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Functionally graded materials with different cross-sectional shapes is investigated in this manuscript by a stress-driven model
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Surface energy effects

incorporating surface energy effects. In particular, the FG nanobeam is composed of a bulk vol-
ume and a surface layer regarded as a membrane of zero thickness perfectly adhered to the bulk
continuum. The bulk material is made of a mixture of metal and ceramic, whose distributions
spatially vary from the bottom to the top surface of the FG nanobeams. The nonlocal governing
equations of the elastostatic bending problem are derived by using the virtual work principle. The
main results of a parametric investigation are also presented and discussed varying the nonlocal
parameter, the material gradient index and the boundary conditions at the ends of the nano-
beams. They show how the proposed model is able to study the bending behavior of inflected FG
nanobeams including surface effects.

1. Introduction

Nowadays, modeling and small-scale analysis able to describe size-dependent phenomena of ultra-small materials and structures is
a topic of great interest in the emerging areas of nanotechnologies, nano-engineering and nano-sciences (Chandel et al., 2020;
Dastjerdi et al., 2022; Kekic & Barisic, 2020; Rafii-Tabar et al., 2016).

Comprehensive understanding of the mechanical behavior of nanostructures including nanobeams (Malikan & Eremeyev, 2022),
nanoplates and nanoshells (Shahmohammadi et al., 2023; Zheng et al., 2022) is crucial for the design and optimization of small-scale
electro-mechanical devices (Akhavan et al., 2019; Cornacchia et al., 2021). Among these small-sized structures, nanobeams are basic
structural elements widely used in several engineering applications like nanoactuator (Akhavan et al., 2019), nanosensors (Malikan
et al., 2020), nanoresistor (Rezaiee-Pajand & Rajabzadeh-Safaei, 2022) and so on (Farajpour et al., 2022). Moreover, in order to
achieve smart devices with better performance, nanobeam are often made of a functionally graded composite or nanocomposites
materials (FGMs) (Ghayesh & Farajpour, 2019; Yee et al., 2023), designed and fabricated by mixing two components and their physical
and mechanical properties vary gradually through preferred spatial directions to avoid typical defects related to the material dis-
continuities (cracking, delamination and stress concentration). Accordingly, mechanical analysis of functionally graded nano-
structures (Dastjerdi et al., 2023; Eyvazian et al., 2020; Russillo et al., 2022; Xu et al., 2021) has become a very important issue that is
attracting the interest of many researchers.

As has been shown in both experiments at nanoscale and atomistic simulations, size-dependency phenomena (i.e. small scale and
surface phenomena) have a considerable impact in the mechanics of nanostructures. Given the intrinsic difficulties of performing
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Fig. 1. Coordinate system and configuration of the FG nanobeam: bulk continuum (mixture of ceramic and metal) and surface layer for a rect-
angular (b x h) and a circular (D) cross-section.

experiments at nanoscale level and the highly computational costs of atomistic simulations (Billinge & Levin, 2007; Lam et al., 2003;
Maranganti & Sharma, 2007), two different categories of models have been proposed in the last years (Zhu & Li, 2019): the first one
comprises the non-classical continuum models with the aim of describing microstructure effects, while the second one includes models
incorporating surface energy phenomena. In particular, among the non-classical continuum models, the most widely applied, to name
a few, are the strain gradient theory of elasticity (Mindlin, 1968), the nonlocal theory of elasticity (Eringen, 1972; Eringen, 1983), the
two-phase (local/nonlocal) mixture model (Eringen, 1987) and other coupled theories of elasticity (Barretta & Marotti de Sciarra,
2019; Lim et al., 2015).

Within the framework of nonlocal theories, the Eringen’s strain-driven model, originally developed to analyze surface waves and
screw dislocations problems involving unbounded domain, is widely utilized in the study of the mechanical behavior of various
structures at small-scale. As widely discussed in (Fernandez-Saez et al., 2016; Li et al., 2015; Romano & Barretta, 2016; Romano et al.,
2017), when the strain-driven nonlocal model is applied to bounded domains, it can lead to mathematically inconsistencies due to the
incompatibility between the requirements of equilibrium and the higher order constitutive boundary conditions. These problems can
be bypassed using the stress-driven nonlocal model proposed by Romano and Barretta (2017) which provides a mechanically
consistent approach to examine small-size structures. It is noteworthy that the stress-driven model is used to capture size effects not
only in the static (Barretta et al., 2018; Barretta et al., 2018), dynamic (Apuzzo et al., 2017; Penna et al., 2021) and buckling behavior
of nanobeams (Darban et al., 2020), but also to analyze nanobeams on nano-foundations (Barretta et al., 2022), FG nanobeams (Ren &
Qing, 2021), nanobeams in hygro-thermal environment (Penna et al., 2021; Penna et al., 2021a, Penna et al., 2021b), curved elastic
beams (Barretta et al., 2019), nanocomposite beams (Vaccaro, 2022), nanobeams in presence of loading discontinuities (Caporale
et al., 2022) as well as to study the wave propagation in beam lattices (Russillo & Failla, 2022).

Moreover, unlike structures at macro-dimensional scale, for which it is possible to neglect the surface region for the study of their
mechanical behavior and use the properties of the bulk as their overall properties, ultrasmall structures are characterized by a large
surface area to bulk volume ratio and, therefore, the energy of the atoms near the surface is significant and leads to the formation of
surface residual stresses and elastic properties other than those of the bulk (Wang et al., 2006). In order to that take into account
surface energy effects, (Gurtin & Murdoch, 1975, 1978) proposed a surface elasticity theory in which the surface layer is considered as
a zero-thickness membrane perfectly adhered to the bulk continuum with different material properties and constitutive laws than the
bulk.

The latter theory has received great scientific interest and, increasingly, has been extensively applied to examine statical, buckling
and dynamical behaviors of nanobeams (He & Lilley, 2008; Wang & Feng, 2009) where it has been observed that when the surface is
modeled using positive surface elastic constants (i.e. surface young modulus, surface residual stress) the deflections decrease and the
critical axial load and the natural frequency increase, while an opposite trend was seen for negative surface elastic constants.

As explained in Chen et al. (2013), surface stress is composed of two contributions: the first one is due to the intrinsic surface
residual stress and the second depends on the structural deformation (or surface elasticity). It is noteworthy that the surface elastic
modulus in the second contribution can be positive or negative due to the fact that a surface cannot exist without the bulk and the total
energy (bulk and surface) needs to satisfy the positive definiteness condition (Shenoy, 2005).

As is well known, the non-classical continuum models and surface elasticity are employed to assess totally-different physical
phenomena separately. In the current literature, the surface elasticity theory has been frequently combined with the Eringen’s nonlocal
elasticity (Ghadiri et al., 2016; Hashemian et al., 2019; Li et al., 2020; Li & Hu, 2022, Mahmoud, Eltaher, Alshorbagy, & Meletis, 2012)
or with others higher-order continuum models (Sourani et al., 2020; Yang et al., 2023) in order to better predict the effects of surface
energy and small scale on the mechanical response of homogeneous structures at nanoscale.

However, as discussed above, the Eringen’s nonlocal elasticity model is inconsistent in the context of static and dynamic analyses of
nanobeams and, therefore, other coupled models are needed to account for small-scale effects as well as surface phenomena.

To the author’s knowledge, coupled models based on the stress-driven theory of elasticity incorporating surface energy, nonlocal
parameter and material gradient index capable to capture the statical response of nanobeams made of functionally graded material are
less studied. Therefore, the motivation of this paper is to propose a well-posed nonlocal approach which combines the stress-driven
nonlocal model and the surface elasticity theory for the bending analysis of functionally graded straight nanobeams subjected to a
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uniformly distributed load. In particular, the main results of a parametric investigation varying the nonlocal parameter, the material
gradient index and the boundary conditions at the ends, are presented and discussed.

The paper is structured as follows. The problem formulation is summarized in Section 2. The stress-driven model for nanobeams
and the surface elasticity theory are recalled in Section 3. Then, the nonlocal governing equations of the elastostatic bending problem
are provided in Section 4. Results of the parametric analysis are discussed in Section 5. Some closing remarks are given in Section 6.

2. Problem formulation

Fig. 1 shows a functionally graded (FG) nanobeam of length L in a Cartesian coordinate system {O,x,y, z} having the origin in the
geometric center O of its cross-section %, being x (0 < x <L) the nanobeam axis and y, z the principal axes of geometric inertia of
¥, respectively. Moreover, let us denote by 90X the perimeter of X.

Two different cross-sectional shapes have been considered in the present paper: a rectangular cross-section of thickness h and width
b, and a circular cross-section, with diameter D.

The FG nanobeam is composed of a bulk volume and a surface layer regarded as a zero-thickness membrane perfectly adhered to
the bulk continuum. The bulk material is a metal-ceramic mixture spatially varying from the bottom surface (metal) to the top surface
(ceramic). Herein and throughout this manuscript, the superscripts “B” and “S” denote the bulk continuum and surface layers of the FG

[ryxt)

nanobeam, respectively; the subscripts “c” and “m” refer to ceramic and metal, respectively.
In the current study, the Poisson’s ratio is assumed to be constant (/# = ¥ = 1), while bulk elastic modulus of elasticity, E? =
EB(2), surface modulus of elasticity, ES = E5(z), and residual surface stress, 7% = 75(z), are assumed to continuously vary along

transverse direction, z, according to the following power law distributions (Saffari et al., 2017)

B(\ _ pB B n(l, z !
E (Z) = Em + (E(, —Em) <§+Z> (1)
E’(z)= E, + (E> —E)) 1+5 ' (@)
g m c m 2 C
S2) = & s syv(l, z ! 3
@)= 1+ (2 *%)(TLE) 3

where {=h for a rectangular cross-section or {=D for a circular cross-section, and k denotes the gradient index of the FG material
(k > 0). In particular, when k = 0, a homogeneous nanobeam with ceramic properties is obtained.
2.1. Displacement field

Based on the Bernoulli-Euler theory, the Cartesian components of the displacement field of the FG nanobeam along x and z di-
rections, u,=uy(X, 2), Uy = U;(x,2), and the corresponding non-zero strain, ¢, = (X, 2), can be expressed, respectively, as

wle,2) = =220 @
u;(x,z) = w(x) (5)

" w(x) ®)
&(x,z) = —z P

Pwi

[,x(zx) refers to the geometrical bending cur-

where w = w(x) is the transverse displacement of the geometric center O and the term

vature y.

3. Constitutive models
In this section, the stress—driven nonlocal model (SDM) (Romano & Barretta, 2017) is combined with the surface elasticity theory

(SET) (Gurtin & Murdoch, 1975; 1978) to analyze the bending behavior of Bernoulli-Euler FG nanobeams. The proposed model is
herein referred as “Surface Stress-Driven Model” (SSDM).

3.1. Stress-driven model

In adapting the general stress-driven nonlocal formulation (SDM) to the Bernoulli-Euler FG nanobeam without considering surface
energy effects, the nonlocal bending curvature y is expressed by the following convolution integral
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being x and ¢ the position vectors of the points of the domain, respectively.
The general expressions of the bending interaction, M, and of the second moment of elastic area, Iz, about the principal axis of
geometric inertia, y, are given by the following equations

M:/ode 8
X

I = / E(z) 2% ©

z

where E (z) = EB(z) coincides, in this case, with the bulk elastic modulus of elasticity.

As is well-known, the smoothing kernel ®;, depends on the material length-scale parameter, L. = AL, where A, is the dimen-
sionless nonlocal parameter of the FG nanobeam (4, > 0). By choosing a special function kernel @, , required to fulfill the properties of
positivity, symmetry, limit impulsivity and normalization on the real axis as (Eringen, 1983)

_ 1 I
@ (x, L) = oL, SXP (_L_c> (10
the convolution in Eq. (7) is equivalent to following second-order differential equation
7 M(x)
Y S = —
(l LL,(M);((x) A (11)
if and only if the following constitutive boundary conditions are satisfied at the nanobeam ends (x = 0, L)
w0 1 o
o T A0=0 (12)
w(L) 1
—y(L)=0 13
ox + L/ (L) (13)

It can be noted that the stress-driven nonlocal formulation is well-posed and that no paradoxical results are obtained in contrast
with the classical nonlocal theory (Eringen, 1972; 1983) as discussed in (Romano et al., 2017). Moreover, this model provides a
consistent approach for the static, dynamic as well as post buckling analysis of nanostructures.

3.2. Surface elasticity theory

According to the surface elasticity theory, the surface of the nanobeam is modelled as a zero-thickness membrane perfectly bonded
to the underlying material (bulk) and, therefore, no slipping between surface and bulk material is admitted. Moreover, bulk continuum
and surface layer are characterized by different stress states: a uniaxial stress state for the bulk, given by ¢ = ¢5(x,2), and a two-
dimensional stress state for the surface, of components 63 = 63(x,2) and 75, = 75, (x,2), respectively.

Furthermore, unlike classical Bernoulli-Euler beam theory, the component of the bulk stress in the transverse direction z, azB = af (x,
z), which describes the surface layer and bulk interaction, is not negligible due to surface effects and, for a FG material, can be assumed
to vary cubically along the nanobeam thickness according to the following equation (Saffari et al., 2017)

A =10 - @) 5o 5[ - 5 as
z c m/ G2 2 c m) o2
where f(z) = 2(z /0)[(2/¢)* — 3/4].

Note that a linear distribution for 62 is not adequate for FG nanobeams with high gradient in material properties for satisfying the

surface equilibrium equations of Gurtin and Murdoch (Gurtin & Murdoch, 1975; 1978).
Now, by manipulating Eq. (14) with Eq. (6), it is obtained

o =Ce, (15)
where the function C = C(z) is given by

c=l9@in) - @-) ae
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In accordance with the local formulation of the surface elasticity theory, the stress at point x is proportional to the corresponding
strain at the same point. Consequently, the bulk stress-strain relation can be expressed as

o =E¢, +vo? = [EP+v Cle,

a7)
in which the term E? + v C can be considered as an equivalent elastic modulus of elasticity taking into account surface energy effects.
For the surface layer, the two relevant constitutive relations can be formulated as
o =1+ E, (18)
Out
N
T rectangular
S 5 (rectangular)
= s Ou,
TN~

o (circular)

19

where n, denotes the z-component of the unit normal vector n, which is the outward normal to the nanobeam’s lateral surface (Zhu &
Li, 2019). Note that for a circular cross-section, n = (cosa, sina) being a the angle between n and y directions (Fig. 1).

4. Elastostatic problem of inflected FG nanobeams including surface effects

In this study, the nonlocal governing equations of the elastostatic bending problem are derived by using the virtual work principle,
that can be expressed as

oU 4+ oW =0

The expression of the virtual strain (internal) energy, 6U, is given by

L L L L
s
sU = / /aféex dz+7{q§ se, do dx—&-/?{fi 5y, dadx:—/M Y
0 z = 0 0% 0

ow 96
o dx-i—/TS—W 2 ax
0

(20)

ox 0x
where y, = %

(21)
ox

for a rectangular cross-section and y, = n,§% for a circular cross-section, and M and TS can be expressed as follows
M= afzd2+%afzdo

z 0z

(22)
?{rsda (rectangular)
TS={ % (23)
f.rsnzdd (circular)
()
It can be noted that the quantity T® is a constant, whose expression, for FG nanobeams is given by
2h(kz}, + 15
i 2be5 + % (rectangular)
™= (24)
m [ 2(1+k +K)va(cs, —°)Seck = (circular)
— - circular
2\ L(1/2=k)..(3+K)

where I denotes the Euler gamma function. For a homogenous material (73, = 75 = 75), TS becomes equal to T® = 2(b+h)7’ for a
rectangular cross-section (Sourani et al., 2020) and TS = D/ 275 for a circular cross-section (Zhu & Li, 2019).
The virtual external energy, W, due to the applied load, g, = q.(x), can be expressed by

L
/qzéw dx (25)
0

By substituting Eq. (21) and Eq. (25) into Eq. (20) and applying the fundamental Lemma of variational calculus, the following
governing equation can be obtained

oW =
oM Fw
e "o e =0

(26)
The corresponding boundary conditions at the FG nanobeam ends (x = 0,L) can be chosen by specifying one element of each of the
following two pairs of standard boundary conditions, SBCs (kinematic and static boundary conditions)
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Now, by substituting Eqgs. (17),18 into Eq. (22) and considering Eq. (6), the following expression of the resultant moment is
obtained

M=-TIy+M (29)
being M" = §75zdo and I; the equivalent bending stiffness defined as
oz
I = / [E°+v C] 2=+ }{Esfdg (30)

z 0z

The expressions of M* for the two cross-sectional shapes considered in this paper are given by

k(s %)

- 4 bht rectangular

Dk ( — 13 +7°) Sec kx
2T(1/2-Or2+ 1)

M =

(circular)

and the expressions of I;, for the two cross-sectional shape here considered, are the following

- rectangular cross-section
B 1

60(1 +k)(2+k)(3+k)
(30bES(1 + k) (2 + k) (3 + k) + 15PEPR(2 + k + K*) + SHEERK(8 + k(3 + k) + 10h(3ES (2 + k + K*) + ESk(8 + k(3 + k)))

—6b(1 +K)(2 +K)(3 + kv (e, + 7)) (32)

12

n

I

- circular cross-section

R 5 s Uy (32(2(5 —EE) B+ k) (4 + k) (1 +k+K))
Iy = 55¢D m(4DES 43270 — 50(75, + 7)) ~ 356 n< T2 -G A)
1, [ (D(EB — EP)(142k)(3+ k +k*))\/mSec k
— RD y/4 1—‘(% — k)F(S n k) . (33)

In the case of a homogenous material (ES, = ES = ES;EB = EB = EB;¢5 =13 = 15), Egs. (31) reduce to Eqgs. (34)

s
M= bht (rt.zctangular) (349
0 (circular)

while Egs. (32) and 33 became Egs. (35)

3 2 3 2
%E - %v ©+ (% + %) ES (rectangular)

Dt 5zD? =D’
- S+ FES (ci
o 123 VT + 3 (circular)

Note that if the Poisson’s effect is neglected, the expressions of Eq. (35) coincide with those given in (Hui & Gang-Feng, 2011).

(35)

4.1. Stress-driven model incorporating surface energy effects

In order to incorporate surface energy effects in the stress-driven model, the integral convolution law of Eq. (7) is here modified by

assuming as source field the term <f IW(E;J)
E
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L

e o)
— o, (x—e 1) MM, 36
x O/LL(x O (36)

As already discussed, Eq. (36) is equivalent to the following differential equation
i M- M
1-L— |y =
( ‘aXZ))( I @7

with the following constitutive boundary conditions (CBCs) at the FG nanobeam ends (x = 0,L)

o

POk fx(O) =0 (38)
V4
PR fz(L) =0 (39)

By manipulating Eq. (37), the expression of the stress-driven nonlocal resultant moment incorporating surface effects can be ob-
tained as

M= 1*62 + I*Lza +M 40
Fox? “oxt
Finally, by substituting Eq. (40) into Eq. (26), the governing equation of an inflected FG nanobeam incorporating surface energy
effect in terms of transverse displacement is obtained as

’w o*w ’w

LL—— — [i— TS— =0 41
oo liga T +4q, (41)

with the corresponding constitutive boundary conditions (CBCs) and the standard boundary conditions (SBCs) at the FG nanobeam

ends

- SBCs (x =0,L)
w=w"|_g, or da + T‘?);V =V o (42)
Lot M =My, (43)
- CBCs (x =0,L)
- ‘;%V Li ‘;%V =0 (44)

where w*, V* and M* represent assigned displacement, shear force and bending moment at the boundary points (x = 0,L), respectively.
Now, by introducing the following dimensionless quantities

~ X

¥=7 (45)

~ w

w= 7 (46)

W

W= (47)

e *LZ

v -re (48)
IE

~x  M*L

M =— (49)
I;

N

7.-= (50)
I
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Table 1
Material parameter of iron film on glass substrate.

Material Parameters Values Unit

Iron film on glass substrate 56.25 [GPa]

EE
1) B 23 [N/m]
s 110 [N/m]

Sy2
g TL 1)
It

. ML
M =— (52)
It

the SSDM dimensionless governing equations of the bending problem for a FG nanobeam can be formulated as follow

- Equilibrium equation

’w dw  Fw

Az(fﬁ 6“1 9 +5Z =0 (53)

- SBCs (X = 0, 1)
W=wl_,, or %+ 0% =V o (54
=% L M=, (55)

- CBGs (X =0, 1)
-FE o

being M = M(X)

- W W~
M=—+2—+M 57
@ ®7

The general solution of Eq. (53) which describes the deflection of the FG nanobeam including surface effects can be obtained as

s ZXRﬂZ 2—xR12 2/\R‘lz z—xR’ 2
W(F) = qx ¢ Cy + Cs +3Cs (58)
—4/1 49/12 ,/1—49/12 1+,/1—49/12 1+‘/1—49/12
where

1-y/1-2022 14+4/1-40/2
- 2 RV _ P
v2oo V2

The six unknown constants, C;_;_¢, can be determined by imposing the standard and the constitutive boundary conditions of Eqs.
(54)-(56)

(59

5. Results and discussion

This section is divided in two parts: the first one presents a comparison between the results of the proposed approach (SSDM), with
and without surface effects, and those published by Mahmoud et al. (2012) in which the Eringen’s strain-driven nonlocal model is
combined with the surface elasticity theory. In the second part, the effects of surface elastic constants, nonlocal parameter and material
gradient index are presented and discussed for two different cross-sectional shapes.
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Table 2
Comparison of dimensionless midpoint deflection with previous work for a nonlocal S-S beam.
M1 - no surface effects M1 - surface effects
[Mahmoud et al.] [Present] [Mahmoud et al.] [Present]
0.0+ 1.30208 1.30208 1.30204 1.30055
1.0 1.42708 1.20668 1.42703 1.20533
2.0 1.55208 1.13758 1.55203 1.13637
3.0 1.67708 1.08303 1.67703 1.08191
4.0 1.80208 1.03800 1.80202 1.03696

Table 3
Material parameters of metal (m) and ceramic (c).
Material Parameters Values Unit
Ceramic EE 210 [GPa]
(si) ES -10.6543 [N/m]
S 0.6048 [N/m]
Metal EB 70 [GPa]
(AD E'f" 5.1882 [N/m]
Tﬁ[ 0.9108 [N/m]
qz Qz gz
CTTTTTTTTIT CITTTITTTITT CTTTITTTTIT]
1 N 1

Fig. 2. FG nanobeams under uniformly distributed load with various boundary conditions: (a) Simply-Supported (S-S), (b) Clamped-Clamped
(C—C) and (c) Clamped-Pinned (C-P).

5.1. Model verification

A nonlocal simply-supported (S-S) beam (L= 10m,L /h= 100) with a square cross-section (b=h) under a uniform distributed
load of unit amplitude, as studied in Mahmoud et al. (2012), having the homogenous material M1 (Table 1) given in Gurtin & Murdoch
(1975; 1978), has been considered for the model verification.

The comparison is presented in Table 2 in terms of dimensionless midpoint deflection of the nonlocal S-S beam, by setting L2 €

{0.0+, 1.0, 2.0, 3.0, 4.0}. As can be noted, the obtained results are identycal to those of Mahmoud et al. when both small and surface
effects are neglected.

Moreover, it is noticed that as L2 increases, a softening response is exhibited by the model of Mahmoud et al., while a stiffening
behavior is obtained with the proposed approach with and without surface effects. As already argued in (Barretta et al., 2018a;
Barretta et al., 2018; Romano et al., 2017; Romano & Barretta, 2017), the choice to model nanobeams using the Eringen’s strain-driven
nonlocal model can lead to physically unacceptable structural solutions. On the contrary, the proposed approach, based on the
stress-driven nonlocal model, is a consistent approach to address the size-dependent static behavior of nanobeams. In addition, surface
effects determine an abatement of the dimensionless midpoint deflection, for all values of L2, in agreement with the results available in
literature (Mahmoud et al., 2012).

5.2. Effects of surface elastic constants, nonlocal parameter and material gradient index

In this section, the results of a parametric analysis are presented to show the effectiveness of the proposed approach (SSDM) for the
study of the bending behavior of a straight Bernoulli-Euler FG nanobeam, with length L = 10 nm, having two different cross-sectional
shapes: a rectangular cross-section, of thickness h = 0.1L = 1nm and width b = h, and a circular cross-section, with a value of the
diameter D equal to 1.142 nm chosen to ensure the equality of the second moment of area about the principal axis of geometric inertia y
of the two considered cross-sectional shapes. The material properties of the FG nanobeam are listed in Table 3.

The analysis has been carried out using both SDM and SSDM formulations and imposing three different boundary conditions at the
ends of the FG nanobeam (Fig. 2) subjected to a uniformly distributed load (g, = 0.1N/m) : Simply-Supported (S-S), Clamped-Clamped
(C—C) and Clamped-Pinned (C-P)

The dimensionless scale parameters are A. € {0.00+, 0.10, 0.20, 0.30, 0.40, 0.50} and k € {0, 1, 2,3}. It is worth nothing that,
when k = 0, the material properties of bulk and surface layer tend to those of a pure ceramic component. On the contrary, as the index
k— o0, the material reduces to a pure metal.
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Table 4
Dimensionless midpoint deflection (w(1 /2) - 10®) vs nonlocal parameter /. for Simply-Supported (S-S) FG nanobeams with both a rectangular and a
circular cross-section under uniformly distributed load for different types of FG material (k).

k=0 k=1 k=2 k=3
Ae Rectangular Circular Rectangular Circular Rectangular Circular Rectangular Circular
0.00+ SDM 74.5986 74.5986 112.0438 112.0050 124.5473 128.0720 131.9073 137.9670
SSDM 16.5359 48.7290 19.5345 70.6415 19.6204 78.2813 19.5022 81.8579
0.10 SDM 69.1328 69.1328 103.8340 103.7990 115.4218 118.6880 122.2425 127.8580
SSDM 15.3069 46.6062 18.5114 69.2848 18.6783 77.3810 18.6027 81.2519
0.20 SDM 59.4689 59.4689 89.3197 89.2892 99.2873 102.0970 105.1546 109.9850
SSDM 13.3203 42.4098 16.6326 65.9503 16.8495 74.8276 16.7927 79.2808
0.30 SDM 50.8544 50.8544 76.3811 76.3550 84.9048 87.3074 89.9222 94.0528
SSDM 11.7502 38.2240 15.0992 62.0594 15.3419 71.5837 15.2907 76.5876
0.40 SDM 44.0127 44.0127 66.1051 66.0825 73.4821 75.5614 77.8244 81.3993
SSDM 10.5684 34.5677 13.9396 58.2800 14.2099 68.2726 14.1691 73.7348
0.50 SDM 38.6396 38.6396 58.0350 58.0151 64.5113 66.3368 68.3236 71.4621
SSDM 9.64798 31.4621 13.0324 54.7983 13.3326 65.1087 13.3065 70.9397

Table 5
Dimensionless midpoint deflection (w(1 /2) - 10%) vs nonlocal parameter A, for Clamped-Clamped (C—C) FG nanobeams with both a rectangular and a
circular cross-section under uniformly distributed load for different types of FG material (k).

k=0 k=1 k=2 k=3
Ac Rectangular Circular Rectangular Circular Rectangular Circular Rectangular Circular
0.00+ SDM 14.9197 14.9197 22.4088 22.4011 24.9095 25.6143 26.3815 27.5933
SSDM 15.9177 14.1684 20.7212 24.5744 21.8841 31.7697 22.5211 37.0312
0.10 SDM 8.4975 8.4975 12.7629 12.7585 14.1871 14.5886 15.0255 15.7157
SSDM 10.5781 8.5624 14.8873 15.9821 16.1039 21.6386 16.7914 26.1121
0.20 SDM 4.4599 4.4599 6.6985 6.6962 7.4460 7.6567 7.8861 8.2483
SSDM 6.3469 4.7086 9.7400 9.3867 10.8577 13.3201 11.5189 16.7076
0.30 SDM 2.5887 2.5887 3.8881 3.8867 4.3220 4.4443 4.5774 4.7876
SSDM 3.9447 2.7945 6.3818 5.7650 7.2598 8.4025 7.7962 10.7913
0.40 SDM 1.6590 1.6590 2.4918 2.4909 2.7698 2.8482 2.9335 3.0683
SSDM 2.6194 1.8110 4.3673 3.8035 5.0295 5.6255 5.4421 7.3229
0.50 SDM 1.1452 1.1452 1.7200 1.7194 1.9120 1.9661 2.0250 2.1180
SSDM 1.8448 1.2578 3.1313 2.6687 3.6335 3.9809 3.9503 5.2238

Table 6

Dimensionless midpoint deflection (W(1 /2) - 10®) vs nonlocal parameter /. for Clamped-Pinned (C-P) FG nanobeams with both a rectangular and a
circular cross-section under uniformly distributed load for different types of FG material (k).

k=0 k=1 k=2 k=3
Ae Rectangular Circular Rectangular Circular Rectangular Circular Rectangular Circular
0.00+ SDM 29.8394 29.8394 44.8175 44.8022 49.8189 51.2286 52.7629 55.1866
SSDM 16.1524 24.9967 20.2281 41.4932 20.9232 50.0164 21.2258 55.3188
0.10 SDM 21.1502 21.1502 31.7667 31.7559 35.3117 36.3110 37.3985 39.1164
SSDM 12.1966 18.8177 16.2840 33.4630 17.1244 41.5517 17.5196 46.8526
0.20 SDM 13.7432 13.7432 20.6417 20.6347 22.9452 23.5945 24.3012 25.4175
SSDM 8.4237 13.0720 12.1642 25.3112 13.0546 32.7362 13.4938 37.9513
0.30 SDM 9.2573 9.2573 13.9040 13.8993 15.4556 15.8930 16.3690 17.1209
SSDM 5.9132 9.2182 9.0954 19.0462 9.9222 25.5117 10.3391 30.3391
0.40 SDM 6.5673 6.5673 9.8638 9.8604 10.9646 11.2748 11.6125 12.1459
SSDM 4.3093 6.7371 6.9618 14.5704 7.6962 20.0512 8.0726 24.3481
0.50 SDM 4.8726 4.8726 7.3184 7.3159 8.1351 8.3653 8.6159 9.0117
SSDM 3.2529 5.0982 5.4586 11.3864 6.1003 15.9904 6.4342 19.7386

The dimensionless midpoint deflections of the three different static schemes (S-S, C—C, C-P) of the FG nanobeams are summarized
in Tables 4-6 for both rectangular and circular cross-sections, respectively.

The effect of the gradient index, k, on the non-dimensional midpoint deflection, w(1 /2), setting A. € {0.00+, 0.10, 0.50}, for both
SSDM (a) and SDM (b) models of elasticity, are plotted in Figs. 3-5, for a rectangular cross-section, and in Figs. 6-8, for a circular cross-
section, respectively.

Moreover, the curves of the non-dimensional transverse displacements of the three static schemes of the FG nanobeams (S-S, C—C,
C-P) obtained via SDM and SSDM formulations are plotted in the following figures:

e Figs. 9-11, for a rectangular cross-section, setting A. € {0.00-+, 0.10, 0.50} and k= 2;

10
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Fig. 5. Effect of the gradient index, k, on non-dimensional midpoint deflection, w(1 /2), of a Clamped-Pinned (C-P) FG nanobeam with a rectangular
cross-section setting A. € {0.00+, 0.10, 0.50} for both SSDM (a) and SDM (b) models of elasticity.

e Figs. 12-14, for a circular cross-section, setting A. € {0.00+, 0.10, 0.50} and k= 2;
e Figs. 15-17, for a rectangular cross-section, setting k € {0, 1, 2,3} and ic =0.3;
e Figs. 18-20, for a circular cross-section, settingk € {0, 1, 2,3,} and ic =0.3.



R. Penna

Fig. 6. Effect of the gradient index, k, on non-dimensional midpoint deflection, w(1 /2), of a Simply-Supported (S-S) FG nanobeam with a circular
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Fig. 7. Effect of the gradient index, k, on non-dimensional midpoint deflection, w(1 /2), of a Clamped-Clamped (C—C) FG nanobeam with a circular
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6. Conclusions

also presented for the verification of the proposed model.

12

The bending response of Bernoulli-Euler nanobeams subjected to a uniformly distributed load and made of a metal-ceramic
functionally graded material has been investigated in this paper by a novel approach based on the stress-driven nonlocal model in
conjunction with the surface elasticity theory. In particular, the analysis has been carried out by imposing different boundary con-
ditions at the ends of FG nanobeams with different cross-sectional shapes. Some comparisons with the results available in literature are

In view of the numerical results obtained in the present work, the following conclusions may be formulated:
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Fig. 17. Comparison between SSDM and SDM non-dimensional transverse displacements of a Clamped-Pinned (C-P) FG nanobeam with a rect-
angular cross-section setting k € {0, 1, 2,3} and A.= 0.3.

- as expected, when the effects of surface energy are neglected, the results obtained with the proposed approach (SSDM) always
coincide with those provided by the SDM model;

- as the nonlocal parameter increases, a stiffening nonlocal behavior has been observed, with and without surface effects, both for
rectangular and circular cross-sections, no matter what ends conditions are considered;

- when the material gradient index increases, the bending response obtained by employing the SDM formulation is always char-
acterized by a softening trend; the modified static boundary conditions introduced in the proposed model (SSDM) to incorporate
surface energy effects determine a more general bending behavior depending on the coupled effects of the nonlocal parameter and
the material gradient index, as well as on the cross-sectional shapes.
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In conclusion, the results have highlighted that the proposed model is suitable for studying surface energy effects on the overall
bending behavior of functionally graded Bernoulli-Euler nanobeams with different cross-sectional shaped and represents a reference

point for engineering and researchers involved in the design of nano-scaled structures such as nano electromechanical systems and
biosensors.
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