
Case Studies in Thermal Engineering 42 (2023) 102693

Available online 2 January 2023
2214-157X/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

An approximate analytical solution for dynamic heat transfer of 
building walls 

C. Concilio, P. Di Luccia, G. Cuccurullo * 
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A B S T R A C T   

The present work deals with an approximate analytical solution for the dynamic temperature field 
due to the coupled effect of building walls to the adjacent environment. The solution is derived 
within the framework of weighted residuals and can be used as a handy tool to realize a 
reasonable estimation of the building thermal performance and to elucidate the dependence on 
the room descriptive parameters. Results from the present model are compared with predictions 
arising from both a commercial FEM code and the analytical solution from the standard EN 
13786, showing satisfactory results. This conclusion is not surprising since it is demonstrable in 
view of the characteristic-time responses of the climatic forcing and the building walls. Finally, as 
an example of application of this approach, the model was focused on describing the thermal 
response of an open-loop regulated indoor environment.   

1. Introduction 

Rating issues related to building walls design and thermal comfort analysis require adequate characterisation of unsteady thermal 
performances. Problems of considerable technical importance fall within this definition, e.g. problems such as optimal insulation 
conditions for wall structures, design of the building fabric, design of passive and active systems necessary to realize the required 
thermal conditions in the respect of energy saving or the need to assess the impacts of various climatic situations on building energy 
requirements. 

The question is not obvious since several parameters must be considered to describe the connections among the involved sub- 
systems, namely, building walls and adjacent room, HVAC plants and the related temperature control strategies, external state 
environment or inner sources. For achieving such a task, several techniques have been developed: semi empirical models [1–7] or 
transfer functions-based methods [8–10] which solve numerically complex PDE systems can be easily found in literature. A broad 
spectrum of software that rely on numerical processing for simulating the unsteady thermal performance of buildings has been well 
established for many decades (DOE, TRNSYS, BLAST, EnergyPlus, Genopt, MatLab/Simulink, SUNCODE, COMSOL), see for instance 
Refs. [11–20]. Moreover, mathematical models based on RC electric circuit analogy, adequate for high mass building, can also be 
found [21–24]. A more conventional and widespread analysis, based simply on the periodic steady-state wall behaviour, is proposed by 
the “ISO 13786-2017 - periodic thermal transmittance”. The latter approach involves periodic II and III type boundary conditions for 
the external environment, whereas a fixed internal temperature is considered [25–28]. This overly straightforward model exhibits the 
attractive feature of being easy to understand and manipulate, therefore is diffusely used to describe wall thermal response, but it is 
irrespective of the features of the interconnected sub-systems. The analysis introduced in the present paper aims to overcome this 
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problem whilst ensuring easy implementation of the model and satisfactory accuracy. This objective is pursued by using the integral 
and the collocation methods for satisfying the energy balance equations related to the composite wall; the latter is coupled to the inner 
ambient described by a lumped approach. Following such a scheme, the problem is expressed in terms of an easy-to-handle system of 
ordinary differential equations. As usual, when using weighted residuals methods, a proper selection of basic profiles is essential to 
obtain accurate results. 

2. Basic equations 

A three-layers composite plane wall is considered which is subjected to 1D steady periodic regime due to the outer environment 
temperature oscillations. A sinusoidal temperature – time dependence for outer temperature is sought as: To(t) = To,a − ΔTo cos(Ω t), 
where To,a, ΔTo and Ω are the outer fluid average temperature, its amplitude and angular velocity, respectively, Fig. 1. Two layers, 
made of solid and perforated bricks respectively, are separated by an interposed insulating layer. The wall-building made up as 
described is assumed to represent the envelope enclosing the ambient to control. A lumped approach is used to follow with the inner 
ambient temperature, therefore the ambient thermal capacity Ci, encompassing the effect of air, furniture and inner walls are assumed 
to be known. Boundary conditions on both wall surfaces provide heat transfer linearly depending on wall temperature excess with 
constant heat transfer coefficients, hi and ho for inner and outer surfaces. The initial temperature Tin is supposed to be uniform across 
the wall and the indoor environment. 

Since commonly used insulation materials include rock wool, mineral wool, polystyrene, and polyurethane which exhibit very little 
heat storage capacity, the insulating layer thermal inertia is neglected and it is reviewed merely as a thermal resistance, Rin. This 
assumption makes it possible to replace the insulating layer by introducing a finite temperature gap at the interface between the two 
residual layers, Fig. 1. The remaining two layers (thicknesses L1 and L2) are assumed to be isotropic homogeneous solids, with thermal 
conductivities (λ1 and λ2) and diffusivities (α1 and α2) independent of temperature. 

Referring to the coordinate system shown in Fig. 1, the energy balance equations and the related boundary conditions for the 
equivalent thermal problem can be written as 

∂T1

∂t
=α1

∂2T1

∂x2 (1)  

∂T2

∂t
=α2

∂2T2

∂x2 (2)  
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⃒
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⃒
⃒
⃒
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λ1
∂T1
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⃒
⃒
⃒
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∂T1

∂x

⃒
⃒
⃒
⃒

L1 ,t
(6)  

while T(x,0) = Ti(0) = Tin for each point in the domain. The above equations can be arranged in nondimensional form to narrow- 
down the independent parameters involved in the description: 

Fig. 1. Sketches of the original and equivalent-dimensionless problems.  
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while the initial condition requires: θ1(ξ,0) = 0; θ2(ξ,0) = − θc; θi(0) = 0; θo(0) = − 1. 
The non-dimensional variables are defined as 

θ1 =
T1 − Tin

ΔTo
; θ2 =

T2 − To,a

ΔTo
; θi =

Ti − Tin

ΔTo
; ξ=

x
L1
; τ= t

L2
1
/

α1
; θo =

To − To,a

ΔTo
= − cos(ωτ)

while, in the course of normalizing the problem, the following dimensionless groups appeared. 

Bii =
hi

λ1
L1;Bio =

ho

λ2
L2; θc =

To,a − Tin

ΔTo
; rL = L2

/

L1; rk = k2

/

k1; rα = α2

/

α1 

The coupling of the wall with the inner environment is accounted on by following a lumped approach; the related inner-ambient 
energy balance equation involves the storage, the convective and two diffusive terms, Fig. 2: 

Ci
∂Ti

∂t
= Q̇co − Q̇tr + ṁvecp,a[To(t) − Ti(t)] (7) 

The convective term refers to the ventilation due to an external air mass flow, ṁve, cp,a being the air specific heat. The first diffusive 
term is the heating power delivered by the coil, Q̇co, the latter is due to the transmission through the building envelope, Q̇tr. 

The heat through the wall is expressed with reference to the convective heat flow at the inner surface: 

Q̇tr = hiAi[Ti(t) − T1(0, t)] (8) 

The fan coil unit (FCU) is supposed a water-to-air heat exchanger, therefore, the heating capacity delivered by the water (hot fluid, 
subscript “w”) to the air (cold fluid) can be cast in the form [29–31], 

Fig. 2. Lumped energy balance for the inner-ambient.  
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Q̇co =U
[
Tw,i(t) − Ti(t)

]
; U = Q̇∗

co

/[
T∗

w,i − T∗
i

]
(9)  

where the specific-heating-capacity U refers to the heating capacity delivered by the FCU as driven by unitary maximum temperature 
difference over the device under design conditions (superscript "*"). The latter expression points-out the maximum temperature dif
ference across the heat exchanger, related to water and air inlets, and it is applicable if the changes in temperature from the design 
conditions are moderate. The use of this parameter is convenient for rating the performance of the heat exchanger because it depends 
exclusively on air and water mass flow rates. The heating regulation strategy is supposed to vary the water temperature supplied to the 
FCU in dependence on the external one while maintaining a constant flow rate through it. Therefore, it is driven by an open-loop 
controller according to the following linear relationship 

Tw,i(t) =
T∗

w,i − T∗
i

T∗
o − T∗

i

(
To(t) − T∗

i

)
+ T∗

i (10) 

Considering equations 8–10, the energy balance (7) can be written in dimensionless form as 

∂θi

∂τ =
1

τco

[(

θ∗
i +

T∗
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i

T∗
o − T∗

i

(
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−
1
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1
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where the characteristic dimensionless times of internal environment, battery and ventilation are introduced: 

τi =
Ci/hiAi

trif
; τco =

Ci/U
trif

; τve =
Ci
/

ṁvecp,a

trif
(11)  

3. Method of solution 

In the present study, the unsteady temperature field is solved as an approximate analytical solution following the weighted re
siduals approach, for instance see Refs. [32–34]. For the problem at hand, the integral energy balance is imposed on both layers. 
Therefore, information concerning the integration variable must be explicitly provided by a proper choice of the basic profiles. It’s a 
good rule to select such profiles to be as closely as possible related to the problem under consideration; for instance, they can be chosen 
in such a way that they meet the boundary conditions while exhibiting the appearance of simpler limiting cases for which the solution 
is known. For the case under consideration, the semi-infinite body model is helpful. It can be estimated that the thermal wavelength β 
inside each layer turns out to be β = 2 π δ, where δ = (2α/Ω)1/2 is the thermal penetration depth, [33,35–37]. Consequently, it’s 
reasonable to conclude that, for the usual thickness of the layers of the building walls, the ratio of the layer thickness to the corre
sponding wavelength is less than unit, thus suggesting that a simple polynomial shape can be suitably sought for drawing temperature 
profiles. Third-degree polynomials are selected to characterize the approximate solutions within the two remaining layers: 

ϑ̃j(ξ, τ)=
∑3

k=0
aj,k(τ)ξk ; j= 1, 2 (12) 

The search for the 8 unknown trial functions, a1,1, a1,2 … a2,3, plus the unknown inner temperature θi(τ) is triggered by invoking 
equation (3’)-(7’) and, in addition, the integral form of equation (1’) and (2’) in the corresponding domains 
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Two further equations are determined by imposing that energy balances, equation (1’) and (2’), are satisfied at two given points 
within the range [0,l]; for this purpose, the internal and external building wall surfaces identified @ ξ = 0 and ξ = l are selected, then 
one can write 

∂ϑ̃1

∂τ

⃒
⃒
⃒
⃒

0,τ
=

∂2ϑ̃1

∂ξ2

⃒
⃒
⃒
⃒

0,τ

∂ϑ̃2

∂τ

⃒
⃒
⃒
⃒

1+rL ,τ
= rα

∂2ϑ̃2

∂ξ2

⃒
⃒
⃒
⃒

l,τ
(14) 

The convenience of using the approximate approach lies in the ability to represent the addressed set of non-dimensional equations 
in a concise and effective way; in fact, the system of ODEs can be set into the following matrix form, 

Cẋ+Kx = F0 (15)  

where x(τ) = {a1,0(τ), a1,1(τ), a1,2(τ), a1,3(τ), a2,0(τ), …, θi(τ)} is the array exposing the unknown trial functions, C is the “thermal 

capacity matrix”, K is the “thermal conductance matrix” and F0(τ) is the driving term collecting all the forcing functions: 

F0(τ)=
{

0, 0, 0, −
Bio

rL
cos(ωτ), 0, θc,

1
τco

(

θ∗
i +

θ∗
i,w − θ∗

i

θ∗
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i

(
θo − θ∗

i + θc
)
)

+
1

τve
(θc − θo), 0, 0

}

(16) 

Finally, the initial condition gives: x(0) = {0, 0, 0, 0,-1, 0, 0, 0, 0}. 
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4. The infinite-capacity ambient 

A first practical use of the model was to review the case of an ambient behaving as a thermal reservoir with constant and uniform 
temperature (infinite capacity ambient case). Assuming an infinite inertia for the inner ambient, its temperature will be constant over 
time and fixed to the initial value, which is taken to be Ti* = 20 ◦C, that is equal to the design inner temperature. Provided periodic 
steady-state conditions are attained, the configuration given by the standard EN ISO 13786 (Thermal performance of building com
ponents - Dynamic thermal characteristics) is recovered. Therefore, the EN-standard serves as a baseline against which to validate the 
solution obtained with the proposed model. In addition, a commercial FEM code is used to evaluate temperature profiles in the 
building-wall as a function of time; this is because the standard makes it possible to calculate only the temperature of the interfaces. 

Numerical results are evaluated with reference to a typical test-case featured as described below. Outer and inner boundary 
conditions are for: To,a = 0 ◦C; ΔTo = 5 ◦C; ho = 25 W/(m2 K); hi = 7.7 W/(m2 K), while the wall structure is sought as shown in Table 1. 

The curves of Fig. 3, quantitatively displayed in Table 2 for selected points, show that the approximate solution closely matches the 
numerical ones. The maximum relative error between the approximate and the numerical solution is generally contained within the 
1.60%. 

The dynamic building wall behaviour is evaluated in terms of dynamic transmittance and time shift between the inner and outer 
temperatures. Results exposed in Table 3 compare the approximate, the EN-standard and the numerical solution: again, the ability of 
the approximate model to follow-up the dynamic behaviour of the wall seems clear. 

It almost goes without saying that the infinite-capacity ambient may be considered as the result of the action of an ideal control 
system, able to maintain the inner temperature fixed at the design value, irrespective of both the fancoil and the control strategy and in 
use. In the following paragraph, the constraint of infinite capacity is removed and the above-mentioned effects can be taken into 
consideration. 

5. The finite-capacity ambient 

The configuration for infinite ambient capacity is assumed as a baseline for studying a further case including the effect of the 
ambient inertia. Consequently, the influence of air exchange and the heating coil features on the wall building profiles are included in 
the analysis. In turn, the impact of the open-loop strategy for the temperature control is implemented. Numerical results are still 
evaluated based on the wall structure and boundary conditions described in the preceding paragraph. Additionally, the inner ambient 
is featured as follows: plan dimensions are of 15 × 10 m, its height is of 3 m, the frontal area of surfaces exposed to the external 
environment is 25 m2, furniture correspond to 600 kg of wood (ρ = 450 kg/m3, c = 1380 J/(kg K)). Natural ventilation is supposed to 
realize a fresh air flow equal to half a volume in an hour. 

The nominal size of the FCU must be such as to meet the design ambient load. It follows that the specific heating capacity turns out 
to be U* = 60 W/K assuming inlet temperatures equal to Tw,i * = 50 ◦C and Ti * = 20 ◦C, respectively for water and air. The latter value 
uniquely identifies the water flow rate to the heat exchanger for a selected fan velocity. 

Finally, according to equation (15), the system of equations is written as follows. 
In order to display results, the specific heating capacity is assumed to be an independent variable, ranging around the nominal 

value, because of the limited availability of commercial sizes. As expected, increasing average temperatures are reached in the indoor 
environment as the specific heating capacity increases, see Fig. 4; in particular, the target indoor temperature is attained when the 
specific heating capacity attains the nominal value U*. The open-loop control system fails to comply with the design ambient tem
perature depending on the FCU features, therefore a suitable correction of relationship between the water supply temperature and the 
external one should be adopted. 

Fluctuation of the inner temperature around the average value turns out to be negligible, see for example Fig. 5 where curves are 
evaluated in relation to the nominal specific heating capacity. This occurrence confirms that the hypothesis of indoor temperature 
independent of time, as suggested by the standard EN 13786, is typically suitable. Curves in Fig. 5 also exhibit that the temperatures of 
the inner and outer surfaces of the wall are shifted with respect to the corresponding air temperatures. 

Dynamic features of the wall buildings are given in terms of time lag between indoor and outdoor temperatures, Fig. 6. It is clear 
that the dynamic thermal response of the wall is influenced by both the finite capacity environment and the chosen FCU. Large de
viations from the results related to the infinite-capacity ambient appear. As expected, since the inner ambient capacity helps both to 
shift the peaks and to reduce the severity of external fluctuations, best performance is achieved with increasing ambient capacity; all 
curves are monotonically decreasing with increasing the FCU size because of higher heat transfer rates through the wall. 

6. Conclusions 

In this work an approximate analytical model has been proposed which gives out the unsteady thermal field in a composite wall due 
to a periodic oscillating external ambient temperature while the inner boundary condition is coupled with the inner ambient regarded 

Table 1 
Building Wall structure.  

LAYER λ [W m− 1 K− 1] ρ [kg m− 3] c [J kg− 1 K− 1] L [cm] 

Brick 1 0.777 1800 920 8 
Polyurethane panel 0.045 335 850 5 
Brick 2 0.400 1800 920 14  
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Fig. 3. Numerical (continuous) vs approximate (dashed) temperature profiles for the infinity capacity ambient.  

Table 2 
relative error for the infinite ambient capacity.  

time [h] position 

0 [%] L1 [%] L1+ L0 [%] L1+L0+L2 [%] Max [%] 

6 0.04 0.10 1.06 0.57 1.28 
12 0.04 0.10 1.07 0.64 1.24 
18 0.07 0.09 0.20 0.31 0.66 
24 0.01 0.01 0.82 0.59 1.60  

Table 3 
dynamic building wall behaviour.  

solution parameter 

Dynamic transm. [10− 3 W/(m2 K)] time lag [h] 

numeric 90 11.04 
approx. 89 11.15 
standard 87 11.46  

Fig. 4. Inner ambient temperature.  
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as a lumped system. Contributions due to both air renewal and to the control strategy of the FCU heat output are accounted for. The 
approximate solution fairly agrees with numerical check-runs arising from both the standard EN ISO 13786 and the FEM calculation, 
however, it is highly simplified and convenient to use. The proposed method makes thermal profiles available within the wall-building, 
a feature not allowed by the standard. 

The availability of a simple model for studying the transient thermal behaviour of buildings with a satisfactory level of accuracy 
suggested to start a study of the wall envelope performance encompassing the ability to account for the influence of the internal 
environment and of the FCU feature, as well. The proposed method has been applied to account for the effect of the heating coil with a 
climatic (open loop) regulation. 

With reference to the configuration at hand, the functional dependence on the main parameters was brought to light and mean
ingful quantitative differences were pointed out with respect to the reference case encompassing an inner ambient with infinite 
thermal capacity as suggested by the EN-standard. It was than proven that the method allows a simple and quick way for studying the 
transient thermal behaviour of buildings. Further developments of the present work will include the implementation of thermostatic 
environmental regulations to clarify the effect of the indoor features ignored by EN ISO 13786. 
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