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Abstract

We address the problem of finding the range of the optimal cost of a trans-
portation problem when supply and demand vary over an interval. We consider
the specific version of a transportation problem with supply inequality constraints
and demand equality constraints under the assumption that the transportation costs
are immune against the transportation paradox. We investigate some theoretical
properties of the problem which constitute the basis of a novel solution algorithm.
Our results show that the proposed algorithm hugely outperforms the best existing
solution approach.

1 Introduction

The Transportation Problem (TP) is a well-known optimization problem which has
been studied for decades [1,2]. TP belongs to the general class of network flow prob-
lems [3] and consists of finding the minimum cost transportation plan to ship goods
from a set of suppliers to a set of customers while satisfying all customer demands and
not exceeding the available capacity at the suppliers. Several contributions in the liter-
ature have addressed TP and its variants by assuming supply and demand parameters to
be known with certainty [4,5]. However, there are cases where these parameters may
not be known precisely (i.e., level of demand and supply, transportation costs, as well
as the underlying network structure, could change over time). Under this assumption,
the total transportation cost will also vary over a range. Our focus is on determining
the best and worst values of the optimal transportation plan among all the realizations
of the uncertain parameters. Under this circumstances it would be useful to determine
the lower and the upper bounds of the optimal total costs [6,7]. Indeed, such an anal-
ysis would provide information that give the manager a sense of the risk involved in
his/her decision both from an operational and from a strategical perspective. On the
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one hand, the range of the objective function between the best and the worst optimum
values, together with an inspection of corresponding coefficient settings, can provide
insights into the likelihood of these extremes. Of course, specific values of the coef-
ficients must be selected in order to provide results for operational use, and the two
extreme scenarios can also provide guidance here as well. For example, the specific
values of the uncertain coefficients can be chosen to reflect a conservative or a risk-
taking strategy. On the other hand, evaluating the worst optimum value can be helpful
to strategically choose a transportation provider among different options. Indeed, a
company that outsources its transportation processes to a third party logistics (3PL)
provider can evaluate the worst transportation cost associated with each of the possible
3PL candidates as part of its decision process.

In this paper, we focus on the transportation problem where supplies and demands
are assumed to vary within a prespecified interval; we refer to this problem as the
Interval Transportation Problem (ITP). Our focus is on determining the best and the
worst values of the optimal cost of ITP among all the realizations of the uncertain
parameters. We address the specific case of the problem which arises when the trans-
portation costs of the problem are immune against the transportation paradox. The
transportation paradox, also know as the more-for-less-paradox may occur on some
instances of the transportation problem for which an increase in the amount of goods
to be transported may lead to a decrease in the optimal total transportation cost. The
analysis of the transportation paradox has been object of some research [8, 9] related
to the classical transportation problem, however, none of the existing contributions re-
lated to the analysis of the Interval Transportation Problem have considered this issue.
To the best of our knowledge, there exist only five contributions in the literature which
specifically address the ITP in its general form. Chanas [10] presented a transformation
technique to transform the ITP into a classical TP to find the best value of the optimal
cost. Liu [11] constructed two mathematical models to find the best and the worst
optimal values. Specifically, he provided a linear programming problem formulation
whose solution provides the best optimum, and he provided a non-linear mathemat-
ical formulation to determine the worst optimum. Juman and Hoque [12] provided a
heuristic solution to determine a lower bound to the worst optimum. Xie et al. [13] pro-
vided a genetic algorithm for the same problem. Additionally, Xie et al. [13] provided
a necessary and sufficient condition under which finding the worst optimum becomes
a polynomially solvable problem. Cerulli et al. [14] proved some general properties of
the best and worst optimum values and proposed an Iterated Local Search algorithm to
find a lower bound on the worst optimum value.

In this study, we analyze the ITP when costs are immune against the transportation
paradox and derive theoretical properties of the problem which constitute the basis of
a new efficient heuristic we designed to solve ITP. We compared our approach with
the two most effective approaches in the literature, namely the Iterated Local Serch
developed by Cerulli et al. [14], and the non linear model provided by Liu [11], on an
extensive set of benchmark instances.

The remainder of the paper is organized as follows. Section 2 formally describes the



problem under study. The computational complexity of the problem and some analyti-
cal properties are shown in Section 3. Our algorithm is described in Section 4, and the
computational results discussed in Section 5. Section 6 summarizes the contributions
of the paper and the next steps of our research.

2 Problem Definition

Let I = {1,2,...,m} denote the set of m suppliers, and J = {1,2,...,n} the set of n
customers. Available supply at supplier i, and required demand at customer j are de-
noted by s;, Vi€ I, and d;, Vj € J, respectively. Let ¢;; > 0 denote the unit transportaton
cost from supplier i € I to customer j € J. The classical Transportation Problem (TP)
consists of finding the minimum cost transportation plan of goods from each supplier
to each customer such that capacity at each supplier is not exceeded and each customer
demand is satisfied. The mathematical formulation of TP to which we will refer in the
remainder of the paper is the following:

(TP): min Y cijx; 1)
iel,jeJ

Y xij < s viel ()
J€l

Yxij = d; vjeJ ©)
iel

xij > 0 VjelViel )

where the variables x;; associated with each supplier-customer pair represent the total
amount of flow which is shipped from supplier i to customer j. The interval version of
(TP) is obtained by allowing supply and demand to vary in a predefined non-negative
range, [s;,5;] and [d;,d;), respectively. The mathematical formulation of the Interval
Transportation Problem (ITP) is then directly derived from formulation (1)-(4) by al-

lowing interval values in the supply and demand constraints:

(ITP): min Y cijx; )
icljel
Yoxi < [sF] Viel )
jer
in.f = [ﬂWTJ} Vjeld )
icl
xij > 0 VjeJviel 8)

We define the pair (S, d} to be a scenario of (ITP). Specifically, § is an m-dimensional
vector such that s; < §; <§;, Vi €I, while d is an n-dimensional vector such that
d; < d ;<dj, Vj€J. Given a scenario (§, d), we denote by TP(§,d) the corresponding



classical transportation problem, whose formulation is the following:

TP($,d): min Y c;jx;; )
iel jel

inj < § Viel (10)
jel

Yxj = dj vjeJ (11)
il

xj > 0 VjelViel (12)

Hence, ITP can be seen as the collection of all classical transportation problems TP (§,d )
each associated with a scenario. We denote by F(§,d) the feasible region of TP($,d),
and by z($, d} its optimal transportation cost. Note that F(§, d) # 0 if and only if
Yier$i 2 Yjes d ;. Let us denote by SD the region of all the admissible values of the
supply and demand vectors, that is

SD={(s,d) R} :5; <s; <5,Viel,d; <d;<d;Vje€J,F(s,d) #0}
We are interested in determining the following two values:

z={minz(s,d): (s,d) € SD} (13)

z = {maxz(s,d) : (s,d) € SD} (14)

The values {z,Z} constitute the best and the worst optimal costs of ITP computed
among all the feasible scenarios, respectively. Chanas [10] and Liu [11] showed that
z can be determined in polynomial time by solving an appropriate linear programming
problem. Hence, our focus is in determining 7. We specifically address problem (14)
assuming the transportation costs are immune against the transportation paradox. In
the next section we recall some properties of problem (14) which were already proved
in [14], and prove some additional ones which hold specifically when the transporta-
tion paradox does not arise. The results proved in the next section are useful for the
development of our solution approach described in Section 4.

3 Properties of 7

In this section we prove some properties of problem (14). Theorem 3.1 and properties
3.2 - 3.5 hold for the general version of ITP, that is, when the transportation costs are
not immune against the paradox. Theorems 3.6 -3.9 are instead specific for the case
under study.

Theorem 3.1 to follow, proves that the optimal value function z(s,d) is a convex func-
tion, and hence problem (14) consists of maximizing a convex function over a polyedral
set. This class of problems is NP-hard even in very special cases [15, 16].

Theorem 3.1. Function z(s,d) is convex.



Proof. Let us consider two feasible scenarios (s',d') € SD and (s?,d?) € SD, and
let x! and x? be the optimal solutions of TP(s',d") and TP(s?,d?), respectively; that
is z(s",d") = Ziel‘jejcijxfj, h=1,2. We want to show that for each 0 < A <1 the
following holds: '

ZAst +(1=2)s* Ad 4+ (1 = 2)d?) < Az(s',dY) + (1 = L)z(s*,d?)

Let us consider the scenario (s3,d>) such that vector s> = As' + (1 —A)s? and d° =
Ad' +(1—2)d>?. Since the set SD is convex then (s3,d>) € SD. Additionally, it is easy
to verify that x> = Ax' + (1 — 1)x? is a feasible solution of TP(s,d>). Hence we have
the following:

Z(As' + (1= 2)s%, 2d" + (1 = L)d?) < Yiey jey cijx;
= ALicrjes cipxl+ (1= 24) Lier jes ij3;

=Az(s',d") + (1 —2A)z(s%,d%).

O
Two polynomially solvable cases of problem (14) arise when the extreme of the supply
and of the demand intervals satisfy specific conditions. Specifically, properties 3.2 and
3.3 state the conditions under which 7 is achieved on the extreme scenarios (5,d) and
(s,d), respectively.

Property 3.2. [14] Given ITP such that ¥.;c;5; = ¥ jc;d}, thenZ = z(5,d).

Property 3.3. [13,14] Given ITP such that ¥ ;c;si > ¥ jc;d; then 2 = z(s,d).

Properties 3.4 and 3.5 to follow are useful to analyze how the function z(s,d) varies
when moving from one scenario to another either changing only the supply or only
the demand levels, respectively. Specifically, property 3.4 states that if we consider
scenarios with the same demand values, then the optimal value of the objective function
increases when the level of the supply decreases. While, property 3.5 states that if we
consider scenarios with the same supply values, then the optimal value of the objective
function decreases when the level of the demand decreases.

Property 3.4. [14] If (§',d) and (§,d) are two scenarios of ITP such that 5l <82,
Vi eI, then z(§',d) > z(s%,d).

(
Property 3.5. [14] If (3,d") and (5,d?) are two scenarios of ITP such that d? > cf},
Vj € J, then z(8,d%) > z(§,d").
Observe that, without the assumptions stated in properties 3.4 and 3.5, we cannot a-

priori derive how the optimal values of two scenarios relate with each other as shown
in the following example.

Example 1. Let us consider the following instance of ITP with two suppliers and two
customers (refer to Table 1). The available supply ranges are as follows: s; =9,
51 =12, for the first supplier, and s, = 10, 5, = 15 for the second supplier. The demand



ranges are d, = 11, di = 12 for the first customer, and d, = 11, do = 14 for the second
customer. Unit transportation costs are: c1; = 10, c1p =34, ¢p1 =36, cpp = 11. Let
us consider the three scenarios (s',d"), (s*,d?), and (s*,d*) shown in Table 1. The
first scenario is such that sll =10, sé =154d 11 =12, d2l = 13, and the optimal cost is
7! = 315. The second scenario is such that sf =11, s% =15, d% =13, d% =13, and the
corresponding optimal cost is 72 = 325. Finally, the third scenario is such that s? =11,
sg =15, df =12, d; = 14, and the corresponding optimal cost is z°> = 300. Note that
supply and demand of scenario two are greater than or equal to the supply and demand
of scenario one, and the optimal cost of scenario two is greater than the optimal cost
of scenario one. On the other hand, supply and demand of scenario three are greater
than or equal to supply and demand of scenario one, but the optimal cost of scenario
three is less than the optimal cost of scenario one.

Table 1: Optimal costs for three different scenarios of an instance of ITP with two
suppliers and two customers as described in Example 1.

§i & dy dy z(8.d)
Scenariol 10 15 12 13 315

Scenario2 11 15 13 13 325
Scenario3 11 15 12 14 300

Cases as the one described in example 1 arise when the transportation costs ¢;; are
not immune against the transportation paradox. Formally, we define the costs ¢;; to be
immune against the transportation paradox if, given two scenarios (§',d") and (§2,d?)
such that §7 > §}, Vi € I and d? > d}, Vj € J, then z(§?,d?) > z(s',d"). Note that,
checking whether a cost matrix C,,x, is immune against the transportation paradox
requires a polynomial number of steps [9]. When the costs ¢;; are immune against the
transportation paradox then we can prove a more general version of property 3.3. Let
us introduce some definitions first.

Definition 1. For a given value k, we define a demand-restricted worst optimum 7,
the value of the worst optimum obtained among all the scenarios where the sum of the
demands is equal to k, that is 7 (s) = max{z(s,d) : F(s,d) # 0.} jc;d; = k}

Definition 2. For a given value k, we define a supply-restricted worst optimum 7, the
value of the worst optimum obtained among all the scenarios where the sum of the
supplies is equal to k, that is 7x(d) = max{z(s,d) : F(s,d) # 0,Y;c;si = k}

Theorem 3.6 to follow is a generalization of Property 3.3, when comparing two scenar-
ios.
Theorem 3.6. Let (5',d") and (§,d?) be two feasible scenarios of ITP such that d* >

cf} Vj€J. Ifthe costs c;j are immune against the transportation paradox then Z,1 <72,
where k' =Y jcdl, 1 =1,2.



Proof. Let Y, jcj d} =iy jcj djz- = k2. Since from the hypothesis, d?- dominates d 1 we
have that k! < k2. From property 3.2, it follows that 7,1 = z(s*!,d") where ¥;c;s;1 = k!
Similarly, 7,2 = z(s*2,d%) where Y,;c; s> = k>. Since k! < k2, it is possible to build
from s*! a new set of supply §, such that §; > sj] and Y, §; = k>. Let 7 be the opti-
mal solution value of the scenario (§,d?). Note that, Z < 7,2, and since the costs are
immune against the transportation paradox we also have that ;1 < Z. Then, the thesis
follows. O

As a consequence of Theorem 3.6 we can (i) determine one additional special instance
of ITP which can be solved in polynomial time (a stated in Corollary 3.7 to follow),
and (ii) restrict the search of Z only to a subset of scenarios (as stated in Theorems 3.8
and 3.9 to follow).

Corollary 3.7. Given ITP such that Yc;5i = Y je JdT- anfd such that the costs c;j are
immune against the transportation paradox then 7 = z(5,d).

Theorem 3.8. Given ITP such that Y ;c;5; > Zjejjj, Zjejjj = k and such that the
costs c;j are immune against the transportation paradox then

Proof. Due to Theorem 3.6, the optimum value Z is obtained, on a scenario (s,d) such
that d = d. Due to Property 3.2, among all the scenarios (s,d), Z is obtained on a sce-
nario where Y ;c;s; = k. O

By applying a similar argument, the following theorem holds too.

Theorem 3.9. Given ITP such that ¥ ;c;5; < Zjejij, YiciSi =k, and such that the
costs c;j are immune against the transportation paradox then

The heuristic presented in the next section finds a lower bound to z under the assump-
tions that the transportation costs are immune against the transportation paradox. The
core of the algorithm is based on the results presented in this section. In Section 5 we
compare the solution of our heuristic with the solution obtained by solving the non-
linear optimization model provided by Liu in [11]. We modified Liu’s mathematical
model to account for the case when the transportation costs are immune against the
transportation paradox, the details are provided in the Appendix.

4 Our algorithm

Our heuristic is a constructive heuristic, which starts from an infeasible initial scenario
and it iterates until this scenario becomes feasible. The procedure takes as input an
immune cost matrix Cy,.,, the interval demands [d, d], the interval supplies [s,5], and
a parameter 8. It returns as output a feasible scenario and the corresponding optimal



value.
Given the results in Section 3 the algorithm considers three cases:

Case 1. I Y;c;5; = ¥ jc; d; then the algorithm returns the value z(5,d), which is
optimum according to Corollary 3.7.

Case 2. If Yic/5:i > Y jey d ;» then the algorithm starts from the initial infeasible
scenario obtained by setting all the demands at their upper values E,-,v jeJ,
and all the supplies at their lower values s;,Vi € I. The algorithm explores only
demand-restricted scenarios where the demands are fixed at their upper bounds.
At each iteration an origin is appropriately selected and its supply increased by
8. This operation is repeated until a feasible scenario (s,d) is obtained. The
algorithm returns the corresponding optimal solution z(s,d) which is a lower
bound to the worst optimum Z.

Case 3. If Y15 <Y je ,3,- then the algorithm starts from the initial infeasible
scenario obtained by setting all the demands at their lower values d;,Vj € J,
and all the supply at their upper values s;,Vi € I. The algorithm explores only
supply-restricted scenarios where the supply are fixed at their upper bounds. At
each iteration a destination is appropriately selected and its demand increased
by 8. This operation is repeated until a feasible scenario (5,d) is obtained. The
algorithm returns the corresponding optimal solution z(5,d) which is a lower
bound to the worst optimum Z.

We describe how our algorithm works for Case 2 (similar steps are performed for Case
3). The description to follow refers to the pseudocode reported in Algorithm 1.

At iteration k = 1, an initial infeasible scenario (s*),d) such that sl(k) =s,Vielis
determined (line 2), and a value A is computed as the difference between the total de-
mands and the total supplies of the current scenario (line 3).

From (s), d) a transportation problem with a dummy supply is build (procedure Build DT P(),

line 4) as follows. A dummy supply m+ 1 is added with supply value equal to sfﬁl =A.
The dummy supply is connected to each destination j with unit transportation cost
equal to the maximum among all the transportation costs from any origin to destina-

tion j, thatis ¢,,41,; = max;es cij.

The transportation problem with the dummy supply is solved (procedure SolveDT P(),
line 5), and the corresponding solution xl(? is analyzed to obtain a new scenario (s(k“) ,3)
(procedure U pdate(), line 6). If the new scenario is feasible then the algorithm stops
and returns the corresponding optimal solution, otherwise the algorithm iterates by

solving a new dummy transportation problem starting from (s*1), d).

The U pdate() routine makes use of two sets, namely Ar and B. The set Ap, I' C J,
is a subset of the set I of the suppliers computed as follows. For each destination
J €T, we define by «; the origin which is connected to j with maximum cost, that is



oj = argmaxieycij, and the set Ar is such that! Ap = Ujera;. The set B= {i1,...,in}
is an ordered set containing all the origins. Specifically, the origins in B are ordered in-
creasingly with respect to the cost ¢; = max jcyc;j. The Update() routine generates the
scenario (s¥*1) d), from the previous scenario (s¥), d) by increasing the supply of one
selected origin by a quantity . Specifically, let xgl-‘) be the solution of the transporta-
tion problem (with the dummy supply) obtained on line 5, and let I" = {j1, j2,..., jn}

be the set of the destinations such that x,(ﬁl‘j >0,and Ar = {¢;,, @, ..., 0, } the cor-
responding associated origins. Without loss of generality, let us assume these sets are
ordered in decreasing order of the cost ¢4 1,j, that is ¢ur1 j, = Cmg1,jy = -+ Cmt1,j,-

The U pdate() routine selects the first non saturated origin in Ar, that is the first ori-
gin whose corresponding supply is not equal to its upper bound. Let a* be such an
origin. The new scenario (s**1) d) is obtained as follows: sgj b= s(of*) +J and
sl(.kH) = sl(k),Vi # o*. When the set Ar is empty, then the new non saturated origin
is selected from the set B.

Algorithm 1: Pseudocode of our algorithm for the case when ¥;c/5; > ¥ jes d;
IHPUt: men: [473]7 [273]7 5;

Output: z(s,d)
k< 1;

Ek) —s,Viel;
AeYidi—Yis s

DTP(s®),d) « BuildDTP(s" d);
xg-c) + SolveDTP(s%) d);

5 Update(s(k),xg()ﬁ);

if Y, d;— Y5 > 0 then

2s

N

w

(=2}

-

8 k< k+1;

9 sl(k) «—s;,Viel,
10 goto5;

11 else

12 | returnz(s,d);

The computational complexity of our algorithm is 0(% x m). The total number of

iterations is equal to %. Indeed, at each iteration the procedure reduces the value A of
a quantity 8 by increasing the supply of a selected origin by 8, until A becomes equal
to zero. Also, at each iteration the U pdate() procedure selects the first non saturated
origin from the set Ar in at most O(]Ar|) steps, since the set Ar is a subset of the set /
of the suppliers, then its size is at most .

!"To keep notation simple, we did not consider the case when a destination has associated multiple sup-
pliers with the same maximum cost. If such a case occurs, then all of them are added to Ar.



S Experimental Analysis

We compared our algorithm (8-alg.) with the non linear program provided by Liu [11]
(NLP-Liu) and the Iterated Local Search provided in Cerulli et al. [14] (ILS) on a set
of random generated instances. The two approaches were chosen, among the exist-
ing ones, since, on the one hand, the non linear model returns the best quality solutions
while, on the other hand, the Iterated Local Search shows the best trade-off between so-
lution quality and computational time. We ran the algorithms considering different val-
ues of the input parameter §, namely, § =0.1,0.5, 1. We considered different scenarios
with multiple sizes m x n =5 x 5,10 x 10,20 x 20,30 x 30,40 x 40,50 x 50,60 x 60,
70 x 70, 80 x 80, 90 x 90, and 100 x 100. For each size, we considered supply and
demand interval with three different widths: 5,10 and 20. We generated 10 random
instances for each combination of the parameters, for a total of 330 instances. The cost
matrices were generated immune against the transportation paradox by applying the
following condition stated in [9]:

Theorem 5.1. A given m X n cost matrix C = {c;;} is immune against the transporta-
tion paradox if and only if, for all integers q,r,s,t with1 < g, s <m, 1 <r,t <n, q#s,
r # t the following inequality is satisfied:

Cqr < Cqt +Csr

Therefore, in order to generate a cost matrix satisfying the above stated condition we
can randomly generate values in the range [%,k} for any given integer value k > 0. We
fixed k = 30 and generated cost matrices with costs in the range [15,30]. All the in-
stances were generated such that } ;5 > Y je; d ;j and are available upon request to the
authors. Our algorithm is coded in C++ and runs on a PC with Intel Core i5 2.4GHz
and 8.00 GB of RAM. We solved each linear and nonlinear model with Cplex 12.8.

Figures 1, 2, and 3 show the performance of our algorithm when varying the value of
the & parameter for the class of scenarios grouped with respect to the width of the inter-
val, that is, width = 5, 10 and 20, respectively. Each figure shows, for each class of sce-
narios, the average value of the percentage gap of the objective function value and the
average value of the computational time, over the 10 instances of the scenario. Specifi-
cally, the average percentage gap between the solution value returned by our algorithm
with respect to the solution value obtained by solving the non linear model is shown
on the primary y-axis, and the corresponding average computational time (in seconds)
on the secondary y-axis. The percentage gap was computed as %L?f”“ x 100 where
NLP is the optimal solution value obtained by solving the non linear model, and Delta
is the solution value returned by our algorithm. It appears evident from the figures that
lower values of the parameter 6 do not affect, on average, the quality of the returned
solution, while hugely increase the computational time. The worsening of the compu-
tational time was an expected result given that it is inversely proportional to the value
of the parameter J.

Given these insights, the results of the non linear model and of the Iterated Local Search
are compared with the results of our algorithm obtained when 6 = 1. Table 2 shows

10



Table 2: Average running time, average obj. function value, and average percentage
gap of the non linear model and of our algorithm (when & = 1) on all the scenarios.

Time (secs) Obj. function
Width | m xn | NLP-Liu §-alg. | NLP-Liu S-alg. % Gap

5%5 0.01 0.01 3,084.00 3,070.10 | 045

10x10 0.01 0.02 6,025.90 5,993.20 0.57

20x20 0.16 0.08 | 13,951.50 | 13,922.00 | 0.22

3030 2.27 0.17 21,854.00 21,813.10 0.19

40x40 10.07 044 | 37,599.40 | 37,561.00 | 0.10

5050 60.39 0.81 52,674.00 52,648.30 0.05

60x60 1,137.09 1.25 | 63,806.47 | 63,745.50 | 0.09

7070 218.15 2.75 80,494.90 80,473.10 0.03

5 80x 80 825.88 439 | 115,106.90 | 115,079.80 | 0.02

90x90 1,149.67 5.18 | 140,545.80 | 140,534.30 0.01
100x100 | 2,791.77 7.24 | 159,866.50 | 159,856.80 0.01

5x5 0.00 0.01 3,700.20 3,674.70 0.75

10x10 0.01 0.02 6,946.80 6,908.70 0.55

20x20 0.16 0.09 14,700.40 | 14,632.00 0.47

30x30 1.38 0.35 | 23,903.80 | 23,825.90 0.32

40x40 246.57 0.79 | 39,995.34 | 39,864.30 0.33

50%50 751.24 1.50 | 55,589.54 | 55,526.20 0.11

60x60 558.49 1.99 | 69,584.49 | 69,507.30 0.11

70%70 955.73 4.41 87,384.03 | 87,341.00 0.05

10 80x80 613.58 6.87 | 125,948.50 | 125,923.40 0.02

90x90 1,257.09 9.40 | 138,773.20 | 138,764.50 0.01
100x100 | 2,950.46 | 10.08 | 160,993.70 | 160,979.40 0.01

5x5 0.01 0.02 4,515.50 4,461.50 1.19
10x10 0.02 0.05 9,570.30 9,440.00 1.41
20%20 0.18 0.23 18,085.50 | 17,990.80 0.51
30x30 39.14 0.63 | 28,556.58 | 28,448.40 0.38
40x40 6.50 1.71 47,460.40 | 47,311.70 0.32
50x50 142.15 3.03 | 61,423.50 | 61,290.40 0.22
60x60 501.45 379 | 7437150 | 74,278.70 0.12
70x70 689.52 8.43 | 98,027.21 97,955.70 0.07

20 80x80 1,897.72 | 15.58 | 138,745.80 | 138,686.00 0.04
90x90 2,413.51 | 21.50 | 160,476.70 | 160,451.20 0.02
100x100 | 2,951.50 | 25.98 | 183,589.10 | 183,568.60 0.01

11



the comparison with the non linear model, while Table 3 shows the comparison with
the Iterated Local Search. Table 2 reports the average results (computed among the 10
instances of each scenario) of the non linear model and of our algorithm (when § = 1)
for all the scenarios. The first two columns report the characteristics of the scenario,
that is, the width (column Width) and the size of the instance (column m X n), respec-
tively. Average computational times (in seconds) of the two approaches are reported
in the third and fourth columns. The last three columns report the average value of the
objective function of the non linear model, of the objective function value of the so-
lution returned by our algorithm, and the corresponding percentage gap, respectively.
The computational times of both the approaches increase with the size of the instances,
as it was expected. The gap between the computational times of our algorithm and that
of the solver hugely increases with the size of the instance. For small instances (that
is, instances of size up to 20 x 20), both the approaches require, on average, less than
one second to solve an instance. For medium size instances (that is, instances of size
between 30 x 30 and 60 x 60), the computational time of the §-alg. ranges between
0.17 and 3.79 second, while the computational time of the solver ranges between 1.38
and 1137.09 secs, and it reaches the one hour time limit on 7 instances out of 40. Fi-
nally, on large instances (that is, instances of size between 70 x 70 and 100 x 100), the
computational time of our algorithm ranges between 2.75 and 25.98 seconds, while the
computational time of the solver ranges between 218.15 and 2951.50 seconds, and it
reaches the one hour time limit on 21 instances out of 40.

Figure 4 shows the plot of the average percentage gap on all the scenarios. The average
percentage gap is always less that 1.5%. It decreases when the size of the instance
increases, and it increases when the width of the intervals increases. Specifically, the
gap ranges between 0.006% and 0.569% on instance with interval width equal to 5, be-
tween 0.006% and 0.754% when the interval width is equal to 10, and between 0.011%
and 1.407% on instances with interval width equal to 20. The search space of the
problem increases with the width of the intervals, this explains why the percentage
gap increases as well. However, for a fixed width, even if the search space increases
with the size of the instances, the gap decreases. We believe this is due to the greedy
nature of the algorithm. The initial choices made by the algorithm (that is, the non
saturated origins which are chosen at each iteration with the U pdate() routine) limit
the subsequent choices: if a wrong choice is made at the beginning the algorithm can-
not overcome this mistake. This is more evident with small size instances, while with
bigger instances the influence of initial wrong choices is mitigated. This explains, in
our opinion, also why the percentage gap for big instances is almost the same no matter
what the width of the intervals is.

Table 3 reports the results on each of the ten instances of a selected subset of sce-
narios of our delta algorithm with the Iterated Local Search in [14]. A similar behavior
is shown for the remaining instances which are not reported here. The gap in the table
was computed both for the objective function value (%Gap - Obj) and for the compu-
tational time (%Gap - Time) as % x 100. As it can be seen, our J-algorithm
always finds a very similar solution in much less time, this is of course due to the
fact that the ILS is a general purpose heuristic and it does not take into account the
properties of the problem, hence it spends time exploring not good candidate solutions.
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Table 3: Running time, Obj. function value, and percentage gap of the Iterated Local
Search and of our algorithm (when & = 1) on the set of ten instances for a subset of
scenarios.

ILS S - alg. %Gap

Width m n Instance ID 0Obj Time (secs.) Obj Time (secs.) 0Obj Time
1 41,035 809.67 | 41,018 0.728 | 0.000  1110.60

2 37,179 199.19 | 37,148 0.168 | 0.001 1185.88

3 32,521 2248 | 32,511 0.041 0.000 553.99

4 41,546 870.04 | 41,534 0.756 | 0.000  1149.09

5 38,879 180.34 | 38,838 0.138 | 0.001 1304.11

5 40 | 40 6 34,798 419.83 | 34,719 0.312 | 0.002 1343.76
7 37,494 338.28 | 37410 0.253 | 0.002 1333.63

8 36,720 873.33 | 36,698 0.725 | 0.001 1203.81

9 40,068 675.98 | 40,001 0.557 | 0.002 1211.69

10 35,740 777.69 | 35,733 0.676 | 0.000  1149.79

1 58,090 1,561.35 | 58,070 0.999 | 0.000 1561.30

2 52,143 1,833.07 | 52,107 1.154 | 0.001 1587.30

3 59,679 1,968.20 | 59,650 1.318 | 0.000  1492.71

4 52,720 302.50 | 52,694 0.237 | 0.000  1276.98

5 52,764 2,125.77 | 52,729 1.388 | 0.001 1530.52

5 50 | 50 6 49,247 925.26 | 49,231 0.682 | 0.000 1356.34
7 54,920 2,102.11 | 54,886 1.255 | 0.001 1673.77

8 46,704 84.92 | 46,690 0.092 | 0.000 919.39

9 53,304 1,487.81 | 53,272 0.918 | 0.001 1619.07

10 47,160 49.86 | 47,154 0.072 | 0.000 693.56

1 35,637 276.59 | 35,544 0.301 | 0.003 917.39

2 40,838 700.20 | 40,663 0.812 | 0.004 861.82

3 36,658 504.36 | 36,556 0.560 | 0.003 899.79

4 38,397 366.95 | 38316 0.422 | 0.002 868.43

5 43,433 825.59 | 43427 1.396 | 0.000 590.24

10 40 | 40 6 43,060 72846 | 42,906 0.879 | 0.004 827.30
7 37,151 817.19 | 37,078 1.099 | 0.002 742.39

8 40,775 404.16 | 40,732 0.507 | 0.001 795.38

9 41,600 843.66 | 41,520 1.199 | 0.002 702.69

10 42,022 567.67 | 41,901 0.679 | 0.003 834.79

1 56,175 2,113.97 56,096 2.331 0.001 905.93

2 52,644 68.77 52,633 0.096 0.000 714.83

3 56,791 1,777.09 56,720 1.782 0.001 995.99

4 55,307 2,178.73 55,252 2.161 0.001 1007.20

5 56,836 2,452.64 56,765 2.475 0.001 990.09

10 50 50 6 55,699 829.27 55,660 0.748 0.001 1108.31
7 53,491 993.14 53,446 1.105 0.001 897.41

8 55,193 1,360.19 55,137 1.463 0.001 928.99

9 57,481 1,834.13 57,399 1.964 0.001 932.94

10 56,233 947.39 | 56,154 0.896 | 0.001 1055.94

1 44,595 995.88 44,519 2.514 0.002 395.20

2 49,712 778.21 49,591 1.895 0.002 409.59

3 49,266 1,012.31 49,134 2.514 0.003 401.73

4 50,587 897.31 50,544 2.071 0.001 432.36

5 46,279 329.46 46,145 0.632 0.003 520.03

20 40 40 6 53,835 995.77 53,760 2.259 0.001 439.70
7 44,686 410.86 44,578 0.903 0.002 454.09

8 42,896 379.08 | 42,809 0.796 | 0.002 474.96

9 44,803 715.74 | 44,621 1.620 | 0.004 440.69

10 47,506 806.13 | 47,416 1.865 | 0.002 431.35

1 66,281 2,365.39 | 66,187 4.287 | 0.001 550.71

2 64,253 2,452.99 | 64,249 5.323 | 0.000 459.82

3 69,610 227743 | 69,582 5.273 | 0.000 430.93

4 49,424 513.55 | 49,287 0.641 0.003 800.12

5 70,673 2,456.45 | 70,610 4462 | 0.001 549.51

20 50 | 50 6 48,467 362.81 48,357 0.540 | 0.002 671.48
7 69,936 1,763.88 | 69,840 3.376 | 0.001 521.49

8 58,901 1,066.52 | 58,831 1.818 | 0.001 585.65

9 56,347 465.67 | 56,205 0.684 | 0.003 680.09

10 59,880 2,154.09 | 59,756 3.851 0.002 558.43
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Figure 1: Average running time and average percentage gap between the solution value
returned by the 8-alg. and the solution value of the non linear model solved using cplex,
for instances with interval width = 5.
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6 Conclusion

We addressed the problem of finding the range of the optimal cost of a transportation
problem when supply and demand vary over an interval. We consider the specific ver-
sion of a transportation problem with supply inequality constraints and demand equal-
ity constraints under the assumption that the transportation costs are immune against
the transportation paradox. We investigated some theoretical properties of the prob-
lem of finding the worst optimum value which constitute the basis of a novel solution
algorithm. Our results show that the proposed algorithm hugely outperforms the best
existing solution approach in terms of computational time while returning a solution
which is at most 1.5% worst.

We are planning to investigate several interesting aspects of the problem. First of all,
we are planning to focus on different versions of the ITP which arise when either con-
straints on supply and demand are of the equality form or when there are supply equal-
ity constraints and demand inequality constraints. From an algorithmic perspective, we
are planning to use our delta algorithm to design more efficient solution approaches to
find both approximate and exact solutions of the problem.
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Figure 2: Average running time and average percentage gap between the solution value
returned by the 8-alg. and the solution value of the non linear model solved using cplex,
for instances with interval width = 10.
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Figure 3: Average running time and average percentage gap between the solution value
returned by the 8-alg. and the solution value of the non linear model solved using cplex,
for instances with interval width = 20.
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Appendix

In this appendix we provide the bilinear mathematical formulation proposed in [11]
opportunely modified to account for transportation costs which are immune against the
transportation paradox. Let’s recall problem (14):

7z = {maxz(s,d) : (s,d) € SD}

which is equivalent to the following optimization problem:

Z= max min X 15
‘ (s,d)eSD x zegelcuxu )
Y xij < s viel (16)

jeJ
Yxij = dj VjeJ (17)

icl
x; > 0VjeJVviel (18)

where SD describes the set of feasible scenarios, that is:

SD = {(s,d) € R{™ 15, <s; <5,Vi € I,d; < d; < d;,¥j € J;F(s,d) # 0}

By applying duality theory, model (15)-(18) can be rewritten as follows:

St R Y "
—Vi+wj < Cij Viel,Vjel (20)

vi > 0 Viel (21)

wj unrestricted Yje€J (22)
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Finally, model (19)-(22) can be rewritten as the following bilinear optimization model:

Z:maX—ZS,'Vi—‘erjo (23)
L= jel
—vit+w; < ¢ VielVjeld (24)
5i<si <5 Viel (25)
dj<d;<d; VieJd (26)
ZSi > Z dj 27
il jel
vi >0 Viel (28)
w; unrestricted Vjeld 29)

Consider the case that transportation costs are immune against the transportation para-
dox. Under the assumption that };c;5; > ¥ jc jd7 then, by Theorem 3.8, variables d; in
model (23)-(29) can be eliminated since they can be set to their upper bound d »YjEJ.
Similarly, when Y ;c;5; < ¥ jc;d; then, by Theorem 3.9, variables s; can be eliminated
since they can be set to their upper bound 5;, Vi € I.
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