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Abstract

The occurrence of rainfall Extraordinary Extreme Events (EEEs) in Mediterranean areas causes serious concerns to the engineers involved in the design of flood and landslide risk mitigation plans as well as of strategic hydraulic engineering structures, such as dams. These extraordinary maxima are characterized by very low frequencies and spatial extent scales that are smaller than those of ordinary maxima, and are usually identified as outliers by classical regional frequency analysis. Extreme Value mixture models, such as the Two-Component Extreme Value distribution, have been introduced in regional frequency analysis in order to overcome this problem. Nevertheless, the rainfall maxima series available for carrying out these regional analyses present coarse spatial spacing and small temporal extent, when compared with EEEs spatial structures and frequencies. Thus, regional statistical analyses with mixture models tend to overestimate EEEs return periods as well. This study presents a new operational statistical approach to properly retrieve the EEEs frequency from the available database and thus to avoid dramatic underestimations of the rainfall depth at very high return periods. The proposed approach implies the analysis of the EEEs at a given support scale in order to assess (i) the percentage of EEEs among the annual maxima and (ii) the conditional distribution of the annual maxima given the occurrence of an EEE. The descriptive properties of the proposed procedure has been tested in Italy, by comparing the performances of the proposed procedure in predicting rainfall depths at very high return periods (i.e. larger than 100 years) with those provided by the TCEV-based regional analysis currently adopted as national reference approach.
1. Introduction
Characterizing the frequency of extreme precipitation events is relevant for assessing rainfall-triggered hazards, such as floods (e.g. Merz & Blöschl, 2003) and landslides (e.g. Kirschbaum et al., 2012; Haque et al., 2016), as well as to support the design of hydraulic engineering projects, which are vulnerable to these events.
Robust extreme rainfall frequency analysis requires long time series of data, which are often available at a limited number of rain-gauges. In order to optimally use the available data, regional frequency analysis was introduced (e.g. Hosking & Wallis, 1988; Schaefer, 1990): it allows to reduce the statistical uncertainties and to extend the results to sites where only short or no rainfall records are available. Regional analysis pools together rainfall data collected at several rain-gauges that belong to statistically homogeneous areas: such areas are characterized by a negligible spatial variability of statistical parameters compared with their sampling variability.
Probabilistic models of rainfall extremes are often based on the block maxima approach, for which the Extreme Value theory (Coles, 2001) indicates the Generalized Extreme Value (GEV) model as asymptotic distribution, i.e. as a good approximation for the maxima of long, but finite, sequences of random variables, such as rainfall annual maxima. The shape parameter k of the GEV distribution characterizes the behavior of the extreme upper tail of the distribution and its estimation represents a crucial point in hydrological applications (Langousis et al., 2013). In rainfall extreme analysis, k is often set to 0 and, in this case, the GEV distribution reduces to the Gumbel (EV1) distribution, which needs the estimation of only two parameters, thus making its use very popular for modeling hydrological extremes (Claps & Laio, 2003). In recent years, Papalexiou and Koutsoyiannis (2013), among others, pointed out that the Fréchet distribution (EV2), which corresponds to a GEV with positive shape parameter, is more appropriate than the Gumbel distribution for modeling daily rainfall extremes with the block maxima approach. The GEV distribution requires the estimation of three parameters rather than two; however, for series characterized by high skewness and kurtosis, such as daily rainfall extremes, it can represent a better choice than the Gumbel distribution, despite the increase of the estimation uncertainty due to the presence of an additional parameter (Libertino et al., 2018a). 

In Italy and in other Mediterranean regions, the regional frequency analysis of extreme rainfall, even if based on asymptotic Extreme Value distributions, often leads to a dramatic underestimation of the design rainfall depth at high return periods, due to the presence of “extraordinary” events among the precipitation extremes (i.e. outliers in the historical records), hereinafter referred to as “Extraordinary Extreme Events” (EEEs). The Extreme Value distributions are unable to capture the sampling variability of the observed annual maxima series due to the occurrence of EEEs, which are identified as outliers when analyzed with such models (e.g. Hirschboeck, 1987; Rizwan & Kim, 2013; Amin et al., 2015). Unfortunately, the characterization of the EEEs is a crucial point in flood and landslide risk mitigation planning as well as in the design of high hazard strategic engineering structures, such as dam spillways. Historically, EEEs have been indeed responsible of severe impacts on the society, causing loss of life and catastrophic damages to urban areas, cultural heritage and infrastructures (e.g. Ciervo et al., 2015; Preti et al., 2011). 

The problem of a correct estimation of the high quantiles of the distribution of rainfall extremes has been long discussed and a lot of approaches have been proposed to overcome this problem. As alternatives to the block maxima approach, here we recall, among the others, the outdated Probable Maximum Precipitation (PMP) approach (e.g. Myers, 1967; WMO, 1986), the stochastic storm transposition (SST) approach (e.g. Wilson & Foufoula-Georgiou, 1990; Nathan et al., 2016), or the probabilistic Regional Envelope Curves (REC) proposed by Castellarin et al. (2009). In other cases, improvements to the traditional frequency analysis of rainfall extreme have been implemented through the introduction of more sophisticated probabilistic models for the rainfall block maxima in place of the classic Extreme Value distributions, as detailed in the following.
Rossi et al. (1984) proposed the Two-Component Extreme Value (TCEV) distribution to account for the presence of EEEs in Italy. This distribution, which is mathematically the product of two EV1 distributions, can be interpreted as the probability distribution of annual maxima for a Poisson process composed of a mixture of two independent populations of random variables, each of them exponentially distributed. The two populations are represented by an ordinary component, more frequent and less severe in intensity, and an outlying component, which produces the more extreme, although rare, values. 

The strength (and, at the same time, the limit) of the TCEV model is that the frequency of rainfall events with different meteorological features is predicted without their prior classification on meteorological basis. A recent comparative study on regional frequency analysis of extreme rainfall in Sicily (Italy) showed that TCEV distribution outperforms the GEV distribution for high return periods (Forestieri et al., 2018). Within a Peaks Over Threshold (POT) framework for TCEV estimation, an a priori separation of rainfall extreme events on meteorological basis can be introduced, as presented in an early work by Willems (2000) for a Belgian site. In that case, two different types of storms, i.e. airmass thunderstorms and cyclonic/frontal storms, were modeled by using a two-component Exponential distribution, thus leading to a TCEV model for annual maxima. In a recent study, Rulfová et al. (2016), in order to model observed sub-daily extreme rainfall data in Czech Republic, had to resort to a two-component mechanism, on the assumption that the annual maxima, generated by two different meteorological mechanisms (i.e. stratiform and convective), follow two separate GEV distributions (TCGEV). This model requires the estimation of as many as six parameters. Nevertheless, in presence of sufficient data and a solid a priori classification of the two components on meteorological basis, the parameters of each component may be estimated independently, allowing the TCGEV to outperform the GEV distribution in the estimation of the design values of rainfall extremes at high return periods, with only a slightly increase of the uncertainty. A similar case has been presented by several researchers from South Korea (Rizwan & Kim, 2013; Yoon et al., 2013). Later, Amin et al. (2015), after a priori splitting events belonging to the two components, used various mixed distributions showing how the Gumbel mixture model has the best statistical performance in terms of descriptive properties on the basis of the standard minimum error of fit. Similar results have been found by Kjeldsen et al. (2018), who considered the same case study and used a new Monte Carlo simulation procedure to show that a Gumbel mixture model has to be preferred to single population models when the two populations of extremes are very different each other.
In Italy, the meteorological and spatial features of the EEEs, which produce the more infrequent and intense maxima, may be extremely different from the ones related to the events responsible of the ordinary maxima. Although so different in their spatial structure, the EEEs are observed by the same rain-gauge network that records all the other rainfall data. Hence, despite the use of a mixture model and a regional statistical analysis to reduce uncertainties, the probability of occurrence of EEEs may still be underestimated, resulting in an underestimation of the design values of rainfall extremes for high return period. This circumstance may be explained drawing attention to the fact that when the same monitoring rain-gauge network observes phenomena occurring with different spatial scales, empirical frequency of occurrence of extreme rainfall could not be consistently representative of all the occurring meteorological phenomena in a region. In particular, as discussed in Section 3, the EEEs are mostly originated from meteorological phenomena with smaller spatial scales than those associated to the predominant events, even quite smaller than the average spacing of gauges in the monitoring network in many cases: this may cause underestimation of the frequency of occurrence of the EEEs, and significant mistakes in the design and management of strategic hydraulic projects and emergency plans thereby. The regional estimation of the TCEV (as of any mixture) model relies on the hypothesis that the observations of the two populations are coherent: in Italy, in some areas more than others, this may not be the case. The complexity of the meteorological phenomena leading to rainfall maxima makes the observation of one of the two populations of extremes (specifically, the extraordinary one) likely biased by the configuration of the network itself as well as by the shortness of available time series compared with the rarity of the more extreme events.
A very simple Bernoulli trials model shows that, for short time series and for very low frequency of occurrence of phenomenon, such as the one related to EEEs, the ratio between the probability of underestimation and the probability of overestimation of the theoretical frequency of occurrence is greater than 1. The same ratio decreases to 1 with increasing the length of time series (n is the number of years) and theoretical frequency of occurrence of the phenomenon, p (Figure 1). 
This simple experiment suggests that the observability of EEEs with the historical rain-gauge network is strongly affected by a combination of their rarity (in time) and small scale (in space). Thus, the employment of a unique and regionalized probability distribution for extremes, even with mixture models, is prone to large errors in the assessment of extremes with high return period, with potentially dramatic consequences in the design and management of strategic engineering structures.

This issue has emerged in some studies, where workarounds have been proposed by employing different criteria of rainfall data pooling for estimating the frequency distribution of the highest extremes. For instance, the FORGEX method by Reed et al. (1999) follows this strategy: it employs the key concept that the degree of pooling has to be appropriate to the rarity of the event being estimated, so that an increasing defining radius has to be chosen around a site to include additional data points.

With these motivations, in this study, we introduce a new operational statistical approach to estimate extreme rainfall intensity at high return periods. The purpose is to avoid that the design values of rainfall extremes for high hazard engineering structures, infrastructures and long-term management plans may undergo critical underestimations for all the intrinsic limitations of the current methods and monitoring network described above. After a brief overview of the available rainfall maxima database in Italy given in Section 2, in Section 3 we focus on the description of the meteorological mechanisms generating the rainfall extremes and on the current methods used in Italy for extreme rainfall frequency analysis that stem from a common approach at the national scale, but are available as separate regional reports and often written only in Italian. In Section 4, by exploiting the available rainfall database, we introduce an operative definition for the identification of the EEEs in the time series of daily rainfall annual maxima and, finally, we show an innovative statistical approach for extreme rainfall frequency analysis to produce better estimates of the rainfall depths at high return periods. Section 5 reports the main results of the study and their discussion.
2. The Italian extreme rainfall database and study area
The study area covers the entire Italian country; rainfall data from a rain-gauge network of about 3600 ground stations have been used for the analyses. Figure 2 shows the density of the considered network across the country, ranging between 1/(20 km2) and 1/(200 km2) and on average equal to 1/(100 km2). 
The database used in this study is made up of daily and 24 hours rainfall maxima series with variable record periods from 1916 to 2001 and it is published in hydrological annals by the National Hydrographical Service of Italy (SIMN). A digital database of the annual maxima was created as part of the VAPI (VAlutazione delle PIene) project, which aimed at defining a standard regional analysis procedure for assessing rainfall and flood extreme frequency distributions in Italy (Rossi & Villani, 1994). The length of the time series used in this study varies between 10 and 79 years and is on average 40 years. Figure 3a shows more details about the lengths of the series of daily and 24 hours measurements across the country. Daily and 24 hours rainfall maxima records have been homogenized with a Hershfield factor equal to 1.13, which was estimated from the dataset itself and it is close to what has been found in other regions of the world (Papalexiou et al., 2016). Figure 3b depicts the boxplots of the mean, coefficient of variation and skewness of the annual maxima rainfall series. The average mean of the series is 76.50 mm, the average coefficient of variation is 0.40. The average skewness is 1.35 and more than the 80% of the rainfall series show a positive skew.
This study uses the most complete, coherent and robust database of daily annual maxima available up to now for the Italian country, associated to the rain-gauge network managed by the SIMN that has been operated until the end of the last century. Currently, there are some ongoing projects (SIVAPI: Gabriele 2000; CUBIST: Claps et al., 2008; I-RED, Libertino et al., 2018b) that aim at updating and unifying the Italian rainfall database after the end of 1990s when the management of the rain-gauge network was progressively assigned to different regional agencies. The new fragmented management made the rainfall dataset after year 2001 inconsistent due to the frequent repositioning of the stations, reduction of the density, different instrumentation used region by region and with respect to the historical network, even different codes or names for the same station (Libertino et al., 2018b). The aims of this study and all the just cited reasons convinced us to employ the historical SIMN rainfall database and to eventually consider, as future development, the use of the new dataset (that is still a work in progress) to validate the current findings. 
From a topographic point of view, Italy is a very heterogeneous area: the main orography is represented by Alps in the northern boundary of the country and by Apennines as backbone of the peninsula. In between the two, the largest plain of the country, the Po valley, lies. Then, the presence of the Mediterranean Sea all around the peninsula represents a distinctive feature that highly influences the development of the rainfall events in addiction with the complex orography in its proximity.
3. Rainfall extremes in Italy 
3.1. Meteorological features of rainfall extremes

Rainfall extremes are caused by atmospheric processes of very different characteristics and length scales (Blöschl & Sivapalan, 1995). Here, a detailed summary for what concerns Italy is given.
At the synoptic scale, the predominant processes responsible of heavy rainfall are the frontal systems associated to extratropical cyclones, baroclinic in nature, triggered by the peculiar geographical location of the country, located in the transition area between the subtropical high-pressure belt and the mid-latitude westerlies (Trigo et al., 1999). The presence of a complex topography, which plays a crucial role in steering airflow, and the proximity of the Mediterranean Sea, that represents an important source of energy and moisture, strongly affect the cyclone development (e.g. Lionello et al, 2006; Furcolo et al., 2016). The fronts move with spatial domain and lifetimes equal to those of the synoptic scale systems: respectively >104 km2 and > 12 hours (Houze, 1981; Waymire et al., 1984). Within the frontal precipitation fields are embedded regions of higher rainfall intensity (named rain-bands), which range from 103 to 104 km2 (Waymire et al., 1984). Figure 4a shows an example of observed ground rainfall field for a frontal precipitation event in Campania region (De Luca et al., 2010): the field has been obtained by interpolating daily rainfall measurements from ground based rain gauges. The event was on November 17, 1985: the peak of daily rainfall amount was about 225 mm, measured in two sites of the region. However, about 104 km2 were interested by a rainfall amount equal to the 40% of the daily rainfall peak that day. 

At the mesoscale and smaller scales, another process is responsible of heavy rainfall: the convection due to vertical instability that leads to the so called convective precipitation, characterized by a strong vertical motion (vertical velocity 1 ms-1). This process can lead in turn to different types of heavy precipitation, enhanced by local topographic and atmospheric features, with very variable temporal and spatial scales. Here we recall: (i) isolated convective cells, which do not usually last more than an hour with a typical spatial domain of 10 km2 (Austin & Houze, 1972) and (ii) mesoscale convective systems (MCS), which are complex systems of severe thunderstorms that may interest an area of the order of 102 km2 for several hours (among others: Mastrangelo et al., 2010; Cassola et al., 2015). Among MCS and with overlapping features that can be influenced by local topography, different types of storms can be listed: supercells, squall lines, multi-cell and quasi-stationary V-shaped storms. Figure 4b shows examples of a convective precipitation field due to a mesoscale convective system (V-shaped) over the Ligurian Sea interacting with the local orography (Cassola et al., 2015): the field has been obtained by interpolating daily rainfall measurements from ground based rain-gauges. As shown in Figure 4b, the measured daily rainfall depth was larger than 250 mm in an area of about 102 km2. One rain gauge measured a rainfall depth larger than 400 mm.
The two reported mechanisms (i.e. convective and frontal) may also coexist and one may trigger and influence the other in a complex way (Houze, 1997). An additional source of complexity is represented by the orography, which promotes orographically modified flows that are critical elements for the occurrence of extraordinary rainfall (Rotunno & Ferretti, 2000) and represent a strong source of non-stationarity in the spatial distribution of the rainfall maxima (Pelosi & Furcolo, 2015).

In addition to these phenomena, very severe cyclones similar to tropical cyclones (or hurricanes) occur in the Mediterranean Basin and also in Italy, as documented since the early 1980s by the analysis of satellite images (Miglietta et al., 2011). Owing to their resemblance with hurricanes, those mesoscale Mediterranean storms have been referred to as “medicanes”, from Mediterranean hurricanes, or TLC (tropical-like cyclones). Cavicchia et al (2014), exploiting numerical weather prediction models’ reanalysis datasets for the past 60 years, found that medicanes occur with a very low frequency (about 1.6 per year over the whole Mediterranean basin) and are mostly formed over the sea in the western Mediterranean and in the region extending between the Ionian Sea and the North-African coast. Despite the low frequency, there is an increasing interest about medicanes because of their severity: they usually interest an area of 102 – 103 km2 for several hours (~6-12 hours, < 24 hours) with a combination of intense winds and heavy precipitation. Besides the overall very high rainfall depth, these events are characterized by high rainfall intensities. Figure 5 shows an example of a medicane path that affected southeastern Italy on September 26, 2006 as documented by Moscatello et al. (2008). The rainfall intensity peak arrived at 120 mmh-1.   
Despite the listed multiple, complex and overlapping features that characterize the physical mechanisms responsible of rainfall maxima, operationally it is a common practice distinguishing two types of rainfall extremes that are treated with a statistical mixture model with no assumption on physical mechanisms generating the maxima (Rossi et al., 1984). If a distinction is made, the frontal precipitation mechanism may be considered as the underlying physical mechanism for the type of maxima that are more frequent and less severe in intensity. According to some findings in literature (e.g. Kjeldsen et al., 2018), the less frequent and more intense maxima may be considered as the results of all the different convective processes at the mesoscale. These events may generate very heavy rainfall (>250 mmday-1) in short spatial domain (about 102 km2), also by interacting with the local complex topography of some regions. Medicanes may be included in the second type of extreme events for their rarity and intensity.
3.2. Regional analysis of rainfall extremes: state of the art
During the 1990s, the VAPI project defined a semi-institutional regional analysis procedure for the assessment of the hydro-meteorological hazard in Italy, using the following approach: (i) modeling at-site rainfall block maxima distribution by using the TCEV model (Rossi et al., 1984) and (ii) regionally estimating TCEV parameters by means of a hierarchical approach, in order to implement robust estimation procedures (Fiorentino et al., 1987). So far, the regional reports that were written within the VAPI project are the most used reference for supporting the design of hydraulic engineering projects and for assessing rainfall-triggered hazards, such as floods and landslides, in Italy.

Although the TCEV model implies the hypothesis of two different meteorological mechanisms, namely Process 1 and 2, generating two populations of maxima, X1 and X2, one of its strengths is that the distribution can be inferred based only on the annual maxima series with no classification of the rainfall extremes on meteorological basis. The TCEV distribution is based on the concept of two independent processes generating rainfall extremes, both having a Poisson rate of occurrence and an exponential distribution of magnitudes. Then, the cumulative distribution function (CDF) of the annual maximum X is given by the product of two Gumbel distributions as follows:
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where θ1 and Λ1 represents, respectively, the mean value and the mean annual number of events belonging to the ’ordinary’ component, less intense and more frequent, while θ2 and Λ2 the same with reference to the “outlying” (extraordinary) component. 
Introducing the dimensionless variable X’ by dividing X by its mean μ as follows: 
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Equation (1) becomes:
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where Λ1 represents the distribution scale parameter, θ* and Λ* are the distribution shape dimensionless parameters:
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and α is a factor depending only on the previous three parameters, defined as follows (Γ represents the Gamma function):



[image: image6.wmf](

)

(

)

-1

Γ

0.5772+ln

j

*j*

1

j1

1

j/

j!

Lq

m

aL

q

¥

=

==-

å


(4c)

The dimensionless distribution in Equation (3) is named growth curve and its higher order parameters (kurtosis and skewness) depends on θ* and Λ*; the coefficient of variation depends on θ*, Λ*and Λ1.
The hierarchical scheme in the VAPI procedure (Fiorentino et al., 1987) defines: (i) at the first level, homogenous regions with constant θ* and Λ* (i.e. skewness and kurtosis), (ii) at the second level, homogenous sub-regions with constant Λ1, where the dimensionless variable X’ is identically distributed, and (iii) at the third level, homogeneous sub-regions in which regression models for the mean (μ) estimation are defined. Only the VAPI report for Lombardia region departed from the standard procedure, since it employed a GEV distribution to fit the daily rainfall annual maxima series and a spatial interpolation by means of kriging for the regional estimation of the parameters. 

Figure 6 shows the homogeneous areas (at second level of hierarchy) in Italy, identified after a statistical validation of the hypothesis of homogeneity and Table 1 contains the corresponding TCEV parameter values at first and second levels with the references to both the original reports (mainly in Italian) produced within the VAPI project and their last updates where available, such as in North-Western Italy (Boni et al., 2006) and Sicily (Forestieri et al., 2018). For the estimation of the position parameter at the third level, we directly refer to procedures presented in each report indicated in Table 1.
It is clear that the TCEV model, stated in Equation (1), is based on the following approach. Let F1(x) and F2(x) be, respectively, the cumulative distribution functions (CDF) of the two different populations of maxima, X1 and X2, if X is the random variable indicating the annual maxima that is by definition the maximum value between X1 and X2, the CDF of X is obtained as:
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The above described methods infer the formulation in Equation (5) from the annual maxima series with no assumption on the features of the two different meteorological mechanisms generating the two populations of maxima. If the parameters of F1(x) and F2(x) could be independently estimated by means of annual maxima series for each population of extreme events, the result would be a sensible reduction of the uncertainties associated to the estimates (Rulfová et al., 2016). When only the annual maxima series are available but there is the possibility to assign each maximum to one of the two populations, a different formulation for the mixture model had to be considered, as pointed out by Kjeldsen et al. (2018):
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where E1 and E2 represent, respectively, the event that the annual maximum value in the year is generated by Process 1 and 2, with associated complementary probabilities P{E1} and P{E2}, and G1 and G2 indicate the distributions of the annual maximum conditional on the process that generates it. The model formulation in Equation (6) may require one more parameter than the formulation in Equation (5).
However, in Italy a thorough classification of the rainfall extremes according their physical generating mechanism is not currently available, and it is a computationally intensive task that also requires a large amount of meteorological reanalysis data. Furthermore, the issue related to the uneven and sparse monitoring network and how it affects the observability of the two components cannot be overcome by just a better statistical estimation method, and still leads to a systematic underestimation of the design rainfall values at high return levels. These considerations led us to introduce an innovative operative approach for design rainfall values at high return period. The proposed approach is presented in the next Section and is shaped to overcome the intrinsic limitations of the monitoring network and historical rainfall database as well as of the current regional frequency analysis.
4. Extraordinary Extreme Events (EEEs) in Italy: definition and modeling
4.1. Characterization of the EEEs
This Section deals with the identification of the extraordinary extreme events (EEEs) on the basis of the available data. Recently, with reference to Italy, several efforts have been carried out to this attempt by choosing different criteria based on the definition of thresholds for the identification of the EEEs, also named “outliers” or “super-extremes”. Libertino et al. (2016) identified, along the Italian country, all the ground stations that measured an EEE at least once in the record period, by computing for each station a so called index of severity Is defined as the ratio between the maximum value among the daily rainfall maxima in the record period and the mean annual rainfall at the same site. The threshold on Is to distinguish the stations with EEEs from the others was set equal to 0.3. In another interesting attempt, Libertino et al. (2017) classified the EEEs as events exceeding a threshold that identifies an average of one occurrence per year all over Italy, i.e. with a 1/1000 overall probability of exceedance. Later, Libertino et al (2018b), identified all the record-breaking events, defined as the annual value that exceeds all the previous ones, to provide a picture of the spatio-temporal distribution of the major weather anomalies in the country and to achieve an operationally tool for studying extraordinary extremes with no assumption on the underlying probability distribution.
Here, we propose a method of identification based on a threshold value of the daily rainfall maxima. An early work that employs such approach has been performed by Willems (2000) for Uccle in Belgium. Willems (2000) defined a threshold value to distinguish between two different types of events generating maxima, based on empirical data and their optimal fitting for a two-component distribution. With a similar intention but at a nation-wide scale, Figure 7 shows the daily rainfall annual maxima in all ground stations in Italy (blue squares) on a Gumbel probability chart. The Weibull plotting positions, which correspond to the expected value of the non-exceedance probabilities, are represented along with 99% confidence intervals of such probabilities,, whose distribution is modeled as a beta distribution with parameters a = k and b = n − k + 1 (with k being the position of each datum in the ordered sample and n the total number of data in the sample). After fitting a TCEV distribution (red line), a significant departure of observed frequencies from the fitted model can be detected in the lower space of the plot around 250 mm of daily rainfall. For rainfall extremes greater than this value, the return period associated to rainfall values through the fitted TCEV model tends to be overestimated. 
Then, considering for each year of the record the maximum value among the daily rainfall maxima in all the working stations, the minum value of the sub-sample has been found to be 253.6 mm. This means that the selection of a thresold equal to 250 mm leads to the observation that, at least once in a year, an EEE occurs in at least one location along the country. 

In addition, this threshold is in accordance with other studies, such as the one by Castellarin et al. (2009), who used probabilistic envelope curves for extreme rainfall to assess the rainfall depths associated with high and very high return periods that roughly correspond to the EEEs. Their results refer to a network rain-gauges located in a wide region in northern-central Italy. The proposed thresold of 250 mm for a duration of 24 hours agrees with the minimum value among rainfall quantiles that they found. 

4.2. An innovative approach for the regional frequency analysis of rainfall extremes
We propose an innovative statistical approach to assess the design rainfall depths at given probability of exceedance, i.e. return period, in presence of EEEs. The at-site records may be not representative of the occurrence of EEEs for all the motivations said in the Introduction: the result is that a traditional regional analysis of extreme rainfall events may overestimate the return period associated to a given intensity. Instead of analyzing the time series at site and then proceed with regional analysis, we therefore suggest to examine a significant area around each station to define the probability that an EEE occurs in any point belonging to that area as proxy for assessing the punctual probability of exceedance of EEEs, in a context where only a sparse monitoring network and short rainfall time series are available. For this purpose, it is needed to define a criterion for the identification of a support area (Blöschl & Sivapalan, 1995) for a more correct estimation of the relative frequency of EEEs in a point. The dimension of this support area is related to: (i) the characteristic spatial extent of the meteorological phenomena generating the EEEs and (ii) the spacing of the rain-gauge network in order to include not only the rain-gauge at point of interest but an ensemble of significant rain-gauges in its neighborhood. 
To identify this dimension, for each sites, we computed the number of EEEs observed within circular rings defined by radius Ri, which was let vary with increments of 10 km, up to 100 km. In Figure 8, we show the ratio between these EEEs counts and the radius Ri of the corresponding outer circle, versus Ri. A maximum occurs for Ri equal to 20 km, thus we assume that a circular area with this radius can be chosen as the optimal spatial support area for the observation of EEEs occurrence with the available rain-gauge network. 

Not all the annual maxima, X, belong to the EEE population (by definition when x ( 250 mm), so let
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where
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represents the conditional distribution of the annual maxima given the event E. 
Both 
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 were estimated by sampling the EEEs occurrences  in the defined support circular area with radius of 20 km. 

At each location, 
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 was estimated by the relative frequency of the annual maxima that are classified as EEEs within the support area. The relative frequency was obtained by the ratio between the number of those years when at least one EEE occurred within the support area and the number of recording years in the same area. 
The conditional probability distribution 
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 was derived by a frequency analysis of all EEEs registered in the entire study area that also are the annual maxima observed at the support scale (i.e. 20 km).
5. Results and discussion
Here, we present the estimation of 
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 and 
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 of Equation (7), based on the available database and we show some descriptive properties of the proposed model for the assessment of design rainfall values at high return periods in Italy in comparison with the traditional regional analyses, currently adopted as reference methods.
Figure 9 shows the map of 
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 with a spatial resolution of 4 km. This map describes how the susceptibility to the occurrence of EEEs varies in space, according to the observational network. 
By comparing it with the map in Figure 2, we can observe some correlation between 
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 and rain-gauge network density: coarser networks might be less efficient in detecting the occurrence of EEEs. Thus, we suggest the need to use the results in Figure 9 with caution in areas where the rainfall network density is low (< 0.01; Figure 2) and 
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 is below 0.1. In such cases, the use of a value of 
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 not lower than 0.1 is advised.
For the assessment of the conditional probability distribution 
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, a national-wide database made of only the EEEs that represent, for each year, the maximum value observed in that year in the circular support area having a radius of 20 km around the station, has been created. A regional assessment of 
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 was also evaluated but the difference in the parameter estimations among the various regions resulted to be statistically negligible.

For what concerns 
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, heavy tails of sub-exponential form might be applicable as suggested by previous studies (Papalexiouand & Koutsoyiannis, 2013). However, in this study, we found that an Exponential model provides a very good fit of the sampled EEEs, in accordance with an underlying EV1 model (Matthys & Beirlant, 2003): 
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where 
[image: image27.wmf]E0
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 is the threshold value that identifies the EEEs, set equal to 250 mm as described above, while β is the parameter of the distribution, estimated equal to 68 mm with the method of moments. The sum 
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, equal to 318 mm, is the average value of the annual maxima at the support scale, which are also EEEs. The relative coefficient of variation of this sub-sample of the rainfall annual maxima is lower than the one associated to the entire sample and it is about 0.22, while the skewness is greater since it is about 2.
In Figure 10, the complementary cumulative distribution function (CCDF), 
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, is compared with the empirical probabilities computed by using the plotting position proposed by Hosking (1990).
Then, we selected some different sites along the country to show meaningful cases where the conventional regional frequency analysis provides underestimated design rainfall values at high return periods.  
In Figure 11, for three selected rain gauges, the empirical at-site frequency distribution is compared with the regional TCEV distribution, estimated with the parameters reported in Table 1, and with the proposed model by varying 
[image: image30.wmf]E
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. The grey shaded areas identify return periods from 50 year to 200 years (light grey) and above 200 years (dark grey): we suggest the model of Equation (7) for these frequency intervals. 
All the three sites have experienced EEEs (3, 1 and 2, respectively) during their recording periods of 34, 62 and 49 years, respectively: we can see on the plots how the EEEs are located very far from the regional distribution and from the other observations. Moreover, they seem to arise from another population that the regional mixture model is unable to describe. The three cases presented are relative to rain-gauges where at least an EEE occurred. In these sites the limitations of the current methods are evident, thus subtending another essential issue that concerns with the observability of the EEEs and the incapability of the rain-gauge network to provide an acceptable database for the application of the classical regional methods. 
The first (Liguria region) and third sites (Sicily) are located in areas where the proposed approach provides a value for 
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 greater than 0.3 while at the second site (Campania region) a value of 
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 equal to 0.1 is assessed. According to our approach, the design rainfall values at assigned probability must be read in correspondence of the colored lines: the design rainfall values are by 30% up to the 50% larger than the values given by the current regional frequency analyses.
Finally, we present some descriptive properties of the proposed method, by comparing the prediction performances of the estimated rainfall depths at return periods of 100 and 200 years with those provided by the TCEV-based regional analysis currently adopted as national reference approach. These prediction performances have been evaluated with respect to our best empirical assessment of the maximum depth at the same return period.
According to the plotting position by Hosking (1990), the maximum value of a time series has an empirical return period of 100 years if the length of the series is 30 years and of 200 years if the length of the series is 60 years. Thus, for each rain-gauge we compared the maximum value among the daily annual maxima observed at the support scale with the estimated design rainfall values at 100 years or 200 years depending on if the length of the time series at the station of occurrence of that value was either longer or shorter than 30 years, respectively. 

 Figure 12 shows the variation along two different regions of the logarithm of the ratio between the estimated design rainfall values (with regional analysis in comparison with the new model) and the maximum values observed in a circular area with a radius of 20 km, i.e. the support area. On each box, the central mark is the median, the edges of the box are the 25th and 75th percentiles and outliers are plotted individually. 
In Figure 12, negative values of the said ratio mean that the design rainfall values are underestimated for that return period with respect to the observations in the significant neighborhood area of the station, while positive values mean overestimation. 
Figure 12a shows the case of the Liguria region with 
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. The regional TCEV always underestimates the observed intensity at high return periods, while the proposed model has good performances at T = 200 years with a median value of the ratio equal to 0.15. At T = 100 years, the proposed model still gives design values that mostly underestimates the observation, i.e. median value of about -0.5 but it performs better than the regional TCEV that shows a median value less than -1. Figure 12b displays the case of Campania region with
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. Here, the regional TCEV also underestimates the observed intensity at high return periods at all rain-gauges, while the proposed model always overestimates the daily rainfall maxima for T=100 years, with a median value of about 0.5. For T = 200 years, the proposed model presents a ratio having a median value equal to -0.1. 

Such results about the descriptive properties of the proposed innovative statistical approach in comparison with the current approach employed in Italy suggests the opportunity to use it for assessing rainfall design values at high return levels to properly define EEEs frequency from the available database and thus to avoid dramatic and hazardous underestimations of rainfall extremes at high return periods.
6. Conclusions
In Italy, the characterization of the extraordinary extreme events, EEEs, here defined with a data-driven approach through a threshold value of 250 mmday-1, is a crucial point in flood and landslide risk mitigation planning as well as in the design of high hazard strategic engineering structures. 
The EEEs are generated by physical mechanisms that substantially differ from those responsible of the ordinary maxima, as they have smaller spatial domain and lower frequency of occurrence. Those circumstances combined with the limited spatial resolution and temporal extent of the daily rainfall database make the at-site observation of the two types of extremes incoherent and, for the EEEs, not representative enough. Most of all, the same circumstances led the existing regional frequency analyses to a systematic underestimation of the design rainfall values at high return periods. 
To describe the different types of extremes, the current regional frequency analyses employ a mixture model, as TCEV, whose parameters are estimated with a regional hierarchical procedure. In this study, we have proposed an innovative statistical approach that gathers the observed data in a convenient way to achieve a more reliable frequency analysis at high return levels.
The at-site parameter estimation and regional hierarchical approach have been here replaced operationally by the definition of support area around the monitoring station, whose characteristic dimension has been estimated to be 20 km. This support area was employed to define the probability that an EEE occurs in any point belonging to that area and thus for computing the design rainfall values at high return periods. The definition of this support area serves as a proxy to overcome the limitation of a monitoring network in properly capturing the statistics of the two main populations of rainfall extremes that heavily differ in frequency and size.
The proposed approach maintains an operative feature to solve an urgent issue for the hydrological and hydraulic engineering community. Its descriptive properties were shown for the estimation of design events at 100 and 200 years. These results suggests the opportunity to use the proposed model instead of the current approach in order to avoid systematic and dramatic underestimation of the design rainfall values at high return levels. 
Future developments may be found in the employment of different types of data, such as satellite- and radar-based estimates and reanalysis products (e.g. Sun & Barros, 2010; Gabriele & Chiaravalloti, 2013;  Goudenhoofdt et al., 2017; Hosseinzadehtalaei et al., 2018), which may lead to a better knowledge and observability of the rainfall extremes.
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Tables

Table 1. TCEV parameters of the homogeneous sub-regions in Italy 

	Name of the homogeneous sub-region
	θ*
	Λ*
	Λ1
	Reference

	Triveneto
	2.113
	0.128
	30.16
	Boni et al. (2006)

	Valle d’Aosta & Piemonte
	1.638
	0.168
	27.67
	

	Liguria
	2.145
	0.307
	24.86
	

	Zona A
	2.361
	0.109
	24.70
	Franchini and Galeati (1994)

	Zona B
	1.558
	1.528
	39.20
	

	Zona C
	1.558
	1.528
	25.70
	

	Zona D
	2.363
	0.361
	29.00
	

	Zona E
	3.607
	0.044
	30.45
	

	Zona F
	2.042
	0.144
	33.03
	

	Zona G
	3.322
	0.221
	30.78
	

	Zona L
	3.490
	0.174
	29.31
	Calenda et al. (1994)

	Abruzzo 1
	2.402
	0.795
	27.81
	

	Molise & Abruzzo 2
	2.398
	0.131
	20.39
	Regione Molise (2001)

	Campania
	2.136
	0.224
	41.00
	Rossi and Villani (1994)

	Puglia
	2.352
	0.772
	45.00
	Copertino and Fiorentino (1994)

	Basilicata
	2.632
	0.104
	55.23
	Manfreda et al. (2015)

	Calabria C
	2.154
	0.418
	22.88
	Versace et al. (1989)

	Calabria T
	2.154
	0.418
	48.91
	

	Calabria I
	2.154
	0.418
	10.99
	

	Sicilia NC
	1.980
	1.500
	18.97
	Cannarozzo et al. (1993), revised by Forestieri et al. (2018)

	Sicilia NE
	1.980
	1.500
	8.87
	

	Sicilia NW
	1.980
	1.500
	17.69
	

	Sicilia CN
	1.980
	1.500
	19.49
	

	Sicilia CS
	1.980
	1.500
	20.31
	

	Sicilia SE
	1.980
	1.500
	9.12
	

	Sardegna 1
	2.207
	0.5717
	74.50
	Cao et al. (1991), Deidda et al. (1993)

	Sardegna 2
	2.207
	0.5717
	21.20
	

	Sardegna 3
	2.207
	0.5717
	6.68
	


Figure legends

Figure 1. Ratio (R) between the probability of underestimation and the probability of overestimation of the theoretical frequency of occurrence, p, varying the number of years of observation, n and p.

Figure 2. Map of the rain gauge network density (km-2) across the country.

Figure 3. Database features: a) lengths of the time series and b) boxplot of main statistics: the central mark is the median, the edges of the box are the 25th (q1) and 75th (q3) percentiles, the whiskers extend to the most extreme data values not considered outliers and outliers are plotted individually. The points are drawn as outliers if they are larger than q3+1.5 (q3− q1) or smaller than q1−1.5 (q3− q1).
Figure 4. Examples of rainfall fields associated to a) a frontal event (Campania region, November 17, 1985), studied by De Luca et al. (2010) b) a mesoscale convective system (Liguria region – October 25, 2010), analyzed by Cassola et al. (2015).
Figure 5. Track of a tropical-like cyclone (Southeastern Italy – September 26, 2006). The scale expresses altitude in meters. The figure is reprinted from Moscatello et al. (2008). © American Meteorological Society. Used with permission.
Figure 6. Map of the homogeneous sub-regions in Italy.

Figure 7. Gumbel Probability plot of daily rainfall annual maxima.

Figure 8. Variation of the number of EEEs in the ring (Ri–Ri-1), relative to Ri,with Ri.

Figure 9. Map of pE. 
Figure 10. Plot of 
[image: image35.wmf](

)

EE

1Gx

-


Figure 11.Frequency distributions of annual maxima: empirical distribution, regional TCEV and porposed distributions given by the new model with varying 
[image: image36.wmf]E

p

 for different sites along the country located in a) Liguria region, b) Campania region and c) Sicily.   

Figure 12. Boxplot of the logaritmin of ratio between the design rainfall values estimated with the regional TCEV and with the new model and the maximum daily annual maxima in a circular area of radius R = 20 km: a) Liguria, b) Campania.
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