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ABSTRACT. Compactness of arbitrary-order Sobolev type embeddings for traces of n-dimensional func-
tions on lower dimensional subspaces is investigated. Sobolev spaces built upon any rearrangement-in-
variant norm are allowed. In particular, we characterize compactness of trace embeddings for classical
Sobolev, Lorentz-Sobolev and Orlicz-Sobolev type spaces.

ACCEPTED VERSION OF THE PAPER
‘COMPACTNESS FOR SOBOLEV-TYPE TRACE OPERATORS, NONLINEAR ANAL. 183 (2019), 42-69°
HTTPS://DOI.ORG/10.1016/3.NA.2019.01.013

1. INTRODUCTION AND MAIN RESULTS

A general form of Sobolev embedding theorem states that, if 2 is a bounded open set in R", n > 2
satisfying the cone property, and 4 is the (nonempty) intersection of 2 with a d-dimensional affine
subspace of R™, 1 < d < n, then any function u from the standard Sobolev space W™ (Q), with m € N
and p € [1,00], admits a trace Tru on Q4. The linear operator Tr which associates u with its trace Tru
fulfills

L7t (Qa) ifm<nandpe [1,%),
(1.1) Tr: W™P(Q) < JexpLim(Qq) ifm<nandp=2L,
L>(Qy) otherwise,

provided that d € (n —mp,n] when 1 <p < X or
(1.2) d>n—m

when p =1 (see, e.g. [2, Theorem 4.12]). Here, the arrow ‘—’ stands for a continuous operator, L?(€,),
g € [1,00], denotes the space of summable functions on Q; with respect to the d-dimensional Hausdorff
measure H? on R™ and exp Lﬁ(ﬁd) is the Orlicz space on {24 associated with the Young function
exp(tﬁ —1). When d = n, clearly Q,, =, and Tr is the identity operator.

Let us observe that (1.1) collects classical embedding theorems due to Gagliardo [16] (1 < p < > or
p > 7), Nirenberg [26] (p = 1, d = n), Sobolev [33] (d =n, and 1 < p < 7= or p > *), Pohozaev [29],
Trudinger [34], Yudovich [35] (d =n, p= ), Adams [1] and Maz’ya [23] (p = 7).

Even though the classical Rellich and Sobolev-Kondrashov theorems provide compactness for Sobolev
trace embeddings in some cases, their compactness is usually lost in extreme cases. Namely, the embed-
ding (1.1) is not compact when p € [1, -] if m < n, and when p = 1 if m = n. Such compactness results
turn out to be of crucial use in the analysis of solvability of partial differential equations and in spectral
theory for linear and nonlinear partial differential operators.
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Starting with these classical results the analysis of boundedness and compactness for Sobolev embed-
dings has been the subject of a wide number of investigations, along various directions. Among the first
references in a nowadays extremely vast literature, see e.g. the monographs [2, 13, 18, 19, 23, 24].

In the recent paper [10], trace embeddings have been studied in the situation when the class of spaces
which describe the integrability degree of functions and of their weak derivatives is enlarged to include gen-
eral rearrangement-invariant spaces. Sobolev spaces built upon general rearrangement-invariant norms
are taken into account, i.e. norms which only depend on the “size” of functions, or, more precisely, on the
measure of their level sets. Customary examples of rearrangement-invariant spaces are Lebesgue spaces,
Orlicz spaces and Lorentz spaces.

In [10], arbitrary-order Sobolev type embeddings for traces of n-dimensional functions on lower di-
mensional subspaces are established. A natural question of finding out whether they are compact then
arises. In the present paper we address this issue by providing compactness criteria of diverse nature.

To be more specific, let || - ||x,1) and || - ||y(0,1) be rearrangement invariant function norms on the
Riesz space L°(0,1) of all (equivalence classes of) Lebesgue measurable functions on (0, 1) taking values
in [—00,00]. Then X (£2) denotes the rearrangement-invariant space on € associated with [ - || x(,1) and
X (0,1) is called its representation space (see Sect. 2 for precise definitions). For m € N,

W™ X(Q) = {u: u is m-times weakly differentiable in 2, and |[V¥u| € X(Q) for k =0,...,m},
equipped with the norm

lullwmx@y = > 1V¥ul |l x@),
k=0

is the Sobolev type Banach space built upon the rearrangement-invariant norm || - || x,1). Here, V™u
stands for the vector of all m-th order weak derivatives of v. We simply denote V'u by Vu; also, VOu is
nothing but w. In the case when X (Q) = LP(Q), p € [1, o0], one clearly has WX (Q2) = W™P(Q).

Throughout, we assume that condition (1.2) is in force. This guarantees a well-defined trace operator
Tr from W™X () into (at least) L' (Qq), whatever m € N and || - || x(0,1) are. This is true since W™ X (Q)
is continuously embedded in W™ 1(Q), as 2 has finite measure, and classically Tr: W™1(Q) — LY(Qy).
Thus, one may deal with the Sobolev type trace embedding

(1.3) Tr: WX (Q) — Y (Qa),
where Y () is the rearrangement-invariant space on 24 with respect to the d-dimensional Hausdorff
measure H? restricted to (g associated with the norm | - [y (o,1). Note that H?(€24) < oo, since Qg is

isometric to a bounded subset of R%. We stress that the condition (1.2) does not require any restriction
on the rearrangement-invariant space X (2). In fact, in the case when m < n, it allows the norm ||- || x (0,1
to be ‘close’ to || - || 10,1y, which would not be possible if (1.2) was omitted.

In [10], the optimal target space (i.e. the smallest possible in the class of rearrangement-invariant
Banach function spaces on §2) for embedding (1.3) is explicitely determined. This is the space X7, (Qa),
whose associate norm is defined by

(1.4) Il xpy00) = HRgfanX,(OJ) for f € L°(0,1).

Here, R}, : L°(0,1) — L°(0,1) is the one-dimensional Hardy type operator, defined for each f in L°(0,1)
as
d

(1.5) anf(s) = sTItw /OS |f (@) dt for s € (0,1).

Moreover, embedding (1.3) is characterized by the boundedness of the one-dimensional Hardy type op-
erator H',,: L°(0,1) — L°(0,1) from X (0,1) into Y'(0,1), defined by

n
d

1
(1.6 B = [, @1 d or s (0.1),
S
for every f in L°(0,1).
Our compactness results for the Sobolev type trace operator (1.3) are stated in the next two theorems.
We distinguish the cases when Y (Q4) # L™®(Q4) and Y (Qq) = L>°(£24) because they are essentially

different and their treatment requires different techniques to be used.
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In the most interesting case, namely, when m < n, we give equivalent characterizations of compactness
for (1.3) involving Hardy type operators and optimal target spaces mentioned above. The last named
characterization is formulated in terms of the ‘almost-compact’ embedding [28, Section 7.11] of the
representation space of the optimal target space Xj", (Q2q) for (1.3) in Y (Q2q), denoted by X7",(0,1) &
Y(0,1). It thus turns out that the unit ball of X7 (0,1) has uniformly absolutely continuous norm in
Y (0,1) if and only if the trace operator in question is compact.

Theorem 1.1. Let 2 be a bounded open set in R™, n > 2, satisfying the cone property, and let || - || x 0,1

and || - |ly 0,1y be rearrangement-invariant function norms. Assume that m,d € N, 1 < d < n, and d
fulfills (1.2). Suppose, in addition, that
(1.7) Y(0,1) # L®(0,1).

Then,

e for m < n, the following statements are equivalent:

(i) the Sobolev type trace operator Tr: WX () — Y (Qq) is compact;
(ii) the Hardy type operator Hy', : X(0,1) — Y(0,1) is compact;
(iii) ~ lim sup  [[Hg', (fx(0,n)llv(0,1) = 0;

)

=0t | fllx 0,1y 1

lim sup  |Ix0,mHa'nflly 0,1 = 0;
=0t fllx 0.1y <1 "

(v) X7.(0,1) = Y(0,1);

(iv

e for m > n, the Sobolev type trace operator Tr: WX (Q) — Y (Qq4) is compact.

In the case when d = n and Q) has Lipschitz boundary, the equivalence between (i) and (ii) has been
established in [17]. Let us also mention that relationships among properties (ii)-(iv) for similar classes of
integral operators have been investigated in [21], and their intimate connection with the almost compact
embedding described in (v) is stated in [31]. Unlike [21], the approach of [31] allows us to express
conditions (ii) and (iv) without any explicit reference to absolute continuity of the norms in question.
Indeed, an alternative formulation of statement (iii) is that the set R;",, (By~(o,1)) has uniformly absolutely
continuous norm in X”(0, 1). Here, By (o,1) denotes the unit ball in the associated space Y”(0, 1) of Y'(0, 1).
Analogously, assertion (iv) means that the set Hy', (Bx(0,1)) is of uniformly absolutely continuous norm
in X(0,1) (see [32, Remarks 4.9 and 5.2]).

Theorem 1.2. Assume that 2, n,m,d and ||| x 1) are as in Theorem 1.1. Then,
o for m < n, the following statements are equivalent:
(i) the Sobolev type trace operator Tr: W™ X (Q) — L°(Qq) is compact;
(ii) the Hardy type operator Hy',: X(0,1) — L*°(0,1) is compact;
T
(iii) lim sup / fr(s)s= tds=0;
r—0F [1fllx,1H<1 JO

(iv) lim ||s_1+%x

r—0t

(v) X(0,1) < La1(0,1);

0,78 x0,1) = 0;

e for m = n, the Sobolev type trace operator Tr: W™X (Q) — L>(Qyq) is compact if and only if
X(0,1) # L'(0,1);

e form > n, the Sobolev type trace operator Tr: WX (Q) — L>*°(Qy) is always compact.
As a consequence of Theorems 1.1 — 1.2 we obtain

Corollary 1.3. Assume that 2, n,m and d are as in Theorem 1.1, and let H'||X(071)7 H'||y(0,1)7 H'”Z(o,l)

be rearrangement-invariant norms. If X(0,1) < Y(0,1) and Tr: WY (Q) < Z(Q), then the Sobolev
type trace operator Tr: WX (Q) — Z(Q4) is compact.

The structure of the paper is as follows. We recall in Sect. 2 a few definitions and properties of function
spaces and one-dimensional operators playing a role in what follows. In Sect. 3, we state and prove key
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tools employed later for the proofs of our main results, which are the content of Sect. 4. Compactness of
trace operator on customary Sobolev type spaces, as Lorentz-Sobolev spaces and Orlicz-Sobolev spaces,
are discussed in Sect. 5.

2. BACKGROUND

We collect in this section some definitions, notations and properties about functions, function spaces
and one-dimensional operators involved in our discussion. For more details and proofs, we refer to [6, 28].

2.1. Rearrangement-invariant function spaces. Let (S, X, 1) be a o-finite measure space. For any

E € ¥, we denote by L°(E, ) the Riesz space of all (equivalence classes of) p-measurable functions

on E whose values belong to [—o0o,00]. Then LY (E,u) stands for the positive cone of LO(E, p), i.e.

LY(E,p) ={ue L°(E,p): u>0 pae. inE}, and LY(E, p) = {u € L°(E, p): uis finite p-a.e. in E}.

In the special case when (S, 3, i) is the Lebegue measure space (R™, L,,, A,), we simply write R™ in place

of (R™, Ly, A\y), |E| instead of A, (E), and we omit the explicit reference to A, in the above notations.
Given a function u € L°(E, i), we denote by n,: R — [0, 0] its distribution function defined as

nu(t) =p({z € E:u(x) >t}) forteR.

Two functions u,v € LO(E, 1) are equimeasurable, writing u ~ v, if M| = M-
The non-increasing rearrangement w*: [0,00) — [0, 00] of a u is defined as

u*(s) = inf{t > 0: p,(t) < s} for s €[0,00).
The function w* is a (unique) right-continuous, non-increasing function in [0, co) fulfilling the property
u* ~ u. Clearly, u*(s) =0 if s > p(E). The map u — «* is monotone in the sense that
lu| < vl p-a.e. on B = ut <ov* a.e. on [0,00).
The Hardy-Littlewood inequality, which tells us that

w(E)
(2.1) /E|uv|du S/o u*(s)v*(s)ds

for every u,v € L°(E, i), is a basic property of non-increasing rearrangements.
As u* is non-increasing, the function v**: (0,00) — [0, 00], defined by

u™(s) = ! /0 u*(t)dt for s € (0,00),

S

is also non-increasing, and u* < u**

on (0,00). Moreover,
(U+U)** S U**+’U**
for every u,v € LY (F, ).
A rearrangement-invariant Banach (extended) function norm is a functional || - ||x(0,1): L°(0,1) —
[0, 00] such that

2) I +glixo1) < Iflx©1) + lglx@1 forall f,g € L(0,1);

lafllxo1) = allfllxo forall a€[0,00), f€ LY (0,1) (counting 0-co = 0, as usual);
Il fllx@,) > 0 for every non-zero f € Lg_(O,l);

Iflxon < lollxios whenever f < gin Z9(0.1);

liin”kaX(o,l) = |[fllx@©1) whenever fr 7 fin LG (0,1);

||1||X(0,1) < 00;

there is a positive constant C such that || f|z10,1) < C || fllx(0,1) for all f e Li(O, 1);
(2.9) lull x0,1) = llvllx@,1) forall u,v € L°(0,1) such that u ~ v.

Given a rearrangement-invariant Banach function norm || - || x (o,1), the functional on L°(0,1), denoted by
|l - Ix7(0,1), and defined as

1
(2.10) lllxon =  sup /Ifg\(t)dt for g € L°(0, 1),
£l x0,1y<1J0
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is a rearrangement-invariant function norm, called the associate function norm of || - || x(0,1). The func-
tional on L°(0,1), denoted by || - HXb(O’l)’ and defined as
1
(211) lalxpon = sw [ fOla@li  forg e 0.0,
1fllxc0,1)<1J0
is still a rearrangement-invariant function norm, called the down associate function norm of || - ||x(0,1)-

For any g € L°(0,1), [l9]lx; 0.1) < ll9]lx7(0.1); moreover, via (2.1),
(2.12) lgllx1 0,1y = llgllx(0,1) for non-increasing g € L%.(0,1).
The dilation operator Dy, with A > 0, is defined for f € L°(0,1) by

f(A71s) ifo<s<A

(2.13) Daf)s) = {0 ifA<s<1

and is bounded on any rearrangement-invariant space X (0, 1), with norm not exceeding max{1, A\=*} [6,
Chapter 3, Proposition 5.11].

Given a rearrangement-invariant function norm || - || x,1) and any £ € X of finite measure, the space
X (E, p) is defined as the collection of all functions u € L°(E, u) such that the quantity

(2.14) llull x (2,0 = lu" (W(E) )l xo01)

is finite. This quantity defines a norm on X (FE, u), called a rearrangement-invariant norm, which makes
X (FE, 1) a Banach space, called a rearrangement-invariant space. Notice that

(2.15) lullx (s = [ullx@Em  foruwe X(E,p),

and

(2.16) X(E,u) C LY(E, p).

Let us warn the reader that, when u(E) < oo, the norm || - ||x(g,,) is just equivalent to (but possibly

different from) more customary norms, because the measure of E may exceed 1.
The space X(0,1) is then called the representation space of X(E,u). The rearrangement-invariant
space X'(E, ) built upon the function norm || - || x/(0,1) is called the associate space of X (E, ). As
- lxry0,0) = - lx0,1)5

it holds that (X')(E,u) = X"(E,n) = X(E, u). Therefore, any rearrangement-invariant space X (F, i)
is always the associate space of another rearrangement-invariant space, namely X'(F, u).
Since

1
| £l dt < 1o llolon
holds for every f,g € L°(0,1), the Hélder inequality

(2.17) /E ol di < (B ullx s 10l x (2.0

holds for every u,v in LO(E, u).

Given two rearrangement-invariant function norms || - || x(,1y) and || - [y (0,1), for any E € ¥ we write
X(E,u) — Y(E,p) to denote that X(FE,pu) is continuously embedded into Y (E, ). Observe that
X(E,p) — Y (E, ) if and only if there exists a positive constant C' such that [|g|ly0,1) < Cll9llx(0,1) for
every g € L°(0,1). Moreover,

X(E,p) =Y (Ep = X(Eup) CY(E ),
and
(2.18) X(EB.p) =>Y(Ep =  Y(Enp = X(Enp),

with the same embedding constants.
Whenever u(E) < oo,

(2.19) L>®(E,p) = X(E,p) = LY(E, ).
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We write X(E, ) N Y (E, n) to denote that X(FE, ) is almost compactly embedded into Y (E, p),
namely

lim  sup  |luxglly@Ey =0
=0 || x (s, 0y <1 '

for every sequence (F)ren of measurable subsets of E with (x g, )ren converging to 0 p-a.e. in E.
Note that

(2.20) X(E,p) > Y(E,p) = X(B,p) < Y(Ep) = X(Bp) < Y(Ep),
where << stands for a compact embedding [28, Theorem 7.11.6 and Theorem 7.11.5], and
(2.21) X(E,p) S Y(E,p) < Y/(Ep) < X'(Ep)

[28, Theorem 7.11.3].
If u(E) < oo, then

(2.22) X(B,p) <> Y(E, ) = lim  sup  |If" x0.mllvy1) =0

"0 fllx () <1
[28, Lemma 7.11.15]; moreover
(2.23) X(B,p) # L¥(E,p) < L¥(E,p) < X(E,p),
(2.24) X(B,p) # LY B, p) < X(Bp) < LY(Ep

[28, Theorem 7.11.13 and Theorem 7.11.14].

We recall now the definition of some customary, and also some less standard, instances of rearrange-

ment-invariant function norms which shall be used in our applications. In what follows, we set p’ = -2~

-1
for p € [1,00], and adopt the the convention that 1/00 = 0. :
Prototypal examples of rearrangement-invariant function norms are the classical Lebesgue norms.
Indeed, | fllzr,1) = [If*lzr(0,1) if p € [1,00]; in particular, ||f|L<0,1) = f*(0%). By (2.19), L=(E, n)
and L'(E, u) are the smallest and the largest, respectively, rearrangement-invariant spaces on E € .
Let A be a Young function, namely a left-continuous convex function from [0, o) into [0, co] vanishing
at 0, which is neither identically equal to 0, nor to co. Thus, A has the form

(2.25) At) = /Ot a(s)ds fort >0,

for some (non-trivial) non-decreasing left-continuous function a: [0,00) — [0,00]. The Luzemburg rear-
rangement-invariant function norm associated with A is defined as

1
(2.26) IfllLacn) = inf{)\>0: /O A('f(;)l) dt < 1}

for f € L°(0,1). The space L*(0,1) is called an Orlicz space. In particular, L4(0,1) = L?(0,1) if
A(t) = t? for p € [1,00), and LA(0,1) = L>(0,1) if A(t) =0 for t € [0,1] and A(t) = oo for t > 1.

Recall that A is said to be equivalent near infinity to another Young function B if there exist positive
constants ¢, C' and tg such that

(2.27) A(ct) < B(t) < A(Ct) for t > tg.
Note that
(2.28) LA(E,u) = LP(E, ) up to equivalent norms if and only if A is equivalent to B near infinity.

Let p,q € [1,00]. Assume that either 1 <p <oocand 1 <¢g<oo,orp=¢g=1, or p=¢q=o00. Then
the functional defined as

(2.29) I fllzrao,1y = s~ 7 f*(8)llLao,1)

for f € L°(0,1) is equivalent to a rearrangement-invariant function norm, and

(LP9Y(0,1) = L9 (0, 1).
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For p, q € (0, 00] the functional || - || .0 (0,1), defined as

ST )|

HfHL(P"I)(O»l) = ‘ La(0,1)

for f € L°0,1), is a rearrangement-invariant function norm (see e.g. [28, Theorem 9.7.5]) if either
0<p<ooand 1< q<oo,orp=gq=o00. Thenorms |- |Lr.a(,1) and || - || Lw.a(0,1) are called Lorentz
function norms, and the corresponding spaces LP9(0,1) and L(I”‘I)(O7 1) are called Lorentz spaces. The
following inclusion relations between Lorentz spaces hold:

(2.30) LPP(0,1) = LP(0,1) for p € [1,00];

(2.31) LP90,1) — LP"(0,1) for 1 <q<r < o0

(2.32) LPD(0,1) — LP9(0,1) for p,q € [1,00];

(2.33) if either p € (1,00) and 1 < ¢ < o0, or p = g = oo, then LP?(0,1) = LP9(0,1) up to equiva-
lent norms.

Assume now that either 1 <p<oo,1<g<ocanda€c€R,orp=1,¢g=1and a >0, or p =00, ¢ =
and a <0,orp=o00,1<¢g< ooanda—&—% < 0. Then also the functional given by

(2:34) £l zrag0x Lye0.) = 1877 (1+1og ) £()l| sy

for f € L°(0,1) is equivalent to a rearrangement-invariant function norm, and || - ||Lm(1og L)a(0,1) 18
called a Lorentz—Zygmund function norm. The corresponding space L?*4(log L)*(0, 1) is called a Lorentz—
Zygmund space. A detailed study of (generalized) Lorentz-Zygmund spaces can be found in [27] or [15] —
see also [28, Chapter 9].

Let us notice that, besides including the Lebesgue spaces (p = ¢, & = 0) and the Lorentz spaces (a = 0),
the class of Lorentz-Zygmund spaces overlaps with that of the Orlicz spaces. Actually, it reproduces (up
to equivalent norms) the Orlicz spaces LP(log L)?(0,1) (1 < p = q, a = 3/p) associated with any Young
function equivalent to t?(logt)? near infinity, and the Orlicz spaces expL?(0,1) (p = q = 00, a = —1/13)
associated with any Young function equivalent to exp(¢?) near infinity.

2.2. Sublinear one-dimensional operators. We refer to the monographs [2, 4] for unexplained termi-
nology from nonlinear operator theory and Banach lattices. Here, we just recall that, given an operator
T: L°(0,1) — L90,1), we say that T is sublinear if

(2.35) IT(f+9l<[Tfl+|Tgl, and  [T(af)| = lal T[],
for every f,g € L°(0,1) and a € R; T is positive when
(2.36) T(L3(0,1)) € L.(0,1);

T is monotone when

(2.37) Tf<Tg for f<ginL5(0,1);

and T is determined completely by its action on the positive cone L0+((), 1) when
(2.38) Tf=T|f| for fe L°%0,1),

where the above relations are understood a.e. on (0,1).
Let T: L°(0,1) — L°(0, 1) be a sublinear operator, and let || - || x(o,1y and || - ||y 0,1y be two rearrange-
ment-invariant norms. Then T is bounded from X (0,1) to Y (0,1), briefly

(2.39) T: X(0,1) - Y(0,1) is bounded
if the quantity
1Tl =" sup  [[Tf v,
FEX(0,1)
1fllx(0,1)<1

is finite. Such a quantity is called the norm of the operator T. Moreover, T: X(0,1) — Y (0, 1) is compact
if T(M) is relatively compact in Y (0, 1) for every bounded set M C X (0,1).

The space Y(0,1) is called optimal in (2.39) within a certain class, if, whenever Z(0,1) is another
rearrangement-invariant space from the same class fulfilling the property that 7" is bounded from X (0, 1)
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to Z(0,1), then Y/(0,1) < Z(0,1). Equivalently, the corresponding function norm || - ||y (9,1 is said to be
optimal in (2.39) in the relevant class.

If T: L°(0,1) — LY(0,1) is a sublinear operator fulfilling condition (2.38), then the associate operator
of T is the sublinear operator T": L%(0,1) — L°(0, 1) fulfilling property (2.38) and defined via the identity

/0 TF(s)|g(s)| ds = / F)ITg(s)ds  for f.g € 1°(0,1).

Note that
(2.40) T:X(0,1) = Y(0,1) is bounded = T:Y'(0,1) = X'(0,1) is bounded
and ||T|| = ||7”|]. This follows by a simple argument involving Fubini’s theorem and the definition of the

associate norm.

As hinted above, given m € N and d € N such that 1 < d < n and d > n —m, we deal with the
Hardy type operators Ry, and HJ', defined by (1.5) and (1.6), respectively. Both of them are sublinear
operators satisfying propertles (2. 36) (2.38), and they are mutually associated, namely

(241) [ W) @) lalas = [ 156 (Ris) () s Tor f.9 € 2°0.1),

Note that
(2.42) dnf 18 non-increasing on (0,1)

for every f € L°(0,1).

Let us conclude this section with a few observations.

Given any rearrangement-invariant norms || - || x(0,1) and || - [y (0,1, for a sublinear (not linear) operator
T: L°0,1) — L°(0,1) fulfilling condition (2.38), the fact that 7: X (0,1) — Y(0,1) is bounded is just
equivalent to its continuity at 0, and 7" may fail to be (uniformly) continuous. However, when T also fulfills
the additional properties (2.36)—(2.37), the equivalence between boundedness and uniform continuity for
T still holds; moreover, the well-known result about the continuity of positive linear operators between
Banach lattice [5] (see, e.g., [4, Theorem 4.3]) pertains within such a sublinear setting. This is the
content of our following result, which explains why we do not adhere to the convention of using “—” in
the notation T': X (0,1) — Y'(0,1) to indicate boundedness for T', as in [10].

Proposition 2.1. Let ||| x(0,1) and |||y (0,1) be rearrangement-invariant norms. For a sublinear operator
T: L%0,1) — L°(0,1) satisfying (2.36)—(2.38), the following three properties are mutually equivalent:
(i) T: X(0,1) = Y(0,1);

(ii) T: X(0,1) = Y (0,1) is bounded;

(iii) T: X(0,1) = Y (0,1) is uniformly continuous.

Proof. (i) implies (ii) Suppose, by contradiction, that 7: X(0,1) — Y(0,1) is unbounded. Since T
satisfies (2.38), then one may select a sequence (fx)ren in X4 (0,1), with

(2.43) I frllx01) <1 and T frlly o) > K for each k € N.

Since the series ), k=2, is absolutely convergent in the Banach space X (0, 1), then it converges to
some function f € X4 (0,1). Clearly, 0 < k=2f; < f a.e. on (0,1). Thus, by (2.35)—(2.37),
1
OgﬁTfkng a.e. on (0,1).

Hence, via (2.3) and (2.5), the second estimate in (2.43) provides that
ITfllv©1) = k21T frlly1y =k forall k €N,
namely, a contradiction to assumption (i). Consequently, T: X (0,1) — Y'(0,1) is bounded.
(ii) emplies (iii) Assume that (ii) holds. Equivalently, T': X (0,1) — Y (0, 1) is continuous at 0, since T’

fulfills (2.38). For any f,g € X(0,1), then |T'f — Tg| € Y(0,1), according to (2.15); moreover, thanks to
(2.36)—(2.38) and to the inequality in (2.35),

ITf—Tgl <T(f—g) a.e. on (0,1).
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Hence, from (2.5) and (2.15) one infers that
ITf=Tyllyo1) < IT(f =9y  for f,g € X(0,1).
Hence, the conclusion follows by the continuity of T" at 0.
(iii) #mplies (i) Obvious. O
Coupling Proposition 2.1 with (2.40) yields
(2.44) an: X(0,1) = Y(0,1) = an: Y'(0,1) = X'(0,1),

with [[HT,, || = R, || finite.

,nH -

3. KEY AUXILARY RESULTS

We collect here results to be exploited in the proofs of Theorems 1.1 — 1.2. We start by focusing
on Hardy type operators Hyj', defined by (1.6). According to Proposition 2.1, the next result clarifies
that these operators are bounded on any rearrangement-invariant space and their behavior on bounded
sequences is also shown.

Proposition 3.1. Assume that n,m,d and ||-||x 1y are as in Theorem 1.1. Then
(3.1) an: X(0,1) = X(0,1).

Moreover, if (fi)ren s a bounded sequence in X (0,1), then there exist a subsequence (fx,)ien of (fx)ken
and some function g € L°(0,1) such that

anft = g a.e. in (0,1).
Proof. We first observe that
(3.2) HY, : L'(0,1) — L'(0,1), and  Hp,: L>(0,1) — L>(0,1).

Indeed, the use of (2.11), (2.42) and (2.41) yields that

1
m+

1
* d—n
HHZ/,LanLl(OJ) = sup <1/g (S) gjnf(s) ds S /|f(8)| s " ds S ||fHL1(O,1)

HQHLOC(O,U 0

0
for allf € L*(0,1), because m + d — n > 0. Moreover, owing to (2.42),

||H3?nf||L°°(0,1) = [

n
t)| dt < — -
fFldt < A fll oo,

o _

for all f € L*>(0,1).
Next, we define the linear operator

1
(3.3) Hy,f(s) = / tnUp@) dt - for s € (0,1),

sd
for f € L1(0,1). Since
(3.4) Hy,=HJ,  onX,(0,1),

where X (0,1) = X(0,1) N LY(0,1), through Proposition 2.1, (3.2) and the use of (2.5), the linear
operator ﬁ;’fn turns out to be bounded on both L!(0,1) and L>°(0, 1), with norm depending only on n
and m. By an interpolation theorem of Calderén [6, Chapter 3, Theorem 2.12], I:I:n: X(0,1) —» X(0,1)
is thus bounded on any rearrangement—invariant space X (0, 1), with norm depending only on n and m.
Hence, conclusion (3.1) follows via property (2.38) of Hy', and (3.4).

Now, let (fi)ren be a bounded sequence in X(0,1). Then, by (3.1), the sequence (Hg,, fr)ren is
bounded on X (0, 1), and on L'(0,1) as well, owing to (2.19).

Fix any j € N, and define

9jk = (Hg,mfkh(#’l) for k € N.
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The sequence (g x)ken is bounded in whit (%,1). Indeed, it is bounded in L! (j%,l); moreover,

exploiting (2.42), for each k € N one infers that
n n _1am
ggv’k(t):fg |fk(td)| t—ita for a.e. t € (jﬁ,l),

and

1 1
_n n _i4m - m_q . 1—m
||9;‘,1<;HL1(#71) = E/l | fo(td)[ 14 dt —/ 3 |fe(s)| s tds < max{(] +1) 71} I fell 20,1 -

1
THI (7

+1
The compactness of the embedding W'! (ﬁ, 1) — L! (ﬁ, 1) thus provides the existence of some

function g; € L* ( L 1) such that

J+D
— i 1 1
; ; ae. in | ——,1]),
ik = 9j it
up to subsequences. Hence, the conclusion follows via a diagonal argument, because (Jﬁ, 1) (0,1). O

The previous result enables us to show that — roughly speaking — the optimal rearrangement-invariant
norm in the Sobolev trace embedding cannot be worse than the rearrangement-invariant norm on the
domain.

Proposition 3.2. Assume that Q, n,m,d and || - || x(0,1) are as in Theorem 1.1. Then the Sobolev trace
operator Tr: WX (Q) — X (Qq) is continuous. Moreover,
(3.5) X0 (Qa) = X(Qa).

Proof. The first part of the statement follows from combining (3.1), Proposition 2.1 and [10, Theorem 1.3].
Hence, [10, Theorem 1.1] provides the latter. O

In light of Proposition 3.1, we now analyse optimal domain spaces for our Hardy type operators.

Proposition 3.3. Assume that n,m and d are as in Theorem 1.1, and let |||y 1) be a rearrangement-
invariant norm. Then, the functional ||~|\Ydm(071) : L9(0,1) — [0,00], defined as
_ m 0
HgHYJ’%(OJ) = LO(()?F)ngQ HHdv”fHY(O,l) fOT' g € L (0, 1)7
18 a rearrangement-invariant norm. Moreover,
(3.6) an Yan(0,1) = Y(0,1),

and Y, (0,1) is the largest rearrangement-invariant space for which (3.6) holds.
In particular, when

(3.7) m<n and Y(0,1)=L>(0,1),
then
(38) (L), (0,1) = L=1(0,1).

Proof. The first part follows along the same lines as in [32, Proposition 4.5], taking into account Propo-
sition 2.1. For the case m < n, needed computations are just minor modifications of [32, Lemma 5.6] O

Remark 3.4. When (3.7) is in force, the optimal domain space for (3.6) is explicitly described by (3.8),
and, interestingly enough, it is independent of the dimension d of the affine subspace.

An intimate connection between the optimal rearrangement-invariant domain space for embedding
(3.6) and the compactness of the Hardy operator Hy', is displayed by the following proposition.

Proposition 3.5. Assume that n,m and d are as in Theorem 1.1, and let [-[|xq 1y, ||lly-0,1) be rear-
rangement-invariant norms. If
(3.9) X(0,1) £ L}(0,1),

then the following assertions are equivalent:
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(i) the Hardy type operator Hy', : X(0,1) — Y(0,1) is compact;
(i) X(0,1) <> Y7 (0,1).
Proof. Tt follows the outline of [32, Theorem 4.6]. O

Next result exhibits sufficient conditions for weak sequential compactness in L!'(Q) and Wh1(€),
respectively.
Theorem 3.6. Let Q be a open set in R, with n > 1, of finite measure, and let || - || x(0,1) be a rearran-
gement-invariant function norm fulfilling condition (3.9).
(i) If M is a bounded set in X (Q), then M is bounded and relatively weakly (sequentially) compact
in L1(Q).
(i) If (uk)ren is a bounded sequence in WX (), then (ug)ren is bounded in WH1(Q), and there
exist a subsequence (ug, )ien of (uk)ken and a function u € WHL(Q) such that
Up, — U in WHH(Q).

Proof. (1) Let M be a bounded set in X (€2). Then, since || < oo, the second embedding in (2.19) tells us
that M is bounded in L'(€2). On account of Dunford and Pettis theorem (see, e.g., [3, Theorem 5.2.8]),
it thus suffices to prove that M is equi-integrable in L!(Q), i.e.

To see this, note that
(311) sup [ullrcey < (191 sup ey ) Il
ueM ueM

for every Lebesgue measurable set E C ), via Holder inequality (2.17). Now assumption (3.9) tells us
that X'(Q) # L>(). So, [31, Theorem 5.2] assures that

3.12 i , =0.
(3.12) A Ixellx (@

Hence, (3.10) follows from (3.11) and (3.12).
(ii) Assume that (ug)ken is a bounded sequence in WX (Q). In view of (i), (ug)ren is bounded in

WL1(Q) and there exist n + 1 functions u,ws, ..., w, in L*(Q) such that

Oug,

ox;

up — v in LY(Q), and —w; inLYQ) fori=1,...,n,

up to subsequences.
Fixi=1,...,n. For any ¢ € C*(Q),

/wicpda::hm Dur pdr = lim f/uk a@da:: f/ua@da:.
Q k—oo Jq 8$i k—o00 Q 8l‘i Q 8l‘i

Hence, w; = %. This proves that « € WH(Q), and uj, — u in WH1(Q), up to subsequences. O

In the next proposition, we point out the property, which is of independent interest, that any rear-
rangement-invariant space fulfilling condition (3.9) is always contained in an Orlicz space different from
LY(0,1).

Proposition 3.7. Let Q be a open set in R, with n > 1, of finite measure. If || - || x(0,1) is rearrange-
ment-invariant function norm fulfilling condition (3.9), then there exists an Orlicz norm || - ||La(o,1) such
that

(3.13) X(Q) € LA(Q) € LY(Q).

Proof. Let Bx(g)(0,1) be the closed unit ball of X (). Then condition (3.10) actually holds with M
replaced by EX(Q)(O, 1), namely, EX(Q)(O, 1) is equi-integrable in L'(2). By La Vallée Poussin theorem
[25, Theorem T22], this is equivalent to the existence of a function A: [0,00) — [0, 0], A(0) = 0, which
is non-decreasing, convex, and such that

A
(3.14) sup / A(Ju(z)]) de <1, and lim () =00
HUHX(O,l)Sl Q

s—oo 8§
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Hence, the first and second inclusion in (3.13) follows from the first and second condition, respectively,
described in (3.14). O

We conclude the section dealing with traces of functions from higher-order Sobolev type spaces built
upon a rearrangement-invariant function norm. We preliminarily highlight the behaviour of the trace
operator on W11(Q) with respect to the superposition mapping

(3.15) ve W Q) = fove WH(Q)

associated with any Lipschitz function f: R — R. As usual, u* denotes below the positive part of a
function wu.

Lemma 3.8. Let ) be a bounded open set in R™, n > 2, satisfying the cone property. If u € WH1(Q),
then

(3.16) Tr(fou)=fo(Tru) H" ta.e. on Q1
for every Lipschitz function f: R — R. In particular,
(i) Tr(Jul) = | Tru| and Tr (u*) = (Tru)™ H" '-a.e. on Q,_1;
(i) if u < M a.e. inQ for some M € R, then Tru < M H" l-a.e. on Q.
Proof. Let u € WH1(Q). Assume that f: R — R is a Lipschitz function. Then f ou € W(Q) and

ofou), o ou
P00 () = f (@) o
ou

for each i € {1,...,n}, where f'(u(z)) 2% (z) is interpreted to be zero whenever 2% (z) = 0 (see, e.g.,
[36, Theorem 2.1.11]).

Now, via Meyers-Serrin theorem (see, e.g., [2, Theorem 3.17]), pick a sequence (¢ )ren in CH(Q)NW Q)
such that

(3.17) o —u  in WHY(Q).
Then

(x) for a.e. x € Q,

fodr— fou in Wh(Q),

because of the continuity of the superposition mapping (3.15) associated with f [22, Theorem 1].
Hence,

(3.18) Tr(fogr) — Tr(fou) in Ll(Qn,l),

since Tr: Wh1(Q) < L1(,_1).
Since ¢ and f o ¢ are continuous for each k € N, one infers that

(3.19) Tror =¢r and Tr(foor) = fodk on Q,_1.
Thus, coupling (3.18) with (3.19) tells us that
(3.20) Tr(fogr)=fo(Trér)  H" '-ae. onQ, ;.

By the continuity of the mapping v € L'(Q,_1) — fowv € L'(€2,_1) and of the trace embedding
Tr: WHY(Q) — LY(,-1), via (3.17) and (3.20), one thus entails that

(3.21) fo(Trer) — fo(Tru) in L'(Q,_1).
Hence, combining (3.18), (3.20) and (3.21) yields (3.16).

Then, (i) follows from (3.16) applied with f(z) = |z| and f(z) = max{z,0}, € R, whereas for (ii)
use f(z) =min{z, M}, x € R. O

Last result of this section is a key step towards the proof of Theorem 1.1 in the case when m < n.
Throughout, we will adopt the usual convention that, for 1 < k < n, a point x € R™, n > 2, is labelled
by (2/,2"), where 2’ = (z1,...,2,_%) € R" % and 2" = (2p_py1,...,7,) € RF. Given a Lebesgue
measurable set £ C R, for 2/ € R" %, we set

E. = {z" ¢ R*: («/,2") € E}.
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For v € L*(E), with a slight abuse of notation, we set

/ v(z',2")dx" =0
B

=/

when F,/ is empty, so that, by Fubini’s theorem,

/v(m)daz:/ / v(z, 2" da" dx’.
E Rn—k !

e(E) = {2’ ¢ R"7*: (2/,0) € E}.

Finally,

Theorem 3.9. Let Q be a bounded open set in R™, n > 2, satisfying the cone property, and let || - || x (0,1
be rearrangement-invariant function norm fulfilling (3.9). Assume that m € N, with 1 <m < n.

If (ug)ren is a bounded sequence in W™ X (Q), then there exist a subsequence (uy,)ien of (ux)ken and
a function g € L°(Q,,_,,) such that

(3.22) Trug, — g HP " -a.e in Qpy_m.
Proof. On taking, if necessary, a rigid motion, we may assume that 0 € Q,,_,,, and
(3.23) Qe =QN{z=(2',0): 2" e R"™ 0€R"}.

We distinguish the cases when m =1 and m > 2.

CaSE m = 1. Let (ux)ren be a bounded sequence in W!X(Q). By Proposition 3.2, applied with
m =1 and d =n — 1, the sequence (Trug)en is bounded in X}, , (Q2,-1). Note that X} |, (Q,_1) #
LY(Q,—1), owing to (3.5) and (3.9). Thus, Theorem 3.6 (i) ensures that the sequence (Tr uy)ken converges
weakly in L!(€,_1) to some g € L'(Q,,—1), up to subsequences.

We only need to show that g = Tru for some v € WX (Q), and (Truy)gen converges to Tru in
LY(Q,_1), up to subsequences. Indeed, this will imply (3.22), thanks to (2.16).

For that, we are going to use the fact that for any function w € W1(Q), there exist a function w: Q — R
and a measurable subset N, of €,,_1, with H""1(N,,) = 0, such that

(324) w=w aeon Q,_1;
(3.25) the function w(z’,-) is absolutely continuous on the connected component of 0 in €, for all
l‘/ € 71'1(9”_1 \Nw)

(see e.g. [36, Theorem 2.1.4]).
We first observe that, by Theorem 3.6 (ii), the sequence (uy)gen is bounded in W11(£2), and there
exists some u € W11(Q) such that

(3.26) ar —a  in WhH(Q),

up to subsequences. On the other hand, since 2 satisfies the cone property, then Tr: W1 (Q) — L*(Q,,_1)
[2, Theorem 4.11] and, clearly,

Trug = Trup foreach k€N, and Tru=Tru H" ae on Q1.
Therefore, our conclusion will follow once it is verified that
(3.27) Tra, — Tra  H" taein Q,_1,

up to subsequences. Note that coupling (3.26) with the compactness of the embedding W11(Q) — L}(Q)
implies that

ouy, ou
a, — u in LY(Q), — in LY(Q) fori=1,...,n,
up to subsequences. Hence, on setting
v = Up — U for each k € N,

claim (3.27) can be rewritten as
(3.28) Trv, — 0 H lae in Q, 1,

up to subsequences.
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Clearly, the sequence (vy)gen is bounded in Wh1(Q), and

(9’Uk

(3.29) v — 0 in L'(Q), and oz,

—~0 inILYQ) fori=1,...,n,

6vk

up to subsequences. Thus, in particular, the set { T keN } is bounded and relatively weakly compact

in L'(Q). Hence, coupling Dunford and Pettis theorem and a criterion for equi-integrablity in L!(Q) (see,
e.g., [3, Theorem 5.2.8, and Lemma 5.2.5]) yields that

8’Uk

(3.30) lim sup @(IL')

M—oo

‘dsz.

{a:EQ:

ok (2| >}

Moreover, for each k € N, there exists a measurable subset IV, of €2,_;, with H"*I(va) = 0, such that
vg(2', ) is absolutely continuous on the connected component of 0 in €/, for every

2 € m(Qn—1\ Ny, )-

Let us define N = (J, oy Nu,,- Then, H""1(N) =0, and H"~*(Qy,—1 \ N) < oo. For each z € Q,,_1\ N,
choose r, > 0 so that the closed cube Q(z,r,) in R?, with center at = and edges of length 27, parallel to
the coordinate axes, is contained in €2. Then the collection

R={Q(z,7): 2 € Qy_1\ N,r € (0,7,]}

of closed cube covers Q,_1 \ N, and Vitali-Besicovitch theorem (see, e.g., [14, Theorem 1.28]) provides a
countable family G C R consisting of disjoint cube and such that

(3.32) H (@ \ M)\ Q) =0

Qg

(3.31)

We claim that
(3.33) Tr(ka@) -0 H' tae. in Q,_1,
up to subsequences, for every cube Qeg.
To begin with, notice that if Q € G, then
(3.34) Q=0Q'(z',r) x [-r,r] CQ,
for some 2’ € 7 (,—1 \ N) and r > 0. Here, Q' = Q’(2',r) stands for the closed cube in R"~1, with
center at ' and edges of length 2r parallel to the coordinate axes. Moreover,

@(IL‘/, 7”') C 71'1(Qn_1).

For each k € N, property (3.31) implies that Tr(vkxé) and vy, agree H" '-a.e. in Q,_1 N Q, or, equiva-
lently,

(3.35) Tr(vixg) = vk (- 0) a.e. on Q'(2',r),
as well as that
h ka
(3.36) vi(2' h) = v (2',0) + ﬁ(mn) dx, for every h € (—r,7).
0 n

Since 71 (N) is a negligible subset of 71 (£2,—1), from (3.36) and Tonelli’s theorem one infers that

ka

h
k(- 0) —ve(, )|l L1 o S/ / — (2!, xp)| dxy, | d2’
| ) = vk(s )l @y o o o, (&2 %n)
h h
0 0
(337) :/Q’ /O %(mlvxn) XS]\/I(m/7xﬂ) dxn+/0 az:( laxn) X@\SM(m/;xn) dx, dx’
811k
< P M !
< [ || a s

for every k € N, h € (—r,r) and M € R.. Here, Sy, = {x €Q:

G (@) > m}.



COMPACTNESS FOR SOBOLEV-TYPE TRACE OPERATORS 15

We also note that
(3.38) liknigf vk (- W)l g2y =0 for a.e. h € (—r,7),

up to subsequences.
Indeed, from Fatou’s lemma and the first convergence in (3.29) it follows that

/_TT likrggf - ok (2, z)| da’ dz,, < kli_}rgo /_: - |k (2, )| do’ dz,, = len;o vkl 11 () = O
Owing to (3.30), (3.34) and (3.37), fixing any € > 0, there exists some My € R such that

v (,0) = vk(- h) | 1 @7y < €+ Mo |h] |Q'| for every h € (—r,7),
up to subsequence. On the other hand, the first convergence in (3.29) and (3.38) allow us to pick some
ho € R, with 0 < |hg| < min{m,r}, such that

(3.39) 10kl L1 @ x hoy) = 05
up to subsequences. Consequently,

[0k (-, 0) = vk (-, ho)ll L1y < 26
and

[ok (5 0)l Lr gy < Mlvw (- 0) = vk (s ho)ll 1 @y +/Q, ok (2", ho)| dz’ < 2 + [[vk]l L1 (@ w {ho}):

up to subsequences. Thus, by (3.39) and the arbitrariness of €, one concludes that
vE(-,0) = 0 in LYQ' (', 7)),

up to subsequences, which ends the proof of the claim (3.33), by (3.35).
Hence, conclusion (3.28) follows from (3.32), (3.33) and the disjointness of the countable elements of
G. For n = 2, this also ends the proof.

CASE m > 2. We first observe that, by [10, Theorem 1.5], for each j € {0,--- ,m}

X7 O) = (X700), (On-m)

n—m,n—m-+j

and
(3.40) Tr: W™ X(Q) = X700 ()
Clearly,

Qn—m+j c Qn—m—O—J'+l for ] € {Oa e,Mm = 1}a
where, according to (3.23), Q,_py; = QN {x = (2/,0): 2’ € R"~™ 0 e R™7}.
Because (3.9) is in force, via (3.40), Proposition 3.2 assures that

(3.41) Xm0 o (0,1) # LY0,1)  for j € {0,--- ,m}.

n—m-+j,n
Let (ug)ren be a bounded sequence in W™ X (Q). Then, by the trace embedding (3.40) with j = 1, the
sequence (Trug)gen is bounded in WX 1 (1), with || - HXZZ}LH,n fulfilling condition (3.9)
thanks to (3.41).
For each k € N, let
(3.42) wi (2, t) = Trug(z’,1,0)  for H* ™ ae (2/,t) € Tm-1(Qn—mi1)-

Clearly, the sequence (wy)gen is bounded in WX (7,1 (2 —m1)). The set 7, 1(2, 1) is open and
bounded in R®"~™%1 but it may fail to satisfy the cone property. Moreover, the set 7, (£, _,,) is (open
and) bounded in R, and

(3.43) Ton () X {0} € Tont (Vs ).
Let
R ={Q((z',0),72): 2" € T (Qp—m), 72 >0}
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be a covering of m,,(Qy,_m) x {0} consisting of open cubes in R"~+! such that

(344) @((x/a 0)7 Tz/) = @({E/, Tx’) X [_rm’a TI’] C Wmfl(anm%»l);

(3.45) Q' (2, 10) C T (Qn—im)-
Here, Q'(a’,7,s) is the open cube in R"™™, with center at 2’ and edges of length 2r, parallel to the
coordinate axes.

By a Besicovitch type theorem [12, Theorem 1.1], there exist some N € NU{oco}, § = 0(n—m+1) € Ry,

sequences (z})N, (r)X, in 7, (Qn_m) and in R, respectively, such that

N
(3.46) T (Qn—m) X {0} C U@((m;ﬂ),n) C Tm—1(Qn—m+1)
i=1
and
N
(3.47) Z XQ((x],0).r) < 0 a.e on R~

i=1
Thanks to (3.44) and (3.45),

N
(3.48) T (Qnem) = U Q' (z,m;) U U oQ' (x}, 1),

i=1 i=1

N
where H"~™(J 0Q'(«,r;)) = 0.
i=1
Fix any i € N, with ¢ < N. The restriction of each wy, to Q; = Q((z%, 0), r;) belongs to WlX;n_j,llH?n(Qi),
and, with a slight abuse of notation, the sequence (wg)gen is bounded in WlX:;’fnllH,n(Qi). Since

I| - ||Xm_—1+1 fulfills (3.9), from the case m = 1 applied with €2 replaced by Q;, we deduce that

(3.49) Trwy —¢;  H' ™-aein Q'(x, ;)
for some function g; € L*(Q), up to subsequences. Set (g;)o to be the zero extension of g; on 7, (Qy_mm ).
Hence, according to (3.48), we infer from (3.42), (3.49) and the fact that the sum is locally finite owing
to (3.47), via the well-known diagonal method, that (3.22) holds with
N
9= Z(gi)OXQQ\(UKi Q) U

i=1

4. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. Case m < n. (i) émplies (ii). On taking, if necessary, a rigid motion, we
may assume that 0 € Qg, and Qg = QN {z = (2/,0): 2’ € R?,0 € R"~%}. Then, choose R > 0 so that
BR(O) cC Q, and |BR(O)‘ =w,R" < 1.
Assume that (fx)ren is a bounded sequence in X(0,1), and set gp = D,,, gn [ for each k € N, where
D, r~ is the dilation operator (2.13). Then the sequence (ug)gen, where
fw"Rn fw"Rn- . fw"Rn gk(rm)r;lmjL% drp, ... dry  if z € Bg(0),

wnlz™ Jry Tm—1

0 if x € Q\ Br(0),
is well-defined, each uy belongs to W™X(2), and

ug(z) =

lugllwmx(0) < Cllgr(wnR™ )l x0,1) = Cllfellx0.1)
for some positive constant C = C(m,n, R, |Q|) (see [10, proof of Theorem 1.3, and (4.20)]). Thus, the
sequence (ug)ken is bounded in W™ X (Q2). By (i), the sequence (Tr ug)ken converges (up to subsequences)
to some function in Y (£24), and therefore it is (up to subsequences) a Cauchy sequence in Y (Qy).
Since, by [10, proof of Theorem 1.3, and (4.21)],

=C'||Hy

| Truglly @, > C ‘ ,nkaY(o,U

1
/n gr(wa R™r) r~ 1% dr

sd

Y (0,1)
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for every k € N, where ¢’ = C’(Q) is a positive constant, then (HJ', fi)ken is (up to subsequences) a
Cauchy sequence in Y(0,1). Hence, the completeness of Y (0, 1) ensures the existence of some function
g € Y(0,1) such that
Z?nfk —9g in Y(Oa 1)7
up to subsequences.
(ii) 4mplies (iii). The proof proceeds along the same lines as those of [32, Lemma 4.10, Step (i)=-(ii)]
since the assumption (1.7) is not exploited to infer the result in this step.

(iil) #mplies (iv). Let us preliminarily observe that, by [31, Theorem 5.2], assumption (1.7) is equivalent

to
4.1 li = 0.
(4.1) Jimix o, Iy o,
Take any f € X(0,1) and r € (0,1). Then
(4.2) X0, i f < Hgn (£X0,0) + X(0,r) Hiin (fX(a,1))

for every a € (0,1).
Note that, for any a € (0,1), the function Hy', (fx(a,1)) € L>(0,1).
In fact,
(4.3) Hy' (fX (@) < a™ N flzion < Cxa™ " fllxom on (0,1),

where C'y is the embedding constant of X (0, 1) into L'(0,1).
Combining (2.2), (2.5), (4.2) and (4.3) yields that

Ix(0.) Hin flly 0,1y < IHZ (FX0,0) v 0.1) + Cxa™ I Fllx 0,1 Ix 0.0 1y 0,1)
for a € (0,1). Hence, owing to (4.1), one entails that
im  sup  xon Hiwfllvon < sup  [HE (fX©,0)llv0,1) + Cxa™ ™" Im [x0.mlly.)
P04 || fllx 0.1y 1 " Iflxon<t =0t

= sup [HZ,(fx©.0)llv0.0)
£l x0,1)<1

for a € (0,1). The conclusion thus follows from assumption (iii).
(iv) is equivalent to (v). On account of (2.21) and (2.22), assertion (v) may be rewritten as
0.

lim sup
+
0% iglly

HQ*X(O’T) H(Xg}n)'(o,l)

.=t

It thus suffices to show that

(4.4) lim sup ||g*x(07r)|| - = lim sup  |Ixo.n) Ha'nflly0,1)-
=0+ Ylglly 0.0y <1 XEn OL "m0t ) 1y <1 "

To this purpose, we note that

swp_lg"xon g yon = P IRE (0x0m) |y (by (1.4))
lallyron < || (© )H(X,i,n) (0,1) lllr o0 < H d,n( ( ))||X(o,1)

= s s RG] ds (by (2.10))

HQ”Y/(OJ)SI Hf”X(UJ)Sl

1
= s s [ @ xen O A0 (by (2.41))
H9||Y/(o,1)§1Hf”X(oJ)Sl 0

1
— s suwp /x(o,ﬂ(t)Hsfnf(t) g (1) dt
0

1101 <1 lglly 0.1, <1

= sup |Ixo,) Hi'nfllvoo,n (by (2.11) and (2.42))
1 fllxc0,1)<1

= sup HX(O,r) HZ?anY(O,l) (by (2.12) and (2.42))
1 fllxc0,1)<1

for every r € (0,1).
Hence, equality (4.4) holds.
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(v) implies (i). If (v) is in force, then
X7(0,1) = Y(0,1),
by the second implication in (2.20). Then [10, Theorem 1.1] tells us that
(4.5) Tr: WX (Q) — Xg%,(Qa).

Let (ux)ren be a bounded sequence in W™X (). By (4.5), the sequence (Trug)ien is bounded in
X7 (Qa).
We claim that there exists a function g € L°(€4) such that

(4.6) Trug — g Heae. in Qg

up to subsequences.
To verify our claim, we observe that, in the case when d > n —m, it follows just from coupling the second
embedding in (2.19) with the compactness of the trace embedding Tr: W™1(Q) < L1(Q,) (see, e.g., [2,
Theorem 6.3]).
For d = n — m, we deduce from (v) that condition (3.9) is satisfied. Indeed, if X(0,1) = L'(0,1), then
[10, Theorem 5.1] yields that

(H™ (0,1) = L'(0,1),

which leads to a contradiction of [31, Theorem 5.3]. Thus, the claim is actually the assertion of Theo-
rem 3.9.
It remains to show that

(4.7) 9 € Xin(2a),
and
(4.8) Tru, — g in Y(Q4q),

up to subsequences.
Condition (4.7) follows from Fatou’s lemma in X[, (€24), via (4.6) and the boundedness of (Truj)ren
in X7, (Q4). Hence, we establish (4.8) by combining (v) with [31, Theorem 3.1].

Case m > n. Let (ug)ren be a bounded sequence in W™X(Q2). Then, from coupling the second
embedding in (2.19) with the compactness of the trace embedding Tr: W™1(Q) < L(£), there exists
a function g € L1(4) such that
(4.9) Trugy —g  H%ae. in Qg

up to subsequences.
On the other hand, [10, Corollary 1.2] assures that Tr: WX (Q) < L*>(Q4). So, g € L>(4) by
Fatou’s lemma in L (), via (4.9) and the boundedness of (Truy)ren in L°(4). Besides, assumption

(1.7), owing to (2.23), tells us that L>°(Qy) <» Y (€). By [31, Theorem 3.1], this implies that
Trug — g in Y(Q4q),

up to subsequences. O

Proof of Theorem 1.2. Case m < n. (i) implies (ii). It follows via the arguments of (i) implies (ii) in
the proof of Theorem 1.1 since the assumption (1.7) is not exploited in this implication.

(ii) ¢mplies (iii). One may argue as in the proof of (ii) implies (iii) of Theorem 1.1. Then it suffices to
observe that
T T
w0l = swp [ s = s [ (e ds
11l x0.1)<1 ' 11 x0,1)<1 /0 171 x 0,1y <170
for every r € (0,1), where the last equality is due to (2.1).

(iil) is equivalent to (iv). It is a consequence of (2.11) and (2.12). Indeed, for any r € (0,1), the
function g(s) = s™'"% x (0, (s), s € (0, 1), is non-increasing, and

(4.10) ™% X0 ()l x 0,0 = 157 x0m (3l xp 0,0 = 5P / frie e
1 1x0ay<1
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(iii) 4mplies (ii). Fixed any a € (0,1), define the operator

(4.11) Hof = HJ,(f X(a1)) for f € L'(0,1).
By (4.3),
(4.12) H,: X(0,1) — L>(0,1).

This together with assumption (iii) ensures that (3.9) holds.
Indeed, assume that (3.9) fails, namely, X (0,1) = L'(0,1). Passing to the limit as 7 — 0% in equality
(4.10) yields

-
lim sup / O dt = lim |ls77 % xo.0()|], o = 00,
r—0+ Hf”[,l(o,mgl 0 r—0+ || (0,r) HL (0,1)
which contradicts the (equivalent) condition (iv).
We claim that H,: X (0,1) — L*°(0,1) is compact.
To verify this, we first observe that

(4.13) H,(X(0,1)) € C°[0,1].

In fact, if f € X(0,1), then f € L'(0,1), and the absolutely continuity of the indefinite integral of f leads
to

n
s d

m 2
Hof(s1) = Hafs2) <% [0 1701t 0 as [~ sa] 0"
Sld
for s1, 9 € [0, 1], with s1 < ss.
Setting M = {Haf: f € X(0,1),[[flx(,1) < 1}, we shall prove that M is bounded and equicontinuous
in C°([0,1]). Hence, by Arzela-Ascoli theorem, M is relatively compact in C°([0,1]).
The boundedness of M in C°([0,1]) follows, via Proposition 2.1, from (4.12) and (4.13). The equiconti-
nuity of M in C%([0,1]) can be deduced via (3.9), owing to (2.24). Indeed,
sup  [Hof(s1) = Hof(s2)] <a™ % sup
1115 0.1y <1 1 llx 0.1y <1

“ak

X(S 752%) Ll(O,l)
for s1, 89 € [0, 1], with s < s9. Since X(0,1) & L'(0,1), the right-hand side of the last inequality tends
to zero as |s; — sz2| goes to zero by [31, Lemma 5.1].

Owing to (2.5) and (3.4), for any a € (0, 1), the operator
ﬁaf = I:Id,n(f X(aJ)) for f € Ll(oa 1)7
where ﬁ;nn is defined by (3.3), is a linear compact operator from X (0,1) to L>°(0,1). Since

lim  sup I:IZ?nf —Haf I:IZ,ln(f X(O,a))H

L
=0 £ll ¢ 0.1y <1

= lim sup ‘

’L“’(O,l) a—0t £l x (0,1 <1 L>(0,1)

a
< lim sup /f*(s)s%_lds:o
<1 Jo

=0 ) £l 0.1) <
it follows that IA{ZT”: X(0,1) = L*°(0,1) is linear compact operator as well (see, e.g., [4, Theorem 5.1]).
Hence, (ii) follows from property (2.38) for Hy',, and (3.3).
(ii) implies (i). Assume that (ii) is in force. This ensures that (the equivalent) condition (iii) holds,
and the operator H, defined by (4.11) fulfills (4.12) for every a € (0,1). Thus, as observed above, (3.9)

also holds. We distinguish two cases, namely, when m =1 and m > 2.
CASE m = 1. Propositions 3.3 and 3.5 tell us that

(4.14) X(0,1) < L™Y(0,1),
and
(4.15) Hy 0 L™(0,1) — L>(0,1).

This, via [10, Theorem 1.3], provides us with
(4.16) Tr: WIL™H(Q) < L™®(Qq).
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Now, let (ug)ren be a bounded sequence in WX (2). By (4.14) and the second implication in (2.20),
(ur)ren is bounded in WIL™1(Q). Therefore, passing to a subsequence if necessary, we may assume
that [|ukllyy1pni o) < 1 for each k € N and, via the second embedding in (2.19) and Rellich-Kondrachov
theorem (see, e.g., [2, Theorem 6.3]),

(4.17) Up — U in measure on {2,

for some function u € L*(Q2). Thus, in particular, (ug)ren is a Cauchy sequence in measure on ).
Fix any € > 0. For every k,l € N,

. 3 5
|ug — w :mm{\uk —ul|,§} —|—max{|uk — | — 5,0},

where both min {|u;€ —uyl, %} and max {|uk —w| — 5, 0} belong to W!L™!(Q). In particular,
€ .

(4.18) V max {|uk — | — 2 0} = sign(ur —w) V(ug — ) X{ -] >}

By Lemma 3.8 and embedding (4.16), we infer that

[True = Trw| po g,y = I Tr(fur = k)l o )

[ (s e =l 1)), + 0 Csmee e = al = 5.0}
LOC(Qd) 2 L= (Q4)

3 —I—CHmaX{|uk — | —

where C is the embedding constant for (4.16).
Thanks to (4.18),

Hmax{luk - ul‘ }leL" 1(Q) - H'uk n ul' X{\uk—uz|>§}

IN

| /\

}me (@)’

+ H|V(uk — )| X{|uk—ul|>%}‘

Ln,l(Q) Ln,l(Q)
o P (TR TEeS el PR
+ H(V‘UHX{\W—WD%}) ’Lnl 01) + H V|ul|X{|uk uz\>2}) ‘ Ln1(0,1)

<4 sup Hf*

X<0,|{\uk—ul|>g}|>‘

Hf”x(o,l)gl L™1(0,1) '
Consequently, for any k,l € N,
€
(4.19) ||T1“uk—Tl"ul||Loo(Q ) S 5—1—40 sup H ‘{luk m|>2}| ’Lnl o’
£l x 0,1y <1

Thanks to (4.14), via (2.22), there exists some ¢ > 0 such that

9

(4.20) s | x| o) < 35

11lx0.1)<
On account of (4.17), there exits some ko € N such that

€ 0
- - s > k.
H\uk u|>4}‘<2 for k > ko
Because {|up —w| > 5} C {Jur —u| > £} U {|us — u| > £}, one has
(4.21) H\uk—ul\>§}‘<5 for k,1 > ko.
Thus, combining (4.19)—(4.21) yields that

| Tt wy, — Trul||Loo(Qd) <e for k,1 > ko,

namely, (Trux)gen is a Cauchy sequence in L*°(€;). Hence, the completeness of L>(§4) concludes the
proof for m = 1.
CASE m > 1. Propositions 3.3 and 3.5 tell us that

X(0,1) < L=1(0,1).
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This together with the embedding WX () — X(Q) provides that
(4.22) WX (Q) —— Lm1(Q),
by [31, Theorem 3.2].
On the other hand, [11, Theorem 6.8] states that
(4.23) WILw1(Q) < LwT1Y(Q),
where Lﬁ’l(Q) is the optimal target space among all rearrangement-invariant spaces for (4.23). As
m > 1, coupling (4.22) and (4.23) implies that
W™mLw Q) s WmLLm=11(Q).
Our conclusion will thus follows once the continuity of the operator
(4.24) Tr: W LL7-11(Q) — L®(Qy)
is verified. For this, it suffices to note that
WL Q) — C%(Q),
where C%(Q) is the Banach space of bounded continuous functions on Q equipped with the supremum
norm (see, e.g., [8, Remark 3.10]), and
WmiLas Q) < WILMLH(Q),
on account of [10, Theorem 5.1] and (2.19).

Hence,

Tru= U| ey
for every u € W™—1L=-1'1(Q), where @ is the continuous representative of u, and Tr: W™~ L==11(Q) —
L%(Qa).

(i) is equivalent to (v). It follows from coupling Proposition 3.3 with Proposition 3.5. Note that
condition (3.9) turns out to be in force in both implications.

Case m = n. Assume that the trace operator Tr: W"X(Q) — L°(Q4) is compact. If we had
X(0,1) = L'(0,1), then the Hardy type operator Hy ,,: L'(0,1) — L>°(0,1) would be compact, by the
same arguments of the implication (i) implies (ii) in the case m < n. This would lead to a contradiction to
the assertion (iv), which is still a necessary condition for the compactness of Hy,,: L'(0,1) — L>(0,1).

Conversely, suppose that X (0,1) # L'(0,1). By (2.24), X(0,1) & L'(0,1). Finally, in order to conclude
the proof it suffices to mimic the argument in the proof of (ii) implies (i) in the case m € {1,...,n — 1},
which also holds for m = n.

Casem > n. If follows from coupling (2.19) with the compactness of the trace operator Tr: W™1(Q) —
L>(9Q4) (see e.g.[2, Theorem 6.3]). O

Proof of Corollary 1.3. If Tr: W™Y (Q) — Z(Qq), then [10, Theorem 1.3] and Proposition 2.1 tell us
that Hy',: Y/(0,1) — Z(0,1) and

Sup H an(FX(0,r) Hz 0,1) = HH H sup ||f*X(O:T)HY(O,1) :

1l x 0,1y <1 £l x 0,1y <1

On account of (2.22), assumption X (0,1) < Y(0,1) implies that

lim sup ||Hzl”n (fxo,m) H =0.
r—0+ Hf”x(o,ngl Z(0,1)
Hence, the compactness of the trace embedding Tr: W™X () — Z(Qq ) follows from Theorem 1.1
in the case when Z(0,1) # L*°(0,1), and from Theorem 1.2 for Z(0,1) = L°°(0, 1), respectively, once

observed that
m —14+m qm
sup HHd,n(fX(Om))HLoo(o,l) <1/ HGIE: n o dt = ||f|\ <1/ fr)t n dt.
x(0,1)S

£ x (0.1, <1 Hfl\x(o <
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5. COMPACTNESS OF TRACE EMBEDDINGS FOR CUSTOMARY SOBOLEV TYPE SPACES

Theorems 1.1 — 1.2 enable us to characterize compactness of trace embedding operator on customary
Sobolev type spaces. The following proposition deals with Lorentz-Sobolev spaces. In particular, it covers
classical results as special cases.

Proposition 5.1 (Trace embeddings in Lorentz-Sobolev spaces). Let , n,m, and d € N be as in
Theorem 1.1, with m < n. Assume that either p € (1,00) and q € [1,00], orp=q =1, or p=q = o0,
and let r;s € [1,00] and B € R fulfill one of the following conditions:
(i) r=s=1and g >0;
(ii) r € (1,00);
(ili) r =00 and s € [1,00) and B+ L < 0;
(iv) r=s=o00 and 8 <0.
CASE p € [1, [X): The trace embedding
Tr: WMLPI(Q) < L™%5(Qy)
is compact if and only if one of the following conditions holds:
(2) 7€ [1, ;20

’ n—mp
(b) Tznffnp,qgsandﬁ<0;
d
(c) r:nfmp,q>sandﬂ<é—%.

CASE p = ;-1 The trace embedding
Tr: WmLwH(Q) — Y(Qq)
is compact for any rearrangement-invariant space Y (q), except for Y (Qq) = L™ (Qy).
The trace embedding
Tr: WMLm9(Q) < L™%#(Qy),
with q € (1,00] is compact if and only if either r € [1,00) or r =00 and B+ % < é —1.

CASE p € (2,00]: The trace embedding

Tr: WLPI(Q) < L®(9y)

n
m’

is compact.
In particular, the trace embedding Tr: W™ LP-9(2) < L*°(Qq) is compact if and only if p € (7%, 00].
Proof. It suffices to combine Theorems 1.1 — 1.2 with [10, Theorem 5.1] and [32, Proposition 7.12]. O

The following examples deal with an important type of Orlicz-Sobolev space, namely the Sobolev
spaces built upon logarithmic Zygmund classes L? (log L)“.

Proposition 5.2 (Trace embeddings in logarithmic Zygmund spaces). Let Q, n,m, and d € N be as in
Theorem 1.1, with m < n. Assume that p € [1,00) and o € R, and let r,s € [1,00] and B € R fulfill
either one of the conditions of Proposition 5.1, orp € (1,00), or p=1 and a > 0.

CASE p € [1, X): The trace embedding
Tr: W™LP (log L)® (Q) < L™*5(Qy)

is compact if and only if one of the following conditions holds:
(a) 7€ [1, 7250

’ n—mp

d :
(b) r:nf’mp,pgsand%>/6’;

d 1 1
(c) r:nfmp,p>sand%>ﬂ+;.

CASE p = -1 The trace embedding

Tr: W™Lm (log L)* (Q) «— L"%%(Q),

(d) with o < ™21 is compact if and only if either r € [1,00) or r = 0o and w —1>B+1;
() with o = "= is compact if and only if either r € [1,00) or r = oo and B+ 1 < 0;

m 7
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(f) with a > =™ is compact also with L>= () in place of L™%P(Qy).

CASE p € (£, 00]: The trace embedding
Tr: W™LP (log L)* () — L>(Qy)
18 compact.

In particular, the trace embedding Tr: W™LP (log L)* (Q) < L>(Qq) is compact if and only if either

p=q-and a> "2 orp > 2.

Proof. Tt suffices to combine Theorems 1.1 — 1.2 with [10, Example 5.6] and [32, Proposition 7.12]. O
In applications, one often needs to substitute L> with exponential Zygmund classes exp L*. Therefore,
. 1
we give some examples here, which are just special cases of Propositions 5.1-5.2 since exp L# = L7
involving these function spaces.
Examples 5.3. Let Q, n,m,d,p and ¢ be as in Proposition 5.1, and let 5 € (0, 00).
If p € [1,2), then the trace embedding Tr: W™LP4(Q) < exp L?(q) is not compact.
If p= 7, then the trace embedding Tr: WmLw(Q) — exp LA (y4),
o with ¢ = 1, is compact for all j3;
o with ¢ € (1, 00], is compact if and only if 8 € (0,¢’).
Here, ¢’ is the Holder conjugate of q.
Examples 5.4. Let Q, n,m,d,p and « be as in Proposition 5.2, and let 8 € (0, 00).
If p € [1, ), then the trace embedding Tr: W™LP (log L)* (Q2) < exp L?(£2q) is not compact.
If p= 2 then the trace embedding Tr: W™ L= (log L)* (Q) — exp L’ (Qy),

m

o with a < 2= is compact if and only if g € (0, m),

m

o with a > 2= is compact.
m

REFERENCES

[1] D.R. Adams, Traces of potentials II, Indiana Univ. Math. J. 22 (1973), 907-918.
[2] R.A. Adams and J.J.F. Fournier, Sobolev spaces. Second edition, Pure and Applied Mathematics Vol. 140, Else-
vier/Academic Press, Amsterdam, 2003.
[3] F. Albiac and N.J. Kalton, Topics in Banach space theory. Second edition, Graduate Texts in Mathematics Vol. 233,
Springer, [Cham], 2016.
[4] C.D. Aliprantis and O. Burkinshaw, Positive operators, Springer, Dordrecht, 2006.
[5] I. A. Bahtin and M. A. Krasnoselkii and V. Y. Stecenko, On the continuity of positive linear operators (Russian),
Sibirsk. Mat. Z. 3 (1962), 156-7160.
[6] C. Bennett and R. Sharpley, Interpolation of Operators, Pure and Applied Mathematics Vol. 129, Academic Press,
Boston 1988.
1 A. Cianchi, Optimal Orlicz-Sobolev embeddings, Rev. Mat. Iberoamericana 20 (2004), 427-474.
] A. Cianchi and L. Pick, Sobolev embeddings into BMO, VMO and Loo, Ark. Mat. 36 (1998), 317-340.
] A. Cianchi and L. Pick, An optimal endpoint trace embedding, Anal. Inst. Fourier 60 (2010), 939-951.
| A. Cianchi and L. Pick, Optimal Sobolev trace embeddings, Trans. Amer. Math. Soc. 368 (2016), 8349-8382.
] A. Cianchi, L. Pick and L. Slavikovd, Higher-order Sobolev embeddings and isoperimetric inequalities, Adv. Math.
273 (2015), 568-—650.
[12] M. de Guzmadn, Differentiation of integrals in R™, Lecture Notes in Mathematics, Vol. 481. Springer-Verlag, Berlin-
New York, 1975.
[13] L. Diening, P. Harjulehto, P. Hdst6 and M. Ruzicka, Lebesgue and Sobolev spaces with variable exponents, Lecture
Notes in Mathematics, 2017. Springer, Heidelberg, 2011.
[14] L.C. Evans and R.F Gariepy, Measure theory and fine properties of functions. Revised edition, CRC Press, Boca
Raton, FL, 2015.
[15] W.D. Evans, B. Opic and L. Pick, Interpolation of integral operators on scales of generalized Lorentz—Zygmund spaces,
Math. Nachr. 182 (1996), 127-181.
[16] E. Gagliardo, Proprieta di alcune classi di funzioni di piw variabili, Ric. Mat. 7 (1958), 102-137.
[17] R. Kerman and L. Pick, Compactness of Sobolev imbeddings involving rearrangement-invariant norms, Studia Math.
186 (2008), 127-160.
(18] A. Kufner, Weighted Sobolev spaces, John Wiley & Sons, Inc., New York, 1985.
[19] A. Kufner and A.N. S’/amdig7 Some applications of weighted Sobolev spaces, BSB B. G. Teubner Verlagsgesellschaft,
Leipzig, 1987.



24 PAOLA CAVALIERE AND ZDENEK MIHULA

[20] G. Leoni, A first course in Sobolev spaces, American Mathematical Society, Providence, RI, 2009.

[21] W. A. J. Luxemburg and A. C. Zaanen, Compactness of integral operators in Banach function spaces, Math. Ann.
149 (1963), 150-180.

[22] M. Marcus and V. J. Mizel, Every superposition operator mapping one Sobolev space into another is continuous,
J. Funct. Anal. 33 (1979), 217-229.

[23] V.G. Maz’ya, Sobolev spaces with applications to elliptic partial differential equations, Springer, Berlin, 2011.

[24] V.G. Maz’ya and S .V.Poborchi, Differentiable functions on bad domains, World Scientific, Singapore, 1997.

[25] P. A. Meyer, Probability and potentials, Blaisdell Publishing Co. Ginn and Co., Waltham, Mass.-Toronto, Ont.-London
1966.

(26] L. Nirenberg, On elliptic partial differential equations, Ann. Sc. Norm. Sup. Pisa 13 (1959), 115-162.

[27] B. Opic and L. Pick, On generalized Lorentz-Zygmund spaces, Math. Ineq. Appl. 2 (1999), 391-467.

8] L. Pick, A. Kufner, O. John and S. Fu¢ik, Function Spaces, Volume 1, 2nd Revised and Extended Edition, De

Gruyter Series in Nonlinear Analysis and Applications 14, De Gruyter, Berlin 2013.

[29] S.I. Pohozaev, On the imbedding Sobolev theorem for pl = n, Doklady Conference, Section Math. Moscow Power Inst.

(1965), 158-170 (Russian).

| E. Sawyer, Boundedness of classical operators on classical Lorentz spaces, Studia Math. 96 (1990), 145-158.

] L. Slavikovd, Almost-compact embeddings, Math. Nachr. 285 (2012), 1500-1516.

2] L. Slavikovd, Compactness of higher-order Sobolev embeddings, Publ. Mat. 59 (2015), 373-448.

] S.L. Sobolev, Applications of Functional Analysis in Mathematical Physics, Transl of Mathem. Monographs, American

Math. Soc., Providence, R.I. 7, 1963.

[34] N.S. Trudinger, On imbeddings into Orlicz spaces and some applications, J. Mech. Anal. 17 (1967), 473-483.

[35] V.I. Yudovich, Some estimates connected with integral operators and with solutions of elliptic equations, Soviet
Math. Dokl. 2 (1961), 746-749 (Russian).

[36] W.P. Ziemer, Weakly differentiable functions, Graduate texts in Math. 120, Springer, Berlin, 1989.

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI SALERNO, ViA GIOVANNI Paoro II, 84084 FisciaNo (SA), ITALY
Email address: pcavaliere@unisa.it
ORCiD: 0000-0002-7829-0015

DEPARTMENT OF MATHEMATICAL ANALYSIS, FACULTY OF MATHEMATICS AND PHYSICS, CHARLES UNIVERSITY, SOKOLOVSKA 83,
186 75 PRAHA 8, CZECH REPUBLIC

Email address: mihulaz@karlin.mff.cuni.cz

ORCiD: 0000-0001-6962-7635



