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Abstract

In many relevant fields, real world problems involving large-scale global optimization (LSGO) in the continuous domain
are becoming more and more frequent. For this reason, the last few years have seen an increasing number of researchers
interested in improving optimization metaheuristics in such a way as to cope effectively with high-dimensional search
domains. Among the several techniques to enhance scalability, one of the most studied is Cooperative Coevolution (CC),
an effective divide-and-conquer strategy for decomposing a large-scale problem into lower-dimensional subcomponents.
However, despite the progress made in the LSGO field, one of such optimizations can still require a very high number
of objective function evaluations to provide a satisfactory result. Therefore, when the evaluation of a candidate solution
requires complex calculations, optimizing a high number of variables can easily become a challenging task. Nonethe-
less, to date few studies have investigated the application of optimization metaheuristics to objective functions that are
simultaneously high-dimensional and computationally significant. To address such a research issue, this article investi-
gates a surrogate-assisted CC (SACC) optimizer, in which fitness surrogates are exploited within the low-dimensional
subcomponents resulting from the problem decomposition. The developed SACC algorithm is investigated through a
computational study based on a rich test-bed composed of 1000-dimensional problems. According to the results, SACC
is able to significantly boost the convergence of the CC optimizer, leading in many cases to a relevant computational gain.
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1. Introduction

In recent years, a great deal of research efforts has been aimed at improving the effectiveness of optimization meta-
heuristics in addressing continuous problems characterized by several hundreds to thousands of variables. Such a field of
research, which is referred to as ‘large-scale global optimization’ (LSGO) in the literature [38, 32], has been motivated by
two main reasons.

On the one hand, there is an ever-increasing need to tackle real-world problems requiring the optimization of a high
number of variables. Such applications are often characterized by lack of detailed information on the objective functions,
complex fitness landscapes and constraints on computing time. In these cases, suitable metaheuristics can represent an
invaluable tool for finding, within a reasonable time scale, an acceptable solution. Relevant examples of such optimization
problems can be found in clustering [16, 36], data analytics [11], optimization of networks [15], engineering optimization
[9], parameter estimation in systems biology [59] (e.g., genetic networks [64, 29]) and simulation of complex systems [2].
On the other hand, even search algorithms that perform satisfactorily when applied to small or medium-sized problems
are characterized by a rapid decay of search efficiency as the dimensionality of the problem increases. Such an issue,
typically referred to as the curse of dimensionality, suggested to search for suitable techniques to improve the scalability
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of optimization metaheuristics. However, despite the progress made in terms of efficiency, an advanced metaheuristics
algorithm still requires a significant number of objective function evaluations to find an optimal or a satisfactory near-
optimal solution. To give an idea, the typical test suite adopted for the competitions on LSGO, within the IEEE Congress
on Evolutionary Computation, included problems with 1000 variables and allowed 3 x 10 function evaluations [60, 61].
Unfortunately, such a high number of fitness evaluations can represent a serious limitation when the objective function
must be evaluated through complex computational models (e.g., computer simulations, neural networks, etc.), as is the
case in many real-world applications. In spite of this, not much attention has been given so far to the issue of using
metaheuristics for optimizing high-dimensional functions that are also computationally significant.

When fitness evaluation is difficult, a typical approach adopted to decrease the computational cost of optimization
consists of exploiting cheaper approximations of the objective function during the search (i.e., the so-called surrogates or
metamodels) [26, 27]. However, for high-dimensional problems also the quality of fitness surrogates is plagued by the
curse of dimensionality, that is, it decreases rapidly as the number of involved variables increases. For this reason, very
few works address LSGO problems through metamodeling [63, 34, 58].

To address the issue of LSGO with complex objective functions, in this article we study the use of fitness surrogates
in the context of a CC optimizer. The rationale behind the approach lies in the fact that, thanks to the CC technique,
the surrogates can operate within the lower dimensional search spaces originated from a decomposition of the original
problem [45, 23]. This allows approximating effectively the exact fitness function at the obvious cost of building a higher
number of surrogates (i.e., at least one for each subproblem originated by the CC decomposition), under the assumption
that there is still a saving of computing time due to the significant cost of the original fitness function.

In the literature, accurate metamodeling in conjunction with CC has been rarely used and the resulting framework has
never been thoroughly investigated using LSGO problems [45, 23]. Nevertheless, quantifying the advantages provided
by such a surrogate-assisted CC (SACC) is made interesting by some specific characteristics of the CC technique. For
example, most optimization problems are nonseparable, which means that the subcomponents of a CC decomposition
cannot be optimized independently [49]. However, as noted in a previous study limited to some medium-sized problems
[45], the uncertainties introduced by the approximate fitness can have contrasting effects on the convergence of the search
process in case of nonseparable objective functions. Moreover, it is known that given a CC optimizer there may exist an
optimal size of the decomposition, dependent on both the problem and the underlying search algorithm, able to maximize
the speed of convergence [43, 66]. In contrast, a lower-dimensional decomposition enables in general surrogates that
are more accurate. Therefore, it is worth investigating how the adopted decomposition can affect the search efficiency
of a SACC algorithm. Another peculiar aspect of the CC technique is the periodical exchange of information between
subcomponents, which should be more frequent for highly nonseparable problems. In case of a SACC, with metamodeling
at the subcomponent level, such interactions interfere with the accumulation of knowledge on the fitness landscape that is
required to train the surrogates.

To investigate the above issues, we use and compare four common metamodeling approaches, namely Quadratic
Polynomial Approximation (QPA) [22], Radial Basis Function Network (RBFN) [73, 52], Gaussian Process (GP) [13, 72,
34] and Support Vector Regression (SVR) [56], within a CC optimizer based on Differential Evolution (DE) [57].

In the article, we provide the following main contributions: (i) given the lack of such a study in the LSGO literature,
we quantify, using a standard test-bed composed of 1000-dimensional problems, the gain of original function evaluations
that can be achieved with a SACC optimizer based on advanced metamodeling and an effective search algorithm; (if)
we provide useful indications on the minimum cost of the objective function that makes the surrogate-assisted approach
suitable for LSGO applications, where the number of metamodels to train can be significantly high; (iii) we investigate
the effect of the relevant parameters that can affect the results.

The article is organized as follows. Section 2 provides a background on the related work and motivates, in more detail,
the presented study. Section 3 describes the proposed approach, including the four variations in terms of metamodeling
strategies. Then, section 4 illustrates the results of a comprehensive computational study, which includes the empirical
evaluations of factors like size of decomposition and type of metamodeling. Conclusions and some hypotheses on future
developments of this research are provided in section 5.
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Algorithm 1: CCRG(f, d)

1 P « initPopulation(d, Npop);

2 b « initContextVector(P);

3 fitnessEvaluations < 0;

4 while fitnessEvaluations < Npp do

5 | G=1{Gy,...,G;} « randomGrouping(n, k);

6 | foreach G; € Gdo

7 P; « extractPopulation(P, G;);

8 (P;, best;, FE ) « optimizer(f, P;, b, G;, Njz,);
9 pop « storePopulation(P;, G;);

10 fitnessEvaluations « fitnessEvaluations + FE;

1 | foreach G; € G do
12 L b « updateContextVector(best;, G;, b);

—

3 return f(b) and b;

2. Background and motivations

2.1. The cooperative coevolutionary optimization strategy

We consider the following minimization problem:
min f = F(x), X€S @))

where S C R? denotes a search space with a high number d of variables and F : S — R is a real-valued objective function.
According to the CC technique [49], the d-dimensional set of search directions G = {1,2,...,d} is first partitioned into k
sets G| ... Gy, where each group G; of directions defines a subcomponent. For example, a straightforward decomposition
of the original d-dimensional search space consists of k subcomponents of the same dimension d; = d/k, with the groups
of directions defined as:

G ={(-DXxd+1,...,ixd} 2)

Then, a standard iterative algorithm is applied to separately evolve candidate solutions in each subcomponent, using fixed
values for the variables not included within that particular subcomponent. Since each subcomponent manages only sub-
vectors of the d-dimensional candidate solutions, an exchange of information (i.e., cooperation) is required to evaluate
the objective function. To this purpose, each subcomponent provides a representative individual to build a common d-
dimensional context vector b € R?. Then, before its evaluation, each candidate solution belonging to a subcomponent is
complemented through the appropriate elements of b. Typically, either the current best or a randomly chosen individual
is used to represent a subcomponent in the context vector [71].

When applying a CC optimizer, an important aspect to be considered is the possible epistatic interaction between
variables, which can negatively affect the convergence rate [49]. To cope with such an issue in case of nonseparable
problems, the typical approach consists of using equally sized subcomponents together with a dynamic grouping strategy
called Random Grouping (RG) [74], in which the directions of the original search space are periodically re-grouped in a
random way to determine the CC subcomponents. In practice, the RG strategy increases the probability of having grouped
together two dependent variables during the optimization process [74, 42] and represents an effective approach when it is
not possible to apply specific algorithms designed to find and group together all the interacting variables [10, 44].

An outline of a CC optimizer based on the RG strategy is shown in Algorithm 1. The first step consists of creating
k groups of coordinates randomly drawn without replacement from the set {1,2, ..., d}. Then, both the population,
composed of Npop individuals, and the context vector are randomly initialized. The optimization is organized in cycles
(lines 5-12 of Algorithm 1). During each cycle, the optimizers are activated in a round-robin fashion for the different
subcomponents (lines 6-8). Then, the context vector is updated using the current best individual of each sub-population
(lines 10-11) and a new RG is executed before the next cycle (line 12). Each optimizer is executed for Nj, iterations at
each cycle. The CC cycles terminate when the number of fitness evaluations reaches the value Npg.
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2.2. Surrogate-assisted LSGO in the literature

The rationale behind surrogate-assisted search algorithms consists of increasing the efficiency by building and exploiting
a relatively inexpensive surrogate model f(x) of the original fitness f(x), based on the information available from past
evaluations of the objective function [26]. Typically, the model f is built using an appropriate learning algorithm, which

exploits an archive of n observations A = {X, y}, where X = {xO, .., x™} are d-dimensional points of the search
space and y = {f(x(V), ..., f(x™)} are the corresponding values of the fitness function obtained during or before the
optimization.

Several metamodeling techniques have been proposed in the literature so far, including Polynomial Regression, GP,
Artificial Neural Networks and RBFN [26, 27]. Nevertheless, for the reasons mentioned in Section 1, most of the
surrogate-assisted optimization algorithms only works with relatively low-dimensional problems. Some authors used
a dimensionality reduction approach based on a mapping from the original space to a lower dimensional space (e.g., the
Sammon mapping used in [63, 34]). Nevertheless, such an approach necessarily involves a certain loss of information
and proved suitable only for medium-scale optimization problems (e.g., 50 — 100 variables) [63, 34]. More recently, Sun
et al. in [58] addressed problems up to 500 decision variables using a surrogate-assisted competitive swarm optimizer
(CSO). The approach consisted on replacing part of the expensive fitness evaluations by exploiting a fitness inheritance
(FD) strategy [55], which can be seen as a local surrogate model. The authors showed that on benchmark problems up
to 500 variables, the surrogate assisted CSO provided better or competitive results compared to CSO without any fit-
ness approximation strategy. A further work on surrogate-assisted optimizers operating on high-dimensional problems
was the windowed optimization approach presented by Werth et al. in [70]. The authors, exploited a preliminary static
decomposition of the problems based on recognizing the structure of variable interactions. In every iteration, the opti-
mization is conducted on a sliding window inclusing only a subset of the variables. Such an approach proved effective on
a preliminary investigation based on a five optimization problems up to 1000 decision variables.

A natural approach to cope with the curse of dimensionality when training surrogates is to operate within the lower
dimensional search spaces of a CC decomposition. However, while the research in LSGO led to several applications of
effective CC optimizers [74, 43, 68, 39], the joint use of the CC approach together with fitness metamodeling is relatively
rare in literature, especially when the application to LSGO problems is concerned.

An earlier work based on CC optimization assisted by approximate models was conducted in 2001 by Nair and Keane
in [40], where the authors studied the design of a large space structure to achieve passive vibration suppression. The
optimization problem of size 40 was decomposed into 5 sub-problems of 8 variables and the approach proved effective
when compared with a traditional GA.

Later, in [45], Ong and co-authors used a surrogate-assisted CC based on a real-coded GA and a RBFN [6] to ap-
proximate the exact fitness. The main aim of the study was to investigate the combined effect of non-separability and
fitness metamodeling. Unfortunately, the approach was not applied to LSGO, since the investigation was based on only
two objective functions, with 20 and 40 variables respectively. Moreover, the surrogate-assisted CC used in [45] did not
use the RG approach. Nevertheless, such a surrogate-assisted CC-GA proved promising and, surprisingly, the prelimi-
nary experimentation suggested that the fitness noise due to the use of surrogates could compensate, to some extent, the
negative effect of epistasis. In other words, the advantages provided by the metamodeling could apparently overcome the
loss of efficiency related to the decomposition of a nonseparable problem. Indeed, such an advantage could be related
with what was noted since the first application of the CC approach for some nonseparable problems [49], namely that a
random selection of the representative individual in each subcomponent can improve the search efficiency. However, on
the other hand, overly inaccurate surrogates can potentially mislead or slow down the optimization process. Interestingly,
the simultaneous ‘curse and blessing’ of uncertainty due to surrogates is also a known effect of approximation errors in
the case of standard (i.e. non-CC) evolutionary search [47, 69].

More recently, Goh and co-authors described in [23] a surrogate-assisted memetic CC algorithm for constrained op-
timization problems. In the proposed approach, the exact objective function is used within each subcomponent when
applying a GA adopted as underlying optimizer. During the process, an archive of already evaluated individuals is main-
tained in each subcomponent. After each CC cycle, a Local Search (LS) phase takes place, within each subcomponent
and for each individual, by exploiting fitness surrogates built on the basis of the current archive of exact evaluations. Al-
though the proposed algorithm has proved effective in some constraint-optimization test functions, it was not investigated
in high-dimensional problems.

Another relevant study is [24], where the authors investigated a simple CC optimizer based on a standard GA and
endowed with the RG strategy. In such an algorithm, a fixed proportion of the offspring at each generation was evaluated
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through a FI strategy [55], which can be viewed as an elementary metamodeling. The results on four typical benchmark
functions, up to 1000 variables, showed a significant gain of efficiency due to the adopted FI. Later, in [25] the same FI
strategy was used within two CC algorithms based on more sophisticated optimizers. In this case, the results suggested
no evidence of overall advantages provided by the FI strategy. The authors concluded that, likely, the adopted surrogate-
assisted approach was not able to add any significant improvement to algorithms already including several sophisticated
mechanisms that boost their performance. Actually, FI is significantly inexpensive on the one hand and potentially affected
by high inaccuracy on the other hand. For this reason, in case of complex objective functions it is meaningful to consider
also more sophisticated metamodeling approaches, providing a better trade-off between accuracy and computational cost.
Nevertheless, when accurate metamodels were used in conjunction with CC strategies, the authors did not investigate
thoroughly the effectiveness of their approach for addressing LSGO problems [45, 23, 65]. Moreover, in [25] the authors
considered the efficiency of their surrogate-assisted CC at the end of 5 x 10° exact fitness evaluations, which can be
unsuitable in case of objective functions involving complex calculations. Indeed, it would be also relevant to quantify the
gain of efficiency provided by the surrogate-assisted approach for a much lower number of original fitness evaluations.
Also, considering the very high number of surrogates trained during the optimization, it would be important to provide
indications on the minimum cost of the objective function that makes convenient such an approach.

Besides the research issues highlighted above, it is worth noting that every update of the context vector b, in case of
nonseparable problems, inevitably interferes with the maintenance of a subcomponent-level training archive of evaluated
individuals. In fact, after each update of b the exact fitness to be attributed to the elements of the archive should be
re-evaluated, making the support of metamodeling less efficient. In practice, this may imply evaluating several new indi-
viduals with the original fitness up to the minimum number of training patterns that allows building a reliable surrogate.
Given that a random rearrangement of the decomposition implies an update of the context vector, such an issue is more
significant when a high frequency of RG is used, as suggested in [42] for improving the convergence. In practice, on the
one hand a more frequent RG can be beneficial in a CC algorithm, while on the other hand it can cause a loss of efficiency
in the SACC algorithm.

Furthermore, while the accuracy of surrogates benefits from a lower size of subcomponents, the same does not nec-
essarily hold for the search efficiency of the used optimizer. In fact, the value of d; in Equation 2 can have a significant
impact on the convergence during the optimization process. This has been shown in [43] for separable problems, where
the authors highlighted that there is often an optimal value of d; that maximizes the performance of a given optimizer.
A further study, also including nonseparable problems, suggested that in most cases there is a range of optimal subcom-
ponent sizes, depending on both the problem and the parameters adopted for the underlying optimizer (e.g., number of
evolved individuals) [66]. As a result, while a surrogate-assisted CC should be based on a low-dimensional decomposi-
tion to promote accurate approximations of the original fitness, the same decomposition could introduce a loss of search
efficiency compared with a higher-dimensional one.

In the following, all the issues outlined above will be empirically investigated using a SACC optimizer based on four
different metamodeling techniques, chosen among the most popular in the literature.

3. The adopted approach

The idea investigated in this study is illustrated in Figure 1 for an optimization problem defined in a bi-dimensional
search space (we used the function of problem f listed in the following Table 1). Clearly, the problem was decomposed
into two subcomponents, each including one of the two variables. In each of the two subcomponents, the proposed search
algorithm exploits mono-dimensional surrogates to replace most of the required exact fitness evaluations. Following
Algorithm 1, the subspaces covered by the two subcomponents are updated during the search, until the predetermined
stop condition occurs. At the same time, the approximations of the mono-dimensional fitness landscapes are re-built
accordingly.

Following a frequent choice in LSGO past works [75, 31, 66], we selected DE [57] as the evolutionary optimizer within
each subcomponent. The particular DE version adopted in the present study is JADE [76], an adaptive variation in which:
(i) specific F; (a DE parameter used in mutation [57]) and crossover rate CR; parameters are associated to each individual
in the population; (ii) F; and CR; are randomly generated at each DE iteration from Cauchy and normal distributions,
respectively; (iii) the means ucg and up of the distributions are updated according to the historical record of success of
the generated parameters. Moreover, JADE implements a mutation strategy called ’DE/current-to- pbest’, in which one of
the vectors involved in every mutation is randomly selected among the 100 - p% best individuals, being p € (0, 1] a further
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Figure 1: Exemplification of the proposed approach for an optimization problem defined in a bi-dimensional search space. In each of the two subcom-
ponents, the algorithm exploits mono-dimensional surrogates.

parameter. According to the results reported in [76], JADE showed an excellent optimization performance on a rich suite
of benchmark problems. Moreover, in [66] a CC algorithm based on JADE proved already very effective in tacking LSGO
problems.

The developed SACCJADE operates according to Algorithm 1, which calls at line 8 the optimizer outlined in Algo-
rithm 2. The latter, following an online learning approach [26], builds and exploits an approximate model of the objective
function in order to attribute a surrogate fitness to most of the offspring produced within the CC cycle.

At each activation of the subcomponent’s optimizer, the archive A mentioned in section 2.2 is empty (see line 1 of
Algorithm 2). Then, to collect enough patterns on the current fitness landscape for building a first surrogate, all the initial
individuals are evaluated with the exact fitness (lines 2-4 of Algorithm 2) and the local counter FE is updated accordingly
(line 5). Subsequently, every evaluation of an individual with the original fitness function enriches A with a new pattern.
At each generation, a first iteration on the parent population P generates an offspring population C according to the
standard JADE procedure (line 7 of Algorithm 2) [76]. Then, at line 8, the function evaluateOffspring associates a fitness
value y[i] to each newly generated vector C[i]. However, as shown in Algorithm 3, this is done by building and using an
approximate model when a sufficient number of patterns are collected.

In this study, we investigate the use of both local and global surrogates, with different computational costs and ef-
ficiency. Therefore, Algorithm 3 includes a parameter typeOfSurrogate, which allows choosing between a local and a
global fitness model. It is worth noting that the selection of a suitable surrogate, among the different types available,
should account for the characteristics of the fitness landscape. To such purpose, in the recent literature, researchers started
studying strategies for automatically choosing the most appropriate surrogate in case of black-box functions [1]. Such
approaches, not investigated in the present article, could provide the parameter typeOfSurrogate of Algorithm 3 as well as
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Algorithm 2: optimizer(f, di, P, b, G;, Nj;,)

Used parameters: typeOfSurrogate, JADE parameters
1 Empty the archive A of past evaluations;
// Evaluate population with the exact fitness
2 fori < 1to|P|do
3| ol < fPLD;
4 | Insert P[i] and ¢[i] in A;
s FE— |P|;
6 for g « 1 to Nj;, do
7 | Using (P, @), generate offspring population C according to JADE;

/* Evaluate the fitness y[i] of each newly generated individual CI[i] */
8 | (A, y, hasExactFitness, FE ) < evaluateOffspring(C, A, FE, typeOfSurrogate);

// Ensure the best individual has exact fitness
9 | Jj» < index of the best individual in C;
10 | while hasExactFitness|[j,] =false do

u ylis] < f(CLjpD:

12 Insert C[j,] and y[j,] in A,

13 FE— FE +1;

14 hasExactFitness[ j,] =true;

15 J» < index of the best individual in C;

16 | Use (C, y) to replace parents in (P, ¢) as in JADE;
17 | Adapt DE parameters as in JADE;

18 return P, indexOfBestindividual($), FE;

the specific parameters of the selected metamodeling.

More in detail, in case of global model, as soon as the archive reaches the minimum number of patterns n,, a single
fitness surrogate is built for evaluating the entire offspring (lines 4-6 of Algorithm 3). Note that when A contains enough
elements, a new model is built at each JADE iteration with the aim of adapting the fitness model to the evolution of
the population, that is to obtain at least an accurate approximation of the fitness landscape in the area covered by the
current population. According to lines 7-14 of Algorithm 3, if the surrogate is not ready, a newly generated individual x
is evaluated with the original fitness f(x); otherwise, it is associated to an approximate fitness value f(x).

In case of local model, if the archive contains at least n, patterns, a fitness surrogate is built on the fly for evaluating
each candidate vector. Otherwise, the original fitness is used and the archive is consequently updated (see lines 16-25 of
Algorithm 3).

As discussed in [26], the original fitness must be used during the DE iterations to avoid convergence misleading due
to the differences between the surrogate and the real objective function. Therefore, at lines 9-15 of Algorithm 2 we ensure
that the original fitness is attributed to the best individual generated at each iteration. Note that this requires to iterate
since an individual initially classified as the best in terms of approximate fitness can then turn out to be worse than others,
when evaluated exactly. Nevertheless, the required new exact evaluations contribute to the progressive improvement of
the metamodel for the next iterations.

At line 16 of Algorithm 2, each element of the current population is replaced by the corresponding offspring with
better fitness. Moreover, at line 17 the DE parameter adaptation is performed, as in the original JADE algorithm.

3.1. Adopted metamodeling techniques

We experimented one local meta-model, namely QPA, which, in most cases, can represent the best nonlinear trade-off
between simplicity and efficiency. Moreover, we studied three commonly adopted global metamodels, namely GP, RBFN
and SVR.
In the adopted QPA model, we estimate the fitness of an individual x as f(x) = 7 &, where 8 is the vector collecting
the n, = (dy + 1)(dy + 2)/2 model coeflicients and the n,-dimensional vector X is defined from x according to the second-
7
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Algorithm 3: evaluateOffspring(C, A, FE, typeOfSurrogate)

1 if typeOfSurrogate=globalModel then
// Global model covering the current archive

2 | surrogateTrained<« false;

3 | fori«— 1to]|C|do

4 if surrogateTrained=false and |A| > n, then
5 f « trainSurrogateFitness(A);
6 surrogateTrained — true;

7 if surrogateTrained=false then
8 ylil « f(CLiD);

9 hasExactFitness[i] =true;

10 FE— FE +1;

1 Insert C[i] and y[i] in A;

12 else

13 ylil < f(Clil);

14 hasExactFitness[i] =false;

15 else

// Local model around C[i]
16 | fori« 1to|C|do

17 if |A| > n, then

18 f « trainSurrogateFitness(A, Cl[i]);
19 ylil « f(CLiD;

20 B hasExactFitness[i/] =false;

21 else

2 ylil « f(CLiD);

23 hasExactFitness[i] =true;

24 FE— FE +1;

25 | Insert C[i] and y[i] in A;

26 return A, y, hasExactFitness, FE,

degree polynomial terms. We estimate the coefficients ; using the least square method, which requires at least n, > n,
elements of the archive A. An advantage of QPA is that it can often smooth out enough the fitness landscape while well
describing the global trend. Moreover, the method is computationally efficient in case of low-dimensional search spaces.
However, the main drawback of a QPA metamodel lies in its inability of describing multimodal or non-symmetric fitness
landscapes. To mitigate such an issue, we use an ad-hoc local QPA interpolant for each individual x to be evaluated. To
this purpose, we solve a least square problem for the 7, nearest neighbours of x in A.

The RBFN fitness surrogate is expressed as the following linear combination:

0= 3w exp(~x - ) Ry (x ) )
=1

J

where w; € R are scalar weights, the n. centres ¢; € R% are representative of the n, data points in the archive A used
for the RBFN training, and R; are diagonal matrices, introducing a parameter o;; for each basis function and direction as
suggested in [53]:

1 1
R;: =diag| —,..., —— 4
/ g(Z(f%. 2072 ] @
J kJ
The above RBFN model depends on the vector of n. (1 + 2d;) parameters u = {w, oy, ..., Oy, €1, ..., C, }, where w

collects the weights w; and each vector o-; contains the scaling factors of the basis function centred in ¢;. The approach
8
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adopted in this study for estimating u consists of using the three-phase learning described in [53]. More in detail, we first
select the number n. < n, of centres. Then, a few iterations of a k-means clustering algorithm is used to partition the
archive A into n, clusters, whose centroids are the initial values of ¢;. Subsequently, the values o;; are simply initialized
to the variance of cluster centres ¢; and the weights w are randomly initialized in [—1, 1]. In the third and final phase, we
adjust all the parameters in u in order to minimize the error E = ZZ’: | (9 — f(x'9))2/2. This is done by a fixed number of
a gradient descent procedure in which u is iteratively moved in the direction of the negative gradient —VE using a small
learning rate . According to some preliminary experiments, with the small-sized subcomponents used in this study (e.g.,
d; < 25), arelatively small number of iterations of the above procedure is sufficient to find a suitable set of parameters.
The GP surrogate is computed using the training set A = {X, y} introduced in section 2.2, where the vector y of
n, fitness observations is considered as a sample of a multivariate Gaussian distribution with joint probability density
p(y|X). When a new test point x is added (i.e., the point in which the value of f should be estimated), also the resulting
vector {y, f(x)} is considered as a sample of the Gaussian joint probability density p({y, f(x)} |{X, x}). Using the Bayes’
rule, the expected value of f(x) can be easily expressed in terms of the inverse of the n, Xn, matrix C(X, X) of covariances
between the n, training points. As for the covariance function, we adopted the following assumtion proposed in [5]:

d 2
1 o (pi — Xg,0)
k(X,, X,) = 6) exp [—5 > %] + 62 + 6y (5)

i1 Ti

where the first term is scaled by the hyperparameter #; and decreases exponentially with the distance between x,, and
x,. The scale parameters r; can attribute a different importance to the distances computed along different directions. In
practice, if the distance between input points is small compared to the length scales r;, the first term is close to 6;; with
increasing distance it exponentially decays to zero. The parameter 6, represents a small offset from zero and the parameter
65 adds a further small noise to the diagonal element of the covariance matrix (6,, is the Kronecker’s delta). The latter
terms improve the numerical stability of the GP modeling [51]. Equation (5) depends on a (dj+3)-dimensional vector of
hyperparameters § = {6, 6», 63, r1, r2,...,rq,}. Before using the GP model, the hyperparameters € are optimized in such
a way that the log-likelihood log(p(y | X, 6)) is maximal. Since the model derivatives with respect to the hyperparameters
can be easily computed [51], in the line of principle, any gradient based optimization algorithm can be used to obtain a
suitable value of 8. In the present application, the GP-based surrogates were implemented using the C++ library libgp
proposed in [3]. Moreover, the log-likelihood maximization was performed using a box-constrained optimizer included
in the machine learning toolkit dlib [30], which exploits an implementation of the L-BFGS quasi-Newton method [7].

For the SVR-based fitness surrogates we use a Gaussian radial basis kernel and e-insensitive loss function as described
in [67, 56]. Besides the kernel bandwidth o, such a model depends on two more hyperparameters, namely € and C. The
first controls the width of the so-called insensitive zone, that is, the loss function is defined in such a way that no penalty
is associated to points predicted within a distance € from the target value. Higher values of € promote the use of fewer
support vectors and less complex models. The value of C affects the penalty attributed to samples with errors beyond the
€ value. Clearly, all the three hyper-parameters can significantly affect the accuracy and generalization ability of the SVR
model. However, given the high number of surrogates required by our SACC algorithm, finding the SVR hyperparameters
trough complex search procedures would be infeasible. Therefore, we adopted a fixed value for € and a simple grid search
procedure for the remaining two hyperparameters. In terms of implementation, we used the SVR model included in dlib
[30], together with the efficient Sequential Minimal Optimization (SMO) training procedure [48].

For RBFN, GP and SVR surrogates, a single fitness metamodel is trained with the aim of approximating at least the
area of the fitness landscape corresponding to the current population. In other words, within each subcomponent and at
each generation, we use a surrogate based on an archive A containing the n, most recently evaluated individuals.

4. Computational study

In this section, we investigate the different variations of the SACCJADE optimizer described above. We first illustrate
the adopted experimental setup, including a detailed specification of the metamodels learning parameters. Then, we
present and discuss several computational experiments. In the following, we denote as CCJADE our CC version of JADE
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Table 1: The eleven base benchmark functions.

Function  Description Range Optimum  Characteristics
N Shifted Sphere Function [100, 100]“' —-450 unimodal, shifted, separable
f Shifted Schwefel’s Problem 2.21 [100, IOO]d —-450 unimodal, shifted, nonseparable
f Shifted Rosenbrock’s Function [100, 10014 390 multimodal, shifted, nonseparable
fa Shifted Rastrigin’s Function [5, S]d -330 multimodal, shifted, separable
fs Shifted Griewank’s Function [600, 600]“’ —180 multimodal, shifted, nonseparable
fe Shifted Ackley’s Function [32,32]4 —140 multimodal, shifted, separable
f Shifted Schwefel’s Problem 2.22 [10, IO]d 0 unimodal, shifted, separable
R Shifted Schwefel’s Problem 1.2 [65536, 65536]‘1 0 unimodal, shifted, nonseparable
fo Shifted Extended Schaffer [100, 10014 0 unimodal, shifted, nonseparable
fio Shifted Bohachevsky [15,1514 0 unimodal, shifted, nonseparable
S Shifted Schaffer [100, 10014 0 unimodal, shifted, nonseparable

Table 2: The eight hybrid composition functions. Note that NS’ is for "not shifted’.

Function  Description Range Optimum
it} Hybrid NS fy and fi (25%, 75%) [100, 100]¢ 0
fi3 Hybrid NS fy and f3 (25%, 75%) [100, 10074 0
fia Hybrid NS fo and f3 (25%, 75%) [5,51¢ 0
fis Hybrid NS fio and NS f; (25%, 75%) [10,10}4 0
fie Hybrid NS fo and f; (50%, 50%) (100, 10074 0
fi7 Hybrid NS fy and f3 (75%, 25%) [100, 10014 0
fis Hybrid NS fo and f3 (75%, 25%) [5,514 0
fio Hybrid NS fig and NS f7 (75%, 25%)  [10, 10]¢ 0

not relying on fitness metamodeling'.

4.1. Experimental setup

Several large-scale optimization benchmark suites have been proposed in the literature [41, 32]. Typically, such suites
includes some base test functions that are combined in different ways for increasing the number of optimization problems.
In this study the computational experiments were conducted on the testing suite described in [35], which includes a greater
variety of base functions when compared with other set of LSGO benchmark problems [41, 32]. The adopted testbed is
composed of the 19 real-valued functions listed in Tables 1 and 2. The first 6 problems were originally proposed for the
‘Special Session and Competition on Large Scale Global Optimization’ held at the CEC 2008 Congress [62]. A detailed
description of the next 5 functions can be found in [21]. Finally, the last 8 functions, which were introduced in [35], are
obtained by summing two functions belonging to the base set f| — fj;. However, before summing the two contributions,
the set of variables is split into two parts, each of which is attributed to a base function. In Table 2 we report the split
ratios used for attributing the variables. For example, (25%, 75%) means that 25% of the variables contribute to the first
function and the remaining 75% to the second function. As can be seen in Table 1, the testing suite includes functions with
different features, such as unimodal or multimodal, separable or nonseparable. Moreover, some of the functions have a
global optimum point x* that is shifted by a different amount in each dimension. We conducted the numerical experiments
on the above test functions using a search space of d = 1000 variables. The error value defined as |f(x) — f(x*)|, where
f(x) is the global optimum, was adopted as a performance metric.

Typically, the maximum number of objective function evaluations adopted in the literature for this test set was 5 x 10°
(e.g., [35, 31, 32]). In particular, recent results achieved by several advanced optimization metaheuristics with such a
stopping criterion can be found on [32]. However, since we are interested in improving the performance of the optimizer
for functions requiring nontrivial computation, we compared SACCJADE and CCJADE stopping the optimization after
3 x 10° fitness evaluations. For each function, we collected some relevant statistics from 50 independent runs.

IThe C++ source code of the SACCJADE implementations used in the computational study can be downloaded from the following url:
https://github.com/Isgo-metaheuristics/saccde
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In accordance with the literature on benchmarking surrogate-assisted evolutionary optimizers [33, 34, 77, 58], the
comparisons with non-surrogate-assisted approaches were carried out by adopting a predefined number of original fitness
evaluations (i.e. not considering the evaluations of surrogates). Clearly, the rationale is that the benchmark function
represents a real problem in which the evaluation of the exact fitness is significantly more expensive than the evaluation of
the surrogates. Nevertheless, given that in our LSGO case the number of required function evaluations is necessarily large,
in section 4.7 we also show the computing times related to surrogates for a test case in order to quantify the advantages as
a function of the cost of the exact fitness function.

The two JADE parameters referred to as ¢ and p in [76], and used in Algorithm 2, were both set to 0.1. Instead,
the number of JADE iterations per cycle and subcomponent (i.e., Nj;, in Algorithm 1) was the object of a specific
investigation described in the following. The same applies for the number k of subcomponents, while the sizes Npop of
evolved population were selected considering the dimensions dj of the resulting subcomponents.

As suggested in [5], before training, we normalized the patterns to have the objective function values in the interval
[0, 1] and the decision variables in [—1, 1].

For the QPA local model we always used the minimum number of patterns required by the least square approach,
according to the size d of the subcomponents. Since the latter value is relatively low in our study, RBFN, GP and SVR
could provide good fitness surrogates by setting the minimum value n, of the training data to the number of individuals in
the population.

In [5] the sizes of GP training sets ranged from 15 to 120, for search spaces from 2 to 32 variables. Also, in [5, 34],
too much training data used for GP did not bring significant benefits in terms of quality of the fitness estimate, while
greatly increasing the computing time. Therefore, given that we considered values of d; < 25, for the GP surrogates
we used a maximum number of 80 training samples, by choosing the ones most recently generated. In addition, for the
GP training, the L-BFGS algorithm was executed with error tolerance 1.0E—08 for finding the hyperparameters in the
following bounds used in [5]: 6; € [1073,1], 6, € [1073,1], 653 € [107°,1072], #; € [1072, 10].

For the RBFN, we used n. = n,/5 and we did not set a maximum number of patterns. Moreover, each training phase
was carried out with 30 iterations of gradient descent with learning rate of 0.1. Such settings proved effective in some
preliminary tests and slightly different values (e.g., increasing the number of iterations or changing the number of centers)
did not provide significantly better results.

As for the SVR training, after some preliminary experiments, we set € = 1073, o € {1,100} and C € {1, 100}. The
search for the best o and C was performed on a 5x5 grid. In particular, first the available archive of samples was randomly
split into a training set (80% of the samples) and a test set (20% of the samples). Then, among the SVR models obtained
trough SMO trainings for each couple (o, C) we selected the one leading to the lowest error on the test set. Also for
building the SVR model we used the entire archive A at each iteration.

In Algorithm 2, we ensure that the best individual at each JADE generation, and within each subcomponent, is eval-
uated with the exact fitness function. However, we have also preliminary evaluated the influence of a different number
N, of exact fitness evaluations per CC cycle. The results showed that increasing N;, above a relatively low value of 1
or 2 individuals determines a deterioration of the average SACCJADE performance. Indeed, a high sensitivity to such a
parameter was expected, given that the resulting number of exact evaluations at each CC cycle is obtained by multiplying
N, by both the number & of subcomponents and the number N;;, of JADE iterations per cycle.

Another preliminary investigation concerned the availability, for the GP-based surrogate, of the analytical expression
for estimating the variance, which is a statistically sound proxy of the uncertainty in its fitness estimation [13, 5, 34]. In
fact, a high variance predicted at a point may indicate an area of the fitness landscape still undersampled with respect
to the need of building an accurate GP. Our preliminary experiments showed that including an additional exact fitness
evaluation for the individual with the highest predicted variance could help to improve GP-based surrogates.

Therefore, in the following numerical experiments, we used Algorithm 2 (i.e., N, = 1) for the RBFN, SVR and QPA
metamodeling. However, we used a slightly modified version for the GP-based SACCJADE, in which also the individual
with the highest variance is re-evaluated with the exact fitness.

4.2. Preliminary assessment of the CCJADE search efficiency

As argued by Hameed et al., discussing the case of fitness inheritance used in conjunction with CC [25], it can be
important to evaluate a surrogate-assisted technique within an efficient optimizer. In fact, the enhancement of a straight-
forward evolutionary algorithm is relatively easy to achieve [24]. In contrast, the use of metamodeling within a CC
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Table 3: Average results obtained by CCJADE and by some state-of-the art optimization algorithms on the adopted test functions.

Algorithm f f f Ja f5 fe f

MOS-SOCO02011 0.00E+00  5.88E-01 7.09E+01 0.00E+00  0.00E+00  0.00E+00  0.00E+00

jDElscop 0.00E+00  2.46E+01 8.51E+02  2.39E-01 0.00E+00  1.16E-12 0.00E+00

GaDE 0.00E+00  5.46E+01 947E+02  3.79E-02 5.91E-04 2.55E-14 0.00E+00

DECC-G 3.26E-06 1.31E+03 1.09E+00 2.16E+11 8.30E+06  9.63E-01 Inf

CCJADE 1.80E-15 1.38E+02 3.74E+02 8.62E-01 4.85E-04 3.28E-13 0.00E+00
L] Jo fio S iz fiz Sia

MOS-SOCO02011 1.66E+05  0.00E+00  0.00E+00 0.00E+00  0.00E+00 1.69E+02  0.00E+00

jDElscop 3.17E+04  9.21E-08 0.00E+00  4.98E-08 0.00E+00 6.67E+02  4.03E-01

GaDE 1.55E+04  4.29E-04 3.36E-01 8.58E-04 2.90E-12 7.19E+02  7.72E-03

DECC-G 1.11E+05 1.78E+01 1.94E+02 1.76E+01  0.00E+00  3.86E+03 1.59E+02

CCJADE 1.92E+06  9.47E-01 0.00E+00  8.68E-01 4.46E+00 9.82E+01 3.46E-01
fis fie Nz fis fio

MOS-SOCO2011  0.00E+00  0.00E+00  6.71E+01 0.00E+00  0.00E+00

jDElscop 0.00E+00  0.00E+00 1.71E+02  3.28E-12 0.00E+00

GaDE 8.40E-02 1.67E-12 2.18E+02 1.31E-07 2.10E-01

DECC-G 1.84E+01 0.00E+00 1.98E+02 8.43E+00 1.12E+02

CCJADE 0.00E+00  3.92E+00 7.83E+00 5.89E-01 0.00E+00

Table 4: Average ranks of the optimization algorithms under comparison on the adopted test suite. The adjusted p-values p,q; were obtained adopting
CCJADE as control method.

MOS-SOC02011  jDEIscop GaDE DECC-G CCJADE
Averagerank  1.74 247 3.24 4.32 3.24
Dadj 0.014 0.178 1.000  0.070 -

optimizer already endowed with a high optimization ability, can easily lead to less remarkable improvements, or even to a
worsening of the overall results. For this reason, we carried out a preliminary assessment of the search efficiency provided
by the developed CCJADE algorithm. To this end, we selected from [32] the results provided by the three best-performing
algorithms on the functions of Tables 1 and 2, namely MOS-SOCO2011 [31, 32], jDElscop [4] and GaDE [75], as well
as by the CC-based optimizer DECC-G [74], which operates similarly to CCJADE.

To perform a fair comparison we adopted 5 x 10° fitness evaluations and 25 independent repetitions, as specified in
[32]. Also, we used for CCJADE subcomponents of size 4 with 25 individuals and 6 JADE iterations per CC cycle. The
mean results for the algorithms under comparison are reported in Table 3. We assessed the statistical differences between
results through a rank-based approach following the guidelines suggested in [20, 12, 8] and using the scmamp [8], which
is an R [50] package. To this purpose, for each function, the results obtained using each algorithm were converted to ranks
by assigning rank 1 to the lowest mean error up to rank 5 to the highest. Then, the ranks obtained by each function were
averaged. As can be seen from Table 4, the CCJADE algorithm performed equivalently to GaDE in terms of mean rank.
Subsequently, we used the omnibus Friedman test [19] obtaining a p-value of 1.11E—-05. The latter, with the adopted
significance level of @ = 0.05 states the rejection of the null hypothesis of equality of all means. Therefore, adopting
CCJADE as control algorithm, we applied pair-wise tests with a post-hoc correction for multiple comparison. To this
purpose, we used the statistic from the Friedman test, based on the mutual difference between ranks, to compute the p-
values corresponding to each comparison [12]. Then, due to the multiple pairwise comparisons, we used the Finner’s [17]
procedure of p-value adjustment as described in [20]. The algorithms for which the adjusted p-value was greater than
the adopted level of significance were then considered as equivalent to CCJADE. According to the results in Table 4, the
adopted CCJADE algorithm provided a lower optimization ability with respect to MOS-SOCO2011 and a performance
statistically equivalent to the runner-up jDElscop. Therefore, overall, CCJADE provided a high optimization efficiency
and proved suitable for the experimentation described in the following.

4.3. Size of subcomponents

To investigate the effect of the size of subcomponents, we used for di a set of values from 2 to 25. After some
preliminary tests, and following the empirical study discussed in [66], for each value of d; we selected a suitable size
12
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Table 5: The used sizes of subcomponents and corresponding number of individuals.

di 2 4 8 20 25
Npop 20 25 50 80 100

Table 6: Average rankings achieved for different sizes of subcomponents on the considered set of functions. For each type of metamodeling, statistically
equivalent algorithms are highlighted.

d CCJADE SACCJADE-GP SACCJADE-RBFN  SACCJADE-QPA  SACCJADE-SVR
k

Avg rank Padj Avg rank Padj Avg rank Padj Avg rank Padj Avg rank Padj
2 2.20 0.317 2.35 0.458 1.90 0.368 2.05 0.841 2.25 0.854
4 1.70 - 1.90 - 1.45 - 1.95 - 2.40 -
8 2.65 0.076 2.20 0.549 3.00 0.003 2.80 0.117 2.50 0.854
20 4.50 0.000 3.80 0.000 3.80 0.000 3.85 0.000 3.35 0.112
25 3.95 0.000 475 0.000 4.85 0.000 4.35 0.000 4.50 0.000

Npop of population as shown in table 5. Then, for each value of dj we carried out 50 independent optimizations of each
test function, by adopting Nj;, = 6 and using both the SACCJADE and the CCJADE.

The average achieved errors at the end of the Npg = 5 X 10° exact fitness evaluations are shown in Figure 2. Overall,
the results show that the two highest values of d; almost always determined a significant deterioration of the surrogate-
assisted optimization. In some cases we observed a remarkable difference between the lower and the higher values of d;
(e.g., for functions fi, fs, fs, f7. fio, fis and fi9). This is likely to be related to the loss of accuracy in ranking correctly
the population that affects the surrogate fitness as the dimension of the function domain increases. From this point of
view, according to the graphs in Figure 2, the RBFN metamodel was characterized by the quickest decline of quality. In
particular, we observed that even from d; = 8, for some functions (e.g., fi, fo fic) the SACCJADE based on RBFN was
unable to outperform CCJADE. Interestingly, the SVR-based approach proved the most scalable with respect to the size
of decomposition (in 14 problems out of 19 it provided the best result with the larger size of decomposition). In particular,
SVR led to the best results regardless of the size of decomposition for problem f;.

Even considering the lowest values of dy, for some test problems there were relevant differences between the average
errors achieved using the different metamodeling. For example, in the case of f5 with d; = 2, the GP-assisted SACCJADE
led to an average optimum of several order of magnitude lower than that provided by other values of dj and metamodels.
Also, for fig the best average error of 1.62E—17 was achieved using the GP metamodel with d; = 8. Instead, for the same
optimization problem, the QPA-assisted SACCJADE provided its better average error of 2.75E—10 with subcomponents
composed of d; = 2 variables, while the RBFN-based approach could not outperform the CCJADE algorithm.

In general, the high variability of results was mainly due to the combined effect of: (i) the metamodel accuracy (higher
with lower-sized subcomponents); (ii) the existence of an optimal value of dj, for the adopted CCJADE algorithm (see for
example fg, fo, fi1 and fig); (iii) the different rate of consumption of the budget of exact fitness evaluations due to the
different number of subcomponents. We carried out a statistical test to assess whether there was an overall superiority of a
specific size of subcomponents, with regard to the adopted set of optimization problems. For each type of metamodeling,
the comparison was conducted through the rank-based approach described above based on the Friedman’s test. To this
purpose, given a metamodeling strategy, for each function the results obtained using each of the five values of d; were
converted to ranks by assigning rank 1 to the lowest mean error up to rank 5 to the highest. For example, in the case of
RBFN and function f; we assigned rank 1 to d; = 4, rank 2 to d; = 2, rank 3 to dy = 8 and so on (see Figure 2). Then, the
ranks obtained by each function were averaged. Subsequently, the omnibus Friedman test [19] led to a p-value much lower
of the adopted significance level of a = 0.05, stating the rejection of the null hypothesis of equality of all means. Then, to
investigate which values of dj were superior, we again applied the Finner’s procedure of p-value adjustment for multiple
comparisons [17, 20]. In particular, for each type of metamodeling, we assumed as control value of d; that corresponding
to the lowest rank. Each size dj for which the adjusted p-value was greater than the adopted level of significance was then
considered as equivalent to the best configuration, and the corresponding average rank was highlighted in Table 6.

In practice, the value d; = 4 led to the best average ranking for all algorithms. However, for both GP and QPA a value
of di between 2 and 8 provided statistically equivalent optimization performances. Instead, using the RBFN the best
search efficiency was achieved, on average, with sizes of subcomponents of 2 and 4. It is noteworthy that the SVR-based
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Figure 2: Effect of the size dj of subcomponents on the average achieved error. The number of iterations per cycle was set to Ny, = 6.

CC optimizer could provide equivalent optimization efficiency up to the size of 20 variables per subcomponent. Clearly,
such results can provide some useful indications in case of black-box functions, since, as shown in Figure 2 and mentioned
above, a specific size of subcomponents could significantly improve the results in most cases.

4.4. Number of JADE iterations per CC cycle

In a CC optimizer, the number of iterations of the underlying optimizer performed at each cycle (i.e., Nj;, in Algorithm
2) influences the frequency of RG as well as the frequency of information exchange between subcomponents. Low values
14
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Figure 3: Box plots of results for functions fi-fi1 with different numbers N;;,, of generations per cycle. The size of subcomponents was set to dy = 4
with population size Npop = 25.

of Nj;, have been reported as beneficial in some cases of nonseparable functions [42]. In the proposed SACCJADE,
the value of Nj;, also determines: (i) the frequency with which the entire population is evaluated with the exact fitness;
(i) a restart from scratch of the accumulation of training patterns concerning the new subcomponents obtained after
randomly regrouping the search directions. To investigate the combined effect of all the above factors, we carried out 50
independent optimizations of the test functions, for each value of Nj;, in the set {2, 4, 6, 8, 10}. The optimizations were
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Figure 4: Box plots of results for functions fi2-f19 with different numbers N;;, of generations per cycle. The size of subcomponents was set to dy = 4
with population size Npgp = 25.

executed using both CCJADE and its surrogate-assisted variations with subcomponents of size d; = 4 and population of
Npop = 25 individuals, which proved reasonably effective for all algorithms according to Table 6.

The obtained results are summarized in Figures 3 and 4, where, for each function, algorithm and value of Nj;,, we
represent the box plots of the final errors achieved in the 50 independent runs. Note that the boxes are drawn around the
regions between the first and third quartiles, with a horizontal line at the median value. Whiskers extend from the box
to 1.5 times the inter-quartile range. Points that lie outside these limits are considered outliers and drawn individually.
A first aspect to be noted is that, in most cases, the difference of achieved minima between CCJADE and SACCJADE
(i.e., the gain of optimization accuracy provided by the metamodeling) is strongly influenced by the length N, of the CC
cycle. For example, for the separable function fs a higher N;;, corresponds to a remarkably greater search efficiency for
both the GP-assisted and the QPA-based SACCJADE. In contrast, in the case of the nonseparable function fi,, shorter CC
cycles led to better optima, with the best median values provided by the GP-based SACCJADE with Nj;, = 2 and by the
QPA-assisted variant with Nj;, = 4. Often, there was a clear optimal value of Nj;,, among those investigated, as in the
case of fo for which Nj;, = 6 provided the lowest median error with the RBFN-based SACCJADE and fi;, for which the
most effective algorith was SACCJADE-SVR with N, = 4.

Such different performances were also investigated in terms of statistical significance. More in detail, for each function
we determined the best length of CC cycles providing the lowest average error. Then, using such an optimal value of Nj,
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as control case, we used a series of pair-wise Mann-Whitney-Wilcoxon (MWW) tests with Holm correction [54], for the
between-groups comparisons. The statistical tests, based on 5% significance level, showed that for each type of surrogate
and test problem there is, in general, a range of significantly better values of the CC cycle length. In addition to Figures 3
and 4, which provide an overview of such an aspect, we show in Table 7 the details for functions fs and fjo. In the tables,
the rows corresponding to the optimal values of Nj;, are highlighted. Moreover, the last column shows the adjusted
p-values computed according to the above-mentioned MWW statistical test. As can be seen, for function fs both the
QPA-based and SVR-based SACCJADE could provide statistically equivalent results for CC cycles of lengths 8 and 10.
For the remaining types of surrogate, a single value of Nj;, proved optimal, namely N;;, = 8 using the GP and Nj;, = 6
using the RBFN. As shown in Table 7, for function fio there is always a single optimal value of N;;,. In particular, in this
case all metamodels but SVR performed better with a CC length of 4 DE iterations.

In general, for the separable functions included in the test suite (i.e., fi, f1, fs and f;) we observed better average
results with a higher length of CC cycles. In particular, for f; and f; it seems that values of Nj;, greater than 10 would
have led to lower errors. However, the low number of separable functions included in the adopted test suite did not
enable us to draw conclusions supported by a meaningful statistical analysis. Nevertheless, the fact that long CC cycles
perform better for separable functions is not surprising since they can be optimized without dynamically regrouping and
long cycles correspond to less resets of the archives used for training the surrogates. In contrast, for the nonseparable
or partially separable problems considered in this study we could not find a general indication concerning the optimal
duration of the CC cycle. More in detail, a Friedman’s test [19] did not allow rejecting the null hypotheses of equivalence
between the different values of Nj;,. This is likely due to the many factors involved, as mentioned above, which influence
the optimization with different intensities depending on the specific function.

Overall, the length of a CC cycle in the proposed SACCJADE can be very relevant and an optimal value is very
problem-dependent. This suggests that it is meaningful to investigate strategies for adaptively finding the value of Nj,.
Such an approach would be likely supported by the use of surrogates, which would allow a limited involvement of the
original fitness function during the adaptive phase.

4.5. Comparison with CCJADE and MOS-SOCO2011

Focusing on a fixed configuration in terms of size of subcomponents, number of evolved individuals and length of CC
cycles, we carried out a detailed comparison between CCJADE, MOS-SOCO02011 and the proposed SACCJADE with
different types of metamodeling. In particular, given the results discussed above, we used dy = 4 with Npgp = 25 and
Nj;e = 6 for SACCJADE. For the MOS-SOCO2011 algorithm, we used the settings described in [32]. However, for all
algorithms we limited the maximum number of exact function evaluations to 5 x 103 instead of 5 x 10°. Tables 8 and 9
show the statistics on the 50 independent runs. The corresponding median convergence plots are depicted in Figure 5.

For each function, we used as control algorithm the one that provided the lowest mean error. Then, we applied
five pair-wise MWW tests, with Holm correction [54] and significance level of 5%, to determine the algorithms that
performed equivalently to the best one. The corresponding adjusted p-values are reported in Tables 8 and 9, where the
rows corresponding to the optimal algorithms are highlighted. As can be seen, in all cases except fip and fi7 there
was a single best performing algorithm. More in detail, according to the statistics in Tables 8 and 9, in most cases a
surrogate-assisted CC algorithm was able to significantly improve the results of the optimizer based only on the exact
fitness function. In general, we observed that for problems that can be efficiently optimized using the adopted CCJADE
algorithm, the use of surrogates within subcomponents led to a significant improvement of average results, as shown in
Tables 8 and 9. This was the case, for example, of function f; (with all the metamodels), f5 (with GP), fi5 (with GP and
SVR), fs, fi0 and fio (with QPA), f; (with SVR), fi1, fi2, fis and f17 (using the RBFN-based surrogate). For function fg,
which represents a rotated hyper-ellipsoid, the SACCJADE could only slightly outperform CCJADE. Interestingly, in the
cases of the Bohachevsky’s function fjy and of fi9 (composed of 75% by fio), for GP, RBFN and SVR, we noted a high
difference between average and median value of the final error, due to the presence of some outliers (see also the box plot
in Figure 4 for Nj;, = 6).

In contrast, as can be seen from Tables 8 and 9, in most test problems that proved difficult for the CCJADE algorithm,
the SACCJADE variants could not improve the achieved results. In particular, for f, f3, fa and fi3, the surrogate-assisted
approach did not provide practical advantages in terms of average results at the end of the given number of exact fitness
evaluations. It is worth noting, however, that Figures 3 and 4 show that in the case of f; and fi3 the results can be
significantly improved by increasing the number of JADE iterations per CC cycle. Such a lack of improvements could be
related to intrinsic inefficiencies of the adopted optimizer (i.e. JADE). Indeed, as reported in [32] there is a high variability
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Table 7: Detail of the results for functions fs and f10 with different values of N;;,. The size of subcomponents was set to d = 4 with Npop = 25.

Nite Median Avg. Std. Dev. Best Worst Padj
fe
2 9.1E-003  9.0E-003  3.3E-004  8.1E-003  9.3E-003  0.001
4 3.2E-003  3.2E-003 2.7E-004 2.7E-003  9.3E-003  0.000
CCJADE 6 27E-003  2.6E-003  1.3E-004 2.4E-003  9.3E-003 -
8 8.9E-003  8.8E-003 5.0E-004 2.4E-003 9.6E-003  0.000
10 8.0E-003  8.1E-003  7.5E-004 2.4E-003  9.6E-003  0.000
2 7.2E-007  7.2E-007  5.4E-008  6.0E-007  8.0E-007  0.001
4 1.7E-010  1.7E-010  3.5E-011  1.2E-010  2.2E-010  0.000
SACCJADE-GP 6 1.6E-011 1.6E-011  7.9E-013 1.4E-011 1.7E-011  0.000
8 4.3E-012 4.4E-012 4.0E-013 3.6E-012 5.3E-012 -
10 4.7E-012  4.6E-012 24E-013 4.2E-012 5.0E-012 0.001
2 4.8E-004 4.8E-004 4.3E-005 4.1E-004 5.6E-004  0.001
4 4.3E-007 4.2E-007 4.5E-008 3.3E-007  5.2E-007  0.000
SACCJADE-RBEN 6 6.2E-009  6.5E-009 8.0E-010  5.6E-009  8.5E-009 -
8 9.9E-008  1.0E-007  1.9E-008 7.2E-008  1.3E-007  0.000
10 6.1E-008  6.1E-008  6.1E-009  5.1E-008  6.9E-008  0.000
2 1.3E-007  1.3E-007  8.1E-009  1.2E-007  1.5E-007  0.001
4 6.4E-011  6.6E-011 4.7E-012 5.8E-011  7.3E-011  0.000
SACCJADE-QPA 6 9.8E-012  9.7E-012  7.4E-013  8.5E-012  1.1E-011  0.000
8 4.6E-012 4.7E-012 5.8E-013 3.8E-012 5.7E-012  0.500
10 6.2E-012  4.6E-012 22E-012 2.2E-012 7.2E-012 -
2 1.6E-008  1.6E-008 5.7E-010  1.5E-008  1.7E-008  0.001
4 1.1IE-009  1.1E-009 5.7E-011 1.0E-009  1.2E-009  0.000
SACCJADE-SVR 6 3.8E-010 3.6E-010 7.6E-011 2.3E-010 4.9E-010  0.000
8 1.3E-010  1.4E-010 4.5E-011 9.4E-011 24E-010 0.077
10 1.2E-010  1.2E-010  4.4E-011  5.1E-011  2.1E-010 -
fio
2 3.7E-002  3.8E-002  3.4E-003 3.3E-002 4.4E-002  0.001
4 1.3E-003  1.3E-003  8.5E-005 1.1E-003  4.4E-002  0.000
CCJADE 6 1.3E-004  1.3E-004 1.1E-005 1.1E-004  4.4E-002  0.000
8 1.5E-004  1.5E-004 1.2E-005 1.1E-004  4.4E-002  0.000
10 1.4E-005  1.4E-005 8.8E-007 1.3E-005  4.4E-002 -
2 2.2E-009  2.2E-009 3.0E-010 1.7E-009  2.6E-009  0.001
4 6.6E-019  3.1E-017 5.1E-017 6.3E-021  1.6E-016 -
SACCJADE-GP 6 1.1E-017  2.3E-004 9.6E-004 1.5E-020  4.6E-003  0.033
8 5.4E-017  29E-002 5.7E-002  2.6E-020  2.3E-001  0.000
10 1.2E-015  2.9E-002  6.3E-002  2.4E-020  2.0E-001  0.000
2 3.7E-004  3.7E-004 4.3E-005 2.9E-004 4.5E-004  0.001
4 1.2E-010  1.3E-010  2.0E-011  9.7E-011  1.7E-010 -
SACCJADE-RBFN 6 9.3E-018  1.4E-002 3.1E-002 1.4E-020  1.3E-001  0.000
8 1.9E-011  3.5E-001 4.9E-001 1.2E-011 1.0E+000 0.012
10 1.0E+000  8.2E-001 4.8E-001 1.5E-012 1.5E+000  0.000
2 2.6E-011 2.8E-011 4.3E-012 2.1E-011 3.6E-011  0.001
4 1.5E-019  5.4E-018 1.2E-017 5.4E-021  4.7E-017 -
SACCJADE-QPA 6 9.2E-018  1.1E-016  1.7E-016  1.3E-020 4.9E-016  0.001
8 1.2E-016  1.3E-002  4.8E-002 1.6E-018  2.0E-001  0.000
10 3.1E-016  1.1E-002  3.6E-002  8.4E-020  1.8E-001  0.000
2 4.7E-010  4.6E-010 3.5E-011 4.0E-010  5.3E-010 -
4 1.6E-011  8.7E-003 2.5E-002 1.4E-011 1.1E-001  0.001
SACCJADE-SVR 6 6.2E-012  2.1E-002 5.2E-002 5.6E-012  2.8E-001  0.000
8 33E-012  29E-001 4.6E-001 3.0E-012 1.0E+000 0.018
10 42E-012  4.6E-001 54E-001 3.4E-012 1.4E+000 0.035
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Table 8: statistics on the results achieved with the different algorithms. For each function, the algorithms with best average results, according to the

MWW statistical test, are highlighted (padj indicates the adjusted p-value).

CCJADE  MOS-SOC02011  SACCJADE-GP SACCJADE-RBFN  SACCJADE-QPA  SACCJADE-SVR

Median  6.0E-005 3.3B-005 2.9E-015 2.9E-013 2.5E-015 5.0E-012
Avg. 6.1E-005 1.2E+001 3.0E-015 2.7E-013 2.5E-015 5.1E-012

fi  StdDev. 4.3E-006 1.5E+001 2.5E-016 7.7E-014 1.5E-016 2.6E-013
Padi 6.0E-004 5.0E-004 4.0E-004 3.0B-004 - 2.0E-004
Median  1.7E+002 9.8E+001 1.7E+002 14E+002 1.7E+002 1.6E+002
Avg. 1.7E+002 9.9E+001 1.7E+002 1.4E+002 1.7E+002 1.6E+002

£ StdDev. 2.6E+000 3.6E+001 2.7E+000 7.9E-001 2.7E+000 4.2E+000
Padj 6.0E-004 = 5.0E-004 4.0E-004 3.0E-004 2.0E-004
Median | 14E+003 3.3E+003 1.8E+003 2.3E+003 1.9E+003 2.0E+003
Avg. 1.5E+003 3.2E+003 1.7E+003 2.3E+003 1.9E+003 2.0E+003

£ StdDev. = 23E+002 1.8E+002 2.4E+002 1.1IE+002 1.8E+002 1.8E+002
Padi = 6.0E-004 5.0E-004 4.0E-004 3.0E-004 2.0E-004
Median  1.1E+002 3.9E+001 3.2E+002 4.0E+002 2.7E+002 2.6E+002
Avg. 1.1E+002 3.8E-+001 3.2E+002 3.9E+002 2.7E+002 2.6E+002

£ StdDev.  3.9E+000 7.1E+000 1.3B+001 1.3E+001 1.2E+001 1.5E+001
Padi 6.0E-004 = 5.0E-004 4.0E-004 3.0E-004 2.0E-004
Median  4.3E-006 3.2E-003 1.4E-015 5.4E-014 1.2E-015 3.8E-012
Avg. 2.3E-003 1.5E-001 1.4E-015 4.1E-003 2.5E-004 1.5E-004

s StdDev.  4.0E-003 2.2E-001 6.2E-017 7.0E-003 8.6E-004 4.5E-004
Padi 6.0E-004 5.0E-004 . 4.0E-004 3.0E-004 2.0E-004
Median  2.7E-003 7.1E-003 1.6E-011 6.2E-009 9.8E-012 3.8E-010
Avg. 2.6E-003 8.2E-003 1.6E-011 6.5E-009 9.7E-012 3.6E-010

fo  StdDev.  1.3E-004 8.1E-003 7.9E-013 8.0E-010 7.4E-013 7.6E-011
Padi 6.0E-004 5.0E-004 4.0E-004 3.0E-004 = 2.0E-004
Median  1.7E-002 2.2E-003 1.2E-008 3.8E-008 2.1E-005 1.4B-009

Avg. 1.7E-002 2.2E-003 1.1E-008 3.5B-008 2.1E-005 1.4E-009

£ StdDev. 8.2E-004 1.4E-004 9.3E-010 8.4E-009 1.1E-006 9.6E-011
Padj 6.0E-004 5.0E-004 4.0E-004 3.0E-004 2.0E-004 -
Median  5.9E+006 3.9E+006 2.3E+006 2.2E+006 1.7E+006 2.2E+006
Avg.  6.3E+006 3.9E+006 2.2E+006 2.2E+006 1.7E+006 2.2E+006

fs  StdDev. 1.5B+006 1.7E+005 2.7E+005 2.2E+005 1.2E+005 2.8E+005
Padi 6.0E-004 5.0E-004 4.0E-004 3.0E-004 - 2.0E-004
Median  2.7E+002 1.1E+002 3.0E+000 1.3E+000 5.6E+001 2.2E+000
Avg.  2.7B+002 1.1E+002 3.1E+000 1.4E+000 5.6E+001 2.8E+000

fo  StdDev. 9.7E+000 2.4E-+000 5.2E-001 1.8E-001 1.6E+000 1.7E+000
Padi 6.0E-004 5.0E-004 4.0E-004 - 3.0E-004 2.0E-004
Median  1.3B-004 1.1E-005 1.1E-017 9.3E-018 9.2E-018 6.2E-012

Avg. 1.3B-004 1.3E-002 3.4E-004 1.7B-002 1.1E-016 2.5E-002

fio Std.Dev.  1.1E-005 3.5E-002 1.4E-003 4.2E-002 1.7E-016 6.4E-002
Padj 6.0E-004 5.0E-004 7.5E-001 5.0E-001 - 4.0E-004

of results for such test problems depending on the specific optimization algorithm. Moreover, functions f3, f4 and fi3 are
multimodal and it is known (e.g. [14, 46]) that, in these cases, the use of surrogate fitness can lead to an early stalling of
the search process due to convergence at false global optima. In practice, in most cases of highly multimodal functions,
a global model is not able to capture the details in the area close to the optima, even if it can reasonably describe with
good approximation the general trend of the fitness landscape [14]. For example, as can be seen from the convergence
plot in Figure 5, for function f;, after an initial faster convergence, the SACCJADE algorithm became less efficient than
the simpler CCJADE, with this latter showing a lower error at the end of the optimization. In these cases, an alternative

approach to investigate is the use of surrogate-assisted LS as done in [45, 65].

Also compared with the MOS-SOCO2011 algorithm, the proposed approach was able to provide significantly better
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Table 9: statistics on the results achieved with the different algorithms. For each function, the algorithms with best average results, according to the
MWW statistical test, are highlighted (padj indicates the adjusted p-value).

CCJADE  MOS-SOCO2011  SACCJADE-GP  SACCJADE-RBFN  SACCJADE-QPA  SACCJADE-SVR

Median ~ 2.7E+002 1.1E+002 3.0E+000 1.4E+000 5.5E+001 2.7E+000

Avg. 2.7E+002 1.1E+002 3.0E+000 1.6E+000 5.6E+001 3.0E+000

fir Std.Dev.  9.7E+000 3.0E+000 4.0E-001 4.0E-001 2.3E+000 1.9E+000
Padj 6.0E-004 5.0E-004 4.0E-004 - 3.0E-004 2.0E-004

Median  3.2E+001 4.3E+001 4.6E+000 1.1E+000 1.8E+000 1.8E+000

Avg. 3.2E+001 5.3E+001 5.0E+000 9.8E-001 2.0E+000 2.3E+000

fiz Std.Dev.  2.8E+000 2.1E+001 2.5E+000 7.7E-001 1.8E+000 1.2E+000
Padj 6.0E-004 5.0E-004 4.0E-004 - 7.0E-003 3.0E-004

Median ~ 8.4E+002 2.6E+003 6.0E+002 1.4E+003 1.1E+003 9.7E+002

Avg. 8.3E+002 2.9E+003 6.6E+002 1.4E+003 1.2E+003 9.8E+002

fi3 Std.Dev.  9.9E+001 1.4E+003 2.0E+002 1.5E+002 4.1E+002 1.8E+002
Padj 6.0E-004 5.0E-004 - 4.0E-004 3.0E-004 2.0E-004

Median  1.1E+002 3.6E+001 5.0E+001 2.8E+002 1.5E+002 1.4E+002

Avg. 1.1E+002 3.4E+001 5.1E+001 2.8E+002 1.5E+002 1.4E+002

fia Std.Dev.  4.3E+000 4.3E+000 5.8E+000 1.3E+001 8.4E+000 1.1E+001
Padj 6.0E-004 - 5.0E-004 4.0E-004 3.0E-004 2.0E-004

Median 1.4E-002 1.6E-003 2.0E-010 2.2E-005 1.4E-005 6.3E-010

Avg. 1.5E-002 6.4E-003 2.1E-010 2.3E-005 1.4E-005 6.3E-010

fis Std.Dev.  5.8E-004 2.2E-002 2.3E-011 4.1E-006 1.1E-006 4.3E-011
Padj 6.0E-004 5.0E-004 - 4.0E-004 3.0E-004 2.0E-004

Median  8.0E+001 5.7E+001 3.1E+000 6.1E-001 3.2E+000 1.7E+000

Avg. 8.1E+001 5.8E+001 3.5E+000 6.2E-001 3.3E+000 1.7E+000

fie  Std.Dev.  6.1E+000 5.2E+000 2.3E+000 3.9E-001 5.1E-001 9.7E-001
Padj 6.0E-004 5.0E-004 4.0E-004 - 3.0E-004 2.0E-004

Median ~ 9.7E+002 8.7E+002 1.0E+001 9.0E+000 7.4E+001 9.3E+000

Avg. 9.7E+002 1.2E+003 8.5E+000 7.1E+000 7.5E+001 1.2E+001

fi7 Std.Dev.  3.6E+001 1.7E+003 4.1E+000 4.0E+000 5.8E+000 8.8E+000
Padj 6.0E-004 5.0E-004 5.4E-002 - 4.0E-004 4.7E-001

Median ~ 8.4E+001 2.6E+001 3.6E+000 5.1E+000 2.4E+001 5.5E+000

Avg. 8.4E+001 2.8E+001 4.0E+000 5.0E+000 2.4E+001 5.4E+000

Jfis Std.Dev.  3.7E+000 4.1E+000 1.5E+000 1.4E+000 1.4E+000 2.0E+000
Padj 6.0E-004 5.0E-004 - 9.7E-003 4.0E-004 1.4E-003

Median 3.5E-003 4.4E-004 1.5E-017 2.7E-007 2.7E-010 9.2E-011

Avg. 3.7E-003 7.7E-003 4.5E-003 8.6E-003 2.7E-010 1.3E-002

fio  Std.Dev.  2.8E-004 2.8E-002 1.7E-002 3.7E-002 2.3E-011 3.7E-002
Padj 6.0E-004 5.0E-004 4.0E-004 3.0E-004 - 2.0E-004

results for most of the considered test problems. However, according to Tables 8 and 9, this was not the case of f>, f1 and
fi4 (composed of 75% by f,). Also observing the convergence plots in Figure 5, this is likely due to the effectiveness of
the LS phases used by the MOS-SOCO2011 and, again, suggests the importance of such a strategy for some problems.
According to the median convergence plots in Figure 5, which provide more insights on the optimization processes,
the SACCJADE variants exhibited in most cases a superior efficiency over almost the entire budget of exact function
evaluations. Frequently, the advantages provided by the proposed approach were very pronounced since the early stages
of the optimization. For example, for functions f; and f5 the most efficient variant of SACCJADE (based on QPA and
SVR) required only 1.0EQ5 exact fitness evaluations to provide an optimum value below 1.0E—05. It is interesting to note
that the SVR-based variant showed very often the quickest convergence, such as in the cases of fg, f7, fi0 and fio. Itis also
worth noting that, according to the convergence plots, for several functions (e.g. fs, f7, fs, fo, fi1. fi5) the SACCJADE
variants provided a constantly superior speed of convergence and that a greater number of exact fitness evaluations would
likely have provided a greater superiority of results, compared to CCJADE. Interestingly, for some of the test problems
in which SACCJADE proved not effective (e.g., f3 and fi3), we observed an initial advantage of all the surrogate-assisted
20
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Figure 5: Median error as a function of the number of exact fitness evaluations for CCJADE, MOS-SOCO2011 and for SACCJADE, with the different
metamodeling techniques.

variants, followed, however, by a convergence stalling in the final part of the process, due to the reasons discussed above.

4.6. Comparison between different types of metamodeling
In Figure 6 we show the average percentage gain Apg of exact fitness evaluations provided by the different variants of
our SACCJADE algorithm. The values Arg are computed as 100 - (Npg — Ny.)/NFg, where Nrg is the adopted budget of
exact fitness evaluations (see Algorithm 1) and N7, is the number of exact fitness evaluations needed to the SACCJADE
21
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Figure 6: Median gains of exact fitness evaluations provided by the SACCJADE algorithms over CCJADE.

algorithm for achieving the same result provided by CCJADE. For example, using GP for problem fg the gain was 70%,
which means that SACCJADE-GP provided the final result of 2.6 E—03 attained by CCJADE with a gain of 350000 exact
fitness evaluations. Using SVR for the same problem, the gain was even greater. Overall, by considering the cases in
which SACCJADE was successful in the adopted test cases, we obtained an average gain of original fitness functions
of about 58% with GP and RBFN, and 71% with SVR. Clearly, in Figure 6 the meaningfulness of the gains of fitness
evaluations shown is greater when the CCJADE algorithm proved effective in the optimization task. That said, it can be
seen that for most optimization problems the computational gain, in terms of exact fitness evaluations, is above 50% and
the achieved error level is useful for most practical applications (e.g., fi, f5. f6> f7, fi0, fi5 and fio).

We also assessed whether one of the used metamodeling techniques was significantly better, with regard to the average
performance in terms of gain of exact fitness evaluations. To this purpose, we transformed in average ranks the data of
Figure 6, obtaining 2.37, 3.16, 3.11 and 1.37 for the GP, RBFN, QPA and SVR respectively. Then, the best mean rank
was provided by the SVR-based SACCJADE algorithm. The omnibus Friedman test led to a p-value of 2.614e — 05,
suggesting further pair-wise comparisons. Then, by adopting the SVR-based algorithm as control method, we performed
three Finner’s post-hoc comparisons, which provided adjusted p-values of 0.02 for GP and below 0.01 for RBFN and
QPA, all corresponding to the rejection of equivalence hypothesis for « = 0.05. Therefore, in terms of gain of exact
fitness evaluations, the SVR metamodeling technique performed better than the remaining approaches.

It is worth noting that the assessed average superiority of SVR in terms of gain of exact fitness evaluations is due to the
fast speed of convergence, which is often followed by a stagnation. In fact, Tables 8 and 9 show that GP and RBFN can
more often achieve better results in the long run. Albeit to a less extent, even QPA can provide some remarkable results.
For example, it proved the most effective for functions fi, fs, fio and fi9. This is particularly relevant considering that,
as discussed later, the computational costs of GP can be significantly greater than simpler metamodeling approaches like
QPA. In general, the success of a simple local approximation like QPA depends on the fitness landscape generated by the
objective function. In fact, for both unimodal problems generated by the sphere function f; and Bohachevsky function
fio (which is also the main component of fj9), the trend in the neighborhood of a point can be effectively modeled as a
quadratic polynomial. However, also for the multimodal Ackley function fy; the QPA was able to generate an accurate
local approximation. Instead, the cheaper local metamodeling was clearly inferior for fitness landscapes characterized by
singularities, like the Schwefel’s Problem 2.22 (f7) or the Shaffer function (fo and fi;).

4.7. Advantages provided by SACCJADE in terms of computing time

The computing time for training and using the GP metamodel is mainly due to the training process, consisting in the
log-likelihood maximization, which requires several inversions of the n, X n, matrix collecting the covariances between
the n, training points. Therefore, the asymptotic time complexity of such phase is O(N,, n?), where Nop is the number
of iterations performed by the log-likelihood maximization algorithm. For this reason, the GP-based modeling tends
to become very expensive as the amount of data used for training increases. However, given that some quantities can be
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Table 10: Total CPU time 7’5 (in seconds) taken by the surrogate training and evaluation for the whole optimization in the case of function fj¢ and for
different sizes of subcomponents. In this experiment we used Nz, = 6.

dk = 2, Npop = 20 dk = 4, Npop = 25 dk = 8, Npgp = 50
GP RBFN  QPA SVR GP RBFN  QPA SVR GP RBFN QPA SVR
Ts 351.94 34.57 3.66 157.83  569.96 68.78 13.67 13191 209244 19096 295.57 276.49
Model training 343.41 33.64 3.64 156.39 556.94 67.15 13.63  130.48 2053.51 187.35 29536  271.37
Surrogate evaluation 4.82 0.93 0.02 1.44 7.41 1.63 0.04 1.43 21.92 3.61 0.21 5.12
Variance evaluation 3.71 - - - 5.61 - - - 17.01 - - -

cached after the first use, the first evaluation of an individual costs O(n}) and the remaining only O(n,). As for the variance
estimation, supposing that the Cholesky factorization of the covariance matrix has been cached, it corresponds to the cost
of the forward and backward substitution, that is O(n%).

The cost of training the RBFN metamodel through the gradient descent approach is O(N, d n, n.), where N, is the
number of iterations. Since we set n, to the size of the training archive and n, at a fixed fraction of #n,, we have that the
asymptotic cost of RBFN training is O(N,; di |AI*). Therefore, the computing time required by RBFN-based surrogates
is less sensitive to the amount of used data, when compared with the GP counterpart. Moreover, according to Equation
(3), the cost of each RBFN-based evaluation is O(dy n..).

The main computational cost of the adopted QPA metamodel is due to the inversion of an n, X n, matrix, which is
O(nf,). However, since n, is quadratic on dy, the actual complexity of evaluating each individual with the QPA model is
O(d]?), which can become not affordable even for moderately high values of d;.

In the case of SVR the training time complexity is between O(d; |A|) and O(dy Iﬂlz), depending on the number of
SMO iterations actually performed. The time cost of each SVR-based evaluation is O(dy |Al).

Overall, the computational costs for building GP, RBFN and SVR are sensitive to the size of the used archive of past
exact fitness evaluations, while the QPA cost mainly depends on the size of subcomponents. However, the size of the used
archive is, to some extent, related to the dimensionality of subcomponents through the number of used individuals.

That said, the actual time cost related to metamodeling in SACCJADE depends on several factors. In fact, the final
number of surrogate trainings and evaluations is determined by the number and size of subcomponents, the number of
evolved individuals and also by the accuracy of the surrogate itself. For example, due to the exact re-evaluation of some
individuals at each JADE generation, a higher number of subcomponents tends to require less CC cycles to consume the
available budget of exact fitness evaluations. Also, a surrogate of higher quality requires less re-evaluations to ensure
the condition of having the best individual with exact fitness (see Algorithm 2, lines 21-26). On the other hand, a lower
number of CC cycles implies less metamodel training and evaluations at the end of the process. To give an idea of the
additional computing effort required by metamodeling in the proposed algorithm, we show in Table 10 the CPU time T
taken by the surrogate training and evaluation for the whole optimization in the case of function fj, for different sizes
of subcomponents and number of individuals. To perform the computation we used the setting specified in section 4.1,
with Nz, = 6. The elapsed times were collected on a PC with an Intel Core i7-4600U CPU. As can be seen, the cost of
GP increases rapidly from the small subcomponents with 20 individuals to those based on bigger populations. Also, the
overall QPA training is very small for d; = 2 and significantly higher for d; = 8. Table 10 also shows that the total cost of
metamodeling is always reasonable, even if a number of surrogates are built during the optimization process.

Clearly, the advantages in terms of computing times that the method can bring to concrete applications depend on
both the cost of the objective function and the gain of exact fitness evaluations. More in detail, given the time #; required
by each evaluation of the original objective function, a percentage gain Arg in terms of number of fitness evaluations
corresponds to a time saving of Trg = Apg Npg ty/100. Therefore, the surrogate-assisted approach is suitable when the
additional total time 7's required by metamodeling is lower than Trg.

To quantify in a concrete case the benefits provided by the surrogate-assisted CC we considered the statistics achieved
for function fio for dy = 4 and Npop = 25. According to Figure 6, using SACCJADE-GP led to a gain of 345000 exact
fitness evaluations with an extra cost of Ts = 569.96s due to the surrogate training and evaluation. Therefore, for an
hypothetical fi, with computing times greater than TOGP = T5 /345000 = 1.65E-03s, the GP-assisted approach would
provide a computational gain. However, in the case of fio also the QPA-based approach was very effective, by providing
a gain of 332500 original fitness evaluations at the extra cost of only 13.67s. Therefore, SACCJADE-QPA would be
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Table 11: Total time required by CCJADE and SACCJADE-GP for fitness evaluations to achieve the same result. The comparisons were computed for
different hypothetical time costs of the objective function fio with di = 4 and Npop = 25 (see Table 10). The value Ty = 1.65E-03s corresponds to a
balance between the gain of original objective function evaluations and the overhead due to surrogates.

Time cost of objective function

To 2xTy S5xTy 10x Ty 100 x Ty

Total time for fitness evaluation with CCJADE [A] 0.23 0.46 1.15 2.29 22.95
Total time for fitness evaluation with SACCJADE-GP (original plus surrogate) [#] ~ 0.23 0.30 0.51 0.87 7.27
Time gain [A] 0.00 0.16 0.63 1.42 15.67
Time gain [%] 0% 35% 55% 62% 68%

suitable for an objective function fjy with computing times greater than TOQPA = 4.11E—-05s. In Table 11 we show the
overall computing times required by CCJADE and SACCJADE-GP for fitness evaluations (i.e. original plus surrogate)
to achieve the same result with different hypothetical costs of the objective function. As can be seen, even an objective
function requiring 0.17s corresponds to about 23/ of CPU time during an optimization based on 5x 10 fitness evaluations.
Instead, using SACCJADE-GP the same result can be achieved in about 7.34, with a gain of 68%. Therefore, it is clear
that SACCJADE can represent a valuable approach for a wide range of applications involving complex objective functions
defined in high-dimensional spaces.

5. Conclusions and future work

According to the presented computational study, the use of approximate fitness within the subcomponents of a CC
optimization algorithm proved effective in boosting the search efficiency in most of the considered high-dimensional
optimization problems. Moreover, we showed that the additional computational cost for surrogate training and evaluation
can be considered acceptable even for relatively inexpensive objective functions.

We investigated the main parameters potentially affecting the behaviour of the used algorithms, such as the size of
decomposition and the length of CC cycles. In most problems, the SACC method could provide a significant acceleration
of convergence using low-sized subcomponents (i.e., composed of 2 or 4 variables). However, the optimal length of a
CC cycle, which also determines the frequency with which the entire population is evaluated with the original objective
function, proved quite problem-dependent. Therefore, future work might include the development of an adaptive SACC
algorithm in which the number of iterations per CC cycle performed is automatically determined.

Furthermore, we compared four typical metamodeling techniques, namely GP, RBFN, SVR, used as global surrogates,
and QPA as local fitness approximation. Overall, the best performing surrogates were those based on GP and RBFN.
However, the SVR-based approach led to a faster convergence in most cases, which imply a higher gain of exact fitness
evaluations when the computational budged is limited. Nevertheless, we showed that, even using the most time-consuming
GP-based approach, the surrogate-assisted CC optimizer could provide valuable gains of computing time for objective
functions with relatively low computational cost. Future work could consider adopting suitable strategies for automatically
choosing the most convenient metamodeling approach in case of black-box functions [1].

In some of the considered test problems, SACC could not improve the results of the baseline CC optimizer. This was
especially the case of some multimodal problems, for which it is known that the use of approximate fitness can lead to an
early stalling of the search process [14, 46]. According to the literature, a more effective approach to consider in future
work is the use of surrogate-assisted LS [45] within the subcomponents.

In our approach, we ensure that the best individual according to the surrogate is re-evaluated with the exact fitness.
As a result, the training sets are enriched over the iterations of each CC cycle and this allows to slowly update the fitness
models during the process. However, less straightforward infill sampling criteria to update the surrogate model should be
investigated in the future [28, 18].

In the presented empirical investigation, we did not consider decompositions algorithms to be applied before the
optimization in order to create subcomponents in which all the interacting variables are grouped together [44]. On the
one hand, such a static decomposition algorithms typically require a high number of objective function evaluations (i.e.,
O(d?) in [44]). On the other hand, avoiding the need of frequent random re-groupings during optimization would enable
longer CC cycles, likely leading to a greater efficiency of the surrogate-assisted CC approach. Therefore, in future work
it is worth investigating the advantages of using the SACC approach to tackle partially separable problems.
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Another line of research that deserves to be studied more extensively was introduced in [37], where metamodeling was

exploited in the decomposition phase but not during optimization. It should be investigated whether it is possible to exploit
the approximation of objective function computed during the surrogate-assisted decomposition to improve efficiency in
building metamodels within the subcomponents.

Overall, there are several promising research directions that are worth exploring to further advance efficiency of the

proposed SACC optimizer, when applied to LSGO problems characterized by complex objective functions.
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