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Thouless pumping and topology
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Thouless pumping provides one of the simplest manifestations of topology in quantum systems,
and has attracted a lot of recent interest, both theoretically and experimentally. Since the seminal
works by Thouless and Niu in 1983 and 1984, it is argued that the quantization of the pumped
charge is robust against weak disorder, but a clear characterization of the localization properties of
the relevant states, and the breakdown of quantized transport in the presence of interaction or out
of the adiabatic approximation, has been long debated. Thouless pumping is also the first example
of a topological phase emerging in a periodically-driven system. Driven systems can exhibit exotic
topological phases without any static analogue and have been the subject of many recent proposals
both in fermionic and bosonic systems in diverse platforms ranging from cold atoms to photonics
and condensed matter systems. In this respect, this review has a twofold purpose: On the one hand,
it serves as a basis to understand the robustness of the topology of slowly-driven systems per se;
On the other hand, it highlights the rich properties of topological pumps and their diverse range of
applications, for instance, in systems with synthetic dimensions or for understanding higher-order

topological phases. These examples underline the relevance of topological pumping for the fast

growing field of topological quantum matter.

I. INTRODUCTION

A quantum pump is a device able to generate a parti-
cle current via slow and periodic modulation of at least
two system parameters, in the absence of any external
bias [I]. For this reason it is considered as one of the
most intriguing effects in quantum mechanics. In a con-
ductor a dc current is usually associated with a dissi-
pative flow of electrons in response to an applied bias
voltage. In systems of mesoscopic scale a dc current can
be generated even at zero bias (e.g. in semiconductor
nanostructures of nm size and tens of atoms) in the pres-
ence of slow periodic perturbations. In the adiabatic
limit, when the applied perturbations are slow in com-
parison to the escape rate to external contacts, the elec-
tronic state of the quantum system is the same after a
period, but a net charge has been transferred thanks to
a squeezing of the wavefunction in the central region [2].
Since the quantum state of the system remains coher-
ent, this effect is known as quantum charge pumping.
Although different in nature, quantum pumping shares
some similarity with other fascinating phenomena such
as persistent currents [I] and superconductivity and al-
lows exploring fundamental issues regarding the role of
topology and symmetries, finding its maximum expres-
sion in the Thouless or topological pump, where trans-
port is quantized. Quantum pumping has received much
attention in mesoscopic electronic systems, mainly due
to its potential of reducing the dissipation of energy as
wasteful heat, define a better current standard for metro-
logical purpose [3l 4], or even be used for quantum com-
puting [5]. Recent experimental realizations of Thouless
pumps have been observed in photonics [6HI], magneto
and electro-mechanical systems [10, [I1], and ultracold

atoms [I12HI4], including pumps with interactions [I5HI7]
and pumps in open systems [I8] [19].

II. TOPOLOGICAL QUANTIZED TRANSPORT
IN ONE-DIMENSION

Topological pumping entails the transport of charge, in
the absence of a net external electric or magnetic field,
through an adiabatic cyclic evolution of the underlying
Hamiltonian, as originally proposed by Thouless [20]. In
contrast to classical transport, the transported charge
in a Thouless pump is quantized and purely determined
by the topology of the pump cycle, making it robust
against perturbations, such as interaction effects or disor-
der [21]. Intuitively, the Thouless pump can be thought
of as the quantum version of the famous Archimede’s
screw (Fig. ), where a directional motion of water is
generated by slow and periodic movement of the handle.
The key difference being that in the classical Archimede’s
screw the amount of water pumped per cycle can be con-
tinuously tuned by changing the tilt angle of the screw,
while for the topological Thouless pump the amount of
charge pumped per cycle cannot be continuously tuned,
i.e., it is quantized according to the topology of the pump
cycle.

Consider spinless electrons in 1D subject to a poten-
tial U(x) with periodicity a, i.e., U(xz + a) = U(x). Pro-
vided the number of electrons na per period a equals an
integer N, the lowest N bands of the energy spectrum
are occupied while the higher bands are empty. Now let
the potential slowly vary periodically in time, such that
U(z,t) = Up(z) + Ur(x — vt), where Uy and U; share
the same periodicity a and v is some small velocity with
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FIG. 1. a Ilustration of a classical Archimede’s screw (by C. Hohmann, MCQST). b Schematic drawing of two periodic
potentials, Up(z) and Ui(x,t), that share the same periodicity. One of the two potentials, Ui (z,t), is moving with a small
velocity v with respect to the other in order to realize a quantum pump.

a/v =T (Fig.[Ib). If the electrons follow the variation
of the potential adiabatically, a quantized charge @ is
transferred per period T, where the quantization is de-
termined by the topology of the energy bands that are
occupied with electrons and the topology of the pump
cycle. Each energy band including the time ¢ as a second
dimension, hence realizing a (141)-D parameter space, is
associated with an integer number, a topological invari-
ant called Chern number, and the combined response is
given be the sum of all Chern numbers of the occupied
energy bands (Appendix [A]), which can be viewed as a
dynamical realization of the IQHE (Sec. .
Intuitively, the time evolution of the potential can be
described in terms of a “trajectory” C of the system in
a 2D plane, whose parameters are determined by the
time-dependent potential U(x,t). If C encircles a de-
generacy point of the Hamiltonian, the pumped charge
is quantized (Sec. and the response will remain
quantized, as long as the trajectory encircles the degen-
eracy point. This illustrates the robustness of topolog-
ical pumping to disorder and interactions, since small
deformations of the trajectory cannot alter the pumped
charge. However, the quantization of the pumped charge
is only valid as long as the potential is varied adiabati-
cally. Studies away from the adiabatic limit show that,
despite its topological nature, this phenomenon is not
generically robust to non-adiabatic effects. Indeed the
mean value of the pumped charge shows a deviation from
the topologically-quantized limit which is quadratic in
the driving frequency for a sudden switch-on of the drive
(Sec. . Interestingly, even at fast driving one can re-
alize an ideal pump under a family of protocols, which
contain the adiabatic one as a limiting case [22].

IIT. CHARGE AND SPIN PUMPING
A. Thouless pumping of charge

Topological charge pumping has remained out of reach
in most electron-based condensed matter experiments
because of challenges in realizing the adiabatic regime.
Due to the versatility and control of synthetic quantum
systems experimental demonstrations of adiabatic quan-

tum pumps have been achieved with cold atoms [12-
141 23] and photons [6, [7]. Specifically, ultracold atoms
in optical superlattices have emerged as an ideal plat-
form for the implementation of quantized topological
charge pumps [12, 13]. In these experiments, the Thou-
less potential, a sliding superlattice, is formed by su-
perimposing two lattices with different periodicities d;
and ds = ad;, a < 1. This generates a potential
V, sin(ma/dg +7/2) + Vi sin®(rz /d; — ¢/2), where V4 (V])
denotes the depth of the short-(long-)wavelength lattice,
respectively (Fig. ) Changing the relative phase ¢ be-
tween the two lattices results in a periodically-modulated
superlattice potential. Varying the phase adiabatically
by an amount of 27 realizes one pump cycle, where the
long lattice has moved by d; with respect to the short
lattice. Since the change is performed adiabatically, a
particle initially in a Bloch eigenstate |u,(kz,©(0))) of
the Hamiltonian H(k,,(t)) follows the instantaneous
eigenstate |u,(ky,©(t))) and remains in an eigenstate
at all times; here n denotes the nth Bloch band and
k. the quasimomentum. However, after one cycle the
state has acquired a geometric phase proportional to
Oip. This phase, know as Berry phase, is proportional
to the integral over the Berry curvature Q,(k.,¢) =
i ((Optn|Ok, un) — (Ok, un|Opun)) of the occupied bands
along the pump path (Fig. ) Due to the non com-
mutativity between position and momentum, this phase
generates an anomalous velocity given by &, = Q,,0:p.
The displacement of the cloud after one cycle can be ob-
tained by integrating the anomalous velocity of the occu-
pied Bloch states over one pump cycle. For a uniformly
filled band the displacement is quantized according to the
topological two-dimensioanl (2D) invariant, the so called
Chern number vy, which is an integer. It is defined as
the integral over the closed surface in (k;, ¢) space:

1 / /271'
Vp = — O, (K, ©)dk,do, 1
o7 Loy Js (kz, ) ® (1)

where BZ denotes the first Brillouin zone of the super-
lattice. During one pump cycle the center of mass (CoM)
changes by v,d; and is quantized in units of d;. If more
than one energy band is completely filled, the CoM re-
sponse is given by the sum over all energy bands ) d;v,,.
Intriguingly, the induced motion can either occur in the



same or opposite direction as the moving lattice, depend-
ing on the sign of v,,. This counterintuitive behavior has
been demonstrated by preparing ultracold bosonic atoms
in the first excited band of an optical superlattice, where
quantized transport in the opposite direction of the mov-
ing lattice was found [I2]. Let us note that from the point
of view of Eq. topological pumping can be viewed as
a dynamical version of the IQHE. In the latter case the
conductance in the presence of a magnetic field in 2D can
be related to an integral over the first Brillouin zone in
the (ks, ky) space [24]. Indeed, the adiabatic variation of
@ is equivalent to threading a magnetic flux through a
cylinder that generates an electric field in the orthogonal
direction and leads to a quantized Hall conductance. The
BZ spanned by (k,, ¢) is then equivalent to the Brillouin
zone spanned by (kz, ky) in the corresponding 2D model
(Sec. . Since the displacement of the cloud is pro-
portional to a topological invariant, it neither depends
on the pumping speed, nor on the specific lattice param-
eters and is robust to small perturbations.

Let us emphasize that quantized topological charge
pumps require uniformly filled bands. In contrast, if
a Bose-Einstein condensate (BEC) occupies just a sin-
gle quasimomentum state, the system exhibits non-
quantized charge pumping set by the local geometric
properties of the band [I4]. This is known as geomnetric
charge pump. Similar to topological charge pumps, there
is an an overall displacement per pump cycle, which in
this case is however not quantized. Near perfect quan-
tized pumping can be restored, however, by adding a
linear tilt. Intuitively, the added potential assists in the
uniform sampling of all momenta due to the Bloch oscil-
lations induced by the tilt [25].

The mechanism underlying the quantum pump can
also be described on a microscopic level by considering
the Wannier tunneling regime V; < V}*/(4E,), where
E,. = h?/(8md?) denotes the recoil energy and m the
mass of an atom. In the tight-binding limit, the su-
perlattice model with d; = 2ds and two sites per unit
cell (Fig. [2h) is described by the Rice-Mele Hamiltonian
(RM) [26]:

H(p) == [Ji(¢)ala; + Ja(g)al,,b; +hc]

J

A
+¥ Z(a}aj - b;bj), (2)
J

where d}(&j) and I;j(gj) are the creation (annihilation)
operators acting on the left and right site of the j-th unit
cell, Ji o denote the intra- and inter-unit cell hopping and
A is the energy offset between neighbouring sites.

The pumping mechanism can be understood from the
point of view of a cycle in the parameters space (J; —
Ja2, A), whose winding number is directly related to the
Chern number of the pump [27]. For J; —J; = A =0 the
ground-state at half filling is gapless defining the degen-
eracy point in the center of the (J; — Jo, A) parameter
space (Fig. ) The winding number w is an integer that

characterizes the chirality as well as the number of times
the pump cycle winds around the degeneracy point. The
winding number for the cycle shown in Fig.[2p is w = +1,
which is equal to the Chern number of the pump, and
states that this cycle realizes quantized particle transport
of one unit cell in the direction of the moving potential.

Intuitively, the mechanism of the quantized pump can
be described as follows: Changing ¢ is equivalent to
changing the shape of the superlattice potential (Fig.[2).
Starting at ¢ =0 (A =0 and J; > J3) the ground-state
at half filling for non-interacting fermions [13] or equiva-
lently hard-core bosons [12], consists of localized particles
in the symmetric-superposition between the two sites of
the unit cell. For increasing ¢ the long lattice is shifted
to the right and the double wells are tilted (A > 0) in
such a way that the atom tunnels to the lower-lying site
on the right. The tilt is maximum at ¢ = 7 and changes
its sign afterwards until the lattice forms symmetric dou-
ble wells again at ¢ = 7, with a shift of one short lattice
constant ds to the right. The atom that was on the lower
site for large A, delocalizes on the double well and moves
by d;/2 during the first half of the pumping cycle. After
one full cycle the lattice configuration becomes identical
to the initial one, but the atom has moved to the neigh-
boring double well. Intriguingly, the lattice minima do
not move in real space, hence, a classical particle would
not move. In contrast, quantum mechanically the par-
ticle tunnels to the neighbouring sites during one pump
cycle. Experimentally, the resulting motion of the atoms
is observed by measuring the CoM position of the cloud
(Fig.[2H). The displacement occurs in steps and is indeed
quantized [28] in units of the long-lattice constant d; for
v=+1.

Before topological Thouless pumps have been realized
in cold atoms and photonics, a closely related quantized,
however, non-topological, transport of particles in the
absence of a bias voltage has been observed in quantum
dots [29] and in 1D channels in the presence of acoustic
waves [30]. In particular, the basic idea for the realiza-
tion of an adiabatic quantum pump is that a dc current
can be pumped through a quantum dot by periodically
varying two independent parameters X; and X, e.g., a
gate voltage or magnetic field. In this case one can re-
late the pumped current to the parametric derivatives of
the scattering matrix S(X1, X2) of the system [3I]. The
charge pumped over one cycle is given by:

e ,.852,8 Saﬁ
Qum) = < /A dxldnga;njﬁ 2 ®

where m labels the contact, X; and X5 are two exter-
nal parameters whose trace encloses the area A in the
parameter space, « and 3 label the conducting channels,
and J stands for the imaginary part. Although the physi-
cal description of open systems are dramatically different
from closed ones, the concept of a geometric phase can
still be applied. The integrand in Eq. can be thought
as the Berry curvature [32] and the pumped charge is
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FIG. 2. Topological charge pumping in a superlattice (adapted from Ref. [I2]). a Superlattice potential formed by superimposing
two lattices (gray and green) with constants d; and ds = d;/2. J1,2 denote the tunnel couplings and A the energy offset between
neighboring sites. b Pumping cycle in the (J1 — J2, A) parameter space with winding numer w = +1, realized by varying the
relative phase ¢ of the superlattice. The closed path encircles the degeneracy point at the origin where A = 0 and J; = J>
resulting in quantized transport. c¢ Berry curvature 2; of the lowest band as a function of ¢ and quasimomentum k, for a
lattice with Vs = 10E, and V; = 5F,. The panel below shows the Berry curvature averaged over k, while the panel on the
right shows Q4 (kz) for ¢ = 0. d CoM motion during one pump cycle. The solid black line depicts the calculated CoM motion
of a localized Wannier function. Inset: Evolution of the ground-state wave function illustrated for one double well.

essentially the Abelian geometric phase of the scattering
matrix, although non-topological in nature. Note, that
the term geometric pump is used in a different context
here and its properties should not to be confused with the
geometric pump introduced above, which was realized in
Ref. [14].

B. Spin pumping

The idea of topological charge pumps has been gen-
eralized to spin pumps, which represent 1D dynamical
versions of 2D topological insulators. A quantum spin
pump was realized experimentally with two-component
ultracold bosonic atoms in an optical superlattice [33].
To this aim, ultracold atoms in two different hyperfine
states are prepared in a spin-dependent dynamically-
controlled optical superlattice. In the tight-binding limit,
the dynamics of each component independently is well
described by the RM model [26] [Eq. ([2)]. If the two
spin components do not interact with each other, their
pumping motion is independent and a spin pump can be
realized by a spin-dependent deformation of the poten-
tial, so that time-reversal symmetry is retained, while
their Berry curvature is reversed. The two spin com-
ponents are transported in opposite directions without
any net charge transport, in contrast to the topological
charge pump discussed above. In addition, the two spin
components can be coupled by introducing on-site inter-
actions U between the atoms. For hardcore interactions
and unit filling (two particles per unit-cell, one of each
component), the bare tunneling is suppressed and the
system can be described by a 1D spin-chain model:

where S’i, 5% are the spin operators, A is a spin-
dependent tilt and 3 (Jex +6Jex) =~ (J £ 6J)? JU rep-
resents an alternating superexchange coupling. In the
limit of isolated double wells dJo & Jox and by apply-
ing a global gradient to a spin-independent superlattice
the staggered tilts of the RM model can be locally repro-
duced. In this situation, a cycle in the parameters (8.7,
A) of the RM model corresponds to a modulation of (Jey,
A) in the interacting 1D spin chain.

Direct evidence for the spin separation and spin trans-
port can be obtained by measuring the CoM position of
the two spin components using in-situ absorption images.
As a function of the pump parameter, on finds that the
two components separate in real space. Additional in-
sights about the underlying mechanism of the spin pump
was revealed by measuring spin currents between the left
and the right site of a double well, e.g., it was shown
that the integrated current does not depend on the spe-
cific pump parameters, as expected [33].

Interestingly, spin transport is described by a spin
Chern number, which in the non-interacting case can be
related to a Zy topological invariant [34], 35]. In its sim-
plest the spin pump can be understood as to uncoupled
Thouless pumps. A system with non-trivial Zs-invariant
can be realized with time-reversal invariant spin orbit in-
teractions [36], [37]. When breaking time-reversal symme-
try, the topological properties of the quantum spin Hall



system remain but spin-Chern numbers are required for
the description [37]. The interplay between glide symme-
try and a coupling between different spin components in
a quantum spin pumps was studied in Ref. [38]. More-
over, for spin pumps with highly degenerate many-body
ground states, a fractional transport is predicted [39].
Away from the hard-core constraints for bosonic atoms,
the effect of a finite interaction can be taken into ac-
count via a bosonization approach [40]. In this limit the
topological classification of the spin pump still remains
valid, with one important difference: the topological ex-
citations are solitons and antisolitons, which carry a spin
1/2.

IV. BEYOND THE ADIABATIC
APPROXIMATION

As we have discussed above, having a topological na-
ture, the quantization of the transported charge in a
quantum pump shows robustness to various factors, such
as interactions or disorder [21] with deviations that de-
pend on the pumping protocol. Similarly, non-adiabatic
effects have always been believed to be unimportant, i.e.
exponentially small in the driving frequency w [3 [41] in
analogy with the IQHE, where the Hall plateaus show
corrections that are exponentially small in the longitu-
dinal electric field [42]. Theoretically, this follows from
the fact that the quantized Chern number expression for
the Hall conductivity, usually obtained through a Kubo
formula in linear response, is valid at all orders in per-
turbation theory [43].

However, deviations from this behavior have been re-
cently found in Thouless pumping out of the perfect adi-
abatic limit w — 0 [44]. Consider a closed, clean, non-
interacting system — the driven RM model — in the
thermodynamic limit. The system starts from the ini-
tial ground-state Slater determinant and the driving is
switched on suddenly. A careful Floquet analysis reveals
that the charge pumped after many cycles shows a de-
viation from perfect quantization that is always polyno-
mial in the driving frequency w, contradicting the ex-
pected topological robustness. This quadratic deviation
is present also after a finite number of pumping cycles,
even if apparently hidden under a highly oscillatory non-
analytic behaviour [43] in w. An exponentially small
deviation would only be obtained, if the system is pre-
pared in a specific Floquet state, which requires a suitable
switch-on of the driving. Recently, it was demonstrated
that even at a fast driving frequency one can realize an
ideal pump under a family of protocols which contains
the adiabatic one as a limiting case [22]. Note, that the
question about the breakdown of quantized pumping for
increasing pumping speeds has also been addressed ex-
perimentally in Refs [13] [17, 23]. These studies, however,
consider frequencies w that are rather far from the adia-
batic limit. The fundamental question about robustness
of pumping due to non-adiabatic effects discussed here

cannot easily be studied in experiments, since small de-
viations of a few percent are extremely challenging to
resolve due to other experimental imperfections.

Given the time-periodicity of the Hamiltonian in a
Thouless pump, with period T' = 27 /w, one can employ a
Floquet analysis [41], [43] [45H47] (Appendix . In a peri-
odic boundary Condltlon (PBC) ring geometry, the total
current operator .J(t) is obtained as a derivative of H(t)
with respect to a flux @ threading the ring, J=0 H/h
where Kk = T— L is the length of the system and @
the magnetic flux quantum. As a consequence, the charge
pumped in one period T by a single Floquet state |¢4(t))
is Qu(T) = LfO dt (Vo ()| () |a(t)) = %8,@5&. For
a translatlonally invariant system with constant a, each
completely filled Floquet-Bloch band with quasienergy
dispersion €, contributes to the charge pumped as

1 [Te 8€a k

Q)= [ Jan Gk 5)

where the k-derivative has been replaced with a k-
derivative, since €, depends on k + k. Thus, if 4
wraps around the Floquet Brillouin zone (FBZ) in a con-
tinuous way as a function of k, Q,(T") is equivalent to
the winding number of the band, i.e., the number n of
times €4 5 goes around the FBZ, eq 1z — &4,z = nhw,
and Q. (7T) is therefore quantlzed Qa( ) = n. This re-
sult applies in the adiabatic limit, i.e., w — 0: If |y (1))
is a Slater determinant made up of the instantaneous
Hamiltonian Bloch eigenstates e*®u, x(x,t), the adia-
batic theorem guarantees that such a state returns onto
itself after a period T' by acquiring a geometric (Berry)

phase vo 1 = fOT dt i{ta,k|Otta,k) and a dynamical one
On e = fOT dt E, ,(t). Thus |¥,(t)) is a Floquet state
with quasienergy sg,k = A(—Ya,k + Oa.x)/T. Substitut-
ing this into Eq. only the geometric phase survives,
leading to the Thouless’ formula [20]

4z T
Qa(T) :/_I %/0 dti((Oxua,k|Optia k) — c.c.). (6)

This formula permits to identify the pumped charge with
a Chern number [43], nicely recovering the result of
Sec. [ITAL

Away from the adiabatic limit w — 0, deviations from
the perfect quantization strongly depend on how the
system is brought away from the lowest-energy Floquet
band. In fact, in the experiment one would be able to
prepare an initial state coinciding with the lowest-energy
Floquet band, such that the deviation from perfect quan-
tization would be exponentially small. This comes from
the fact that, as noticed in Ref. [43], the quasienergy
spectrum contains some crossings giving a non-vanishing
winding number. Generically, that crossings turn into
avoided crossings with opening of gaps for any finite T°
— in the present case (Fig. [3p) at the border of the FBZ
— implying a deviation from perfect quantization of the
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FIG. 3. a Left: Exemplary quasienergy spectrum of the RM Model. The thick band is the lowest-energy Floquet band erg, k.
Right: (solid line) zoom of the previous figure close to the upper border of the FBZ around ka = 1.3664; the dashed line denotes
the quasienergies in the adiabatic limit sgyk. The gap is of order 107%; b The charge pumped after the first period, Q(T), as a
function of the frequency w, for the RM model with a suddenly switched-on driving (smooth blue line). The red dotted line is
the corresponding diagonal ensemble value and Jo = (J1 + J2)/2 (adapted from Ref. [44]).

pumped charge for the Floquet band under considera-
tion [43]. Due to the presence of an avoided crossing
an exponentially small 1/w gap appears [48]. This im-
plies that the pumped charge deviates from an integer by
terms proportional to the sum of the gaps for w > 0. This
deviation is therefore exponentially small in 1/w. How-
ever, this is more an artifact coming from the avoided
crossings.

On the other hand one knows that, independently from
the initial state, any local observable reaches a periodic
steady state with the same periodicity as the driving [49].
This asymptotic regime is described by the Floquet di-
agonal density matrix [49, 50]. If Q(mT) is the total
charge pumped in the first m periods starting from the
initial ground state |¥(0)) of H(0), the asymptotic charge
pumped is given by the Floquet diagonal ensemble [43]:

. T 1 e O2q

where n,  is the initial ground-state occupation of the
Floquet-Bloch mode labeled by (a, k). The occupations
Nq,; can give rise to a stronger deviation from quanti-
zation than the gaps, as numerically shown in Ref. [44].
Starting from the lowest-energy Floquet band €, 1, and
the associated occupations n, g %, one can develop a per-
turbation theory in w for the Floquet modes, along the
lines of Ref. [51], to show that:

(8)

where f is a function of the pump trajectory
parametrized by the pump parameter ¢ of the RM model
defined in Eq. , leading to quadratic corrections to Qg
(Fig.Bb). Indeed one finds that the deviation from quan-
tization increases as r2, where r is the dimensionless ra-
dius of the closed trajectory in the (A, J; — Ja)-parameter
space.

Mgk =1— f(k,@)w® + ..

Fig. shows the charge pumped after a single cycle,
Q(T), as a function of w: we see that Q(T) exhibits re-
markable beating-like oscillations, on top of the overall
quadratic decrease of ()4, which become faster and faster
as w — 0. Indeed, this behaviour is compatible with
the presence of non-analyticities, possibly of the kind of
sin(c/w), where ¢ is a constant [43]. Thus, within a Flo-
quet framework, the Thouless pump is in general not
robust to non-adiabatic effects despite its topological na-
ture.

V. TOPOLOGICAL PUMPING WITH
DISORDER

A key feature of topological states of matter is their
robustness to disorder. The robustness of topological
pumps to disorder has been studied theoretically for dif-
ferent distributions ranging from true-random to quasi-
periodic [52H58]. As discussed in Chapter since the
Hamiltonian is time periodic, one can exploit the Flo-
quet representation [59] of the evolution operator. For
non-interacting fermions, it suffices to know the single-
particle (SP) Floquet states |1, (t)) and their occupation
number n, to explicitly calculate the diagonal ensemble
pumped charge [43], [44], [49], Qg4 [Eq. ]

Let us now consider on-site disorder of the form ﬁdis =
S, WEb!b,, where W denotes the strength of the disor-
der and &; are uniformly distributed random numbers
& € [-1/2,1/2]. Figure [4] shows the disorder-averaged
charge pumped per cycle as a function of the disorder
strength W. While topological pumping persists for suf-
ficiently small W < 3.Jp, it breaks down in the regime of
large W 2 8.Jy, where Q4 = 0. The intermediate region
W/ Jy = 4 exhibits large sample-to-sample fluctuations.
The inset shows a correlation between the drop of @4 and
the closing of the minimal many-body instantaneous gap
An = mingep )[En+1(t) — En(t)], where En(t) is the
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the minimum energy gap due to the disorder, shown in the
inset. Here, L is the system size, Jo = (J1 + J2)/2 the mean
tunnel coupling, J; — Jo = 2dpcosp the dimerization and
A(p) = 2Apsinp the staggered offset in the RM model de-
fined in Eq. . Inset: minimal many-body gap as a function
of disorder strength W. (figure adapted from Ref. [52]).

N-particle ground state energy at time t.

The puzzling question is how a disordered 1D sys-
tem that shows Anderson-localized instantaneous energy
eigenstates and a pure-point spectrum [60], can transport
charge. It has been found that topological pumping only
takes place, if there is a significant fraction of delocalized
SP Floquet states [52], which seems to be in contradic-
tion with the adiabatic limit, where all states are neces-
sarily Anderson localized. Indeed it was found that the
dynamics is adiabatic only at the many-body level. The
driving mixes localized SP states, which results in ex-
tended Flgouet modes [61} [62]. This can be clearly shown
by looking at the real-space inverse participation ratio
(IPR) [52]. For a finite system IPR, € [L~!, 1], where
IPR, ~ L7! signals a completely delocalized (plane-
wave-like) state, while IPR, = 1 corresponds to a per-
fect localization on a single site. As shown in Ref. [52]
the IPR shows a localization/delocalization transition
at crossover disorder strength W* ~ L~/ separating
the two regimes, vanishing in the thermodynamic limit.
Delocalization renders quantized pumping robust, until
extended Floquet states with opposite winding coalesce
for large disorder. Even though the physics of quantum
pumping in clean systems is the same as the 2D IQHE,
this analogy is not trivial in the presence of disorder.
The competition between (quasi-periodic) disorder and
topology has recently been studied in cold atoms [63]
and photonics [9]. Both studies identify a clear connec-
tion between the closing of the gap in the instantaneous
energy spectrum and a breakdown of quantized pumping,
which can be understood as the result of Landau-Zener
transitions induced by the periodic modulation. Inter-
estingly, disorder can also induce topological transport in
an otherwise topologically trivial regime, as recently in-
vestigated in a cold-atom experiment with quasi-periodic
disorder [63]. This establishes exciting connections to 2D
topological Anderson insulators [64] [65] and anomalous

Floquet Anderson insulators [66].

VI. TOPOLOGICAL PUMPS WITH
INTERACTIONS

The interplay between interactions and topology in 1D
charge pumps gives rise to a rich variety of topological
many-body phenomena and has been studied both for
fermionic [67H7I] and bosonic atoms [(2H76]. The for-
malism presented above was based on a description using
the instantaneous single-particle eigenstates of the time-
dependent Hamiltonian. We start this chapter by pre-
senting the generalized formalism for many-body systems
introduced by Thouless and Niu [21], before discussing a
few selected examples in more detail.

A. Generalized many-body formalism

Originally, it was shown by Thouless that quantization
is unaffected by weak interactions under fairly broad as-
sumptions [2I]. Starting from the Thouless and Niu pa-
per [21], one can argue that the charge pump is robust to
disorder and interaction as long as the system remains in
its ground state during the pump cycle. The demonstra-
tion is based on the concept of twisted boundary condi-
tions for the many-particle wavefunction:

(X1, Tt Ly oo TN) =

eBLD(xy, ..y, TN), (9)
where L is the size of the system. The corresponding
Hamiltonian H(K,t) in the presence of a slowly time
varying potential together with the boundary condition
@D describes a 1D system placed on a ring of length L
threaded by a magnetic flux 2n K L/® [T7], where ® is
the magnetic flux quantum. Thus, the current operator
is given by OH (K, t)/0K and one obtains:

i) = 298

— Q. (10)

where Qg is the Berry curvature in the many-body
manifold QK7t =1 ((8K<f>0|8t<i>0> — <8t(i)0‘8;(<i)0>), where

|<i>0) is the many-body ground state. The key step is
achieved by realizing that if the Fermi energy lies in a
gap, then the current j(K) should be insensitive to the
boundary condition specified by Eq. @D [210 [7§]. Conse-
quently one can take the thermodynamic limit and aver-
age j(K) over different boundary conditions. Let us note
that K and K + 27/L describe the same boundary con-
dition in Eq. @ Therefore the parameter space for K
and t is a torus in 2D and the particle transport is given
by the Chern number of the occupied band. According
to the previous discussion, it is quantized and can vary
only in a discontinuous way. This is a general outcome
of topological invariance. However, deviations from the



exact quantization can be observed for intermediate in-
teractions, where numerical simulations have shown that
interactions can lead to a breakdown of the quantized
pumping by closing the many-body gap [12, [69].

B. Nonlinear Thouless pumping

One of the first experimental realizations of mean-
field-type interacting topological pumps was realized in
an optical waveguide array with Kerr non-linearity [16].
In these experiments the propagation of monochromatic
light is described by a nonlinear Schrodinger equation
that is equivalent to an attractive Gross-Pitaevskii equa-
tion describing interacting bosonic atoms in the mean-
field limit. In the experiment an off-diagonal imple-
mentation of the Aubry-André-Harper (AAH) model [79)]
with three sites per unit cell labeled as A, B and C is re-
alized (Fig. ) The corresponding tight-binding Hamil-
tonian is characterized by uniform on-site potentials and
real off-diagonal nearest-neighbor couplings J,(z) that
are periodic functions along the propagation direction
z, which plays the role of time ¢. In the linear (non-
interacting) regime, one pumping cycle (of the lowest
band) can be understood intuitively using the following
simplified description. Suppose there is always only a
single coupling switched on, such that the intensity cou-
ples completely from one site to the next. Starting with
a single occupation on site A, after switching on Jo 4, the
occupation shifts to site C. Subsequently, coupling Jpc
is turned on and finally Japg, so that the wavefunction
is pumped by one unit cell. The periodic modulation
of the couplings is realized by changing the distance be-
tween the waveguides (Fig. ), which in turn modifies
the spatial overlap of neighboring waveguide modes [16].

In the linear regime quantized pumping is observed
for an initial state with uniform occupation of the lowest
band. This distribution however strongly depends on the
strength of the nonlinearity. Experimentally this is con-
trolled by changing the amount of power that is injected
into the system. Surprisingly, quantized pumping is also
observed for large nonlinearity [16], despite non-uniform
band occupation (Fig. ) This is explained by stable
soliton solutions that exist at each instant in time and
after one pump cycle are identical, up to translation in-
variance. Transport is dictated by the Chern number of
the band the soliton bifurcates from. However, this con-
stitutes a new mechanism since it does not rely on uni-
form band occupation, in contrast to Thouless pumping
of fermions or hard-core bosons discussed in Sec. [TTAl
These results highlight that nonlinearity or mean-field
interactions can induce quantized transport and topo-
logical behavior in regimes where the linear limit is topo-
logically trivial. Above a certain threshold nonlinearity
matter transfer is completely arrested.

Quantized pumping of solitons was derived more for-
mally by expressing the soliton solutions in the basis of
linear Wannier orbitals [80H82]. While in the moderate

nonlinearity regime, it is sufficient to consider a single
band, excited bands need to be included for larger non-
linearities. The topology of these excited bands then de-
termines the direction and magnitude of the average ve-
locity of the solitons. The motion remains quantized, ad-
mits fractional values and can even be fully arrested [82].
Fractionally quantized motion of solitons has been ob-
served recently in 1D coupled waveguide arrays with a
five-site unit cell [83]. Beyond optical waveguide arrays,
nonlinear Thouless pumping has also been theoretically
proposed in a topological low-dimensional discrete ne-
matic liquid crystal array that realizes a 1D topological
Su-Schrieffer-Heeger (SSH) model [84].

C. Topological charge pumping in the interacting
Rice-Mele model

In the limit of hardcore bosons, the interacting 1D
charge pump, as reported in Ref. [I2], has a simple inter-
pretation. It can be mapped onto non-interacting spin-
less fermions. Hence, for a completely filled band, all
quasimomenta are homogeneously populated resulting in
quantized transport, as discussed above. This mapping,
however, does not hold for finite Hubbard interactions U
described by Hine = ¥ 3, 715(R1 — 1), where 7; = aa; is
the bosonic number operator. While it was shown that in
the strongly-interacting regime topological charge pumps
remain quantized as long as the many-body gap does not
close along the cycle [69] B5], a breakdown of quantiza-
tion occurs as the system enters the superfluid region.

To investigate charge pumps in interacting systems it
is convenient to consider the evolution of the many-body
polarization P(t) of a state |¥(¢)) for the time-periodic
pump Hamiltonian H(t+T) = H(t). In general, the total
transported charge AQ can be related to the polarization
P (Appendix |C]) via the current density J(¢):

AQ = /O ™ dt(t) = 2 /O n dtaP(t). (1)

a

For charge pumps in the adiabatic limit, the polarization
is also cyclic in T, with [P(T)mod ga = P(0)], where ¢
denotes the charge of the particle (for cold atoms ¢ = 1)
and a is the size of the unit cell. For At = T the trans-
ported charge AQ(T) then corresponds to the winding
number of the many-body polarization, which implies
quantization.

It is interesting to address the question, for which
parameters a single-particle interpretation of the quan-
tized response in the strongly-interacting Mott-insulating
regime remains valid. To this end one can consider the
momentum-weighted single-particle Berry curvature, de-
fined as QW (k,¢) = Qo (k, ©)na(k, @), where ng(k, )
denotes the momentum distribution of the interacting
system expressed in the single-particle basis and ¢ is the
pump parameter. In analogy to the single-particle for-
malism the transported charge would then be given by



FIG. 5.

Nonlinearity

Photonic implementation of a nonlinear topological Thouless pump (adapted from Ref. [I6]). a

Schematic illustration of the three-site model (A,B,C) with periodically-modulated couplings J,(z) between neighboring sites
(n = {AC,BC, CA}) with driving frequency Q. b Top: Schematic illustration of the 1D waveguide with in-plane modulation.
Bottom: Micrograph of the output facet with six unit cells. ¢ Intensity pattern at the output facet after 1/3 of a full period.
White circles denote the excited waveguide. Topological pumping (blue arrow) occurs up to a threshold nonlinearity (green

arrow).

the integral of the weighted Berry curvature QW (k, o)

T/a 27
aQ=q [ / dk/o ap¥ (k). (12)

AQ', will, in general, deviate from the exactly quantized
AQ,, since ny(k, @) is not flat. The connection between
quantized transport in interacting pumps an the single-
particle interpretation has been studied numerically in
Ref. [85] using matrix-product-state (MPS) methods in
an infinite-system size formulation (iDMRG) [86]. As
shown in Fig. [f] a clear deviation of AQ!,/q is found
for most pump trajectories. This is expected, since in
general the interacting ground-state wavefunction is far
from a product state and therefore, applying a single-
particle picture breaks down. Interestingly, for the ex-
perimental trajectory used in Ref. [12] a single-particle
interpretation remains valid even down to very small in-
teraction strength. The reason is that for this particular
parametrization of the pump, the atoms remain essen-
tially localized to individual sites or double-wells dur-
ing the entire evolution along the pump cycle. Recently,
breakdown of quantized particle transport was studied
experimentally for an interacting fermionic RM model
in a dynamical superlattice [I7]. Moreover, interaction-
induced topological pumping has been predicted in gen-
eralized RM models [87, [88] as well as for quasi steady-
states that exist in a Floquet-prethermal regime [48], [89].

Beyond the many-particle framework discussed above,
the few-body problem can be treated within a generalized
Wannier-state formalism [90]. The general understand-
ing is that the interparticle interaction breaks the trans-
lational symmetry of individual particles and the Wan-
nier states cannot be constructed in the usual way. De-
spite this, it is possible to introduce multiparticle Wan-
nier states for interacting systems [90] which provide an
orthogonal basis for constructing effective Hamiltonians.
The shift of multiparticle Wannier state relates to the
Chern number of the multiparticle Bloch band allowing
for the Thouless pumping of bound states when two or
more particles move unidirectionally as a whole. In gen-

eral, it’s possible to perform topological pumping of clus-
ter and kink excitations which can be related to spin flips
by duality transformations [91]. This offers a paradigm
for multiparticle pumping.

VII. SYNTHETIC DIMENSIONS AND
HIGHER-DIMENSIONAL SYSTEMS

A. 1D charge pumps as dynamical realizations of
2D quantum Hall physics

There is a deep connection between 1D topological
charge pumps and the 2D IQHE [92] 93], where time
plays the role of a second real-space dimension. To illus-
trate this connection better, let us consider a 1D topolog-
ical charge pump described by the generalized RM model

H(p) == [Jm () + 0Jm ()l 1am + hec.
+> Ap(e)al,am. (13)

This Hamiltonian is periodic in the site index m and
the pump parameter ¢ € [0,27[. Therefore the eigen-
states of the pump are parametrized by k,, ¢. For imple-
mentations based on cold atoms in bichromatic super-
lattices [12], 13], the local site-dependent potential can
be expressed as A,,(¢) = —Acos(2mram — @), where
a = ds/d; is the ratio of the two lattice constants. As-
suming 6J,, = 0 it is apparent that Eq. corresponds
to the 1D Harper equation, i.e, the 1D eigenvalue equa-
tion for states with well defined transverse quasimomen-
tum k, of the 2D Harper-Hofstadter model [94H96] that
describes the dynamics of charged particles on a square
lattice with homogeneous magnetic field. Hence, we can
identify the phase ¢ with the transverse quasimomentum
k, and the topological charge pump can be interpreted
as a dynamical version of the IQHE. The Brillouin zone
spanned by k., in 1D is then equivalent to the Bril-
louin zone spanned by k;,k, in the corresponding 2D
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FIG. 6. Transported charge in an interacting RM pump: a Phase diagram of the interacting bosonic RM model: The
color indicates the critical Hubbard interaction strength U. as a function of the RM model parameters as defined in Eq.
with mean tunneling J = (J1 + J2)/2 and dimerization § = (J1 — J2)/(2J). The lines show the paths of the pump cycles used
for the calculations in b, where the dimerization is varied as d(¢) = dg cos ¢ and the staggered potential as A(yp) = Ag sin .
b Theoretical value of the transported charge AQ%,/q after one pump cycle using the weighted single-particle Berry curvature
[Eq. ] Data shown in red corresponds to the path used in the bosonic charge-pump experiment of Ref. [12]. Full (empty)
symbols indicate AQ,, for the lower (upper) band (adapted from Ref. [85]).

model. Note, that in the context of localization, Hamil-
tonian is known as the Aubry-André model [97], if
« is irrational.

The quantization of the transverse Hall conductance in
the 2D IQHE is one of the hallmark phenomena of topo-
logical condensed matter systems. The plateau values
are uniquely defined by the topological invariant charac-
terizing the electron bands, i.e., the (first) Chern num-
ber. Similarly, quantized charge transport in 1D Thou-
less pumps is determined by the first Chern number of
the RM model, as we have seen in Sec. [[ITA] and can
be interpreted as the dynamical version of the quantum
Hall effect. In general, a 1D pump Hamiltonian can be
extended to a 2D Hamiltonian via dimensional exten-

sion [98] [99]

1 27

H(p)dep.

ﬁ =
2D o J,

(14)

For §J,, = 0 this yields a square-lattice tight-binding
Hamiltonian with uniform flux 27«

HHH = Z(J$&1n+17ndm,n
m,n

A .
2 ~ ~
+—e A G+ h.c.),

(15)
where « corresponds to the spatial periodicity of the po-
tential, which for the superlattice potential introduced in
Sec. is determined by the value o = d;/d;. Intrigu-
ingly, this paves the way towards studying a variety of
different topological pumps, where the Chern number of
the lowest band can in principle take arbitrary integer or
fractional integer values [I00], which can be experimen-
tally realized by simply adjusting the ratio of the lattice
constants a = d;/ds. This can lead to counterintuitive
cases of charge pumping, where the atoms move faster
than the sliding lattice [I01].

B. The concept of synthetic dimensions

The pump parameter can more generally also be seen
as a so-called synthetic dimension, where conventional
real-space degrees of freedom are replaced by any other
degrees of freedom that are available in an experimental
platform. This concept is very general and has found
application in a number of experiments ranging from
cold atoms [102, 103, T05HI08] to photonics [109, [I10],
where synthetic dimensions have been realized, e.g., in
the form of internal levels in an atom [102), [T03] as il-
lustrated in Fig. [Th, discrete momentum-space degrees of
freedom [I08| [IT1], or different eigenmodes in photonic
waveguide arrays [109]. This opens the door to a variety
of different implementations of 2D quantum Hall physics
in engineered, well-controlled quantum systems.

The first cold-atom experiments have realized 2D syn-
thetic quantum Hall ribbons by replacing one spatial di-
rection with internal atomic states that are coupled by
additional laser beams. Due to the finite number of inter-
nal states, this setting naturally realizes open boundary
conditions and facilitated, e.g., the observation of chiral
edge modes [102, 103], as shown in Fig. [7p. The exper-
imental realization of Laughlin’s charge pump, however,
requires periodic boundary conditions and an adiabatic
change of the axial magnetic flux. In his gedankenex-
periment Laughlin considered a quantum Hall state on
a cylinder as shown in Fig. [Tk, where the perpendicu-
lar magnetic field is pointing radially outwards. When
the additional axial magnetic flux is varied adiabatically
in time, a quantized axial transport is induced between
the two ends of the cylinder. In contrast to real-space
lattices, synthetic dimensions facilitate the realization of
periodic boundary conditions [IT2HIT4]. Moreover, by
controlling the phases of the laser-induced spin-orbit cou-
plings an additional varying axial magnetic flux was re-
cently realized in synthetic quantum Hall cylinders using
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FIG. 7. a Schematic of synthetic dimensions realized using internal states of fermionic '™Yb atoms that are coupled by complex
two-photon Raman transitions (adapted from Ref. [I02]). b Observation of skipping orbits in a synthetic quantum Hall ribbon
with 8"Rb atoms (adapted from Ref. [I03]). ¢ Schematic drawing of Laughlin’s charge pump (adapted from Ref. [T04]).

Dy atoms, which facilitated the first experimental real-
ization of Laughlin’s charge pump [104].

C. 2D topological pumps — exploring 4D quantum
Hall physics

Synthetic parameter spaces provide an excited path to-
wards studying higher-dimensional systems that cannot
be accessed with experiments in three real-space dimen-
sion, such as 4D quantum Hall physics [II5HITg]. Using
similar arguments as described above, the concept of di-
mensional extension offers a direct path towards studying
higher-dimensional topological systems [99].

Indeed the quantized nonlinear response in 4D arises
in the presence of two perturbing external fields, an elec-
tric field and a magnetic field that couples the two 2D
quantum Hall systems. The resulting response is then or-
thogonal to both perturbing fields and is proportional to
the so-called second Chern number. The corresponding
2D topological pump was realized with cold atoms in a
2D superlattice [I19] with phases ¢, and ¢,, where the
phase ¢, depends on the position along x. The pump
parameter or the electric field is implemented by varying
@z, while the magnetic perturbation is realized by the
spatial dependence of ¢, which couples transport in the
two 1D charge pumps. This induces a nonlinear response
along y, which is determined by the second Chern num-
ber vy = 3§, Q*Wdkydkydp,dp,, where BZ denotes
the 4D Brillouin zone and Q7 (k;, ¢5) and Q7 (ky, @, ) are
the respective Berry curvatures along x and y.

At the same time a similar implementation has been
reported with coupled photonic waveguide arrays, where
topological edge pumping in a 2D array is supported by a
non-zero second Chern number [I20]. The second Chern
number has further been measured in an artificial param-
eter space, which was realized by a cyclic coupling of four
internal levels of bosonic 8"Rb atoms [121]. Beyond cold
atoms, higher-dimensional pumping has been achieved by
replicating a 2D-Chern insulator in one spatial and one
temporal dimension using a 1D metamaterial composed
of magnetically coupled mechanical resonators [10].

VIII. HIGHER-ORDER
SYMMETRY-PROTECTED TOPOLOGICAL
PHASES

Intriguingly, topological charge pumps can also be
used to characterize the topological properties of higher-
order topological insulators (HOTIs) and higher-order
symmetry-protected topological phases (HOSPTs) [122|
123], where an n-dimensional bulk with topology of or-
der m can exhibit (n —m)-dimensional boundary modes.
Such systems have been realized, for instance, in solids
and classical meta-materials [124H134]. In order to char-
acterize their topological properties, efforts have been
made to define higher-order Thouless pumps [123], 124,
I35HI38]. The concept of higher-order topological pumps
developed in Ref. [I38] based on the specific example of
interacting bosonic Cy X Zs-symmetric HOSPTs can be
summarized as follows: By introducing corner-periodic
boundary conditions (CPBC), Resta’s argument on po-
larization [139] can be extended to higher-order systems.
CPBCs are realized by adding links that connect the cor-
ners of the underlying 2D system. Based on these CP-
BCs a tuple of Zak (Berry) phases can be defined that act
as topological invariants for HOSPTs and govern charge
transport through the corners during Thouless pumping
in a direction-dependent manner.

The generalization of the Zak (Berry) phases for
higher-order systems [138], [140] relies on the idea of mag-
netic flux insertion through the two “super-cells”, which
are delimited by the edge and the corner-connecting links
and meet at the corner labeled by the index ¢. This pro-
cess is associated with an induced electric field pointing
along a diagonal and can be formally described by gauge
transformations Uy, ¢ € {1,2,3,4}, applied only to the
corner-parts of a Hamiltonian HC:

HE(0) = U (0)HCU,(6), (16)

with U;(0) = €' and 7., is the particle number oper-
ator at the i-th corner. Separately for each gauge choice
U;, one can define a higher-order Zak (Berry) phase v;
as the geometric phase picked up by the ground state
wavefunction |¢;(0)) of H;(0), when changing 6 from 0
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FIG. 8. a Schematic of a 4D quantum Hall system, which can be composed of two 2D quantum Hall systems in the x — z and
y — w planes (adapted from Ref. [I19]). b Schematic drawing of the experimental realization of the 2D pump using optical
superlattices (adapted from Ref. [119]). ¢ Topological edge transport in a coupled waveguide array realizing a 2D topological

charge pump (adapted from Ref. [120]).

to 2 [141] [142):

27
5= ]f 46 (15(0) 109 14:4(6)). (17)
0

We note that, like the 1D Zak phase [142], the higher-
order version 7; is gauge dependent, while the difference
A~; is gauge-invariant. The final step is to relate the
higher-order Zak (Berry) phase to charge transport. In-
deed the adiabatic flux insertion in Eq. can be di-
rectly related to the current passing diagonally through
a corner, J; = OgH;(0)]p—o for i = 1,...,4. Integrating
these currents along an adiabatic path that connects two
HOSPTs yields the change of the charge Ag., in corner
i, i.e.

Ay

Ag.. = —
Qe 27

(18)
Since 7; is quantized by Cy X Zo-symmetry, it follows that
the corner charge Ag,, is also quantized and represents
an intrinsic topological invariant. The total amount of
charge AQ., = § dg., transported during one full pump-
ing cycle, or equivalently, the amount of charge piling
up at the corners in a system with OBC, can be mea-
sured by four Chern numbers v; with ¢ € {1, 2, 3,4} which
are obtained as winding numbers of the higher-order Zak
(Berry) phase. Since the Zak (Berry) phase is defined
mod 27, it follows directly that the Chern numbers, v;,
and the associated bulk charge transport is integer quan-
tized.

IX. OUTLOOK AND CONCLUSIONS

Quantum pumps are transport mechanisms where a dc
current results from a cyclic evolution of the potential [I].
Starting from the Thouless pump, we have discussed the
topological origin of the pumping process, when consid-
ering the motion of quantum particles in spatially and
temporally periodic potentials [20]. Initially, the peri-
odic evolution that drives these pumps has mostly been

assumed to be adiabatic and the transported particles
were considered noninteracting. Within this review we
have discussed quantum pumping away from these lim-
its. Indeed, interactions and disorder can lead to a break-
down of particle quantization and nonadiabatic phenom-
ena may affect the occupation of the lowest band in a
detrimental way. At the same time, however, disorder
and interaction effects can induce topological transport in
regimes that are otherwise trivial and the concept of syn-
thetic dimensions enables studies of higher-dimensional
topological systems highlighting the rich properties of
topological pumps.

Different generalizations of the concept of Thouless
pumping have recently appeared. One of this is the con-
cept of non-Abelian Thouless pumping [143]. Tt yields
a displacement across the lattice but it also generates a
holonomic transformation among the different bands, ex-
tending the known results of Resta and Vanderbilt [144].
It hints at the possibility to detect the signatures of the
Wilczek-Zee connection in solids; furthermore, it points
at the possibility to investigate the role of non-Abelian
holonomies also in quantum Hall experiments. Moreover,
in a standard Thouless pump the drive is usually im-
parted from outside, as was the case in the experimental
systems studied so far. However, recently, an emergent
mechanism for geometric pumping in a quantum gas cou-
pled to an optical resonator has been reported, where a
particle current has been observed without applying a pe-
riodic drive [I9]. The pumping potential experienced by
the atoms is formed by the self-consistent cavity field in-
terfering with the static laser field driving the atoms [19].
Last but not least an exciting new direction has been
opened with the realization of nonlinear Thouless pumps
in optical waveguide arrays [16], 83] that combines topol-
ogy and the dynamics of solitons.

Despite its longstanding discovery, Thouless pumps still
deserve special interest and the recent developments
within cold atoms and photonics raises interesting ques-
tions that call for future investigations. Natural exten-
sions would be realising a dissipative topological time
crystal or dissipative Zs spin pumps. In addition, the



Wilczek-Zee connection in solids comes within reach
through a Thouless pumping mechanism.
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SUPPLEMENTARY INFORMATION
Appendix A: The Chern number

Quantized pumping can be understood as the result
of geometric phases. The most well-known example is
the Aharonov-Bohm phase: In brief, charged particles
in the presence of a magnetic field, that evolve along a
closed trajectory, acquire a phase that is equal to the
magnetic flux piercing the area that is enclosed by the
trajectory in units of h/e, where h is Planck’s constant
and e the charge of an electron. This phase can be mea-
sured directly and manifests itself, e.g., in the anomalous
magnetoresistance [145].

Berry demonstrated [I41] that the Aharonov-Bohm
phase is an example of a more general phenomenon. Sup-
pose the Hamiltonian of a closed quantum system de-
pends on some parameters, which are changed adiabati-
cally in time, such that after a period T' the system re-
turns to the original values, thereby encircling a closed
path C in the parameter space. Simultaneously, the wave
function of the system may acquire an additional geo-
metric phase, so-called Berry phase, which depends on
C. Similar to the Aharonov-Bohm phase, the Berry phase
can be thought of as the result of a flux of some effective
“magnetic field”, known as Berry curvature in the mathe-
matical literature, through the contour C. The difference
is that both the contour and the “magnetic field” exist
in an abstract parameter space rather than in real space.
The single-valuedness of the wave function requires that
the Berry curvature integrated over a closed manifold is
quantized in units of 27. For a 1D time-periodic system
with Bloch bands, the pumped charge results from a ficti-
tious “magnetic flux” in an abstract (1+1)-D parameter
space formed by quasimomentum k and time ¢, which
are both periodic. The charge pumped after one cycle,
can be expressed as an integral of the effective “magnetic
field” over the area enclosed by the pump path C. For a
uniformly filled Bloch band the pumped charge after one
period T is quantized according to the Chern number v,
which is an integer.

Appendix B: Floquet theory

Due to discrete time-translation invariance of an
Hamiltonian with periodicity T, there exists a basis of so-
lutions of the time-dependent Schrodinger equation, that
are periodic up to a phase, the so called Floquet states
[Ya(t)) = e at/"|p, (1)) [146, 147). The T-periodic
states |¢4(t)) are the so-called Floquet modes and &, are
the corresponding quasienergies: they are defined modulo
an integer number of fuw = 27 i/T, so that it is possible
to restrict them to the first Floquet Brillouin zone (FBZ)
[—Tw /2, hw/2). In the case of periodic boundary condi-
tions and of a translationally-invariant system Floquet-
Bloch bands are formed e, where k is a wavevector of
the first Brillouin zone (BZ).
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Appendix C: Polarization theory

The modern theory of polarization associates P with
the mean position of the charge distribution per unit cell
in the case of translationally invariant states [144]. For a
system of length La with periodic boundary conditions,
one can define the polarization for a many-body wave
function |¥(¢)) via [139)]:

P(t) = ;L“ Im1n <\I!(t)

™

eng‘il(t)> (mod ga), (C1)

where X = Zi;& a (x — xg) Ny is the position operator,
N, is the local density operator, ¢ is the charge per par-
ticle (¢ = 1 for neutral atoms), a is the length of the unit

18

cell, L is the number of sites, and zq is the unit-cell cen-
ter. Let us note that, P is only defined modulo ga and
it has the units of a dipole moment.

It is insightful to see that for the case of non-interacting
fermions for a filled band, the expression for the many-
body polarization indeed reduces to the usual form [144],
148, [149):

— w/a
Palt) =52 [ dktu(k0lauutet),  (C2)

27 —m/a

where |u(k,t)) are single-particle momentum-eigenstates
of the instantaneous Hamiltonian and denotes the quasi-
momentum. In fact one can see that the polarization is
determined by the Zak phase associated with a homoge-
neously filled band, which is defined modulo 27 [142].
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