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A B S T R A C T

This work studies the properties of compression solitary waves propagating through one-dimensional mass–
spring lattices, whose unit cells show an interaction law mimicking that of a truncated tensegrity octahedron.
Analytic methods based on the Weierstrass criterion for compact solitary waves, and the long wave approxi-
mation theory are employed to demonstrate that the analyzed systems support compression solitary waves in a
suitable range of wave speeds. These systems exhibit an initially soft response, which progressively turns into
an elastically hardening behavior ending with a linear branch in the pre-buckling regime of the units cells.
Explicit formulae are given for the lower and upper bounds of the wave speed interval that produce compact
solitary waves, together with analytic laws of the shape of the traveling wave. Numerical simulations provide
a validation of the presented theory.
1. Introduction

Tensegrity systems are lightweight structures formed by a contin-
uous network of tensile members (cables) connected to compressive
members (bars). The stiffness of these structures is strongly influenced
by the presence of internal or external prestress, being therefore ex-
ceptionally tunable [1]. For these reasons, tensegrity structures have
shown to be an interesting option in constructing metamaterials. Meta-
materials can be defined as artificially structured lattices of unit cells
exhibiting unconventional mechanical properties that are not neces-
sarily present on the unit cell itself and are mainly due to their
particular structural arrangement [2–5]. These properties can include,
among others, the presence of frequency bandgaps, unusual responses
to stresses and strains, and negative material properties. The use of
tensegrity modules as metamaterials’ units has led to interesting results
such as the tunability of the frequency bandgaps, and the presence
of localized solitary waves [6–12]. A special role is held by truncated
octahedron tensegrity units [13,14], which have been tessellated into
multi-dimensional lattices to form systems that exhibit a tunable prop-
agation of linear and shear waves, via a change of prestress variables
and by accounting for bar buckling [10]. A peculiar aspect of the
geometry of a truncated octahedron is that it enables the tessellation
of three-dimensional lattices, a feature with potential avenues in the
field of mechanical metamaterials [13,15]. It is also possible to design
truncated octahedron tensegrities such that they can be compressed to
an almost flat state without any failure of their members, storing an
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important amount of energy in the meantime, which led to conceptual
studies for using them as planetary landers [16,17].

This work studies the propagation of compression solitary waves
in one-dimensional lattices formed by chains of truncated octahedron
tensegrities loaded in compression, which are alternated with lumped
masses. The attention is focused on the pre-buckling regime of the unit
cell, which allows for the modeling a nonlinear elastic response of the
system. The articulated nature of the force vs. displacement response
in compression of a truncated octahedron [18] makes it impossible
to obtain straightforward analytic results for the wave propagation
response exhibited by the systems examined in the present work. The
use of a ‘tensegrity-like’ potential, which retains the main features of
the real potential of the unit cell, has proved to be a good option to
perform such a study successfully, with reference to chains of tensegrity
prisms [6]. The present paper extends this approach to mass–spring
chains that employ truncated octahedron building blocks, whose force
vs. displacement response has been shown to exhibit an initial soft-
response, followed by a hardening branch that progressively turns
into a linear branch, for increasing values of the axial displacement,
before bars’ buckling occurs [18]. The main difference between the
mechanical behaviors of the truncated octahedron tensegrity and the
tensegrity prism with rigid bases, studied in [6], lies in the fact that
the tensegrity octahedron can be compressed until it reaches an almost
flat configuration, while the tensegrity prism with rigid bases tends
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Fig. 1. One-dimensional chain (a) formed by lumped masses and truncated octahedron tensegrity units (b).
to achieve a locking configuration with tangent stiffness tending to
infinity, as the bars start touching each other under increasing values of
the compression displacement. However, both these systems exhibit an
elastically hardening behavior, in appropriate displacement ranges, and
therefore we expect that a chain of truncated octahedron tensegrities
also supports the propagation of compression solitary waves, as the
chains of tensegrity prisms studied in [6,7,19–21] .

The results presented in this study reveal that chains of tensegrity
octahedrons support the propagation of compression solitary waves
within a given range of wave speeds, that is, the existence of a min-
imum value (𝑣𝑚𝑖𝑛) and a maximum value (𝑣𝑚𝑎𝑥) of the wave speed
that produce the formation of such pulses. Due to the tunability of the
potential of the examined unit cells, we also show that it is possible
to finely adjust the values of 𝑣𝑚𝑖𝑛 and 𝑣𝑚𝑎𝑥, which proves to be useful
for the design of novel acoustic materials with tunable wave-focusing
capabilities [22–25]. The structure of the paper is as follows. Section 2
gives a brief description of the geometry, topology and mechanical
response in compression of a truncated tensegrity octahedron. Section 3
presents a nonlinear tensegrity-like potential that is able to capture
the main features of such a response. Section 4.1 analyzes the quasi-
continuum limit of the equations of motion of the mass–spring chains
under examination, when equipped with the tensegrity-like potential.
The proof of existence of solitary waves in such systems, and their
localization properties are discussed in Section 4.2. Section 5 illustrates
numerical simulations that provide a validation of the theoretically
predictions of Section 4. Finally, Section 6 presents concluding remarks
and directions for future research.

2. Mechanical response in compression of an octahedron unit

Let us analyze the one dimensional chain of truncated octahedron
tensegrity units alternated with lumped masses, which is shown in
Fig. 1(a). The present section analyzes the mechanical response of
the unit cell of this system, in presence of an uniaxial compression
loading condition that is generated by a dynamic perturbation. We
adopt a static approach to the constitutive equation of the unit cell,
since we assume that the characteristic time of the wave propagation
problem generated by the dynamic loading is significantly larger than
the fundamental vibration period of the unit cell [20]. The cables of
the structure are modeled as linear elastic springs that respond only
in tension. As for the bars, they are also modeled as linear elastic
2

springs, up to the displacement corresponding to their Euler’s critical
load, after which the force they generate is kept constant. The state of
the structure is represented by the positions of the bars’ ends, referred
as nodes. Since there are 24 nodes in total, the unconstrained structure
has 72 degrees of freedom. Within the present section, we numerically
study the response of the unit cell up to the post-buckling regime of the
bars, for completeness. The wave propagation problem analyzed in the
following sections will instead be focused on the pre-buckling regime,
as anticipated [14].

Starting from the stress-free configuration, the compression of the
unit is simulated by imposing given vertical displacements to the
four nodes of the top face, while the vertical displacements of the
four nodes of the bottom face are constrained to zero. The horizontal
displacements of both top and bottom nodes are unconstrained since
we assume that the units are in frictionless contact with the lumped
masses which free to move only along the vertical axis of the chain
without rotating, thus not transmitting any bending or twisting moment
(see [6] and references therein). The vertical displacements of the top
nodes are assigned equal to each other into incremental steps. For each
step, we let 𝑢 denote the current value of such displacements (positive
in compression), and we use the symbol 𝐹𝑜𝑐𝑡 to denote the magnitude
of the overall compression forces acting on the top and bottom bases
The incremental equilibrium problem of the unit cell is here briefly
summarized.

Let ℎ0 be the height of the undeformed tensegrity unit cell at
equilibrium. The quasi-static response of the unit cell in compression
is determined by varying 𝑢 from 0 to 𝜖ℎ0 in fixed increments, where
0 < 𝜖 < 1 is set such that buckling of the bars is reached, and by
finding an equilibrium configuration of the unit cell at each step. Once
the equilibrium position for a prescribed 𝑢 is found, 𝐹𝑜𝑐𝑡 is set to the
sum of the vertical forces at the nodes of the top face.

The equilibrium configuration of the structure at each step is found
by solving the above incremental problem through a conjugate gra-
dient descent method with a line search and a Polak–Ribière update
rule [26].

At the start of each new loading step, a preconditioning phase of
the displacements of the unconstrained nodes is performed, through the
following procedure. If an unconstrained node achieves a given vertical
displacement 𝑣 at equilibrium under the global constraint 𝑢 = 𝑢1, we
initialize its vertical displacement to 𝑣×(𝑢2∕𝑢1) in correspondence to the
next loading step, assuming that the global displacement constraint has
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Fig. 2. 𝑉𝑜𝑐𝑡 vs. 𝑢 (a) 𝐹𝑜𝑐𝑡 vs. 𝑢 (b) and 𝑘𝑜𝑐𝑡 vs. 𝑢 (c) responses of truncated octahedrons equipped with the properties listed in Table 1. The blue curves are exhibited by a truncated
ctahedron with circular bars showing diameter 𝑑𝑏𝑎𝑟 = 0.03078 mm (unit # 1), while the red curves pertain to a unit with 𝑑𝑏𝑎𝑟 = 0.02676 mm (unit # 2). (For interpretation of the
eferences to color in this figure legend, the reader is referred to the web version of this article.)
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een changed to 𝑢 = 𝑢2. While this preconditioning phase is not strictly
ecessary, it was numerically observed that it leads to a significant
eduction of the convergence time.

To account for the buckling of the bar, the force resulting from a
hange in their length is modeled with a piecewise linear function,
efined in (1). Given the bars’ length at rest 𝑙0, cross-section radius
, and Young’s modulus 𝐸, the compressive force resulting from a
eformed length 𝑙 is given by

bar(𝑙) ∶=
{

𝜅(𝑙0 − 𝑙) if 𝑙 > 𝑙cr
𝑃cr if 𝑙 ≤ 𝑙cr

, (1)

here 𝜅 ∶= 𝐸𝜋𝑟2

𝑙0
is the pre-buckling stiffness of the bars, 𝑃cr ∶=

𝜋3𝐸𝑟4

4𝑙20
their Euler’s critical load, and 𝑙cr ∶= 𝑙0 − 𝑃cr

𝜅 their length at
uckling. The adoption of the Euler buckling theory, which assumes
he inextensibility of compressed members, is justified by the fact that
3

s

the initial length of the bars 𝑙0 is rather close to 𝑙𝑐𝑟. One indeed notes
from the data shown in Table 1 that it results in: (𝑙0 − 𝑙cr)∕𝑙0 < 10−4.

Fig. 2 illustrates the 𝐹𝑜𝑐𝑡 vs. 𝑢 and 𝑘𝑜𝑐𝑡 = 𝑑𝐹𝑜𝑐𝑡∕𝑑𝑢 vs. 𝑢 responses of
wo different micro-scale unit cells, whose geometric and mechanical
roperties are listed in Table 1. The difference between these two units
esides in the bars’ length and diameter, which are chosen such that
he compression forces in the bars in the pre-stressed, unconstrained
tate are the same for both units (resulting in the same equilibrium
onfiguration and height) and such that buckling of the bars occurs
t different compression rates of the unit. In Table 1, a distinction is
ade between two categories of cables, i.e. ‘‘Truncating cables’’ and

‘Remaining cable’’, shown in Fig. 1(b). Each category corresponds
o cables that are equivalent with respect to the symmetries of the
ncompressed truncated octahedron cell. This distinction is necessary
hen specifying the pre-strains of the cables, since they are not the
ame for both categories despite the fact that all cables are identical.
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Table 1
Geometric and mechanical properties of two micro-scale
octahedral units analyzed in the present study.
Initial height (ℎ0) 5.407 mm
Cables’ diameter 0.056 mm
Cables’ Young modulus 5.48 GPa
Remaining cables’ pre-strain 0.152%
Truncating cables’ pre-strain 0.139%
Bars’ Young modulus 120 GPa
Bars’ rest length for Unit #1 5.1194 mm
Bars’ rest length for Unit #2 5.1196 mm
Bars’ diameter for Unit #1 0.03078 mm
Bars’ diameter for Unit #2 0.02676 mm

We consider micro-scale units with the aim of forming centimeter-
cale chains that can be usefully employed in technical applications
23]. The results illustrated in Fig. 2 show that the analyzed units
xhibit a force vs. displacement response characterized by a marked
tiffening behavior for small values of 𝑢. We observe, indeed, that the

slope 𝑘𝑜𝑐𝑡 of the 𝐹𝑜𝑐𝑡 vs. 𝑢 curve (i.e., the tangent axial stiffness of the
octahedron unit) initially assumes a small value (soft-response), and
next progressively increases, for growing values of 𝑢 (Fig. 2(b)). We also
note that 𝑘𝑜𝑐𝑡 for 𝑢 = 0 is not zero due to the applied prestress [13].
The stiffening behavior under examination gets gradually weaker for
larger values of 𝑢. Fig. 2 shows indeed that 𝑘𝑜𝑐𝑡(𝑢) tends to converge
to a plateau branch towards the end of the pre-buckling regime. The
buckling of the bars occurs when 𝑢 assumes a critical value 𝑢𝑏𝑢𝑐𝑘, and
we note that it results in 𝑢𝑏𝑢𝑐𝑘 = 0.34 ℎ0 for unit #2 (blue curve) and
𝑢𝑏𝑢𝑐𝑘 = 0.24 ℎ0 for unit #1 (red curve).

3. A tensegrity-like potential for the truncated octahedron

This section is aimed at formulating an analytic expression of the
potential of a ‘tensegrity-like’ spring, which suitably mimics the me-
chanical response illustrated in the previous section, with reference
to the pre-buckling regime. Let ℎ denote the height of the truncated
octahedron unit in the current (deformed) configuration, which is given
by ℎ = ℎ0 − 𝑢, where 𝑢 is the axial displacement defined as in the
previous section (positive downward). It is convenient to introduce the
height of the unit that marks the first achievement of a buckling event
in the bars, that is, the quantity ℎ𝑏𝑢𝑐𝑘 = ℎ0−𝑢𝑏𝑢𝑐𝑘, where 𝑢𝑏𝑢𝑐𝑘 is defined
as in Section 2. We now introduce a non-linear elastic mechanical
model defined by the following potential 𝑉

𝑉 (𝑢) = 𝛼1 𝑢
2 𝑢 + 𝛼2
𝑢 + 𝛼3

(2)

where 𝛼1 is a constitutive parameter with dimension of force divided
by length (i.e., the dimension of an axial stiffness coefficient), while
𝛼2 and 𝛼3 are constitutive parameters with dimensions of length. By
differentiating the potential defined by Eq. (2), we easily obtain the
axial force 𝐹 and the tangent axial stiffness 𝑘 of the model under
consideration, which are given by

𝐹 (𝑢) = 𝑑𝑉
𝑑𝑢

= −
𝛼1𝑢2(𝛼2 + 𝑢)
(𝛼3 + 𝑢)2

+
2𝛼1𝑢(𝛼2 + 𝑢)
𝛼3 + 𝑢

+
𝛼1𝑢2

𝛼3 + 𝑢
(3)

(𝑢) = 𝑑𝐹
𝑑𝑢

=
2𝛼1𝑢2(𝛼2 + 𝑢)
(𝛼3 + 𝑢)3

−
4𝛼1𝑢(𝛼2 + 𝑢)
(𝛼3 + 𝑢)2

+
2𝛼1(𝛼2 + 𝑢)
𝛼3 + 𝑢

−
2𝛼1𝑢2

(𝛼3 + 𝑢)2
+

4𝛼1𝑢
𝛼3 + 𝑢

(4)

Let the (initial) tangent stiffness for 𝑢 = 0 be denoted by 𝑘0, which,
rom Eq. (4), is given by

0 = 2
𝛼1𝛼2
𝛼3

. (5)

The potential given by Eq. (2) was chosen due to the fact that it
is able to mimic the main features of the response exhibited by an
octahedron tensegrity unit, namely an elastically-stiffening behavior
that gets gradually weaker for large values of 𝑢. It is worth observing
4

that 𝑘𝑜𝑐𝑡(𝑢) tends to converge to a positive value at the end of the pre-
buckling regime, and that, similarly, 𝑘(𝑢) given by Eq. (4) tends to an
horizontal asymptote 𝑘 = 𝑘𝑓 for 𝑢 → ∞, with 𝑘𝑓 given by

𝑘𝑓 = 2 𝛼1 =
𝛼3
𝛼2

𝑘0 (6)

The use of alternative potentials that are able to effectively capture
the response of truncated tensegrity octahedrons is addressed to future
work.

We will hereafter assume 𝑘0 > 0, as in the case of the prestressed
octahedron units analyzed in the previous section, and 𝑘𝑓 > 𝑘0, in order
to model a stiffening-type behavior. Eqs. (5) and (6) point out that such
assumptions are matched when 𝛼1 > 0, 𝛼2 > 0, and 0 < 𝛼2∕𝛼3 < 1. In
articular, a weakly stiffening response is modeled when the 𝛼3∕𝛼2 ratio

tends to 1. Figs. 3 graphically illustrate the 𝑉 vs. 𝑢, 𝐹 vs. 𝑢 and 𝑘 vs. 𝑢
laws, which are obtained using Eqs. (2)–(4) for selected values of the
constitutive parameters 𝛼1, 𝛼2 and 𝛼3.

We now introduce the dimensionless kinematic variable 𝜉 = 𝑢∕𝑢𝑏𝑢𝑐𝑘,
and we rewrite the potential (2) as follows

𝑉 (𝜉) = 𝑉 (𝑢(𝜉)) = 𝛼̂1 𝜉
2 𝜉 + 𝛼̂2
𝜉 + 𝛼̂3

. (7)

where

𝛼̂1 = 𝛼1 𝑢
2
𝑏𝑢𝑐𝑘, 𝛼̂2 =

𝛼2
𝑢𝑏𝑢𝑐𝑘

, 𝛼̂3 =
𝛼3
𝑢𝑏𝑢𝑐𝑘

(8)

It can be seen that the potential (7) well captures the main feature
of the response in compression of the truncated octahedron unit #1
analyzed in the previous section, that is, a stiffening response for small
values of 𝑢 that progressively tends to a linear response as 𝑢 increases.
Fig. 4 illustrate comparisons between the mechanical response of the
octahedron unit #1 and the ‘tensegrity-like’ response governed by the
potential (7), for best-fit values of the constitutive parameters. We
employed a set of 69 fitting points uniformly spaced along the 𝑢-axis for
∈ [0, 0.34ℎ], and we used the Mathematica function ‘FindFit’ with the
𝑜𝑐𝑡 data to obtain the following best fit parameters: 𝛼1 = 3181.65 N∕m,
2 = 9.0609 × 10−8 m and 𝛼3 = 1.4061 × 10−3 m. The results in Fig. 4

show a rather good qualitative matching between the tensegrity-like
response and that of the examined octahedron unit, up to 𝑢 = 𝑢𝑏𝑢𝑐𝑘. One
observes, in particular, that both such responses describe a stiffening-
type behavior progressively turning into a linear response. For the unit
#2 analyzed in Section 2, we obtained the fitting parameters 𝛼1 =
2779.06 N∕m, 𝛼2 = 1.6015 × 10−4 m and 𝛼3 = 1.5018 × 10−3 m. A
comparative plot between the mechanical response of unit #2 and the
fitted ‘tensegrity-like’ is not shown here for brevity. The modeling of the
buckling- and post-buckling behaviors of octahedron units is beyond
the scope of the present study.

4. Wave propagation problem

4.1. Quasi-continuum limit of the equations of motion

The present section is devoted to the computation of the quasi-
continuum limit of a tensegrity-like mass–spring chain loaded in the
dynamic regime. We analyze a chain composed of infinitely many units
and we let 𝑢𝑖−1, 𝑢𝑖 and 𝑢𝑖+1 denote the displacements exhibited by the
masses 𝑖 − 1, 𝑖 and 𝑖 + 1, respectively. The equation of motion of the
𝑖-the mass in the longitudinal direction is written as follows

𝑚𝑢̈𝑖 = 𝑉𝑢
(

𝑢𝑖−1 − 𝑢𝑖
)

− 𝑉𝑢
(

𝑢𝑖 − 𝑢𝑖+1
)

(9)

By introducing a longitudinal coordinate 𝑥 along the axis of the
chain, we begin by writing the displacement of the 𝑖th mass as the
realization of a continuous function 𝑢(𝑥, 𝑡) in correspondence to the
current time 𝑡 and the position 𝑥𝑖 of such a mass in the configura-
tion at time zero (i.e., 𝑢𝑖 = 𝑢(𝑥, 𝑡)). By using a discrete-to-continuum
approach similar to those presented in [27–29], we next employ fourth-
order Taylor series expansions for 𝑉

(

𝑢 − 𝑢
)

and 𝑉
(

𝑢 − 𝑢
)

in
𝑢 𝑖−1 𝑖 𝑢 𝑖 𝑖+1
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Eq. (9). After standard manipulations, we finally get to the following
Boussinesq equation [27]

𝑢𝑡𝑡 =
ℎ02

𝑚
[

𝑉𝑢
]

𝑥𝑥 + 𝛾𝑢𝑥𝑥𝑥𝑥 (10)

where we have set

𝛾 =
ℎ04 (𝑘∗)
12 𝑚

. (11)

ith 𝑘∗ corresponding to the stiffness the unit cell presents on the wave
eak. It is useful to introduce the following modified potential, which
s a function of the dimensionless variable 𝜉 introduced in the previous
ection

̃ (𝜉) =
𝑉 (𝜉)ℎ02

(𝑚𝑢2𝑏𝑢𝑐𝑘)
= 𝛼̃1 𝜉

2 𝛼̃2 + 𝜉
𝛼̃3 + 𝜉

, (12)

ith

𝛼̃1 =
𝛼̂1ℎ02

2
=
𝛼1ℎ02 ; 𝛼̃2 = 𝛼̂2; 𝛼̃3 = 𝛼̂3 (13)
5

𝑚𝑢𝑏𝑢𝑐𝑘 𝑚
y writing Eq. (10) in function of 𝜉 and making use of Eq. (12), we
btain the differential equation

𝑡𝑡 =
[

𝑉𝜉
]

𝑥𝑥 + 𝛾𝜉𝑥𝑥𝑥𝑥 (14)

Let us now consider a 𝜉-wave traveling with speed 𝑣, with 𝜉 ≥ 0
(compression wave). By writing the traveling pulse as 𝜉 = 𝜙(𝑥 − 𝑣𝑡),
where 𝜙 is a nonnegative scalar function to be determined, and setting
𝑧 = 𝑥 − 𝑣𝑡, we rewrite Eq. (14) as follows:

𝑣2𝜙′′ =
[

𝑉𝜙
]′′ + 𝛾𝜙′′′′, (15)

having used the prime notation for the differentiation with respect to 𝑧.
A double integration of this equation with respect to 𝑧, and the use of
asymptotic boundary conditions to eliminate the integration constants,
leads us to transform Eq. (15) into the following form

𝛾𝜙′′ = 𝑣2𝜙 −
[

𝑉𝜙
]

. (16)

This equation is identical to Eq.(3.5) obtained in [6] for a different,

tensegrity-like mass–spring chain. Multiplying both sides of Eq. (16)
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y 𝜙′ and performing another integration with respect to 𝑧, we obtain

= 𝑣2𝜙2 − 2𝑉 + 𝐶, (17)

here 𝐶 is an integration constant, and we have set

= 𝛾 𝜙′2. (18)

ince 𝛾 is a positive quantity (see Eq. (11), and due to the assumptions
ntroduced in the previous section, it is worth nothing that it results in
≥ 0 for any 𝜙.

.2. Existence and properties of solitary waves

We here follow the approach presented in [6] to develop a Weier-
trass discussion of the solutions of Eq. (17). The drop boundary
ondition 𝐶 = 0 is introduced into Eq. (17), in order to ensure that
he energy disturbance generated by the wave propagation vanishes
t a point infinitely distant from the core of the pulse. Using such an
ssumption and Eq. (12), we deduce from Eq. (17), the following result

= 𝜙2
[

𝑣2 − 2 𝛼̃1
𝛼̃2 + 𝜙
𝛼̃3 + 𝜙

]

. (19)

ccording to Weierstrass’s theory, the existence of solitary pulses is
elated to the existence of two asymptotic points surrounding an in-
ersion point of 𝜙 [30,31]. One observes that 𝜙′ = 0 at such points,
mplying that they are zero points of  . By inspecting Eq. (19), we note
hat the points where 𝜙 = 0 are zero points of order two for  , which
eans that they are asymptotic points of the wave profile (cf. Eq. (18)).

et now 𝜙 approach zero. It can be seen from Eq. (19) that  ≥ 0 at
his limit condition if and only if the wave speed 𝑣 is greater than the
6

t

inimum value

𝑚𝑖𝑛 =

√

2𝛼̃1
𝛼̃2
𝛼̃3

= 𝑐0, (20)

where 𝑐0 = ℎ0
√

𝑘0
𝑚 denotes the speed of sound of the linearized system

in the long wavelength limit [32]. For 𝑣 = 𝑣𝑚𝑖𝑛 the continuous system
responds in the linear regime and the mechanical waves propagate with
the speed of sound. An inversion point (coinciding with the wave peak)
is instead found for 𝜙 = 𝜙∗ ∈ ]0, 1], where

𝜙∗ =
𝛼̃3𝑣2 − 2𝛼̃1𝛼̃2
2𝛼̃1 − 𝑣2

. (21)

One indeed observes from (19) that such a point is a zero of order
ne for  . With the value of the wave peak, one can now find the value
f 𝑘∗ on Eq. (11), by setting 𝑘∗ = 𝑘(𝑢𝑏𝑢𝑐𝑘 𝜙∗) on Eq. (4).

By setting 𝜙 = 𝜙∗ = 1 into Eq. (21), we obtain the following
maximum value 𝑣𝑚𝑎𝑥 of the wave speed that guarantees the formation
of the solitary pulse:

𝑣𝑚𝑎𝑥 =

√

2𝛼̃1
1 + 𝛼̃2
1 + 𝛼̃3

. (22)

Since by definition, 𝜉 = 1 for 𝑣 = 𝑣𝑚𝑎𝑥, we conclude that the bars
of the chain reach a buckling condition when the system is crossed
by a solitary wave traveling with such a speed, justifying the name
of maximum velocity that we have given to the quantity defined by
Eq. (22). Eqs. (20) and (22) highlight that the inequality 𝛼̃2 < 𝛼̃3 must
be satisfied in order to have 𝑣𝑚𝑖𝑛 < 𝑣𝑚𝑎𝑥. We observe that this inequality
is a consequence of the positiveness of 𝛼3 and of the assumption 0 <
𝛼2∕𝛼3 < 1 of Section 3 (which also implies 0 < 𝛼2∕𝛼3 < 1, cf.
qs. (8)–(13)) that was made to model a hardening-type response of

he tensegrity-like chain.
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Fig. 6. Solitary pulse profiles computed for different wave speeds and the properties of unit #1.
Fig. 5 illustrates the variation of the quantity 𝑣𝑚𝑎𝑥∕𝑣𝑚𝑖𝑛 with the
ratio 𝛼̃3∕𝛼̃2, in correspondence to different values of 𝛼̃3. We observe that
𝑣𝑚𝑖𝑛 tends to reach 𝑣𝑚𝑎𝑥 when 𝛼̃3∕𝛼̃2 tends to 1 (for any examined value
of 𝛼̃3), as we already observed. On the other hand, the plots in Fig. 5
show that the quantity 𝑣𝑚𝑎𝑥∕𝑣𝑚𝑖𝑛 increases as 𝛼̃3 decreases, for any given
value of 𝛼̃3∕𝛼̃2. The absolute maximum value of 𝑣𝑚𝑎𝑥 is reached when
𝛼̃2 < 𝛼̃3 ≪ 1, i.e., when 𝑢𝑏𝑢𝑐𝑘 tends to infinity (no bars buckling, cf.
qs. (8)–(13))). We let 𝑣𝑙𝑖𝑚 denote such a limit value of 𝑣𝑚𝑎𝑥, which is

given by

𝑣𝑙𝑖𝑚 =
√

2𝛼̃1 (23)

mplying

𝑣𝑙𝑖𝑚
𝑣𝑚𝑖𝑛

=

√

𝛼̃3
𝛼̃2

=

√

𝑘𝑓
𝑘0
. (24)

We now move on to determine the shape of the solitary pulse,
y introducing the inverse function 𝑓 = ±𝑧. Since Eq. (18) implies
𝑑𝜙
𝑑𝑧 =

√


𝛾 , one can write

∶=
√

𝛾
𝑑𝜙 = ±𝑧 (25)
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∫ 
that results in

𝑓 = 2
√

𝛾
𝜓 tan−1

(

𝜒
𝜌

)

− 𝜌 tan−1
(

𝜒
𝜓

)

𝜓𝜌
(26)

where

𝜒 =

√

𝑣2 − 2𝛼̃1
𝜙 + 𝛼̃2
𝜙 + 𝛼̃3

, 𝜌 =
√

𝑐02 − 𝑣2, 𝜓 =
√

𝑣𝑙𝑖𝑚2 − 𝑣2

(27)

Once one obtains the plot of the function 𝑓 (𝜙), through Eq. (26), one
can switch the axes of this graph in order to obtain the plot of the shape
of the pulse 𝜙(𝑓 ). Fig. 6 illustrates the pulse profiles that have been
obtained through such a procedure, considering different wave speeds
ranging between 𝑣𝑚𝑖𝑛 = 0.077422 m∕s and 𝑣𝑚𝑎𝑥 = 7.2601 m∕s, with the
fitted potential of unit # 1 and 𝑚 = 2 g. In this plot, we set 𝛥𝑣 = 𝑣𝑚𝑎𝑥 −
𝑣𝑚𝑖𝑛 and we scaled 𝑓 by dividing such quantity by the initial height of
the unit ℎ0 (in the discrete system). The dimensionless quantity 𝑓∕ℎ0
gives the number of lattice spaces embraced by the solitary pulse, when
passing to the continuum limit. We observe from Fig. 6 that the wave
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Fig. 7. Longitudinal displacement along the chain with 100 units for 𝑣 = 𝑣𝑚𝑎𝑥, using
the 𝐹𝑛𝑡𝑙 model.

width does not change significantly in correspondence to the examined
values of the wave speed, while the height of the 𝜉-pulse varies from
zero to one. Such a result significantly differs from those presented
in Ref. [6], where instead a strong localization behavior of the strain
pulses was observed for increasing values of the wave speed.

5. Numerical simulations

The present section is aimed at validating the theoretical results
of Section 4 via numerical simulations of the wave dynamics of two
different chains made of tensegrity-like units. All units in a chain are
modeled as identical nonlinear, one-dimensional springs, and identical
masses are placed between each pair of adjacent springs and at both
ends of the chain. The difference between the two types of studied
chains resides in the nonlinear force function of the springs used during
simulations. Hereafter, we use the label 𝐹𝑛𝑡𝑙 to refer to the numerical
implementation of the tensegrity-like model, which makes use of the
fitting parameters 𝛼 , 𝛼 and 𝛼 listed in Section 3 for unit #1, and we
8

1 2 3
employ the label 𝐹𝑜𝑐𝑡 to denote the mechanical model of the truncated
tensegrity octahedron introduced in Section 2. Finally, we label the
analytic formulation of the tensegrity-like model defined by Eq. (3)
with the symbol 𝐹 .

The examined chains are composed of 𝑛 masses and 𝑛 − 1 units,
and exhibit a mass 𝑚 = 2 g. The equations of motions of the resulting
𝑛-dimensional system, obtained by substituting the appropriate force
function in Eq. (2), is written

𝑈̈ = 1
𝑚
𝑭 (𝑈 ) , (28)

where 𝑈 is the vector of displacements of the chain’s masses, and 𝑭 (𝑈 )
the vector of forces applied at these masses. The chain is therefore
modeled as a second-order system of mass and springs in series.

At 𝑡 = 0, the springs’ displacements and the initial velocities of
the masses are set to zero, except for the first mass, which is given
a positive velocity to initiate the wave propagation. For 𝑡 > 0, the
state of the system is determined by solving the ODE Eq. (28) via
the Matlab function ‘ode45’, which is based on the Dormand–Prince
pair, an explicit fifth-order Runge–Kutta method [33,34]. This method
uses an adaptive time step, which we bounded from above by 1

100
𝑘(0)
𝑚

via the function’s options, where 𝑘(0) is the stiffness of the considered
nonlinear spring at zero displacement.

We report the results obtained with both nonlinear springs types for
a chain with 𝑛 = 100 and compare them to the theoretical predictions
from the analytical tensegrity-like potential. We first show in Fig. 7 the
behavior of the longitudinal displacement through the 100 units when a
pulse is passing through the 49th spring. This Figure was obtained using
the 𝐹𝑛𝑡𝑙 model and 𝑣 = 𝑣𝑚𝑎𝑥. In Fig. 8(a,b), one can see two solitary
waves found in the domain 𝜙 ∈ ]0, 1] with the 𝐹𝑛𝑡𝑙 model. The pulses
are represented on the instants they pass through the 49th and 51st
Fig. 8. Numerical solitary waves determined with the 𝐹𝑛𝑡𝑙 (a,b) and 𝐹𝑜𝑐𝑡 (c,d) models passing through the 49th and 51st springs.
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Fig. 9. Analytical (𝐹 ) and numerical (𝐹𝑛𝑡𝑙 , 𝐹𝑜𝑐𝑡) pulses for 𝜙∗ = 1 (a) and 𝜙∗ = 0.23 (b).
springs, defined as the respective times for which the displacements of
these springs are maximized. Their speeds are found by dividing 2ℎ0 by
the time that it takes for the wave to travel from the 49th to the 51st
springs. In Fig. 8(a), a pulse with 𝑣 = 7.3532 m∕s and amplitude 𝜙∗ = 1
is represented at the times 𝑡 = 0.036255 and 𝑡 = 0.037726. In Fig. 8(b),
a pulse with 𝑣 = 4.7596 m∕s and amplitude 𝜙∗ = 0.23 is represented
at the times 𝑡 = 0.055841 and 𝑡 = 0.058113. By using the numerical
values of 𝜙∗ = 1 and 𝜙∗ = 0.23 in Eq. (21), one can find the values
𝑣 = 𝑣𝑚𝑎𝑥 = 7.2601 m∕s and 𝑣 = 4.6082 m∕s, respectively, showing a good
match of the relation between the wave speed and wave amplitude
found numerically and analytically with the adopted tensegrity-like
potential. It is also important to point out that the minimum speed
found by the numerical simulations with the 𝐹𝑛𝑡𝑙 model was equal to
0.073321 m∕s = 0.95 𝑣𝑚𝑖𝑛 (Eq. (20)). Moreover, when the domain of 𝑢
was not restricted until the buckling point, it was possible to find wave
solutions with 𝜙∗ > 1 with speeds up to 9.1641 m/s that corresponds to
97% of the ideal maximum 𝑣𝑙𝑖𝑚 = 9.6446 m∕s (Eq. (23)), also validating
the analytical speed range.

By using a similar approach, we determined the wave speeds ob-
tained with the 𝐹𝑜𝑐𝑡 model, with their results being shown in Figs. 8(c)
and 8(d). For 𝜙∗ = 1, we found 𝑣 = 7.3532 m∕s, which corresponds to
an error that is smaller than 0.01% compared with the numerical speed
obtained with 𝐹𝑛𝑡𝑙. For 𝜙∗ = 0.23, the computed wave speed is 𝑣 =
5.5067 m∕s, which results in an error of approximately 16% compared
with the wave speeds found previously for 𝜙∗ = 0.23. This shows that
adopting the tensegrity-like potential only results in a modest loss of
9

accuracy concerning the determination of the wave speeds, especially
for higher values of 𝜙∗. The loss of accuracy for smaller values of 𝜙∗ is
explained by the fact that the tensegrity-like model better fits the force
and potential laws of the real tensegrity unit for large values of 𝑢 (see
Fig. 4). We address an improvement of the fitting procedure presented
in this work, which employs two different fitting models for small and
large values of 𝑢, to future work.

Fig. 9 shows a comparison between the numerical pulses obtained
with 𝐹𝑜𝑐𝑡 and 𝐹𝑛𝑡𝑙 represented in Fig. 8, and their analytical corre-
spondents for the same 𝜙∗. For 𝐹𝑛𝑡𝑙, the pulse width does not vary
significantly for the different wave speeds, as observed analytically
in Section 4. For 𝜙∗ = 1, one can notice a good match between
the results when overlapping the pulses found with the three models.
For 𝜙∗ = 0.23, there is a very good match between the analytical
pulse and the numerical 𝐹𝑛𝑡𝑙. When using the 𝐹𝑜𝑐𝑡 model, the solitary
wave affects more units for 𝜙∗ = 0.23, resulting in a wider pulse.
These results suggest that although the proposed tensegrity-like model
gives good results when analyzing the propagation of solitary waves in
truncated octahedron tensegrity chains, it presents a higher accuracy
when considering higher values of 𝜙∗.

6. Concluding remarks

This work investigated the existence and the properties of compres-
sion solitary waves propagating through one-dimensional tensegrity-
like mass–spring chains, whose units exhibit a mechanical response
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similar to that exhibited by truncated octahedrons [13,14,16,17]. Such
a response features an initially soft-response followed by a harden-
ing behavior that ends with a linear branch, in correspondence to
the pre-buckling regime. The existence of compression solitary waves
was demonstrated analytically by using Weierstrass’s theory of one-
dimensional Lagrangian systems, and a suitable range of wave speeds
has been shown to support the propagation of compression solitary
waves.

An analytical law for the shape of the pulses has been derived in
implicit form. Numerical simulations using the tensegrity-like model
and the real force vs. displacement response of the analyzed chains
highlighted the accuracy of the analytic results and provided their
validation. The tensegrity-like numerical simulations indeed confirmed
the validity of the analytic results found for the wave speed ranges
that support solitary waves, and the shape of the propagating pulses.
A very good matching was observed between the simulations corre-
sponding to the true tensegrity force vs. displacement response and the
tensegrity-like model, in the case of pulses featuring high amplitudes.

We address an analytical study on the post-buckling behavior of
the tensegrity octahedron to future work. Additional lines of future
research include an extension of the Weierstrass’s approach presented
in this work to two- and three-dimensional metamaterials equipped
with a variety of tensegrity units with non-linear response [35–37], as
well as studies on the stability properties of solitary waves propagating
through tensegrity mass–spring lattices [38,39].
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