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Abstract: We consider the Dirichlet problem for partial trace operators which include the smallest and the
largest eigenvalue of the Hessian matrix. It is related to two-player zero-sum differential games. No
Lipschitz regularity result is known for the solutions, to our knowledge. If some eigenvalue is missing,
such operators are nonlinear, degenerate, non-uniformly elliptic, neither convex nor concave. Here we
prove an interior Lipschitz estimate under a non-standard assumption: that the solution exists in a larger,
unbounded domain, and vanishes at infinity. In other words, we need a condition coming from far away.
We also provide existence results showing that this condition is satisfied for a large class of solutions. On
the occasion, we also extend a few qualitative properties of solutions, known for uniformly elliptic opera-
tors, to partial trace operators.
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1 Introduction and main results

A growing attention has been received by the Hessian partial trace operators in the last few decades.
Motivated by geometric problems of mean partial curvature [1-3], many works have been devoted to
analytical and geometrical aspects of equations involving partial trace operators. For instance, just to
mention a few ones, see the papers of Caffarelli et al. [4-6] and of Harvey and Lawson [7-9].

In this article, we are interested in the more general weighted Hessian partial trace operators:

n
PD) = ) aA(D), 11
i-1
where /; is the eigenvalue of the Hessian matrix, in non-decreasing order, and a = (a;)I, is an n-tuple of
numbers g; > 0 such that @ = max;.;,a; > O.
For a list of symbols used here we refer to the end of this section.
Equations P(D?u) = 0 have been recently recognized to govern two-player zero-sum differential games.
See the study of Blanc and Rossi [10], in which an existence and uniqueness theorem for solutions of
boundary value problems for the equation A;(D?u) = 0 is proved. See also [11] for a time-dependent version.
Such operators share a number of qualitative properties with uniformly elliptic operators. See for
instance, recent papers [12-18]. We expect that other properties, typical of uniformly elliptic operators,
can be extended to the partial trace operators, like blow-up boundary results or Liouville properties for the
Lane-Emden equation, see [19] as we plan to investigate further on.
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Regularity properties seem to be a difficult task. Few Holder estimates are known, see [14], depending
on the coefficients a;. See also [20] for an effort to estimate Holder exponents. Lipschitz regularity is only
known for viscosity supersolutions of A;(D?u) = f with f bounded below, and supersolutions of A,(D?u) = f
with f bounded above. See for instance [14,21]. It is worth noting that classical solutions would be semi-
convex and semi-concave, respectively.

An interior C* regularity result has been shown by Oberman and Silvestre [32, Theorem 5.1] for
solutions of the equation A;(D?u) = 0 in a ball B with boundary values g € C%®. The result is qualified as
“unusual” by the same authors because the C®-regularity is transmitted from the boundary to the interior
but it cannot be extended up to the boundary, generally.

The main scope of this article is to show an interior Lipschitz regularity result for weighted partial trace
operators with positive coefficients of the smallest and the biggest eigenvalue, in dimension n > 3.

Generally, interior regularity, in a compact set, is obtained supposing that the solution exists in a larger bounded
open set containing it. In our case, we have to assume that solutions exist in a larger unbounded set, like a slab or a
finite union of slabs, and a boundary condition far away, that the solution vanishes at infinity, is needed.

Here are the contributions of this article, where the measure-geometric condition G is given by
Definition 2.6.

Theorem 1.1. Let Sj; = {x e R": |x; - x{| < d} and Sj = |JiL,S;,;, where d € R, and n > 3. Assume that
P = Z;’zlai/li with aja, > 0. Let Q > S; be an open set of R", endowed with a uniform exterior cone property
and satisfying condition G. Suppose that g € C°(3Q) and

suplg| < Mg, (1.2)
x€0Q

and
lim g(x) = 0.
i, 8 0) (1.3)
xedQ

Let u € C%(Q) be the solution of the Dirichlet problem

3N s
P(D*u) =0 in Q (1.4)
u=g on 0Q.

Then u is locally Lipschitz continuous in Q; = (L1545 = [T, %" — d, X" + d[, and
M, .
max|Du(x)| < —= a.e. in Qg, (1.5)
1<i<n 6(x)
where 6(x) = dist(x, Q}). In particular, if u is differentiable at x*,
M,
max|Du(x*)| < —=. (1.6)
1<i<n d

The set of functions u considered in the above theorem is not empty. We will establish an existence (and
uniqueness) result in Theorem 1.3.

The previous result is applicable to weighted partial trace operators # with non-zero coefficients a; and
a, of the extremal eigenvalues A; and A,, respectively. Among such ones, we recall:

M(D%) = (D) + A (D), 1.7)

introduced in a previous paper [14].
Note that M is neither concave nor convex. It is degenerate, non-uniformly elliptic except for n = 2,

when M(D?u) is the Laplace operator Au.

Idea of the proof. First, we perturb £ to obtain an operator #;, with a small amount of uniform ellipticity,
such that £, —» £ as € — 0*. Next, we show a uniform estimate for the gradient of the solution u, of the
equation P«(D?v) = 0. Then we show that u, — u as € — 0*.
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Pursuing this program, we have the occasion to extend a few qualitative results, which have not yet
been established elsewhere, from the uniformly elliptic case to weighted partial trace equations.

First, in [14, Section 3.2] the existence of solutions was proved for general weighted Hessian partial
trace operators # in a bounded domain with a suitable convexity assumption derived from [10].

Here we show existence and uniqueness for weighted partial trace operators with extremal eigenvalues
in domains satisfying a uniform exterior cone property. See Definition 2.21.

Theorem 1.2. Suppose that Q is a bounded domain of R". Let Q be endowed with a uniform exterior cone
property. Assume that P = Z?=1ai/1i with ma, > 0, and g € C°(dQ) such that |g| < Mg on 9Q as (1.2).
Then the Dirichlet problem,

2N A s
P(Du) =0 in Q (1.8)
u=g on 0Q,

has a unique solution u € C°(Q), and

lul < Mg in Q. (1.9)

We shall also consider unbounded subsets of slabs Sg; = {x € R": |x;| < d}, star-shaped domains
Sq4 = UiL1S4;i, and their translates Sj; = x* + Sg;;, Sj = x* + Sy, in view of Theorem 1.1.

With respect to the bounded case, for unbounded domains the uniqueness will be proved under the
additional assumption that the boundary values tend to zero at infinity.

At the same time, we point out that the following results show that solutions in unbounded sets, like
slabs or a finite union of slabs, vanishing at infinity, do exist under assumptions that are not so restrictive.

Theorem 1.3. Suppose that Q is an unbounded domain satisfying condition G. Let Q be endowed with a
uniform exterior cone property. Assume that P = Y aA; with aa, > 0, and g € C°(dQ) such that |g| < Mg on
0Q as (1.2).

Then the Dirichlet problem (1.8) has a viscosity solution u € C°(Q), and (1.9) holds. Suppose in addition
that g(x) — 0 as |x| — oo in 0Q as (1.3). Then

1 ~0
am ux) (1.10)

xeQ

and the solution of the Dirichlet problem (1.8) is unique.

The same assumptions allow us to obtain the so-called improved Alexandroff-Bakelman-Pucci (ABP)
estimate.

Theorem 1.4. Let Q be a domain of R" satisfying condition G with constants Ry > 0 and 0 < o, T < 1. Suppose
also f € C°(Q) N L"(Q n B) for all B € Bg,(Q), a covering of Q with balls of radius Ry. Let u € usc(Q) be a
subsolution of the equation P(D*u) = f. If a; > 0, then
supu < supu + CRg sup [|flrans), (1.11)
Q 90 BeBg, '
where the positive constant C only depends on the dimension n, 0, T, a;, and it is bounded when a;, 0 are
bounded away from zero, T is bounded away from 1.
Let u ¢ 1sc(Q) be a supersolution of the equation P(Du) = f. If a, > 0, then
infu > infu - CR, su n ,
o n OBGBEO Iz (QNB) (1.12)
where the positive constant C only depends on the dimension n, 0. T, ay, and it is bounded when a,, 0 are
bounded away from zero, T is bounded away from 1.
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See [23] for linear uniformly elliptic equations in non-divergence form, [24,25] for generalizations, and
[26] for the case of fully nonlinear uniformly elliptic equations; see also [12] for further generalizations and
[27] for other kinds of degenerate elliptic operators.

This article is organized as follows: in Section 2 we collect and rearrange a few results on elliptic
operators, viscosity solutions, and geometric properties of a domain, which will be useful in the sequel,
in particular we establish some connections between uniformly elliptic operators and partial trace opera-
tors; in Section 3 we prove existence and uniqueness results; in Section 4 we estimate the gradient of
approximate solutions; and finally, in Section 5 we prove the convergence of approximate solutions.

List of symbols
e S™: set of the n x n real symmetric matrices
e X <Y:Y - X positive semidefinite
e Ai(X): eigenvalues of X € S, A; < Ajq
* a=(a)ly, a:=Mmilicnl;, T = MaAXy<jcnl
e P:XeS" > Y ahX) eR; P =P + A, e>0
e A={P:a>0,a>0} Agw={P:a>0}

2.1/2
o X =0, ...,xn), IX| = (LX)

N N 1/2
® Xi= (Xb e Xio15 Xit1s -~~1Xrl)’ |Xi| = (ZJ#X]z)

e Spi={xeR": x| <d}, d>0;Ss:=ULiSai
® Coa;i:ix€Sgit Xl <php>0584=UbCai
Qi = NiSai = [T, ' — d, x5 + d[.

2 Review of known results and preparatory work

Let S™ be the set of n x n real matrices, with the partial ordering X < Y that means Y — X positive semi-
definite. We call A4(X),..., 1,(X) the eigenvalues of X in the non-decreasing order.

We will consider in the sequel mappings F : S™ — R. We say that ¥ is a degenerate elliptic operator if
X <Y implies F(X) < F(Y).

We assume f € C°(Q). Let u be an upper semicontinuous function in Q, for short u € usc(Q). Thenuis a
viscosity subsolution of the equation F(D?u) = f in Q if we have

F(D?p(x)) = f(x) (eAY)

for all x € Q and all ¢ € C*(Q) touching u at x from above.
A lower semicontinuous function u in Q, for short u € 1sc(Q), is a supersolution of the same equation if
we have

F(D*p(x)) < f(x) 2.2)

for all x € Q and all ¢ € C*(Q) touching u at x from below.

A function u € C%(Q) is a solution of the equation F(D?u) = f if it is a subsolution and a supersolution.

We also use the notation F(D?u) > f for subsolutions and F(D?u) < f for supersolutions. Such inequal-
ities correspond to pointwise inequalities in the case u € C*(Q). But in the case of lower regularity, when the
Hessian matrices do not exist, we can only use the viscosity sense.

Let ¥ and G be degenerate elliptic operators such that #(X + Y) < F(X) + G(Y). We use in the sequel the
fact that if F(D%u) < f and G(D?v) < g in the viscosity sense, then we can still say that F(D*(u + v)) < f + g,
as we would do for classical solutions, provided at least one between u and v is C2.

This article is focused on the weighted partial trace operators

PX) = af(X) + -+ aAy(X), X € S", (2.3)

with coefficients a; > 0 fori = 1,..., n, which are degenerate elliptic.
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Depending only on the eigenvalues, they are invariant by reflection.

Lemma 2.1. The weighted partial trace operator P are invariant by reflection with respect to any hyperplane
H of R™, that is: if R is the reflection matrix with respect to H,

P(RXR) = P(X). (2.4)

We refer to [28], and more diffusely [29], for major generality.

Here we consider a sample case in order to obtain to the point of interest. Suppose H = {x, = 0}, so that

R= (fn 0 ) (2.5)
0 -1

where I, is the (n — 1) x (n — 1) identity matrix.
Let u(x) = u(Xy, x,) be a C? - function, and ii(x) = u(Rx) = u(X,, —x,), then

P(Dzﬁ()’zm Xn)) = P(RDZM()?)‘U _Xn)R) = P(Dzu()zm _Xn))- (26)

Let @ = max;a; and g = min;q;. We denote by A the class of weighted partial trace operators £ — R
such that @ > 0, which are degenerate, non-uniformly elliptic if a = 0, and by A, the subset which
consists of £ € A such that a > 0, which will be seen uniformly elliptic.

Deferring later the proof of the uniform ellipticity in such cases, we recall that for any P € A, the
comparison principle holds in bounded domains. See [14, Theorem 3.1].

Lemma 2.2. (Comparison principle) Let Q be a bounded domain, P € A and f a continuous function in Q. Let
u € usc(Q) andv € 1sc(Q) If P(D%u) = f, and P(D%) < f in Q in the viscosity sense, then u < v on 9Q implies
u<vinQ.

The most important elliptic operators, which depend only on the eigenvalues, are the well-known Pucci
extremal operators, the maximal and the minimal one, depending on positive constants A and A > A,

respectively:

Mia(X)= sup Tr(AX)=A iAi*(X) ) Zn:)l{(X),

Al=A<AI i-1 i-1
AeS . ) (2'7)
Mia) = inf Tr(AX) =2 ;A,- X) - A gAi'(X),
AeS™M B B

where A;" = max(4;, 0) and A; = —min(4;, 0).
For any degenerate elliptic operator & we define the dual operator as

FX) = -F(-X). (2.8)

It is not hard to verify that the maximal and the minimal Pucci operators M} , and M} », with the same
constants A and A, are the dual of each other.

The dual of the weighted partial trace operator P = aqjA; +--- + anA, is again a weighted partial trace
operator, P* = ayA; +--- + aiAy.

If P e A, resp. P € Agy, then P* € A, resp. P* € Ag,. Self-dual operators, that is to say, P = P*, are
Mii= Mi;=A +--+ A, the Laplace operator, and the partial trace operator M = A; + A,.

In this respect, note that, if F(D?u) > f, that is, u is a subsolution of the equation #(Du) = f, then
v = —u is a supersolution of the equation #*(D?v) = f, namely, F*(D%) < f.

Proposition 2.3. Let P be a weighted partial trace operator with a; > 0. Then

Mg a(X) < PX) < MG z(X) for all X € S™. (2.9)
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Proof. We show only the right-hand inequality, since the left-hand one can be obtained by duality. It is
enough to note that

Mg a(X) = Y U A, (2.10)

i=1
where

o [T AX) 20
WA = {g/li(X) if A(X) < 0. 211)

On the other hand,

an(x) if AX) > 0
ah(X) < {g}t,-(X) if A,(X) < 0. (212

Comparing (2.11) and (2.12) we obtain the right-hand inequality of (2.9) under consideration. (|

The above inequalities also hold in the case a = 0, when the extremal Pucci operators are degenerate,
non-uniformly elliptic.

But in this case (2.9) are almost useless. Conversely, if we consider weighted partial trace operators
with coefficients a; > 0 or a, > 0, we can dispose of more useful inequalities; see also [14, Section 3.2].

In this case, we can control # with Pucci extremal operators M} , having A > 0.

Proposition 2.4. Let P be the partial trace operator P = aiA; + --- + ayA,. Suppose that a,, > 0. Then
PX) = Maﬁn,m%(X)- (2.13)

On the other hand, if a; > 0, then
PX) < M,
n

—,a+

%(X )- (2.14)

Proof. For (2.13), it is sufficient to observe that

n n-1
PX) = ¥ a(X) > Z(ai + %)MX) + %AH(X) > Ma, 0 X), (2.15)
i=1 i=1 n’ n
where the last inequality is a consequence of Proposition 2.3.
The proof of (2.14) is similar. One can also use duality, observing that, if a; > 0 the inequality (2.13)
holds for the dual operator £* with a; instead of a,,. |

Let ¥ : 8" —» R. We say that # is uniformly elliptic if
Y20 ATr(Y) < F(X + V) - F(X) < ATr(Y), (2.16)

with positive constants A and A > A, called ellipticity constants.

The extremal Pucci operators are uniformly elliptic, in particular M7 (X) = Tr(X), which corresponds
to the Laplace operator: Au = Tr(D%u).

Differently, the partial trace operator M = A; + A, is not uniformly elliptic when n > 2. In fact, let
X=e®e,and Y=e,®e,. Then (; + 1,)(X + Y) =1= (A + A,)(X), while Tr(Y) = 1, violating the left-
hand-side inequality (2.16).

A fundamental tool for dealing with uniformly elliptic operators is the well-known ABP estimate. But in
view of the inequalities of Proposition 2.4, it can be used for weighted partial trace operators £ with a; > 0
and/or a, > 0. See [14, Lemma 4.1].
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Lemma 2.5. (ABP estimate). Let P = Z?Zla,-/l,- € A, Q be a bounded domain of R" of diameter d, and
f e CoQ) n LM(Q). Let u € usc(Q) be a subsolution of the equation P(D*u) = f. If a; > 0, then
supu < supu + Cdllf~ ), (2.17)
Q 30
where the positive constant C depends only on the dimension n and a,, and it is bounded when a, is bounded
away from zero.
Let u ¢ 1sc(Q) be a supersolution of the equation P(Du) = f. If a, > 0, then

infu > infu - Cd|f* lzvq),
n nf IF* e (2.18)

where the positive constant C only depends on the dimension n and a,, and it is bounded when a,, is bounded
away from zero.

Note that in the case f = 0, the above inequalities yield the maximum and the minimum principle.
We also recall that the ABP estimate has been improved by Cabré [30] and extended to domains,
possibly unbounded, with the measure-geometric property G.

Definition 2.6. Let Q be a domain of R". We say that Q satisfies the geometric condition G if there exist
constant Ry > 0 and o, T € (0, 1) such that: for all y € Q there exists a ball Bg(y*) of radius R < Ry, con-
taining y, such that

IBR(Y)N\Qy, 7| > 01Br(y"), (2.19)

where Q, ; is the connected component of Q N Bg,.(y*) containing y.
We point out that all the bounded sets satisfy condition G. Moreover, any subset of a domain with
condition G satisfies in turn condition G.

The result of Cabré [30, Theorem 1.1] provides the estimate (2.17) with R instead of the diameter d, and
a constant C which also depends on ¢ and 7. A refinement [26, Theorem 1] allow us to substitute ||f];»q) with
a local norm supy*eQI[fIILn(BRO(y*)nQ).

Here we extend the result to weighted partial trace operators . Theorem 1.4 is a direct consequence of
[26, Theorem 1] and Proposition 2.4.

Letd,p > 0,i € {1, ...,n}. Examples of domains satisfying condition G are for instance the following
domains, which will be used in the sequel:
e Finite cylinders C, 4, ; : {x = (X;, x) € R": [X]| < p, |xi| < d},
* Bounded star-shaped domains S, 4 = J1Cp,q; i»
e Slabs Sz ={x e R": x5 < d},
e Unbounded star-shaped domains S; = JI-1S4.:.

But very different domains with respect to cylinders and slabs or finite unions are possible. For
instance, in the plane, the complement of a regular lattice of balls with centers at integer coordinates,
and the complement of the spiral p = e?,0 € R, in polar coordinates, are domains Q endowed with a
condition G. Note that in the latter case that R?\Q has empty interior.

An application of the ABP estimate, which will be used in the sequel, is the local Hélder continuity of
solutions of uniformly elliptic equations. See [23]. Using Proposition 2.4, this can be extended to weighted
partial trace operators. See [14, Theorem 5.3].

Lemma 2.7. Let Bs(xo) be a ball of radius 6§ > 0, and let P € A be a weighted partial trace operator with
aa, > 0. Suppose that f e CO(Bys(xo)) N L'(Bys(xo)). Let u € C°(Bys(xo)) be a solution of the equation
P(D?u) = f in Bys(xo). Thenu € C*(Bs(xy)) for some a € (0, 1), and there exists a positive constant C such that

lu(x") = u(x)l < CM + Nplx" - x'|*,  x',x" € Bs(xo), (2.20)
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where M = supp,,ao)s Nf = Ifls,500))- The Holder exponent a depends on n, a;, and a,. The constant C also
depends on 6.

We recall that for Pucci extremal operators with ellipticity constants A > 0 and A > A the Hdélder
inequality (2.20) holds with @ and C depending on the same quantities but A and A in the place of ¢
and ay,.

The issue of the boundary regularity will be treated using the uniform exterior cone property and the
Miller barrier functions.

Definition 2.8. (Exterior cone condition) Let Q be a domain of R™. Following [31, Section 3], we say that Q is
endowed with a uniform exterior cone property if there exists a circular cone

Ty = {x € R": X, 2 |x|cosi}, (2.21)

where 1 € (0, ) is the angle with the negative half-line in the direction x,, such that for any point on
z € 0Q we have
QN By(2) c z+ RTy (2.22)

for a suitable rotation matrix R.

Definition 2.9. (Miller barrier functions) Let T, be the circular cone of Definition 2.8. A Miller barrier

function is, in spherical coordinates p = [x| and 0 = arccosl"7"|:

() = p’f(0). 2.23)
Let A > 0 and A > A. According to [32, Theorem 3], for all ) € (0, ) there exist y € (0, 1) and a function
feCqo,m), f'(0)=0, f>O0in]O0,] (2.24)
such that
1a(D%*p) < 0 in Ty. (2.25)

Multiplying by a constant, we may suppose f > 1 in [0, y] so that
o(x)=>rY on |x| =r. (2.26)

A further application of the ABP estimate, which will be helpful in the uniqueness issue, is the
boundary weak Harnack inequality, which follows from [14, Theorem 5.2] suitably extending non-negative
supersolutions outside the domain Q.

Proposition 2.10. Let # be such that aja, > 0. Let Q be a domain of R" and B = Bg,(X), B = Bg, /(X)
concentric balls of radius Ry, Ro/T, respectively, such that Bn Q + @ and B\Q + @, for a constant
T € (0,1). Suppose that u is a non-negative supersolution of the equation P(D?u) =f in Q, where
feCo(B n Q) n L"(B n Q). There exist positive constants p, and C such that

1/po

1 .
ﬁjyf“dx < C(};ﬂg u+ "f”L"(E‘mQ))’ (2.27)
B

where setting | = liminf,_, 5~aqu,

(2.28)

{min(u, ) inBnQ
u =

l in B\Q.

The constants py and C only depend on n, a;, a,, and T.

Finally, a useful tool in the approximation argument that will be used in the sequel is the uniform
ellipticity of weighted partial trace operators with all positive weights.
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Proposition 2.11. Let P be the partial trace operator P = ajA; +---+ ayAy,. In particular, P is uniformly elliptic
with ellipticity constants A = a and A = @, that is, for Y > 0O:

aTr(Y) <PX +Y) - PX) < aTr(Y). (2.29)
Proof. Let Y > 0. Then

PX+Y)=aTr(X +Y) + i(a,- - DAX +Y)
i=1

>aTr(X +Y) + i(ai - OA(X)

& (2.30)
= aTr(X) + aTr(Y) + i(ai - DAX)
=P(X) + aTr(Y). -
Analogously,
PX+Y)=aTr(X +Y) - i(a - @)X +Y)
i1
<aTrX +Y) - g(a - a)A(X) 231)
=aTr(X) + aTe(Y) + i(ai - DAX)
=P(X) + aTr(Y). -
Therefore, we have (2.29). |

3 Existence and uniqueness

In this section, we show the existence and the uniqueness of solution for the equation P(D%u) = 0 in Q with
the boundary condition u = g on 0Q, where Q is a domain with an exterior cone property, possibly
unbounded.

Proof. (Theorem 1.2) We use Perron’s method, see [33, Theorem 4.1], which in particular provides the
existence of a unique solution u € C°(Q) once that:
(i) The comparison principle holds;
(ii) There exist a subsolution u € C°(Q) and a supersolutionii € C°(Q) of the equation P(D?u) = 0 in Q such

that u = g = & on 0Q.

Lemma 2.2 provides (i). Concerning (ii), since Q is endowed with a uniform exterior cone property, we
can apply [31, Theorem 1.1]. That is, there exist continuous solutions of the Dirichlet problems
{M oD% =0 in Q

A (3.1
u=g on 0Q

3|8t

and

0,(D*) =0 in Q
n (3.2
on 0Q.

,a+

=
Il 5 E‘
vq =
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Thanks to Proposition 2.4, M3, gem P < My 2.4 and therefore &t and u are a supersolution and a
n» n n:» n

subsolution of the equation P(D%u) = 0 equal to g on 0Q that we were searching for.
The pointwise estimate (1.9) is a consequence of the ABP estimate. See Definition 2.6 and [23, Theorem 1.1]
for the uniformly elliptic version of Theorem 1.4. O

The proof for unbounded domains will proceed by approximation.

Proof. (Theorem 1.3) First, by means of the Tietze-Urysohn-Brouwer extension theorem we extend g to a
continuous function on R", called in turn g, such that

suplg] < My. (3.3)

Existence and interior continuity

Let Q,=Q,nQ, where p >0 and Q, = {x € R": |x;| < p}. We approximate Q with the bounded
domains Qps k € N, such that p, — oo as k — oo.

Since Q and Q, satisfy condition G and a uniform exterior cone condition, so does their intersection.

From the bounded case, then we can solve the Dirichlet problem in Qp,.- That is, we find u; € C 0(ﬁpk)
such that, in the viscosity sense:

PD*u) =0 in Q,
(3.4)
U =g on a(ka).
The pointwise estimate (1.9) of the bounded case, combined with (3.3), yields
sup|ug| < Mg,
Q (3.5)

Pk

which implies the full inequality (1.9) even in the unbounded case.
We know that the functions u; are locally Holder. See Lemma 2.7. In fact, let K; be a compact subset of Q.
For k € N large enough we have K; ¢ Q),, and

dist(K;, Qy,) = 6; = dist(K;, Q). (3.6)

Hence, for all xo € K; the Holder inequality (2.20) holds in a ball Bs, /2(Xo) :
v(x") = v(x")| < CMglx" — X"|*,  x', x" € Bs,;2(x0). (3.7)

Such estimate is uniform with respect to k € N, depending on the Hélder coefficient C € R, and the Holder
exponent a € (0, 1) only on n, a;, a,, and 6;.

Therefore, the functions uy are equi-bounded and equi-continuous on each compact subset of Q.

Let 6, sequence of positive number such that §, | 0 as £ — co. We invade Q with the increasing
sequence of bounded subsets Q, 5, = {x € Q : dist(x, 9Q) > &}, such that Q5 c Q and Q = UQy s,

From the Ascoli-Arzela theorem it follows that the sequence w; uniformly converges over Qg s, up to a
subsequence for any ¢ € N. So by a Cantor diagonalization process, we can extract from {u}xcn @ subse-
quence (called again uy) that converges, locally uniformly in Q, to a continuous function u.

By construction, given x € dQ, we have ui(x) = g(x) for sufficiently large k € N, so that the limit
function

u(x) = lim ux) (3.8)

exists for all points of Q, and u = g on 3Q.

Recalling (3.5), we also obtain the pointwise estimate (1.9).

By stability theorems on viscosity solutions, for instance [23, Proposition 2.9], we can also conclude that
the limit function u is a viscosity solution of the equation (D?u) = 0 in Q.
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So we have a solution u € C°(Q) of the Dirichlet problem (1.8) with boundary values u = g, as required.
But we are left with showing the continuity at points of dQ, in order that u € C°(Q).

Continuity up to the boundary

In order to show that we need to prove that for every y, € 0S:

}H’Iﬁ) u(x) = u(y,) = g(yp)-

. (3.9)
xeQ
For this purpose, up to translations, we may suppose y, = 0.
Let us fix € > 0. By the continuity of g we can choose 8, = 6¢(¢) such that
€
[u(y) - g(O) < = fory € 2 : |yl < &. (3.10)
We want to show (3.9) with y, = 0, that is,
)l(ll‘% u(x) = u(0) = g(0). (3.11)

xeQ

To this end, observe that Q is endowed with a uniform exterior cone property. See Definition 2.8. We
may suppose, up to rotations, that the axis of cone, with vertex at the boundary point x = 0, has direction
X,. Thus,

Qn B, cTy (3.12)
where B, = {x e R" : |x| < 10}.
Since P(D%u) = 0, Proposition 2.4 implies that

My . a(D2u) 2 0. (3.13)

_.a
N

3|8t

Let o(x) = p¥f(6) be the corresponding Miller barrier function, in spherical coordinates p = |x| and
0= arccos— See Definition 2.9. Then

Ml . a(D’p) < 0. (3.14)
n’
Next, let §; > 0 be such that 6y < min(8g, 1p). We compare the function u with the function

w= ﬂ®+5+§Z¢ (3.15)
in Q N Bs,. On the boundary, we have u < w: in fact, u < g(0) + % <w on 9dQ N Bs,, by (3.10), and
u < g(0) + 2M; < w on Q n 9Bs,, by (1.9) and (2.26).

So, by (3.13) and (3.14), u and w are a subsolution and a supersolution, respectively, of the same
uniformly elliptic equation in Q N Bs,, and u < w on 8(Q N Bs,).

Therefore, by the comparison principle for uniformly elliptic equations (see [23]), we have u < w in
Q n Bs,, that is,

u(x) - g(0) < £, (3.16)

£ ZM
2 88
Choosing 6; > 0 such that 6 ! < £, we obtain for x € Q N B,

u(x) — g(0) < e. (3.17)

In order to complete the proof of the continuity at the point x = 0 € 0Q, we also need to show that there
exists 8, > 0 such that for x € Q N Bs,:

g(0) — ulx) < e. (3.18)
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We use a similar procedure, observing that the function u* = —u is the solution of the Dirichlet problem

* 2,%) — 3
P*D*u*) =0 in Q (3.19)
u=-g on 0Q,
where £* is the dual operator.
This time we use the fact that by Proposition 2.4
My (D) 2 0, (3.20)
et
and we take y € (0, 1) such that
i g, aD’9) <0, (3.21)
in the construction of the barrier function ¢(x) = p*f(0).
We compare now the function u* with
we g+ £+ M (3.22)
2 & v '

in Q N Bs,. On the boundary, we have u* < w: in fact, u* = —u < -g(0) + % < w on oQ N Bs,, by (3.10), and
u* < —g(0) + 2M; < w on Q n 0B, by (1.9) and (2.26).

Then we apply the comparison principle (Lemma 2.2), and so u* < w in Q N Bg,.

Like before in view of inequality (3.17), we obtain &, > 0 such that for x € Q n Bg,:

u*(x) + g(0) < g, (3.23)

thereby proving inequality (3.18), and so (3.11).

Since this can be done for an arbitrary point y, € 9Q, the above shows that the solution u € C%Q), and
the proof of the continuity up to the boundary is complete.

Behavior of solutions at infinity

Here we show that the solution u vanishes at infinity, under the assumption that g vanishes at infinity.

First, by condition G of Definition 2.6, with parameters Ry > 0 and O < 0, T < 1 we construct a covering
B of Q, with balls B = B,(y*).

Let us fix € > 0, and let

E ={xeQ:|x=>r} (3.24)
By assumption there exists R, > 0 such that for all r > R,

[g(x)| < & for x € E, n 9Q. (3.25)

LetR > R, + RO(% - 1), then we introduce the families of balls

Br={B=B("): >R (3.26)
and
Bg = {B = B;/x(y*) : B = B.(y") € Bg}. (3.27)
Note that
ERc UBnQ)c U BnQ)c Eq_gy(3-1): (3.28)
BeBg BeBy

According to condition G, we have y € B.(y*) and |B,(y*)\Q, | > 0|B,(y*)|, where Q, . is the connected
component of B, ,-(y*) N Q containing y. Set also M, = sup{u(x)|x € B, ;(y*) n Q}.

By assumption aja, > 0. Hence, we can apply the boundary weak Harnack inequality (Proposition 2.10)
to the non-negative function v = M, ;r — u.
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This is a solution of the Dirichlet problem

P*DW)=0 in Q
v=M/,—g on 0Q,

where P* is the dual of P.
From (3.25) and (3.28) we have:

I = liminf (M, /r — u) = M, ;; — limsupu > M, — €.
x—BndQ x—BnaQ

Then the boundary weak Harnack inequality (2.27), with p = py, yields

ip
B\Q i
(|\_|) (M, )7 - €) < Cinf(My)r — u)
B BnQ

from which

27YP(M, ;¢ — €) < CM, ;¢ — C supu.
BnQ

It follows that

sup u<yu sup u+ (1-pk
B,(y*)nQ Br(y*)NQ
withO<u=1-21/C<1.
From (3.28) and (3.33) we deduce that

supu(x) < u sup u(x) + (1 - pe.

IxI=R Ixl=R-Ro(1-1)
xeQ
xeQ

Letting R — oo,

limsup u(x) < plimsup u(x) + (1 — pe,
|x|—> 00 |x|—> 00
xeQ xeQ

from which
limsup u(x) < €.

|x|— 00
xeQ

Since € > 0 is arbitrary we can take the limit for ¢ — 0" to conclude that
limsup u(x) < 0.

[x|—00
xeQ

An analogous argument can be used to show that
liminf, u(x) > 0.

|x|—>00
xeQ

—_— 13

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

In this case, setting myg, = inf{u(x)|x € Baryx) N Q}, we observe that v = u — my, is a solution of the

Dirichlet problem

PDV)=0 inQ
V=g — my, on oQ.

Finally, (3.37) and (3.38) show that u(x) — 0 as |x| — oo in Q, as claimed.

(3.39)
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Uniqueness
Let u, w be two solutions of the Dirichlet problem under consideration. Then both u and w vanish at
infinity. That is, for all € > 0 there exists R, > 0 such that

lu)| <e, |wkx)<e for xeQ suchthat |[x - x*|>R;. (3.40)
We compare u and w + 2¢ in By (x*) as a subsolution and a supersolution of the equation £(D?) = 0 in
Q n Bg,(x*). Since u < w + 2¢ on the boundary, by the comparison principle (Lemma 2.2) we obtain:

u<w+ 2 in Q N B (x*). (3.41)

On the other hand, by (3.40):
u - w < 2 in Q\Bg,(x*). (3.42)

Therefore, u — w < 2¢ in Q. On the other hand, we can interchange the role of u and w, obtaining the
same inequality for w — u. Therefore, |u — w| < € for all € > 0. Letting € — 0", we obtain u = w. That is, the
solution is unique as claimed. O

4 Approximate solutions and Lipschitz constants

In this section, we consider perturbations of the weighted partial trace operators #, which leads to uni-
formly elliptic operators, namely: ; := P + €A for € > 0.

We show that solutions u, of the equation P(D?) = 0, which are bounded in a cylinder of center x* and
axis of fixed height with sufficiently large section, depending on €, have a partial derivative bound in the
axis direction, uniform with respect to &, at the point x*.

Note indeed that in the uniformly elliptic case the argument works without any constraint on the
diameter of the section of the cylinder. In the degenerate case, instead, a larger and larger radius p, is
needed as € — 0*. See (4.2) in the following lemma, when g = min;_;, _ .a; = 0.

Lemma 4.1. Let d, 8, € be positive numbers, and C p*s,d; i = X* + Cp_a; i» the finite cylinder, with center x* and
axis direction x;:

ng,d; =X eR" % - X <p,, 6 — x| < d}, (4.1)
where X; = (0, ...,Xi, ..., X)) and

a+ed?

2>(n-1 —. 4.2
P’ = ( )g Tt 5 (4.2)
Let u; be a bounded continuous viscosity solution, namely,
sup |ug| < M;,
C;g,d; i (4.3)
of the equation P.(D?v) = O for P € A.
Then
Qe ()| < 1+ ) M, (4.4)
X d

Proof. We may suppose x* = 0 and i = n, so that we are left with the cylinder Cp,_4;n = {|Xal < p,; Ixal < d}.
The operator

Pe=P + el =(ay + N +---+(ay + Ay (4.5)
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is uniformly elliptic. More precisely, according to Proposition 2.11,
M;l+£,ﬁ+£(y) < PE(X + Y) - PS(X) < M£+5,§+E(Y)- (46)

Hence, by [23, Corollary 5.7], u, is locally C»® in C,,_ 4;n, and the derivative on the left-hand side of inequality
(4.4) exists.

The operator %, is also invariant by reflection. As observed in Lemma 2.1 and in the subsequent
discussion, leading to (2.6), we have therefore both

P(D?u;) =0 and P«D%i) =0, (4.7)

where fig(Xn, Xn) = Ue(Xy, —Xp)-
Next, we introduce the function
n

) M, . oM,
P) = P(Xn, Xn) = pz |Xn|2 + a2 Xn((1 + 8)d — 6xy). (4.8)

£

We compare the functions u, and v, == ii, + ¢ on the upper cylinder
o dn =X € Cpan: 0 <xy < d}, (4.9)

using the comparison principle (Lemma 2.2).
By uniform ellipticity (4.6):

Pe(D*,) = Po(D’Uy + D*@) < Pe(D?lL) + M, 7.(D’9). (4.10)

Note that D?¢ is diagonal with eigenvalues

NDg) = T, A= Rt =2 (.11
e
and so, by (4.2):
MieaieD?@) =(n-1) (@ + 5)4”2[" -(a+e) 4];[;’5 <0. (4.12)
e
This shows, together with (4.7) and (4.10), that
Pe(D*,) < P(D%ie) + M}, cq,(D*p) < 0. (4.13)

By (4.7) and (4.13), it turns out that u, and v, are a subsolution and a supersolution of the uniformly
elliptic equation P.(D%v) = 0, respectively.

Next, we compare u, and v, on the boundary of C, 4,:

(base x, = 0) being ii, = u, and ¢ > 0, we have

Ve(x', 0) = de(Xn, 0) + 9(Xn, 0) > Ue(Xn, 0); (4.14)
(base x, = d) we have ¢(X,, d) > 2M,, and therefore by (4.3)
Ve(Rn, d) = Tie(Rn, d) + (R, d) = —My, + 2M, = My, > u.(%,, d); (4.15)
(lateral boundary |%,| = p,) we have @(X,, x,) > 2M,, and again by (4.3),
Ve(x) = U(x) + o(x) = —-My, + 2M,; = My, > ug(x). (4.16)

We conclude that u, and v; are a subsolution and a supersolution of equation P,(D?v) = 0inC ;,'E .d:n SUCh
that u; < v, on oC ,j; .a:n- Then the comparison principle (Lemma 2.2) yields

Ue(Rn, Xn) < Ve(Rny Xn) = UKy —Xn) + (p()?m Xn)
(4.17)

< Up(Rey —X) + 2;;’ Rl + zévﬁ"xn«l + 6)d - bx)

€
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in C; 4. That is, for %, = 0

ue0, X) = (0. Xw) o M (1 1 6)d - Sy, (4.18)
Xn d
Recalling that u, is C-* and therefore the derivative exists, we take the limit as x, — 0 in the above, and
we obtain
Ue(0, %) ~u(0,0) 1, u0,0) ~ u(0, %) _

ou, 1.. . M,
—(0) = = lim lim <1+ 6)—. 4.1
aXn( ) 2x,—0 Xn 2 x,—0 2Xn ( ) d ( 9)

Interchanging the role of u.(x,, x,) and u.(x,, —x,), we also obtain the opposite estimate

Qe 0) > ~(1 + 5) 20, (4.20)
X, d
We have therefore proved the estimate (4.4) with x* = 0, as wanted. O

In the slab S;;, which can be regarded as a limiting set of the cylinders C,_4; as § — 0%, assuming that
U is bounded on S;,;, the above lemma holds a fortiori, and with the sharper upper bound

ou, M;

—=(x* < —, 4.21

aXi( ) p (4.21)
where

s§?|u£| <M. 4.22)

By translational invariance along the directions of X;, orthogonal to the direction x;, the above bound
(4.21) also holds for the points, other than x*, of the middle hyperplane of the slab

Hd*;i = {X € Sd;i L X = Xi*}‘ (4.23)

Suppose in addition that u is a bounded continuous viscosity solution of the equation P.(D?v) = 0 in the
unbounded star-shaped domain Sj = x* + S;.

We obtain the above bound (4.21) for all partial derivatives, and consequently a bound for the gradient
of u, at the point x*.

In the next corollary, we observe that an analogous bound can be established for all x € Q; = (LS4,
with a Lipschitz constant growing faster and faster as x — x;* + d.

Corollary 4.2. Let d, € be positive numbers, and Sj = |JiL,S;.;, where Sj.; = x* + Sa;;. As before, for P € A we
setP. =P + eA.
Let u. be a bounded continuous viscosity solution of the equation P«(D?) = 0 in S}, such that

suplug| < M.
S € ! (4.24)
Then
M; .
|[Dius(x)| < for all x e Qg (4.25)
6;(x)
where 8;(x) = dist(x, dS;,;). That is the following gradient bound holds:
max M;
max|Du,(x)| <« ———— forall xe Q. (4.26)
i IDite (0| dist(x, 0Q}) J @
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5 Asymptotic convergence

The results of the previous section show existence and uniqueness of regular solutions for Dirichlet problems
concerning the approximate equation $(D?v) = 0 of Section 4 in an unbounded star-shaped domain S;.

Here, we prove that solutions of the approximate equations actually converge to the solution of the
limit equation in Sj.

Lemma 5.1. Let Q be a domain of R" as in Theorem 1.3, and P = Y ,a;A; be a weighted partial trace operator
such that aya, > 0.
Suppose g € C°(dQ) be such that

lim =0.
|x] =00 800 (5.1)
x€0Q

For € > 0, let u, be the solution of the Dirichlet problem

P
P(D?*v) =0 in Q (52)
v=g on 0Q.

Then the u.s converge by subsequence to the solution u of the Dirichlet problem

2N s
P(D*u) =0 in Q (53)
u=g on 0Q.

Proof. The existence and the uniqueness of solutions u, € C°(Q) and u € C°(Q) of the Dirichlet problems
(5.2) and (5.3) are assured by Theorem 1.3.

Convergence of u, (by subsequence) to a solution v € C°(Q)

The solutions u, are uniformly bounded by (1.9). Consequently, the Holder estimates (3.7) are uniform
with respect to € € (0, 1), depending on the Holder coefficient and the Hélder exponent only on n, a;, and a,.
See Lemma 2.7.

Hence, the u.s uniformly converge by subsequence in any compact subset of Q.

Proceeding as in the proof of Theorem 1.3 (Existence and interior continuity), we can use the Ascoli-
Arzela theorem and a Cantor diagonalization process to obtain a sequence u,,, locally uniformly converging
to a function v € C°(Q).

Since u,, = g on 9Q, then the u,s converge pointwise in all points of Q:

v(x) = lim ug, (), (5.4)
and v = g on 0Q.

By the locally uniform convergence, using stability results in the viscosity setting [23], the limit function
v is a solution of the limit equation, that is,

P(DW)=0 in Q. (5.5)

Continuity of the limit v up to the boundary
Arguing as in the proof of Theorem 1.3, due to the uniform bound (1.9) and the uniform exterior cone
property, the u,,s have the same modulus of continuity at any point y, € 9Q, that is:

Ye>0 36=26(g)>0: Jug(x) — g0l <€ Vx e Qn Bs(y), (5.6)

and we are pointing out that § does not depend on k € N.
Taking the limit as k — co, we have therefore

Ye>0 36>0:|v(x) - g0yl <& Vx e Qn Bs(). (5.7)

So v is continuous at an arbitrary point y, € Q. We conclude that v € C%(Q).
End of the proof
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Actually, v € C°(Q) is a solution of the Dirichlet problem (1.8) as well as u.
Then by Theorem 1.3 (Uniqueness) we have v = u in Q, thereby proving thatu,, —» uinQask —» co. 0O

We are in position to show the main result.

Proof. (Theorem 1.1). The viscosity solution u € C%(Q) of the Dirichlet problem (1.8) exists and is unique by
Theorem 1.3.

The sequence of viscosity solutions u,, € C°(Q) of the approximate problems (5.2) converge to u by
virtue of Lemma 5.1.

The approximate solutions are locally C¢. Since |u,| < Mg in Q by Theorem 1.3, then Corollary 4.2
yields in Qj = (i£;S;; the gradient bound

[Djug, (Xo)| < (5.8)

Mg
8(x0)”
where 6(xo) = dist(xo, 0Qj), for all xy € Qj.

In particular, let 0 < p < 8(xo), Qp be the cube centered at x, of side 2p and x', x" € Q, such that x; = x;’
for j # i. Then

n ! " ! Mg n !
[ug(X") — ug (X < max|Diug| 1% - x| < ————— - x|. (5.9)
o 6(x0) - p
Letting k — oo, then we obtain, fori =1,..., n,
M,
[u(x") - u(x")| < £ |x" - x. (5.10)

8(x0) - p

So, by Rademacher’s theorem, the function u is differentiable a.e. in Qp, and then in Qj, holding (5.10) for all
Xo € Q} provided that 0 < p < 6(xo). Therefore, u is locally Lipschitz continuous in Q. Moreover, if x; is a
differentiability point, from (5.10), letting p — O* we also obtain

IDiu(xo)| < Mg (5.11)
6(xo)

as claimed. O

Remark 5.2. Suppose that in Theorem 1.1 we only have Q > S;; for some i instead of Q > Sj.
From the proof it is clear that, without changing the other assumptions, then we have a Lipschitz
estimate along the direction x;:

Mg
|[Diu(x)| < fora.e. x¢€ Sy (5.12)
8i(x) ’

i
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