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GROUPS WITH FINITELY MANY ISOMORPHIC
CLASSES OF NON-ABELIAN SUBGROUPS

LEONID A. KURDACHENKO, PATRIZIA LONGOBARDI, MERCEDE MAJ,
AND IGOR YA SUBBOTIN

ABSTRACT. We study groups in which the non-abelian subgroups
fall into finitely many isomorphic classes. We prove that a locally
generalized radical group with this property is abelian-by-finite and
reduced minimax. The same conclusion holds for locally general-
ized coradical groups. Here a generalized radical group is a group
with an ascending series whose factors are either locally nilpotent
or locally finite, and a generalized coradical group is a group with
a descending series whose factors are either locally nilpotent or
locally finite.

1. Introduction.

The concept of isomorphism is one of the basic concept in algebra.
It gives a natural equivalence between groups and their subgroups.
More precisely, let G be a group, M a family of subgroups of the
group G and H, K € M. Then the relation ” H is isomorphic to K”
is an equivalence relation in M. Denote by IsomM the set of the
equivalence classes defined by this relation. Choose in every equivalence
class one representative and denote the set of all these representatives
by ItypeM. The set ItypeM is called the isomorphic type of the
family M.

If G is non-trivial and £(G) denotes the family of all subgroups of
G, then ItypeL(G) contains at least two subgroups: G and < 1 >. It
is not hard to prove that if |[Itypel(G)| = 2, then either G has prime
order p or GG is an infinite cyclic group. Denote by Lap(G) the family
of all abelian subgroups of G. It is possible to prove that if G is some
generalized soluble group (for example G is a locally (soluble-by-finite)
group), then the equation |ItypeLl.,(G)| = 2 implies that either G
has prime order p or GG is an infinite cyclic group. However this is
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not true in the general case. A.Yu. Olshankii in the paper [19] con-
structed an example of a torsion-free group whose proper non-trivial
subgroups are infinite cyclic. In another paper [20] A.Yu. Olshanskii
constructed an example of an infinite p-group whose proper non-trivial
subgroups have order p, where p is a relatively large prime number. It
is clear that for both these groups |ItypeLap(G)| = 2. The case of
the family Lyon_ab(G) of all non-abelian subgroups of G is more com-
plicated. Clearly, if G is a group whose proper subgroups are abelian,
then ItypeLpon—abn(G) = {G}. The structure of non-abelian groups G
in which ItypeLpon—abn(G) = {G} has been described in details by H.
Smith and J. Wiegold in [25].

The following question naturally arises: What can be said about the
structure of a group G in which the cardinality of the set ItypeM is
finite, for some basic families M of subgroups of G?

If M is the family of the commutator subgroups of all subgroups of
GG, then the problem has been studied by F. de Giovanni and D.J.S.
Robinson in [3], as well as by M. Herzog, P. Longobardi, M. Maj and
D.J.S. Robinson, H. Smith in a series of papers (see [9], [13], [14] and
1))

If G is an abelian group, in which the family of all subgroups has
finite isomorphic type, then clearly T'= Tor(G), the torsion subgroup
of G, is finite, and so G = T x A where A is a torsion-free subgroup. It
is not hard to prove that r9(A) is finite. Note that if B is a subgroup of
Aand B ~ A, then A/B is finite, by a theorem due to V.S. Charin (see
2], Theorem 2). Using this Charin’s result, it is not difficult to prove
that A has to be minimax. It follows that if G is a group, for which
ItypeL(G) or ItypeLay,(G) is finite, then every abelian subgroup of G
is minimax. The radical groups with such property have been studied
by R. Baer (see [1]) and by D.I. Zaitsev (see [28]).

Here we begin the study of groups, in which the family of all non-
abelian subgroups has finite isomorphic type. The main results of this
paper are the following theorems.

First, however, it is worth recalling some definitions.

If G is an arbitrary group, then we denote by Tor(G) the maximal
normal periodic subgroup of G. We note that if G is locally nilpotent,
then Tor(G) contains all elements of finite order in G.

A group G is said to have 0 —rank ro(G) =r if G has a finite
subnormal series whose factors are either infinite cyclic or periodic and
if the number of infinite cyclic factors is exactly r.

It is not hard to prove that the number of infinite cyclic factors is an
invariant of G. In some papers, the O-rank is also called the torsion-

free rank of the group G.
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If easy to see that if A is an abelian torsion-free group, then ro(A) is
finite if and only if A is isomorphic to a subgroup of a finite dimensional
vector space.

A group G is called minimax, if G has a finite subnormal series,
whose factors satisfy Min or Max. If G is a soluble-by-finite min-
imax group, then G has a finite subnormal series, whose factors are
Chernikov groups or polycyclic-by-finite groups. We note that if G is
a soluble-by-finite minimax group, then 7" = Tor(G) is a Chernikov
group and the periodic subgroups of G/T are finite. If Tor(G) is finite
(that is G does not include a divisible abelian subgroup), then G is
called a reduced minimax group.

A group G is called generalized radical, if G has an ascending
series whose factors are locally nilpotent or locally finite.

It follows easily from the definition that a generalized radical group
G has either an ascendant locally nilpotent subgroup or an ascendant
locally finite subgroup. In the former case, the locally nilpotent radical
is non-trivial. In the latter case, G contains a non-trivial normal locally
finite subgroup, so the locally finite radical is non-trivial. Thus every
generalized radical group has an ascending series of normal subgroups
with factors that are either locally nilpotent or locally finite.

Now we can state the main results of the paper.

Theorem A Let G be a non-abelian locally generalized radical group
in which the family of all non-abelian subgroups has finite isomorphic
type. Then G is abelian-by-finite and reduced minimazx. In particular,
G s residually finite.

The following class is dual to the class of generalized radical groups.
A group G is called generalized coradical, if G has a descending
series of normal subgroups whose factors are locally nilpotent or locally
finite.

Theorem B Let G be a non-abelian locally generalized coradical
group in which the family of all non-abelian subgroups has finite iso-
morphic type. Then G is abelian-by-finite and reduced minimazx.

The following result plays an important role in the proof of Theorem

B.

Theorem C Let G be a group whose non-abelian finitely generated
subgroups can be generated by d elements. If G is residually finite then

G s hyperabelian-by-finite and has finite special rank.
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Notice that if G is a finitely generated abelian-by-finite group, then
the subgroups of G fall into finitely many isomorphic classes. In fact,
G has an abelian finitely generated torsion-free subgroup F' of finite
index, say t. If F' is s-generated, then every subgroup of F'is a torsion-
free group with < s generators, thus F' has finite isomorphism type,
say v. But if P is a polycyclic group and ¢ is a positive integer, then the
groups H which have a subgroup of index at most ¢ isomorphic to P
lie in finitely many isomorphic classes (see for example [23], Theorem
6, page 176). Therefore the converse of Theorem A and B holds for
finitely generated groups. But in general it is not true that every
minimax torsion-free abelian group has finitely many non-isomorphic
subgroups (see [11]), hence the converse of Theorem A and Theorem
B generally is not true.

2. The normalizers of periodic abelian subgroups.

We start our investigation of groups in which the family of non-
abelian subgroups has finite isomorphic type with two useful Lemmas
and with a couple of definitions.

Lemma 2.1 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. If K is an infinite locally finite
subgroup of G, then K is abelian.

Proof. Suppose that K is non-abelian. Being locally finite, K includes
a finite non-abelian subgroup F. Then G has an ascending chain

F=FKh<h< - <F,<F<-

of finite subgroups such that |F,| < |F,1] for each n € N. But in this
case, the subgroups F,, and F;,, cannot be isomorphic for n,m € N,
n # m, and we obtain a contradiction. This contradiction shows that
K has to be abelian.

O

Lemma 2.2 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. If G is locally nilpotent, then G
s nilpotent.

Proof. Without loss of generality we can assume that G is non-abelian.
Then G includes a non-abelian finitely generated subgroup K. Suppose
that GG is not nilpotent. Then G has an ascending chain

K=Ky <K < <K,<Kp1<--
4



of finitely generated subgroups such that ncl(K,) < ncl(K,,) for
each n € N (here, if K is a nilpotent group, we denote by ncl(K') the
nilpotence class of K). But in this case the subgroups K, and K,,
cannot be isomorphic for n,m € N, n # m. This contradiction shows
that G must be nilpotent.

O

Let R be an integral domain and A be an R-module. An element
a € A is said to be R-periodic if Anng(a) # < 0 >. It is not hard to
see that the subset Torg(A) consisting of all R-periodic elements of a
module A is an R-submodule.

As usual, a module A is called R-periodic if A = Torgz(A).

If Torg(A) =< 0 >, then we will say that A is R-torsion-free.

If A is an abelian group, then we can consider A as a Z-module. In
this case obviously Torz(A) = Tor(A).

In the following Lemmas we study the structure of the normalizer of
an infinite periodic abelian subgroup of a group in which the family of
all non-abelian subgroups has finite isomorphic type.

Lemma 2.3 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let p be a prime, A be an ele-
mentary abelian p-subgroup of G, and x be an element of infinite order
such that v € Ng(A). Then A, considered as an F, < x >-module, is
periodic.

Proof. Suppose the contrary, and let A be not F, < z >-periodic.
Put J = F, <  >. Then there exists an element d € A such that
Ann;(d) = < 0>. Put D = < d ><"", then we can consider D as an
J-submodule of A, morever D ~; J. It follows that D = Dr, ¢z < d,, >
and d} = d,41, n € Z.

In particular, [< D,z >, < D,z >] =< d;'dp41 | n € Z >.

In this case, the factor group < D,x > /[< D,z >,< D,z >] is an
extension of a subgroup of order p by an infinite cyclic group.

Let £ be a positive integer and put J, = F, < ¥ >. Then we
have J = J, ® Jyz ® -+ ® Jpz* . Put Dy = Dryey < di, > and
Diyj = Dryez < dips; >, 1 < j < k — 1. Every subgroup Dy, is
< a¥ >-invariant and the factor group < Dy, 2% > /[< Dypyj, 2% >, <
Dy j, 2% >] is an extension of a subgroup of order p* by an infinite cyclic
group. Hence the subgroups < D,z* > k € N, cannot be isomorphic,

and we obtain a contradiction. This contradiction proves the result.

O
5



Corollary 2.4 Let G be a group in which the family of all non-
abelian subgroups has finite isomorphic type. Let p be a prime, A be
an elementary abelian p-subgroup of G, and x be an element of infinite
order such that x € Ng(A). Then < a ><*> is finite, for each element
a € A.

Proof. Put J = F, <  >. By Lemma 2.3, Annj(a) is non-zero for
every element a € A. We have < a ><*~; J/Ann;(a). Now our
assertion follows from the fact that every non-zero ideal of J has finite
index in J. U

Now let G be a group, x an element of G. Set
2% ={29 =g 'ag | g € G} and FC(G) = {z € G | 2 is finite}.

It is not difficult to prove that FC(G) is a characteristic subgroup of
G. This subgroup is called the FC-center of G.

Lemma 2.5 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an infinite periodic
abelian subgroup of G, v € Ng(A). If A < FC(< A,z >), then
S Cg(A)

Proof. If the element x has finite order, the subgroup < A,z > is
periodic. Being locally finite, it is abelian by Lemma 2.1. It follows
that x € Cg<A)

Consider now the case when = has infinite order. Then < A,z >=
Ax <z >. Suppose that x ¢ Cg(A). In this case, the subgroup A has
an element a such that az # xa. It follows that the subgroup < a,z >
is not abelian. We have < a,z > = < a ><""< x >. Since A <
FC(< a,z >), the normal closure < a ><*> is finite. Furthermore,
Tor(< a,z >) =< a,x >N A=< a > is finite. Therefore we can
choose an element a; € A such that a; ¢ < a,z > N A. Again the
subgroup < a,a;,z > is non-abelian and Tor(< a,a;,z >) is finite,
moreover we have |Tor(< a,x >)| < |Tor(< a,a;,x >)|. Using similar
arguments we can choose elements {a,, |[n € N} satisfying the following
conditions:

<a,ay,- - ,a,,xr > is non — abelian,
Tor(< a,ay, - ,a,,x >) is finite,

|Tor(< a,ay, - ,an,x >)| <|Tor(< a,ay, -+ ,any1,x > |, n € N.

These conditions show that the subgroups < a,aq,---,a,, > and

< a,ay, - , 0y, r > cannot be isomorphic whenever n # m, and we

obtain a contradiction. This contradiction proves the result.
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We are now able to prove the following

Corollary 2.6 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let p be a prime and A be an
infinite elementary abelian p-subgroup of G. Then Ng(A) = Cg(A).

Proof. Indeed for each element © € Ng(A) and each element a € A
the normal closure < a ><*~ is finite by Corollary 2.4. It follows that
A <FC(< A,z >). Then Lemma 2.5 implies that z € Cg(A). O

We study now the more general situation in which A is any infinite
periodic subgroup.

Lemma 2.7 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an infinite periodic
abelian subgroup of G, x € Ng(A). If the subgroup < A,z > is locally
nilpotent, then x € Cg(A).

Proof. If the element x has finite order, then the subgroup < A,z >
is periodic. Being locally finite, by Lemma 2.1 it is abelian. It follows
T € CG(A)

Consider now the case, when z is of infinite order. Then < A, x >=
A X < x >. Let a be an arbitrary element of A. Then the subgroup
< a,r > is nilpotent. Being finitely generated, it has a finite periodic
part.

We have < a,x >=< a ><*>< x >, so that Tor(< a,z >) =< a ><"~.
Thus < a ><*> is finite and a € FC(< A,z >). Now we can apply
Lemma 2.5 and obtain that z € Cg(A). O

We are now able to extend the result of Corollary 2.6 to any periodic
abelian subgroup A.

Corollary 2.8 Let G be a group in which the family of all non-
abelian subgroups has finite isomorphic type. Let p be a prime and A
be an infinite abelian p-subgroup of G. Then Ng(A) = Cg(A).

Proof. Let x be an arbitrary element of Ng(A). If the element = has
finite order, then the subgroup < A,x > is periodic. Being locally
finite, by Lemma 2.1, it is abelian. It follows that x € Cg(A). Consider
now the case, when x is of infinite order. Put A; = Q;(A). Suppose

first that A; is infinite. Then Corollary 2.6 implies that z € Cg(A4;).
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It is not difficult to prove that in this case x € Cg(A,41/A;) for each
7 € N. In other words, the ascending series

<I>=A4 <A <A< <A <A<

is central in the subgroup < A,z >. It follows that < A,z > is
a hypercentral subgroup. Being hypercentral, it is locally nilpotent
abelian (see, for example, [12], § 63). Using now Lemma 2.7 we obtain
that z € Cg(A). Suppose now that A; is finite. Then A satisfies
the minimal condition (see, for example, [7], Theorem 25.1). Then
A =Cy x---xCyx F where C} is a Priifer p-subgroup, 1 < j <k, F'is
a finite subgroup. But in this case A < FC(< A,z >). An application
of Lemma 2.5 ensures that x € Cg(A). O

Corollary 2.9 Let G be a group in which the family of all non-
abelian subgroups has finite isomorphic type. Let A be an infinite
abelian periodic subgroup of G. Then Ng(A) = Cg(A).

Proof. Let z be an arbitrary element of Ng(A). We have
A = DI'peH(A)Ap,

where A, is a Sylow p-subgroup of A, p € II(A). Clearly every sub-
group A, is < x >-invariant. If A, is infinite, then, by Corollary
2.6, x € Cg(4,). In particular, A, < FC(< A,z >). If A4, is fi-
nite, then again we have the inclusion 4, < FC(< A,z >). It fol-
lows that A < FC(< A,z >). Lemma 2.5 implies that in this case
S Cg(A) ]

We end this section with the following result that will be useful in
the sequel.

Lemma 2.10 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an infinite abelian pe-
riodic subgroup of G. Suppose that H is a subgroup of Ng(A), such
that all periodic subgroups of H are finite and their order are bounded.
Then H s abelian.

Proof. By Corollary 2.9, [H,A] = < 1 >. Suppose that H is non-
abelian. The intersection A = H N A is finite. Let ¢t be the least
positive integer such that the orders of all finite subgroups of H are at
most t. Being infinite, A has an ascending series

A< A1 < <A, <A1 < -+
8



of finite subgroups. Consider the ascending series
H=HAy <HA <---<HA, <HA,;1 <

We note that every subgroup HA, is non-abelian, n € N. If F'is a
finite subgroup of HA,,, then

F/(FNA,) ~FA,JA, < HA, /A, ~ H/(HNA,) = H/ Ay,

It follows that |F'A,| < (t|A.])/|4o|, n € N. Since |A,|/|4o| <
|Api1]/]Ao|, we can conclude that HA, . includes a finite subgroup,
whose order is greater than (¢|A,|)/|Ao|, which shows that the sub-
groups HA,, and HA,, cannot be isomorphic for n,m € N, n < m, and

we obtain a contradiction. This contradiction shows that H must be
abelian. O

3. The normalizers of abelian torsion-free subgroups.

In this section we study the structure of the normalizer of a torsion-
free abelian subgroup of a group in which the family of all non-abelian
subgroups has finite isomorphic type. We start with three Lemmas.

Lemma 3.1 Let G be a group and A be a normal abelian torsion-free
subgroup of G. Suppose that G has an element x such that G = A <
x> If<ab>=<z>nNCg(A), k>0, then there exists a positive
integer d such that k divides d and G¢ is torsion-free and abelian.

Proof. Suppose first that x has finite order. Then y = 2% € Cg(A),
moreover, C' = Cg(A) is abelian and < y > = Tor(C). We may
assume that K divides |z|. Put m = |z|/k, then m is the order of y.
We have C = A x <y >, so that C"™ = A™ is torsion-free. Clearly the
subgroup D = C™ is normal in G and (G/D)™ = < 1 >. It follows
that G™* < D, so that G™* is torsion-free and abelian.

Suppose now that z has infinite order. Again y = 2% € Cg(A) and
the subgroup C' = Cg(A) is abelian. Here we have two possibilities:
AN<xz>=<1>ory' e A for some positive integer ¢t. In the first
case, C = A X < y > is abelian and torsion-free. Since |G/C| = k,
G* < C, so that G* is abelian and torsion-free.

Finally assume that y* € A. If C is torsion-free, then again G* is
abelian and torsion-free. If not, then Tor(C) is finite cyclic. In this
case we can repeat the above arguments and find a positive integer d

such that G¢ is abelian and torsion-free.

O
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Lemma 3.2 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an abelian torsion-free
subgroup of G. If Ng(A) \ Cg(A) contains an element x such that
xk € Cg(A), then A is minimaz.

Proof. Since x ¢ Cg(A), there exists an element a € A such that the
subgroup Cy = < a,z > is non-abelian.

We have < a,z > = <a>*><z >. Put Ag = < a ><"< z¥ >. By
Lemma 3.1 there exists a positive integer dy such that Cg° is torsion-
free and abelian. Since the indices |Cy : Ag| and |Cy : C°| are finite,
ro(Ao) = 10(C5").

Suppose that 79(A) is infinite. Then there exists an element a; such

that < aqp > N AO =<1> PuwA =<ag ><T> Ao, then ?”0(140) <
ro(A1). The subgroup C; = A; < x > is non-abelian. Using again
Lemma 3.1, we obtain that there exists a positive integer d; such that
C is torsion-free and abelian. As above (A1) = ro(CH).
Put ¢t = dydy, then Cf < C’go and C* < C%. Since both subgroups
Coy, C; are abelian-by-finite and finitely generated, both factor-groups
Co/CE and Cy/C! are finite. It follows that r9(Ag) = ro(C}), ro(Ar) =
ro(C%). Thus we obtain that r4(C}) < ro(C%), therefore the subgroups
Cp and () cannot be isomorphic. Using similar arguments we can
choose elements {a, | n € N} satisfying the following conditions:

< @,ay, 0y, > is non — abelian;
< a,ay, -+ ,ap,r > is abelian — by — finite;
<Ay Q1, ,Qn, T >, < AyA1, ¢+ ,dpt1, T > are not isomorphic,n € N.

These conditions show that we have an infinite family of non-isomorphic
non-abelian subgroups, and we obtain a contradiction. This contradic-
tion proves that ro(A) is finite.

Choose a maximal Z-independent subset M of A such that a € M
and put K = < M ><*>. Then the subgroup K is < x >-invariant,
finitely generated, the factor-group A/K is periodic and the subgroup
< K,z > is not abelian. Suppose that II(A/K) is infinite. Then we can
choose an infinite family {X,, | n € N} of infinite subsets of II(A/K)
such that X,, C X,,;; and X,, ;1\ X,, is infinite for every n € N. Denote
by K, /K the Sylow X,-subgroup of A/K, n € N. By such a choice,
the indices |K; : K| and |K,41 : K,| are infinite. It follows that the
subgroups K, and K,, m,n € N,n < m, cannot be isomorphic (see
2], Theorem 2).

Consider first the case AN < x> =<1 >.

Then Cg(A) > A x < 2% > . Let n,m € N, n < m. The subgroups

FE, =K, x <x>and E,, = K,, X < x > are non-abelian and
10



include the normal abelian subgroups K, x < z¥ > and K,, x < 2% >
respectively, having index k. Since K, and K,, are not isomorphic,
then K, x < z¥ > and K,, x < 2¥ > are not isomorphic. By Lemma
3.1, there exists a positive integer s, (respectively s,,) such that E2»
(respectively E®m) is torsion-free and abelian. Put s = s,s,,. Then
ES < B’ and E < E° in particular, F; and E’ are abelian and
torsion-free. Since the subgroups E,, and E, have finite special rank,
E,/E; and E,,/E? are finite. By Lemma 3.1, k divides s, therefore
E: < K, x < zF > (respectively £, < K, x < 2" >). The finiteness
of the index |K,, x < a* > : E?| (respectively |K,, x < z* > : E%))
implies that E? is isomorphic to K, x < x* > (respectively E?, is
isomorphic to K,,, x < z¥ >). Since K,, x < 2*¥ > and K,,, x < 2% >
are not isomorphic, E; and E; are not isomorphic. In turn it follows
that E, and F,, are not isomorphic. That is true for every n,m € N,
n < m, so we obtain a contradiction.
Consider now the case AN<z>=<0v># <1>.

Without loss of generality we may assume that v € K. Then using
the above arguments, we again obtain a contradiction. This contradic-
tion shows that IT(A/K) is finite. This means that A is a minimax
subgroup. O

Lemma 3.3 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an abelian torsion-free
subgroup of G. If v € Ng(A) and x has infinite order, then A, consid-
ered as a Z < x > module, 1s periodic.

Proof. Suppose that A is not Z < x >-periodic. Put J =7Z < x >.
Then there exists an element d € A such that Ann;(d) = < 0 >.
Put D = < d ><*>. Then we can consider D as a J-submodule of A,
moreover D ~; J. It follows that D = Dr,¢cz < d,, > and d, = d,41,
n € Z. In particular, [< D,z >, < D,z >] =< d,'dps1 | n € Z >.
Thus the factor-group < D,z > /[< D,z >,< D,z >] is a free abelian
group of O-rank 2.

Let k£ be a positive integer and put J, = Z < 2" >. Then we
have J = J, ® Jyiz ® -+ ® Jpa* . Put Dy = Dryey < di, > and
Dk+j = Drnez < dkn-i-j > 1 S] <k-1.

Every subgroup Dy ; is < x® >-invariant and the factor-group

< Diyj, 2% > J[< Diyj 2% >, < Dyyj, 2% >] is a free abelian group of
O-rank 2, 0 < j < k — 1. It follows that the factor-group

< D,z* > /[< D,2* > < D,2* >] is a free abelian group of 0-rank
k + 1. Hence the subgroups < D, 2% >, k € Z, cannot be isomorphic,

and we obtain a contradiction. This contradiction proves the result.
11
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The following result may be compared with Corollary 2.4.

Corollary 3.4 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an abelian torsion-free
subgroup of G. Then for every element x € Ng(A) and for every
element a € A the subgroup < a ><*~ is minimax.

Proof. If 2% € Cg(A) for some positive integer k, then the subgroup
< a ><*7 is finitely generated, in particular, it is minimax. Therefore
we will assume that x has infinite order and < x > N Cg(A) = < 1 >.
Let V' be the divisible envelope of A. We can extend in a natural way
the action of x on A to the action of x on V. Then we can consider V
as a Q < x >-module. By Lemma 3.3 Anng_,~ (a) # < 0 >. It follows
that U = Anng.,~(a) # < 0 >. Then the factor Q < x > /U has
finite dimension over Q. The isomorphism a(Q <z >) ~Q <z > /U
shows that a(Q < x >) has finite dimension over Q. It follows from the
inclusion a(Z < z >) < a(Q < z >) that a(Z < x >) is of finite 0-rank.
Furthermore, a(Z < z >) includes a free abelian subgroup B such that
II(A/B) is finite (see, for example, [10], Corollary 1.8). This fact and
the finiteness of ro(a(Z < x >)) imply that a(Z < x >) = < a ><*~ is
minimax.

O

We have proved in Lemma 2.2 that a locally nilpotent group in which
the family of non-abelian subgroups has finite isomorphic type is in fact
nilpotent. More is true in the torsion-free case, as the following result
shows.

Lemma 3.5 Let G be a torsion-free nilpotent group. If G is non-
abelian, then G' has infinitely many non-abelian pairwise non-isomorphic
subgroups.

Proof. Since G is non-abelian, (5(G) # ((G). Therefore we can choose
an element a € ((G) \ ((G). Then there exists an element b such
that [a,b] = ¢ # 1. For each n € N put H, = < a™,b,c >. Clearly
((H,) = < ¢ >, [H, H,| = < " >, in particular, the subgroup H,
is non-abelian. Let n,k € N and n # k. If we suppose that the
subgroups H,,, Hy, are isomorphic, then the factors ((H,,)/[H,, H,] and
C(Hy)/[Hy, Hg] should be isomorphic. But the first one is a cyclic group

of order n and the second is a cyclic group of order k. It follows that the
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subgroups H,,, H, cannot be isomorphic, so that we obtain an infinite
family {H,, | n € N} of subgroups, which are not pairwise isomorphic.
O

Let G be an abelian group of finite 0-rank. Choose in G a maximal
Z-independent subset M and put A = < M >. Then the factor-
group G/A is periodic. Denote by Sp(G) the set of all primes p such
that the Sylow p-subgroup of G/A is infinite. If B is another free
abelian subgroup of G such that G/B is periodic, then both factors
A/(ANB) and B/(AN B) are finite. This shows that the set Sp(G) is
independent of a choice of the subgroup A, i.e. Sp(G) is an invariant
of the group G. The set Sp(G) is called the spectrum of the group G.
If G includes a subgroup H, then it is not hard to see that Sp(G) =
Sp(H) U Sp(G/H).

Now let G be a group having a finite series of normal subgroups,
whose factors are abelian group of finite 0-rank. We define Sp(G) as
the union of the spectrums of the factors of this series.

Lemma 3.6 Let G be a group, G = A < x > where A is a normal
abelian minimazx torsion-free subgroup, and x is an element of infinite
order. If <1 > = Cg(A) N < z >, then G has infinitely many non-
abelian subgroups which are pairwise non-isomorphic.

Proof. Let L be the locally nilpotent radical of G.

Then L = A(L N < z >). If we suppose that L # A, then < z > =
LN<x>=#<1> Hence L == < A,z > is not abelian, otherwise
< z > < Cg(A), and we obtain a contradiction. Now we can apply
Lemma 3.5.

Therefore we can suppose that A is the locally nilpotent radical of
the subgroup < A,y > for every element 1 # y € <z >.

Let B be a finitely generated subgroup of A such that A/B is peri-
odic. Without loss of generality we can assume that II(A/B) = Sp(A).
Let m be an infinite set of primes such that = N Sp(A) = 0. Let
p € 7, then B/BP? is the Sylow p-subgroup of A/B?. Then A/BP =
B/B? x C/B? where C/BP is the Sylow p’-subgroup of A/B?. We
have (A/BP)? = (C/BP)? = C/BP. On the other hand, (A/BP)P =
APBP/BP = AP/BP, so that A?/BP = C'/BP. It follows that A? N B =
BP. Furthermore

(A NB=()A"NB)=)B"

pem pe™T pem
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Since B is a free abelian subgroup and the set 7 is infinite, ﬂpeﬂ BP =
< 1 >. In other words ((,c, A7) N B = < 1 >, so that (., A?
is isomorphic to a subgroup of A/B. But A/B is periodic and A is
torsion-free. It follows that (., AP = <1>.

Let 0(g) = {p | p is a prime,p ¢ Sp(A),g € Cs(A/AP)}. Suppose
that, for every non-trivial element y €< x >, the set o(y) is infinite.
Then [a,y] € AP for each element a € A and every p € o(y). Then
la,y] € ﬂpeU(g) AP = < 1 >. This shows that for every element x the
set o(x) is finite.

Choose a prime p; € Sp(A), p1 ¢ o(x), then x ¢ Cg(A/APY). Since
the factor A/AP' is finite, then < z1 > = C,~(A/AP") has finite index
in < z >, in particular, it is not trivial. By the previous remark, A is
the locally nilpotent radical in G and in the subgroup G; = A < z1 >.
The factor A/AP' is not central in G, but it is central in G;. It follows
that G and GGy cannot be isomorphic.

Choose a prime py € Sp(A), p2 ¢ o(z)Uo(xy), then z, 2, ¢ Cq(A/AP?).
Since the factor A/AP? is finite, then < 23 > = C.,; = (A/AP?) has
finite index in < 7 >, in particular, it is not trivial. By the previ-
ous remark, A is the locally nilpotent radical in G, in G; and also in
Gy = A < x5 > . The factor A/AP! is not central in G, but it is central
in G; and in Gy. The factor A/AP? is not central in G and G, but
it is central in G,. It follows that GG, G; and G5 cannot be pairwise
isomorphic.

Using similar arguments, we can construct an infinite family of non-
abelian subgroups {G,, | n € N} which are pairwise non-isomorphic.

O

Corollary 3.7 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an abelian torsion-free
subgroup of G. Then the index | < x > : C,~(a)| is finite for every
element © € Ng(A) and for every element a € A.

Proof. By Corollary 3.4, the subgroup D = < a ><* is minimax. If
we suppose that < x > N Cg(D) = < 1 >, then Lemma 3.6 shows
that the subgroup < D, x > has infinitely many non-abelian subgroups,
which are pairwise non-isomorphic, and we obtain a contradiction. This
proves the result.

U

Corollary 2.9 says that if A is an infinite periodic subgroup of a group

in which family of all non-abelian subgroups has finite isomorphic type,
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then Ng(A) = Cg(A). If A is torsion-free, the hypothesis Ng(A) #
Cq(A) also gives important information on the structure of A, as next
Lemmas show.

Lemma 3.8 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an abelian torsion-free

subgroup of G. If Ng(A) # Cg(A), then A has finite 0-rank.

Proof. Choose an element x € Ng(A) \ Cg(A). Then there exists an
element v € A such that the subgroup V' = < v,z > is non-abelian.
By Corollary 3.4, the subgroup < a ><*> is minimax for each element
a € A. In particular, it has finite O-rank.

Suppose that r9(A) is infinite. Put Uy = < v >, Dy/U, =
Tor(A/Uy). Then Dy is < x >-invariant. Moreover rq(Dyg) = ro(Up) is
finite, therefore A/Dy is a torsion-free abelian group having infinite 0-
rank. Furthermore, V) = Dy < x >> V, so that 1 is non-abelian.
Since A/Dy is non-trivial and torsion-free, there exists an element
v € Asuchthat <vy >NDyg=<1>.PutU; =< vy ><*> Dy, then
ro(Dy) < 19(U1). Let D, /U; = Tor(A/Uy), then Dy is < x >-invariant
and r9(Dy) = 19(Uy) is finite. The subgroups Vy = Uy < = > and
Vi = U; < z > are non-abelian. We have

7’0(‘/1) = To(Dl) +1> To(Do) +1= 7“0(%).

It follows that the subgroups Vy and Vi cannot be isomorphic.
Using similar arguments we construct in A a family of subgroups
{D,, | n € N}, containing v and satisfying the following conditions:
e D, is < x >-invariant;
e D, is pure in A;
e ro(D,) is finite and ro(D,,) < r9(Dys1), n € N.
These conditions show that we have an infinite family of non-isomorphic
non-abelian subgroups D,, < z > of G, and we obtain a contradiction.

This contradiction proves that ro(A) is finite.
U

Lemma 3.9 Let G be a group in which the family of all non-abelian
subgroups has finite isomorphic type. Let A be an abelian torsion-free
subgroup of G. If Ng(A) # Cg(A), then A is minimaxz.

Proof. Since Ng(A) # Cg(A), we can choose an element z € Ng(A) \

Cs(A). By Lemma 3.8 A has finite O-rank. Let {ai,---,a,} be a

maximal Z-independent subset of A. By Corollary 3.4, the subgroup

Aj = < a; ><*> is minimax. By Lemma 3.6 2% € Cg(4,), for some

ki >0,1<j<n. Putk=k -k, then 2¥ € Cg(< ay, - ,a, >).
15



Since A is torsion-free and A is the pure envelope of < ay,--- ,a, >,
we have

Con(<ay, - ,a, >) = Cops(A). Using now Lemma 3.2 we obtain
that A is minimax.

O

Corollary 3.10 Let G be a group in which the family of all non-
abelian subgroups has finite isomorphic type. Let A be an abelian
torsion-free subgroup of G. If A is not minimaz, then Ng(A) = Cs(A).

4. The normalizers of abelian subgroups.

In this section we show that the conclusion of Theorem A holds in
some particular cases.

Lemma 4.1 Let G be a non-abelian group in which the family of
all non-abelian subgroups has finite isomorphic type. If the derived
subgroup [G, G| is locally finite, then G is reduced minimaz.

Proof. Since [G, G] is locally finite, Tor(G) = T contains all elements
having finite order. Furthermore, G/T is a torsion-free abelian group.
Suppose that T is infinite. Then Lemma 2.1 shows that 7" is abelian.
By Corollary 2.9, T < ¢((G), so that G is nilpotent. Since G is non-
abelian, it contains elements a, b such that [a,b] = ¢ # 1.

Put K =< a,b >, then K is non-abelian. Being finitely generated and
nilpotent, K is polycyclic, and we obtain a contradiction with Lemma
2.10. This contradiction shows that 7' is finite.

Since G is non-abelian, G includes a non-abelian finitely generated
subgroup F including T'. Suppose that G/T has infinite O-rank. Denote
by Fy/T the pure envelope of F'//T. Then ro(F') = ro(Fp), in particular,
ro(Fp) is finite. Then we can choose an element v; ¢ Fy. Denote by
Fy/T the pure envelope of < F/T,v,T >. The choice of v; yields
that r9(Fy) > ro(Fp). Using similar arguments, we can construct an
ascending series

<P < <F, <Fpp <

of subgroups including 7" such that ro(F,,) < ro(Fy,41) for each n € N.
But in this case the subgroups F), and F,, cannot be isomorphic for
n,m € N, n # m, and we obtain a contradiction. This contradiction
shows that G has finite O-rank.

Assume that G is not minimax. Choose in G a finitely generated

subgroup C' > F such that r79(C') = ro(G). Then the factor-group
16



G/C is periodic. Since G is not minimax and C' is finitely generated,
the set II(G/C) is infinite. Then we can choose an infinite family
{X, | n € N} of infinite subset of II(G/C') such that X,, C X, and
Xni1 \ X, is infinite for every n € N. Denote by C,,/C the X,-Sylow
subgroup of G/C, n € N. By such a choice, the indices |C} : C| and
|Chiq : Cpl are infinite, n € N. If we suppose now that the subgroups
Ch+1 and C,, are isomorphic, then C,1/Tor(C,1) and C,/Tor(C,,)
must be isomorphic. But Tor(C,.;) = Tor(C,) = T. Therefore,
Cry1/T and C, /T must be isomorphic. On the other hand, the index
|Chi1 /T = C,/T)| is infinite, which means that C,.,/T and C,/T are
not isomorphic (see 2|, Theorem 2) for each n € N. Then all subgroups
C,, are not pairwise isomorphic, n € N. This contradiction shows that
G must be minimax.

O

Now we can prove the result of Theorem A in the case G locally
nilpotent.

Corollary 4.2 Let G be a non-abelian group in which the family
of all non-abelian subgroups has finite isomorphic type. If G is locally
nilpotent and non-abelian, then G is minimaz, Tor(G) is finite, and
G/Tor(G) is abelian.

Proof. By Lemma 2.2, GG is nilpotent. Put 7" = Tor(G). Let F be
an arbitrary finitely generated subgroup of G. Then T} = Tor(F) is
finite. The subgroup F includes a normal torsion-free subgroup V' such
that F'/V is finite. By Lemma 3.5, V' is abelian. Then the nilpotent
torsion-free group F'/T; includes a normal abelian subgroup of finite
index. We note that the pure envelope of an abelian normal subgroup
in a locally nilpotent torsion-free group is abelian (see, for example,
[12], §66). It follows that F'/T} is abelian. In other words, [F, F] < T
for each finitely generated subgroup F. It follows that [G,G] < T.

Now we can apply Lemma 4.1.
O

In order to prove Theorem A in the general case, we shall be inter-
ested in the locally nilpotent radical of the group G. Two preliminary
Lemmas must first be proved.

Lemma 4.3 Let G be a non-abelian group in which the family of all

non-abelian subgroups has finite isomorphic type. Suppose that A is an
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abelian subgroup of G. Then for every element x € Ng(A) and every
element d € A the subgroup < d ><*~ is reduced minimaz.

Proof. Put D = < d ><*>. If x € Cg(d), then D = < d > and all is
proved. Therefore we will suppose that z ¢ Cg(d). If 2™ € Cg(d) for
some positive integer m, then D is finitely generated, and again all is
proved. Thus we will suppose that x has infinite order and

<zr>NCgD)=<1>.

If d has finite order, then D is finite, by Corollary 2.9. Suppose now
that d has infinite order. Put T' = Tor(D). The subgroup D includes a
free abelian subgroup C' such that D/C' is periodic and the set II(D/C)
is finite (see, for example, [10], Corollary 1.8). It follows that II(T) is
finite. Suppose that T is infinite. Using again Corollary 2.9, we obtain
that [T,z] = < 1 >. Since D is abelian, the mapping a — [a, z],
a € D, is an endomorphism of D. Assume that < 1 > # TN [D, z| and
let 1 #u; € TN [D,z]. Then there exists an element d; € D such that
uy = [d1,z]. By such a choice the subgroup < dj,z > is non-abelian,
so that the subgroup < T, dy,x > also is non-abelian and its derived
subgroup is periodic. Then Lemma 4.1 implies that T is finite. This
contradiction shows that < 1 > = TN [D,z]|. If we assume that the
subgroup < [D, x|, x > is abelian, then x acts trivially on the factors of
the series < 1 > < [D,z] < D. In other words the subgroup < D,z >
is nilpotent. Corollary 4.2 implies that in this case < D, x > must be
abelian. But then x € Cg(D), and we come to a contradiction. This
contradiction shows that < [D,x],x > = [D,z] < x > is non-abelian.
The equality < 1 > = T'N [D,x] shows that the periodic subgroups
in the group [D, x] < x > are finite and their orders are bounded. An
application of Lemma 2.10 gives a contradiction. This contradiction
shows that T is finite.

Then D = T x K for some torsion-free subgroup K (see, for example,
(7], Theorem 27.5). If t = |T'| then D' = K" is torsion-free. Since D
is abelian, the mapping a — a', a € D, is a Z < x >-endomorphism.
It follows that the Z < x >-submodule D! is generated by the element
d'. Corollary 3.4 shows that D! is minimax. Since C' is abelian and
torsion-free, K ~ K' = D! Thus K is minimax, and hence D is
reduced minimax. O

Lemma 4.4 Let G be a non-abelian group in which the family of all
non-abelian subgroups has finite isomorphic type. Suppose that A is an

abelian subgroup of G. If Ng(A) # Cg(A), then A is reduced minimaz.
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Proof. Since Ng(A) # Cg(A), we can choose an element © € Ng(A) \
Cs(A). Put T = Tor(A), and suppose first that T is infinite. Then
Corollary 2.9 shows that [T, 2] = < 1 >. Since z ¢ Cg(A), we can
find an element d € A such that [d, z] # 1. By Lemma 4.3 the normal
closure < d ><*~ is reduced minimax, so that the subgroup < d,x >
is non-abelian, all periodic subgroups of < d,x > are finite and their
orders are bounded. Then Lemma 2.10 shows that < d,z > must be
abelian. This contradiction proves that T is finite. Then A =T x C
for some torsion-free subgroup C' (see, for example, [7], Theorem 27.5).
If t = |T], then A* = C* is torsion-free. Obviously the subgroup A?
is < x >-invariant. If x ¢ Cg(A"), then Lemma 3.9 shows that A’ is
minimax. Since C' is torsion-free, the mapping ¢ — ¢!, ¢ € C is a
monomorphism, so that A" = C* ~ C' and C' is minimax.

Suppose now that x € Cg(A"). The mapping £ : a — [a, 2], a € A,
is an endomorphism of A. We have

[A, 2] = Im(§) ~ A/Ker(§) = A/Ca(x).

The inclusion A" < Cu(x) shows that A/C4(z) is periodic, so that
[A,z] < T. It follows that the factor-group < A,z > /T is abelian.
By the choice of z, the subgroup < A,z > is non-abelian and we can

apply Lemma 4.1. By this Lemma, A is reduced minimax.
O

Corollary 4.5 Let G be a non-abelian group, in which the family
of all non-abelian subgroups has finite isomorphic type. Suppose that
L is a locally nilpotent subgroup of G. If Ng(L) # Cg(L), then L is
reduced minimaz. Moreover, L/Tor(L) is abelian.

Proof. Suppose that L is non-abelian. Then L is reduced minimax by
Corollary 4.2. Put T'= Tor(L). There exists a positive integer ¢ such
that L' is torsion-free. Lemma 3.5 shows that L' is abelian. Then the
nilpotent torsion-free group L/T includes the normal abelian subgroup
L'T/T such that L/L'T is finite. It follows that L/T is abelian (see,
for example, [12], §66). If L is abelian, then we can apply Lemma 4.4.

[

5. The structure of locally generalized radical groups having
finitely many non-isomorphic non-abelian subgroups.

In this section we will prove Theorem A.

We start with an easy consequence of Corollary 4.5.
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Lemma 5.1 Let G be a radical non-abelian group whose family of
all non-abelian subgroups has finite isomorphic type. Then the locally
nilpotent radical L of G is reduced minimaz.

Proof. We have Cg(L) < L (see, for example, [21], Lemma 4). Since L
is normal in G, G = N¢(L) # Cg(L) and we can apply Corollary 4.5.
0

Now we study the structure of GG in an interesting particular case.

Lemma 5.2 Let G be a generalized radical non-abelian group in
which the family of all non-abelian subgroups has finite isomorphic type.
If the center of G includes the locally nilpotent radical L of G, then G
1s reduced minimax and abelian-by-finite.

Proof. If we assume that G/L includes a normal non-trivial locally
nilpotent subgroup L;/L, then L is locally nilpotent, and we obtain
a contradiction with the choice of L. This contradiction shows that
G /L does not include a non-trivial normal locally nilpotent subgroups.
Since G is a generalized radical group, then G/L must have a non-
trivial locally finite radical F'/L. For every finite subgroup K/L of
F/L the subgroup [K, K| is finite (see [18]). It follows that [F, F] is
locally finite. We note that the subgroup F' cannot be abelian. Then
Lemma 4.1 shows that F'is reduced minimax. But in this case, L is also
reduced minimax. Furthermore, F'/L is finite. If we suppose now that
F/L # G/ L, then the choice of F' shows that G/F includes a non-trivial
normal locally nilpotent subgroup V/F. Moreover, V/F is torsion-free.
Since F'/L is finite, Cy,r(F/L) has finite index in V/L. In particular,
Cy,(F/L) is non-trivial. Since G//L does not include non-trivial nor-
mal locally nilpotent subgroups, we have F'/LN Cg/(F/L) = <1 >.
But in this case Cyr(F/L) is a non-trivial normal locally nilpotent
subgroup, and we obtain a contradiction. This contradiction proves
that G/L must be finite.

O

We need now a result on linear groups, which we present in the
following general form. If X is a class of groups, then, as usual, SX
will denote the class of all subgroups of X-groups, DX will denote the
class of all direct products of X-groups and F will denote the class of

finite groups.
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Lemma 5.3 Let F be a field, G a group and A be a simple FG-
module such that dimp(A) is finite. Let X be a class of groups, satis-
fying the following conditions: X = SX, X = DX. Let H be a normal
subgroup of G having finite index. If H/Cyx(B) € X for each finite
dimensional simple F'H-module B, then G/Cg(A) € X F.

Proof. Since dimp(A) is finite, then A includes a simple F'H-submodule
W. Then there are elements ¢q,--- ,¢g, € G suchthat A=W & Wg, &
- ®d Wy, (see, for example, [10], Lemma 3.5). Since H is normal in G,
W g is a simple F'H-module for every element g € G. By our conditions
H/Cy(Wyg;) € X, 1< j <n. The obvious equality

CH(A) = CH(W) N CH<ng) MN---N CH(Wgn)
together with Remak’s theorem imply the embedding

which implies that H/Cpy(A) € X. Since G/H is finite, the relation
HCG(A)/Cg(A) € X implies that G/Cg(A) e XF.
U

Let A be an abelian torsion-free group, G a subgroup of Aut(A).
We say that A is G-rationally irreducible or that G acts on A
rationally irreducibly, if for every non-trivial G- invariant subgroup
B of A the factor-group A/B is periodic.

Lemma 5.4 Let A be an abelian torsion-free minimax group and G
be a locally generalized radical subgroup of Aut(A). If A is G-rationally
wrreducible, then G is a finitely generated abelian-by-finite group.

Proof. Let V' be the divisible envelope of A. We note that r9(A) =
ro(V'), thus we can consider V as a finite dimensional space over Q.
We can extend the action of G on A to the action of G on V. In
other words, we can consider G as a subgroup of GL,(Q), where
n = 1r9(A) = dimg(V). The fact that G acts on A rationally irre-
ducibly implies that G is an irreducible subgroup of GL,(Q). Being
locally generalized radical, G does not includes non-abelian free sub-
groups, thus G includes a normal soluble subgroup D of finite index (see
26]). Let B be an arbitrary simple QD-module such that dimg(B) is
finite. Using Maltsev’s theorem (see [16], Theorem 1), we obtain that
D/Cp(B) is abelian-by-finite. Then Lemma 5.3 implies that G/Cg (V)
is abelian-by-finite. By our conditions, Cg(V) = Cg(A) = < 1 >.

Let K be a normal abelian subgroup of G, having finite index.

Since ro(A) is finite, A includes a non-trivial K-invariant subgroup
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E, which is K-rationally irreducible. Let {xy,---,z,,} be a transver-
sal to K in GG. Since K is normal in G, E% is K-rationally irre-
ducible, 1 < j < m. Clearly the subgroup E*!... E*" is G-invariant.
Since it is non-trivial, ro(E™ ... E"™) = ro(A). It is not hard to
check that Cg(E™ ... E*™) = Cg(A4) = < 1 >. It follows that
<1>=Cg(E™...E") = Cg(E"™)N...NCg(E*). Since every
subgroup E*i is K-rationally irreducible, then K/C(E%) is finitely
generated (see [1], Folderung 3.2), 1 < j < m. Using now Remak’s
theorem, we obtain the embedding

K < K/Cg(E™) x - x K/Cg(E™),

which implies that K is finitely generated. This implies that G is
finitely generated and abelian-by-finite.
O

We use Lemma 5.4 to investigate how the locally nilpotent radical

of GG is embedded in G.

Proposition 5.5 Let G be a generalized radical non-abelian group in
which the family of all non-abelian subgroups has finite isomorphic type.
If L is the locally nilpotent radical of G, then L is reduced minimaz and
G/L 1is finitely generated and abelian-by-finite.

Proof. Let L be the locally nilpotent radical of G. If L < ((G), then
by Lemma 5.2 G is abelian-by-finite and reduced minimax. Suppose
now that Cg(L) # G. Since L is normal in G, Cg(L) # Ng(L) = G.
Using Corollary 4.5 we obtain that L is reduced and minimax. Then
T = Tor(L) is finite and L/T is an abelian torsion-free minimax group.
In particular, L is nilpotent. Then L has a finite series of G-invariant
subgroups
T=Ay <A< <A, =L

in which the factor A;/A,_; is torsion-free, central in L and G-rationally
irreducible, 1 < j < n. Let Cy = Cg(Ag), C; = Cq(A,/A;-1),
1 < j < n. Then Gy = G/Cy is finite, G; = G/C} is abelian-by-
finite and finitely generated by Lemma 5.4, 1 < j < n.

Let C = nO<j<n Cj. The embedding G/O — Drogjgn_lG/Oj im-
plies that G/ C includes a finitely generated torsion-free abelian sub-
group K/C such that G/K is finite. By the choice, L < C. Suppose
that C' # L. Since G is a generalized radical group, C'/L includes a
non-trivial normal subgroup D/L, which either is locally nilpotent or
locally finite. If we suppose that D/L is locally nilpotent, then in-

clusion L < ' implies that D is locally nilpotent. But in this case
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D < L. This contradiction shows that D/L is locally finite. Without
loss of generality we can suppose that D/L is a maximal G-invariant
locally finite subgroup of C/L. Then D includes a G-invariant locally
finite subgroup F' such that D/F is nilpotent (it follows, for example,
from Theorem 3.3 of the paper [6]). If F'is infinite, then Lemma 2.1
shows that F' is abelian. But in this case D is soluble, so that D/L
includes a G-invariant non-trivial abelian subgroup, and we again ob-
tain a contradiction. This contradiction shows that F'is finite. Then
Cp(F) has finite index in D. The factor-group Cp(F)/(F N Cp(F))
is nilpotent, so the inclusion F N Cp(F) < ((Cp(F)) implies that
Cp(F) is nilpotent. It follows that Cp(F) < L, which implies that
D/L is finite. If we suppose now that C'/L # D/L, then the choice of
D shows that C'/D includes a non-trivial G-invariant locally nilpotent
subgroup V/D. Moreover, V/D is torsion-free. Since D/L is finite,
Cy/(D/L) has finite index in V/L. In particular, it is non-trivial.
Since C'/L does not include non-trivial G-invariant locally nilpotent
subgroups, D/L N Cy,(D/L) = <1 >. But in this case Cy,(D/L)
is a non-trivial G-invariant locally nilpotent subgroup, and we obtain
a contradiction. This contradiction proves that C'/L must be finite.
Hence G/ L is finite-by-abelian-by-finite. Being finitely generated, it is
abelian-by-finite.

O

Next Lemma shows that a locally generalized radical group G satis-
fying our hypothesis is in fact generalized radical.

Lemma 5.6 Let G be a non-abelian locally generalized radical group
in which the family of all non-abelian subgroups has finite isomorphic
type. Then G is a generalized radical group.

Proof. If G is periodic, then G is locally finite. Using Lemma 2.1 we
obtain that G is finite.

Therefore we can suppose that G is not periodic. Clearly ((G) does
not contain all the elements of infinite order. Hence there exist elements
a,b such that [a,b] # 1 and a has infinite order. Let Ky = < a,b >. By
Proposition 5.5, every non-abelian finitely generated subgroup of G has
finite O-rank, in particular, ro(Ky) is finite. Suppose that the 0-ranks
of all finitely generated non-abelian subgroups are not bounded. Then
there is a non-abelian finitely generated subgroup H such that ro(H) >
To(Ko). Put K; = < K(],H >, then Ky < K and To(K()) < TO(KI)'
Using the same arguments, we can construct an ascending chain

Ko< Ky <+ <Ky < Kpyq <+
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such that ro(K,_1) < ro(K,) for all n € N. But in this case the sub-
groups K,_; and K,, cannot be isomorphic, and we obtain an infinite
family {K,, | n € N} of subgroups which are pairwise non-isomorphic.
This contradiction shows that O-ranks of all finitely generated non-
abelian subgroups are bounded by some positive integer r. If B is a
finitely generated abelian subgroup of GG, then the subgroup < Ky, B >
is finitely generated and non-abelian. Then ro(< Ko, B >) < r, thus
ro(B) < r. Hence the O-ranks of all finitely generated subgroups are
bounded. By Proposition 2 of the paper [5], G is a generalized radical
group.

O

We are now in the position to prove Theorem A.

Proof. of Theorem A

By Lemma 5.6, GG is a generalized radical group. Denote by L its
locally nilpotent radical. If L < ((G), then the result follows from
Lemma 5.2. Suppose now that Cg(L) # G. Since L is normal in G,
Cq(L) # Ng(L) = G. Using Corollary 4.5 we obtain that Tor(L) = T
is finite and L /T is a torsion-free abelian minimax group. There exists
a positive integer ¢ such that K = L' is torsion-free and L/K is finite.
By Proposition 5.5 G/L is abelian-by-finite and finitely generated. It
follows that G/ K is abelian-by-finite and finitely generated. Let V/K
be a normal abelian torsion-free subgroup of G/K having finite index.
Suppose that V/Cy (K) is infinite. Then V contains an element x
of infinite order such that < x > N Cy(K) = < 1 >. Choose a
maximal Z-independent subset M of K. Since ro(K) is finite, M is
also finite. If d € M and C_,~(< d ><*7) = < 1 >, then by Lemma
3.6 the subgroup < d,x > = < d ><>< z > has infinitely many non-
abelian subgroups which are pairwise non-isomorphic, and we obtain a
contradiction. This contradiction shows that C,~(< d ><*7) is non-
trivial for each element d € M. Since M is finite, C_,~ (< M ><77) is
non-trivial. The choice of M and the fact that K is torsion-free imply
that C.,~(K) = Co,=(< M ><%), in particular C.,~(K) is non-
trivial, and we obtain a contradiction. This contradiction shows that
V/Cy(K) is finite. The subgroup Cy (K) is nilpotent and torsion-free.
Using now Lemma 3.5 we obtain that Cy (K) is abelian. Thus G is
abelian-by-finite.

O
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6. The structure of locally generalized coradical groups hav-
ing finitely many non-isomorphic non-abelian subgroups.

In this section we study generalized coradical groups with a finite
number of isomorphism classes of non-abelian subgroups

We recall that a finite group G is called semisimple if G does not
include non-trivial normal abelian subgroups.

A normal subgroup H of a finite group G is called completely
reducible if H is a direct product of simple groups.

Every finite semisimple group G has a non-trivial maximal normal
completely reducible subgroup. This subgroup is called the com-
pletely reducible radical of G (see, for example, [12], §61).

Let K be a finitely generated group. We denote by d(K’) the minimal
number of generators of K.

We start with the following easy remark.

Proposition 6.1 Let G be a finite group and suppose that every
non-abelian subgroup of G can be generated by d elements. Then G has
normal subgroups R < S <V < G such that R is the soluble radical
of G, S/R is a direct product of at most d finite simple non-abelian
groups, V/S is soluble and |G/V| < dL.

Proof. Throughout all proof we will consider the factor-group G/R,
therefore without loss of generality we may assume that R = < 1 >.
Let S be the completely reducible radical of G, then S = 51 x---x S,,
where S; is a non-abelian simple group, 1 < j < m. Since S is non-
abelian, d(S) < d, in particular, m < d. For every element g of the
group G define the mapping p, : S — S by the following rule p,(z) =
29, for every x € S. By a corollary to Krull-Remak-Schmidt theorem
(see, for example [22], 3.3.10) we have

{5’17... ’Sm}:{Sfy... 75’%}7
for every element g of the group . In other words, the mapping
Py {S1, -+, Sm} — {S1,-++, S}, defined by the rule py(S;) = 57,
1 < j <'m, is a permutation of the set {S,---,.S,,}. It is not hard to

prove that the mapping v : g — pg, g € G, is a homomorphism, so
that Im(v) is a subgroup of S,,, and

Ker(v) ={g € G | 8] = S;,for every j, 1 < j<m} = ﬂ Na(S)).
1<j<m
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Put K = Ker(v), K; = S;Ck(S;) = SCk(S;). The section K/K; can
be embedded in Aut(S;)/Inn(S;). Recall that the group of the outer
automorphisms of every finite simple group is soluble (see, for example,
22]), hence K/K; is soluble for each j. It follows that K/Ck(S;) in-
cludes the normal subgroup K;/Ck(S;) =~ S; such that K/K; is soluble
for each 7, 1 < j < m. Since GG does not include non-identity normal
soluble subgroups, (<<, Cx(S;) = Cx(S) = < 1 >. By Remak’s
theorem we obtain an embedding f : K < Dri<j<,, K/C(S;). Since
f(8) = Dricjem(5Ck(55))/Ck(S;) = Dricjem(S;Ck (5;))/Ck (S;) =
= DrigjanK;/Ck(S)),
K/S is isomorphic to a subgroup of Dr;<;<,,/K/K;, which is soluble.
Finally, G/K is isomorphic to a subgroup of S, so that |G/K| < m! <

d!
O

Corollary 6.2 Let G be a finite group and suppose that every non-
abelian subgroup of G can be generated by d elements. Then the number
of the non-abelian composition factors of G is at most d + d!

The following two results are known.

Lemma 6.3 Let H be a finite group, G = CrycpGy, where Gy ~ H
for each N € A. Then G is a locally finite group.

Corollary 6.4 Let G = CrycpaG)y where Gy is a finite group for each
A € A. If there is a positive integer t such that |G| < t, then G is a
locally finite group.

We say that a group G has finite non-abelian rank d and we write
I'nonb(G) = d, if d(K) < d for every non-abelian finitely generated
subgroup K of G.

Suppose that the family of non-abelian subgroups of a group G has
finite isomorphic type. If H and K are non-abelian finitely generated
subgroups of GG, then from H ~ K it follows d(H) = d(K). Therefore
there exists an integer d such that every finitely generated non-abelian
subgroup of GG can be generated by d elements. Thus the group G has
finite non-abelian rank d. We shall prove some results on this class of
groups.

Corollary 6.5 Let G be a group which is not abelian-by-finite, and

suppose that G has non-abelian rank at most d. Then between the
26



proper normal subgroups of G of finite index there is a characteristic
subgroup L whose finite factor-groups are soluble.

Proof. If G does not include a proper normal subgroup of finite index,
all is proved. Therefore suppose that the family

R ={H | H is a proper normal subgroup of finite index}

is not empty. If all finite factor-groups of GG are soluble, then all is
proved. Therefore we can assume that G has a normal subgroup K
such that G/K is finite and non-soluble. For an arbitrary finite group
F we denote by sc(F') the number of all non-abelian factors in some
composition series of F. If H € R and X/H is a non-abelian subgroup
of G/H, then we can choose in G a finitely generated non-abelian sub-
group Y such that X = HY. Being non-abelian and finitely generated,
Y is d-generated. It follows that d(X/H) < d. Corollary 6.2 shows that
in this case sc(G/H) < d+d!. This is true for every H € R. Therefore
there is a member M of R such that sc(G/M) is the largest one. Put

B={H <G| Hisnormal in G and |G/H| < |G/M|}.

Let L = (e H. Then L is a characteristic subgroup of G and G /L is
locally finite by Corollary 6.4. Since K € B, then /L is non-abelian.
As above we can show that d(X/L) < d for every non-abelian finite
subgroup X/L of G/L. 1t follows that G/L has finite non-abelian
rank. Then G/L has finite special rank (see [4], Theorem 3). Clearly
G/L is bounded. It follows that G/L must be finite. Since M € B,
sc(G/L) = sc(G/M). If D is a normal subgroup of L such that L/D
is finite, then put U = Coreg(D). It is not hard to show that G/U
is finite. By the choice of L, sc(G/L) = sc(G/U). It follows that the
factors of the composition series of L/U are abelian, that is L/U is
soluble. In particular, L/D is soluble.

U

We recall that if G is a soluble subgroup of GL, (F'), where F' is a
field, then there exists a value ((n), depending only of n, such that
G is soluble of solubility length at most ((n) (see, for example, [27],
Theorem 3.7).

Lemma 6.6 Let G be a subgroup of GL,(F), where F is a field.
Suppose that G has finite non-abelian rank. If every finite factor-group
of G is soluble, then G is soluble of solubility length at most ((n).

Proof. Clearly a free group of free rank 2 has no finite non-abelian

rank. It follows that GG includes a normal soluble subgroup K such
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that G/K is locally finite (see, for example, [27], Theorem 10.17). If
G/K is abelian, then G is soluble. If G/K is non-abelian, then G/K
has finite special rank (see [4], Theorem 3). It follows that G/K is
(locally soluble)-by-finite (see [24]). Since every finite factor-group of
G is soluble, G/K is locally soluble. Then G is locally soluble. Being
linear, G is soluble of solubility length at most ((n).

O

Let G be a group. Recall that the derived series of G is a series
G=0(G) > 0(G) > >0a(G) > 0as1(G) > --- > 6,(G)

of characteristic subgroups, defined by the rule 6,(G) = [G, G}, 6041(G) =
[0a(G), 64(G)] for all ordinals «, d3(G) = (,- 59 (G) if B is a limit or-
dinal, and d,(G) = [6,(G), 0,(G)].

a<f

Corollary 6.7 Let G be a group having finite non-abelian rank.
Suppose that G is embedded in CrycpGy, where Gy is a subgroup of
GL,(F)) and where F\ is a field for all X € A. If every finite factor-
group of G is soluble, then G is soluble of solubility length at most

¢(n).

Proof. Without loss of generality we may assume that G, = pr,(G)
for each A € A. Put K = CI‘)\EAG)\, KH = CI‘)\GA’)\##G/\, LH = GﬂKﬂ,
1€ A. Then

G/L,=G/(GNK,) ~GK,/K, = K/K,.

It follows that G/L,, is isomorphic to a subgroup of GL, (F),). If G/L,,
is abelian, then [G, G] < L,,. If G/L,, is non-abelian, then using Lemma
6.6 we obtain that 6., (G) < L,. Since it is true for each u € A, we
get

5C(n)(G)§ﬂLu§ﬂKH:<1>.

HEA HEA

0

Lemma 6.8 Let A be a finitely generated module over a commutative
ring R, Ay = ax, R+ --+ay, Ry for some elements ay,,--- ,ay, € Ay,
A € A Let Gy be the automorphism group of Ax, N € A. Then
G = Cryea Gy, is isomorphic to a subgroup of the automorphism group

of the n-generator R-module A = Cryep Ay, where R = Cryep Ry
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Proof. Put A = Cryep Ay, ajV = (ayj)aer, 1 < j < n. In a standard
way A is an R-module. For each element g = (g\)xea € G, a¥ =

(ax)aen € A we define the action
(a¥)® = (a)ren-

Then G becomes a group of R-operators for the module A. If aV =
(ax)aea is an arbitrary element of A, then ay = Zl<j<n ayjay; for some
ay; € Ry, 1 < j <n. We have now

a¥ = (ax)ren = ( Z QAN ) Aeh =

1<j<n
= Z (anjaxj)ren = Z (anj)aea(@nj)rea-
1<j<n 1<j<n
This shows that A=aYR+ ---+aYR. If z € Cg(A), then cVx = ¢V
for an arbitrary element cV of A. In particular, ajvxV = ajv, for all 7,

1 <j<n.Put x=(x))rer. We have

ayx = (axjma)aen = &) = (arj)ren.

In other words, ay;z\ = ay;. Since that holds for every 7, 1 < j < n,
we obtain that z, € Cg,(A)) =< 1 >. Since this is valid for each
A€ A, Cg(A) = <1 >. Therefore G is isomorphic to a subgroup of
the automorphism group of A.

O

Proposition 6.9 Let G be a group having finite non-abelian rank d.
Suppose that G is residually (finite and soluble). Then G is abelian-by-
(locally nilpotent )-by-soluble.

Proof. 1f GG is abelian-by-finite, then all is proved. Thus we can suppose
that G is not abelian-by-finite. Let {H) | A € A} be a family of
normal subgroups of G such that (,., Hy = < 1 > and G/H, is finite
and soluble for every A € A. Then Remak’s theorem shows that the
mapping

kG — GV = CryeaG/H,,

defined by the rule x(g) = (gHx)xea is a (canonical) embedding of
G in K. In every Fitt(G/H)) choose a maximal abelian G-invariant
subgroup Ax/Hx, A € A. By this choice, Cq/pu, (Ax/Hy) = A\/H),
A € A. Since G is not abelian-by-finite, the subgroup A, is non-abelian
for every A € A. It follows that d(A)) < d for all A € A. Then

d(Ax/H)) < d for all A € A. We can consider A,/H) as a d-generated
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module over Z. Then AV = CrycpAy/Hy is a d-generated module over
the commutative ring R = ZV. By Lemma 6.8 the group

CI‘)\GA<G/H)\)/(A)\/H)\) ~ (CI‘AGAG/H)\)/(CI')\GAA)\/H/\) = GV/AV

is isomorphic to a subgroup of Autg(AY).
In particular, K = x(G)AY /AV is isomorphic to a subgroup of Autg(AY).
Then K includes a normal locally nilpotent subgroup L such that K/L
is isomorphic to a subgroup Cr,cp/V,,, where V, is isomorphic to a
subgroup of GL,(F),), F, is a field, p € M and n < d* + 1 (see,
for example, [27], Theorem 13.5). Since K is an epimorphic image of
G, K has finite non-abelian rank at most d (of course, if K is non-
abelian). Hence if K/L is non-abelian, it has finite non-abelian rank
at most d. By Corollary 6.7, K/L is soluble. Furthermore, we have
k(G)AV/AY ~ k(G)/(k(G) N AY). Since AV is abelian, AV N k(G) is
likewise abelian, and the proof is complete.

O

Proof. of Theorem C

By Corollary 6.5, GG includes a characteristic subgroup K of finite
index such that every finite factor-group of K is soluble. By Proposition
6.9, K includes normal subgroups A, L such that A < L, A is abelian,
L/A is locally nilpotent and K /L is soluble. Therefore without loss of
generality we can assume that L is G-invariant. The normal closure A
is a product of finitely many normal in K abelian subgroups, so that
A% is nilpotent (see, for example, [22], 5.2.8). Then A® has a finite
series

<1>=Dy< Dy < < Dy=A°

of G-invariant subgroups, whose factors are abelian. If L/AY is non-
abelian, then it has finite special rank (see [4], Theorem 2). Then
every Sylow p-subgroup of Tor(L/A%) = T/AY is Chernikov (see [17],
Theorem 1). Hence T has a series

<1>=Dy <D < <D, <Dy << D=T

of G-invariant subgroups, whose factors are abelian and o < 2w. The
factor L/T is nilpotent (see [17], Theorem 2), so we obtain a series

<1>:D0§D1S"'SDkSDkJrlS'--gDagDaJrlS"'SDa+t:L

of G-invariant subgroups, whose factors are abelian. Finally K/L is
soluble, therefore K is hyperabelian.

O
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Corollary 6.10 Let G be a non-abelian group in which the family of
all non-abelian subgroups has finite isomorphic type. If G is residually
finite, then G is abelian-by-finite and reduced minimazx.

Proof. If K, F' are finitely generated subgroups of GG, then the isomor-
phism K ~ F implies that d(K) = d(F'). It follows that there exists
a positive integer d such that every non-abelian finitely generated sub-
group of G is d-generated. Theorem C implies that GG is hyperabelian-
by-finite. In particular, GG is a generalized radical group, and we can

apply Theorem A.
O

Corollary 6.11 Let G be a non-abelian group in which the family of
all non-abelian subgroups has finite isomorphic type. If G is generalized
coradical, then G is abelian-by-finite and reduced minimaz.

Proof. Let
G=K¢y>K,>--->K,>K,;, > >Ks=<1>

be a series of normal subgroups of G whose factors K, /K, are locally
nilpotent or locally finite, a < d. Since G is non-abelian, there exists
an ordinal p such that G/K, is non-abelian. Therefore without loss of
generality we may suppose that G/ K is non-abelian. For each positive
integer m the factor-group G/K,, is generalized radical. By Theorem
A, the factor-group G/K,, is residually finite. It follows that G/K,
is residually finite. By Corollary 6.10, G/K,, is abelian-by-finite and
reduced minimax. Let o > w and suppose that we have already proved
that the factor-groups G/ Kz are abelian-by-finite and reduced minimax
for all ordinals f < «. If a is a not limit ordinal, then o — 1 exists,
so that G/K,_ is abelian-by-finite and reduced minimax. The factor
K,_1/K, either is locally nilpotent or locally finite. It follows that
the factor-group G/K, is generalized radical. By Theorem A, G/K,
is abelian-by-finite and reduced minimax. If « is a limit ordinal, then
G/ K3 is residually finite for all ordinals 8 < «a. It follows that G/ K,
is also residually finite. Corollary 6.10, G/K, is abelian-by-finite and
reduced minimax.

For a = § we obtain the result. O

Proof. of Theorem B

Let K be an arbitrary finitely generated subgroup of G. By Corollary
6.11 K is abelian-by-finite and reduced minimax. In particular, K is

generalized radical, and we can apply Theorem A.
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