = O(hp+1) for i = 1, . . . , s, where ∆ni is the residual obtained by inserting the exact solution in the
numerical scheme (2.2), i.e. (see [38])

∆ni = y(tn i) −
s
∑
j=1
bij y(tn−1 j) − h

s
∑
j=1
aij y�(tn−1 j) − h

i−1
∑
j=1
rij y�(tnj). (2.4)

Schmitt and Weiner in [29] have related this property to the following condition

AB(q) = cmi −
s
∑
j=1
bij (cj − 1)m − m

s
∑
j=1
aij (cj − 1)m−1 − m

i−1
∑
j=1
rij cm−1j = 0

m = 0, . . . , q − 1, i = 1, . . . , s. (2.5)

Theorem 2.1 (see [29]). If condition AB(p + 1) is veri�ed, the explicit s-stage peer method (2.2) has order of
consistency p.

As a consequence, the peer method (2.2) has order p ⩾ s − 1 if

B 1 = 1, (2.6a)

A = (CV0D−1 − RV0 −
1
s
β es) V−11 − B (C − I)V1D−1V−11 (2.6b)

where 1 = [1, 1, . . . , 1]T , C = diag(c1, . . . , cs), D = diag(1, . . . , s), es = [0, 0, . . . , 1], β ∈ ℝs is an arbitrary
vector and

V0 =
[[[

[

1 c1 . . . cs−11
...

...
...

...
1 cs . . . cs−1s

]]]

]

, V1 =
[[[

[

1 (c1 − 1) . . . (c1 − 1)s−1
...

...
...

...
1 (cs − 1) . . . (cs − 1)s−1

]]]

]

.

The method has order equal to p = s if β = 0.

2.1 Exponentially �tted explicit peer methods

In this work, we aim to construct a general class of exponentially �tted explicit two-step peer methods with a
�xed stepsize h, which are particularly suitable for problems with hyperbolic or trigonometric solutions. For
this purpose, we consider the �tting space

F = {1, t, t2, . . . , tK , e±µt , t e±µt , t2e±µt , . . . , tPe±µt} (2.7)

where µ is a parameter characterizing the exact solution and it is real or complex if the exact solution belongs
to the space spanned by hyperbolic functions or trigonometric functions, respectively. Moreover, we assume
that K = −1 if there are not classic components and P = −1 if there are not exponentially �tting ones. We next
associate to the numerical scheme (2.2) the linear operator de�ned as di�erence between the exact solution
and the numerical solution computed by the method, as follows:

Li[h,w] y(t) = y(t + ci h) −
s
∑
j=1
bij y(t + (cj − 1) h) − h

s
∑
j=1
aij y�(t + (cj − 1) h) − h

i−1
∑
j=1
rij y�(t + cj h) (2.8)

with i = 1, . . . , s, where w contains the coe�cients of the method, i.e. the values of the matrices A, B, and
R. We recall that for a given set of admissible nodes, the method (2.2) is adapted to the �tting space F if
it is exact (within round-o� error) on the functions belonged to F, which is equivalent to annihilating the
di�erence operator (2.8) on these basis functions. The resulting system has the coe�cients of the method as
unknowns, due to the dependence of the di�erence operator on them. These basic concepts have given raise
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to the six-step algorithm presented in [19, 21] which we apply in the following for the construction of required
adapted peer methods.

Step 1. We �rst want to impose that the numerical scheme (2.2) is exact on classic components tm of
the �tting space F (2.7). As we have already remarked, this is equivalent to annihilating the linear di�erence
operator (2.8) on tm. Hence, taking into account the invariance for translations of the di�erence operator due
to its linearity, we construct the classic moments for a generic m > 0:

Li m(h,w) = Li[h,w]tm|t=0, i = 1, . . . , s

and the corresponding dimensionless classic moments

L∗
i m(h,w) =

Li m(h,w)
hm

= cmi −
s
∑
j=1
bij (cj − 1)m − m

s
∑
j=1
aij (cj − 1)m−1 − m

i−1
∑
j=1
rij cm−1j , i = 1, . . . , s. (2.9)

Step 2. We identify the maximum value M that ensures the compatibility of the system

L∗
i m(h,w) = 0, i = 1, . . . , s, m = 0, 1, . . . ,M − 1. (2.10)

This system is equivalent to annihilating the di�erence operator (2.8) on polynomials with a degree less or
equal to M − 1 and corresponds to the condition AB(M)

AB(M) = cmi −
s
∑
j=1
bij (cj − 1)m − m

s
∑
j=1
aij (cj − 1)m−1 − m

i−1
∑
j=1
rij cm−1j = 0

i = 1, . . . , s, m = 0, . . . ,M − 1. (2.11)

Therefore, we may construct an s-order peer method if M = s + 1, due to the Theorem 2.1. In this case, the
peer method (2.2) is exact on polynomials up to degree equal to s.

Step 3. We next aim to impose the exactness of the peer method (2.2) on the basis functions tme±µt in
the hybrid �tting space (2.7). This corresponds to annihilating the di�erence operator (2.8) on the functions
tme±µt, which in turn is equivalent to annihilating in ±z the so-called dimensionless µ-moments of order m
on L:

E∗i m(z,w) =
1
hm

Li[h,w]tmeµt|t=0, i = 1, . . . , s (2.12)

where z = µh. We next observe that the system

E∗i m(±z,w) = 0, m = 0, 1, . . . , P, i = 1, . . . , s

is equivalent to the system

G±(m)
i (Z,w) = 0, m = 0, 1, . . . , P, i = 1, . . . , s

where Z = z2 and G±(m)
i (Z,w) are de�ned at each stage i as

G+i (Z,w) =
E∗i0(z, w) + E

∗
i0(−z, w)

2

G−i (Z,w) =
E∗i0(z, w) − E

∗
i0(−z, w)

2z

(2.13)

form = 0 and as the related derivatives form > 0. In the following theorem,we present an explicit expression
for the µ-moments of order m = 0 on L.
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Theorem 2.2. The µ-moments of order m = 0 on L assume for i = 1, . . . , s the following form:

E∗i0(z,w) = ezci −
s
∑
j=1
bij ez (cj−1) − z

s
∑
j=1
aij ez (cj−1) − z

i−1
∑
j=1
rij ez cj . (2.14)

Proof. Applying the de�nition (2.12) of µ-moments on L with m = 0 and i = 1, . . . , s, we obtain

E∗i0(z,w) = Li[h,w]eµt|t=0

= eµ (t+cih) −
s
∑
j=1
bij eµ (t+(cj−1) h) − h

s
∑
j=1
aij µ eµ (t+(cj−1) h) − h

i−1
∑
j=1
rij µ eµ (t+cjh)

!!!!!!t=0

which leads to the thesis by replacing z = µh and t = 0.

For a simpler construction of G-functions, we employ the η-functions de�ned in [21] as follows:
– if Z is real

η−1 (Z) =
e√Z + e−√Z

2
=
{
{
{

cos√|Z|, Z < 0
cosh√Z, Z ⩾ 0

η0 (Z) =
{{
{{
{

e√Z − e−√Z

2√Z
, Z ̸= 0

1, Z = 0
=

{{{{{{{
{{{{{{{
{

sin(√|Z|)
√|Z|

, Z < 0

1, Z = 0
sinh(√Z)

√Z
, Z > 0

– if Z is not real

η−1 (Z) = cos (i√Z) , η0 (Z) =
{{
{{
{

sin (i√Z)

i√Z
, Z ̸= 0

1, Z = 0.

In both cases, we de�ne ησ (Z) for σ > 0, as follows:

ησ (Z) =
{{
{{
{

ησ−2 (Z) − (2σ − 1)ησ−1 (Z)
Z

, Z ̸= 0
2σσ!

(2σ + 1)!
, Z = 0.

We recall that their derivatives verify the condition [21]:

η�σ(Z) =
1
2
ησ+1(Z), σ = −1, 0, 1, . . . (2.15)

In the following theorem, we express the G-functions and their derivatives in terms of the η-functions.

Theorem 2.3. The G-functions and their derivatives assume the following expressions for i = 1, . . . , s:

G+i (Z,w) = η−1 (c2i Z) −
s
∑
j=1
bij η−1 ((cj − 1)2Z) − Z

i−1
∑
j=1
rij cj η0 (c2j Z)

− Z
s
∑
j=1
aij (cj − 1) η0 ((cj − 1)2Z) (2.16a)

G−i (Z,w) = ci η0 (c2i Z) −
s
∑
j=1
bij (cj − 1) η0 ((cj − 1)2Z)

−
s
∑
j=1
aij η−1 ((cj − 1)2Z) −

i−1
∑
j=1
rij η−1 (c2j Z) (2.16b)
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and

G+(m)
i (Z,w) =

c2mi
2m

ηm−1 (c2i Z) −
s
∑
j=1
bij

(cj − 1)2m

2m
ηm−1 ((cj − 1)2Z)

−
s
∑
j=1
aij (

m (cj − 1)2m−1

2m−1
ηm−1 ((cj − 1)2Z) +

(cj − 1)2m+1

2m
Z ηm ((cj − 1)2Z))

−
i−1
∑
j=1
rij (

m c2m−1j

2m−1
ηm−1 (c2j Z) +

c2m+1j

2m
Zηm (c2j Z)) (2.17a)

G−(m)
i (Z,w) =

c2m+1i
2m

ηm (c2i Z) −
s
∑
j=1
bij

(cj − 1)2m+1

2m
ηm ((cj − 1)2Z)

−
s
∑
j=1
aij

(cj − 1)2m

2m
ηm−1 ((cj − 1)2Z) −

i−1
∑
j=1
rij
c2mj
2m

ηm−1 (c2j Z) (2.17b)

for m = 1, . . . , P.

Proof. Fromde�nition (2.13) of theG-functions and the expression of the µ-moments E∗i0 obtained in Theorem
2.2, we have

G+i (Z,w) =
1
2 (ez ci + e−z ci ) − 1

2

s
∑
j=1
bij (ez (cj−1) + e−z (cj−1))

−
z
2

s
∑
j=1
aij (ez (cj−1) − e−z (cj−1)) −

z
2

i−1
∑
j=1
rij (ez cj − e−z cj ) (2.18)

which leads to (2.16a) by evaluating functions η−1 and η0 in c2i Z and (cj − 1)2Z, where Z = z2.
Equation (2.16b) can be proved in a similar way.
We next derive function G+i (2.16a) taking into account the relation (2.15) among the derivatives of η-

functions, obtaining

G+(1)i (Z, w) =
c2i
2
η0 (c2i Z) −

s
∑
j=1
bij

(cj − 1)2

2
η0 ((cj − 1)2Z)

−
s
∑
j=1
aij ((cj − 1) η0 ((cj − 1)2Z) +

(cj − 1)3

2
Z η1 ((cj − 1)2Z))

−
i−1
∑
j=1
rij (cj η0 (c2j Z) +

c3j
2
Z η1 (c2j Z))

so equation (2.17a) is proved for m = 1. We get equation (2.17a) for m > 1 by induction.
On the other hand, the �rst derivative of G−i (2.16b) is

G−(1)i (Z, w) =
c3i
2
η1 (c2i Z) −

s
∑
j=1
bij

(cj − 1)3

2
η1 ((cj − 1)2Z)

−
s
∑
j=1
aij

(cj − 1)2

2
η0 ((cj − 1)2Z) −

i−1
∑
j=1
rij
c2j
2
η0 (c2j Z) (2.19)

which leads to equation (2.17b) for m > 1 by induction.

Step 4. We identify the possible expressions for the �tting space (2.7) taking into account that M = s + 1 and
the self-consistency condition

K + 2P = M − 3 (2.20)
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has to be veri�ed. We observe that the number of stages s and the dimension M of the system (2.10) have
di�erent parities, so the number K + 1 = s − 1 − 2P of classic functions in the �tting space is odd or even, if s
is even or odd, respectively. For simplicity, we choose
– K = 0 if s is even, so the �tting space is

F = {1, e±µt , t e±µt , t2 e±µt , . . . , tP e±µt} ; (2.21)

– K = −1 if s is odd, so the �tting space is

F = {e±µt , t e±µt , t2 e±µt , . . . , tP e±µt} . (2.22)

Step 5. We obtain the coe�cients of the exponentially �tted peer method by solving the system:

L∗
i m(h,w) = 0, i = 1, . . . , s, m = 0, . . . , K (2.23a)

G±(m)
i (Z,w) = 0, i = 1, . . . , s, m = 0, . . . , P. (2.23b)

For the afore-mentioned �tting spaces (2.21)–(2.22), this system becomes:
– if s is even

L∗
i0(h,w) = 0, i = 1, . . . , s (2.24a)

G±(m)
i (Z,w) = 0, i = 1, . . . , s, m = 0, . . . , P (2.24b)

where P = s/2 − 1 due to the self-consistency condition (2.20);
– if s is odd

G±(m)
i (Z,w) = 0, i = 1, . . . , s, m = 0, . . . , P (2.25)

where P = (s − 1)/2 due to the self-consistency condition (2.20).

In the following theorem, we recast such systems in order to obtain the coe�cients of exponentially �tted
peer methods in an easy way.

Theorem 2.4. System (2.24a) is equivalent to
B 1 = 1 (2.26)

and systems (2.24b) and (2.25) are equivalent to

D(c, C) − B D(c − 1, Ĉ) − A E(c − 1, Ĉ) − R E(c, C) = 0 (2.27)

where c = [c1, . . . , cs]T , C = diag(c1, . . . , cs), Ĉ = diag(c1 −1, . . . , cs −1), 1 = [1, 1, . . . , 1]T , each column j
of the matricesD(v,W) ∈ Ms ×2(P+1) and E(v,W) ∈ Ms ×2(P+1) depends on the generic vector v and the generic
diagonal matrix W, as follows:

(D(v,W))j =
W j−1ϑ(j−2−δ)/2,v

2(j−2+δ)/2

(E(v,W))j =
(j − 1)δ W j−2 ϑ(j−4+δ)/2,v

2(j−2+δ)/2
+
δ W j Z ϑ(j−1)/2,v

2(j−1)/2

(2.28)

with

δ =
{
{
{

0 if j even
1 if j odd,

P =
{
{
{

(s − 2)/2 if j even
(s − 1)/2 if j odd

and the vector ϑσ,v is de�ned by evaluating the function ησ on v2i Z where vi are the component of a generic
vector v, as follows:

ϑσ,v = [ησ (v21 Z), . . . , ησ (v
2
s Z)] . (2.29)
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Proof. Annihilating the dimensionless classic moments of order m = 0 in (2.24a) is equivalent to solving the
system

L∗
i0(h, w) = 1 −

s
∑
j=1
bij = 0, i = 1, . . . , s

which can be recasted in a matrix form as follows

1 − B 1 = 0, 0 = (0, 0, . . . , 0)T .

Therefore, equation (2.26) holds.
System (2.24b) (or, equivalently, (2.25)) for G+i assumes the following expression for i = 1, . . . , s:

G+i (Z, w) = η−1 (c
2
i Z) −

s
∑
j=1
bij η−1 ((cj − 1)2Z)

− Z
s
∑
j=1
aij (cj − 1) η0 ((cj − 1)2Z) − Z

i−1
∑
j=1
rij cj η0 (c2j Z) = 0 (2.30)

which can be written in a compact form

ϑ−1,c − Bϑ−1,c−1 − ZA(Ĉϑ0,c−1) − ZR(Cϑ0,c) = 0 (2.31)

where c = [c1, . . . , cs]T , C = diag(c1, . . . , cs), Ĉ = diag(c1 − 1, . . . , cs − 1) and the vector ϑσ,v is de�ned by
evaluating the function ησ on v2i Z where vi are the component of a generic vector v as in (2.29).

On the other hand, system (2.24b) for G−i can be recasted as

Cϑ0, c − B(Ĉ ϑ0, c−1) − Aϑ−1, c−1 − Rϑ−1,c = 0. (2.32)

In a similar way, systems (2.24b) for G+(m)
i and G−(m)

i with m = 1, . . . , P are respectively equivalent to

1
2m

C2mϑm−1,c − B (
1
2m

Ĉ2mϑm−1,c−1) − A (
m

2m−1
Ĉ2m−1ϑm−1,c−1 +

Z
2m

Ĉ2m+1ϑm,c−1)

− R (
m

2m−1
C2m−1ϑm−1,c +

Z
2m

C2m+1Zϑm,c) = 0 (2.33a)

1
2m (C2m+1ϑm,c − B (Ĉ2m+1ϑm,c−1) − A (Ĉ2mϑm−1,c−1) − RC2mϑm−1,c) = 0. (2.33b)

We next construct the matrix D(c, C) ∈ Ms ×2(P+1) such that its �rst and second columns correspond to the
�rst vectors of the systems (2.31) and (2.32), respectively. Then the other columns are the �rst vectors of the
system (2.33a) and (2.33b), alternatively:

D(c, C) = [ϑ−1,c C ϑ0,c
1
2
C2 ϑ0, c

1
2
C3 ϑ1, c . . . 1

2P
C2P ϑP−1, c

1
2P
C2P+1 ϑP, c]

which can be written in extensive form as follows:

D(c, C) =
[[[[[

[

η−1 (c21Z) c1 η0 (c
2
1Z) . . . 1

2P
c2P1 ηP−1 (c21 Z)

1
2P
c2P+11 ηP (c21 Z)

...
...

...
...

η−1 (c2s Z) cs η0 (c2s Z) . . . 1
2P

c2Ps ηP−1 (c2s Z)
1
2P
c2P+1s ηP (c2s Z)

]]]]]

]

.

Similarly, we construct the matrices D(c − 1, Ĉ), E(c − 1, Ĉ), E(c, C) ∈ Ms ×2(P+1) by considering the vectors
multiplying B, A, and R in system (2.31)–(2.33), respectively. In this way, system (2.31)–(2.33) is equivalent
to (2.27).

In case of s even, P = s/2−1, soD(v, N) and E(v, N) are square matrices. Moreover, if E(c−1, Ĉ) is invertible,
we can compute the matrix A, as follows:

A = (D(c, C) − BD(c − 1, Ĉ) − R E(c, C))E(c − 1, Ĉ)−1. (2.34)

Therefore, the following theorem holds.
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Theorem 2.5. In case of even number of stages s, a peer method (2.2) is exact on the basis functions

F = {1, e±µt , t e±µt , t2 e±µt , . . . , tP e±µt}

if its matrices of coe�cients verify the following conditions

B 1 = 1 (2.35a)

A = (D(c, C) − BD(c − 1, Ĉ) − R E(c, C))E(c − 1, Ĉ)−1 (2.35b)

provided that the matrix E(c − 1, Ĉ) is invertible.

In case of s odd, P = (s − 1)/2 and D(v, N) and E(v, N) have dimensions s × (s + 1). Therefore, for ease of
presentation, we recast system (2.27) as follows:

ϑ−1,c − Bϑ−1,c−1 − A(ZĈϑ0,c−1) − R(ZCϑ0,c) = 0 (2.36a)
F1 − BF2 − AF3 − RF4 = 0 (2.36b)

where Fi for i = 1, 2, 3, 4 are square matrices obtained by deleting the �rst column fromD(c, C),D(c −1, Ĉ),
E(c − 1, Ĉ), E(c, C), respectively.

For instance, we can choose the following matrix B:

B = H1 − AH2 − RH3 (2.37)

where
H1 = (0 | ϑ−1, c), H2 = (0 | Z Ĉ ϑ0, c−1), H3 = (0 | Z C ϑ0, c) ∈ Ms × s .

Employing, as in [38], the nodes
ci =

i − 1
s − 1

, i = 1, . . . , s

the matrix B (2.37) veri�es condition (2.36a). Thus, replacing the expression of the matrix B in (2.36b), we
obtain

A = (F1 − H1F2 − R(F4 − H3F2))(F3 − H2F2)−1. (2.38)

Theorem 2.6. In case of oddnumber of stages s, a peermethod (2.2)having the followingmatrices of coe�cients

B = H1 − A H2 − R H3 (2.39a)
A = (F1 − H1F2 − R(F4 − H3F2))(F3 − H2F2)−1 (2.39b)

is exact on the basis functions
F = {e±µt , t e±µt , t2 e±µt , . . . , tP e±µt}

provided that the matrix F3 − H2F2 is invertible,

H1 = (0 | ϑ−1, c), H2 = (0 | Z Ĉ ϑ0, c−1), H3 = (0 | Z C ϑ0, c) ∈ Ms × s

and Fi for i = 1, 2, 3, 4 are square matrices obtained by deleting the �rst column from D(c, C), D(c − 1, Ĉ),
E(c − 1, Ĉ), E(c, C), respectively.

We remark that in both cases some entries of matrix B and all entries of matrix R are free parameters for the
exponentially �tted peer method.

Step 6. We compute the leading term of the local truncation error at each stage, as follows:

(lteef )i = (−1)P+1hs+1
L∗
i,K+1(h,w)

(K + 1)! ZP+1
DK+1(D2 − µ2)P+1y(t), i = 1, . . . , s (2.40)

where we denote D the derivative with respect to time.
As before, we choose for simplicity K = 0 and K = −1 for s even or odd, respectively. In these cases, the

afore-mentioned leading term assumes the following expressions:
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– if s is even

(lteef )i =
(−1)s/2 hs+1

Zs/2
(ci −

s
∑
j=1
bij (cj − 1) −

s
∑
j=1
aij −

i−1
∑
j=1
rij )D(D2 − µ2)s/2y(t); (2.41)

– if s is odd

(lteef )i =
(−1)(s+1)/2 hs+1

Z(s+1)/2
(1 −

s
∑
j=1
bij )(D2 − µ2)(s+1)/2y(t). (2.42)

3 Examples of methods
We now present two methods constructed as described in Section 2. For both methods we select as nodes

ci =
i − 1
s − 1

, i = 1, . . . , s (3.1)

which clearly verify conditions (2.1) and cs = 1.

3.1 Case 1: s = 2
Werecall that in this casewehave chosenK = 0 for simplicity. As a consequence, P = 0due to self-consistency
condition (2.20). Solving system (2.35) for s = 2, we compute the coe�cients of a generic exponentially �tted
2−stage peer method:

bi1 = 1 − bi2, i = 1, 2

a11 =
(1 − b12) (η−1 (Z) − 1)

Z η0 (Z)

a12 = (1 − b12) (η0 (Z) −
(η−1 (Z) − 1) η−1 (Z)

Z η0 (Z)
)

a21 =
b22(1 − η−1 (Z) )

Z η0 (Z)

a22 =
b22 η−1 (Z) (η−1 (Z) − 1)

Z η0 (Z)
+ η0 (Z) (2 − b22) − r21

(3.2)

which, for Z → 0, tend to the coe�cients of the corresponding classic peer method obtained by solving the
system (2.6) with β = 0:

bi1 = 1 − bi2, i = 1, 2

a11 =
1 − b12

2
, a12 =

1 − b12
2

a21 = −
b22
2

, a22 =
4 − b22 − 2r21

2
.

(3.3)

We observe that in the aforementioned expressions b12, b22, and r21 are free parameters.

3.2 Case 2: s = 3
In this case, we have selected K = −1, for simplicity. Hence P = 1 due to self-consistency condition (2.20).
Solving system (2.39), we compute the coe�cients of a class of 3-stage exponentially �tted peer methods, as
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follows:

B =
[[[[

[

0 0 1 + Z η0 a11 + Z
2 a12η̃0

0 0 η̃−1 + Z η0 a21 + Z
2 a22η̃0

0 0 η−1 + Z η0 a31 + Z
2 a32η̃0 −

Z
2 η̃0r32

]]]]

]

a1j = 0

a2j =
φj η̃0 + ψj η̃1

4δ1j Φ
+ δj3 (

η̃0
2

− r21)

a3j =
φj(8η0 − r32 (8 η̃0 + η̃1 Z)) + ψj (4η1 − η̃0 r32)

4δ1j ⋅ 2Φ
+ δj3 (η0 − r31 − η̃−1 r32)

(3.4)

for j = 1, 2, 3, where δj3 is Kronecker delta and

ησ = ησ(Z), η̃σ = ησ (
Z
4)

, σ = −1, 0, 1

Φ = 2η0 η̃0 − η̃0 η1Z +
η0 η̃1 Z

2

ψ1 = 2 η̃0 +
η̃1 Z
4

, ψ2 = −η0 −
η1 Z
2

, ψ3 = η0 η̃−1 −
η̃0 η−1
2

−
η̃1 η−1 Z
16

+
η̃−1 η1 Z

2

φ1 = η̃0 , φ2 = −η0, φ3 = η0 η̃−1 −
η̃0 η−1
4

.

These coe�cients for Z → 0 tend to the coe�cients of the classic 3-stage peer method obtained by solving
system (2.6) with β = 0:

bi3 = 1 − bi1 − bi2, i = 1, 2, 3

a11 =
4b11 − b12

24
, a12 =

2b11 + b12
3

, a13 =
4b11 + 5b12

24

a21 =
5 + 4b21 − b22

24
, a22 =

2b21 + b22 − 2
3

, a23 =
23 + 4b21 + 5b22 − 24r21

24
(3.5)

a31 =
28 + 4b31− b32− 24r32

24
, a32 =

2b31+ b32+ 9r32−10
3

, a33 =
76 + 4b31+ 5b32− 24r31− 72r32

24
.

We observe that in the afore-mentioned expressions bi1, bi2 for i = 1, 2, 3 and r21, r31, and r33 are free
parameters.

4 Numerical experiments
In this section, we present some numerical tests in order to prove the e�ectiveness of the introduced expo-
nentially �tted two-step peer methods. In the following, we compare the exponentially �tted peer methods
with 2 and 3 stages characterized by the coe�cients (3.2) and (3.4) to their classic counterparts (3.3) and (3.5).
For both classic methods, we choose

B =
[[[

[

0 . . . 0 1
...

...
...

0 . . . 0 1

]]]

]

, R =
[[[

[

0 . . . 0
...

...
0 . . . 0

]]]

]

∈ Ms × s . (4.1)

For both exponentially �tted methods we select R as in (4.1), whereas we employ B as de�ned in (4.1) only
for s = 2. In all the numerical tests the error is computed as the in�nite norm of the di�erence between the
numerical solution and the exact solution.
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Table 1. Accuracy of the classic peer methods (3.3) and (3.5) and the exponentially �tted ones (3.2) and (3.4) in the integration of
problem (4.2) with N grid points, the parameter characterizing the �tting space (2.7) equal to µ = iω and ω = 1.

N
s δ 200 400 800 1600

Classic 2 0 1.25 2.59 ⋅ 10−1 2.43 ⋅ 10−2 5.50 ⋅ 10−4

Exp. �tted 2 0 3.60 ⋅ 10−13 5.13 ⋅ 10−13 3.66 ⋅ 10−12 8.31 ⋅ 10−13

Classic peer 3 0 1.91 2.48 ⋅ 10−1 3.02 ⋅ 10−2 3.75 ⋅ 10−3

Exp. �tted 3 0 8.67 ⋅ 10−13 2.49 ⋅ 10−12 4.29 ⋅ 10−12 1.24 ⋅ 10−12

Classic peer 2 10−2 1.40 2.88 ⋅ 10−1 2.77 ⋅ 10−2 1.00 ⋅ 10−3

Exp. �tted 2 10−2 3.60 ⋅ 10−13 5.13 ⋅ 10−13 3.66 ⋅ 10−12 8.32 ⋅ 10−13

Classic 3 10−2 1.91 2.48 ⋅ 10−1 3.02 ⋅ 10−2 3.75 ⋅ 10−3

Exp. �tted 3 10−2 8.67 ⋅ 10−13 2.49 ⋅ 10−12 4.29 ⋅ 10−12 1.24 ⋅ 10−12

Example 4.1. We integrate in [0, 10 π] the following Kepler’s problem [18, 25]:

dpi
dt

= −
∂H
∂qi

, i = 1, 2

dqi
dt

=
∂H
∂pi

, i = 1, 2
(4.2)

provided by the Hamiltonian function

H =
1
2
(p21 + p

2
2) −

1

√q21 + q
2
2

−
2δ + δ2

3√(q21 + q
2
2)

3
(4.3)

with δ small positive parameter, and initial conditions

q1(0) = 1, q2(0) = 0, p1(0) = 0, p2(0) = 1 + δ. (4.4)

Its exact solution
q1(t) = cos(t + δ t), q2(t) = sin(t + δt), pi(t) = q�i (t), i = 1, 2 (4.5)

has an oscillatory behaviour, so this system is a good candidate for the adoption of the exponentially �tted
method (3.2) with a complex value for the parameter µ = iω. We �rst solve system (4.2) with δ = 0. In this
case, the exact solution can be expressed as a linear combination of the basis functions belonging to the
�tting space (2.7), so the problem is integrated exactly (within round-o� error) by the exponentially �tted
peermethods (3.2) and (3.4), where the parameterω is chosen equal to the frequency of the exact solution, i.e.
ω = 1. Indeed, Table 1 shows that thesemethods aremuchmore accurate than their classic counterparts (3.3)
and (3.5) and produce an error almost equal to the round-o� one. Moreover, we have performed a comparison
between the exponentially �tted methods (3.2) and (3.4) derived in this paper with those obtained in [25]. We
observe that, in case of 200 grid points, the global error associated to the whole integration interval related
to exponentially �tted methods (3.2) and (3.4) is of the order of magnitude of 10−11, whereas the global error
computed in [25] is about 10−4, as visible on Fig. 8 in [25]. The larger accuracy can be motivated by the fact
that, in this paper, we have employed the regularizing six-step procedure that, as highlighted in [19, 21], better
controls the propagation of round-o� error.

We next integrate system (4.2) with δ = 10−2. In this case, the exact solution can be written in terms of
the basis functions (2.7) with ω = 1 but not as a linear combination. However, the exponentially �tted peer
methods (3.2) and (3.4) integrate exactly (within an error almost equal to the round-o� one) the considered
problem also in this case, as reported in Table 1. Similarly to the �rst case, they exhibit an higher accuracy
than the corresponding classic ones (3.3) and (3.5). Also for this problem,wehave compared the exponentially
�tted methods (3.2) and (3.4) derived in this work with those presented in [25]. We observe that, in case of
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Table 2. Accuracy of the classic peer methods (3.3) and (3.5) and the exponentially �tted ones (3.2) and (3.4) in the integration of
problem (4.6) with N grid points and di�erent values for the frequency ω.

N
s ω 80 160 320 640

Classic 2 50 3.79 ⋅ 10−1 1.05 ⋅ 10−1 2.65 ⋅ 10−2 6.60 ⋅ 10−3

Exp. �tted 2 50 1.53 ⋅ 10−2 4.1 ⋅ 10−3 1.00 ⋅ 10−3 2.57 ⋅ 10−4

Classic 3 50 1.39 ⋅ 10−1 1.10 ⋅ 10−2 9.42 ⋅ 10−4 8.98 ⋅ 10−5

Exp. �tted 3 50 1.23 ⋅ 10−4 1.07 ⋅ 10−5 1.26 ⋅ 10−6 1.33 ⋅ 10−7

Classic 2 100 3.59 ⋅ 10−1 3.02 ⋅ 10−1 9.33 ⋅ 10−2 2.47 ⋅ 10−2

Exp. �tted 2 100 3.33 ⋅ 10−2 5.3 ⋅ 10−3 1.8 ⋅ 10−3 4.86 ⋅ 10−4

Classic 3 100 1.12 6.92 ⋅ 10−2 2.40 ⋅ 10−3 1.22 ⋅ 10−4

Exp. �tted 3 100 2.87 ⋅ 10−5 3.08 ⋅ 10−5 2.30 ⋅ 10−6 1.58 ⋅ 10−8

N Exp. �tted s = 2 Exp. �tted s = 3
80 2.57 −
160 1.91 3.52
320 1.98 3.09
640 2.00 3.24

Table 3. Estimated order of the exponentially �tted peer methods (3.2) and (3.4)
computed by equation (4.7) within the integration of problem (4.6) with ω = 50.

200 grid points, the global error associated to the whole integration interval obtained by exponentially �tted
methods (3.2) and (3.4) is of the order of magnitude of 10−11, whereas the global error computed in [25] is
about 10−7, as visible in Fig. 9 in [25].

Example 4.2. We integrate the following Prothero–Robinson problem [18]:

y�(t) = λ(y(t) − sin(ωt + t)) + (ω + 1) cos(ωt + t), t ∈ [0, π2 ]

y(0) = 0 (4.6)

where λ = −1. The oscillating behaviour of its exact solution

y(t) = sin(ω t + t) = sin(ω t) cos(t) + cos(ω t) sin(t)

suggests to employ the exponentially �tted methods (3.2) and (3.4) with the parameter µ characterizing the
functions belonged to the �tting space equal to µ = iω. Indeed, Table 2 shows that the exponentially �tted
methods (3.2) and (3.4) are more accurate than their classic counterparts (3.3) and (3.5), which become totally
inaccurate for highly oscillating problems. However, the exact solution is given by a nonlinear combination
of these basis functions, so the exponentially �tted peer methods (3.2) and (3.4) exhibit an error bigger than
the round-o� one, as reported in Table 2. Moreover, we estimate the order p of the exponentially �tted peer
methods (3.2) and (3.4) employing the following relations

p = lim
h→0

p(h), p(h) ≈ log2 (
E(h)
E(h/2))

(4.7)

where E(h) and E(h/2) are the errors with a stepsize h and h/2, respectively. Table 3 shows that the estimated
order p(h) of the exponentially �tted peer methods (3.2) and (3.4) are equal to 2 and 3, respectively.

5 Conclusions
We have constructed a general class of exponentially �tted peer methods following the six-step procedure
presented in [19, 21]. These methods are widely suitable for the numerical integration of ordinary di�eren-
tial equations having a solution with a particular feature such as an oscillatory behaviour or an exponential
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decay. The adopted strategy is based on adapting already existingmethods in order to be exact (within round-
o� error) on trigonometric or hyperbolic functions. In the sixth step of the procedure, we have computed the
expression of the leading termof the local truncation error. Itmay lead to an estimate of the parameter charac-
terizing the basis functions,whichwe aim to study as futurework. Numerical experiments have con�rmed the
e�ectiveness of the approach. Further e�orts of the research in the topic will include the parallel implementa-
tion of thesemethods on a selection of high dimensional problems arising from partial di�erential equations.
In this way, it will be possible to exploit, in practice, the e�ectiveness of peer methods in a parallel imple-
mentation environment, properly coupled with the adaptation to the problem provided by the exponential
�tting approach.

Funding: This work is supported by GNCS-INDAM.
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