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Abstract

We consider m-th order linear, uniformly elliptic equations Lu = f with non-smooth
coefficients in Banach—Sobolev spaces W)’("w (£2) generated by weighted Banach Func-
tion Spaces (BFS) X, (€2) on a bounded domain 2 C R”. Supposing boundedness of
the Hardy—Littlewood Maximal operator and the Calderén—-Zygmund singular inte-
grals in X,,(€2) we obtain solvability in the small in W)’g’w (2) and establish interior
Schauder type a priori estimates. These results will be used in order to obtain Fred-
holmness of the operator £ in X, (2).

Keywords Elliptic equations - Banach Function Spaces - Schauder type estimates -
Fredholmness

Mathematics Subject Classification Primary: 35K05; Secondary: 35A01 - 35J05

1 Introduction

The question of solvability in the small and Schauder type estimates play an essential
role in the theory of the Fredholmness of boundary value problems for elliptic equa-
tions in appropriate BFS. There is a vast number of papers and monographs dedicated
to the Fredholmness of Partial Differential Equations (PDEs) in the frame of classical
function classes as the Holder and Sobolev spaces. The appearance of new function
spaces and their intensive study had a very big impact on the regularity and existence
theory for PDEs. The so-called non standard function spaces turn to be interesting not
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only from theoretical point of view but also for the applied mathematics and mathemat-
ical physics. Among the most studied spaces we can find the Morrey L7 spaces, the
weighted Lebesgue spaces and various generalizations, the variable Lebesgue spaces
LP®) | the grand Lebesgue spaces LP), the Orlicz spaces L¢ and many others (see [1,
4,5,7, 15, 16, 19-22] and the references therein).

In the present paper we are interested on elliptic differential operators of higher
order in weighted general BFS X, (€2) with Muckenhoupt type weight w in a bounded
domain Q C R”" with a smooth enough boundary. In order to obtain the desired
a priori estimates we need that the Hardy-Littlewood maximal and the Calderén—
Zygmund singular operators are bounded in X,,(£2). Then under certain conditions on
the coefficients we obtain solvability in the small, that is local solvability, in Sobolev
spaces W)’?w (£2) generated by weighted BFS X, (€2).

More over, we obtain interior Schauder type inequalities in X, (€2) for the solutions
of the linear uniformly elliptic equations under consideration. Such estimates play an
exceptional role in the establishing of the Fredholmness of the corresponding elliptic
operators. At the end, some examples of BFS are given.

In what follows we use the standard notation:

e Q C R"is abounded domain with Lebesgue measure |2|, dg = diam €,
By(x) ={y e R": |x —y| <r}, B = B (0),
Q,(x0) = 2N By (x0), 2 = 2-(0);

e [X; Y]is the Banach space of bounded operators acting from X to Y endowed by
the operator norm | - [l[x.y], [X] = [X; X];

e xr stands for the characteristic function of the set £ C R";

e o= (ai,...,a),is amulti-index, o; > 0 and || = > 7 a3

Dy,u = Dju = du/dx;, D%u = D?IID)‘?ZZ .. Dz’:’u;

e forany u : @ — R denote Du = > laj=k D¥us
e For any normed space X we accept the notion

k
ID*ullxy = Y I1D%ulx:
lo|=k

o F(RQ) is the set of Lebesgue measurable functions in €2;
e 0(1) stands for a quantity that tends to 0 as r — 0;

2 Definitions and auxiliary results

The question of existence and regularity of the solutions of linear elliptic equations
is strongly related to the question of continuity of certain integral operators in the
corresponding function spaces. For this goal we recall the definitions of these operators
and introduce the function spaces that we are going to use.
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Let f € L'(R") and M f be the Hardy—Littlewood maximal operator

M f(x) = sup

1
_ dy, 2.1
S B Ol Jgy O @D

and IC f be the Calderén—Zygmund integral operator

Kfx)=p.. f W) _ 13y dy. 2.2)

R |x — y[”

For each y € (0, n) we consider the Riesz potential

Ry f(x) =/ Ldy. 2.3)

Rn X — y[*Y

Simple calculations show that we can estimate the Riesz potential via the maximal
function (see [6])

/ M < 8" M f(x), Vx e R". 2.4)
ly

—xj<s ly =x|"7V
Following [2], we define the BFS and give some of its properties.

Definition 2.1 Let F(R") be the set of Lebesgue measurable functions on R". A
mapping || - ||x : F(R") — [0, oo]is called Banach function normifforall f, g, f, €
FR"),n =1,2,..., for any constant a € R and for any Lebesgue measurable set
E C R” the following properties hold:

P |Ifllx=0 < f=0 ae.in R",
laflix =lalllflix. If+glx = Ifllx+ lglx:
(P2) if 0 < g < f then |igllx < IIflx:
(P3) if0 < fu 1t f ae.in R, then [[fullx 1 IIf1x;
(P4) if |[E| < oo then | xgllx < oo;
(P5) if |[E| < oo then fE |f(x)|dx <c|lfllx, with a constant independent of f.

The collection of all functions f € F(R") for which || f||x < oo is called Banach
Function Space X (R").

We can extend the Definition 2.1 to BFSs X (£2) builded on a bounded domain £2
with || > 0 and regular boundary 02 by taking f € F(£2) and extending it as zero
out of €.

It follows immediately, by (P5) that X (2) C L'(€2). The associated space X' (),
endowed with the associated norm || - || x/, consists of all g € F(£2), such that (cf. [2])

llgllx (@) = sup { /;2 [f)g)dx : || fllx) < 1} < 00.
At this point we can extend the Holder inequality in the case of BFSs.
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Proposition 2.2 Let X (2) and X'(2) be associated BFSs. If f € X(Q) and g €
X'(R), then fg € L' (Q) and

/Qlf(X)g(X)l dx = I fllxeliglx - 2.5

Let w be a positive weight, that is a Lebesgue measurable function on Q2 for which
0 < w(x) < oo. Then we can define X,,(€2) as the space of all f € F(2) for which
fw e X(2), that is

1 fllx, = lfwlxg < oo.

In what follows we assume that w € X () and w™! € X'(Q).

The definition of general Sobolev BFS follows naturally from the definition of the
classical Sobolev spaces. By W;?w (£2) we denote the Sobolev space of all functions
f € X, () differentiable in distributional sense up to order m, that is

W;?W(Q) ={Df € Xy(Q), Va:0<|a| <m},

endowed by the norm

1wy @ = D 1D fllx, - (2.6)

lee|<m

We denote by VOV’)?U (£2) the space of W)’}lw (£2)-functions compactly supported in €2,
endowed with the same norm (2.6).

In the case when Q = B,(0) we simplify the notion, writing X, (r) and W;’w (r)
instead of X, (53,) and W?w B,).

In our further considerations, we are going to use the following norm

IS e

Xuz;dQ

@ = Z dglllDafllxw(sz), 2.7

o] <m

which is equivalent of (2.6).

To be able to adapt the classical techniques from the L”-theory to nonstandard
function spaces we assume that that space X,,(£2) and the weight function w possess
the following properties.

Property 1 Let X,,(2) be a weighted BFS, suppose that w is such that the following
inclusions hold:

(A) The operators (2.1) and (2.2) are bounded in X,,(R2), i.e. M, K € [X,,(€2)] and
the estimates hold

IMflx, @ <cllfllx,, IKflx,@ <clflx, (2.8)

with constants independent of f.
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(B) There exists pg € (1, +00) such that
Xu(RQ) C LP(Q), Y p €[l, pol. 2.9)

Property 2 For any bounded domain 2 with 02 € C™, the Sobolev—Banach space
W}’}’w (2) has the extension property. This means that for each domain €’ such that
Q € Q/, there exists a linear bounded operator, called extension operator, such that

0: Wk () - wk (@), ofl,="F,
{ £ (@ — Wi (@) flo=r ®

10Fws @ < clflwe @  Yk=0,....m.

Property 3 For a given space X, (£2) we suppose that one of the following conditions
hold.

Condition 1 There exist p; € (1, 00) and a constant ¢ > 0, such that for all disjoint
partition of Q: Q = Uk Q, QNQ;=0,ifk # j,andforall 1 < p < py,itholds

1/p
I/ lx@ < e <Z ||f||§(9k)> VfeXxe).
k

Condition 2 There exists py € (1, 0o) such that
LP(Q) C Xy(Q), VYV pelp2,00).
Remark 2.3 Let us note that the Condition 1 is verified if X(2) = L?(Q).
Concerning the Condition 2 we can construct the following example. Let w be
a positive weight belonging to L'1t9(Q) = Us-oL'*t(Q), and consider the space

X0 (Q) = L2 (92) with p(-) measurable, verifying

1 < py < py <00, p— = esss%nfp(x), p+ =esssup p(x).  (2.10)
Q
There exists @ > 1 such that w € L¥(2) and if we denote pi(-) = a’p(-), then
py=cd'p=.  pf=dp’
and the following continuous embeddings hold

LPT(Q) < LPO(Q) < LPT(Q). (2.11)

Applying the Holder inequality we obtain

L
7

/Q FOIPDw(x)dx < wll e ( /Q |f(x)|P1<x>dx)”
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that implies LPT(Q) s Lg(')(Q) and hence
LP(Q) = LIY(Q)  Vpelpf, oo).

In addition, the classical weighted Lebesgue spaces L%, (Q2), p € (1, 00), w € Ap(R2)
verify the Properties 1, 2, and 3 (cf. [8].

It is easy to see that the (E) holds for any weighted space X, (£2), just extending
the functions as zero out of 2, while for the Sobolev spaces it is not so obvious.
This property is well-known in the case of classical Sobolev spaces WP (), p €
(1, 400) (see [3]) and weighted Sobolev spaces wh™(Q) with a Muckenhoupt weight
(see [8, 10, 11]). In the our case, we assert that the extension property holds for all
k=0,...,m,

Concerning the Conditions 1 and 2 they are not mutually exclusive and we suppose
that for a given BFS at least one of them holds true.

3 Statement of the problem

We consider the m-order linear differential operator

L(x,D) = Z ay(x) D, (3.1

loe|<m

with m being even number.
The operator L(x, D) is uniformly elliptic that is, there exist positive constants A
and A, such that

AEIM < Z ag (X)€Y < A", foraa.x € Q, VE e R". 3.2)

la|=m

We say that the operator £ satisfies in xo € €2 the (Py,)-property if there exists a
ball B, (xg) € 2 and functions g, € L°°(B,(x0)), |&| = m, continuous in xg, such
that

ag(x) = go(x) fora.a. x € B, (xo) \ {xo},
lge — 8a (X020 (B, (xg)) — O asr — 0, Vx| =m, (Pxy)
dg € L (B, (xp)) Ya: |a| <m.

Let xp € €2 be a point in which (3.2) and (Py,) hold. Consider the tangential
operator

L= Y aq(x0)D" (33)

la|=m

where under the value a, (xo) we understand the value of g4 (xo) defined by (Py,).
The fundamental solution Jy, of the equation L,,¢ = 0 is called a parametrix for
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the equation L¢ = 0, having a singularity at the point xo. By the properties of the
fundamental solution, for any multiindex § we have

i) DP Iy, (x) € C¥(R"\ {0}), V8B,
ii) DP Joy(ux) = w"DP Jo(x), VB 1Bl =m,

m)/ DP (&) dog =0, VB 1|8 =m,
Sn—l

iv) [DP I, (x)| < Clx|™™" 1Bl 181 =0,1,2,...,m.

(34)

These properties ensure that the m-order derivatives of Jy, are Calderon—Zygmund
kernels (see [18, 19] and the references therein for more details). It is well know, from
the classical theory, that for any function ¢ € C§'(R2) the following representation
holds

() = /Q T — )Ly — L) dy + /Q Lo — VLo dy.  (35)

Introducing the operators

Syyp(x) = fQ Jro(x = Y)o(y) dy (3.6)
7}090()6) = SXQ(L.XO - ,C)(O(X)
= fQ Jyo(x — ) Z (ag(x0) — aq(y))D%@(y) dy

let|=m

~ [ 20— X amiedy (3.7)

la|<m

we can rewrite (3.5) in the form

P(x) = Toyo(x) + Sxo Lo(x).

Our goal is to show that 7y, + Sy, L is identity operator in W;’;w (€2). Let us calculate
the m-order derivatives of Sy,¢ (cf. [3, 12, 21])

D Syp(x) = /Q DIy (x — o) dy + cp(x) = Kpo(x) + co(x)  (3.8)

with || = m. Hence Kg¢ are Calderén-Zygmund integrals satisfying (2.8). Calcu-
lating the lower order derivatives we observe that they have weak singularity and can
be treated as Riesz potential (2.3).

Lemma 3.1 (Main Lemma) Let the Property 1 and condition ( Py,) hold at some point
xo € QL. Ifp e W)";w_r(Br (x0)) has a compact support in B, (xg) € S, then

ITxogllwy  B.on < oellwn 5, @)
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where o (r) — 0 as r — 0 and it depends on the coefficients of L, but not on ¢.

Proof Following [4] we assume that xo = 0 and simplify the notation writing Sy, Lo
and 7. Let n > 3 be an odd number, in case of even dimension it can be introduced
a fictitious new variable and extend all functions as constants along the new variable.
Take an arbitrary ¢ € W;}’w (r) with a compact support in B, then

(Lo — L)p(x) = Z (aq(0) — aq (x)) D*p(x)

o= (3.9)
— Y aa()D(x) =: Y1 (x) — Y2 ().
|| <m
Hence
Top(x) = Sovr1(x) + Sora(x)
= 3 [ o = 3)(@(©) - a0 () Do) dy
la|=m V& (3.10)
-y /Q o = Vag(»)D () dy.
|| <m

Since ||aq (0) — ag ||z — 0asr — 0, we have

1W1lx,0) < 3DID"lx,00s IW2lx,0) < ¢ D I lx,m-  (3.11)

k<m

In order to estimate the Sobolev—Banach norm of (3.10) we need to calculate the
derivatives up to order m. Let § be a multi-index and for || < m we have

DPTop(x) = / DE Jo(x — Y)W () dy.

v

By (3.4) we have

IDPTop(0)] < c/ = "B () dy = R, [ ()],

r

where R, is defined by (2.3) with y = m — |B|. Applying (2.4) and Property (1) we
obtain

IDPTogllx, o) < er? IMP lix,¢) < er? 19 lx,0)-
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Making use of (3.11) we get

rPUDPTodlx, o) < cr™ ¥ lxy oy < er™ (W1 lxw o) + W20 x00) )
= c(GOMID" gl + Y " HrEID gl )

k<m—1

5C<c:7(1)r’"||D”’<p||xw<r)+r > rk”Dk‘p“"w(”)

k<m—1

(3.12)

<o lelwy o)
for r small enough and o (r) vanishing function as » — 0.

Consider now the case |8| = m. By (2.9) it follows that W;’;w (r) € W' (r) and
therefore, it holds (cf. [3])

DPTop(x) =/ DPJo(x — )Y (y)dy + cy(x) foraa. x € B, (3.13)

r

where ¢ depends on known quantities but not on r and . By the properties of the
kernel it follows that D? Jj is singular for each || = m and therefore by (2.8) and
from (3.13) we have

IDPTopllx,) < €l llx, -

Hence the following estimate holds

MIDPTopllx, o) < cr™ 1V llx, o) < cr™ (11l x, 00 + 120 x00))

<c|o) Y IDlx,m + Y "D llx, 0

le|=m la|<m

<c|o) Y r"IDlx,m +r Y rIDYlx, ¢

let|=m |la|<m

< G(r)||¢||wg("w;r(r)-
Taking into account (3.12) we obtain

ITopllwy ) < oOllgllwy ¢ o) —0as r—0.

4 Local existence of strong solutions

In the next section we are going to obtain some local results concerning solvability in
weighted Sobolev—Banach space builded upon X,.

@ Springer



ANNALI DELL'UNIVERSITA’ DI FERRARA

Lemma 4.1 Let (3.2), (Py,), the Property 1 and the condition (E) hold true in a ball
B, (x0) € Q. Then

(D) If p € Wy (Br(x0)), then ¢ = Ty + Sx, Lop.
(2) Iffor some f € X, (B, (x0)) it holds ¢ = Ty,¢ + Sx, f, then ¢ is a strong solution
of the equation Lo(x) = f(x) for almost all x € B, (xp).

Proof (1) Without loss of generality we may assume that xo = 0 € 2. Because of
(2.9) there exists some pg > 1 such that W}’?w(Q) C WP (Q) continuously.

Since ¢ € WP0-"(r) than we can consider ¢ € W70 (r 4 §) for some § > 0 small
enough and ¢ = 7pp + So Ly, (cf. [3, Lemma A)), i.e. Zd = 7y + SoL, where Zd is
the identity operator in WP0-" (r). Then

Top = So(L — Loy = Soyr = / JoGx — ¥ () dy, @.1)
B(r+3)

where ¥ = (L — Lo)g and x € B,4s. It is clear that ¥ € LP°(r 4+ §) and from the
classical theory (cf. [3, 14]) we have the representation formula

D Thp(x) = / DY Jo(x = Y () dy + CY (x), (4.2)

Br+8

for each |8] = m and C being a positive constant independent of .

Since DY'Jp is a Calderén—Zygmund type kernel, then from the boundedness of
the singular operators in L”9(r + §) it follows that the formula (4.2) holds also for
Y € LP(r + §). By the Property 1 and (2.8) it follows that (4.2) is valid also in
Xy (r +6) and

IDPToellx, oy < IDPTopllx, ¢+8) < cl¥lix,o+s)
“4.3)
< c(ILogllxy ) + 1Ll X, 49 )-

By the assumptions on the coefficients we have |ay (0)| < |lag |l 100 +s) forall || = m.
Then from (4.3) it follows

ID" Topllx, ) < clellwy o+s-
Since Wy (€2) verifies the Property 2 we have | D" To¢l|x,, () < cll@llwy () and
ITopliwy o) < clielwy ¢

that implies 7y € [W}’("w ]
Analogously Sg € [ Xy, (r); W)'g‘w (r)] and hence SoL € [W;‘w (r)]. Then

o(x) = Top(x) + SoLe(x) fora.a. x € B,
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in LPo(r). The estimate (3.5) holds also in W)’?w (r),ie.
Id = Ty + SoL € [Wy. ()], 4.4)
(2) Let f € Xy (r) such that ¢ = Zop + Sp f. Hence
Lo(x) = LoSoLe(x) = LoSof(x) = f(x) foraa.x € B,

where we have used that LoSy = Zd in X, (r). Then Lo (x) = f(x). O

Because of the equivalence of the norms (2.6) and (2.7) the Lemma 3.1 holds also
in W)'?W (r).

Corollary 4.2 Let ¢ € W}’(”W (B, (x0)). Under the conditions of Lemma 4.1 it holds

(1) ¢ = Tyyo + Sy Lo, a.e. in By (xo);
(2) iffor some f € Xy, (B, (x0)) it holds ¢ = Ty, + Sx, f, then ¢ is a solution of the
equation Lo = f.

The previous lemma allows us to proof the following local existence result.

Theorem 4.3 Let (3.2), (Py,), and the Properties 1 and 2 hold. Then the equation
Lu = f admits a solution in W}’("w (B (x0)), forall f € Xy(2), and r > 0 small
enough.

Proof By the Corollary 4.2 we can give the proof in the space W;("wv_ (r), taking xo =
0 € Q. Since LoSo = Zd in X, (r), and keeping in mind (3.7) we have

Lo7y = LoSo(Lo— L) =Zd(Lo— L) = Lo — L. 4.5)

For any u € W;}'w (r) we consider the equation Lu = f. By (4.5) we can rewrite it
as follows ’

f=Lu=(Lo— LoZo)u = Lo(Zd — To)u,
where the identity operator here acts in W;}’W (r). Applying Sp we obtain
Sof =SoLo(@Zd — To)u = (Zd — To)u.
By Lemma 3.1 we have
”%”[Wﬁ?w;r(’)] =o(r) — 0, asr — 0.

Taking r small enough such that ||76||[W§g @) < 1, we obtain that the operator
Zd — 71y is boundedly invertible in W}’(”w,r(r) and by Lemma 4.1 the function

u=(Id—T)""'Sof,

is a solution of the equation Lu = f in Wy . (r). o
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5 Interior Schauder type estimates

Our goal now is to obtain local interior Schauder type estimates for the solutions of
Lo = fin W;?w (£2). For this purpose we need some auxiliary lemma.
Let w € C°([0, 1] be such that

A IA
l_‘w"—

Wi O
IN A

=1
=10

Then we can define a cut-off function & € C§°(B,,) as

1 x| <r1, 5
§(x) = w(m) r < x| <, o

rn—ri

for any O < r; < rp < 1. The norm of £ is bounded, as it is proved in [5]

rp\—m
€lcmey < e(1-2)

r
with a constant independent of | and r».

Lemma 5.1 Let the conditions of Theorem 4.3 be fulfilled in B,, € Q2. Then for any
O<ri<ryasin(5.1)andu € W)’?w;rz(Q) the following estimate holds

rp\—m
R (e B (L PASER I Py

with a constant independent of r1, 12, and u.

Proof Take ¢ = &u € W)’(”w;r2 (r2) with a compact support in B,,. Then by Corol-
lary 4.2 we have

¢ =Top + SoLy (5.2)

and by Lemma 3.1 there exists 7 > 0 such small that

1
||76§0||W;;1W2(r2) < §||<P||W;gw;r2(r2)
holds for all r, € (0, r). Then by (5.2) we obtain
Iy, , oo < 21S0Lelwg, o (5.3)

where

SoLe(x) = / JoGr — Y)Lo(y) dy. (5.4)

n
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Calculating the higher order derivatives we obtain

DPSyLy(x) = / DPJo(x — y)Lo(y) dy + cLop(x), |Bl=m

n

with a constant ¢ independent of ¢. The integral operator is of Calderén—Zygmund
type and, by Property 1, the following estimate holds

D" SoLpllx ) < LX) (5.5)

For the lower order derivatives of (5.4) we have the following expression

DFSoLe(x) = / D o(x — y)Lo(y)dy. 1Bl <m.

]

In this case the kernel has a weak singularity and the integral operator is a Riesz type
integral (2.3) that we can estimate as

P IDPSoLONx, ) < P ILx, 1) (5.6)
with a constant independent of r, and ¢. Unifying (5.5) and (5.6) we obtain
1SoLellwy, o2 = erBILONx, - 57
On the other hand, it is easy to see that L¢ can be represented in the form
Lo(x) =) Lu(x) + Mu; §), (5.8)

where M (u; &) is a linear combination of derivatives D%u, the order of which does
not exceed (m — 1), multiplied by the derivatives of £ of order at most m. Precisely

M@ &)= Y cax)D*EX)Du(x).

Jot|-+|o” | <m
la|<m

Following [5] we obtain analogously
PBIM Qs §)lx, 0 = lElemonlullyp1 - (5.9)
wir)
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Unifying (5.9) and (5.7), we obtain

||80£”“W§?w;r1(") < ||SO£(P||W§’W,2(V2)

< erg (gl emon Il £l ) + 1M @ O)lx, i) )

(5.10)
< clgllonin (1£u 0, 0 + 1yt ()
wir

<c(1-21 - L
Then making use of (5.3) we obtain the desired estimate

||”||W/’€w;rl ) = ”(p||W/’\7’Zw:r| ) = 2||80£¢||W§<"w;r1 )

rp\—m
[6pt] < c(l — E> (Ilﬁullxw(rz) + “””W}'{‘uj;',z(rz))'

In order to establish interior Schauder’s estimate we need the following result.
Lemma 5.2 Suppose that the space X,,(2) possesses the Properties 1, 2 and 3. Then

c

< N
Il oy < elellyieng + —r lelxue)

for some p > 1 and forallk =1,...,m — 1.

Proof Without loss of generality we may assume that do = 1 (see [5]). Let Q € &/,
where €' is a bounded domain with sufficiently smooth boundary.

In order to simplify the calculus, we begin assuming n = 1,m = 2 and then
we extend the result via induction to more general situation. Let Q = (a, b) be an

interval of length b — a = ¢ for a fixed ¢ and suppose that u € Cg (), then by [14,
Theorem 7.27] we have

b 18 b
[t/ (x)] 5/ |u”(t)|dt+8—2/ lu(®)|dt, Vx e (a,b). (5.11)

By density arguments it follows that (5.11) holds true also for any u € wL().
Since Wg(w () c W2I(), then it is evident that this inequality is true for all

ue Wy ().
We can estimate the norm of u’w by (5.11):

b 18 b
' wlx @b < lwllxabp (/ lu” ()| dr + 3_2_/ |u(t)|dt> . (5.12)
a a
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Then for an arbitrary interval Q2 = (a, b) we construct covering with disjoint intervals
I; withlength &, such that Q = [ J; /;. Since (5.12) holds for all /;, the Holder inequality
for p > 1 gives

;WD P 1 r c r
[|ue w”x(],) = ”w”X(I[) |:</; |u (t)ldt> + 8Tp ('/; |u(t)|dt> i|
i i
_ C
< clwlf g, (s" 1/1 |u”<r)|l’dr+8ﬁ/1 |u(t)|Pdr),
i I

where we have used that for each I; C  we have |wllx;) < llwlx(g). Then

(5.13)

/ )4 )4 p—1 " P c )4
Dol wly, < clwlf g (e fﬂm )| dx+—£,,+1/9|u<x>| dx).

l

Let the Condition 1 holds. Then for each p € [1, p1] we have
' wlf g < e Y lWwlh, .
1

For any p < min{pg, p1}, the Property 1 implies X, (2) C L?(£2) and hence

1

_ c i
I wllx = clwlxa (e [ Werdr+ o [ ueor ax)’
Q Q

c (5.14)
< clwllx (ele” lr@) + —r lullre)-
gr—1
If x € R” then (5.14) holds for any partial derivative D;u fori = 1,...,n.

Moreover it holds also for the higher order derivatives, that is

c

1
o 1 -1
1D ull @ = Nl (7 1D @ + —— 1D ullx, ).

_L
/

& p

with 1 <k <m — 1. Summing up along k we obtain
lull < lwlx, (elullyger + = llul )
u w €||U X — ||U s—
Wf(w(ﬂ) - X W)Y(:)I(Q) 27171, W;fwl(g)
€

foralls=1,...,m—1.
Consider now the case when Condition 2 holds, hence there exists py € (1, c0)
such that

'l x, @ <clu'llery Y p € lp2, 00).
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As before, it is sufficient to consider the case of n = 1, m = 2 and b — a = ¢. Taking
into account (5.11) and [14, Lemma 7.27] (see also [1, 21]) we have

1
b ? b b
1l @) < € / ' ()P dx 508/ m%nnh+~§—/ Ju(0)| dr
a a eg=r a
(5.15)

Taking an arbitrary interval 2 = (a, b) we construct a covering with a family of
disjoint intervals of length ¢, that is, @ = (J; I;, where Q(\[; # 0, I;(I; = ¥,
i # j. Since (5.15) holds for all /;, summing up these estimates with respect to [ we
obtain

C
'l x, @ <ellu’llLr) + g”””LP(Q)

Cc

= E/Q lu” (x) |l w(x)w ™ (x) dx + 0

/ lu ()| w)w ™ (x) dx
Q

c

b
|wang>/“|wwo|dt
a

-1
< o™ e (el I, @ +

C b d
+5 [ wola)

Extending this to functions of n variables and taking ¢ = [[w ™| X'(Q)€, We obtain

62172

c
u <eél|u —||u _ , Vk=1,...,m—1, 5.16
s o < ellullygen + ey g (5.16)

for any p > 2p, and a constant ¢ depending on known quantities and on the norms
lw="lx @) and wllx, ).
Introducing the notion Ay := ||u||W)12 @ forallk =0, ..., m, we rewrite (5.16)

c
Al <e1Ar + —,l,Ao
€

2 C1C2 €281
Ay <Az + A S eAsz+ 0+ —5 Az
€ (e261)P &)

Taking &5 = ¢, &1 = eP1! with ey < 1, we get
1
Ay < Az + —5 Ap.
ep
Repeating the same procedure we obtain a kind of interpolation inequality
1
AkSEAk_H-f-?Ao, Vk=1,...,m—1
e
that is the assertion of the lemma. O
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Theorem 5.3 (Interior Schauder type estimate) Consider the uniformly elliptic equa-
tion Lu = f in a bounded domain Q with principal coefficients a, € C (), for all
|| = m and ay € L*®°(Q) for |a| < m. Suppose that the Properties 1 and 2 hold.
Then for any domain 2y € 2 the following a priori estimate holds

lullwy (@) = ClLullx, ) + lullx,)- (5.17)

Proof We can construct a finite cover of € with balls whose closure belong to €.
That is way, without loss of generality we can consider 2 and ¢ to be concentric
balls of small radius centered at zero. Let R > 0 be sufficiently small, then we need
to prove the following estimate

2

r\—m
lelwg, o) = C(1= %) (WLullx, ) + el x,x0):

Set

2

(1 - ) lleellw
A= su u m .
0<rER R Xw:r(r)

Suppose that lullwn Ry # 0, otherwise, there is nothing to prove. It is easy to see
that there exists r; € (0, R), such that

A<2(1 iy
< _ m
<2(1= ") ully

Xw:ry

(r1)-

For a fixed r, € (r1, R) and Lemmata 5.1 and 5.2 we obtain

Ascl=Y" (1= e

ri m? rp\—m c
<c(1=%)" (1=7) " (12ulbran +ellalg, o + s Il ).

2
m
Keeping in mind that (1 — %) lullwn ) < A, we obtain
Xw:ry

2
ri\m rp\—m
Ase(i=%)" (1-7) "iLulraen
2 2
ri\m rp\—m rp\ —m
N A AT
+8c( : . - (5.18)

2
c ri\m rp\—m
+ o] ( R ” el x, ()
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Set § = 1 — % and choose 7 and ¢ in the following way

rn 8 a2 _
1__ _ 8:214"182}’"6 1.

)

R

This implies

1) r
0<dé<l, = <l1——<§, O0<e<l1
2 %)

and, hence
m? —m —m? 1
(1= Y (- -2y L
R r R 2
Making use of (5.18) we obtain the estimate

A < c(ILullx, ) + Nullx, o) < C(”»Cu”Xw(R) + ||u||Xw(R)>,

that gives (5.17). O

6 Some examples of Banach function spaces

Let X(£2) be correctly defined for any domain 2 C R” with a sufficiently smooth
boundary 0€2, and suppose that €2¢ is a bounded domain such that 2 C ¢ C R".

Lemma 6.1 Let 6, € [Wx (Q); Wy (Q0)] be such that 6 f| = [ for all k =

0, ...,m. Then there exists 0 € [W§w(§2); W)’gw(Qo)], such that 9f|Q = f, forall
k=0,...,m.

Proof Consider the following operator

Onf — feWg (),

On1f [eWg HQ\WE (),
Of=1... ...

Orf  feWg (\Wg (),

bof  f€Xu(@\Wy, ().

From the chain of embedding
Xuw(Q) D Wy, (2 D...0 WE (),
it follows that the linear operator 6 € [X,,(£2)] is well defined.
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Consider the case m = 1, and extend the proof by inductiontom > 1. For simplicity
we carry out the proof in the one dimensional case. Supposing

0 € [Wy, (: Wy, (2] and 0f|,=f

we have to show that 6 € [X,,(2); X, (20)]. Indeed, if f € X, (2) \ W}(W(Q), then
0 f = 0o f and therefore

10 fllxw0) < 10l fllx,)-

Let f € W}(w(Q), hence 6 f = 6; f. Consider the function

X
Fx) = / o1 f(t)dt fora.a. x € Qp,
a

where a € Q is some fixed point. Then F € Wl (Q ), dF(x) = 601 f(x), for a.a.
x € Qo,and OF = 6 F that implies F € W}(W(Q) and

||9]F||W)1( (Q0) <C ”F”W)'{ (Q)° 6.1)

where C is a constant, independent of F'. It is obvious that dF (x drx) _ = f(x), a.e.in 2.
Moreover

161 f I x0) < 101 F lxy20) + 101 F 11 x020)

< cl(||f||xw<sz>+ H /:f@‘”‘

<C .
@) =CI @

Considering functions of n variables, fixing all variables except one and applying
the above procedure we can extend this result in the n-dimensional case. O

6.1 The Marcinkiewicz spaces

The Banach space MP*(Q), p € (1,00), 1 € (0, 1), consisting of all functions
f € LY (Q) for which

1
1 R
I flazp () = sup (—A/ [ f ()P dx) < 00
eco \|EI" JE

is called the Marcinkiewicz space (see for instance [13]).

Let us note that in the definition of the Morrey spaces LP*(Q) the supremum
is taken over all intersections £ = B N Q where B are balls in R”. This gives the
continuous embedding M?-*(Q) C LP*(Q) for all A € (0, 1).

It is easy to see that MP*(Q) is nonseparable, moreover, it is a rearrangement
invariant space (cf. [6]).
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Let T be a quasi-linear operator of (p, p; g, g)-compatible weak type, (see [2] for
the definition). Then we have the following results (cf. [2, 6]).

Lemma 6.2 The Boyd indices of the Marcinkiewicz space MP*(S2) are

11—
ax =Bx=——, pe(,o00), Le(0,1).
p
Theorem 6.3 Let X be a rearrangement invariant space on an nonatomic complete
o -finite space with infinite measure. Then any linear (quasilinear) operator T of
(p, p; q, q)-compatible weak type is bounded in X; i.e., T € X if and only if the Boyd
indices ax and By satisfy the inequality

1 1
~<ax=fx<—, l=p<g=+oo
q p

The Theorem 6.3 (cf. [2]) implies the validity of the Propertyl for M4-*(Q) for any
q € (1,00), A € (0, 1). The validity of Property 2 can be proved analogously as in
the case of the Morrey spaces. Hence, by Theorem 4.3 we have the following result.

Corollary 6.4 Under the conditions of Theorem 6.3 there exists u € Wy (), a
solution of Lu = f, forall f € M?*(Q), ¢ € (1, 00), A € (0, 1).

In addition, by Theorem 5.3 we obtain.

Corollary 6.5 Under the conditions of Theorem 6.3 the following a priori estimate
holds

el @ = € (1] sy + 1l sgooien)

6.2 Grand Lebesgue spaces

The Grand Lebesgue spaces Ly)(€2), ¢ € (1, 00), are non separable Banach spaces
endowed by the norm

1

q—¢

Ifllgy = sup <8/|f(x)|q_8dX> :
O<e<qg—1 Q

The Property 1 holds for L) (2) as it is proved in [17] and the following continuous
embedding is valid

LIC LY C L%, Vee(0,q—1).

Consider the Grand Sobolev spaces WZ’q) () builded on the spaces L9 ().

Corollary 6.6 Suppose that the conditions of Theorem 5.3 hold true and xo € Q2 verifies
the property (Py,). Then there exists a solution u € WZZ) (B (x0)) of the equation

Lu = f, for r small enough and for all f € LY (B, (xo)).
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Corollary 6.7 Under the conditions of Theorem 5.3 the following a priori estimate
holds

||“||WZ’q)(QO) < C(”E“”Lq)(gz) + ||u||Lq)(Q))~

6.3 Variable Lebesgue spaces

Given a bounded domain €2 and a Lebesgue measurable function p(-) : 2 — [1, +00).
We say that p(-) is locally log-Holder continuous function if there exists a constant cg
such that for all x, y € Q verifying |[x — y| < 1/2, it holds

co

[p(x) — pW)| < m-

We denote this function set as L Hy(£2). It follows immediately (see [9]) that if p(-) €
L Hy(2) than it is uniformly continuous and p(-) € L*°(S).

For a Lebesgue measurable function f € F(2) we define the modular associated
with p(-) by

Ipy,e(f) =/Qlf(X)|”(x)dx.

Then the Variable Lebesgue spaces LP) (), p(-) € L Ho(Q) consistofall f € F()
such that 1) o(f) < 400, for which the following norm is finite

1l = inf {x ~0: 1,,(.),9(9 < 1}. (6.2)

The spaces LPO(Q), p(-) € LHy(R), endowed with the norm (6.2) are BFSs.

The corresponding Sobolev spaces are denoted by WP (Q) and for a given
weight w we can define also the weighted spaces Lﬁ(')(Q) and Wﬁ(')’m ().

The weighted L") spaces defined by the class of variable Muckenhoupt weights
A () are of particular interest.

Definition 6.8 We say that w € A, if

[wla,, = sgp|er||w><Q||p<.>||w—IXQ||p/<.> < +o0,

where the supremum is taken over all cubes Q C R" with sides parallel to coordinate

, . . . 1 1
axes and p’(-) is the conjugate function, o Ty = 1 forallx € R.

The properties of the weighted Variable Lebesgue spaces (see [9, 17]) ensure the

validity of the Property 1. For a bounded domain €2 we have the embedding L+ (2) C
LPO(Q) C LP- () with a measurable function p(-) verifying (2.10).
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Corollary 6.9 Let the conditions of Theorem 4.3 hold and suppose that w € L Hy(£2) N
Apy(R"), p_ > 1, then there exists a solution u € Wlﬁ(')’m(l’)’r (x0)) of the equation
Lu = f forr small enough and for all f € L{;(‘)(Q).

The validity of the Property 2 in this case follows by Lemma 6.1 and [9].

Theorem 6.10 Ler @ C R”" be a bounded domain with C* smooth boundary and
p(-) € LHy(R2) such that 1 < p_ < py < +00. Then for every k > 1 there exists a
bounded linear extension operator

O € [WPOk(Q); wrtk®m].

Applying the Theorem 5.3 to the case of weighted Variable Lebesgue spaces we
are able to obtain a local a priori estimate for the solution.

Corollary 6.11 Let Q9 € 2. Under the conditions of Theorem 5.3 and Corollary 6.9
the following a priori estimate holds

lllwperm gy = C(”E"‘”LP(J(Q) + llullLror(@))- (6.3)

In the case of Variable Lebesgue spaces without any weight, the estimate (6.3) is
obtained in
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