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Abstract

This paper deals with spline collocation methods for fractional differential equa-
tions, introduced by Pedas and Tamme in [J. Comput. Appl. Math. 255,
216-230 (2014)]. Some practical formulas are derived, for the computation of
fractional integrals involved in the method, useful for implementation. Linear
stability analysis is carried out and stability regions of several methods are pro-
vided. Numerical experiments on linear and nonlinear test problems confirm
theoretical expectations.
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1. Introduction

In this paper we investigate theoretical and computational aspects of spline
collocation methods introduced by Pedas and Tamme in [35], for the numerical

solution of fractional differential equations (FDEs) of the form

Day(t) = f(tvy(t))v 0<t<b,

. _ (1.1)
yD(0) =, i=0,...,n—1,
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wheren —1<a<n, neN, v eR, f:[0,0] xR — Ris a given continuous

function. Here D%y is the Caputo-type fractional derivative [19, 26, 39]:

oy — L by™(s)
D y(t) - F(n _ a) /O (t _ S)a+1—7Ld8

FDEs arise in various applications in life sciences and engineering, such as

anomalous transport models [26], viscoelastic models in mechanics [18, 30, 42]
and blood flow [38], options pricing models in financial markets [43], brown-
ian motion [26, 31, 32]. Further models may be found in [6, 14, 24, 44] and
references therein.

Existence and uniqueness theorems for FDEs may be found in [19, 26, 35, 39].
In [35] authors also provide important results on the regularity of the solution
of a nonlinear FDE of the type (1.1). They carry out this analysis in the space
C?¥(0,b], defined as follows (compare also [5, 33, 34, 36]).

Definition 1. Let C%¥(0,b] with ¢ € N and v € (—o0, 1), be the space of the

functions y : [0,b] — R, which are ¢ times continuously differentiable in (0, ]

such that:
1, ifi<l—vw
M) <ed 1+ |logt|, ifi=1-v , te(0b], i=1,....q.
ti-v=i ifi>1-v

Under suitable hypotheses on f(t,y), the solution y of the problem (1.1) and
its fractional derivative D®y belong to the space C7¥(0,b], as stated by the

following theorem.

Theorem 1.1. [35, Th.2.1] Let o > 0, « € R. Let f : [0,b] x R — R be
a continuous function which is q times (€ N) continuously differentiable in
0 := (0,b] x R, whereby there exists a real number v € [1—a, 1) such that for all
nonnegative integers i and j with ¢ + j < q and for all (t,y) € Q the following

estimation holds:

» 1, ifi<l—v

ot

]Wf<t,y>]<w<|y|> 1t logtl, ifi=1—»
vt ifi>1—-v
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For o € (0,1) we assume additionally that

Hiti 1, ifi =0,
Segn S yn) = F(t,y2)]) < max{fyd], [y Dlys — el S
1Oy tl=v=i  ifi>0,

where (t,y1) and (t,y2) belong to Q. The function v : [0,00) — R is assumed to
be monotonically increasing. Finally, suppose that the initial value problem (1.1)
possesses a solution y € C[0,b] such that D*y € C[0,b]. Then y € C%¥(0,b]
and D%y € C?¥(0,0].

Collocation methods represent a well-known class of methods for ordinary
differential equations and for Volterra integral and integro-differential equations,
thanks to their good convergence and stability properties [4, 5, 10-13, 15-17].
For the numerical solution of FDEs, a great variety of collocation methods is
available: spectral collocation methods [6, 44], collocation methods based on
cubic B-spline wavelets [27], Chebyshev collocation methods [25], collocation
methods based on polynomial splines [3, 33-36, 40]. In the present paper, we
focus our attention on the last class of methods. Spline collocation methods were
applied to FDEs for the first time by Blank [3]. Later on Rawashdeh extended
these methods to fractional integro-differential equations [40]. More recently,
Pedas and Tamme made an in-depth study of spline collocation methods for
FDEs [33-36]. They proved that such methods have high order of convergence
when a suitable graded mesh is adopted. Our aim is to complete the theoretical
analysis, by studying the stability properties and by deriving some practical
formulas useful to apply the method.

There is a vast amount of literature on the stability of numerical methods for
FDEs, as for example [22] for predictor-corrector methods, [20, 23] for product
integration and for fractional linear multistep methods, [7, 8] for time-splitting
schemes. In most cases, the analysis has been inspired by the work of Lubich [28]
on the stability of convolution quadrature methods for Abel-Volterra integral
equations (Abel-VIEs). The application of a numerical method to the linear
test equation gives rise to a difference equation of unbounded order. Lubich

analyzed the asymptotic behavior of its solution by formal power series. In our



investigation, we consider as a starting point the work by Blank on stability of
collocation methods for Abel-VIEs [1, 2], once again inspired by [28].

The paper is structured as follows. Sections 2 and 3 illustrate spline colloca-

tion methods introduced in [35] and some practical formulas for their applica-

s tion. In Sec. 4 we recall stability analysis results of spline collocation methods

for Abel-VIEs and then analyze linear stability of analogous methods for FDEs.

In Sec. 5 we show several stability regions. Some numerical experiments on lin-

ear and nonlinear problems are provided in Sec. 6. Last section contains some

concluding remarks.

so 2. Spline collocation methods

In this section we illustrate spline collocation methods proposed and ana-
lyzed by Pedas and Tamme in [35]. These methods were already introduced in
[5] for linear Volterra integro-differential equations with weakly singular kernels.
In the context of FDEs, we will use this equivalent formulation of initial value

problem (1.1)

= (1 Q). (2.1)
where z = D%y,
(Jo2)(t) = ﬁ /0 (t— )2 1z(s)ds, t>0, (2.2)
[a]—1 v
an =y L 23)
i=0

[a]] being the least integer not less than «. Then the solution of (1.1) is
y=J%+Q. (2.4)
Let In ={0=1ty <--- <ty = b} be a mesh on [0,b], with
hj=tj—tj-1, oj=l[tj-1,4;, j=1,...,N,

Spline collocation methods introduced in [35] approximate the solution of (2.1)

by a function v belonging to the space of piecewise polynomial functions S ,(;1) (In):



SN = {0ty €meng =1 N, 29

where 7, is the space of algebraic polynomials of degree not exceeding k. There-
fore v € S,i_l)(l ~) may have jump discontinuities at the mesh points. Then,

the approximated solution of equation (1.1) is:
yn = J%% + Q. (2.6)
Let us consider the set of collocation abscissae
0<ci<ea<--<ep<l, (2.7)
and the collocation points
tik =tj—1+cphy, k=1,....m,j=1,...,N. (2.8)

Spline collocation methods approximate the solution of (2.1) as the piecewise
polynomial v € S,(n__li(I ~) with

m

N
v(t) =Y Y anLi(t), te0.b], (2.9)

I=1 k=1
where zji, = v(t;r). For t & [ti—1,t], Lix(t) = 0, while for ¢ € [t;—1,%], Lix(t) is
the k—th Lagrange fundamental polynomial with respect to the nodes {t | & =
1,...,m}. Function v(t) satisfies equation (2.1) at the collocation points (2.8),

ie. zj1,...,%jm, satisfy the nonlinear system
zjk = [ (tjk, (J*0) (k) + Q) k=1,...,m, (2.10)

forall j=1,...,N.
The order of convergence of the method depends both on smoothness of the
analytical solution of (1.1) and on the mesh of points. In particular, a graded

mesh may be adopted, i.e.:

i\ .
tj=b<N), j=0,...,N, (2.11)

with a grading exponent r € R, r > 1. Theorem 4.1 of [35] states that, if
hypotheses of Th. 1.1 are fulfilled with ¢ = m and v € [1 —«, 1) and under other
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suitable assumptions, the spline collocation method with graded mesh (2.11)
converges and

||yN - y”oo < CEN(m,V,T),

where C' > 0 does not depend on N and

N2, if1<r< {2,
En(m,v,r)=q N-™(1+logN), ifr={% =1, (2.12)
N—™ ifr=:">1orr> 2.

The accuracy of collocation methods may be further improved when collocation
parameters cq, ..., ¢, are nodes of the Gaussian quadrature rule. In this case,
the error may even decrease as N~ if 0 < a < m, or as N72™ if o > m.

For details, refer to [35, Lemma 4.1].

Remark 1. We observe that, especially for large values of 7, first intervals may
be quite small, which may lead to significant round off errors. This phenomenon,
well known for Volterra integral equations with weakly singular kernel (compare,
e.g. [9, 21, 41] and references therein), it has been pointed out also for fractional
integro-differential equations [29]. To overcome this problem, some strategies
are available. Here we mention an hybrid collocation approach [9, 29] and
some methods based on a regularization of the problem to avoid the lack of
smoothness of the solution at the origin [21, 37, 41]. In the numerical tests
provided below, we had no problems caused by round off errors and we did not
applied any strategy, however we underline that such phenomena may happen

in some cases.

3. Derivation of practical formulas

Spline collocation method (2.9)-(2.10) requires the computation of fractional
integrals of polynomials and a suitable matrix formulation. Although similar
formulas may be found in many books and papers (cfr. for instance [19, 27]),

we explicitly derive these formulas to make the paper self-consistent.



Let consider the nonlinear system (2.10). By replacing v(t) with right-hand
side of (2.9), we obtain

N m
zjk = f (tjkaz Z(JQLIH)(tjk)Zlu + Q(tjk)> , k=1,...,m. (3.1)

=1 p=1

Since (J*Ly,)(tjx) = 0 for I > j, the system (3.1) becomes

zjk = f (tjkv D (T¥Ly) ()2 + i > T L)tz + Q(%’k)) , (3:2)

pn=1 =1 p=1
k=1,...,m. Now we show how to compute the fractional integrals appearing
in (3.2). We first consider

1

(JLju) (LK) = o) /O jk(tjk — 5)* L, (s) ds. (3.3)

Since L;,(t) = 0 for t ¢ [t;_1,t;] the integral in (3.3) becomes:

ULy t) = < [ )® 1172[—87% d
T 7 F(Oé) ti1 7 =1 tj/_L — tji
1
By change of variable s = t;_; + Th; we obtain:

(L)t = g7t /( — )l (r) dr,

where ¢, (7) are the Lagrange polynomials

m

T — ¢
eun(m) =11 - (3.4)
=1 Cn i
F

By writing Lagrange polynomials in the form:

m—1
pu(m) =Y a7, u=1,....m, (3.5)
v=0
we get:
m—1 1 Ck
a—1_v
(JaLjy,)(tjk) = hj‘?‘ Mz:% a(yﬂ)r(a) /0 (ck —7) v dr.

The following equality

1 i a—1 v _ vt F(1+V)
F(a)/()<t_8) S s = T )



leads to
m—1

I'l+v)
L. a (r) V+Oé .
(J2Lju)(tjk) = hj Za T1+v+a)

Secondly, we compute the fractlonal integral

1 Lik _ ,
(,]aLlﬂ)(tjk) = m/ (tjk — S)a 1L1M(8)d8, l= 1, ey ] — 1.
0

Since Ly, (s) =0 for s ¢ [t;—1,¢], the previous integral reduces to:

t
F(a) Jtiq

By change of variable s = t;_; + 7h; and by (3.5), it follows

1 . C — a—1
(JaLlu)(tj ) (1 )ha/ (tjl + khj fl 1 —T> QD#(T) dr

hl

(J* L) (tjk) = (tik — 8)* 'Ly (s)ds.

(3.6)

1 m—1 _ a—1
__F haz (u)/ (9 1+Ckh fia —7-> TVdr.

By employing

1
1
/ (d—7)*"1rvdr = d¥T*B <E’ 1+v, a) ,
0

where B(z;a,b) stands for the incomplete Beta function:

B(z;a,b) := / o 11 —0)"1do,
0

we obtain

(J* L) (tjk) =

m—1 v+ao
1 ti—1+ephy — - h
E : (n) j—1 klty -1 B 1 1
()" 2= < hy > (tj1+0khj —tia +V’a)'

v=0

(3.7)

Expressions (3.6) and (3.7) become practical formulas if an explicit expres-

sion of the coefficients aw )4

is available or an algorithm for their computation

is provided. This task can be easily addressed. By evaluating (3.5) in the

collocation abscissae, we obtain the following linear system of dimension m:

Va(”)ze,“ p=1,...,m,
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[aél-t) (/J)

.,a,” 4] Here, V is the Vandermonde matrix

in the unknown a® =
corresponding to abscissae cy,...,cn and e, is the p-th vector of canonical

basis. Thus, we could also write
A=VI,

where the p-th column of matrix A is a® and I is the identity matrix of
dimension m. The bad conditioning of the Vandermonde matrix should not

dramatically affect the accuracy, since m has usually a small value.

(r)

An alternative procedure may be adopted to compute a,;’, which does not

involve the solution of a Vandermonde system. It is well known that if u and

v are vectors of polynomial coefficients, convolving them is equivalent to multi-

(w)

plying the two polynomials. Thus, coefficients a;;’ can be derived by iteratively

computing the convolution products of vectors [&, — l, i =1,...,m,
—Ci Cp—C

1 # p (cfr. (3.4)). This procedure may be realized by Matlab routine conv.
From (3.6) and (3.7), by defining the matrices

A= (Akﬂ) c Rmxm, E[l7j] — (El[cl;f]) c Rmxm,

with
m—1
Z a(u) u+a 1 + V)
Frl+v+a)
m—1 v+a
gl () (tizrteehy =ty B u 1+«
Ei T(a) Z < hy ti—1 +exhy —ti—q’ )

spline collocation method (3.2) can be written in matrix form

j—1
z;=f ( i b Az + Zh?E[l’ﬂzl i q\,») , (3.8)
=1
j=1,2,..., N, where
Zj1 tj1 Q(tj1)
Zjm tﬁn Q(tjm)
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and, for v € R™,
f (i1 v)
f(tj,v) = :

f (tjma 77m)
4. Numerical stability of spline collocation methods

The study of stability of spline collocation methods for FDEs relies on the
stability analysis of analogous methods for Abel-VIEs. Therefore, we prior
summarize some important results on the stability of spline collocation methods
for Abel-VIEs, obtained by Luise Blank in [2].

The basic linear test equation for Abel-VIEs is

)+ A / i(s)ds, >0, (4.1)

If g is continuous on [0,00[ and possesses a finite limit for ¢ — oo, then

lim; o 9(t) = 0 when the parameter \ satisfies the condition
|arg( ) —7| < (1 + a)m. (4.2)

Let consider the uniform mesh ¢, = nh, n > 0, h > 0, the set of collocation
parameters 0 < ¢y < -+ - < ¢, < 1 and the set of collocation points t,,; = t,+ch,
I =1,...,m. The spline collocation method for Abel-VIEs illustrated in [2]
approximates the solution of (4.1) by a suitable piecewise polynomial u(t). The

sequence uj = (u(t;1),. u(tj7n))T, j > 1, satisfies the recurrence relation:

Mmk

uj =AY W + g, j=>1, (4.3)

=1

where g5 = (g(tj1), ..., 9( Jm)) W; = (0;(ck,cu)), kypp=1,...,m, and
Ck ~
Wo(ck, ) = / (cx — o) “pu(o)do,
0

1
QI}]‘(C]C,C#) = /(; (j +cp — U)_agﬁu(g)dg, j > 1.

¢y is the p-th Lagrange polynomial corresponding to the collocation parameters

(compare (3.4)).

10
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The region of stability R of the spline collocation method for Abel-VIEs
consists of all z = Ah'~® € C, for which the numerical solution tlim u(t) =0,
— 00

whenever tlim g(t) = const. In [2] Blank proved that
—oc
R =

C\ {S\hl& !

- is an eigenvalue of W (¢) for a ¢ € C with |¢] < 1 } , (4.4)

)\hl—&

[ee]
where W (£) is the formal power series TV (€) = Z W,em.
=0

Now we can proceed with the study of numerical stability of spline collocation
methods for FDEs introduced in [35]. The basic linear test equation for FDEs
is

Dey(t) = Ay(t), t=>0,

(4.5)
y(o) = Yo,
where 0 < a < 1. The exact solution of (4.5) is y(t) = Eo(At*)yo, where
-t . . .
Eq(t) = kzzom (19, 20, 39]. Thus tl—lglo y(t) = 0 if and only if A € 3,
where [8, 23]
«
Sa = {s €C:|arg(s)| > Eﬁ}. (4.6)

The study of numerical stability of collocation methods will be carried out in
a fixed stepsize framework (compare [2]). Thus, hereinafter, we set h; = h, for
all j. For an extension to nonuniform stepsize see Remark 3 at the end of this
section.

In the following theorem, we define
C
wo(ck, cp) = / (e, — 0)* o, (0)da,
0

1
wj(ck, cp) :/ (G+c,—0)* tpu(o)do, j>1,
0
where ¢,, are the Lagrange polynomials (3.4).

Theorem 4.1. Spline collocation method (2.9)-(2.10) applied to the linear test

equation (4.5) gives rise to the recurrence relation

Ao .
z; F(a);Wj_lzl—H/oe, ji>1, (4.7)

11
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where z; = (

1,...,m.

PROOF. By applying method (2.9)-(2.10) to eq. (4.5), with fixed stepsize h, we

obtain
j—1 m
zj = )\ZZ]”(J L) (k) + XY 0> 2, (J*Li) (k) + Ao, (4.8)
n=1 =1 p=1

kE=1,...,m, j > 1. From (2.2) we have

(P Li)t) = g | (=97 Lyl s,

By observing that L;,(t) = 0 outside the interval [t;_q,t;] and by the change

of variable s = t;_1 4+ oh, we get

ha
(J*Lj)(t )/ o, (o) do = mwo(ck,cu).
Analogously, we obtain
hO{
(J L) (Es) = / (5= 1+ e =) 0,(0) do = Fswyifen.).

By substituting the last two expressions in (4.8) and by dividing left- and right-
hand side by A, the thesis follows.

Definition 2. The stability region of method (2.9)-(2.10) is defined as the set

R:{)\hQEC

i z; =0 } ’
where z; satisfies (4.7).

The method is said A(a%)-stable when R includes 3, defined in (4.6). We
will also define an A(#)-stable method if R D {s € C: |arg(s)| > 0}.

The following theorem characterizes the stability region R.
Theorem 4.2. The region of stability of method (2.9)-(2.10) is given by

1
—— is an eigenvalue of W)

Ahe I(a)

R =C\ {Ah“

for a & € C with |£] < 1}
(4.9)

(oo}
where W (&) is the formal power series W (§) = Z WLE™.
n=0

12
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PROOF. By setting & = 1—a, matrices W} in (4.7) coincide with matrices W; in
(4.3). If we further set A = A/I'(a) and g(t) = yo, recurrence relations (4.3) and
(4.7) are equal. As a consequence, the region of stability of method (2.9)-(2.10)
is

R= {I‘(a)z |z € 7@} . (4.10)
Therefore, the thesis follows from (4.4).

Remark 2. Since I'(a) > 1 for a € (0,1), if R is bounded, R is larger than R.
Otherwise, if R is unbounded, R is smaller than R, but still unbounded.

We observe that the coefficients of W () have a radius of convergence 1,

but for & = 1 the series is not absolutely convergent. Thus, in Th. 4.2, the
w()
[(e)

. In order to compute such cigenvalues, we consider, as in [2],

W)

the similarity transformation B mB_l, where
e

eigenvalues of should be interpreted as the limit for & — 1 of the eigen-

values of

InL—l - eLT e

, B'= , (4.11)

—LT 1

with L := (Ly, ... =(1...1)T e R™ ! and

1
Luz/ pu(r)dr, p=1,...,m.
0

m
To compute B!, one has to take into account that Z L,=1
p=1
The following result will be useful to construct stability regions.

Theorem 4.3.
1 W(1)

VT s not an eigenvalue of o)

ﬁ is not an eigenvalue of A(1) and Ah® # 0,

where A(&) is the matriz composed by the first m — 1 lines and the first m — 1
w()

columns of the matric B———-B~' and has coefficient sequences in (.

I(«)

13
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PRrROOF. The proofs follows the lines of analogous results presented in [2].

Remark 3. The analysis of stability has been carried out in a fixed stepsize
framework. However, it may deliver guidance on the number of mesh points N
to choose when a graded mesh is adopted, too. In particular, we recommend to
take N such that hy,qe < h, where Ah® € R. Eq. (2.11) leads to

N -1

Pmaz = hny =b—1b <T> , (4.12)
therefore the following limitation for N holds:
A\
N>[(1-(1-—+
()

The effect of this choice will be shown in the numerical tests.

5. Stability regions

In this section we construct several stability regions of spline collocation
methods. They have been numerically derived by exploiting the property, de-
scribed in [2]:

OR C {% € Clz is an eigenvalue of ?‘/(Ef)) for a & with |¢| = 1} . (5.1)

There may be some curves defined in the right-hand side of (5.1) which do not
belong to OR. Such curves can be excluded by plotting

W()
()

1
{— € CJz is an eigenvalue of , for a & with |¢] =1 — E}
z

with small €.

To construct the boundaries of the stability regions, we approximate the
infinite series with Z;io W;&9 for € # 1, and with Zjv:o BW;B~1¢ for € =1,
where B has been defined in (4.11). We fix N = 1000. Moreover we express &
as £ = e, with 500-equally spaced angles w in [0, 27].

Figures 5.1-5.4 show the stability regions of many spline collocation meth-
ods. Unless otherwise specified, we mean collocation methods for FDEs. When

present, the dashed lines represent the boundaries of the region 3, (4.6).

14



c=0, a=0.5 ) c=0.5, a:Q.5

2 . 2 .
— RL —R!
1 —R' 1 —R!
S <
E® E®
-4 -
2 -2
-2 0 2 4 -2 0 2 4
Re(() Re(()

Figure 5.1: Regions of stability of spline collocation methods with m = 1 for FDEs (R') and
for Abel-VIEs with & = 1 — o (R!). On the left, the stability regions lie within the plotted
curves, while on the right they lie outside the boundaries. { = Ah?® for FDEs, while { = Ah1—@&
for Abel-VIEs.

c=0 c=0.5
2 2 I
a=0.1 3;0'2
1 — a=0.2 1 =03
a=0.3 ———— 004
< a=0.4 < =05
e 0 — a=0.5 e 0
- — =0.6 -
_1 — a=0.7 _1
-2 -2
-2 0 2 4 -2 0 2 4
Re(¢) Re(¢)

Figure 5.2: Regions of stability of method (2.9)-(2.10), with m = 1. ¢ = Ah®. On the left,
c=0and a =0.1,0.2,...,0.7; the stability regions lie within the plotted curves and the curves
intersect the negative axis in decreasing values. On the right, ¢ = 0.5 and « = 0.1,0.2,...,0.5;
the stability regions lie outside the plotted curves and the curves intersect the positive axis in

increasing values.
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Figure 5.3: Regions of stability of method (2.9)-(2.10), with m = 1 and o = 0.25. { = Ah®.
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Figure 5.4: Regions of stability of method (2.9)-(2.10), with m = 2. ¢ = Ah®. On the top

a = 0.1, at the bottom o = 0.5. In both lines, on the left ¢ = [0,0.5], in the middle ¢ = [0.5, 1],

on the right ¢ = [%]
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In Fig. 5.1 we compare the stability regions of spline collocation methods
for Abel-VIEs and for FDEs. This figure confirms observations of Remark 2
and shows as, with suitable choices of ¢, it is possible to obtain A(a%)-stable
methods.

In Figures 5.2 we fix the collocation abscissa, namely ¢ = 0 on the left and
¢ = 0.5 on the right, and let o vary in [0,1]. For ¢ = 0 and a = 0.1,...,0.9
collocation methods have all bounded stability regions. For ¢ = 0.5, collocation
methods are A (ag)—s‘uable for a = 0.1,...,0.8, while they have a bounded
stability region for v = 0.9.

In Fig. 5.3 we fix a = 0.25 and let ¢ vary in [0,1]. The regions of stability
increase monotonically with respect to c¢. In particular, collocation methods
are A(ag)-stable for ¢ = 0.4,...,1, A(f)-stable for ¢ = 0.1,0.2,0.3, while the
stability region is bounded for ¢ = 0.

Fig. 5.4 illustrates the regions of stability of some spline collocation methods
with m = 2, for @ = 0.1 and @ = 0.5. In both cases, collocation methods are
A (a)-stable for ¢ = [0.5,1] and for ¢ = [%ﬂ, while they have a bounded
stability region when ¢ = [0,0.5].

We notice that the superconvergent method with m = 1 has ¢ = 0.5 as
collocation abscissa, while the superconvergent method with m = 2 has ¢ =
[%@] When a = 0.1 and a = 0.5, they are both A (oz%)-stable7 as showed in
Figures 5.2 and 5.4 .

6. Numerical experiments

Here we illustrate numerical experiments carried out on a selection of test

equations. We measure the errors as the absolute error
error(t) = [y(t) —yn(t),  t€10,0],

and the relative error

maxyn—o,...,N |y<tn) - yN(tn)|

Erel —
> max,—o,...,~N |yY(tn)]

)
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where y(t) is the analytical solution where available, otherwise it is replaced by

a reference solution, and yy(¢) is defined in (2.6).

Example 6.1. Basic test equation

The first problem is the basic test equation (4.5) with o = 0.5, A = =10, yo =1
and b = 20. This problem fulfills hypotheses of Th. 1.1 with v = 0.5 and arbitrary
q € N. Therefore method (2.9)-(2.10) with m = 2 and arbitrary abscissae has
error |lyn — Ylloo < O(N™™) when the grading exponent r > 4 (cfr. (2.12)).

Ifm =2 and c = {Bifi\/g] the method is superconvergent and |[yn — Yoo <
O(N—™=), forr > 2.5 (cfr.[35, Th. 4.2]).

We consider method (2.9)-(2.10) with m = 2 and ¢ = [0,0.5], which has a
bounded stability region, as showed in Fig. 5.4. If we apply this method with
h = 0.02, Ah® =~ —1.4142 lies inside the stability region, while if we consider
h =0.04, Ah® = —2 lies outside the stability region. As expected, the numerical
solution exhibits instability for h = 0.04, see on the top of Fig. 6.1.

In the case of graded meshes, we show as limitation (4.12) illustrated in
Remark 3, is useful to avoid instabilities. As a matter of fact, when h,,q, =~ 0.02
the numerical solution behaves as the exact one, while when hy,,, =~ 0.04 an
unstable behaviour is observed, see at the bottom of Fig. 6.1. In Fig. 6.2 we
compare the absolute errors of spline collocation method with fixed stepsize
h = 0.02 and graded mesh with h,,q; =~ 0.02: as expected the error is smaller
when the graded mesh is adopted.

In the second set of experiments, we solve the basic test equation (4.5) with
a = 0.5, A =—1000, yo = 1 and b = 20. We consider the superconvergent spline
collocation method with m = 2, which has abscissae ¢ = [%] This method
is A(a%)-stable, as showed in Fig. 5.4. In fact, even with large stepsize i = 0.1

and Amqe =~ 0.1, no instability arises, see Fig. 6.3.

Example 6.2. Nonlinear fractional differential equation

The second problem is borrowed from [7]
Doy(t) =Xy +py(L—y*) +g(t), t€ (0,8,  y(0)=yo, (6.1)

18
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Figure 6.1: Numerical solution (dashed line) and exact solution (solid line) for test problem

(4.5) with « = 0.5, A = 10, yo = 1 and b = 20. m = 2 and ¢ = [0,0.5]. On the top the stepsize

is fixed, while at the bottom a graded mesh is adopted, with » = 4. There is a logarithmic

scale on the y-axis.

Error

1070 ‘ ‘

Figure 6.2: Errors of the collocation solution with m = 2 and ¢ = [0,0.5] for test problem

(4.5) with @ = 0.5, A = —10, yo = 1 and b = 20. Solid line: fixed stepsize h = 0.2; dashed

line: graded mesh with » =4 and hmae = 0.02. There is a logarithmic scale on the y-axis.
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Figure 6.3: Numerical solution (dashed line) and exact solution (solid line) for test problem
(4.5) with @ = 0.5, A = —1000, yo = L and b = 20. m = 2 and ¢ = [%] On the left
the stepsize is fixed, on the right a graded mesh is used, with » = 2.5. There is a logarithmic

scale on the y-axis.

with o =0.15, A= -3, p=10.8, b =8 and yg = 2.
6
e Case I g(t) is chosen such that the solution of (6.1) is y(t) = yo +Z (AL
k=1
with o, = ka, k=1,...,5, and 06 =2+ a.
e Case II. g(t) =0. The analytical solution is not known, thus for compari-

son we consider as reference solution the one obtained by applying method

(2.9)-(2.10) with N = b/27°,

In both cases, f(t,y) fulfills assumptions of Th. 1.1 with v =1 — a = 0.85 and
arbitrary ¢ € N. If we apply method (2.9)-(2.10) with m = 2 and arbitrary
abscissae, the method is convergent of order O(N~™) when the grading expo-
nent r > 1.3. If m = 2 and collocation abscissae ¢ = [%], the method is
superconvergent of order O(N~("+%)) when the grading exponent r > 7.16.
We solve problem (6.1) by method (2.9)-(2.10) with m = 2 and hyya, such
that (4.12) holds. The results obtained with collocation abscissae ¢ = [3i6 3}
are listed in Table 1. If we choose ¢ = [0,0.5], for the same choices of N, the

numerical solution blows up.

7. Conclusions

We considered spline collocation methods for FDEs introduced in [35]. We

reformulated the method by computing the fractional integrals and deriving a
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Table 1: Relative error ELS! of collocation method with m = 2, ¢ = [3i6‘/§] and r = 7.17 on

Example 6.2.
‘ N ‘ Rmax H CaseI‘ Case II‘

b/27% | 0.4375 || 2.71E-04 | 2.50E-05
b/27% | 0.2214 || 6.28E-05 | 5.02E-06
b/27% | 0.1114 || 1.43E-05 | 1.76E-06
b/277 | 0.0558 || 3.25E-06 | 4.96E-07

matrix formulation. We analyzed the stability properties in a fixed stepsize
framework, by exploiting the results on numerical stability of spline collocation
methods for Abel-VIEs. We constructed several stability regions and found
A(a%)-stable methods. Numerical experiments on significant test problems
confirmed theoretical expectations and showed the usefulness of stability results

also on nonlinear test problems and on graded meshes.
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