Published on Fuzzy Sets and Systems, DOI: http://dx.doi.org/10.1016/j.fss.2018.11.018

OBSERVABLES ON PERFECT MV-ALGEBRAS

ANTONIO DI NOLA!, ANATOLIJ DVURECENSKIJ2:3, GIACOMO LENZI!

! Department of Mathematics, University of Salerno

Via Giovanni Paolo II, 132,
1-84084 Fisciano (SA), Italy

2 Mathematical Institute, Slovak Academy of Sciences

Stefénikova 49, SK-814 73 Bratislava, Slovakia
3 Depart. Algebra Geom., Palacky Univer.
17. listopadu 12, CZ-771 46 Olomouc, Czech Republic
E-mail: adinola@unisa.it, dvurecen®@mat.savba.sk

ABSTRACT. An observable on an MV-algebra is any o-homomorphism from the Borel o-algebra B(R)
into the MV-algebra which maps a sequence of disjoint Borel sets onto summable elements of the MV-
algebra. We establish that there is a one-to-one correspondence between observables on Rad-Dedekind
o-complete perfect MV-algebras with principal radicals and their spectral resolutions. It means that
we show that our partial information on an observable known only on all intervals of the form (—oo,t)
is sufficient to determine the whole information about the observable. In addition, this correspondence
allows us to define the Olson order which is a partial order on the set O(M) of all observables on an
MV-algebra M as well as, we can define a sum of observables, so that O(M) becomes a lattice-ordered
semigroup.

1. INTRODUCTION

MV-algebras were introduced by C.C. Chang exactly 60 years ago in [Cha]. They are the algebraic
counterpart of the infinite valued Lukasiewicz sentential calculus which generalize Boolean algebras de-
scribing the classical propositional logic. Every MV-algebra M contains the Boolean skeleton which is the
largest Boolean subalgebra of M. In addition, in contrast to Boolean algebras, MV-algebras may contain
infinitesimal non-zero elements. The intersection of all maximal elements of M is a radical, Rad(M),
which consists of all infinitesimal elements of M. On another pole of the realm of MV-algebras, we have
perfect MV-algebras which are characterized by the property that every element of M belongs either to
Rad(M) or to Rad(M)’. Such algebras have no analogues among Boolean algebras except the two-valued
ones. Perfect MV-algebras were characterized in [DiLe] showing that every perfect MV-algebra is ex-
actly isomorphic to MV-algebras of the form 1"(27 G, (1,0)), where Z is the group of integers, G any
Abelian f-group, X denotes the lexicographic product, and T" is the Mundici’s functor, see [Mun], and
the category of perfect MV-algebras is categorically equivalent to the category of Abelian ¢-groups.

Perfect MV-algebras have an exceptional property because the Lindenbaum algebra of the first order
Lukasiewicz logic is not semisimple and the valid but unprovable formulas are precisely the formulas
whose negations determine the radical of the Lindenbaum algebra, i.e. the co-infinitesimal elements of
such an algebra, see [DiGr].
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Let M be an MV-algebra. The MV-subalgebra of M generated by Rad(M) is the set Rad(M) U
Rad(M)" which is a perfect skeleton of M. Then the Boolean skeleton and perfect skeleton are important
characteristics of MV-algebras which determines the variety of MV-algebras generated by perfect MV-
algebras, or equivalently, generated by the Chang MV-algebra F(Z?Z, (1,0)), see [DFG].

We note that an observable on a classical measurable space (€0, S) is any real-valued mapping f on 2
that is measurable, i.e. f~'(E) € S for each Borel set E € B(R). Then the mapping z : B(R) — S,
defined by z¢(E) = f~1(E), E € B(R), is a kind of a homomorphism. According to this analogy, an
observable on an MV-algebra M is also a kind of a appropriate homomorphism = : B(R) — M. For
example, £(F) can be interpreted as an event that measurement takes value in the Borel set F.

This approach is generally used for examples in quantum mechanical measurement process where
observables are assumed to be projector valued measures and positive operator valued measures, respec-
tively, see [Var, DvPu|. The first ones describe yes-no measurement and the second ones “multi-valued”
measurement. In these models observables are characterized by self-adjoint operators on a Hilbert space,
and they are characterized by spectral resolutions. Observable on o-complete MV-algebras were studied
in [JPV].

A spectral resolution corresponding to an observable z is a system {x;: t € R} of elements of M, where
x¢ = 2((—00,t)), t € R. There is an important question whether does a system {x;: t € R} of elements
of M that is monotone, left-continuous, A,z = 0, and \/, z; = 1 implies existence of an observable x
such that z; = z((—o0,t)), t € R?

In the positive answer it means that the partial information on an observable known only on all intervals
of the form (—o0, ) is sufficient to derive the whole information about the observable with values in some
algebraic structure. A positive answer in the case of quantum logics was done in [Cat]. This question was
studied in more details in [DvKu| for quantum structures like o-MV-algebras, o-lattice effect algebras,
monotone o-complete algebras with the Riesz Decomposition Property.

In the present paper, we study this question for observables and spectral resolutions with values in
perfect MV-algebras M which are not o-complete and rather their radical is Dedekind o-complete, that
is every sequence {ay}, of elements of the radical that is bounded by some element b € M, then {a,},
has supremum \/,, a,, in M and it belongs to the radical. We will call such MV-algebras Rad-Dedekind
o-complete MV-algebras. In addition, we will assume that M is with principal radical, i.e. there is an
element a € Rad(M) which generates Rad(M) as an ideal of M.

The main goals are:

(1) For these perfect MV-algebras, we show that there is a one-to-one correspondence between observ-
ables and spectral resolutions which is the basic result of the paper, see Theorem 4.8.

(2) A partial information contained in the spectral resolution allows us to define a partial order,
called the Olson order. First such an order was define in [Ols] for self-adjoint operators and extended
also in [DvuOl] to quantum observables. Here we show that the system of observables on our perfect
MV-algebras, O(M), is a distributive lattice with respect to the Olson order, see Theorem 6.3.

(3) Finally, spectral resolution allows also to define a sum of our observables. Then O(M) is a commu-
tative semigroup, Theorem 6.8, and a lattice-ordered semigroup with respect to the sum of observables
and the Olson order, Theorem 6.9.

The paper is organized as follows. Section 2 gathers basic facts on MV-algebras. Perfect MV-algebras
are presented in more details in Section 3. Observables on Rad-Dedekind o-complete MV-algebras with
principal radical are studied in Section 4, where the representation of observables by their spectral
resolutions is established. Different kinds of states on perfect MV-algebras are mentioned in Section 5.
The last section studies the Olson order of observables and sum of observables which are defined by their
spectral resolutions.
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2. Basic Facrs

We note that an Abelian group (G;+,0) endowed with a partial order < is a partially ordered group
(po-group, in abbreviation), if for all f,g,h € G, f < g yields f+h < g+h. If < entails a lattice structure
on G, G is said to be a lattice ordered group (¢-group, in short). An element u > 0 of an {-group G is a
strong unit if given g € G, there is an integer n > 1 such that g < nu. The couple (G, u) with a fixed
strong unit u € G is said to be a unital £-group. For more information on Abelian po-groups, see [Go].

An f-group G is (i) Dedekind o-complete (or conditionally o-complete) provided that every sequence
{gn}n of elements of G which is bounded above in G has a supremum /-, g,, in G, (ii) Archimedean
if, for f,g € GT with ng < h for each integer n > 1, we have ¢ = 0. We note that if G is Dedekind
o-complete, then it is Archimedean.

An MV-algebra is an algebra (M;®,’,0,1) (henceforth written simply as M = (M;®,",0,1)) of type
(2,1,0,0), where (M;®,0) is a commutative monoid with the neutral element 0 and for all a,b € M, we
have:

(i) o’ =gq;
(i) a®1=1;
(iii) a® (a®V) =bd (bDd).
In any MV-algebra (M;®,’,0,1), we can also define the following operations:
a®b:=(ddb), aob:=(d ®b).

Moreover, the relation a < b < o’ ¢ b =1 is a partial order on M and (M; <) is a distributive lattice,
where aVb = (a©b)@band aAb=a® (o’ ®b). Then we write b —a := bS a. We note that an element
a € M is Boolean if a A @’ = 0. The set of Boolean elements of M, B(M), is a Boolean algebra.

MV-algebras are in a one-to-one categorical equivalence with unital Abelian ¢-groups. If (G,u) is an
Abelian unital ¢-group, then the interval [0,u] := {g € G: 0 < g < u} can be converted into an MV-
algebra I'(G, u) = ([0, u]; ®,,0,u), where a®b = (a+b) Au and ' = u—a for all a,b € [0,u]. Conversely,
for every MV-algebra M there is a unique unital ¢-group (up to isomorphism of unital ¢-groups) (G, u)
such that M = T'(G,u). In addition, there is a categorical equivalence between the category of unital
¢-groups and the category of MV-algebras given by (G, u) — I'(G, u), see [Mun] or [CDM, Thm 7.12].

On every MV-algebra M, we can define a partial binary operation + as follows: a + b is defined in M
iff a©®b = 0 (equivalently, a < ') and in such a case, a+b := a @ b. If we use the ¢-group representation,
we see that this + corresponds to the group addition. We note that the partial 4+ is commutative (i.e.
a + b exists iff b+ a exists and then a +b = b+ a) and associative (i.e. b+ ¢ and a + (b + ¢) is defined in
M iff a+b and (a+b) + c exist in M and then a+ (b+¢) = (a +b) + ¢). Moreover, if a; < b; for i = 1,2
and if by + by is defined in M, so is a1 + as and aq + as < by + bo.

Therefore, given aq,...,a, € M, we can define their sum a = a; + - - - + a,, unambiguously if it exists;
in such a case, the elements a1, ..., a, are said to be summable with the suma =a1+---+a, := Z?:l a;.
Clearly, if a;,, ..., a;, is any re-ordering of the elements a1, ..., a,, then Y  a; = Z?Zl ai,. A sequence
{an}n of elements of an MV-algebra M is summable if every finite subsystem of {a,}, is summable. If
the element

a= \/{Z{ai: i € F}: F is a finite subset of N}

exists in M, it said to be the sum of {a,},, and we write @ = Y - a,. We note that a does not

depend on the ordering of {a,},. For example, if {b,}, is a monotone increasing sequence of elements
of a o-complete MV-algebra M, define elements a; = by, and a,, = b, S b,—1 for n > 2. Then {a,}, is
summable and a =Y 00 a, = /o, by.

We note that if a sequence {a,}, of elements of an MV-algebra is summable, then it does not mean
that the sequence has a sum in M. Indeed, let M be the Chang MV-algebra defined below. If we put

an = (0,n) for each integer n > 1, then {a,}, is summable but its sum is does not exists in M.



4 A. DI NOLA, A. DVURECENSKIJ, G. LENZI

A state on an MV-algebra M is a mapping s : M — [0,1] such that (i) s(1) = 1 and (ii) s(a + b) =
s(a)+ s(b) whenever a +b is defined in M. We note that every non-trivial MV-algebra M, i.e. M # {0},
has a state, see [Go, Cor 4.3]. Thus a state is a finitely additive normalized mapping on M which
resembles a finitely additive measure on Boolean algebras. States on MV-algebras were introduced in
[Munl]. A o-additive state is a mapping s : M — [0,1] such that s(1) =1 and s(3_, an) = >_,, s(an).

The state space of M is the set S(M) of all states on M. It is a convex set, i.e. if s1, so are states and
A € [0, 1], then the convex combinations of s; and sq, that is s(a) = Asi(a)+(1—A)sz2(a), A € [0,1], a € M,
is a state. Then S(M) is the empty set (only if M = {0}), or a singleton or an uncountable set. A state
s is extremal if from s(a) = As1(a) + (1 — A)sa(a) for A € (0,1), we conclude s = s = so. If s is any MV-
homomorphism from M into the MV-algebra of the real interval [0,1], s is said to be a state-morphism,
it is always an extremal state and vice-versa. We denote by dS(M) and SM(M) the set of extremal
states and state-morphisms on M, respectively. Then 0S(M) = SM(M). A state s is faithful if s(a) =0
implies @ = 0. For example, [0,1] = I'(R, 1) has a unique state s(t) = ¢, ¢t € [0, 1], which is extremal and
faithful as well as a state-morphism. Moreover, there is a one-to-one correspondence between maximal
ideals J of M and state-morphisms s on M given by J <> Ker(s) := {a € M: s(a) = 0}.

A state can be defined also on a unital ¢-group (G, u) as a mapping s : G — R such that (i) s(g) >0
for each g € GT, (ii) s(g + h) = s(g) + s(h), g,h € G, and (iii) s(u). Thanks to Mundici’s categorical
equivalence, [Mun], the restriction of every state on (G,u) onto the MV-algebra M = I'(G, u) is a state
on M and every state on M can be uniquely extended to a state on (G, u). Extremal states are defined
in the same way as on MV-algebras. Then the restriction of an extremal states on (G,u) onto M is an
extremal state on M and vice-versa. Any homomorphism of unital ¢-groups (it preserves the fixed strong
units) into the unital ¢-group (R, 1) is said to be a state-morphism on (G,w). Also extremal states and
state-morphisms on (G, u) coincide, see [Go, Thm 12.18].

The following simple lemma on generalized distributive laws will be useful for us.

Lemma 2.1. Let {z;: i € I} be a system of elements of an MV-algebra M.
(1) Let \/;c; x; exist in M, and let x be any element of M. Then \/,.;(x A x;) exists in M and

\/(a:/\a:i):m/\\/xi. (2.1)
i€l icl
(2) If Nicp @i emists in M, then for each x € M, the element \,.;(z V x;) exists in M and

/\(x\/;vl) :x\//\xi. (2.2)

i€l i€l

Proof. (1) Let a = \/,¢; x;. First of all, we prove \/,;(z © x;) exists in M and

x@\/xi: \/(m@mz) (2.3)
il il
We have z; < a for each i € I, so that x ® x; < x ® a. Now let for some z € M, x ®x; < z for each i € I.
By [CDM, Lem 1.1.4(iii)], #; < 2’ @& z for each ¢ € I. Hence, a < 2/ @ z and z ® a < z which proves (2.3).
Now we prove (2.1)
x/\az(a’@m)@xz\/((a’@x)@xi)
iel
Clearly, z; Az < a A x for each 7 € I. Assume x; Ax < v € M for each i € I. Then for each i € I, we
have
(eidz)Ox; <w
v <(@er)yov=a"0x)dv(2'0a)dv
a< (¥ Ga)du=(xdd) Bv
(zdd)oa<v
rANa <,
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which finishes the proof of (2.1).
(2) Passing to complements, we have

TV /\xi = (z' A \/x;)’ = (\/(x’ AN /\(m\/xi),

i€l icl icl icl

which proves the second distributive law. O

3. PERFECT MV-ALGEBRAS

In the section we present some important properties of perfect MV-algebras and we define observables
on o-complete MV-algebras.
For any integer n > 1 and any a of an MV-algebra M, we can define

0.a=0, (n+1l).a=(n.a)®a, n>1,

=1, a"=a"1Oaqa n>1,
and
0a=0, (n+1la=na+a ifnaeandna+aexistin M, n>1,

An element a € M is said to be infinitesimal if na exists in M for each n > 1. We denote by Infinit(M)
the set of infinitesimal elements of M. Equivalently, an element a is an infinitesimal iff n.a < a’ for each
n > 1. The set Infinit(M) is a proper ideal of M and

Infinit(M) = Rad(M) := ({I: T is a maximal ideal of M},

see [CDM, Prop 3.6.4]. The set Rad(M) is said to be a radical of M. We say that an MV-algebra M is
with principal radical (and Rad(M) is a principal radical), if there is an element a € Rad(M) such that
the ideal of M generated by a coincides with Rad(M).

An MV-algebra M is said to be perfect if every element a € M either belongs to Rad(M) or o’ €
Rad(M). For example, if G is an Abelian ¢-group and Z is the group of integers, then the MV-algebra
M =T(Z X G,(1,0)), where % denotes the lexicographic product of Z with G, is an example of a
perfect MV-algebra; we note Rad(M) = {(0,9): g € G*} and Rad(M)’ = {(1,—g): g € GT}. Conversely,
according to the basic result on perfect MV-algebras, [DiLe], for every perfect MV-algebra M, there is a
unique (up to isomorphism of ¢-groups) Abelian ¢-group G such that M = F(Z? G, (1,0)). Moreover,
there is a categorical equivalence between the category of Abelian ¢-groups and the category of perfect
MV-algebras.

From representation of perfect MV-algebras by {-groups, we see that if a,b’ € Rad(M), then a < b
and a # b. If we denote Rad(M)’ := {a’: a € Rad(M)}, then Rad(M) N Rad(M)" = () and M =
Rad(M) URad(M)’. We note that a perfect MV-algebra M is finite iff M = {0,1}, i.e. it is a two-
element Boolean algebra. Otherwise, every perfect MV-algebra is infinite. In addition, for a perfect
MV-algebra M, we have B(M) = {0, 1}.

We say that an MV-algebra M is

(i) Archimedean if Infinit(M) = {0},
(ii) o-complete if every sequence of elements of M has a supremum in M,

(iii) Rad-Dedekind o-complete if, given a sequence {ay }, of elements of Rad(M) which is bounded by

above by some element b € Rad(M), the element \/,_, a,, exists in M and it belongs to Rad(M),
see [DvPu, p. 470].

For example, the Chang MV-algebra M =T'(Z < Z,(1,0)) is an example of an perfect MV-algebra which
is Rad-Dedekind o-complete, but M is not o-complete.
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Lemma 3.1. Let M be a Rad-Dedekind o-complete perfect MV-algebra and let {a,}, be an infinite
summable sequence of elements of M with sum a =", ay.

(1) Then either all a, are infinitesimal and a € Rad(M) or there is a unique index ng such that
an € Rad(M) for each n # no, an, € Rad(M)’, 3, ,, an € Rad(M) and a € Rad(M)".

(2) In addition, every subsequence {an,}i of {an}n is summable and it has a sum in M.

(3) Let {an}n be an infinite sequence, N = (J;2| N;, where N; N N; = 0 for i # j, and let o =
S{ag: k € N;} fori=1,2,.... Then each «; is defined in M and a =Y ;| .

Proof. (1) First we note that if u,v € Rad(M)’, then u + v is not defined in M. Indeed, u+v € M
implies u < v' € Rad(M) which is a contradiction.

Now, let a = )", a,. There cannot be two indices n; and ny such that a,,,a,, € Rad(M)". So that
there are possible only two cases. Case (i): All a,, are from Rad(M). If M = {0,1}, then all a,, = 0
and thus a = 0 € Rad(M). Suppose M # {0,1}. We assert that then also their sum a belongs to
Rad(M). This is true if the sequence {a,}, is finite. Now suppose {a,}n is an infinite sequence and
assume that a € Rad(M)’. For each finite subset ' C N, where N is the set of positive integers, the
element ap = Y {a;: i € F} exists in Rad(F); we set ay := 0. Clearly ar < a for each finite F. If
b € Rad(M)’, then ap < b for each finite F' and whence a < b, Rad(M)’ = [a,1], and Rad(M) = [0,d']
which is absurd because a’ < a’ + o’ € Rad(M). Whence, a € Rad(M).

Case (ii): There is a unique index ng such that a,, € Rad(M)’ and, for every n # ng, a, € Rad(M).
Since the sequence {a,}, is summable, for each n # no, a, < a;,, € Rad(M). In addition, for each
finite subset /' C N\ {ng}, we have ar < aj, . The countable system {ar: FF C N\ {no}, |F| < oo} is
thus bounded in above by a;, € Rad(M), applying the Rad-Dedekind o-completeness to this countable
system, we get that ag = >_, ,, an is defined in M and a9 € Rad(M). In addition, ap < a;,, and
a = agp + an, € Rad(M)'.

(2) Now let {an, }; be a subsequence of {ay, }n. Since {ay,}, is summable, so is its subsequence {an, };.
Ifa=3", a, € Rad(M), then a is an upper bound for the countable system

{ag: G is a finite subset of {ny,na,...}},

where ag = > {an,,: n; € G}, so the Rad-Dedekind o-completeness implies ), a,, exists in Rad(M).

Now let a = )", a, € Rad(M)’. By Case (ii), there is a unique index ng such that a,, € Rad(M)" and
an; € Rad(M) for each n; # ng. For every finite subset G of {n1,ns,...} \ {no}, we have ag + an, € M,
so that ag < a;,, € Rad(M) and the Rad-Dedekind o-completeness yields ), a,, exists in M and it
belongs to Rad(M).

(3) By (2), every «; exists in M; if N; = 0, then a; = 0. Let F' be any finite subset of N. Applying
again (2), we see that ap := > {a;: i € F'} exists in M, and ap < a. Assume a € Rad(M). Due to the
Rad-Dedekind o-completeness, o := ). o; exists in M, it belongs to Rad(M) and o < a. On the other
hand, if H is a finite subset of N, the we have ay := {a,: n € H} € M and ay < « so that a < « and
a=a.

Now let @ € Rad(M)’. By Case (ii), there is a unique index ng such that a,, € Rad(M)" and
an, € Rad(M) for n # ng. Clearly, there is a unique iy such that ng € N;,. Then «; € Rad(M) for
i # ip and oy, € Rad(M)'. By (2), ayy = an, + a, where af = >{ar: k € Ny, \ {io}} € Rad(M).
By the first part of (3), we have ag = 3, an = D04 i + o € Rad(M). Then a = ag + a, =

Ditio Qi T QY Fan = 30, it . O

On a o-complete MV-algebra M, we define an observable as follows: An observable on M is any
mapping z : B(R) — M, where B(R) is the Borel og-algebra of the real line R, such that (i) z(R) = 1, (ii)
if A,B € B(R), ANB =0, then 2(AU B) = x(A) + (B), and (iii) if {A4;}; is a sequence of Borel sets
such that A; C A;4y for each i and (J; A; = A, then z(A) =/, z(4;).

i
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An example of an observable on a o-complete MV-algebra M, can be given as follows: Let {a,}, be
a finite or infinite sequence of summable elements of M, > a, = 1, and let {t,}, be a sequence of
mutually different real numbers. Then the mapping = : B(R) — M defined by

= {an:ty € A}, A€ B(R), (3.1)
is an observable on M. In particular, if ) = 0, ¢t = 1 and ag = a’, a; = a for some fixed element a € M,
x defined by (3.1) is an observable, called the question corresponding to the element a, and we write
T = qq-

If f: R — R is a Borel measurable function and x is an observable on F, the mapping fox : A —
2(f~1(A)), A € B(R), is also an observable on M. For example if f(t) = 3, we write fox = 23
Sometimes we write also f(x) := fox.

If s is a o-additive state on M and x is an observable, we define s;(A4) := s(z(A4)), A € B(R). Then
s is a standard o-additive probability measure on B(R) and we can define the expectation Expg(x) of x
in the state s as follows

Expy(x) = /tdsz(t)

if the integral exists and is finite. It is possible to show that Fap,(f = [ f(t)ds(t) if the integral
exists and is finite.

The least closed subset C' of R such that x(C') = 1 is said to be the spectrum of x, and we denote it
by o(z); since the natural topology of the real line satisfies the second countability axiom, o(x) exists,
and z(o(z)) = 1. An observable z is

(i) bo

(i) p
iii)
)

unded if o(x) is compact;
ositive if o(x) C [0, 00);
(iil) negative if o(z) C (—o0, 0];
(iv) simple if o(z) is a finite non-empty subset of R.
The basic properties of observables are, see e.g. [DvOb]:

(i) 2(R\ 4) = 2(A)
(i) 2(0) = 0

(i) 2(A) < z(B) whenever A C B, and 2:(B\ A) = 2(B) — z(A4);

(iv) if {A;}; \( A, then z(A) = A, z(4,);
v) if z(A) = z(B) =0, then (AU B) —x(A\B)+x(B\A)+x(AﬂB) =0;

(vi) if 2(Ay) = 0 for each n > 1, then z(lJ,, An) =

(vil) z(A4) + x(B) exists iff does m(A UB)+z(AN B), and in such a case, z(A) + 2(B) = (AU B) +

(viii) (AU B) —z(A) = 2(B) —z(AN B);
(ix) if z(B) =0, then z(AU B) = z(A);
(x) if (B) =1, then z(A4) = z(AN B).

Proposition 3.2. Let M be a o-complete MV-algebra. A mapping x : B(R) — M is an observable if
and only if (1) x(R) = 1 and (ii) if {An}tn is a sequence of mutually disjoint subsets from B(R), then
{z(An)}n is summable and x(A) =3 x(An).

Proof. Let x be an observable and {A, }, be a sequence of mutually disjoint subsets from B(R). For each
n, we denote B,, = A;U---UA,. Then 2(B,) = z(41)+---+z(4,) and z(4) =V, z(B,) = >, (4,).
Conversely, let a mapping « : B(R) — M satisfy the condition of the proposition. Then z(0) =" =(0)
which yields z(0)) = 0. Let A and B be disjoint Borel subsets of R. Then z(AUB) = z(AUBUQUB---U
PU---)=z(A)+x(B)+z0) +---+z(0)+ - =z(A) + z(B).
Finally, let {A,,}, be a sequence of Borel sets such that A,, C A, for each integer n and J,, 4,, = A.
Define By = Ay and B, = A, \ 4,—1 for n > 2. Then {B,}, is a sequence of mutually disjoint
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Borel subsets with union A such that A, = By U---UB,, for each n > 1. Then z(A) =, z(B,) =
V,z(B1U---UBy,) =V, z(A,) proving that x is an observable. O

4. OBSERVABLES ON Rad-DEDEKIND 0-COMPLETE PERFECT MV-ALGEBRAS

Observables were defined on o-complete MV-algebras. In the section, we show that it is possible
to define observables also for Rad-Dedekind o-complete perfect MV-algebras with principal radical. In
addition, we show that there is a one-to-one correspondence between observables and their spectral
resolutions. Such a correspondence was established in [DvKu, Thm 3.2] for o-complete MV-algebras.
This new result extends the class of MV-algebras where this correspondence holds.

Nevertheless perfect MV-algebras are o-complete iff M = {0, 1}, inspired by Lemma 3.1 and the latter
characterization of observables, we define the notion of an observable also for Rad-Dedekind o-complete
perfect MV-algebras as follows:

Definition 4.1. Let M be a Rad-Dedekind o-complete perfect MV-algebra. A mapping « : B(R) — M
is said to be an observable if (i) z(R) = 1 and (ii) if {A, }, is a sequence of mutually disjoint subsets from
B(R), then the sequence {z(A,)}, is summable and z(A) =" xz(4,).

In the following proposition, we show that this definition of observables is the same as that for o-
complete MV-algebras.

Proposition 4.2. Let M be a Rad-Dedekind o-complete MV-algebra. A mapping x : B(R) — M is an
observable if and only if () z(R) =1, (ii) if A,B € B(R), AN B =0, then x(AU B) = z(A) + z(B),
and (iii) if {A;}i is a sequence of Borel sets such that A; C A;y1 for each i and |J, Ai = A, then
z(A) =V, z(A:).

Proof. Let = be an observable. Then (i) holds by definition. In addition, () = 0, so that (ii) holds, too.
(iii): Let {A;}; be a sequence of Borel sets such that A; C A, for each ¢ and U A; = A. Set By = Ay
and B, = A, \ A,—1 forn > 2. Then 4,, = ByU---UB,, A=, Bn, and 2(A4,) = 2(B1)+--- +x(By,).
Since {z(By)}, is summable with sum z(A) =" x(B,) =V, ©(Ay).

Conversely, let a mapping = : B(R) — M satisfy (i)—(iii) of the Proposition. Then x is monotone,
ie. if A C B, A, B € B(R), we have z(A) < z(B); indeed, since we have B = AU (B \ A), so that
z(B) = z(A) + (B \ A). Let {A;}; be a sequence of mutually disjoint Borel sets with A = |J, 4;.
We show that {z(A4;)}; is summable with sum x(A). Let F be any finite subset of N. Then ap :=
dAx(A):i e F} =x(U{A;: i€ F}) <z(A). Put B, = Ay U---UA,. Then z(A) =V, z(B,) < Vpar
which establishes x(A) = >, z(A;). O

Basic properties of observables for Rad-Dedekind o-complete MV-algebras are similar to ones (i)—(x)
of observables on o-complete MV-algebras:

Proposition 4.3. Let x be an observable on a Rad-Dedekind o-complete MV-algebra M. Then (i)—(x)
holds.

Proof. (1)—(iil), (v) are evident. (iv) Let {A4;}; N\ A. Then {R\ 4;}; /* R\ A. By Proposition 4.2, we
have z(R\ A) =V, z(R\ 4;) so that by (iii), z(A) = A, z(4;). (vi) follows from (v) and (iv). (vii) Let
x(A)+x(B) exist in M. Then z(A)+z(B) = (ANB)+x(A\B)+z(ANB)+xz(B\A) = 2(ANB)+xz(AUB),
and conversely. (viii) It follows from (AU B)\ A= B\ (AN B). (ix) and (x) follow from (viii). O

The spectrum o(z) of an observable is defined in the same way as above. Since the natural topology
of the real line satisfies the second countability axiom, o(z) exists, and z(o(x)) = 1.

Lemma 4.4. Let M be a perfect MV-algebra. If a; € Rad(M) for each i € I and a =\/
M, then a € Rad(M).

ier i exrists in
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Proof. Suppose the converse, that is, a € Rad(M)’. For each b € Rad(M)’, we have a; < b, i € I, so that
a < b. Then for each j € I, a; < a; so that a < a;. and a; < o’ which gives a < o’ and o’ € Rad(M)
which is a contradiction. O

The following proposition is important because it characterizes observables on a Rad-Dedekind o-
complete perfect MV-algebra.

Proposition 4.5. Let = be an observable on a Rad-Dedekind o-complete perfect MV-algebra M. Given
a real number t € R, we put

xy := x((—00,1)). (4.1)
Then
e <wmg it <s, (4.2)
Nze=0, \Ja=1, (4.3)
t t
and
\/ xy =5, s €ER. (4.4)
t<s

Moreover, there is a real number ty such that x; € Rad(M) for each t < to, x; € Rad(M)’ for each t > 1y,
z({to}) € Rad(M)’,

z({to}) = /\ (T — 24, ), (4.5)
\eto
and z(E) € Rad(M) if and only if to ¢ E, E € B(R).

Proof. (4.2) follows from the monotonicity of x. Since the set of rational numbers is countable and dense
in the natural topology of R, we see that infima and suprema in (4.3) and (4.4) exist in M and they equal
to the corresponding elements of M.

Clearly, given t € R, either z; belongs to Rad(M) or z; € Rad(M)’. By Lemma 4.4, we conclude that
not all z; ¢ Rad(M), otherwise 1 = \/, z; € Rad(M), a contradiction. Similarly, there is z; belonging to
Rad(M), otherwise, all 2; € Rad(M)" and 0 = A, z; and 1 =/, ; € Rad(M) which is absurd.

Let T ={t € R: z; € Rad(M)}. There is ¢’ such that xy € Rad(M)’. If we set ty = sup{t € T}, then
to <t and \/t<t0 2t = oy, € Rad(M) by Lemma 4.4 and to € T.

Let n be the smallest integer such that ¢y < n. Then [tg,0) = [J;2, Ai, where Ay = [tg,n), and
A;=[n+i—1,n+1). Since z([ty,0)) € Rad(M)’, then only one x(A4;) € Rad(M)’, and this is z(Ayp),
because if z(A4g) € Rad(M), then z, € Rad(M) which contradicts the choice of to. In a similar way,
x([to,to + 1/n)) € Rad(M)" for each n > 1, and A, z([to,to + 1/n)) = 2({to}) € M. Applying Lemma
4.4, we have z({to}) € Rad(M)'.

Equality (4.5) follows from the following z({t}) = A, ;(zs — z+) which holds for each ¢ € R.

Let E be a Borel set. If ¢y ¢ E, then z(E) € Rad(M). Indeed, if not since E and {to} are disjoint
and z(E) + z({to}) € M which is impossible. If ty € E, then clearly z(E) € Rad(M)'". O

The system of elements {z;: ¢t € R} defined by (4.1) is said to be a spectral resolution of the observable
x, and the point ¢y is said to be a characteristic point of the observable x and we denote it by t, := to.

For example, let {a,}, be a summable sequence of elements of a Rad-Dedekind o-complete perfect
MV-algebra M such that a = " a, = 1, and let {t, },, be a sequence of mutually different real numbers.
Then the mapping « : B(R) — M defined by (3.1) is an observable on M. Indeed, applying Lemma 3.1,
we see that x is a correctly defined observable.
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Let x be a simple observable with o(z) = {t1,...,t,} for real numbers ¢t; < --- < t,,. Put a; = x({t;}),
i=1,...,n, then a; +---+a, = 1, and there is a unique a,, from ay,...,a, belonging to Rad(M)’, and
for the spectral resolution of x, we have

0 ift <t
2((=00,t)) =14 a1 +---+a; ift;<t<tjp1,i=1,...,n—1, (4.6)
1 if ¢, <t,

for ¢ € R. In particular, if g, is a question observable corresponding to an element a € M, then the
spectral resolution of ¢, is as follows

0 ift<0,
qa((—00,t)) =< o H0<t<1, (4.7)
1 if1<t,
for t € R. We note that if z is simple, then ¢, = t;, where ¢; is a unique point from o(z) = {t1,...,t,}

such that z({¢;}) € Rad(M)’.

We note that (AN B) # x(A) Az(B). It is possible to show that the equality (AN B) = x(A4) Az(B)
holds for all A, B € B(R) iff z(E) € B(M) for each Borel set E.

To establish the converse to Proposition 4.5, we introduce the following notions. A g-tribe (g stands
for group) is a non-void system 7 of bounded real-valued functions on a set Q # () such that

(i) 00,1 € T;
(ii) f+g €T whenever f,g € T;
(iil) if {fn}n is a sequence of elements of T for which there exists f € T with f,(w) < g(w), w € Q,
n > 1, then sup,, fn, € T.
Clearly a g-tribe is a Dedekind o-complete ¢-group of bounded functions with respect to the pointwise
ordering of functions; the unit function u = 1q is a strong unit for 7.

We note that a perfect MV-algebra with principal radical was introduced in [BeDi]. For example,
it M = F(Z?G, (1,0)), then the ideal of M generated by an element a = (0,u) € Rad(M) is equal
to Rad(M) iff u is a strong unit for the f-group G. We note that there are even Rad-Dedekind o-
complete perfect pseudo MV-algebras without principal radical. Such an example can be obtained for
M = I‘(Z;> G, (1,0)), when we use a Dedekind o-complete ¢-group G from [Go, Ex 9.6] which has no
strong unit.

For such MV-algebras, we have the following kind of the Loomis—Sikorski theorem, see [DvPu, Thm
7.2.4].

Theorem 4.6. [Loomis—Sikorski Theorem] Let M be a Rad-Dedekind o-complete perfect MV-algebra
with principal radical. There exist a g-tribe T of bounded functions on a space Q # O and an MV-
homomorphism h from the Rad-Dedekind o-complete perfect MV-algebra M(T) := F(Z?T, (1,00))
with principal radical onto M such that h preserves all existing countable joins in M (T). In addition, h
maps Rad(M(T)) onto Rad(M) and h(0,1q) = a, where a is a fized element of Rad(M) generating it as
an ideal.

Lemma 4.7. Let h be an MV-homomorphism from an MV-algebra My onto an MV-algebra M. If there
are two elements A, B € My, A < B, and an element ¢ € My such that h(A) < ¢ < h(B), then there is
an element C € My such that A < C < B and h(C) = c.

Proof. Since h is onto, there is an element Cy € M; such that h(Cy) = c. If weset C = AV (BACY),
then C is the element in question. O

Let G be a Dedekind o-complete f-group. A mapping z : B(R) — G is said to be a G-observable if
(i) x(AU B) = 2(A) + x(B) whenever A and B are disjoint Borel sets, and (ii) if {Ay}, is a sequence of
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mutually disjoint Borel sets, A = J,, An, then {z(A,)}, is bounded above and z(A4) =/, (z(A1)+---+
x(A,)). Clearly, (i) z(0) =0, (i) z(B\ A) = x(B) — x(A) whenever A C B.
Now we present the following representation of observables which is a converse to Proposition 4.5.

Theorem 4.8. Let M be a Rad-Dedekind o-complete perfect MV-algebra with principal radical. If a
system {xzy : t € R} of elements of M satisfies (4.2)—(4.4), then there is a unique observable x on M for
which (4.1) holds for any t € R.

Proof. We start with the following two claims:
Claim 1: There is a number tg € R such that x; € Rad(M) for t <ty and xy € Rad(M)" for t > tg.

Clearly, given ¢ € R, either x; belongs to Rad(M) or x; € Rad(M)’. By Lemma 4.4, we conclude that
not all z; ¢ Rad(M), otherwise 1 =/, z; € Rad(M), a contradiction. Similarly, there is z; belonging to
Rad(M), otherwise, all ; € Rad(M)" and 0 = A, z; and 1 =/, 2} € Rad(M) which is absurd.

Let T = {t € R: ; € Rad(M)}. There is ¢’ such that v € Rad(M)’. Let to = sup{t € T} and then
Vi<t Tt = 1, € Rad(M) by Lemma 4.4.

Claim 2: For the number to from Claim 1, the element x(to) := Ny, (¥t —24,) exists in M and it belongs
to Rad(M)'. Moreover, x; > xy, + x(to) for each t > tg.

We note that if t1,%2 > to, then x;, — z;, € Rad(M). Indeed, if not, then the elements zy,, x, — ¢, €
Rad(M)" and they are summable, which is a contradiction. To prove the claim, it is enough to verify
that A, (T¢g+u, — @t,) exists in M and it belongs to Rad(M)" for every {un}n i to, un > Uunsy1 > to
for each n > 1. We have 4 1y, — T, € Rad(M)’ for every n > 1. Then xiy4u, — (Xtgtu, — Tty) <
(@totu, — Tt,) € Rad(M) for n > 1. Therefore, \/, (Zt+u, — (Tto4u, — Tt,)) € Rad(M) and @440, —
Vo @totus = (Ttotu, = Tto)) = N\py (04w, — Tt) € Rad(M)".

If t > to, then @y = x4, + (x4 — 24, ), s0 that x(tg) < x4 — x4, < x4 Which proves zy > x4, + x(to).

Now, let {x; : t € R} be a system of elements of M satisfying (4.2)—(4.4). Due to the Loomis-
Sikorski Theorem for Rad-Dedekind o-complete perfect MV-algebras with principal radical, Theorem
4.6, there are a g-tribe 7 of bounded real-valued functions 2 # () and an MV-homomorphism h from
M(T) = I‘(Z?T, (1,0q)) onto M which preserves all existing countable joins in M(7). Given t € R,
there is a function a; € T such that h(0,a;) = x; if 2, € Rad(M) and h(1, —a;) = x; if x; € Rad(M)'.
Since M is perfect, due to the Di Nola and Lettieri representation, [DiLe], there is an Abelian ¢-group G
such that M = T'(Z 4 G, (1,0)) and without loss of generality, we can assume that M = I'(Z B4 G,(1,0)).

(I) Let 7, 79,... be any enumeration of the set of rational numbers in the interval (—oo, to).

We are claiming that it is possible to find such a sequence of functions {b,}, from 7+ C R® such
that h(0,b,) = z,, for any n > 1 and b, < b,,, whenever r,, < ry,,. Indeed, if n = 1, we set by = a;.
By mathematical induction suppose that we have find by,...,b, € T such that h(0,b;) = x,,, and
b; < bj whenever r; < r; for ¢,7 = 1,...,n. Let ji,...,j, be a permutation of 1,...,n such that
rj, < --- <rj,.. For r,y; we have three possibilities (i) 41 < 75, (ii) there exists k = 1,...,n -1
such that rj, < rp4y1 < rj,,,, or (iii) rj, < rnpy1. Applying Lemma 4.7, we can find b,y € T,
h(0,bp11) = Tnt1, such that for all 4,5 = 1,...,n+ 1, b; < b; whenever r; < r;. Set b = A, b,. Then
h(0,b) = A,, h(0,b,) = 0 and h(0,b, — b) = z,,, for each n. We may replace b,, by b, — b, if necessary, to
assume that A b, = Oq.

Thus, we can assume that the sequence of functions {b,, },, where b, := b, for n > 1, is linearly
ordered. Due to the density of rational numbers in R, for any real number ¢ € (—oo,tg], we can find
a function b; € T such that h(0,b;) = z¢. Indeed, if {p,}, 't and {q,}, ' t for two sequences
of rational numbers, {p,}, and {g,}n, we can show that \/, b, = \/, b, . Hence, b, :=\/, b, is a
well-defined element of 7 satisfying h(0,b;) = ;. For each t > ty, we set by = by,. Then the system of
functions {b;: t € R} is also linearly ordered such that b, < b, if ¢ < s and with (4.4) and A, b, = Oq.
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Let w € Q be a fixed element. We define F,(t) := b;(w), t € R. Due to the above proved argu-
ments, we see that F,, is a non-decreasing, left continuous function, such that lim; , ., F,(¢t) = 0 and
limy 00 iy (t) = by, (w). By [Hal, Thm 43.B], F,, is a distribution function on R corresponding to a unique
finite o-additive measure P,, on B(R), that is P, ((—o0,t)) = F,(t) for every ¢ € R. Define now a mapping
E:B(R) = T by &(B)(w) = P,(E), E € BR), w € Q. In particular, we have £((—oo,t)) = b € T+ for
any t € R. To prove that every £(E) € TT for any E € B(R), let K be the system of all E € B(R) such
that £(E) € TT. Then K is a Dynkin system, i.e. a system of subsets containing its universe which is
closed under the set theoretical complements and countable unions of disjoint subsets, [Kal]. The system
KC contains all intervals (—oo,t) for t € R. These intervals form a m-system, i.e. intersection of any two
sets from the m-system is from the 7-system. Hence, by the Sierpinski Theorem, [Kal, Thm 1.1], K is a
o-algebra, which proves K = B(R).

Therefore, £ is a T-observable and h(0,£(E)) € Rad(M) for each Borel set E € B(R). Then

v (E) = h(0,¢(E)), FE € B[R),

defines a {0} x G-observable such that y; (R) = x4, y1({to}) = 0, and if EN(—o00,ty) = 0, then y; (F) = 0.
Indeed, y1({to}) = Ay (Tt — 1) = (Npnisy Tt) — Tt = Tty — Tty = 0.

(IT) Now let sy, s2, ... be any enumeration of rational numbers in (¢9, 00). Using Claim 2, we set
a0 i< to,
o Tt — (J}to + J}(to)) if t > to.

Since z(to) = Ay, (Tt — 21,) < a3, We see that zy, + x(to) exists in M and it belongs to Rad(M)".
Moreover, it is possible to show that A, , @+ exists in M and @y, + z(to) = @4, + Ny, (B0 — 24,) =
/\t\‘t0 xy < a4 for each t > ty. Hence, the element &, is correctly defined and #; € Rad(M) for each ¢ € R.
Then also for {#:: t € R} equations (4.2)—(4.3) hold and lim;_, o &+ = (2, +z(to))" € Rad(M). Similarly
as in part (I) of the present proof, we can find for each s, a function ¢, € 71 such that h(0,¢,) = I,
for each n > 1 and s,, < s, entails ¢, < ¢;,. Similarly, using density of rational numbers in (—o0, ¢¢], for
each t < tg, we find ¢; € T such that h(0,¢;) = x; and if ¢ < s < £y then ¢; < ¢;. In addition, or each
t > tg, we put ¢; = ¢y, € T so that h(0,¢;) = &4.

Let w € Q be a fixed element. We define G, (t) := ¢;(w), t € R. Due to the above proved argu-
ments, we see that G, is a non-decreasing, left continuous function such that lim;_, ., G, (t) = 0 and
limy 00 G, (t) = by, (w). By [Hal, Thm 43.B|, G, is a distribution function on R corresponding to a
unique finite o-additive measure M,, on B(R), that is M, ((—o0,t)) = G, (t) for every t € R. Define
now a mapping ¢ : B(R) — T+ by £&(E)(w) = My(E), E € B(R), w € Q. In particular, we have
£((=00,t)) = ¢; € T for any t € R. To prove that every £(E) € T+ for any E € B(R), let £ be the
system of all £ € B(R) such that f(E) € TT. Then £ is a Dynkin system. The system £ contains all
intervals (—oo,t) for t € R. These intervals form a m-system, i.e. intersection of any two sets from the
m-system is from the m-system. Hence, by the Sierpinski Theorem, [Kal, Thm 1.1], £ is a o-algebra,
which proves £ = B(R).

Therefore, £ is a T-observable and h(0,£(E)) € Rad(M) for each Borel set E. Then

y2(E) := h(0,£(E)), E € B(R),

defines also a {0} x G-observable such that y2(R) = (z¢, + z(to))" and if EN (tg,00) = @, then yo(F) = 0,
in particular, y1({to}) = 0. Indeed, Ay ;) &t = Aoy (T — (22, + 2(t0)) = (N (Tt — 21,)) — 2(t0) =
z(to) — x(to) = 0 and y2({to}) = Ap s (Bt — Bte) = (Apnyo Tt) — T =0-0=0.

Now we define a mapping « : B(R) — M as follows
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ylEE§ le Q E*OO,I;O)7

yo(E if £ C (tg,00),

UE) =\ () + 1(B) 10 ¢ BB (—00to) 0 & BN (t00) £0, 49
y1(E) +z(to) + y2(E) iftg € E,

for each E € B(R). First we note that x is defined correctly. We assert that z is an observable on
M such that z((—o0,t)) = x; for each t € R. Indeed, let ¢t < tg, then z((—o0,t)) = y1((—o0,t)) =
(0,£((—o00,t))) = @y. If t > 1o, then z((—o00,t)) = y1((—00,t)) + x(to) + y2((—00,t)) = x4, +x(t0) + Tt =
ey + x(to) + ¢ — (x4, + x(t0)) = 4.

We have z(R) = y1 (R) + x(t0) + y2(R) = 24, + x(to) + (x4, + 2(tp))’ = 1. From the prescription, we
see that = is monotone.

Let A, B be disjoint Borel sets. Then 2(A U B) = z(A) + x(B). Indeed, it is necessary to verify
couple simple cases, e.g. let A satisfy the third condition and B the fourth one in (4.8): z(AU B) =
y1(AU B) + z(to) + 12(AU B) = y1(A) + y1(B) + z(to) + y2(A) + y2(B) = z(A) + z(B). Now let
A C (—o00,tg) and B satisfy the third condition. Then B = B; U By, where By = B N (—o00,ty) and
Bs = BN (tg,0). Then (AU B) = y1(AU B) + y2(AU B) = y1(A) + y1(B) + y2(4) + y2(B) =
y1(A) + y1(B1) + y1(B2) + y2(A) + y2(B1) + y2(Bz2). But y1(B2) = y2(A) = y2(B1) = 0. On the
other hand, z(A) + z(B) = y1(A) + y1(B) + y2(B) = y1(4) + y1(B1) + y1(B2) + y2(B1) + y2(B2) =
1 (A) +31(B) + 11(Ba) = (AU B).

Now let A = |J,, An, where 4, N A4,, = 0 for n # m. If B, = Ay U---UA,, then z(B,) =
(A1) + -+ x(A,) so that the sequence {x(A,)}, is summable. If A C (—o0,ty) or A C (tg,00), we
have trivially z(A) = >, #(A,). Let A satisfy the third condition. Then t, ¢ B,, for each n and define
A1 =AnN (—OO,to), A2 =AnN (to, OO), B? = Bn n (—OO,t0)7 Bg = Bn N (to,OO). Then

x(Bn) = x(BY UB3) = x(BY) + 2(B3) = y1(BY) + 12(B3) /" y1(A1) + y2(A2) = z(4).

Finally, let ¢y € A. There is a unique integer ng such that tq € A,,. Therefore,

2(A) = y1(A) + 2(to) +y2(A) =Y y1(An) + z(to) + > y2(An)

= Z y1(An) +y1(Any) + z(to) + y2(An,) + Z y2(An)

n#ng n#no
= Y w(An) +a(Any) = Y a(4y)
n#ng n

which proves that x is an observable. In addition, z({to}) = z(to).

Finally, we prove the uniqueness of z. Assume, that y is any observable on M such that y((—oo,t)) =
xy, t € R. Let H be the system of Borel sets E € B(R) such that x(E) = y(E). Hence, H is a Dynkin
system containing all intervals of the form (—oo,t), ¢ € R. Similarly as above for £, the Sierpinski
Theorem implies H is a o-algebra, which proves H = B(R) and z = y. d

Now we characterize all observables on Rad-Dedekind o-complete perfect MV-algebras.

Theorem 4.9. Let M = F(Z;}G, (1,0)) be a Rad-Dedekind o-complete perfect MV-algebra. Let y1,ys
be {0} x G-observables such that there are a real number tg € R, an element x(ty) € Rad(M)’ satisfying
y1(R) + z(to) + y2(R) = 1 and if E N (—o00,tg), then y1(E) and if EN (tg,0), then yo2(E) = 0. Then the
mapping x : B(R) — M defined by (4.8) is an observable, where we have x({to}) = x(to).

Conversely, if M 1is, in addition, with principal radical, and x is an observable on M, there are unique
{0} x G-observables y1 and y2, a real number ty € R, and a unique element x(ty) € Rad(M)" such that
for x (4.8) holds.
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Proof. To show that x is an observable, we proceed in the same way as in the proof of Theorem 4.8.
For the converse, the existence of y1, yo, to, 2(to) follows from the proof of Theorem 4.8. The uniqueness

of ty and x(t¢) follows from Claim 1 and Claim 2 of the latter proof. Consequently, we have also uniqueness

of y1 and ys. O

We note that in the last two theorems it can happen that y;(E) = 0 for all E € B(R) or y2(E) =0
for all E € B(R) or z(tg) = 1.

Example 4.10. Let M = F(Z?Z, (1,0)) be the Chang MV-algebra. It is a Rad-Dedekind o-complete
perfect MV-algebra with principal radical. Every observable on M is simple.

Proof. We show that if x is an observable on M, its spectrum o () is a finite set. Let tg € R be determined
by z according to Proposition 4.5. Then by the same Proposition, z;, = z((—00,t)) € Rad(M),
similarly z((tg,00)) € Rad(M) and z({to} € Rad(M)’. We have z;, = (0,n) and z((t9,o0)) = (0,m) and
z({to}) = (1,—m — m) which show that o(z) has to be a finite set with at most n +m + 1 elements. O

Example 4.11. Let M = I‘(Z?R, (1,0)). It is a Rad-Dedekind o-complete perfect MV-algebra with
principal radical and it possesses unbounded observables.

Proof. Indeed, let {s,: n = +1,+2,...} be a convergent series of strictly positive real numbers with sum s
and and let us define a,, = (0,s,), n = £1,+2,...,and ap = (1,—s). f we put t, =n, n=0,+1,+2,.. .,
then (3.1) defines an unbounded observable. O

Theorem 4.8 can be extended also for Rad-Dedekind o-complete perfect MV-algebras with not neces-
sarily principal radical. For this reason, we extend the notion of a g-tribe to a weak g-tribe T of real-valued
functions (not necessarily bounded) on a set 2 # () such that

(i) 0q € T;
(ii) f+g € T whenever f,g € T;
(iii) if {fn}n is a sequence of elements of 7 for which there exists f € T with f,(w) < g(w), w € Q,
n > 1, then sup,, f, € T.

Clearly every g-tribe is a weak g-tribe and a weak g-tribe is also a Dedekind o-complete ¢-group of
finite functions with respect to the pointwise ordering of functions. It can happen that a weak g-tribe has
no strong unit. We say that a Rad-Dedekind o-complete perfect MV-algebra M has the Loomis—Sikorski
property if there are a weak g-tribe 7 and an MV-homomorphism A from the Rad-Dedekind o-complete
perfect MV-algebra M (T) :=TI'(Z 4 T,(1,0q)) onto M such that h preserves all existing countable joins
in M(T), and h maps Rad(M(T)) onto Rad(M) and Rad(M (7))’ maps onto Rad(M)’.

By Theorem 4.6, every Rad-Dedekind o-complete perfect MV-algebra with principal radical has the
Loomis—Sikorski property. If we take a Dedekind o-complete ¢-group G from [Go, Ex 9.6], then the Rad-
Dedekind o-complete perfect MV-algebra M = I'(Z 4 G, (1,0)) has the radical which is not principal but
M has the Loomis-Sikorski property, see the construction of [Go, Ex 9.6].

Theorem 4.12. Let M be a Rad-Dedekind o-complete MV-algebra with the Loomis—Sikorski property.
If a system {x; : t € R} of elements of M satisfies (4.2)—(4.4), then there is a unique observable x on M
for which (4.1) holds for any t € R.

Proof. Tt follows the same ideas as the proof of Theorem 4.8. O
An easy corollary is the following result:

Corollary 4.13. Let T be a weak g-tribe of finite functions on Q # 0 and let M = F(Z;> T,(1,0)). If a
system {xy : t € R} of elements of M satisfies (4.2)—(4.4), then there is a unique observable x on M for
which (4.1) holds for any t € R.
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Proof. The MV-algebra M is a Rad-Dedekind o-complete perfect MV-algebra which trivially has the
Loomis—Sikorski property. Applying Theorem 4.12, we obtain the desired result. O

We note that in [DvKu], a one-to-one relation between observables and spectral resolutions was es-
tablished for o-complete MV-algebras and Theorem 4.12 extends this relation also for the class of Rad-
Dedekind o-complete perfect MV-algebras with principal radical.

At the end of this section, we present some remarks on observables on MV-algebras where no “o-
structure” is assumed a priori. We do it in the same way as a o-additive state can be defined in the
equivalent form as a state s such that {a,},  a implies {s(a,)}n  s(a). Thus an observable on an
arbitrary MV-algebra M is any mapping z : B(R) — M such that (i) z(R) = 1, (ii) if E,F € B(R),
ENF =0, then z(E) and z(F') are summable and z(EU F) = z(E) + z(F), and if {F, }, is a sequence
of non-decreasing Borel sets with £ = (J,, £, and {z(E,)}, /" x(E). We can define a spectral resolution
{z¢: t € R} of z, where x; = z((—o00,t)), t € R; it satisfies (4.2)—(4.4). However, having a system
{z¢: t € R} of elements of M satisfying (4.2)—(4.4), to find a corresponding observable, we need some
o-structure on M.

It is well known that the Chang MV-algebra C = F(Z?Z, (1,0)) generates a variety V(C) whose
equational base is (2.2)? = 2.22, see [DiLe, Thm 5.11]. Moreover, every non-trivial MV-algebra M € V(C)
is due to [DiLe, Thm 5.1] a subdirect product of linearly ordered perfect MV-algebras. If B(M) is the set
of Boolean elements of M and P(M) = Rad(M)URad(M)’, they are a Boolean skeleton and a perfect
skeleton, respectively, of M, and due to [DiLe, Cor 5.9], M = (B(M) U P(M)), where (A) denotes an
MV-subalgebra of M generated by A C M. In addition, due to [DiLe, Thm 5.12], B(M) = M/Rad(M).

Choose an MV-algebra M € V(C) such that M is a subdirect product of a family {M;: i € I}
of linearly ordered perfect MV-algebras which are Rad-Dedekind o-complete perfect MV-algebras with
principal radical and let ¢ be a subdirect embedding of M into [[,.; M; such that ¢ preserves existing
countable suprema in M and if \/, ¢(a,) exists in [[,.; M, then \/, a,, exists in M. Let {z;: t € R} be
a system of elements of M satisfying (4.2)—(4.4). Given i € I, let i = m;(¢(x)) for each t € R, where
T : [ I, Ms — M is the i-th projection. Then every system {xz}: t € R} satisfies conditions (4.2)-(4.4)
for each i € I, so by Theorem 4.8, there is an observable z% on M; such that z%((—o0,t)) = %, t € R.
Let K = {E € B(R): ¢~ 1((z*(E));) € M}. Then K is a Dynkin system containing all intervals of the
form (—o0,t), so by the Sierpitiski Theorem, [Kal, Thm 1.1], K = B(R), so that 2(E) = ¢~ *((z*(E)):),
E € B(R), is an observable whose spectral resolution is {z;: ¢ € R}. In other words, for such a kind of
MV-algebras from the variety V(C), the statement of Theorem 4.8 holds, too.

There is a natural question, if M € V(C) such that its Boolean skeleton B(M) is o-complete and the
perfect skeleton P(M) of M is a Rad-Dedekind o-complete perfect MV-algebra with principal radical,
does Theorem 4.8 hold? May be, if P(M) is Dedekind o-complete, is then B(M) o-complete?

We present some short observations which give a partial answer to the latter question.

Lemma 4.14. Let M be an MV-algebra from V(C) and let M be a subdirect product of a system {M;: i €
I} of linearly ordered perfect MV-algebras. If M is with principal radical, then so is every M; for each
1€ 1.

Proof. Let M be subdirectly embedded into [[,.; M;. For each i € I, there is a prime ideal P = P; on
M such that M/P; = M;. There is a unique maximal ideal J of M containing P.

By [DiLe, Cor 5.2, M = JU J’. Due to a one-to-one correspondence between state-morphisms and
maximal ideals, there is a unique state-morphism s; on M such that Ker(s;) = J; this state is a 0 — 1-
valued one. If we define a mapping §; : M; — [0,1] by §;(z/P) = s;(x), /P € M; = M/P, then it is a
well-defined mapping; indeed, if /P = y/P, then 20y, y©a’ € P C J, so that s;(z®y’) =0 = s;(yoz’)
and sy(z) = sy(y). In addition, §;(1/P) = 1. Now let z/J < (y/J)" = (y')/J. There is zg € z/J such
that zo < y'. Hence, §;(z/P+y/P)=5;(z0+y)/P) =s5(xo+y) =ss(xo) +s5(y) =ss(x)+ss(y) =
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$j(x/P) + §;(y/P) which establishes that §; is a state on M/P. On the other hand, M/P is linearly
ordered, it has a unique maximal ideal which is Rad(M;) = Ker(§s). Then J/P = Rad(M;).

If z € Rad(M), then 2/P € Rad(M/P) = Rad(M;), i.e. Rad(M)/P C Rad(M/P). We show that
Rad(M)/P = Rad(M/P). If x € M, due to [DFG, Prop 2.1], z Az’ € Rad(M). Hence, if z € J, then
x Az’ € Rad(M) and (x Az')/P = xz/P Aa’/P = /P due to linearity of M/P which shows that for
each x/P € Rad(M/P), there is xg = x A 2’ € Rad(M) such that zo/P = z/P.

Now, let a be an element of Rad(M) that generates Rad(M) as an ideal. We assert that a/P generates
Rad(M/P) as an ideal. Indeed, for each /P € Rad(M/P), there is an z¢ € Rad(M) such that zo/P =
x/P and there is an integer n such that xy < n.a. Then /P = 2¢/P < (n.a)/P = n.a/P. O

Proposition 4.15. Let M be an MV-algebra that is a subdirect product of a system of MV-algebras,
{M;: i € I}. For simplicity, let M be a subalgebra of [],.; M;.

(1) Then Rad(M) C [[,c; Rad(M;), and if M = [],c; M;, then Rad(M) = [],.; Rad(M;).

(2) If Rad(M) is a principal radical and M = [[,.; M;, so every Rad(M;) is a principal radical for
eachieIl.

(3) Let M =[];,c; M;. Then M is Rad-Dedekind o-complete if and only if every M; is Rad-Dedekind
o-complete for each i € I.

el

Proof. (1) Let a = (a;); € Rad(M). Then for each integer n > 1, we have n.a < o/, i.e. n.a; < a} for each
i € Iand a; € Rad(M;) and a € [];.; Rad(M;). Nowlet M = [],.; M; and let a = (a;); € [];c; Rad(M;).
Since n.a; < a}, n > 1,4 € I, clearly a € Rad(M).

(2) Let a = (a;); € Rad(M) be an element which generates Rad(M) as an ideal. We assert that
a; € Rad(M;) generates Rad(M;) as an ideal for each i € I. Let b® be an arbitrary element from Rad(M;)
and define an element ¢ = (¢;); such that ¢; = b' if j =i and ¢; = 0if j # 4, j € I. Then ¢ € Rad(M)
and there is an integer n such that ¢ < n.a, consequently, b’ < n.a; and a; generates Rad(M;) as an ideal.

(3) Let Rad(M) be Dedekind o-complete. Assume that given ig € I, we have a sequence {y9}, of
elements of Rad(M;) which is bounded by some element b € Rad(M;). Let yi = ¢ if i = ig and y?, = 0
if i # ip, i € I. Similarly, let y* = b if i = ip and y* = 0 if i # ig. Then y, = (y.); € Rad(M)
for every n > 1, y = (y%); € Rad(M) and y,, < y for each n > 1. The assumption entails there is
z = (2)i =V, yn € M and z belongs to Rad(M). Clearly y° < z;, € Rad(M,,) for n > 1. Choose
v € M;, such that yg < v and define an element w = (w;);, where w;, = z and w; = z; if i # ip. Then
yn < w for each n > 1, so that z < w and z;, < v which yields z;, =V, y2 € Rad(M;,).

The converse implication is straightforward. O

Corollary 4.16. Let M € V(C) be an MV-algebra that is Rad-Dedekind o-complete with principal radical
such that there is a family of (linearly ordered) perfect MV-algebras {M;: i € I} satisfying M = [],.; M;.
If {xs: t € R} is a system of elements of M satisfying (4.2)—(4.4), then there is a unique observable x on
M such that x((—o0,t)) = x; for each t € R.

Proof. Without loss of generality, we can assume that M = [[,.; M;. Due to Proposition 4.15, every M;
is a Rad-Dedekind o-complete perfect MV-algebras with principal radical. Then z; = (x}); and every
{zi:t € R} satisfies of(4.2)-(4.4). Applying Theorem 4.8, there is an observable z* on M; such that
2'((—o0,t)) =z, t € R, i € I. Then the mapping = : E — (2/(E));, E € B(R), is an observable
in question. If there is another observable y on M such that z((—o0,t)) = y((—o0,t)), t € R, we put
K={E € B(R): 2(F) =y(E)}. Then K is a Dynkin system containing all intervals of the form (—oo,t),
so by the Sierpinski Theorem, K = B(R). O

We note that Theorem 4.8 holds trivially also for an MV-algebra [],.; M;, where each M; is either
a Rad-Dedekind o-complete perfect MV-algebra with principal radical or a og-complete MV-algebra, see
[DvKu, Thm 3.2].
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5. STATES ON PERFECT MV-ALGEBRAS

We present some kinds of states on perfect MV-algebras which are analogues of finitely additive
measures.
The state space of any perfect MV-algebras is only a singleton consisting of a two-valued state:

Proposition 5.1. (1) Any perfect MV-algebra M possesses only one state s, namely s(a) = 0 for each
a € Rad(M) and s(b) =1 for each b € Rad(M)'.
(2) If M is a Rad-Dedekind o-complete perfect MV-algebra M, the unique state on M is o-additive.
(3) If z is an observable on a Rad-Dedekind o-complete perfect MV-algebra with principal radical, and
s a state on M, then Exps(x) = t,, where the point t, is a characteristic point of x.

Proof. (1) If we define a mapping s : M — {0,1} by s(a) = 0 iff a € Rad(M) otherwise, s(a) =1, s is a
two-valued state on M.

If s is an arbitrary state and a € Rad(M), then na € Rad(M) for each n > 1 so that s(na) = n(s(a)) <
1, and s(a) < 1/n which gives the result.

(2) Let @ = >, a,. If @ € Rad(M), then each a,, € Rad(M) so that s(a) = 0 = > s(a,). If
a € Rad(M)’, by Lemma 3.1, there is a unique a,, such that a,, € Rad(M) and a, € Rad(M) for
an # an,. Then s(1) =1=73%" _ “s(an)+ s(an,) proving s is o-additive.

(3) Let « be an observable on M and let ¢y be the point determined by Lemma 3.1. Then

Exps(z) = /tdsm(t) = /(_Oo,tw) tdsy(t) + /{tm} tdsz(t) + ~/(tz,oo) tds,(t)
= / tds,(t) = tes(x({tz})) = ta.
{t=}
0

Since the state space of a perfect MV-algebra is very poor, it contains only a two-valued state, we
extend the notion of a state on a perfect MV-algebra in a similar way as it was extended a state on
MV-algebra to its representing unital ¢-group (G,u). The idea is based on the fact that the radical,
Rad(M), of a perfect MV-algebra M = I'(Z X G, (1,0)) corresponds to the positive cone of the ¢-group
{0} x G.

The category of perfect MV-algebras with principal radical is a category of whose objects are pairs
(M, a), where M is a perfect MV-algebra with a fixed element a € Rad(M) which generates Rad(M) as
an ideal, and morphisms are homomorphisms of MV-algebras preserving fixed elements in radicals. This
category is categorically equivalent to the category of Abelian unital ¢-groups, see [BeDi, Thm 3.5].

Let (M,a) be a perfect MV-algebra with principal element, where a is a fixed element generating
Rad(M) as an ideal. A mapping s : Rad(M) — R* such that (i) s(a +b) = s(a) + s(b), (ii) s(a) =1 is
said to be a Rad-state on (M, a). Clearly s(0) = 0. An extremal Rad-state on (M, a) is defined in the
same way as for states on general MV-algebras, and a Rad-state-morphism on (M, a) is a Rad-state on
(M, a) which preserves lattice operations on Rad(M). A Rad-state s is o-additive if a = \/,, a,, € Rad(M)
a sequence {a,} from Rad(M) with a,, < an41 for each n > 1, then s(a) = lim, s(ay,). We note that
Rad-states are called in [DGL] local states.

For example, for the Chang MV-algebra M = F(Z?Z, (1,0)), every element of the form a = (0,n)
generates Rad(M) as an ideal, so that on (M, a) we have a unique Rad-state s,, with s,((0,n)) = 1; s,
is a o-additive Rad(M)-state. Similarly, I'(Z 4 R, (1,0)) with the fixed element a = (0, 1) has a unique
Rad-state s((0,t)) =t, t > 0. Each Rad-state on the Chang MV-algebra is faithful, i.e. s(b) =0iff b=0
but every perfect MV-algebra M # {0,1} has only a two-valued state which is not faithful. A non-empty
set S of Rad-states on a perfect MV-algebra M is said to be faithful if s(a) = 0 for each s € S implies
a=0.
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We note that if a > 0, (M, a) possesses at least one Rad-state as it follows from the next proposition.

Proposition 5.2. Let M = F(Z;)G, (1,0)) and let a = (0,u), where u is a strong unit on an £-group
G # {0}. Then there is a one-to-one correspondence between Rad-states on (M, a), states on (G,u), and
states on T'(G,u), respectively, preserving extremal states. In particular, (M,a) possesses at least one
Rad-state.

The ¢-group G is Archimedean if and only if (M, a) possesses a faithful system of Rad-states.

Proof. Let s be a state on (G, u). Thanks to the categorical equivalence of the category of MV-algebras
with the category of unital /-groups and the categorical equivalence of the category of perfect MV-algebras
with principal radical, every the state s on I'(G,u) can be extended to a state § on (G, ). The mapping
5:Rad(M) — R given by 5(0,g) = 5(g), (0,9) € Rad(M), gives a Rad-state on (M, a). Conversely, every
Rad-state s on (M, a) can be extended to a state on the unital ¢-group ({0} x G, (0,u)) and consequently
on (G,u) and it generates a state § on I'(G, u). These correspondences preserve extremal states.

Since every unital ¢-group (G, u) possesses at least one state, see [Go, Cor 4.3], by the first part of the
present proof we conclude that (M, a) possesses at least one Rad-state.

Using [Go, Thm 4.14] and the mentioned equivalences, we have that G is Archimedean iff (M, a)
possesses a faithful system of Rad-states. O

Now let M = F(Z?G, (1,0)) be a Rad-Dedekind o-complete perfect MV-algebra with principal
radical. Let z : B(R) — {0} x GT be a {0} x G-observable. If s is a Rad-state on M, then s,(FE) :=
s(z(E)), E € B(R), is a finite o-additive measure on B(R). Then we can define the expectation Exps(x)
by

Exps(z) := /tdsz(t)

if the integral exists and is finite.

For example, let M = F(Z?Z, (1,0)) be the Chang MV-algebra, and s be a unique Rad-state on
(M, (0,1)) such that s((0,1)) = 1. If = is any {0} x Z-observable, then there is a least finite set consisting
of finitely many mutually different numbers Ay,...,\, such that z({\1,...,\,}) = x(R). Therefore,
Expy(z) =Y 0 Mis({\}).

As we have seen, Proposition 5.1, every perfect MV-algebra M possesses a unique state and it is a
two-valued one. The two-element Boolean algebra {0, 1} is also a perfect MV-algebra. For example if O
is the zero-group, then {0,1} 2 F(Z?O, (1,0)). Therefore, we can see that every perfect MV-algebra
has a state with values in the Chang MV-algebra C which is a perfect MV-algebra which generates the
variety V(C). Motivated by these ideas, we show some remarks on states on perfect MV-algebras with
values in the perfect algebras C =T'(Z ?Z, (1,0)) and R :=T(Z ?R, (1,0)), respectively.

Let M be a perfect MV-algebra. We say that a mapping (I) s : M — C'is a Z-state if (i) s(a +b) =
s(a) + s(b) whenever a + b is defined in M and (ii) s(1) = 1 := (1,0); (II) s : M — R is an R-state
if (i) s(a+b) = s(a) + s(b) whenever a + b is defined in M and (ii) s(1) = 1 := (1,0). Clearly, every
Z-state is an R-state, s(0) = 0 and s is monotone. Then any Z-state s maps Rad(M) into the radical of
C and Rad(M)’ maps into Rad(C)’; similarly for any R-state. Without loss of generality, we can assume
that M = F(Z;)G, (1,0)) for some Abelian ¢-group. Therefore, there is a unique additive mapping
¢s : GT — ZT such that we have a mapping s(0,g) = (0, ¢s(g9)), g € GT. The mapping ¢ : G+ —Z* can
be uniquely extended to a positive homomorphism of po-groups from G into Z. Conversely, if ¢ : G — Z is
a positive homomorphism, then s, : M — C given by 54(0,g) = (0,¢(g)) and s4(1, —g) = (1,0)—(0, #(g)),
g € GT,is a Z-state. Of course, there is at least one positive homomorphism ¢ : G — Z, the zero-mapping.
Whence, if ¢ is non-zero, given an integer k > 0, the mapping ¢y, := k¢ gives a new Z-state si, so we have
countably many different Z-states sg4,, S¢,,.... We note that sg, is a two-valued Z-state corresponding
to a unique two-valued state on M by Proposition 4.11.
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Similar arguments can be applied to R-states. Then there is also a one-to-one correspondence between
positive homomorphisms ¢ : G — R, and for each t € [0,00), we define ¢; := t1). So if ¢ is non-zero,
we have uncountably many R-states {sg4,: ¢ € (0,00)} generated by some R-state. We note that s,
corresponds to a unique two-valued state on M.

Due to [Go, Ex 9.6], there is a Dedekind o-complete ¢-group G without strong unit such that there is no
non-zero positive homomorphism. Therefore, the MV-algebra M = T'(Z 4 G,(1,0)) is a Rad-Dedekind
o-complete perfect MV-algebra whose radical is not principal and M possesses only a two-valued R-state.

Some limitation on the number of Z-states or R-states can be done for MV-algebras (M,a) with
principal radical assuming that e.g. a Z-state s maps a to b = (0,n), where n > 1 is fixed; similarly for
R-states s mapping a to b = (0,t), where t € (0,00) is fixed. Such states are said to be (Z, a,n)-states
and (R, a, t)-states, respectively.

If (G,u) is a unital f-group, there is a state h on (G,w) which is in fact a homomorphism of unital
po-groups from (G, u) into (R, t) where t € (0,00) is fixed. Therefore, the mapping s, : M — R given by
sn(0,9) = (0,h(g)), sn(l,—g) = (1,0) — (0,h(g)), g € GT, is an (R, a,t)-state mapping a = (0,u) onto
(0,1). In addition, (i) M possesses at least one (R, a,t)-state and (ii) if (G, u) is Archimedean, then the
system of all such (R, a,t)-states is faithful.

The situation with (Z, a, n)-states is similar and their existence depends on the existence of (n + 1)-
valued states on (G,u). For example, in the case (M,a), where M = C is the Chang MV-algebra,
a = (0,3) and n = 1, there is no (Z, a, 1)-state on (M, a). If a = (0,m) € C, then there is a (Z, a, n)-state
on (M,a) iff m divides n, and in such a case, there is a only one (Z, a,n)-state on (M, a).

6. OLSON ORDER AND SUM OF OBSERVABLES

In analogy with [Ols], using spectral resolutions, we introduce a partial order, the Olson order, of
observables and we define a sum of observables. Then the system of observables is a distributive lattice
which is also a lattice-ordered semigroup.

Let O(M) and Oy (M) be the set all observables and of bounded observables, respectively, on a Rad-
Dedekind o-complete perfect MV-algebra M with principal radical. Given observables x,y,z,... on M,
let {z::t € R}, {ye:t € R}, {z:t € R},... be their spectral resolutions defined by Proposition 4.5.
According to [DvuOl], we introduce on the set of observables of a Rad-Dedekind o-complete MV-algebra
with principal radical a partial ordering =<, called the Olson order (the subscript s stands spectral),
which was motivated by an ordering of Hermitian operators introduced originally by Olson [Ols]. Thus,
we write

r=<sy iff y < foreachteR.

According to Theorem 4.8, we see that =<, is a partial order on O(M).

Proposition 6.1. Let M be a Rad-Dedekind o-complete perfect MV-algebra with principal radical, and
let x,y be observables on M. Define

zi =2 Vg, teR. (6.1)
Then the system {z;: t € R} satisfies (4.2)—(4.4) and it determines a unique observable z on M that is
the greatest lower bound of x and y under the Olson order, and we write z = x N\ y.

Proof. Clearly z; < z5 whenever s < t. Let zz < w for each ¢ € R. Then z;,y; < w which gives
1=V, z <w, whence \/, zz = 1. Now, let u < 2, for each t € R. Let ¢y be a fixed arbitrary real number.
Then, for each t < to, we have u < x; Vy; < x4 V yp,. Applying (2.2), we have u < A, (z¢ V yt,) =
(Ai<ty Tt) V Yt = yt, which yields u < A, v, = 0. Finally, let s € R be given and let 2; < v for each
t < s. Then x;,y: < 2 < v so that xs,ys < v which proves \/t/S 2t = Zg.

Applying Theorem 4.8, we see that there is an observable z on M such that {z;: t € R} is a spectral

resolution of z. Since x;,y; < z;, we have z =<4 x,y. Now let u be any observable on M such that
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u =Xg x,y. Then x:,y: < uy for each t € R, so that z; < uy, t € R which entails u <g z and z =z Ay
under the Olson order <. O

Clearly, Proposition 6.1 shows also that if z and y are bounded observables, then z = z Ay is also a
bounded observable. Similarly, (6.1) shows that the infimum of two simple observables is also a simple
observable.

Proposition 6.2. Let M be a Rad-Dedekind o-complete perfect MV-algebra with principal radical, and
let x,y be observables on M. Define

wy =z ANy, tER. (6.2)
Then the system {w;: t € R} satisfies (4.2)—(4.4) and it determines a unique observable w on M that is
the least upper bound of x and y under the Olson order, and we write w =z V y.

Proof. Clearly w; < wg if t < s. Since w; < x4, we have A\, w; = 0. Let w; < a € M for each t € R.
Let ¢y be an arbitrary but fixed real number. Then for each ¢ > ¢y, we have 2 A yr, <z Ay = we < a.
Applying (2.1), we have y1, = 1Ay, <aand 1=\, 4, < a. Nowlet t < s and let z; < b € M for each
t < s. Choose ty < s, then for each ¢t with tg <t < s, we have z; Ay, < 24 Ay < b. Applying again
(2.1), we have x5 Ay, < b and \/t0<s(9cS AYy) =25 Ays < b.

Due to Theorem 4.8, we see that there is an observable w on M such that {w;: ¢ € R} is a spectral
resolution of w. In addition, x,y < w. If there is an observable u such that =,y <5 u, then u; < xy,yq,
so that u; < w; for every ¢t € R which yields w <4 u and w is the least upper bound of = and y with
respect to the Olson order. 0

We note that if x,y are bounded or simple observables, so is w. Let o be the zero observable, i.e.
0({0}) = 1. Then, for the spectral resolution {o;: t € R} of o, we have o; = 0 for each ¢t < 0 and o; = 1
for each t > 0.

Theorem 6.3. Let M be a Rad-Dedekind o-complete perfect MV-algebra with principal radical. The
system O(M) of observables on M is a distributive lattice under the Olson order. The same is for the
class of simple observables. The null observable o is the least element in the set of positive observables
and the top element in the set of negative observables.

Proof. The fact that O(M) is a lattice follows from Propositions 6.1-6.2. The definition of the null
observable entails that it is the least element of the set of positive observables and the top element in the
set of negative observables.

We show the following form of the distributive law (xVy)Az = (zAz)V (yAz) for all z,y,z € O(E).
By (6.1)-(6.2), we have for each t € R

(@Vy) Az)e = (e Ay) Vze) = (2 Vze) Ay V 2e)
={(zA2)V(yAz)y.
Analogously, we can get the second distributivity law (x Ay) Vz = (x V2) A (yV 2). O

In the second half of the section, we introduce sum of observables. This notion was defined for bounded
observables on o-complete MV-algebra in [DvSum] and now we generalize it for Rad-Dedekind o-complete
perfect MV-algebras with principal radical and for any couple of observables not necessarily bounded.

Motivation for the sum is as follows:

Let (Q,S) be a measurable space, i.e. 2 is a non-void set and S is a o-algebra of subsets of . Let
f,9: Q2 — R be S-measurable functions. It is well-known that f 4 ¢ is also S-measurable. The proof of
this fact is based on the property

{we: flw)+gw) <t} = U({wEQ:f(w)<r}ﬂ{w€Q:g(w)<t—r})
reQ
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for each t € R, where Q is the set of rational numbers, see e.g. [Hal, Thm 19.A]. Inspired by this equality,
in [DvSum], we have introduced a sum of bounded observables on o-complete MV-algebras. In what
follows, we extend the sum of observables also on Rad-Dedekind o-complete perfect MV-algebras with
principal radical.

The point to from (4.5) can be characterized also as a (unique) point ¢ such that z({¢tc}) € Rad(M)’
and z({t}) € Rad(M) for each t # to. Indeed, it is sufficient to show that ¢t > to implies x({t}) € Rad(M).
If not, then for ¢ € R such that tg < t’ < ¢, we have xy,xy + 2({t}) € Rad(M)’ which is impossible.
Conversely, if t < tg, then (—oo,t) and {to} are disjoint sets which implies z; € Rad(M). For t > ¢o, we
have {to} C (—o0,t), so that z; € Rad(M)’.

Properties of characteristic points:

(i) If z = o the null observable, then ty = 0.
(ii) If f is a bijective mapping from R onto (a, ), where &« € RU {—o0} and f € R U {0}, then
ty) = flta).

(iii) If « € R and a(t) = at, t € R, then t,,) = at,.

Proposition 6.4. Let x and y be observables on a Rad-Dedekind o-complete perfect MV-algebra M with
principal radical. Then, for each t € R, the element

@+y)e=\ (@ Ayiy) (6.3)
reQ
exists i M.
Moreover, if t <t +1t,, then (x +y); € Rad(M), and (x +y): € Rad(M)" if t > t, + t,.

Proof. First we establish the following Claim.

Claim (i) Let {an}n be a sequence of elements from Rad(M), then N\, a, exists in M and it belongs to
Rad(M).

(ii) Let {cn}n be a sequence of elements from Rad(M)'. Then \/, ¢, exists in M and it belongs to
Rad(M)'.

Indeed: (i) We set b, = a1 A --- A a, for each n. The elements e, = a; — b, belong to Rad(M) and
they are bounded by a; € Rad(M). The Rad-Dedekind property of Rad(M) entails \/, e, exists in M
and it belongs to Rad(M). Then a; —\/,,(a1 — b,) = A,, bn = A\, an € Rad(M).

(ii) Let {c,}n be a sequence of elements from Rad(M)’. Then {c} }, is a sequence of elements from
Rad(M) and by (i), A,, ¢, € Rad(M), so that \/,, ¢, exists and it belongs to Rad(M)".

Now, let ¢, and t, be characteristic points corresponding to x and y. Assume ¢, < ¢,. If r <t,, then

Tr NYt—r < xp, ANYp—r <z, € Rad(M), see Proposition 4.5, and Rad-Dedekind o-completeness yields
Ay = \/ (xr /\yt—r)
r<t,

exists in M and it belongs to Rad(M). In the same way, we can prove that if t —r <t,, ie. t—t, <7,
then =, Ay <2 Ays, <yi, € Rad(M) and

Ay = \/ (zr A yt—r) € Rad(M).
t—t, <r

Finally, either the set A; := {r € Q: t, < r <t —t,} is empty or non-empty. In the first case, the
element \/reAl (xy Ayt—r) = 0, in the second case, z, A yr—, € Rad(M)’ and by Claim, \/reAl (T AN Yt—r)
exists in M and it belongs to Rad(M)’. Consequently, the element

@+y)e=\ @Ave)V\ @ Ap) v\ (@ Ayer) (6.4)

r<te rcA t—t,<r
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exists in M.
Now let ¢, < t,. Then for all r < ¢,, we have also that

By = \/ (xr /\ytfr)

r<ty

exists in M and it belongs to Rad(M). Similarly, if t —r <t,, ie. t —t, < r, the element
B, := \/ (xr A ys—r) € Rad(M).

t—t,.<r
Let Ay = {r € Q: t, <r <t—t,}. If Ay =0, then \/, ., (tz At,—,) =0, if Ay is non-empty, then for
each r € Ag, x, A yi— € Rad(M)’ so that by Claim, \/ (xr AN yi—r) € Rad(M)" which proves that
(z + y) exists in M for each t € R.

Now let t <t +t,. If t, <t,, the elements A;, Ay € Rad(M) and the set A; = (), because for r € Ay,
we have t, <r <t—t, <ty +1t, —t, =1, Inview of (6.4), (z+ y); € Rad(M). In the similar way, if
ty < tg, the set Ay =0, By, By € Rad(M) and (z + y); € Rad(M).

Finally, let ¢t > t, +t,. If t; <t,, then t, <t—t, and due to the density of rational numbers, there is
a rational number r such that t, <r <t —t,, so that A; # () and (6.4) shows that (z +y), € Rad(M)’.
Similarly, if ¢, < t;, the set Ay is non-empty and hence, (z + y); € Rad(M)". O

rehy

Theorem 6.5. Let x and y be observables on a Rad-Dedekind o-complete perfect MV-algebra M with

principal radical. Then the system {(z + y):: t € R}, where (x + y): is defined by (6.3) satisfies the

conditions (4.2)—(4.4), and there is a unique observable z on E such that z; = (x + y)¢ for each t € R.
In addition, (x+y); = (y+x); for each t € R, and consequently z+y = y+x. Moreover, tyy, = t,+t,.

Proof. Clearly, (x 4+ y): < (z +y)s for ¢ < s.

(4.3): By Proposition 6.4, if t < t, +1t,, then (z 4+ y); € Rad(M), so that by Claim, A,(x + y); exists
in Rad(M) and dually, \/,(x + y); exists and is in Rad(M)’. Let r¢o be an arbitrary but fixed rational
such that ro < t; +t,. Then

(z+y)= \/ (T ANYt—r) = \/ (Tr AN Yt—r) V \/ (T A Yr—r)
reQ r<ro r>rg
S \/ Ty V \/ yt—ro
r<ro r>10
=Try V Yt—rq-

Hence,

/\(LL' + y)t < /\(‘TTU v ytfro) = Trg

t

N+ < Nay, =0.

t To

Now we show that \/,.p(z +y): = 1. Take 79 > t, +t,. Then

(.T + y)t = \/(x'r A yt—r)

T

\/ (5177" A yt—r) \v \/ (mr A yt—r)

r<ro r>70
2 \/ (mr A yt—ro) \ \/ ('TTO A yt—r)
r<ro r>To

= Tp, A Yt—ro \ Lpq A Yt—ry = Try A Yt—rg-
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Then
\/('T + y)t > \/(xTo A yt—TO) = Try

t t

\/(-’If‘i‘y)t 2 \/xTo =1L

t 0

(4.4): Let t < s. If s <ty +1t,, by Proposition 6.4, (x + y)s € Rad(M), so that due to linearity of the
set {(z +y);: t € R}, we see that \/,_ (z + y); exists and is in Rad(M). If s > t, + t;, there is ¢’ with
ty +1t, <t <s,so that by Claim in the proof of Proposition 6.4, we see that \/,_,(x + ) exists and is
in Rad(M)".

V(@ +y) V V@ Ay

t<s t<sreQ
- \/ \/ (xr A ytfr)
reQt<s
= \/ (xr A \/ ytfr)
reQ t<s
= \/(m’r‘/\ysfr) = (x+y)s
reQ

Applying Theorem 4.8, we see that {(x + y):: t € R} is a spectral resolution of a unique observable z
such that z; = (x + y); for each t € R.

Now we show that (z+y): = (y + x): for each ¢ € R. (i) Let ¢ be a rational number and set s =¢ —r.
Then V,cq(@r A yi—r) =V co(@i—s Ays) = (y + x);. (ii) If ¢ is an arbitrary real number, let {t,} be a
sequence of rational numbers such that {t,} /. Then using (4.4), we have (z+y); =\, ~(z+y), =
Vi, 1y + ), =Y+ ).

Hence, z+y =y + .

Finally, the property t,4, = t; + t, follows from Proposition 6.4. 0

Definition 6.6. The observable x + y from Theorem 6.5 is said to be a sum of observables z and y on
a Rad-Dedekind o-complete perfect MV-algebra M with principal radical.

Now we present a simple corollary which says that expectation is additive and homogeneous on the
set of observables.

Corollary 6.7. If x and y are observables on a Rad-Dedekind o-complete perfect MV-algebra M with
principal radical, o, B € R, and s is a state on M, then

ta(e)+py) = Brps(a(z) + B(y)) = Exps(a(x)) + Exps(B(y)) = at, + Bty

Proof. According to Proposition 5.1(3), Ezps(x) = t, Exps(y) = t,, and by Theorem 6.5, we have
tyty =tz +t, which gives the result. ]

Theorem 6.8. If x,y,z are observables on a Rad-Dedekind o-complete perfect MV-algebra M with
principal radical, then x +y=y+x and (x +y)+z=z+ (y + 2).

In addition, © + 0 = 0+ x, where o is the null observable on M. The sum of bounded observables is a
bounded observable and the sum of simple ones is a simple observable.

Moreover, the set O(M) is a commutative semigroup with respect to sum of observables and with a
neutral element o.
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Proof. Using commutativity of the sum of observables, we get

(@+y)+2: = GE+@+y)i=V(A@+y)i,)
reQ

= \/ (zr A \/ (zs A yt—r—s))

reQ s€Q

= \/ \/ (zr N T /\yt—r—s)

reQ seQ

= VV @Az, )

s€EQreQ

= \/ (acs A \/ (zr A yt—r—s))

seQ reQ

= \/ (s Az +Y)i—s)

seQ

- \/ (s A (Y +2)i—s)

seQ
= @++2)e

Finally, (0 +2); = V,<o(or Axt—) V V,sp(or Az ) =0V, (LA Dy) = 4.

Let z and y be bounded observables. Then there is a real number K > 0 such that z([-K, K]) = 1 =
y([-K, K]). It is possible to show from (6.3) that (x +y); =0 for t < —2K and (z +y): = 1 for t > 2K.

If  and y are simple, the spectral resolutions of x and y have only finitely many elements, so that the
spectral resolution of x 4+ y has also only finitely many elements.

Consequently, O(M) is a semigroup with respect to + and with the null observable o as a neutral
element. O

In what follows, we show that the set O(M) is a lattice ordered semigroup with respect to the Olson
order and the sum of observables. An analogous result was established in [DvSum, Thm 4.4] for the set
of bounded observables on a o-complete MV-algebra.

We note that according to [Fuc|, a semigroup F with a partial ordering < is (i) a partially ordered
semigroup if x < y implies  + z < y + z for every z,y,z € E, see [Fuc, p. 153], and (ii) a lattice-ordered
semigroup if E is a lattice such that (xVy) +2z = (z+ 2) V (y + 2), [Fuc, p. 191].

Theorem 6.9. The set O(M) of observables on a Rad-Dedekind o-complete perfect MV-algebra M with
principal radical is a distributive lattice and a lattice-ordered semigroup with respect to sum of observables
and the Olson order.

Proof. (i) According to Theorem 6.3, the set O(M) is a distributive lattice under the Olson order =,
and due to Theorem 6.8, we see that the set O(M) of observables on M is a semigroup with respect to
sum + and with a neutral element o.

(ii) Now we show that if, for two observables z and y on M, we have x < y, then z+ 2z <, y+ 2 for each
observable z on M. Indeed, if x <, y, then y, <z, for each t € R. We have (y+ 2); = V,.(yr A 21—r) <
V., (zr A z—y) = (x + 2);, which implies z + z < y + z. Hence, O(M) is a partially ordered semigroup.

(iii) To establish that O(M) is a lattice-ordered semigroup, we have to show that (z V y) + z =
(x4 2) V (y + z). To show that, we will follow steps from the proof of [DvSum, Thm 4.4]. Calculate

(zVy)+2)= \/((x Vy)r A ziy) = \/((wr ANyr) N 2t—r)

T T
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and
(@+2)V(y+2)e = (@+2)eA(y+2)
= (\/(IT A Zt—?”)) A (\/(ys A Zt—s))
= \/ \/(737 N Ze—r NYs N Zt—s)
= \/ \/ (Z‘T N Zp—r NYs A Zt—s)
r s<r
vV \/ \/ (Tr AN 2ter ANYs A Ze—g).
T S>Tr
Denote by
B, = \/ \/ (xr N2zt NYs N\ ths)a
r s<r
BQ = \/ \/(:zrrAzt_r/\ys /\Zt—s)-
T S>T
Then
Bi = \/ V(@ Az ny)=\(z: Azir Ayp) € M,
r s<r T
B, = \/ \/(a:r ANys A\ zi—g) = \/(xs ANys A zi—g) € M.
s r<s s
Since By = Bs, we see that ((x Vy) + 2); = ((x +2) V (y + 2)), that is, O(M) is a lattice-ordered
semigroup. O

We note that in the same way it is possible to show that the set of bounded observables and the set
of simple observables are lattice ordered semigroups.
Finally we do a short remark on Markov kernels which are associated with a g-tribe 7 of bounded
functions on a set Q # @) because they are closely connected with T-observables, where T is a g-tribe.
We say that a mapping K : Q x B(R) — [0, 00) is a Markov kernel associated with a g-tribe T (simply
Markov kernel) if
(i) for any fixed E € B(R), the mapping K (-, E) € TT;
(ii) for any fixed w € Q, the mapping K (w,-) is a o-additive measure on (R, B(R)).
We note that the mapping zx : B(R) — T defined by zx(F) := K(-,E), E € B(R), is a T-observable.
Conversely, let x be a T-observable. Then there is a unique Markov kernel K associated with the g-tribe
T such that z = 2.

7. CONCLUSION

In the paper we studied a situation when a partial information on an observable known only on all
intervals of the form (—oo,t) gives us a complete information about the whole observable. That means
when a system {z;: t € R} of elements of an MV-algebra which is monotone, left continuous, A\, z; =0
and \/, z; = 1 (called also a spectral resolution) determines an observable x such that z; = x((—o0,t)),
t € R. This question is studied for Rad-Dedekind o-complete perfect MV-algebras with principal radical.
The main result is Theorem 4.8 which generalizes analogous results from [DvKu] where this problem was
solved for o-complete MV-algebras and Dedekind monotone o-complete effect algebras with the Riesz
Dedekind Property.
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Using this one-to-one correspondence between observables and spectral resolutions, we define the Olson
order under which the set of all observables O(M) on M is a distributive lattice, Theorem 6.3. In addition,
spectral resolutions enable us to define a sum of observables so that O(M) is a commutative semigroup,
Theorem 6.8, and a lattice-ordered semigroup with respect to the sum of observables and the Olson order,
see Theorem 6.9.

We have also an open problem: How big is a class of MV-algebras where every spectral resolution
determines an observable? We know that it contains all o-complete MV-algebras, see [DvKu], and now
by Theorem 4.8 also all Rad-Dedekind o-complete perfect MV-algebras with principal radical. This class
is closed under direct product.
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