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Abstract

Let G be a finite group of order n, and denote by p(G) the product of element orders
of G. The aim of this work is to provide some upper bounds for p (G) depending only
on n and on its least prime divisor, when G belongs to some classes of non-cyclic
groups.
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1 Introduction

It is well known that the behavior of element orders strongly affects the structure of
a periodic group. For instance, in the finite case, a group can be characterized by
looking at its element orders, as the group PSL(2, q) for g # 9, see [8]. Therefore, it
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is natural to study the set w(G) = {o(x) | x € G} of a given periodic group, where
o(x) denotes the order of x € G. To give an example, if w(G) C {l, 2, 3, 4}, the
group G is locally finite [21]. For a survey on this topic, see [12]. Furthermore, one
can impose some arithmetic conditions on element orders of a subset S of a group G
to obtain information about the subgroup generated by S, see, for instance, [5-7, 17,
18]. Moreover, some recent criteria for solvability, nilpotency and other properties of
finite groups G based either on the orders of the elements of G or on the orders of the
subgroups of G have been described in [15].

Another direction is to consider functions depending on element orders. In [2], H.
Amiri et al. introduced the function ¥ (G), which denotes the sum of element orders
of a finite group G. They proved that if G is a non-cyclic group of order n, then
¥ (G) < ¥ (Cp), where C,, denotes the cyclic group of order n (see also [1] and [16]).
Recently, this last result has been improved by M. Herzog et al., who proved in [11]
that if G is a finite non-cyclic group, then ¥ (G) < %W(Cn), by showing also that
this bound is the best possible; see also [10, 13, 14].

In the present work, we will denote by o(G) the product of element orders of a
finite group G. Some finite groups can be recognized by the product of their element
orders, like the groups PSL(2,7) and PSL(2, 11), while the groups PSL(2, 5) and
PSL(2,13) are uniquely determined by their orders and the product of element orders,
see [4]. However, one can easily see that in general the knowledge of p(G) is not
sufficient to recognize the group G, even when its order is known. Indeed, if we
denote by S4 the symmetric group of degree 4, and by D1 the dihedral group of order
12, then S4 and C» x D15 have the same order and p(S4) = p(C2 x D12). This implies
the necessity to found under which conditions p(G) affects the structure of the group
G.

The function p was studied by M. Garonzi and M. Patassini in [9], where they proved
that p(G) < p(C,) for every finite group G of order n, and that p(G) = p(C,) if
and only if G >~ C,,. Furthermore M. Tarnauceanu in [22] studied p(G) when G is
a finite abelian group, showing that two finite abelian groups of the same order are
isomorphic if and only if they have the same product of element orders.

The aim of this paper is to provide more information about the function p. We
consider some classes of non-cyclic finite groups, and we determine upper bounds for
the product of element orders depending only on the order of the group and on the
smallest prime dividing it.

Our first result reads as follows.

Theorem A Let G be anon-cyclic supersoluble group of order n. If either G is nilpotent
or G is not metacyclic, then

p(G) < ¢ 19 Vp(Cy).

where q is the smallest prime dividing n.

We recall that a group G is said to admit a Sylow tower if there exists a normal
series

1=Gp<G1 -G, =G
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such that each G;4+1/G; is isomorphic to a Sylow subgroup of G for every i €
{0,....n—1}.

As a consequence of Theorem A, we obtain the following bound for groups
admitting a Sylow tower.

Corollary B Let G be a non-cyclic group of order n admitting a Sylow tower. If q is
the smallest prime dividing n, then

p(G) <q 1p(Cy).

Going further, we show that such a bound holds for other classes of groups. Indeed,
if G is a non-cyclic group of order n and ¢ is the smallest prime dividing n, we show
that

p(G) =g p(Cn),

when either n = p%g®, where p > ¢ are primes (Theorem 9), or G is a Frobenius
group (Proposition 10).

2 Preliminary results
In this section, we recall some results concerning the function p, then we compute a
bound for the product of element orders of a group with a normal Sylow p-subgroup,

and finally, we show the main result in the case of non-cyclic nilpotent groups.
The following results from [22] will be useful in the next.

Lemma1 [22, Prop. 1.1] Letn > 1, andlet Hy, ..., H, be finite groups with pairwise
coprime orders. Then,

n
p(Hy x - x Hy) = [ p(Htiz 1731,
i=1

As a consequence, and by using [22, Theorem 1.1], one can readily see that the
following corollary holds.

Corollary 2 [22, Ex. 1.1] Let C,, be a cyclic group of order n.

(i) If n = p“ for some prime p, then

ap®™ — (@ + p* + 1
p(Ca) = p p—1
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(ii) Ifn = p‘fl pgz -+ Py, where p;’s are distinct primes and a; ’s are positive integers,
then

(aip;’”“ — (i + Dp + 1) n

; pi—1 W
p(Cw) =[] .
i=1

The following remarks will be useful in the next.
Remark 3 Let p be a prime and & > 1. Then,
(P < p(Cpa)p™.
If, additionally, p is odd and o > 2, we have
(P* " < p(Cp)p?.
Remark 4 Let p > g be positive integers. Then,

p—(p—l)/p < q—(q—l)/q

The next lemma collects results on the product of element orders of groups with a
normal cyclic Sylow subgroup that follow from Lemma 2.4 and Lemma 2.6 in [3].

Lemma5 Let p be a prime and let G be a finite group satisfying G = P x F, where
P is a cyclic Sylow p-subgroup and (p, |F|) = 1. Write Z = Cr(P). Then,

(i) p(G) = p(P) p(F)Pl,
(ii) p(G) | p(P)Fp(F)IP!, with equality if and only if Cr(P) = F.

When Cr(P) # F, we have the following result.

Corollary 6 Let p be a prime and let G be a finite group satisfying G = P X F, where
P is a cyclic Sylow p-subgroup and (p, |F|) = 1. If Cr(P) # F, we have

p(G) <q 9p(Cig),

where q is the smallest prime dividing |G]|.

Proof Let Z = Cp(P) and assume that Z # F. Applying Lemma 5 to G and
[9]*Theorem 3 to F', we have

p(G) = p(PY p(F) < p(PY? p(Cip!” = 0(Cig).

1
p(P)IF\Z
Therefore, we only need to check that

g7 < p(P)",

which is obviously true since g < p. O
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It will be also useful to have information about p(G) when G has a non-cyclic
normal Sylow subgroup.

Proposition 7 Let p be an odd prime and let G be a finite group satisfying G = P X F,
where P is a non-cyclic Sylow p-subgroup and (p, |F|) = 1. Then,

|G|
p(G) < (%) p(F)P.

In particular, p(G) < q~1p(C\g|), where q is the smallest prime dividing |G]|.

Proof Since P is not cyclic, o(x) < ‘—1;' for every x € P.Now, G = U,cFr Px; hence,

Ed o(x). It follows that

ifx € Fand y € P, we have (xy)°™ e P and o(xy) divides ra

Id P1\"
pG)=T][Teom»=TITI o) = I1 (7> p(F)

xeF yeP xeF yeP yeP

|G|
< <ﬂ> p(F)P.
P

Finally, from Remark 3 and [9, Theorem 3] we have

p(G) < (p(Crp)p M)l pCippt = p=P1F1p(C6))
<p Pp(Ci) =g 9p(Cig).

For a non-cyclic nilpotent group, we have the following result.
Proposition8 Let G be a non-cyclic nilpotent group of order n, and let q be the
smallest prime dividing n. Then,

_ng—1
p(G) < q 1 Vp(Cy.

Proof We proceed by induction on the number of prime divisors of n. Assume first
that there exists o« > 1 such that n = ¢®. As G is non-cyclic, we have o(x) < ¢*~!
for every x € G. Let M be a maximal subgroup of G. Applying [9]*Theorem 3, we
have

p(G) = p(M) l_[ o(x) < ,o(an_])(q“f—l)q"—q“’1
xeG\M

Since p(Cqe) = p(Cpa-1)g®@* =4, it follows that

_(y_a—1 _n —1
P(G) < p(Cyo)g~ 4" ~9") = g7 Vp(c,,
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and in this case the result follows.

Assume now that at least two primes divide n. Since G is not cyclic, there exists
a non-cyclic Sylow p-subgroup P such that G can be written as G = P x H with
(|P|, |H|) = 1. By induction and applying [9]*Theorem 3 to H, we have

|H|
p(G) = p(P)!Hp(H)IP < <P_§(p_l)/0(CP|)) p(H)!!
< P_‘%(p_l),O(QP|)|H|p(C|H|)‘P| = P_%(p_l)p(C\GD,

and the result follows from Remark 4 as ¢ < p. O

3 Proof of Theorem A and some applications

In this section, we prove the main result of the paper. We recall that, for p a prime, a
finite group G is said to be p-nilpotent if G has a normal p-complement, i.e., there
exists a normal subgroup H and a Sylow p-subgroup P of G such that HP = G and
H N P is trivial. Moreover, we say that a group G is metacyclic if its derived subgroup
G’ is cyclic and the factor group G /G’ is cyclic.

Proof of Theorem A By Proposition 8, we can assume that G is a supersoluble non-
metacyclic group of order n and we proceed by induction on n. If p is the greatest prime
dividing n, there exist a subgroup H < G with (|H|, p) = 1 suchthat G = P x H,
where P is the Sylow p-subgroup of G. Clearly ¢ divides |H|.

Firstly assume that P is cyclic. Then, we show that H is not metacyclic. Arguing
by contradiction, let H' and H/H' be cyclic. Since P is cyclic, it follows that G’
centralizes P and G’ < P x H' is cyclic. Moreover, from G/G’ = PG'/G’ x
HG’/G' we have G/G’ is cyclic as H/H' so is. Therefore, G is metacyclic, which is
a contradiction.

Therefore, when P is cyclic we can apply Lemma 5 and the induction argument on
H to conclude that the result holds.

Now assume that P is not cyclic. If G = P x H, from Lemma 1 it follows that
p(G)=p (P)|H|,0 (H)'P!. Then, by Proposition 8 and Remark 4 the bound is obtained.

Therefore, we can assume that Cy (P) < H.If H is not metacyclic, again we can
apply Lemma 5 and the induction argument on H.

Hence, suppose that both P is a non-cyclic group and H is a metacyclic group. In
this case, we have

|G| |G|
p(G) < p(H)"! (ﬂ) < p(C)'? <ﬂ> .
p p

Thus, we need to check if

rNC e,
o(Cia'?! <|p—|> <q @ 1)P(Cu&m)'m,0(C|P\)“L“,
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which is equivalent to prove that

PN\ e,
(— <q 1 X 1)/0(C\1D|)W|.
p

Expanding all the values above, we have

r%g—=D el 2pe i

g ¢ =p 1,

which reduces to prove that p®(p — g — 1) + g > 0, that is, true as p > g > 2. This
completes the proof. O

Proof of Corollary B Since G has a Sylow tower, there exists a prime p and a Sylow
p-subgroup of G such that G = P x H, where H < G such that (p, |H|) = 1.
If G =P x H, then p(G) = /o(P)‘I'”,o(H)'G| and the result follows by induction
on |G|. Therefore, assume that Cy(P) < H. If P is cyclic, the case follows from
Corollary 6. Assume therefore that P is not cyclic, then by Proposition 7 the bound is
obtained and we are done. O

We finish the section dealing with groups of order p®g?, where p, ¢ are primes
with p > q.

Theorem 9 Let G be a non-cyclic group of order n = p®q®, where p > q are primes.
Then,

p(G) < q 9p(Cp).

Proof of Corollary B Assume by way of contradiction that p(G) > ¢~ p(Cp). Firstly,
we show that there exists x € G such that o(x) > p*~!¢#~1. Assume that o(x) <
p*~1qP~1 for every x € G. Then, we have

p(G) < (p*~gP P " = ((p ) ((¢f 1)
From Remark 3, it follows that
_ B _ o _gB _ _
p(G) < (p(Cp)p™ N (p(Cup)g™ )" < p(C)p™ g™ 7" < p(Cu)g ™7,

which yields a contradiction. Thus, there exists x € G such that o(x) > p*~1gf~!
with |G : (x)| < pg. We distinguish two cases. If p divides |G : (x)|, then the only
possibility is that |G : (x)| = p. As a consequence, G has cyclic Sylow g-subgroups,
and so G is g-nilpotent by [19, 10.1.9]. Therefore, G admits a Sylow tower, and the
result follows from Corollary B. Suppose then that p does not divide |G : (x}|. In this
case, |G : (x)| = g7, whereq? ! < pasq” < pq.Itfollows that there exists a Sylow
p-subgroup P of G such that P < (x). Then, (x) < Ng(P) and |G : Ng(P)| divides
q”.However, |G : Ng(P)| =1+ kp, fork > 0.If k = 0, then P is normal in G and
the result follows from Corollary 6. If k > 0, since |G : Ng(P)| > pand ¢"~! < p,
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we have |G : Ng(P)| = g¥ and Ng(P) = (x). Therefore, P < Z(Ng(P)) and G is
p-nilpotent by [19, 10.1.8]. In this case, G = Q x P. Therefore, G has a Sylow tower
and applying again Corollary B we are done. This completes the proof. O

4 Product of element orders of a Frobenius group

In the following, we estimate the product of element orders of a Frobenius group. We
recall that a finite group G is said to be a Frobenius group if G has a subgroup H such
that H N H* =1 for all x € G\ H. Frobenius proved that if G is such a group, then

N=G\ [ JH\ {1

xeG

is a normal subgroup of G, and G = N H with N N H = 1. In this case, H is called a
Frobenius complement and N the Frobenius kernel. As a consequence, in a Frobenius
group G = NH, we have (|N|, |H|) = 1.

Proposition 10 Let G be a Frobenius group with Frobenius kernel N and Frobenius
complement H. Then,

p(G) = p(N)p(H)N.

In particular, if G has order n and q is the smallest prime dividing n, we have

p(G) <q p(Cy).

Proof As G is a Frobenius group, it can be covered by its Frobenius kernel and all its
Frobenius complements. Therefore,

p(G) = p(N)p(H)™!
as H has |G : H| distinct conjugates in G. It follows that

p(Cn)
W,

p(G) = p(N)p(HYN < p (Ciw)) p (Coa)™ =
o (Cwy

Hence, it suffices to show that

g9 =p (C\N|)|H|_1 .

Since (|N|, |H|) = 1, we distinguish cases: ¢ divides |N|, or ¢ divides |H|. Assume
the former holds. Then, we have

g <IN = p(N) = p(Cin).
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Since ¢ is the smallest prime dividing |G|, we have ¢ < |H|. In other words, ¢ <
|H| — 1, and the result follows.
Assume now that g divides | H|. Then,

g < p(N) = p(Cnp. ey
If|H| > g,then |H|—1 > g and the inequality follows from Equation (1).If |H| = ¢,

then every prime p dividing |N| is greater than ¢, and so p(N) > p?> > ¢>. Since
|H| —1=g¢g — 1, we have

P! = p(N)I! = 207D = ¢
This completes the proof. O
We conclude this section with an example, in which we compute the product of
element orders of a group obtained as direct product of a Frobenius group and a cyclic
group of coprime order.
Example 11 Letn > 5,and let G = F x C be the direct product of a Frobenius group
F, with the cyclic kernel N and a cyclic complement H, and a cyclic group C such

that (|F|, |C|) = 1 and |F||C| = n. Then,

o (Cn)
p(ClNl)\Cl(lHl—l)'

p(G) =
Indeed, by Lemma 1, and Proposition 10, we have
p(G) = p(F)I€1p(C)F = p(W)! o ()Nl p(C)F.
Since (| F|, |C|) = 1, applying Lemma 1, it follows that

p(G) = p(N) ()M p ()
p(N)I M p (eI p ()T p(Cirp!€lp ()]

o (N)ICITHT=T) = T p(N)ICIUHD
p(Cn)
= o(N)ICHD

and we are done.
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