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Abstract: We consider the Dirichlet problem for partial trace operators which include the smallest and the
largest eigenvalue of the Hessian matrix. It is related to two-player zero-sum differential games. No
Lipschitz regularity result is known for the solutions, to our knowledge. If some eigenvalue is missing,
such operators are nonlinear, degenerate, non-uniformly elliptic, neither convex nor concave. Here we
prove an interior Lipschitz estimate under a non-standard assumption: that the solution exists in a larger,
unbounded domain, and vanishes at infinity. In other words, we need a condition coming from far away.
We also provide existence results showing that this condition is satisfied for a large class of solutions. On
the occasion, we also extend a few qualitative properties of solutions, known for uniformly elliptic opera-
tors, to partial trace operators.
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1 Introduction and main results

A growing attention has been received by the Hessian partial trace operators in the last few decades.
Motivated by geometric problems of mean partial curvature [1–3], many works have been devoted to
analytical and geometrical aspects of equations involving partial trace operators. For instance, just to
mention a few ones, see the papers of Caffarelli et al. [4–6] and of Harvey and Lawson [7–9].

In this article, we are interested in the more general weighted Hessian partial trace operators:

�( ) ( )∑=
=

D u a λ D u ,
i
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i i
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2 (1.1)

where λi is the eigenvalue of the Hessian matrix, in non-decreasing order, and ( )= =a ai i
n

1 is an n-tuple of
numbers ≥a 0i such that = >≤ ≤a amax 0i n i1 .

For a list of symbols used here we refer to the end of this section.
Equations �( ) =D u 02 have been recently recognized to govern two-player zero-sum differential games.

See the study of Blanc and Rossi [10], in which an existence and uniqueness theorem for solutions of
boundary value problems for the equation ( ) =λ D u 0i

2 is proved. See also [11] for a time-dependent version.
Such operators share a number of qualitative properties with uniformly elliptic operators. See for

instance, recent papers [12–18]. We expect that other properties, typical of uniformly elliptic operators,
can be extended to the partial trace operators, like blow-up boundary results or Liouville properties for the
Lane-Emden equation, see [19] as we plan to investigate further on.
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Regularity properties seem to be a difficult task. Few Hölder estimates are known, see [14], depending
on the coefficients ai. See also [20] for an effort to estimate Hölder exponents. Lipschitz regularity is only
known for viscosity supersolutions of ( ) =λ D u f1

2 with f bounded below, and supersolutions of ( ) =λ D u fn
2

with f bounded above. See for instance [14,21]. It is worth noting that classical solutions would be semi-
convex and semi-concave, respectively.

An interior C α1, regularity result has been shown by Oberman and Silvestre [32, Theorem 5.1] for
solutions of the equation ( ) =λ D u 01

2 in a ball B with boundary values ∈g C α1, . The result is qualified as
“unusual” by the same authors because the C α1, -regularity is transmitted from the boundary to the interior
but it cannot be extended up to the boundary, generally.

The main scope of this article is to show an interior Lipschitz regularity result for weighted partial trace
operators with positive coefficients of the smallest and the biggest eigenvalue, in dimension ≥n 3.

Generally, interior regularity, in a compact set, is obtained supposing that the solution exists in a larger bounded
open set containing it. In our case, we have to assume that solutions exist in a larger unbounded set, like a slab or a
finite union of slabs, and a boundary condition far away, that the solution vanishes at infinity, is needed.

Here are the contributions of this article, where the measure-geometric condition G is given by
Definition 2.6.

Theorem 1.1. Let �{ ∣ ∣ }= ∈ − <∗ ∗S x x x d:d i
n

i i; and = ⋃∗
=

∗S Sd i
n

d i1 ; , where �∈ +d and ≥n 3. Assume that
� = ∑ = a λi

n
i i1 with >a a 0n1 . Let ⊃ ∗SΩ d be an open set of �n, endowed with a uniform exterior cone property

and satisfying condition G. Suppose that ( )∈ ∂g C Ω0 and
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Let ( )∈u C Ω0 be the solution of the Dirichlet problem
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Then u is locally Lipschitz continuous in ] [= ⋂ ≡ ∏ − +∗
=

∗
=

∗ ∗Q S x d x d,d i
n

d i i
n
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where ( ) ( )= ∗δ x x Qdist , d . In particular, if u is differentiable at ∗x ,

∣ ( )∣ ≤
≤ ≤

∗D u x
M
d

max .
i n

i
g

1
(1.6)

The set of functions u considered in the above theorem is not empty. We will establish an existence (and
uniqueness) result in Theorem 1.3.

The previous result is applicable to weighted partial trace operators � with non-zero coefficients a1 and
an of the extremal eigenvalues λ1 and λn, respectively. Among such ones, we recall:

� ( ) ( ) ( )= +D u λ D u λ D u ,n
2

1
2 2 (1.7)

introduced in a previous paper [14].
Note that � is neither concave nor convex. It is degenerate, non-uniformly elliptic except for =n 2,

when � ( )D u2 is the Laplace operator uΔ .

Idea of the proof. First, we perturb � to obtain an operator �ε, with a small amount of uniform ellipticity,
such that � �→ε as → +ε 0 . Next, we show a uniform estimate for the gradient of the solution uε of the
equation � ( ) =D v 0ε

2 . Then we show that →u uε as → +ε 0 .
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Pursuing this program, we have the occasion to extend a few qualitative results, which have not yet
been established elsewhere, from the uniformly elliptic case to weighted partial trace equations.

First, in [14, Section 3.2] the existence of solutions was proved for general weighted Hessian partial
trace operators � in a bounded domain with a suitable convexity assumption derived from [10].

Here we show existence and uniqueness for weighted partial trace operators with extremal eigenvalues
in domains satisfying a uniform exterior cone property. See Definition 2.21.

Theorem 1.2. Suppose that Ω is a bounded domain of �n. Let Ω be endowed with a uniform exterior cone
property. Assume that � = ∑ = a λi

n
i i1 with >a a 0n1 , and ( )∈ ∂g C Ω0 such that ∣ ∣ ≤g Mg on ∂Ω as (1.2).

Then the Dirichlet problem,

�⎧
⎨⎩

( ) =

= ∂

D u in
u g on

0 Ω
Ω,

2
(1.8)

has a unique solution ( )∈u C Ω0 , and

∣ ∣ ≤u M in Ω.g (1.9)

We shall also consider unbounded subsets of slabs �{ ∣ ∣ }= ∈ <S x x d:d i
n

i; , star-shaped domains
= ⋃ =S Sd i

n
d i1 ; , and their translates = +∗ ∗S x Sd i d i; ; , = +∗ ∗S x Sd d, in view of Theorem 1.1.

With respect to the bounded case, for unbounded domains the uniqueness will be proved under the
additional assumption that the boundary values tend to zero at infinity.

At the same time, we point out that the following results show that solutions in unbounded sets, like
slabs or a finite union of slabs, vanishing at infinity, do exist under assumptions that are not so restrictive.

Theorem 1.3. Suppose that Ω is an unbounded domain satisfying condition G. Let Ω be endowed with a
uniform exterior cone property. Assume that � = ∑ = a λi

n
i i1 with >a a 0n1 , and ( )∈ ∂g C Ω0 such that ∣ ∣ ≤g Mg on

∂Ω as (1.2).
Then the Dirichlet problem (1.8) has a viscosity solution ( )∈u C Ω0 , and (1.9) holds. Suppose in addition

that ( ) →g x 0 as ∣ ∣ → ∞x in ∂Ω as (1.3). Then

( )
∣ ∣

=
→∞

∈

u xlim 0
x
x Ω

(1.10)

and the solution of the Dirichlet problem (1.8) is unique.

The same assumptions allow us to obtain the so-called improved Alexandroff-Bakelman-Pucci (ABP)
estimate.

Theorem 1.4. LetΩ be a domain of �n satisfying conditionG with constants >R 00 and < <σ τ0 , 1. Suppose
also ( ) ( )∈ ∩ ∩f C L BΩ Ωn0 for all � ( )∈B ΩR0 , a covering of Ω with balls of radius R0. Let ( )∈u usc Ω be a

subsolution of the equation �( ) =D u f2 . If >a 01 , then

�

( )≤ + ‖ ‖
∂ ∈

∩u u CR fsup sup sup ,
B

L B
Ω Ω

0 Ω
R

n

0
(1.11)

where the positive constant C only depends on the dimension n, σ, τ, a1, and it is bounded when a1, σ are
bounded away from zero, τ is bounded away from 1.

Let ( )∈u lsc Ω be a supersolution of the equation �( ) =D u f2 . If >a 0n , then

�

( )≥ − ‖ ‖
∂ ∈

∩u u CR finf inf sup ,
B

L B
Ω Ω

0 Ω
R

n

0
(1.12)

where the positive constant C only depends on the dimension n, σ. τ, an, and it is bounded when an, σ are
bounded away from zero, τ is bounded away from 1.
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See [23] for linear uniformly elliptic equations in non-divergence form, [24,25] for generalizations, and
[26] for the case of fully nonlinear uniformly elliptic equations; see also [12] for further generalizations and
[27] for other kinds of degenerate elliptic operators.

This article is organized as follows: in Section 2 we collect and rearrange a few results on elliptic
operators, viscosity solutions, and geometric properties of a domain, which will be useful in the sequel,
in particular we establish some connections between uniformly elliptic operators and partial trace opera-
tors; in Section 3 we prove existence and uniqueness results; in Section 4 we estimate the gradient of
approximate solutions; and finally, in Section 5 we prove the convergence of approximate solutions.

List of symbols
• �n: set of the ×n n real symmetric matrices
• ≤X Y : −Y X positive semidefinite
• ( )λ Xi : eigenvalues of �∈X n, ≤ +λ λi i 1

• ( )= =a ai i
n

1, ≔ ≤ ≤a amin i n i1 , ≔ ≤ ≤a amax i n i1

• �� � ( )∈ → ∑ ∈=X a λ X: n
i
n

i i1 ; � �≔ + εΔε , >ε 0
• � �{ }≔ ≥ >a a: 0, 0 , � �{ }≔ >a: 0ue

• ( )= …x x x, , n1 , ∣ ∣ = (∑ )=
/x xi

n
i1
2 1 2

• ( )= … …− +x x x x xˆ , , , , ,i i i n1 1 1 , ∣ ∣ ( )= ∑ ≠

/
x xˆi j i j

2 1 2

• �{ ∣ ∣ }≔ ∈ <S x x d:d i
n

i; , >d 0; ≔ ⋃ =S Sd i
n

d i1 ;

• { ∣ ∣ }∈ <C x S x ρ: : ˆρ d i d i i, ; ; , >ρ 0; ≔ ⋃ =S Cρ d i
n

ρ d i, 1 , ;

• ] [= ⋂ ≡ ∏ − +∗
=

∗
=

∗ ∗Q S x d x d,d i
n

d i i
n

i i1 ; 1 .

2 Review of known results and preparatory work

Let �n be the set of ×n n real matrices, with the partial ordering ≤X Y that means −Y X positive semi-
definite. We call ( ) ( )…λ X λ X, , n1 the eigenvalues of X in the non-decreasing order.

We will consider in the sequel mappings �� →F : n . We say that � is a degenerate elliptic operator if
≤X Y implies � �( ) ( )≤X Y .
We assume ( )∈f C Ω0 . Let u be an upper semicontinuous function in Ω, for short ( )∈u usc Ω . Then u is a

viscosity subsolution of the equation �( ) =D u f2 in Ω if we have

�( ( )) ( )≥D φ x f x2 (2.1)

for all ∈x Ω and all ( )∈φ C Ω2 touching u at x from above.
A lower semicontinuous function u in Ω, for short ( )∈u lsc Ω , is a supersolution of the same equation if

we have

�( ( )) ( )≤D φ x f x2 (2.2)

for all ∈x Ω and all ( )∈φ C Ω2 touching u at x from below.
A function ( )∈u C Ω0 is a solution of the equation �( ) =D u f2 if it is a subsolution and a supersolution.
We also use the notation �( ) ≥D u f2 for subsolutions and �( ) ≤D u f2 for supersolutions. Such inequal-

ities correspond to pointwise inequalities in the case ( )∈u C Ω2 . But in the case of lower regularity, when the
Hessian matrices do not exist, we can only use the viscosity sense.

Let� and 	 be degenerate elliptic operators such that� � 	( ) ( ) ( )+ ≤ +X Y X Y . We use in the sequel the
fact that if �( ) ≤D u f2 and 	( ) ≤D v g2 in the viscosity sense, then we can still say that �( ( ))+ ≤ +D u v f g2 ,
as we would do for classical solutions, provided at least one between u and v is C2.

This article is focused on the weighted partial trace operators

� �( ) ( ) ( )= + ⋯+ ∈X a λ X a λ X X, ,n n
n

1 1 (2.3)

with coefficients ≥a 0i for = …i n1, , , which are degenerate elliptic.
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Depending only on the eigenvalues, they are invariant by reflection.

Lemma 2.1. The weighted partial trace operator � are invariant by reflection with respect to any hyperplane
H of �n, that is: if R is the reflection matrix with respect to H ,

� �( ) ( )=RXR X . (2.4)

We refer to [28], and more diffusely [29], for major generality.

Here we consider a sample case in order to obtain to the point of interest. Suppose { }= =H x 0n , so that

⎜ ⎟
⎛

⎝

⎞

⎠
=

−
R Î 0

0 1
,n (2.5)

where În is the ( ) ( )− × −n n1 1 identity matrix.
Let ( ) ( )=u x u x xˆ ,n n be a C2 - function, and ( ) ( ) ( )= ≡ −u x u Rx u x x˜ ˆ ,n n , then

� � �( ( )) ( ( ) ) ( ( ))= − = −D u x x RD u x x R D u x x˜ ˆ , ˆ , ˆ , .n n n n n n
2 2 2 (2.6)

Let =a amaxi i and =a amini i. We denote by � the class of weighted partial trace operators �� →

such that >a 0, which are degenerate, non-uniformly elliptic if =a 0, and by �ue the subset which
consists of � �∈ such that >a 0, which will be seen uniformly elliptic.

Deferring later the proof of the uniform ellipticity in such cases, we recall that for any � �∈ , the
comparison principle holds in bounded domains. See [14, Theorem 3.1].

Lemma 2.2. (Comparison principle) LetΩ be a bounded domain, � �∈ and f a continuous function inΩ. Let
( )∈u usc Ω and ( )∈v lsc Ω If �( ) ≥D u f2 , and �( ) ≤D v f2 in Ω in the viscosity sense, then ≤u v on ∂Ω implies

≤u v in Ω.

The most important elliptic operators, which depend only on the eigenvalues, are the well-known Pucci
extremal operators, the maximal and the minimal one, depending on positive constants λ and ≥ λΛ ,
respectively:

�

�

�

�

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

∑ ∑

∑ ∑

= = −

= = −

+

≤ ≤

∈
=

+

=

−

−

≤ ≤

∈
=

+

=

−

X AX λ X λ λ X

X AX λ λ X λ X

sup Tr Λ ,

inf Tr Λ ,

λ
λI A I

A
i

n

i
i

n

i

λ λI A I
A i

n

i
i

n

i

,Λ
Λ 1 1

,Λ Λ 1 1

n

n

(2.7)

where ( )=+λ λmax , 0i i and ( )= −−λ λmin , 0i i .
For any degenerate elliptic operator � we define the dual operator as

� �( ) ( )= − −∗ X X . (2.8)

It is not hard to verify that the maximal and the minimal Pucci operators �
+
λ,Λ and �

−
λ,Λ, with the same

constants λ and Λ, are the dual of each other.
The dual of the weighted partial trace operator � = + ⋯+a λ a λn n1 1 is again a weighted partial trace

operator, � = + ⋯+∗ a λ a λn n1 1 .
If � �∈ , resp. � �∈ eu, then � �∈∗ , resp. � �∈∗

eu. Self-dual operators, that is to say, � �= ∗, are
� �= = + ⋯++ − λ λn1,1 1,1 1 , the Laplace operator, and the partial trace operator � = +λ λn1 .

In this respect, note that, if �( ) ≥D u f2 , that is, u is a subsolution of the equation �( ) =D u f2 , then
= −v u is a supersolution of the equation � ( ) =∗ D v f2 , namely, � ( ) ≤∗ D v f2 .

Proposition 2.3. Let � be a weighted partial trace operator with ≥a 0i . Then

� � � �( ) ( ) ( )≤ ≤ ∈− +X X X for all X .a a a a
n

, , (2.9)
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Proof. We show only the right-hand inequality, since the left-hand one can be obtained by duality. It is
enough to note that

� ( ) ( )∑=+

=

+X μ λ X ,a a
i

n

i i,
1

(2.10)

where

( ) ⎧
⎨⎩

( ) ( )

( ) ( )
=

≥

≤
+μ λ X aλ X λ X

aλ X λ X
if 0
if 0.i i

i i

i i
(2.11)

On the other hand,

( ) ⎧
⎨⎩

( ) ( )

( ) ( )
≤

≥

≤
a λ X aλ X λ X

aλ X λ X
if 0
if 0.i i

i i

i i
(2.12)

Comparing (2.11) and (2.12) we obtain the right-hand inequality of (2.9) under consideration. □

The above inequalities also hold in the case =a 0, when the extremal Pucci operators are degenerate,
non-uniformly elliptic.

But in this case (2.9) are almost useless. Conversely, if we consider weighted partial trace operators �

with coefficients >a 01 or >a 0n , we can dispose of more useful inequalities; see also [14, Section 3.2].
In this case, we can control � with Pucci extremal operators �

±
λ,Λ having >λ 0.

Proposition 2.4. Let � be the partial trace operator � = + ⋯+a λ a λn n1 1 . Suppose that >a 0n . Then

� �( ) ( )≥
+

−X X .a
n a a

n,n n (2.13)

On the other hand, if >a 01 , then

� �( ) ( )≤
+

+X X .a
n a a

n,1 1 (2.14)

Proof. For (2.13), it is sufficient to observe that

� �( ) ( ) ⎛
⎝

⎞
⎠

( ) ( ) ( )∑ ∑= ≥ + + ≥
= =

−

+

−X a λ X a a
n

λ X a
n

λ X X ,
i

n

i i
i

n

i
n

i
n

n a
n a a

n1 1

1

,n n (2.15)

where the last inequality is a consequence of Proposition 2.3.
The proof of (2.14) is similar. One can also use duality, observing that, if >a 01 the inequality (2.13)

holds for the dual operator �∗ with a1 instead of an. □

Let �� � →: n . We say that � is uniformly elliptic if

� �( ) ( ) ( ) ( )≥ ⇒ ≤ + − ≤Y λ Y X Y X Y0 Tr ΛTr , (2.16)

with positive constants λ and ≥ λΛ , called ellipticity constants.
The extremal Pucci operators are uniformly elliptic, in particular � ( ) ( )=± X XTr1,1 , which corresponds

to the Laplace operator: ( )=u D uΔ Tr 2 .
Differently, the partial trace operator � = +λ λn1 is not uniformly elliptic when >n 2. In fact, let

= ⊗X e e1 1 and = ⊗Y e e2 2. Then ( )( ) ( )( )+ + = = +λ λ X Y λ λ X1n n1 1 , while ( ) =YTr 1, violating the left-
hand-side inequality (2.16).

A fundamental tool for dealing with uniformly elliptic operators is the well-known ABP estimate. But in
view of the inequalities of Proposition 2.4, it can be used for weighted partial trace operators � with >a 01

and/or >a 0n . See [14, Lemma 4.1].
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Lemma 2.5. (ABP estimate). Let � �= ∑ ∈= a λi
n

i i1 , Ω be a bounded domain of �n of diameter d, and
( ) ( )∈ ∩f C LΩ Ωn0 . Let ( )∈u usc Ω be a subsolution of the equation �( ) =D u f2 . If >a 01 , then

( )≤ + ‖ ‖
∂

−u u Cd fsup sup ,L
Ω Ω

Ωn (2.17)

where the positive constant C depends only on the dimension n and a1, and it is bounded when a1 is bounded
away from zero.

Let ( )∈u lsc Ω be a supersolution of the equation �( ) =D u f2 . If >a 0n , then

( )≥ − ‖ ‖
∂

+u u Cd finf inf ,L
Ω Ω

Ωn (2.18)

where the positive constant C only depends on the dimension n and an, and it is bounded when an is bounded
away from zero.

Note that in the case ≡f 0, the above inequalities yield the maximum and the minimum principle.
We also recall that the ABP estimate has been improved by Cabré [30] and extended to domains,

possibly unbounded, with the measure-geometric property G.

Definition 2.6. Let Ω be a domain of �n. We say that Ω satisfies the geometric condition G if there exist
constant >R 00 and ( )∈σ τ, 0, 1 such that: for all ∈y Ω there exists a ball ( )∗B yR of radius ≤R R0, con-
taining y, such that

∣ ( ) ∣ ∣ ( )∣≥∗ ∗B y σ B y\Ω ,R y τ R, (2.19)

where Ωy τ, is the connected component of ( )∩ /
∗B yΩ R τ containing y.

We point out that all the bounded sets satisfy condition G. Moreover, any subset of a domain with
condition G satisfies in turn condition G.

The result of Cabré [30, Theorem 1.1] provides the estimate (2.17) with R0 instead of the diameter d, and
a constantC which also depends on σ and τ. A refinement [26, Theorem 1] allow us to substitute ( )‖ ‖f L Ωn with
a local norm ( )‖ ‖ ( )∈ ∩∗ ∗fsupy L B yΩ Ωn

R0
.

Here we extend the result to weighted partial trace operators � . Theorem 1.4 is a direct consequence of
[26, Theorem 1] and Proposition 2.4.

Let >d ρ, 0, { }∈ …i n1, , . Examples of domains satisfying condition G are for instance the following
domains, which will be used in the sequel:
• Finite cylinders �{ ( ) ∣ ∣ ∣ ∣ }= ∈ < <C x x x x ρ x d: ˆ , : ˆ ,ρ d i i

n
i i, ; ,

• Bounded star-shaped domains ≔ ⋃ =S Cρ d i
n

ρ d i, 1 , ; ,

• Slabs �{ ∣ ∣ }≔ ∈ <S x x d:d i
n

i; ,

• Unbounded star-shaped domains ≔ ⋃ =S Sd i
n

d i1 ; .

But very different domains with respect to cylinders and slabs or finite unions are possible. For
instance, in the plane, the complement of a regular lattice of balls with centers at integer coordinates,
and the complement of the spiral �= ∈ρ e θ,θ , in polar coordinates, are domains Ω endowed with a
condition G. Note that in the latter case that � \Ω2 has empty interior.

An application of the ABP estimate, which will be used in the sequel, is the local Hölder continuity of
solutions of uniformly elliptic equations. See [23]. Using Proposition 2.4, this can be extended to weighted
partial trace operators. See [14, Theorem 5.3].

Lemma 2.7. Let ( )B xδ 0 be a ball of radius >δ 0, and let � �∈ be a weighted partial trace operator with
>a a 0n1 . Suppose that ( ( )) ( ( ))∈ ∩f C B x L B xδ

n
δ

0
2 0 2 0 . Let ( ( ))∈u C B xδ

0
2 0 be a solution of the equation

�( ) =D u f2 in ( )B xδ2 0 . Then ( ( ))∈u C B xα
δ 0 for some ( )∈α 0, 1 , and there exists a positive constantC such that

∣ ( ) ( )∣ ( )∣ ∣ ( )″ − ′ ≤ + ″ − ′ ′ ″ ∈u x u x C M N x x x x B x, , ,f
α

δ 0 (2.20)

Lipschitz estimates for partial trace operators with extremal Hessian eigenvalues  7



where ( )=M usupB xδ2 0 , ( ( ))= ‖ ‖N ff L B xn
δ2 0 . The Hölder exponent α depends on n, a1, and an. The constant C also

depends on δ.

We recall that for Pucci extremal operators with ellipticity constants >λ 0 and ≥ λΛ the Hölder
inequality (2.20) holds with α and C depending on the same quantities but λ and Λ in the place of a1
and an.

The issue of the boundary regularity will be treated using the uniform exterior cone property and the
Miller barrier functions.

Definition 2.8. (Exterior cone condition) Let Ω be a domain of �n. Following [31, Section 3], we say that Ω is
endowed with a uniform exterior cone property if there exists a circular cone

�{ ∣ ∣ }= ∈ ≥T x x x ψ: cos ,ψ
n

n (2.21)

where ( )∈ψ π0, is the angle with the negative half-line in the direction xn, such that for any point on
∈ ∂z Ω we have

( )∩ ⊂ +B z z RTΩ r ψ0 (2.22)

for a suitable rotation matrix R.

Definition 2.9. (Miller barrier functions) Let Tψ be the circular cone of Definition 2.8. A Miller barrier
function is, in spherical coordinates ∣ ∣=ρ x and

∣ ∣
=θ arccos x

x
n :

( ) ( )=φ x ρ f θ .γ (2.23)

Let >λ 0 and ≥ λΛ . According to [32, Theorem 3], for all ( )∈ψ π0, there exist ( )∈γ 0, 1 and a function

[ ) ( ) [ ]∈ ′ = >f C π f f ψ0, , 0 0, 0 in 0,2 (2.24)

such that

� ( ) ≤+ D φ T0 in .λ ψ,Λ
2 (2.25)

Multiplying by a constant, we may suppose ≥f 1 in [ ]ψ0, so that

( ) ∣ ∣≥ =φ x r x ron .γ (2.26)

A further application of the ABP estimate, which will be helpful in the uniqueness issue, is the
boundary weak Harnack inequality, which follows from [14, Theorem 5.2] suitably extending non-negative
supersolutions outside the domain Ω.

Proposition 2.10. Let � be such that >a a 0n1 . Let Ω be a domain of �n and ( )=B B xR0 , ( )= /B B x˜ R τ0

concentric balls of radius R0, /R τ0 , respectively, such that ∩ ≠ ∅B Ω and ≠ ∅B̃\Ω , for a constant
( )∈τ 0, 1 . Suppose that u is a non-negative supersolution of the equation �( ) =D u f2 in Ω, where

∈f ( ) ( )∩ ∩ ∩C B L B˜ Ω ˜ Ωn0 . There exist positive constants p0 and C such that

⎜ ⎟

⎛

⎝

⎜⎜ ∣ ∣

⎞

⎠

⎟⎟
⎛

⎝

⎞

⎠
( )∫ ≤ + ‖ ‖

/

∩
∩B

u x C u f1 d inf ,
B

l
p

p

B
L B

1

Ω
˜ Ωn0

0

(2.27)

where setting = → ∩∂l uliminfx B̃ Ω ,

⎧
⎨⎩

( )
=

∩u u l in B
l in B
min , Ω

\Ω.l (2.28)

The constants p0 and C only depend on n, a1, an, and τ.

Finally, a useful tool in the approximation argument that will be used in the sequel is the uniform
ellipticity of weighted partial trace operators with all positive weights.
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Proposition 2.11. Let � be the partial trace operator � = + ⋯+a λ a λn n1 1 . In particular, � is uniformly elliptic
with ellipticity constants =λ a and = aΛ , that is, for ≥Y 0:

� �( ) ( ) ( ) ( )≤ + − ≤a Y X Y X a YTr Tr . (2.29)

Proof. Let ≥Y 0. Then

�

�

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

∑

∑

∑

+ = + + − +

≥ + + −

= + + −

= +

=

=

=

X Y a X Y a a λ X Y

a X Y a a λ X

a X a Y a a λ X

X a Y

Tr

Tr

Tr Tr

Tr .

i

n

i i

i

n

i i

i

n

i i

1

1

1

(2.30)

Analogously,

�

�

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

∑

∑

∑

+ = + − − +

≤ + − −

= + + −

= +

=

=

=

X Y a X Y a a λ X Y

a X Y a a λ X

a X a Y a a λ X

X a Y

Tr

Tr

Tr Tr

Tr .

i

n

i i

i

n

i i

i

n

i i

1

1

1

(2.31)

Therefore, we have (2.29). □

3 Existence and uniqueness

In this section, we show the existence and the uniqueness of solution for the equation �( ) =D u 02 in Ω with
the boundary condition =u g on ∂Ω, where Ω is a domain with an exterior cone property, possibly
unbounded.

Proof. (Theorem 1.2) We use Perron’s method, see [33, Theorem 4.1], which in particular provides the
existence of a unique solution ( )∈u C Ω0 once that:
(i) The comparison principle holds;
(ii) There exist a subsolution ( )∈u C Ω0 and a supersolution ( )∈u C Ω0 of the equation �( ) =D u 02 inΩ such

that = =u g u on ∂Ω.
Lemma 2.2 provides (i). Concerning (ii), since Ω is endowed with a uniform exterior cone property, we

can apply [31, Theorem 1.1]. That is, there exist continuous solutions of the Dirichlet problems

�⎧

⎨
⎩

( ) =

= ∂

+

+ D u

u g

0 in Ω

on Ω

a
n a a

n,
2

1 1 (3.1)

and

�⎧

⎨
⎩

( ) =

= ∂

+

− D u

u g

0 in Ω

on Ω.

a
n a a

n,
2

n n (3.2)

Lipschitz estimates for partial trace operators with extremal Hessian eigenvalues  9



Thanks to Proposition 2.4, � � �≤ ≤
+

−
+

+
a a, ,an

n
an
n

a
n

a
n

1 1 , and therefore u and u are a supersolution and a

subsolution of the equation �( ) =D u 02 equal to g on ∂Ω that we were searching for.
The pointwise estimate (1.9) is a consequence of the ABP estimate. See Definition 2.6 and [23, Theorem 1.1]

for the uniformly elliptic version of Theorem 1.4. □

The proof for unbounded domains will proceed by approximation.

Proof. (Theorem 1.3) First, by means of the Tietze-Urysohn-Brouwer extension theorem we extend g to a
continuous function on �n, called in turn g , such that

�

∣ ∣ ≤g Msup .g
n (3.3)

Existence and interior continuity
Let = ∩QΩ Ωρ ρ , where >ρ 0 and �{ ∣ ∣ }= ∈ <Q x x ρ:ρ

n
i . We approximate Ω with the bounded

domains Ωρk, �∈k , such that → ∞ρk as → ∞k .

Since Ω and Qρ satisfy condition G and a uniform exterior cone condition, so does their intersection.

From the bounded case, then we can solve the Dirichlet problem in Ωρk. That is, we find ( )∈u C Ωk ρ
0

k

such that, in the viscosity sense:

�⎧

⎨
⎩

( )

( )

=

= ∂

D u

u g

0 in Ω

on Ω .
k ρ

k ρ

2
k

k

(3.4)

The pointwise estimate (1.9) of the bounded case, combined with (3.3), yields
∣ ∣ ≤u Msup ,k g

Ωρk
(3.5)

which implies the full inequality (1.9) even in the unbounded case.
We know that the functions uk are locally Hölder. See Lemma 2.7. In fact, let K1 be a compact subset ofΩ.

For �∈k large enough we have ⊂K Ωρ1 k, and

( ) ( )≥ ≡K δ Kdist , Ω dist , Ω .ρ ρ1 1 1k 1 (3.6)

Hence, for all ∈x K0 1 the Hölder inequality (2.20) holds in a ball ( )/B xδ 2 01 :

∣ ( ) ( )∣ ∣ ∣ ( )″ − ′ ≤ ″ − ′ ′ ″ ∈ /v x v x CM x x x x B x, , .g
α

δ 2 01 (3.7)

Such estimate is uniform with respect to �∈k , depending on the Hölder coefficient �∈ +C and the Hölder
exponent ( )∈α 0, 1 only on n, a1, an, and δ1.

Therefore, the functions uk are equi-bounded and equi-continuous on each compact subset of Ω.
Let ℓδ sequence of positive number such that ↓ℓδ 0 as ℓ → ∞. We invade Ω with the increasing

sequence of bounded subsets { ( ) }= ∈ ∂ >ℓ ℓℓ
x x δΩ Ω : dist , Ωδ k, , such that ⊂ℓ ℓ

Ω Ωδ, and = ∪ℓ ℓ ℓ
Ω Ω δ, .

From the Ascoli-Arzelà theorem it follows that the sequence uk uniformly converges over ℓ ℓ
Ω δ, up to a

subsequence for any �ℓ ∈ . So by a Cantor diagonalization process, we can extract from �{ } ∈uk k a subse-
quence (called again uk) that converges, locally uniformly in Ω, to a continuous function u.

By construction, given ∈ ∂x Ω, we have ( ) ( )=u x g xk for sufficiently large �∈k , so that the limit
function

( ) ( )=
→∞

u x u xlim
k

k (3.8)

exists for all points of Ω, and =u g on ∂Ω.
Recalling (3.5), we also obtain the pointwise estimate (1.9).
By stability theorems on viscosity solutions, for instance [23, Proposition 2.9], we can also conclude that

the limit function u is a viscosity solution of the equation �( ) =D u 02 in Ω.
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So we have a solution ( )∈u C Ω0 of the Dirichlet problem (1.8) with boundary values =u g , as required.
But we are left with showing the continuity at points of ∂Ω, in order that ( )∈u C Ω0 .

Continuity up to the boundary
In order to show that we need to prove that for every ∈ ∂y S0 :

( ) ( ) ( )= ≡
→

∈

u x u y g ylim .
x y
x Ω

0 0
0 (3.9)

For this purpose, up to translations, we may suppose =y 00 .
Let us fix >ε 0. By the continuity of g we can choose ( )=δ δ εg g such that

∣ ( ) ( )∣ ∣ ∣− < ∈ ∂ <u y g ε y y δ0
2

for Ω : .g (3.10)

We want to show (3.9) with =y 00 , that is,

( ) ( ) ( )= ≡
→
∈

u x u glim 0 0 .
x
x

0
Ω

(3.11)

To this end, observe that Ω is endowed with a uniform exterior cone property. See Definition 2.8. We
may suppose, up to rotations, that the axis of cone, with vertex at the boundary point =x 0, has direction
xn. Thus,

∩ ⊂B TΩ ,r ψ0 (3.12)

where �{ ∣ ∣ }= ∈ <B x x r:r
n

00 .
Since �( ) =D u 02 , Proposition 2.4 implies that

� ( ) ≥
+

+ D u 0.a
n a a

n,
2

1 1 (3.13)

Let ( ) ( )=φ x ρ f θγ be the corresponding Miller barrier function, in spherical coordinates ∣ ∣=ρ x and

∣ ∣
=θ arccos x

x
n . See Definition 2.9. Then

� ( ) ≤
+

+ D φ 0.a
n a a

n,
2

1 1 (3.14)

Next, let >δ 00 be such that ( )<δ δ rmin ,g0 0 . We compare the function u with the function

( )= + +w g ε M
δ

φ0
2

2 g
γ
0

(3.15)

in ∩ BΩ δ0. On the boundary, we have ≤u w: in fact, ( )≤ + ≤u g w0 ε
2 on ∂ ∩ BΩ δ0, by (3.10), and

( )≤ + ≤u g M w0 2 g on ∩ ∂BΩ δ0, by (1.9) and (2.26).
So, by (3.13) and (3.14), u and w are a subsolution and a supersolution, respectively, of the same

uniformly elliptic equation in ∩ BΩ δ0, and ≤u w on ( )∂ ∩ BΩ δ0 .
Therefore, by the comparison principle for uniformly elliptic equations (see [23]), we have ≤u w in

∩ BΩ δ0, that is,

( ) ( )− ≤ +u x g ε M
δ

ρ0
2

2
.g

γ
γ

0
(3.16)

Choosing >δ 01 such that <δM
δ

γ ε2
1 2

g
γ
0

, we obtain for ∈ ∩x BΩ δ1:

( ) ( )− <u x g ε0 . (3.17)

In order to complete the proof of the continuity at the point = ∈ ∂x 0 Ω, we also need to show that there
exists >δ 02 such that for ∈ ∩x BΩ δ2:

( ) ( )− <g u x ε0 . (3.18)

Lipschitz estimates for partial trace operators with extremal Hessian eigenvalues  11



We use a similar procedure, observing that the function = −∗u u is the solution of the Dirichlet problem

�⎧
⎨⎩

( ) =

= − ∂

∗ ∗

∗

D u
u g

0 in Ω
on Ω,

2
(3.19)

where �∗ is the dual operator.
This time we use the fact that by Proposition 2.4

� ( ) ≥
+

+ ∗D u 0,a
n a a

n,
2

1 1 (3.20)

and we take ( )∈γ 0, 1 such that

� ( ) ≤
+

+ D φ 0,a
n a a

n,
2

1 1 (3.21)

in the construction of the barrier function ( ) ( )=φ x ρ f θγ .
We compare now the function ∗u with

( )= − + +w g ε M
δ

φ0
2

2 g

g
γ (3.22)

in ∩ BΩ δ0. On the boundary, we have ≤∗u w: in fact, ( )= − ≤ − + ≤∗u u g w0 ε
2 on ∂ ∩ BΩ δ0, by (3.10), and

( )≤ − + ≤∗u g M w0 2 g on ∩ ∂BΩ δ0, by (1.9) and (2.26).
Then we apply the comparison principle (Lemma 2.2), and so ≤∗u w in ∩ BΩ δ0.

Like before in view of inequality (3.17), we obtain >δ 02 such that for ∈ ∩x BΩ δ2:

( ) ( )+ <∗u x g ε0 , (3.23)

thereby proving inequality (3.18), and so (3.11).
Since this can be done for an arbitrary point ∈ ∂y Ω0 , the above shows that the solution ( )∈u C Ω0 , and

the proof of the continuity up to the boundary is complete.
Behavior of solutions at infinity
Here we show that the solution u vanishes at infinity, under the assumption that g vanishes at infinity.
First, by condition G of Definition 2.6, with parameters >R 00 and < <σ τ0 , 1 we construct a covering

� of Ω, with balls ( )= ∗B B yr .
Let us fix >ε 0, and let

{ ∣ ∣ }≔ ∈ ≥E x x rΩ : .r (3.24)

By assumption there exists >R 0ε such that for all ≥r Rε

∣ ( )∣ < ∈ ∩ ∂g x ε x Efor Ω.r (3.25)

Let ( )> + −R R R 1ε τ0
1 , then we introduce the families of balls

� { ( ) ∣ ∣ }≔ = >∗B B y y R:R r (3.26)

and

� �{ ( ) ( ) }≔ = = ∈/
∗ ∗B B y B B y˜ ˜ : .R r τ r R (3.27)

Note that

� �

( ) ( ) ( )⊂ ⋃ ∩ ⊂ ⋃ ∩ ⊂
∈ ∈

− −E B B EΩ ˜ Ω .R
B B

R R
˜ ˜

1
R R

τ0
1 (3.28)

According to condition G, we have ( )∈ ∗y B yr and ∣ ( ) ∣ ∣ ( )∣≥∗ ∗B y σ B y\Ωr y τ r, , where Ωy τ, is the connected
component of ( ) ∩/

∗B y Ωr τ containing y. Set also { ( )∣ ( ) }= ∈ ∩/ /
∗M u x x B ysup Ωr τ r τ .

By assumption >a a 0n1 . Hence, we can apply the boundary weak Harnack inequality (Proposition 2.10)
to the non-negative function = −/v M ur τ .
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This is a solution of the Dirichlet problem

�⎧
⎨⎩

( ) =

= − ∂

∗

/

D v
v M g

0 in Ω
on Ω,r τ

2
(3.29)

where �∗ is the dual of � .
From (3.25) and (3.28) we have:

( )= − = − ≥ −
→ ∩∂

/ /
→ ∩∂

/l M u M u M εliminf limsup .
x B

r τ r τ
x B

r τ˜ Ω ˜ Ω
(3.30)

Then the boundary weak Harnack inequality (2.27), with ≔p p0, yields

⎜ ⎟
⎛

⎝

∣ ∣

∣ ∣
⎞

⎠
( ) ( )− ≤ −

/

/
∩

/
B

B
M ε C M u\Ω inf

p

r τ
B

r τ

1

Ω
(3.31)

from which

( )− ≤ −− /
/ /

∩

M ε CM C u2 sup .p
r τ r τ

B

1

Ω
(3.32)

It follows that

( )
( ) ( )

≤ + −
∩ ∩∗ ∗

u μ u μ εsup sup 1
B y B yΩ Ωr rτ

(3.33)

with < ≡ − / <− /μ C0 1 2 1p1 .
From (3.28) and (3.33) we deduce that

( ) ( ) ( )
∣ ∣

∣ ∣ ( )
≤ + −

≥

∈
≥ − −

∈

u x μ u x μ εsup sup 1 .
x R
x

x R R τ
x

Ω
1 1

Ω
0 (3.34)

Letting → ∞R ,

( ) ( ) ( )
∣ ∣ ∣ ∣

≤ + −
→∞

∈

→∞

∈

u x μ u x μ εlimsup limsup 1 ,
x
x

x
xΩ Ω

(3.35)

from which

( )
∣ ∣

≤
→∞

∈

u x εlimsup .
x
x Ω

(3.36)

Since >ε 0 is arbitrary we can take the limit for → +ε 0 to conclude that

( )
∣ ∣

≤
→∞

∈

u xlimsup 0.
x
x Ω

(3.37)

An analogous argument can be used to show that

( )
∣ ∣

≥
→∞

∈

u xliminf, 0.
x
x Ω

(3.38)

In this case, setting ( )∣ ( ){ }= ∈ ∩m u x x Binf ΩR R x2 20 0 , we observe that = −v u m R2 0 is a solution of the
Dirichlet problem

�⎧
⎨⎩

( ) =

= − ∂

D v
v g m

0 in Ω
on Ω.R

2

2 0

(3.39)

Finally, (3.37) and (3.38) show that ( ) →u x 0 as ∣ ∣ → ∞x in Ω, as claimed.
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Uniqueness
Let u w, be two solutions of the Dirichlet problem under consideration. Then both u and w vanish at

infinity. That is, for all >ε 0 there exists >R 0ε such that

∣ ( )∣ ∣ ( )∣ ∣ ∣< < ∈ − ≥∗u x ε w x ε x such that x x R, for Ω .ε (3.40)

We compare u and +w ε2 in ( )∗B xRε as a subsolution and a supersolution of the equation �( ) =D v 02 in
( )∩ ∗B xΩ Rε . Since ≤ +u w ε2 on the boundary, by the comparison principle (Lemma 2.2) we obtain:

( )≤ + ∩ ∗u w ε B x2 in Ω .Rε (3.41)

On the other hand, by (3.40):

( )− ≤ ∗u w ε B x2 in Ω\ .Rε (3.42)

Therefore, − ≤u w ε2 in Ω. On the other hand, we can interchange the role of u and w, obtaining the
same inequality for −w u. Therefore, ∣ ∣− ≤u w ε for all >ε 0. Letting → +ε 0 , we obtain =u w. That is, the
solution is unique as claimed. □

4 Approximate solutions and Lipschitz constants

In this section, we consider perturbations of the weighted partial trace operators � , which leads to uni-
formly elliptic operators, namely: � �≔ + εΔε for >ε 0.

We show that solutions uε of the equation � ( ) =D v 0ε
2 , which are bounded in a cylinder of center ∗x and

axis of fixed height with sufficiently large section, depending on ε, have a partial derivative bound in the
axis direction, uniform with respect to ε, at the point ∗x .

Note indeed that in the uniformly elliptic case the argument works without any constraint on the
diameter of the section of the cylinder. In the degenerate case, instead, a larger and larger radius ρε is
needed as → +ε 0 . See (4.2) in the following lemma, when ≡ == …a amin 0i n i1, , .

Lemma 4.1. Let d, δ, ε be positive numbers, and = +∗ ∗C x Cρ d i ρ d i, ; , ;ε ε , the finite cylinder, with center ∗x and
axis direction xi:

�{ ∣ ∣ ∣ ∣ }= ∈ − < − <∗ ∗ ∗C x x x ρ x x d: ˆ ˆ , ,ρ d i
n

i i ε i i, ;ε (4.1)

where ( )= … …x x x xˆ , , ̸ , ,i i n1 and

( )≥ −
+

+
ρ n a ε

a ε
d
δ

1 .ε
2

2
(4.2)

Let uε be a bounded continuous viscosity solution, namely,

∣ ∣ ≤
∗

u Msup ,
C

ε i
ρε d i, ;

(4.3)

of the equation � ( ) =D v 0ε
2 for � �∈ .

Then

( ) ( )
∂

∂
≤ +∗u

x
x δ M

d
1 .ε

i

i (4.4)

Proof. We may suppose =∗x 0 and =i n, so that we are left with the cylinder {∣ ∣ ∣ ∣ }= < <C x ρ x dˆ ;ρ d n n ε n, ;ε .
The operator

� � ( ) ( )≔ + ≡ + + ⋯+ +ε a ε λ a ε λΔε n n1 1 (4.5)
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is uniformly elliptic. More precisely, according to Proposition 2.11,

� � � �( ) ( ) ( ) ( )≤ + − ≤+ +
−

+ +
+Y X Y X Y .a ε a ε ε ε a ε a ε, , (4.6)

Hence, by [23, Corollary 5.7], uε is locallyC α1, inCρ d n, ;ε , and the derivative on the left-hand side of inequality
(4.4) exists.

The operator �ε is also invariant by reflection. As observed in Lemma 2.1 and in the subsequent
discussion, leading to (2.6), we have therefore both

� �( ) ( )= =D u D u0 and ˜ 0,ε ε ε ε
2 2 (4.7)

where ( ) ( )= −u x x u x x˜ ˆ , ˆ ,ε n n ε n n .
Next, we introduce the function

( ) ( ) ∣ ∣ (( ) )= = + + −φ x φ x x M
ρ

x M
d

x δ d δxˆ , 2 ˆ 2 1 .n n
n

ε
n

n
n n2

2
2 (4.8)

We compare the functions uε and ≔ +v u φ˜ε ε on the upper cylinder

{ }= ∈ ≤ ≤+C x C x d: 0 ,ρ d n ρ d n n, ; , ;ε ε
(4.9)

using the comparison principle (Lemma 2.2).
By uniform ellipticity (4.6):

� � � �( ) ( ) ( ) ( )= + ≤ + + +
+D v D u D φ D u D φ˜ ˜ .ε ε ε ε ε ε a ε a ε

2 2 2 2
,

2 (4.10)

Note that D φ2 is diagonal with eigenvalues

( ) ( )= − = = …λ D φ M δ
d

λ D φ M
ρ

i n4 , 4 , 2, ,n
i

n

ε
1

2
2

2
2 (4.11)

and so, by (4.2):

� ( ) ( ) ( ) ( )= − + − + ≤+ +
+ D φ n a ε M

ρ
a ε M δ

d
1 4 4 0.a ε a ε

n

ε

n
,

2
2 2 (4.12)

This shows, together with (4.7) and (4.10), that

� � �( ) ( ) ( )≤ + ≤+ +
+D v D u D φ˜ 0.ε ε ε ε a ε a ε

2 2
,

2 (4.13)

By (4.7) and (4.13), it turns out that uε and vε are a subsolution and a supersolution of the uniformly
elliptic equation � ( ) =D v 0ε

2 , respectively.
Next, we compare uε and vε on the boundary of +Cρ d n, ;ε

:

(base =x 0n ) being =u u˜ε ε and ≥φ 0, we have

( ) ( ) ( ) ( )′ = + ≥v x u x φ x u x, 0 ˜ ˆ , 0 ˆ , 0 ˆ , 0 ;ε ε n n ε n (4.14)

(base =x dn ) we have ( ) ≥φ x d Mˆ , 2n n and therefore by (4.3)

( ) ( ) ( ) ( )= + ≥ − + = ≥v x d u x d φ x d M M M u x dˆ , ˜ ˆ , ˆ , 2 ˆ , ;ε n ε n n n n n ε n (4.15)

(lateral boundary ∣ ∣ =x ρˆn ε) we have ( ) ≥φ x x Mˆ , 2n n n, and again by (4.3),

( ) ( ) ( ) ( )= + ≥ − + = ≥v x u x φ x M M M u x˜ 2 .ε ε n n n ε (4.16)

We conclude that uε and vε are a subsolution and a supersolution of equation � ( ) =D v 0ε
2 in +Cρ d n, ;ε

such

that ≤u vε ε on ∂ +Cρ d n, ;ε
. Then the comparison principle (Lemma 2.2) yields

( ) ( ) ( ) ( )

( ) ∣ ∣ (( ) )

≤ ≡ − +

≤ − + + + −

u x x v x x u x x φ x x

u x x M
ρ

x M
d

x δ d δx

ˆ , ˆ , ˆ , ˆ ,

ˆ , 2 ˆ 2 1

ε n n ε n n ε n n n n

ε n n
n

ε
n

n
n n2

2
2

(4.17)
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in +Cρ d n, ;ε
. That is, for =x̂ 0n

( ) ( )
(( ) )

− −
≤ + −

u x u x
x

M
d

x δ d δx0, 0, 2 1 .ε n ε n

n

n
n n2 (4.18)

Recalling that uε isC α1, and therefore the derivative exists, we take the limit as →x 0n in the above, and
we obtain

( )
( ) ( ) ( ) ( )

( )
∂

∂
=

−
+

− −
≤ +

→ →

u
x

u x u
x

u u x
x

δ M
d

0 1
2

lim 0, 0, 0 1
2

lim 0, 0 0,
2

1 .ε

n x
ε n

n x
ε n

n

n
0 0n n

(4.19)

Interchanging the role of ( )u x xˆ ,ε n n and ( )−u x xˆ ,ε n n , we also obtain the opposite estimate

( ) ( )
∂

∂
≥ − +

u
x

δ M
d

0 1 .ε

n

n (4.20)

We have therefore proved the estimate (4.4) with =∗x 0, as wanted. □

In the slab ∗Sd i; , which can be regarded as a limiting set of the cylinders ∗Cρ d i, ;ε
as → +δ 0 , assuming that

uε is bounded on ∗Sd i; , the above lemma holds a fortiori, and with the sharper upper bound

( )
∂

∂
≤∗u

x
x M

d
,ε

i

i (4.21)

where

∣ ∣ ≤
∗

u Msup .
S

ε i
d i;

(4.22)

By translational invariance along the directions of x̂i, orthogonal to the direction xi, the above bound
(4.21) also holds for the points, other than ∗x , of the middle hyperplane of the slab

{ }= ∈ =∗ ∗H x S x x: .d i d i i i; ; (4.23)

Suppose in addition that u is a bounded continuous viscosity solution of the equation � ( ) =D v 0ε
2 in the

unbounded star-shaped domain = +∗ ∗S x Sd d.
We obtain the above bound (4.21) for all partial derivatives, and consequently a bound for the gradient

of uε at the point ∗x .
In the next corollary, we observe that an analogous bound can be established for all ∈ = ⋂∗

=
∗x Q Sd i

n
d i1 ; ,

with a Lipschitz constant growing faster and faster as → ±∗x x di .

Corollary 4.2. Let d, ε be positive numbers, and = ⋃∗
=

∗S Sd i
n

d i1 ; , where = +∗ ∗S x Sd i d i; ; . As before, for � �∈ we
set � �= + εΔε .

Let uε be a bounded continuous viscosity solution of the equation � ( ) =D v 0ε
2 in ∗S d2 , such that

∣ ∣ ≤
∗

u Msup .
S

ε i
d i;

(4.24)

Then

∣ ( )∣
( )

≤ ∈ ∗D u x M
δ x

for all x Q ,i ε
i

i
d (4.25)

where ( ) ( )= ∂ ∗δ x x Sdist ,i d i; . That is the following gradient bound holds:

∣ ( )∣
( )

≤
∂

∈
∗

∗D u x
M

x Q
for all x Qmax

max

dist ,
.

i
i ε

i
i

d
d (4.26)
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5 Asymptotic convergence

The results of the previous section show existence and uniqueness of regular solutions for Dirichlet problems
concerning the approximate equation � ( ) =D v 0ε

2 of Section 4 in an unbounded star-shaped domain ∗Sd.
Here, we prove that solutions of the approximate equations actually converge to the solution of the

limit equation in ∗Sd.

Lemma 5.1. Let Ω be a domain of �n as in Theorem 1.3, and � = ∑ = a λi
n

i i1 be a weighted partial trace operator
such that >a a 0n1 .

Suppose ( )∈ ∂g C Ω0 be such that

( )
∣ ∣

=
→∞

∈∂

g xlim 0.
x
x Ω

(5.1)

For >ε 0, let uε be the solution of the Dirichlet problem

�⎧
⎨⎩

( ) =

= ∂

D v in
v g on

0 Ω
Ω.

ε
2

(5.2)

Then the uεs converge by subsequence to the solution u of the Dirichlet problem

�⎧
⎨⎩

( ) =

= ∂

D u in
u g on

0 Ω
Ω.

2
(5.3)

Proof. The existence and the uniqueness of solutions ( )∈u C Ωε
0 and ( )∈u C Ω0 of the Dirichlet problems

(5.2) and (5.3) are assured by Theorem 1.3.
Convergence of uε (by subsequence) to a solution ( )∈v C Ω0

The solutions uε are uniformly bounded by (1.9). Consequently, the Hölder estimates (3.7) are uniform
with respect to ( )∈ε 0, 1 , depending on the Hölder coefficient and the Hölder exponent only on n, a1, and an.
See Lemma 2.7.

Hence, the uεs uniformly converge by subsequence in any compact subset of Ω.
Proceeding as in the proof of Theorem 1.3 (Existence and interior continuity), we can use the Ascoli-

Arzelà theorem and a Cantor diagonalization process to obtain a sequence uεk, locally uniformly converging

to a function ( )∈v C Ω0 .
Since =u gεk on ∂Ω, then the uεks converge pointwise in all points of Ω:

( ) ( )=
→∞

v x u xlim ,
k

εk (5.4)

and =v g on ∂Ω.
By the locally uniform convergence, using stability results in the viscosity setting [23], the limit function

v is a solution of the limit equation, that is,

�( ) =D v 0 in Ω.2 (5.5)

Continuity of the limit v up to the boundary
Arguing as in the proof of Theorem 1.3, due to the uniform bound (1.9) and the uniform exterior cone

property, the uεks have the same modulus of continuity at any point ∈ ∂y Ω0 , that is:

( ) ∣ ( ) ( )∣ ( )∀ > ∃ = > − < ∀ ∈ ∩ε δ δ ε u x g y ε x B y0 0 : Ω ,ε δ0 0k (5.6)

and we are pointing out that δ does not depend on �∈k .
Taking the limit as → ∞k , we have therefore

∣ ( ) ( )∣ ( )∀ > ∃ > − ≤ ∀ ∈ ∩ε δ v x g y ε x B y0 0 : Ω .δ0 0 (5.7)

So v is continuous at an arbitrary point ∈ ∂y Ω0 . We conclude that ( )∈v C Ω0 .
End of the proof
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Actually, ( )∈v C Ω0 is a solution of the Dirichlet problem (1.8) as well as u.
Then by Theorem 1.3 (Uniqueness)we have =v u inΩ, thereby proving that →u uεk inΩ as → ∞k . □

We are in position to show the main result.

Proof. (Theorem 1.1). The viscosity solution ( )∈u C Ω0 of the Dirichlet problem (1.8) exists and is unique by
Theorem 1.3.

The sequence of viscosity solutions ( )∈u C Ωε
0

k of the approximate problems (5.2) converge to u by
virtue of Lemma 5.1.

The approximate solutions are locally C α1, . Since ∣ ∣ ≤u Mε gk in Ω by Theorem 1.3, then Corollary 4.2

yields in = ⋂∗
=

∗Q Sd i
n

d i1 ; the gradient bound

∣ ( )∣
( )

≤D u x
M

δ x
,i ε

g
0

0
k (5.8)

where ( ) ( )= ∂ ∗δ x x Qdist , d0 0 , for all ∈ ∗x Qd0 .

In particular, let ( )< <ρ δ x0 0 , Q̃ρ be the cube centered at x0 of side ρ2 and ′ ″ ∈x x Q, ρ such that ′ = ″x xj j

for ≠j i. Then

∣ ( ) ( )∣ ∣ ∣ ∣ ∣
( )

∣ ∣″ − ′ ≤ ″ − ′ ≤
−

″ − ′u x u x D u x x
M

δ x ρ
x xmax .ε ε

Q
i ε i i

g
i i˜ 0

k k
ρ

k (5.9)

Letting → ∞k , then we obtain, for = …i n1, , ,

∣ ( ) ( )∣
( )

∣ ∣″ − ′ ≤
−

″ − ′u x u x
M

δ x ρ
x x .g

i i
0

(5.10)

So, by Rademacher’s theorem, the function u is differentiable a.e. in Q̃ρ, and then in ∗Qd, holding (5.10) for all
∈ ∗x Qd0 provided that ( )< <ρ δ x0 0 . Therefore, u is locally Lipschitz continuous in ∗Qd. Moreover, if x0 is a

differentiability point, from (5.10), letting → +ρ 0 we also obtain

∣ ( )∣
( )

≤D u x
M

δ xi
g

0
0

(5.11)

as claimed. □

Remark 5.2. Suppose that in Theorem 1.1 we only have ⊃ ∗SΩ d i; for some i instead of ⊃ ∗SΩ d.
From the proof it is clear that, without changing the other assumptions, then we have a Lipschitz

estimate along the direction xi:

∣ ( )∣
( )

≤ ∈ ∗D u x
M

δ x
x Sfor a.e. .i

g

i
d i; (5.12)

Acknowledgements: The author is grateful to the referees for their interesting comments and remarks. Open
Access Funding provided by CRUI - Conferenza dei Rettori based on an agreement between CRUI -
Conferenza dei Rettori and De Gruyter Poland.

Conflict of interest: Author states no conflict of interest.

References

[1] J.-P. Sha, p-convex Riemannian manifolds, Invent. Math. 83 (1986), 437–447.
[2] J.-P. Sha, Handlebodies and p-convexity, J. Diff. Geom. 25 (1987), 353–361.
[3] H. Wu, Manifolds of partially positive curvature, Indiana Univ. Math. J. 36 (1987), no. 3, 525–548.

18  Antonio Vitolo



[4] L. A. Caffarelli, Y. Y. Li, and L. Nirenberg, Some remarks on singular solutions of nonlinear elliptic equations. I, J. Fixed
Point Theory Appl. 5 (2009), no.2, 353–395.

[5] L. A. Caffarelli, Y. Y. Li, and L. Nirenberg, Some remarks on singular solutions of nonlinear elliptic equations II: symmetry
and monotonicity via moving planes, Adv. Geometric Anal. 21 (2012), 97–105.

[6] L. A. Caffarelli, Y. Y. Li, and L. Nirenberg, Some remarks on singular solutions of nonlinear elliptic equations. III: viscosity
solutions, including parabolic operators, Comm. Pure Appl. Math. 66 (2013), no. 1, 109–143.

[7] F. R. Harvey and H. B. Lawson Jr., Dirichlet duality and the nonlinear Dirichlet problem, Comm. Pure Appl. Math. 62 (2009),
396–443.

[8] F. R. Harvey and H. B. Lawson Jr., Removable singularities for nonlinear subequations, Indiana Math. J. 63 (2014), no. 5,
1525–1552.

[9] F. R. Harvey and H. B. Lawson Jr., The Dirichlet problem with prescribed asymptotic singularities, Adv. Math. 303 (2016),
1319–1357.

[10] P. Blanc and J. D. Rossi, Games for eigenvalues of the Hessian and concave/convex envelopes, J. Math. Pure Appl. 127
(2019), 192–215.

[11] P. Blanc, C. Esteve, and J. D. Rossi, The evolution problem associated with eigenvalues of the Hessian, J. London Math. Soc.
102 (2019), no. 3, 1293–1317.

[12] M. E Amendola, L. Rossi, and A. Vitolo, Harnack inequalities and ABP estimates for nonlinear second-order elliptic
equations in unbounded domains. Abstr. Appl. Anal. 2008 (2008), 178534, p. 19.

[13] I. Birindelli, G. Galise, and F. Leoni, Liouville theorems for a family of very degenerate elliptic nonlinear operators,
Nonlinear Analysis 161 (2017), 198–211.

[14] F. Ferrari and A. Vitolo, Regularity properties for a class of non-uniformly elliptic Isaacs operators, Adv. Nonlinear Stud. 20
(2020), no. 1, 213–241.

[15] A. Mohammed, G. Porru, and A. Vitolo, Harnack inequality for nonlinear elliptic equations with strong absorption, J. Differ.
Equ. 263 (2017), no. 10, 6821–6843.

[16] A. Mohammed, V. D. Rădulescu, and A. Vitolo, Blow-up solutions for fully nonlinear equations: existence, asymptotic
estimates and uniqueness, Adv. Nonlinear Anal. 9 (2020), no. 1, 39–64.

[17] A. Mohammed and A. Vitolo, Large solutions of fully nonlinear equations: existence and uniqueness, NoDEA Nonlinear
Differ. Equ. Appl. 26 (2019), no. 6, 42, p. 29.

[18] Y. Wang and Y. Wei, Liouville property of fractional Lane-Emden equation in general unbounded domain, Adv. Nonlinear
Anal. 10 (2021), no. 1, 494–500.

[19] C. O. Alves and V. D Rădulescu. The Lane-Emden equation with variable double-phase and multiple regime. Proc. Amer.
Math. Soc. 148 (2020), no. 7, 2937–2952.

[20] F. Ferrari and G. Galise, A regularity result for a class of non-uniformly elliptic operators, (2021), http://arxiv.org/abs/
2103.04641v1.

[21] I. Birindelli, G. Galise, and H. Ishii, A family of degenerate elliptic operators: maximum principle and its consequences,
Ann. Inst. H. Poincaré Anal. Non Linéaire 35 (2018), no. 2, 417–441.

[22] A.M.Oberman and L. Silvestre, TheDirichlet problem for the convex envelope, Trans. Amer.Math. Soc. 363 (2011), no. 11, 5871–5886.
[23] L. A. Caffarelli and X. Cabrè, Fully Nonlinear Elliptic Equations, vol. 43, American Mathematical Society Colloquium

Publications, AMS, Providence, Rhode Island, 1995.
[24] V. Cafagna and A. Vitolo, On the maximum principle for second-order elliptic operators in unbounded domains, C. R. Math.

Acad. Sci. Paris 334 (2002), no. 5, 35–363.
[25] A. Vitolo, On the maximum principle for complete second-order elliptic operators in general domains, J. Differ. Equ. 194

(2003), no. 1, 166–184.
[26] I. Capuzzo Dolcetta, F. Leoni, and A. Vitolo, The Alexandrov-Bakelman-Pucci weak maximum principle for fully nonlinear

equations in unbounded domains, Comm. Partial Differ. Equ. 30 (2005), no. 10–12, 1863–1881.
[27] I. Birindelli, I. Capuzzo Dolcetta, and A. Vitolo. ABP and global Hölder estimates for fully nonlinear elliptic equations in

unbounded domains. Commun. Contemp. Math. 18 (2016), no. 4, 1550075, p. 16.
[28] I. Capuzzo Dolcetta and A. Vitolo, Gradient and Hölder estimates for positive solutions of Pucci type equations, C. R. Math.

Acad. Sci. Paris 346 (2008), no. 9–10, 527–532.
[29] I. CapuzzoDolcetta and A. Vitolo, Glaeser’s type gradient estimates for non-negative solutions of fully nonlinear elliptic

equations, Discrete Contin. Dyn. Syst. 28 (2010), no. 2, 539–557.
[30] X. Cabré, On the Alexandroff-Bakelman-Pucci estimate and the reversed Hölder inequality for solutions of elliptic and

parabolic equations, Comm. Pure Appl. Math. 48 (1995), no. 5, 539–570.
[31] M. G. Crandall, M. Kocan, P.-L. Lions, A. Święch, Existence results for boundary problems for uniformly elliptic and

parabolic fully nonlinear equations, Electron. J. Differ. Equ. 27 (1992), 1–67.
[32] K. Miller, Extremal barriers on cones with Phragmén - Lindelöf theorems and other applications, Ann. Mat. Pura Appl. 90

(1971), 297–329.
[33] M. G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscosity solutions of second order partial differential equations,

Bull. Amer. Math. Soc. 27 (1992), 1–67.

Lipschitz estimates for partial trace operators with extremal Hessian eigenvalues  19

http://arxiv.org/abs/2103.04641v1
http://arxiv.org/abs/2103.04641v1

	1 Introduction and main results
	2 Review of known results and preparatory work
	3 Existence and uniqueness
	4 Approximate solutions and Lipschitz constants
	5 Asymptotic convergence
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


