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Abstract

In this work we derive NonStandard Finite Differences (NSFDs) [1, 35] numerical schemes to solve
a model consisting of reaction-diffusion Partial Differential Equations (PDEs) that describes the co-
existence of plant species in arid environments [21]. The new methods are constructed by exploiting
a-priori known properties of the exact solution, such as positivity and oscillating behavior in space.
Furthermore, we extend the definition of NSFDs inspired by the Time-Accurate and High-Stable Ex-
plicit (TASE) methodology [2], also exploring the existing connections between nonstandard methods
and the Exponential-Fitting (EF) [28, 29] technique.

Several numerical tests are performed to highlight the best properties of the new NSFDs methods
compared to the related standard ones. In fact, at the same cost, the former are much more stable
than the latter, and unlike them preserve all the most important features of the model.

Keywords: Nonstandard finite differences, exponential fitting, TASE technique, stable numerical
methods, reaction-diffusion partial differential equations.

1. Introduction

Models of differential equations that represent chemical, physical, biological and other types of
phenomena are increasingly frequent in the scientific literature. Providing analytical solutions of
such models is not often possible, and therefore the use of numerical methods becomes necessary.
Furthermore, it may happen that qualitative characteristics of the exact solution of the analyzed model
are a-priori known. For example, epidemiological models [8, 22, 23, 46] that represent the evolution
over time of quantities of individuals cannot produce negative solutions. Or, chemical models that
represent reactions that are periodically in a given state [5, 6, 7] must produce oscillating solutions.
Therefore, the choice of the method must be weighted, as there is a risk, otherwise, of calculating an
uncoherent numerical solution for the considered model.

In this paper, we focus on the numerical solution of a reaction-diffusion Partial Differential Equation
(PDE) model [21] describing the evolution of vegetation in arid environments, building new explicit
and stable methods able to preserve all its main features. The mentioned PDE system is the following:

∂u1

∂t
=
∂2u1

∂x2
+ wu1(u1 +Hu2)−B1u1 − Su1u2,

∂u2

∂t
= D

∂2u2

∂x2
+Gwu2(u1 +Hu2)−B2u2,

∂w

∂t
= d

∂2w

∂x2
+A− w − w(u1 + u2)(u1 +Hu2),

(x, t) ∈ Ω := [x0, X]× [t0, T ]. (1.1)
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Here, A, B1, B2, d, D, G, H and S are positive parameters.
The functions u1 and u2 represent the density of two different types of plants. For example, u1

can indicate a grass species and u2 a tree species. Finally, w is the amount of water available at a
given time and spatial point of the domain. This model allows to understand how the coexistence of
both species occurs as the amount of water varies. It can be proved [21] that coexistence is only a
transient solution of the system, since after a considerable period of time one between u1 and u2 goes
to zero. Therefore, coexistence can be regarded as a metastable solution. Trivially, all the functions of
the system are non-negative at each point of the domain. Moreover, as long as the two species coexist,
u1, u2 and w oscillate in space with constant frequency [21]. Hence, we are interested in developing
numerical methods which preserve these characteristics and of course the metastability.

To build the new methods, we combine NonStandard Finite Differences (NSFDs) [1, 35] and Time-
Accurate and High-Stable Explicit (TASE) [2, 9] techniques. The latter can be applied to improve
the stability properties of numerical methods. The NSFDs are usually used to make the numerical
solution able to preserve the main properties of the exact one. There is a close connection between
these two techniques, and in fact in this paper we give an extended definition of NSFDs inspired by
TASE methodology, showing that in this way we obtain nonstandard methods with excellent stability
properties.

The TASE technique [2, 9] has been recently introduced. It leads to improving the stability prop-
erties of explicit numerical methods through an appropriate modification of the differential problem
to solve. The NSFDs, on the other hand, are an alternative technique to Standard Finite Differences
(SFDs) for the discretization of differential equations. They consist in modifying the coefficients of
explicit SFDs methods in order to adapt them to the considered model and its known properties
[1, 35]. The fundamental thing is that NSFDs methods are still explicit, and therefore they do not
involve significant additional computational costs compared to the related SFDs schemes. Most of
the existing work in the literature on NSFDs [15, 31, 40, 41] is aimed at preserving the positivity
[10, 34] and equilibrium points properties [38, 39] of a physical system. In this paper, we show that it
is also possible to preserve the oscillating trend, if any, of the solution of a model by incorporating the
Exponential-Fitting (EF) technique into the NSFDs.

Indeed, the EF technique [28, 29] allows to construct highly accurate numerical methods for dif-
ferential problems having oscillating solutions with known constant frequency. The EF consists in
fixing a basis of functions, called fitting space, imposing that the numerical solution determined by the
considered method is exact on it. This leads to new method coefficients dependent on the oscillation
frequency. In the literature, there are several works on EF-based Runge-Kutta [11, 16, 18, 19, 44] and
peer [12, 13, 14] methods. The exponentially fitted methods result more accurate than the relative
classical ones when the functions of the fitting space well mimic the trend of the solution, and when
the oscillation frequency is very high. In this work we assume that the frequency is known, estimating
it by means of a reference solution. Several techniques are available from the literature to numerically
estimate the frequency related to the solution of some problems when unknown [20, 42, 43]. However,
to our knowledge, there are no manuscripts focusing on the application of EF methods with a-priori
estimation of the frequency, when the problem to solve consists of non-linear PDEs with oscillating in
space solution, like the one analyzed there.

Therefore, in this paper, in addition to showing how, starting from an explicit SFDs method, it is
possible to construct much more stable NSFDs methods, able to preserve the positivity and oscillations
of the considered model, we extend the classic definition of NSFDs inspired by TASE technique, also
showing that EF methods can be interpreted as particular nonstandard schemes. Therefore, from now
on, the NSFDs can be used both to obtain methods with optimal stability properties, and to preserve
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the oscillating trend, if any, of the analyzed problem.
This work is organized as follows. In Section 2 we describe the NSFDs, extending the related

definition. In Section 3 we show that the application of the EF technique can be interpreted as a
special case of the use of nonstandard discretizations. In Section 4 we apply the extended NSFDs
definition to derive stable nonstandard methods for the model (1.1), which are also able to follow its
oscillating trend. In Section 5 we further modify the previously derived NSFDs schemes to preserve the
positivity of the exact solution. In Section 6 we highlight through numerical tests the advantages of
the new proposed NSFDs methods. Finally, in Section 7, we discuss the obtained results and possible
future research.

2. Nonstandard finite differences and TASE technique

In this section, we give the definition of NSFDs numerical methods, then extending it inspired by
TASE methodology. Let us consider an Ordinary Differential Equation (ODE) system of the following
form: 

dy

dt
= F

(
t, y(t)

)
,

y(t0) = y0,
t ∈ [t0, T ], y : [t0, T ]→ Rd, F : [t0, T ]× Rd → Rd. (2.1)

To numerically solve this problem, we fix the discrete grid {tn = t0+n∆t, n = 0, ..., N, tN = T}, then
determining approximations yn of y(tn) at all mesh points. The simplest classical explicit numerical
scheme that can be used for the solution of the ODE system (2.1) is Euler method:

yn+1 − yn = ∆tF (tn, yn). (2.2)

It is based on the following approximation of the first derivative at t = tn:

dy

dt
(tn) ≈ yn+1 − yn

∆t
. (2.3)

Starting from classic explicit schemes, it is possible to derive the related NSFDs methods.

Definition 1. [1, 35] Consider an explicit SFDs numerical method for solving the ODE system (2.1).
By making at least one of the following changes, it is possible to obtain a related NSFDs method.

• In the approximation of y′(t) at t = tn in the formula (2.3), the discretization step-size ∆t is
replaced by a non-negative scalar function ϕ(∆t), which approaches ∆t when ∆t is close to zero,
i.e. it holds that ϕ(∆t) = ∆t+O(∆t2), for ∆t→ 0, giving rise to

dy

dt
(tn) ≈ yn+1 − yn

ϕ(∆t)
.

• The function F is non-locally modified, i.e. some of its terms can be reshaped using different grid
points. For example, terms such as y2 can be approximated with ay2

n + (1 − a)yn+1yn, a ∈ R,
instead of y2

n.

For higher order ODEs, standard numerical methods are based on the approximation of order
m derivatives by means of SFDs involving the powers ∆tm. In these cases the first property of
Definition 1 can be generalized by replacing ∆tm by a non-negative scalar function ϕ(∆t), such that
ϕ(∆t) = ∆tm + O(∆tm+1), for ∆t→ 0. The mentioned properties allow to obtain consistent NSFDs
methods with the problem to solve, as we will see in next sections.
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Remark 1. The described approach can be naturally generalized to finite difference methods for PDEs,
also discretizing the spatial derivatives of order m by means of NSFDs involving a non-negative scalar
function φ(∆x) such that φ(∆x) = ∆xm +O(∆xm+1), for ∆x→ 0, instead of the power ∆xm, where
∆x is the discretization step-size in space.

The NSFDs methods are used to preserve the known features of the analyzed model, such as the
positivity or equilibrium points properties. Generally, nonstandard methods are more stable than the
relative SFDs schemes. The TASE methodology [2, 9] constitutes an alternative technique that leads
to an improvement of the stability of explicit methods. It foresees the numerical solution of the system
(2.1) through the following steps.

Firstly, the function F of the system (2.1) is pre-multiplied by a suitably chosen linear operator
T (∆t) ∈ L(Rd,Rd) approximating the identity, i.e.

T (∆t) = Id +O(∆tp), for ∆t→ 0, Id = Identity matrix of order d, (2.4)

thus obtaining the modified ODE system
du

dt
= T (∆t)F

(
t, u(t)

)
,

u(t0) = y0.
(2.5)

Property (2.4) guarantees that the exact solution u(t) of the problem (2.5) satisfies for some norm

||u(t)− y(t)|| = O(∆tp). (2.6)

Subsequently, an explicit method of order p is applied to the modified system (2.5). Appropriate
choices of the explicit method and the function T (∆t) allow for the construction of highly stable
numerical schemes. Furthermore, thanks to the equality (2.6), the numerical solution of the modified
problem (2.5) turns out to be an order p approximation of that of the original system (2.1). The overall
numerical integration scheme obtained in this way generally involves inversions of matrices dependent
on the Jacobian of F at each time step [2, 9].

Note that the idea of TASE technique is similar to that of the NSFDs. In fact, consider for example
the following nonstandard Euler method obtained through the first property of Definition 1:

yn+1 − yn = ϕ(∆t)f(tn, yn), ϕ(∆t) = ∆t+O(∆t2). (2.7)

The numerical solution of the original system (2.1) computed by applying the method (2.7) corresponds
to the numerical solution of the modified problem (2.5) using

T (∆t) =
ϕ(∆t)

∆t
Id,

by means of explicit Euler (2.2). Observe that T (∆t) = Id + O(∆t). Hence, since explicit Euler has
order one, the function T (∆t) respects the TASE definition. The TASE technique can therefore be
seen as an extension of the first property of NSFDs. The difference between the two techniques lies
in the fact that NSFDs require the use of a scalar function ϕ(∆t), while TASE methodology permits
that T (∆t) can be a matrix function. Therefore, we now extend the first property of NSFDs to allow
the use of non-scalar functions.
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Definition 2. Consider an explicit SFDs numerical method for solving the ODE system (2.1). The
related NSFDs scheme can be obtained by applying at least one of the two rules described in Definition
1 or the following one.

• In the approximation of y′(t) at t = tn in the formula (2.3), the step-size ∆t is ‘replaced’ by a
positive semi-definite matrix function ϕ(∆t) ∈ Rd,d , which approaches Id∆t when ∆t is close to
zero, i.e. it holds that ϕ(∆t) = Id

(
∆t+O(∆t2)

)
, for ∆t→ 0, giving rise to

dy

dt
(tn) ≈ ϕ−1(∆t)(yn+1 − yn).

Obviously, as for Definition 1, we can generalize Definition 2 to derivatives of order greater than
one. In these cases, the powers ∆tm appearing after a standard time discretization can be ‘replaced’
by positive semi-definite matrix functions satisfying ϕ(∆t) = Id

(
∆tm +O(∆tm+1)

)
, for ∆t→ 0.

Note that the definition just given naturally extends the first property of NSFDs to the multidi-
mensional case. In fact, in the scalar case, ϕ(∆t) is a non-negative function that approximates ∆t.
For our extension, ϕ(∆t) can also be a positive semi-definite matrix function that approximates Id∆t.
In deriving the new methods proposed in this paper, we will use Definition 2 assuming that ϕ(∆t) is
also symmetric.

3. Nonstandard finite differences and exponential fitting

In this section, we describe the EF technique, showing that it leads to particular NSFDs methods.
The connection between EF and NSFDs is important, since thanks to it we can improve the accuracy of
nonstandard numerical methods when the solution of the differential problem to solve has an oscillating
character.

In the Introduction, we mentioned that the exact solution of the model (1.1) oscillates in space
with some frequency. Therefore, the application of the EF technique allows to derive the following
very accurate discretization of the spatial second order derivative [17]:

∂2u

∂x2
(x, t) ≈ a0(z)u(x+ ∆x, t) + a1(z)u(x, t) + a2(z)u(x−∆x, t)

∆x2
, z = ω∆x, (3.8)

a0(z) =
−z2

2(cos(z)− 1)
, a1(z) =

z2

cos(z)− 1
, a2(z) =

−z2

2(cos(z)− 1)
. (3.9)

Here, ω is a constant parameter representing the oscillation frequency in space of the exact solution.
The EF coefficients ai(z), i = 1, 2, 3, depend on the oscillation frequency. They are obtained by

annihilating the following linear operator on the fitting space F = {1, sin(ωx), cos(ωx)}:

Lu(x, t) =
∂2u

∂x2
(x, t)− a0(z)u(x+ ∆x, t) + a1(z)u(x, t) + a2(z)u(x−∆x, t)

∆x2
.

This means that, considering t as a constant, the operator Lu(x, t) thus defined is equal to zero if u(x, t)
is a linear combination of the functions of the fitting space. Therefore, the more the exact solution of
the considered model behaves in space like the functions of F, the more the EF technique allows to
reduce the error of the spatial second order derivative discretization. It is possible to generalize the EF
technique even when the solution is characterized by k frequencies ωj , j = 2, ..., k. However, in this case
it is necessary to choose a finite difference formula involving more than three free frequency-dependent
coefficients to be determined [28].

We now show that the finite differences obtained by applying the EF technique are NSFDs methods.
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Proposition 1. The exponentially fitted discretization (3.8) is an NSFDs discretization.

Proof. Using classic SFDs of order two, the spatial second order derivative can be discretized as follows:

∂2u

∂x2
(x, t) ≈ u(x+ ∆x, t)− 2u(x, t) + u(x−∆x, t)

∆x2
.

According to Definition 1 and Remark 1, the related NSFDs discretization can be derived by replacing
∆x2 with a scalar function φ(∆x) such that φ(∆x) = ∆x2 + O(∆x3), for ∆x → 0. Consider the
function

φ(∆x) =
2
(
1− cos(ω∆x)

)
ω2

, (3.10)

where ω is a constant parameter. Obviously, the function φ(∆x) is non-negative. Furthermore, its
Taylor series expansion near zero is

φ(∆x) = ∆x2 − ω2∆x4

12
+
ω4∆x6

360
− ω6∆x8

20160
+O(∆x10) = ∆x2 +O(∆x4). (3.11)

Therefore, the following constitute an NSFDs discretization for the spatial second order derivative:

∂2u

∂x2
(x, t) ≈ u(x+ ∆x, t)− 2u(x, t) + u(x−∆x, t)

φ(∆x)
.

Observe that it exactly corresponds to the exponentially fitted discretization (3.8), with z = ω∆x.
Therefore, the proposition is proved.

The proof just provided allows to conclude that the exponentially fitted discretization obtained by
applying the EF on the fitting space F = {1, sin(ωx), cos(ωx)} is a nonstandard discretization. Con-
sidering different basis functions in F, which can be found in the paper [28], leads to new exponentially
fitted discretizations which are always nonstandard discretizations. To prove this, it is sufficient to
make similar steps to those of Proposition 1.

4. Stable nonstandard numerical methods for the considered model

In this section, we derive two nonstandard methods to solve the model (1.1) by applying the EF
in the spatial semi-discretization as shown in Section 3 and an NSFDs scheme in time by following
Definition 2. We prove that such methods have much better stability properties than the related
standard one.

4.1. Introductory concepts and initial standard discretization

Consider the Dahlquist test equation

y′(t) = λy(t), λ ∈ C, Re(λ) ≤ 0, t ∈ [t0, T ],

and the following numerical methods for its solution:

yn+1 − yn = γ1(∆t)λyn, γ1(∆t) =
eλ∆t − 1

λ
, (4.1)
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yn+1 − yn = γ2(∆t)λyn, γ2(∆t) =
∆t

1− λ∆t
. (4.2)

The Taylor series expansion of the introduced functions γ1(∆t) and γ2(∆t) is, respectively

γ1(∆t) = ∆t+
λ∆t2

2!
+O(∆t3), γ2(∆t) = ∆t+ λ∆t2 +O(∆t3). (4.3)

Doing simple calculations, note that the first considered numerical method (4.1) is exponential
Euler [25] for scalar problems, while the second (4.2) is implicit Euler. These two numerical methods
have excellent stability properties with respect to the SFDs scheme associated with them, that is
explicit Euler. Hence, the use of the functions γi(∆t), i = 1, 2, thus defined instead of ∆t improves the
stability properties of the explicit Euler method. In this section we show how to extend the functions
γ1(∆t) and γ2(∆t) to the multidimensional case obtaining semi-explicit NSFDs schemes, following
Definition 2, with much better stability properties than the related SFDs method, for solving the
problem (1.1). We use the word ‘semi-explicit’ because, as we will see, although the formulation of the
methods suggests that they are linearly implicit schemes, it is possible to calculate offline the matrix
to be inverted at each step, subsequently obtaining the advancing solution as a function of known
quantities. Furthermore, in the next section we will prove that these extended functions also allow to
obtain numerical methods that preserve the positivity of the exact solution of the model (1.1).

Let {tn = t0 + n∆t, n = 0, ..., N, tN = T} and {xj = x0 + j∆x, j = 0, ...,M + 1, xM+1 = X} be
time and space discretizations of the domain. We then apply a spatial semi-discretization of the PDE
system (1.1), using second order classical finite differences for the second order derivatives. From now
on, uj1(t), uj2(t) and wj(t) represent approximations of u1(xj , t), u2(xj , t) and w(xj , t), respectively.
For now, we set homogeneous Dirichlet boundary conditions. The resulting semi-discretized system
can be written in the following form:

dU1

dt
=

1

∆x2
ADiffU1 + F1, F1 = (wjuj1(uj1 +Huj2)−B1u

j
1 − Su

j
1u
j
2)Mj=1 ∈ RM ,

dU2

dt
=

D

∆x2
ADiffU2 + F2, F2 = (Fwjuj2(uj1 +Huj2)−B2u

j
2)Mj=1 ∈ RM ,

dW

dt
=

d

∆x2
ADiffW + F3, F3 =

(
A− wj − wj(uj1 + uj2)(uj1 +Huj2)

)M
j=1
∈ RM .

(4.4)

For simplicity, we have omitted the time dependence of uj1, uj2 and wj . The used notation is

U1 =
(
uj1(t)

)M
j=1
∈ RM , U2 =

(
uj2(t)

)M
j=1
∈ RM , W =

(
wj(t)

)M
j=1
∈ RM ,

dU1

dt
=
(duj1
dt

)M
j=1
∈ RM ,

dU2

dt
=
(duj2
dt

)M
j=1
∈ RM ,

dW

dt
=
(dwj
dt

)M
j=1
∈ RM .

The matrix ADiff obviously contains the spatial semi-discretization coefficients:

ADiff =


−2 1 0 ... 0 0
1 −2 1 0 ... 0

. . .
0 0 ... 0 1 −2

 ∈ RM,M , (4.5)

The semi-discretized system (4.4) can also be expressed in the following more compact form:

dY

dt
= ABY + F,
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Y = (UT1 , U
T
2 ,W

T )T ∈ R3M ,
dY

dt
=
(dU1

dt

T

,
dU2

dt

T

,
dW

dt

T)T
∈ R3M , F = (FT1 , F

T
2 , F

T
3 )T ∈ R3M .

Here, the matrix AB is a block diagonal matrix of the following type:

AB =
1

∆x2

ADiff 0 0
0 DADiff 0
0 0 dADiff

 ∈ R3M,3M . (4.6)

Solving the obtained ODE system with explicit Euler method (2.2) leads to

Yn+1 = (∆tAB + I)Yn + ∆tFn, n = 0, ..., N − 1. (4.7)

Here, I represents the Identity matrix of order 3M , Yn is an approximation of all the components of Y
at t = tn, and the same holds for Fn relative to F . Let us call Standard Euler (SE) the SFDs scheme
(4.7) for the model (1.1).

Now, we prove that the SE method has very strong restrictions on the choice of ∆t so that the
numerical solution does not explode with increasing time. Therefore, it is not unconditionally stable.

Remark 2. To analyze the stability properties of the methods discussed in this paper, we consider
only the linear stiff part of the model (1.1). This procedure is connected to what is usually done for the
stability study of reaction-diffusion PDEs [32]. Here, the modified test equation y′(t) = λy(t) + µy(t)
is considered, where λ is referred to the linear stiff diffusion part of the model and assumes significant
importance, and µ to that of reaction and has little weight. Subsequently, widely used approaches are
of IMplicit-EXplicit type, i.e. the stiff part of the model is solved by means of an implicit method, and
the non-stiff part by means of an explicit one. In this section we derive methods stabilizing the stiff
part of the model, then following a similar strategy.

Proposition 2. The standard scheme Yn+1 = (∆tAB + I)Yn is stable if

∆t < min
(∆x2

2
,

∆x2

2D
,

∆x2

2d

)
. (4.8)

Proof. We have to find the conditions guaranteeing that the spectral radius of the matrix R = ∆tAB+I
is less than one. The matrix R has three diagonal blocks, and each of them is constituted by a
tridiagonal Toeplitz matrix [24] with equal elements on the two codiagonals and all zeros outside them
and the main diagonal. We call (ai, bi), i = 1, 2, 3, the pairs ‘(diagonal element, codiagonal elements)’
of the i-th block:

(a1, b1) =
(
−2

∆t

∆x2
+1,

∆t

∆x2

)
, (a2, b2) =

(
−2D

∆t

∆x2
+1,

D∆t

∆x2

)
, (a3, b3) =

(
−2d

∆t

∆x2
+1,

d∆t

∆x2

)
.

The eigenvalues of R correspond to those of the tridiagonal matrices that form each block. For
Toeplitz matrices of order M of this type, they are [33]

λk = a− 2bcos
( kπ

M + 1

)
, k = 1, ...,M, (4.9)

where a and b represent the diagonal and codiagonals elements, respectively.
In our case, imposing that |λk| < 1 for all the couples (a, b) = (ai, bi), i = 1, 2, 3, is equivalent to

require that λk > −1, as λk is always less than one. Since λk takes on a minimum value when the
cosine approaches one, the final condition we must impose is a − 2b > −1. Request this condition
for all three blocks, that is, for all pairs (a, b) = (ai, bi), i = 1, 2, 3, leads exactly to the conditions
(4.8).
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4.2. Construction of the nonstandard methods

Our goal, in this section, is to introduce NSFDs methods based on EF to follow the oscillating
trend of the exact solution of the model (1.1), which are also able to make the SE method stability
conditions (4.8) less restrictive.

Firstly, let us modify the standard discretization of the spatial second order derivative introduced
in the semi-discrete system (4.4) using the EF, as shown in Section 3. Then, we replace the power
∆x2 with the function φ(∆x) (3.10). In this way, the matrix AB (4.6) becomes

ÃB =
1

φ(∆x)

ADiff 0 0
0 DADiff 0
0 0 dADiff

 ∈ R3M,3M .

Therefore, the SE method (4.7) becomes a nonstandard scheme of the following form:

Yn+1 = (∆tÃB + I)Yn + ∆tFn, n = 0, ..., N − 1. (4.10)

Note that the stability conditions related to this scheme are very similar to those of the SE method
(4.8). The only difference trivially lies in the presence of φ(∆x) instead of ∆x2. Remembering that,
for the relation (3.11), φ(∆x) is very close to ∆x2, this does not lead to substantial changes.

Now, we extend the functions γ1(∆t) (4.1) and γ2(∆t) (4.2) to the multidimensional case, then
replacing ∆t in the SE version (4.10) with the new matrices thus obtained. In this way, we derive two
NSFDs methods in accordance with Definition 2, proving that they are much more stable than the
related SFDs scheme (4.7).

The extension of the function γ1(∆t) (4.1) we consider is the following:

ϕ̃1(∆t) = ÃB
−1

(e∆tÃB − I) ∈ R3M,3M . (4.11)

Therefore, the SE version (4.10) becomes

Yn+1 = e∆tÃBYn + ϕ̃1(∆t)Fn, n = 0, ..., N − 1. (4.12)

Let us call the scheme (4.12) Exponentially Fitted NonStandard Exponential (EFNSE) method. Note
that this method corresponds to the classic exponential Euler using the matrix AB , with the standard
spatial second order derivative discretization, instead of ÃB . Therefore, there is a close connection
between NSFDs, TASE technique, and exponential methods. Note also that the matrix ÃB is a
function of the spatial step-size ∆x. Hence, the function ϕ̃1(∆t) also depends on ∆x. However, since
the next results hold for any choice of ∆x > 0, we omit this dependency for simplicity of notation.

In order to demonstrate that the EFNSE method is an NSFDs scheme according to Definition 2, we
have to prove that ϕ̃1(∆t) is positive semi-definite for each choice of ∆t > 0, and that it approximates
I∆t, for ∆t → 0. The last property is trivial from the Taylor series expansion of γ1(∆t) (4.3). We
now prove the first property.

Theorem 3. The matrix function ϕ̃1(∆t) (4.11) is positive definite.

Proof. To carry out the proof, we demonstrate that ϕ̃1(∆t) is symmetric and has all positive eigenvalues
[4].

To prove symmetry, we need ÃB
−1

and e∆tÃB − I to be both symmetric and to commute. The
matrix ÃB is real and symmetric, so the same is true for its inverse. Hence, it holds that

ÃB = PDBP
T , therefore ÃB

−1
= PD−1

B PT ,

9



where DB and D−1
B are diagonal matrices. For the properties of matrix exponentials, it holds also that

e∆tÃB = Pe∆tDBPT , therefore e∆tÃB − I = P (e∆tDB − I)PT . (4.13)

Here, e∆tDB is a diagonal matrix having in place ‘(i, i)’ the exponential of the element ∆tDB(i,i).
Therefore, the matrix e∆tDB − I is also diagonal. We are in the real case. Hence, for the shown

relation (4.13) and the made observations, the matrix e∆tÃB − I is symmetric. From the last two

relations, it follows that ÃB
−1

and e∆tÃB −I are simultaneously diagonalizable, as they have the same
eigenvectors. Therefore, they commute [27] (Theorem 1.3.12).

Let us now prove that all the eigenvalues of ϕ̃1(∆t) are positive. Since ÃB
−1

and e∆tÃB − I have

the same eigenvectors, an eigenvalue of ϕ̃1(∆t) is given by the product of an eigenvalue of ÃB
−1

and

one of e∆tÃB − I. The eigenvalues of ÃB are the ones that form each matrix block. They are again
given by the formula (4.9). In this case the couples (a, b) = (ai, bi), i = 1, 2, 3, are

(a1, b1) =
(
− 2

φ(∆x)
,

1

φ(∆x)

)
, (a2, b2) =

(
− 2D

φ(∆x)
,

D

φ(∆x)

)
, (a3, b3) =

(
− 2d

φ(∆x)
,

d

φ(∆x)

)
. (4.14)

Let us call µk, k = 1, ..., 3M , all the eigenvalues of ÃB . The eigenvalues of ÃB
−1

are 1/µk, k =
1, ..., 3M . Note that µk < 0, ∀k = 1, ..., 3M . These eigenvalues also correspond to the diagonal
elements of DB . Therefore, the diagonal elements of e∆tDB − I are e∆tµk − 1, k = 1, ..., 3M . The

latter exactly correspond to the eigenvalues of e∆tÃB − I. Since the exponential of a negative number

is always between zero and one, the eigenvalues of e∆tÃB − I are all negative. In conclusion, the
eigenvalues of ϕ̃1(∆t) are all positive.

Let us now prove that the EFNSE method has much better stability than SE method.

Theorem 4. The NSFDs scheme Yn+1 = e∆tÃBYn is unconditionally stable.

Proof. We have to prove that the spectral radius of e∆tÃB is always less than one. The eigenvalues
of ∆tÃB are again given by the formula (4.9). Looking at the eigenvalues of ÃB (4.14), the couples
(a, b) = (ai, bi), i = 1, 2, 3, now are

(a1, b1) =
(
−2

∆t

φ(∆x)
,

∆t

φ(∆x)

)
, (a2, b2) =

(
−2D

∆t

φ(∆x)
,
D∆t

φ(∆x)

)
, (a3, b3) =

(
−2d

∆t

φ(∆x)
,
d∆t

φ(∆x)

)
.

Note that all the eigenvalues of ∆tÃB are therefore negative. Let us call them µk, k = 1, ..., 3M .

For the considerations made in the previous theorem, the eigenvalues of e∆tÃB are eµk , k = 1, ..., 3M .

Therefore, no eigenvalue of e∆tÃB has modulus equal to one or greater than one.

The considerations made so far allow to conclude that EFNSE (4.12) is a semi-explicit NSFDs
method with much better stability properties than the relative SFDs scheme. However, EFNSE is
quite expensive as it requires the computation of a big dimension matrix exponential and a matrix
inverse. For this reason, we now propose an alternative nonstandard method that does not involve the
calculation of a matrix exponential.

For this purpose, let us substitute ∆t in the SE version (4.10) with an extension to the multidi-
mensional case of the function γ2(∆t) (4.2). The function we consider in the non-scalar case is

ϕ̃2(∆t) = ∆t(I −∆tÃB)−1 ∈ R3M,3M . (4.15)

10



Therefore, the SE version (4.10) becomes

Yn+1 = (I −∆tÃB)−1Yn + ϕ̃2(∆t)Fn, n = 0, ..., N − 1. (4.16)

Let us call it Exponentially Fitted NonStandard Rational (EFNSR) method.
The NSR method is explicit by structure, even if we were inspired by implicit Euler. Indeed, the

matrix (I − ∆tÃB)−1 is constant, and therefore of course also ϕ̃2(∆t) is constant. Hence, once the
matrix (I−∆tÃB)−1 has been computed before launching the method, it does not need to be updated
at each step. In order to demonstrate that EFNSR is an NSFDs method according to Definition 2, we
have only to prove that ϕ̃2(∆t) is positive semi-definite for each choice of ∆t > 0. In fact, it trivially
approximates I∆t, for ∆t→ 0. For the same reasons explained above, we omit the ∆x dependency of
ϕ̃2(∆t).

Theorem 5. The matrix function ϕ̃2(∆t) (4.15) is positive definite.

Proof. To make the proof, we demonstrate that ∆t(I −∆tÃB)−1 is symmetric and has positive eigen-
values. Observe that the symmetry is trivial from the fact that ÃB is symmetric. Furthermore, in
Theorem 3 we proved that all the eigenvalues of ÃB are negative. Therefore, all the eigenvalues of
I −∆tÃB are positive, and the same is trivially true for the matrix ∆t(I −∆tÃB)−1.

To conclude, we demonstrate that the EFNSR method (4.16) has much better stability properties
than the related SFDs one (4.7).

Theorem 6. The NSFDs scheme Yn+1 = (I −∆tÃB)−1Yn is unconditionally stable.

Proof. We have to prove that the spectral radius of (I − ∆tÃB)−1 is always less than one. The
eigenvalues of I −∆tÃB are given by the formula (4.9). Looking at the eigenvalues of ÃB (4.14), the
couples (a, b) = (ai, bi), i = 1, 2, 3, now are

(a1, b1) =
(

1+2
∆t

φ(∆x)
,

∆t

φ(∆x)

)
, (a2, b2) =

(
1+2D

∆t

φ(∆x)
,
D∆t

φ(∆x)

)
, (a3, b3) =

(
1+2d

∆t

φ(∆x)
,
d∆t

φ(∆x)

)
.

Note that all the eigenvalues of I − ∆tÃB are greater than one. Therefore, the eigenvalues of
(I −∆tÃB)−1 are less than one.

In this section, we have shown that modifications of explicit Euler scheme for our model, applying
an extension of the NSFDs technique, lead to much more stable numerical methods. It is important
to underline that the EFNSE (4.12) and EFNSR (4.16) methods preserve their explicit structure. The
only additional functions evaluations with respect to the SE method concern the computation of the
exponential and the inverse of a matrix for the first, and of the inverse of a matrix for the latter, before
launching the method.

5. Positivity preservation by nonstandard schemes

In this section, we show how it is possible to further modify the EFNSE (4.12) and EFNSR (4.16)
methods, this time using the second rule of NSFDs, to impose that the computed numerical solution is
always non-negative. In fact, as mentioned in the Introduction, the considered model (1.1) is positive.
Therefore, we want that the used numerical methods preserve this characteristic.

Let us give the definitions of positivity of a PDE system and of a numerical method.

11



Definition 3. [35] Consider the PDE model (1.1), defining y(x, t) :=
(
u1(x, t), u2(x, t), w(x, t)

)
.

Therefore, the domain of the function y is Ω, and the codomain is R3. The PDE system is posi-
tive if it holds that

y(x, t0) ≥ 0, ∀x ∈ [x0, X] =⇒ y(x, t) ≥ 0, ∀(x, t) ∈ Ω.

Requiring that the function y is non-negative means requiring that all its components are non-negative.
Obviously, this definition can be extended to any system of PDEs.

Definition 4. [35] Consider a generic numerical method for solving the PDE system (1.1) along
the discrete rectangular grid {xj = x0 + j∆x, j = 0, ...,M + 1, xM+1 = X} × {tn = t0 + n∆t, n =
0, ..., N, tN = T}. The method is positive if it holds that

y(xj , t0) ≥ 0, ∀j = 0, ...,M + 1 =⇒ yjn ≈ y(xj , tn) ≥ 0, ∀j = 0, ...,M + 1, ∀n = 1, ..., N.

Look at the SE scheme (4.7) for the model (1.1). Note that, in order for it to produce non-negative
solutions, the right part must be non-negative for every value of n ≥ 0. Suppose that Y0 has all
non-negative components. Therefore, sufficient conditions for the positivity of the SFDs method are

∆tAB + I ≥ 0, Fn ≥ 0, ∀n = 0, ..., N − 1.

Now and onward, requiring that matrices or vectors are non-negative corresponds to require that all
their entries or components are non-negative, respectively. Note that ∆tAB + I ≥ 0 if the SE stability
conditions (4.8) are met. Hence, we have very stringent restrictions on the choice of the step-sizes for
the SE method (4.7) to be positive.

Let us consider the EFNSE method (4.12). In this case, sufficient conditions for its positivity are

e∆tÃB ≥ 0, ϕ̃1(∆t) ≥ 0, Fn ≥ 0, ∀n = 0, ..., N − 1.

Instead, regarding the EFNSR method (4.16), sufficient conditions for its positivity are

(I −∆tÃB)−1 ≥ 0, ϕ̃2(∆t) ≥ 0, Fn ≥ 0, ∀n = 0, ..., N − 1.

Note that the non-negativity of Fn is not taken for granted. However, we can obtain it by modifying
the nonstandard numerical schemes derived in the previous section using the second rule of the NSFDs.

Consider the columns vectors F1, F2 and F3 previously defined (4.4). Let us split each of them
into two separate ones as follows, setting 1M = (1, ..., 1) ∈ RM :

FL1 =
(
wjuj1(uj1 +Huj2)

)M
j=1
∈ RM , FNL1 = (B1 + Suj2)Mj=1 ∈ RM ,

FL2 =
(
Fwjuj2(uj1 +Huj2)

)M
j=1
∈ RM , FNL2 = 1MB2 ∈ RM ,

FL3 = 1MA ∈ RM , FNL3 =
(
1 + (uj1 + uj2)(uj1 +Huj2)

)M
j=1
∈ RM .

For simplicity, we have again omitted the time dependence of uj1, uj2 and wj .
Now, we compact the column vectors just defined in the following way:

FL =
(
(FL1 )T , (FL2 )T , (FL3 )T

)T ∈ R3M , FNL =
(
(FNL1 )T , (FNL2 )T , (FNL3 )T

)T ∈ R3M .
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Observe that multiplying component by component (uj1)Mj=1, (uj2)Mj=1 and (wj)Mj=1, for FNL1 , FNL2 and

FNL3 , respectively, then adding FL with the resulting FNL, we get just the vector F . Note also that in
the SFDs and NSFDs methods derived so far, the vector F is evaluated exclusively at tn to determine
the numerical solution at tn+1. Alternatively, we now introduce non-local representations, evaluating
some non-linear terms at tn+1, as follows:

Yn+1 ∗ .(13M + ϕ̃1(∆t)FNLn ) = e∆tÃBYn + ϕ̃1(∆t)FLn , n = 0, ..., N − 1,

Yn+1 ∗ .(13M + ϕ̃2(∆t)FNLn ) = (I −∆tÃB)−1Yn + ϕ̃2(∆t)FLn , n = 0, ..., N − 1.

Here, the symbol ‘∗.’ indicates the component by component product of the involved vectors.
The derived formulas are NSFDs methods for the model (1.1). They have been obtained by further

modifying the EFNSE (4.12) and EFNSR (4.16) methods, respectively.
The new schemes are still explicit by structure. In fact, they can be rewritten as

Yn+1 = (e∆tÃBYn + ϕ̃1(∆t)FLn )/.(13M + ϕ̃1(∆t)FNLn ), n = 0, ..., N − 1, (5.1)

Yn+1 =
(
(I −∆tÃB)−1Yn + ϕ̃2(∆t)FLn

)
/.(13M + ϕ̃2(∆t)FNLn ), n = 0, ..., N − 1, (5.2)

where the symbol ‘/.’ indicates the component by component ratio of the involved vectors. Let us call
these methods EFNSE Positive (EFNSEP) (5.1) and EFNSR Positive (EFNSRP) (5.2), respectively.
In fact, we now prove their positivity with no restrictions on the choice of discretization steps.

Theorem 7. The EFNSEP (5.1) and EFNSRP (5.2) methods are unconditionally positive.

Proof. Proceeding by induction, assuming Yn ≥ 0, and then FLn , FNLn ≥ 0 since the model parameters

are all positive, to get Yn+1 ≥ 0 it is sufficient to prove that e∆tÃB and (I −∆tÃB)−1 have all non-
negative entries. Indeed, the functions ϕ̃1(∆t) and ϕ̃2(∆t) are approximation of I∆t. Therefore, we
can suppose their non-negativity.

Observe that the matrix ∆tÃB is essentially non-negative, as its off diagonal entries are all non-

negative. Therefore e∆tÃB ≥ 0 [25] (Theorem 10.29).
Note also that I − ∆tÃB is an M -matrix [37]. In fact, it has all non-negative real eigenvalues,

as shown in Theorem 6, and its off diagonal entries are all non-positive [3]. Since the inverse of an
M -matrix has all non-negative entries [37], then (I − ∆tÃB)−1 ≥ 0. Note that this also proves the
non-negativity of ϕ̃2(∆t) for each choice of ∆t > 0 .

Note that applying the second NSFDs rule to preserve positivity adds implicitness to the non-linear
terms of F . Usually, by doing this, the stability of the method further improves. This will be confirmed
in numerical tests. Note also that if we had not modified the standard method using the proposed
multidimensional functions, it would not have been possible to preserve positivity without stringent
conditions on the step-size in time.

To conclude, let us prove the consistency of all the derived NSFDs methods. In fact, they solve the
PDE system (1.1) with accuracy order equal to one in time and two in space.

Theorem 8. The Local Truncation Error (LTE) of the NSFDs methods derived in this paper for the
numerical solution of the PDE system (1.1) is

LTE = O(∆t) +O(∆x2).
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Proof. Let ϕ(∆t) be a scalar function satisfying ϕ(∆t) = ∆t + O(∆t2), for ∆t → 0. Moreover, let
φ(∆x) be a scalar function satisfying φ(∆x) = ∆x2 + O(∆x4), for ∆x → 0. We use the notation
uj1n ≈ u1(xj , tn), uj2n ≈ u2(xj , tn), wjn ≈ w(xj , tn). The EFNSE, EFNSR, EFNSEP and EFNSRP
methods can be expressed as

ujn+1 − ujn
ϕ(∆t)

= du
uj+1
n − 2ujn + uj−1

n

φ(∆x)
+ fu(yjn, u

j
n+1),

where u corresponds to u1, u2, or w, and y = (u1, u2, w). Moreover, the constant du and the reaction
function fu change according to the model component and method considered.

Note that LTE = O(∆t) in the discretization of the time derivative, as it holds that

u(xj , tn+1)− u(xj , tn) = ϕ(∆t)
∂u(xj , tn)

∂t
+O(∆t2).

This follows from the hypothesis ϕ(∆t) = ∆t+O(∆t2) and from the known relation

u(xj , tn+1)− u(xj , tn) = ∆t
∂u(xj , tn)

∂t
+O(∆t2).

Furthermore, LTE = O(∆x2) in the discretization of the spatial derivative, as it holds that

u(xj+1, tn)− 2u(xj , tn) + u(xj−1, tn) = φ(∆x)
∂2u(xj , tn)

∂x2
+O(∆x4).

This follows from the hypothesis φ(∆x) = ∆x2 +O(∆x4) and from the known relation

u(xj+1, tn)− 2u(xj , tn) + u(xj−1, tn) = ∆x2 ∂
2u(xj , tn)

∂x2
+O(∆x4).

Finally, LTE = O(∆t) in the discretization of the reaction term, as it holds that

u(xj , tn+1) = u(xj , tn) +O(∆t).

Actually, LTE = 0 for the reaction term of the EFNSE and EFNSR methods, as in that case fu is
only a function of yjn. From the considerations made, the theorem follows.

6. Numerical results

In order to verify all the theoretical considerations made so far regarding the better stability of the
EFNSE and EFNSR methods with respect to the SFDs one (4.7), the positivity of the EFNSEP and
EFNSRP schemes and the advantages of the EF, in this section we apply to the model (1.1) all the
NSFDs methods derived in this paper. Furthermore, to compare the methods derived in this work with
methods existing in the literature, we also consider explicit Runge-Kutta Chebyshev (RKC) methods
[45]. They were in fact introduced to solve stiff systems of ODEs that originate from parabolic PDEs.
Since we have derived methods of temporal order equal to one, to have a fair comparison we choose
the RKC method of order one derived in the paper [45], which has even better stability than RKC
schemes of higher order.
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We divide this section into two subsections. In the first one, we evaluate the performance of the
new methods only over time by fixing ∆x and varying ∆t. In the second one, we evaluate the behavior
of the methods also in space.

The PDE system is solved using periodic boundary conditions. Therefore, the matrix ADiff (4.5)
slightly changes increasing by one its dimension and putting one in place of zero in the last position
of the first row and first column, as follows:

ADiff =


−2 1 0 ... 0 1
1 −2 1 0 ... 0

. . .
1 0 ... 0 1 −2

 ∈ RM+1,M+1.

In this case it is necessary to add the initial component (i.e. the one corresponding to j = 0) to the
vectors defined in the semi-discretized system (4.4) and to those declared immediately after. Obviously,
AB , ÃB , ϕ̃1(∆t) and ϕ̃2(∆t) are then modified accordingly.

Remark 3. The results demonstrated for homogeneous boundary conditions in Section 4 and in Section
5 continue to be valid also for periodic boundary conditions. To prove this, just observe that the new
matrix ÃB continues to be real and symmetric. Furthermore, its eigenvalues are non-positive for the
first Gerschgorin Theorem. The only difference from the homogeneous case lies in its singularity. For
this reason, in practice ad hoc algorithms are used for the calculation of functions such as ϕ̃1(∆t)
which avoid the direct computation of Ã−1

B (see, e.g., [26, 36]).

As mentioned above, a choice for performing numerical tests may lie in the a-priori computation
of the functions ϕ̃1(∆t) and ϕ̃2(∆t). Alternatively, regarding the schemes involving the exponential
function ϕ̃1(∆t), there are several iterative methods that efficiently and directly compute the function-
vector product appearing in the method (see, e.g., [36]). Regarding instead the methods involving
ϕ̃2(∆t), one can proceed by initially determining a single LU-decomposition of the matrix to be in-
verted, subsequently solving a linear system for each step. In this paper, we a-priori compute the
function ϕ̃1(∆t) using the Matlab code ‘phim’, which is part of the package ‘exp4’ [26]. This code
was purposely built to numerically evaluate the function z−1(ez − 1), where z represents a generic
matrix. Furthermore, we proceed by solving one linear system per step, by a-priori computing the
LU-decomposition of ϕ̃2(∆t) given by the Matlab lu function, for the EFNSR and EFNSRP methods.

The value ω = π/10 corresponds to the spatial asymptotic oscillation frequency of the exact solution
and has been estimated by means of a reference solution determined as explained later. The model
parameters values are

A = 1.5; B1 = 0.45; B2 = 0.3611; D,G,H = 0.802; S = 0.0002; d = 500.

6.1. First part

In this subsection, we solve the PDE system (1.1) over the rectangular grid [−50, 50] × [0, 600],
setting the initial values of the solution randomly in the interval [1.4, 2.1] for u1 and u2, and in the
interval [0.14, 0.21] for w. In particular, we use the Matlab rand function to generate the random
values of these components, setting the state at 10. Proceeding in this way makes the results easily
replicable, and in any case similar to those reproduced in the paper [21], in which random perturbations
of the equilibrium states are used as initial conditions. Furthermore, fixed the number of spatial grid
points, we can always use the same initial conditions, being able to compare the errors of the various
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Figure 1: Components u1 and w of the reference solution, calculated using the ode15s Matlab function, ∆x = 0.4.

methods used. The reference solution is computed by applying the Matlab ode15s function to the semi-
discretized problem (4.4), replacing ∆x2 with φ(∆x) (3.10), requiring maximum accuracy, i.e. setting
the options arguments ‘RelTol’ and ‘AbsTol’ equal to the machine precision. We make this substitution
because in this subsection we evaluate the trend of the methods only over time, ‘neglecting’ the spatial
error. The relative errors are determined at the last time grid point T = 600 using norm two. In
addition, we estimate the order in time of the methods with the formula

(
cd(∆t) − cd(2∆t)

)
/log102.

Here, cd(∆t) is an estimate of the number of correct digits obtained with step-size ∆t, derived as
cd(∆t) = −log10

(
error(∆t)

)
.

We report in the following graphs and tables the results setting M = 250, so ∆x = 0.4, also in the
computation of the reference solution. Figures 1 and 2 show all the components of the exact solution.
In Table 1 we report the relative errors obtained by applying the SE, EFNSE and EFNSR methods.
In Figure 3 on the left we report a comparison between the EFNSE, EFNSR, and RKC methods, also
from a CPU time point of view, including that for setting the data and coefficients (therefore also for
the computation of the matrix exponential for EFNSE, and for the LU-factorization for EFNSR). Since
we calculate the reference solution using φ(∆x) instead of ∆x2 in the semi-discretized system, we do
the same with the SE method, for which we consider the version (4.10), and with the RKC method.
Note that in this case φ(∆x) ≈ 0.1598 and ∆x2 = 0.16. Therefore, the stability conditions of the
version (4.10) are substantially the same as those of the classic SE method (4.8), as already observed
in the paper. They lead to ∆t < 1.598× 10−4. On the other hand, the EFNSE and EFNSR methods
are able to provide good results for much larger ∆t values, resulting therefore decidedly cheap and
advantageous. Asymptotically, from Table 1, the EFNSE method seems more accurate than EFNSR.
Regarding the RKC method, to have a stable solution for the same steps values used in Table 1, we
have chosen s = 20, where s is the number of stages. In fact, the RKC stability condition is ∆tσ ≤ β(s)
[45], where σ is the spectral radius of the diffusion matrix and β(s) ≈ 1.93s2. From the left plot of
Figure 3, note that the RKC method has the same behavior as the EFNSR method. On the other
hand, the EFNSE method is slower than EFNSR and RKC, because the computation of the matrix
exponential and the resulting matrix-vector product, where the matrix is dense, take longer. Observe
that the EFNSR method is still more convincing than the RKC in computing a qualitatively good
solution in a short time.
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Figure 2: Component u2 of the reference solution, calculated using the ode15s Matlab function, ∆x = 0.4, and top view
of its spatial oscillations.
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Figure 3: Efficiency plot with errors and CPU time for comparison between the EFNSE, EFNSR and RKC methods on
the left, and numerical solution by the RKC method, setting ∆t = 0.065, ∆x = 0.4, on the right.

Table 1: Relative error and estimated order of SE, EFNSE and EFNSR methods, setting M = 250 and varying the
number of intervals N into which we divide the time grid.

N SE error order EFNSE error order EFNSR error order
214 - - 7.0910e-04 - 5.7045e-04 -
215 - - 4.2935e-04 0.7238 2.8450e-04 1.0037
216 - - 2.3513e-04 0.8687 1.4227e-04 0.9998
217 - - 1.2078e-04 0.9611 7.1167e-05 0.9994
218 - - 5.7860e-05 1.0617 3.5597e-05 0.9995
219 - - 2.5758e-05 1.1675 1.7803e-05 0.9996
220 - - 1.0663e-05 1.2724 8.9025e-06 0.9998
221 - - 4.1754e-06 1.3526 4.4516e-06 0.9999
222 1.6906e-07 - 1.6648e-06 1.3266 2.2259e-06 0.9999
223 8.4564e-08 0.9994 7.1447e-07 1.2204 1.1130e-06 0.9999
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Figure 4: Numerical solution by the EFNSE method, setting ∆t = 0.075, ∆x = 0.4.

Figure 5: Numerical solution by the EFNSEP method, setting ∆t = 0.075, ∆x = 0.4.

Now, let us discuss the utility of positivity preserving schemes, whose errors are reported in Table 2.
These schemes constitute a further modification of the EFNSE and EFNSR methods made for stability
reasons. The positive methods are able to better preserve the qualitative trend of the exact solution
even for very high values of ∆t. From Figure 4, note that for ∆t = 0.075 the EFNSE method produces
a solution that is totally inconsistent with the exact one. In fact, it also yields negative values. For an
even smaller step value, also the RKC method produces a solution which becomes negative and which
is not stable, as shown in Figure 3 on the right. The EFNSEP method, on the other hand, produces a
solution that not only remains always positive, as demonstrated also analytically, but reproduces the
trend of the exact one qualitatively well. We can see it in Figure 5. Therefore, the positivity preserving
methods have even better stability than the other NSFDs schemes derived in the paper. This is very
important, as for predictive models the main interest lies in the knowledge of the long-term trend of
the solution, without requiring high accuracy. The methods that preserve positivity are the cheapest
of those derived in the paper to do this.

Finally, we show that the constructed NSFDs methods are able to preserve the metastability of
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Table 2: Relative error and estimated order of EFNSEP and EFNSRP methods, setting M = 250.

N EFNSEP error order EFNSRP error order
217 4.0642e-02 - 6.3528e-02 -
218 2.2413e-02 0.8586 3.8715e-02 0.7145
219 1.1791e-02 0.9266 2.1746e-02 0.8321
220 6.0504e-03 0.9626 1.1592e-02 0.9076
221 3.0650e-03 0.9811 5.9958e-03 0.9511
222 1.5426e-03 0.9905 3.0507e-03 0.9748
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Figure 6: Component u1 of the reference solution and numerical solution computed by the EFNSRP method at t = 10000.

the PDE system (1.1). In fact, in the Introduction we mentioned that after a considerable time one of
the two plants dies. Figure 6 on the left shows that this happens for u1. Figure 6 on the right shows
the three components of the solution at t = 10000 computed using the EFNSRP method. Note that
this NSFDs method is adept at preserving metastability even though it was not built for this purpose,
also for a larger time step-size than those used in Table 2. We have verified that all the other NSFDs
methods proposed in this paper preserve metastability for large time steps.

6.2. Second part

In this subsection, we evaluate the behavior of the considered methods also in space, setting the
same grid as before. To do this, we need to change the initial conditions used in the previous subsection.
In fact, using the Matlab rand function again, variations in the spatial step-size ∆x would correspond
to different initial conditions each time. Given the observed behavior of the exact solution, we initially
set u1(x, 0), u2(x, 0) = cos(πx/10) + 1, and w(x, 0) = (1/10)cos(πx/10) + 1/10. At the end of this
subsection, we also show that using different functions as initial conditions, the asymptotic frequency
of the reference solution in space and the errors remain the same. Regarding the exponentially fitted
methods, we now consider a classical second order centred spatial semi-discretization for the function
w, as it produces oscillations with much lower amplitude compared to u1 and u2. The reference solution
is obtained by applying the Matlab ode15s function requiring maximum accuracy to the semi-discrete
system (4.4), this time setting ∆x = 0.025. It takes about 104 seconds for the mentioned computation.
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Table 3: Global relative error of the EFNSR, EFNSRP, RKC and SE methods.

∆x ∆t EFNSR EFNSRP RKC ∆x ∆t SE
2 0.0625 2.6443e-02 2.4167e-01 3.8976e-02 2 0.0025 3.8938e-02

2/2 0.0625/22 6.5252e-03 1.1942e-01 9.5457e-03 2/2 0.0025/22 9.5380e-03
2/22 0.0625/24 1.5881e-03 5.7509e-02 2.3282e-03 2/22 0.0025/24 2.3264e-03
2/23 0.0625/26 3.9040e-04 1.8848e-02 5.7449e-04 2/23 0.0025/26 5.7403e-04

Table 4: CPU times in seconds of the EFNSR, EFNSRP, RKC and SE methods related to the results of Table 3.

∆x ∆t EFNSR EFNSRP RKC ∆x ∆t SE
2 0.0625 1.1875e+00 1.4844e+00 5.3125e+00 2 0.0025 1.9828e+01

2/2 0.0625/22 3.7500e+00 5.4688e+00 1.9234e+01 2/2 0.0025/22 7.9188e+01
2/22 0.0625/24 1.5109e+01 4.0859e+01 7.7734e+01 2/22 0.0025/24 3.2770e+02
2/23 0.0625/26 7.1094e+01 1.2790e+03 3.2786e+02 2/23 0.0025/26 1.3579e+03

The trend of the exact solution is the same observed in the previous case, as shown in Figure 7 on the
left, in which the component u1 is reported.

We report in Table 3 on the left the global relative errors at the endpoint T = 600 obtained with
respect to the reference solution, applying the EFNSR, EFNSRP and RKC methods. The latter is
applied to the semi-discretized system (4.4), setting s = 5 for stability reasons. These errors are
obtained by firstly setting ∆x = 2 and ∆t = 0.0625, then always halving ∆x and dividing by four
∆t. Note that the errors get four times smaller each time, which allows to conclude that the methods
actually have order two in space. This is confirmed in Figure 7, on the right, where the error trend of
the considered NSFDs methods is shown, by varying ∆x, fixing ∆t = 0.0625/210. In this subsection
we have not considered the EFNSE and EFNSEP methods as they produce very similar results to the
EFNSR and EFNSRP methods, respectively.

In order to be able to make a comparison even between the NSFDs schemes and the SE method
(4.7), we need to set much smaller steps over time, in accordance with the SE stability conditions
(4.8). Setting the same starting spatial step-size of Table 3, we must use ∆t < 4× 10−3 in order not
to have an explosion of the solution. Therefore, using ∆t = 0.0025 as the initial time step, and then
carrying out the same operations as before, we obtain the results reported in the right part of Table 3.
In Table 4, we report the CPU times employed by all the methods used to obtain the results of Table
3. To better visualize the results of Tables 3 and 4, we also realize a related efficiency plot in Figure
8 on the right. Observe that EFNSR is cheaper and more accurate than the other methods, thanks
to its good stability properties and to the used exponentially fitted discretization for the second order
derivative. We also note that the EFNRP method is the least efficient. In fact, as seen before, it is
advantageous when a qualitatively good solution is required using very large steps over time.

To conclude this subsection, we report in Table 5 the error of the EFNSR method as the step-size
varies in time and space, for different values of ω. Note that for small perturbations (less than one)
of the used frequency ω = π/10, the errors are of the same order of magnitude. Instead, for big
perturbations (greater than one), the error explodes or assumes high values, as expected. Finally, in
Figure 8, left, and Table 6, we show that the behavior of the solution and the errors do not substantially
change even using other functions with different frequencies as initial conditions. Specifically, we have
fixed u1(x, 0) = cos(πx/5) + 1, u2(x, 0) = cos(πx/10) + 1, and w(x, 0) = cos(3πx/10) + 1/10, then
computing the reference solution as before and using the same methods employed for Table 3.
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Table 5: Global relative error of the EFNSR method as ∆x, ∆t, and the frequency ω = (1 + δ)π/10 vary.

∆x ∆t δ = 0 δ = 0.3 δ = 0.6 δ = 3 δ = 9
2 0.0625 2.6443e-02 1.8691e-02 1.2724e-02 1.9316e-01 -

2/2 0.0625/22 6.5252e-03 4.6495e-03 3.1205e-03 4.3600e-02 3.6674e-01
2/22 0.0625/24 1.5881e-03 1.1297e-03 7.6233e-04 1.0682e-02 7.8780e-02
2/23 0.0625/26 3.9040e-04 2.7672e-04 1.8754e-04 2.6613e-03 1.9473e-02
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Figure 8: Component u1 of the reference solution, fixing initial conditions as reported in the caption of Table 6, on the
left, and efficiency plot related to results shown in Tables 3 and 4, on the right.

Table 6: Relative errors, setting u1(x, 0) = cos(πx/5) + 1, u2(x, 0) = cos(πx/10) + 1, and w(x, 0) = cos(3πx/10) + 1/10.

∆x ∆t EFNSR EFNSRP RKC ∆x ∆t SE
2 0.0625 2.8341e-02 2.2415e-01 3.9028e-02 2 0.0025 3.9059e-02

2/2 0.0625/22 6.8296e-03 1.1495e-01 9.5447e-03 2/2 0.0025/22 9.5469e-03
2/22 0.0625/24 1.6649e-03 5.6145e-02 2.3278e-03 2/22 0.0025/24 2.3284e-03
2/23 0.0625/26 4.0977e-04 1.8480e-02 5.7437e-04 2/23 0.0025/26 5.7451e-04
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7. Conclusions and future research

In this work, we built new NSFDs numerical methods for solving a system of three PDEs widely used
in applications. These methods are semi-explicit, but nevertheless have excellent stability properties,
and preserve all the most important characteristics of the analyzed model. They are very convenient
and economical, as they are able to provide accurate results even for large values of the discretization
steps. To construct such methods, we did not use the classic definition of NSFDs. In fact, inspired
by the TASE technique, we have extended the definition of NSFDs. This allowed us not only to
obtain methods with excellent stability properties, but also able to preserve the positivity of the exact
solution. Furthermore, we demonstrated the link between NSFDs and EF. This is very useful, as from
now on the NSFDs can also be applied to preserve the oscillating character, if present and known, of
the exact solution of the treated model.

From this paper, an immediate research work that can be done concerns the proof of the fact that
the derived NSFDs methods are able to preserve the metastability of the analyzed PDE system.
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