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Abstract. This paper reviews the similarities in the behavior of unstable particles and
oscillating neutrinos using perturbation theory within the interaction picture of quantum field
theory. We begin by examining how decaying systems are studied in the interaction picture
and then demonstrate how similar calculations can be performed to determine the transition
probabilities for flavor oscillations. Notably, the expressions for neutrino oscillations and particle
decays are identical in the short-time range. Furthermore, we show that the flavor oscillation
formula derived through this method matches, within the adopted approximation, the one
obtained using the flavor Fock space approach.

1. Introduction

Some of our previous work highlighted the connection between unstable particles and oscillating
neutrinos [1, 2, 3, 4]. The key ingredient in both cases is the time-energy uncertainty relation.
This uncertainty plays a crucial role in both the decay of unstable particles and the way neutrinos
change flavors as they travel. In the case of unstable particles, the uncertainty in time is directly
related to their lifetime [5]. For neutrinos, it is connected to their oscillation length. It is
interesting to note that the so-called external wave-packet approach [6], which treats neutrinos
as internal lines of macroscopic Feynman diagrams, also has its roots in the study of unstable
particles [7].

Building on these ideas, our recent work [8] explored how perturbation theory in the
interaction picture within quantum field theory (QFT) can be used to describe flavor oscillations.
This approach offers a fresh perspective by treating the part of the theory responsible for flavor
mixing as an interaction between different neutrino flavors. We performed calculations for both
bosons and fermions in various spacetime dimensions (0+1 and 341). Remarkably, the flavor
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transition and survival probabilities we obtained coincide with that computed in the flavor Fock
space approach to neutrino mixing and oscillations in QFT [9, 10, 11, 12].

In the present work, which can be viewed as a sort of second part of Ref. [2], we review some
main results of Ref. [8]. Before doing it, we review how the same machinery has been applied
to study decaying systems [13, 14], deriving the exponential decay law for large times and the
quantum Zeno effect for small times.

The paper is organized as follows. In Section 2, the treatment of unstable systems within
perturbation theory is briefly reviewed. Then, in Section 3, the interaction picture view of flavor
oscillations is also briefly presented. In particular we report the example of flavor transitions
between two-flavors for Dirac fields in (3+1)D. Finally, in Section 4 conclusions are presented.

2. Decay of unstable particles in the interaction picture
Suppose we want to describe a decay process. In the interaction (Dirac) picture, the Hamiltonian
can be decomposed as

H = Hy + H;y . (1)

If the decaying particle state at some time ¢t = 0 is described by the state |a), which is an
eigenstate of the free part of the Hamiltonian

H0|a> = Ea’a> ’ (2)
the survival amplitude can be written as
A = e Pl (a|U(t,0)]a), (3)

where the time evolution operator can be expressed by the Dyson series

U(t,0) = Texp [—z’ /0 tdth(m)] . (4)

Here 7T is the chronological product. Suppose that H;,; contains a coupling constant which
allows us to employ perturbative computations. Then we can expand the previous expression
up to the second order

t t t1
U(t,O) = 1- i/dtl Hmt(tl) — /dtl / dto [Hmt(tl) Himg(tg) 4+ ... (5)
0 0 0
Splitting the Hamiltonian so that the interaction term has no diagonal contributions
(a|Hintla) = 0, (6)

the first order contribution to the amplitude (3) erases. Then

) ) t t1
A = e-iBat _ o—iFat / dty / Aty (a| Hym (t1) Hona (t2)]) (M)
0 0

In order to further develop the second order piece, we can insert the resolution of the identity
in terms of final states

L= [|f){fl, Holf) = Eflf), (8)
and perform the time integrals, getting [14]

2 sin” (@0 L < 1 N sin [(Ey — Ea)ﬂ)

_ —iEat ) 1 _ , 2
A=c¢e 1 Z |(f|Hintla)| (Ef — E,)? E; - E, (Ef - Eq)?

f#a
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The survival probability is thus obtained taking the square P = |A|?

in2 (Ei=Ea
Po1-3 <fH>D<E(fE>t>
2

For an unstable system the final energy spectrum is continuous, so that the previous expression
has to be written as

(10)

2 (E—E
sin @t
P =1 fa8 o8 i 2D ()
(55)
where p(E) = >, 0(E — Ey) is the final density of states. When ¢ — oo, one can use that
i 2( E—Eq
limy o0 W = tnd(E — E,) getting
E-Ea
P=1-vt ~ e, (12)
where v is given by the Fermi golden rule
v = 27 p(Ea) |(Bal Hintla)| . (13)

Actually the previous reasoning has some important limitations. Firstly, to ensure the
vacuum stability, the energy must be bounded from below. Moreover, we took the t — oo
limit and then the short-time behavior could be drastically different from the exponential decay
law [13, 14, 15, 16, 17, 18] . In fact, taking the lower energy equal to zero and expanding Eq.(11)
around t =0

A 2
t

P17 /0 AE p(E) (| Hintlo)? = 1= =5 | (14)
Z

where A is an ultraviolet cut-off. 7z is the Zeno time and the Eq.(14) expresses the quantum Zeno
effect: because the decay probability is negligible at short-time, a quantum system frequently
observed soon after the production time never decays.

As an explicit example one can consider a superrenormalizable theory with

Hiw = /d?)x%int(x)a Hint = A(ﬁl(ﬂg) ¢2(l‘) 1/)(90)7 (15)

which describes the decay ¥ — ¢1 ¢o. If the initial ¢ state has an energy at rest £, = M, one
can compute [13, 14]

L s A—M 16

T2 16m2M ( ) (16)
Note that this expression diverges when the cut-off is removed (A — o0), thus 7z vanishes.
This is due to the local nature of the interaction. However, it does not mean that the decay
is exponential: as shown in Ref. [15], the first derivative of the survival probability vanishes,
implying that the Zeno mechanism is possible, even if the Zeno-time tends to zero. The main
difference is that a full resummation of one-loop diagrams is necessary to obtain a viable spectral
function [19], a feature that cannot be obtained if a perturbative calculation up to second order
-as the one outlined above- is implemented. Moreover, in certain physically interesting cases,
the parameter A is finite [14].
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3. Neutrino oscillations in the interaction picture
Let us consider the Hamiltonian density

H = Ho + Hint» (17)
with
Ho = > [P (i — mo) vo] (18)
o=e,l
Hint = Mey (peyu +vuye> ) (19)

which can be used to describe neutrino oscillations. In Ref. [8] we studied the time evolution
operator

ty
Uti,ty) = Texp [—z/ d*z : Hint () :] , (20)
t;
where :: indicates normal ordering. As in the previous section we will stop at the second order
n mey.
In the interaction picture v, (o = e, 1) can be expanded as

1 T ik-x
ol#) = = 3 [uhea(8) s + 00 (0871, | €, (21)
k,r

with uf (t) = e ®@kotql ol (1) = e“kelol wy, = y/|k|2+m2. The perturbative
vacuum is defined by

g 5|0) =0 = Bi [0) - (22)
Here the ladder operators satisfy the anticommutation relations
{Oéﬁ’p, asq‘to_} = 5kq6r55pa ) {Bli,m Z;ra-} = 6kq5r55pa- (23)

Then, one can compute H;,; as

Hint(t) = mew > D | B uBaledas Wa(t) + ol 8o W (1)

s,s'=1,2 p
B puads (1) +agl 87 (1) + e ol (24)
where we defined
Wot) = T us et (“hn—eme)t — J, eilepn—wpe)t (25)
Y (t) = w08 ekttt = v ilnitunt (26)

Their explicit expression is

- \/(wp,e+me> (wpyp + 170 <1_( p|? ) | @)

4wp,eWp Wp,e + Me)(Wp p + M)
Yp22 = —Ygl = b3 wpnu' + m:u + wpﬁ + Me ’ (28)
VAWwp ewp, Wp,e T Me Wp,u + My

* —1 +m Wpe+m
Y12 — Y21 — P1 tp2 wpvﬂ 14 + p,e € ] 29
= ) = i Ve e )
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Figure 1. Schematic representation of the different contributions. Left column: the transition
Ve into v, at first order; right: the corresponding second order diagrams, whose imaginary part
reduces to the contribution on the left. In particular: (i) The first diagram on the left is the
direct transition v. — v, see Eq. (33). This is the usual oscillation involving the difference of
the energies. (ii) The second diagram on the left corresponds to Eq. (38), which vanishes since
it needs to be subtracted. Namely, as the r.h.s. shows, this is a disconnected vacuum diagram.
(iii) The third diagram on the left corresponds to Eq.(43), which consists of a piece that needs
to be subtracted, and a piece that survives, see the two survival diagrams on the r.h.s. as well
as Eq. (44), in which the sum of energies enters.

A non-trivial process which contributes to flavor oscillation amplitude is (see Fig. 1, first row):
o) = Iien)s  Ipo) = aglsl0). (30)
The amplitude of this process reads, at the first order, as
ty
Agiﬂ(p, k,:t;, tf) ~ —z’mw&s&k,pwp /t dt ez(wk,u—wp’e)t

Wp

= Mey 5rs(5kp <ei(wpyu_wp,8)tf _ ei(wpyu_wp,e:)ti) P
’ Wk,e — Wk,

= 6rs(5k,p Ae—m(k;ti:tf) > (31)
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where W
~ m . . )
Aesu(pitisty) = — L2 (ez(wp,u—wp,atf _ ez(wp,u—wp,e)tz> . (32)
Wpe — Wpu

To compute the oscillation probability we must sum over the final density of states

Peou(PiA) = > AP, (P K ti tg)* = [Acspu(p,tis ty)?
k,s

= Wg ﬁ [1 — COS [(wp,u — Wp’e) At“ 5 At = tf — ;. (33)
p.e P,i

We refer to Fig. 2 for a numerical example of the probability of this process.

Pe—)u(pyAt)

0.4
0.3
0.2

0.1

L

L

l e At [evT]

10000 20000 30000 40000 50000

Figure 2. Plot of the function P._,,(p; At) of Eq. (33) as function of the time interval At for
the neutrino masses m. = 0.07 eV, m, = 0.1 eV, for the mixing parameter m,, = 0.01 eV, and
for the modulus of the three-momentum p = 10 eV.

A second non-trivial process which should be considered for the transition amplitude is (Fig.
1, second row)

Vo) = I

Up.e k27u> I (34)

ks.e

One finds that

ty ‘
AL (p7 ki, ko, k3; t, tf) ~ -1 Mey, Ylfjsg 6k17p6k2,—k3 57"31 / dt e_z(wk27ﬂ+wk27€)t
t;

e—eep
Y5253
_ —i + t —i - t; k
- _meﬂ 51"51 5k17p6k27_k3 (6 Z(wkz”u "sz,e) f— (& Z(wkz"u’ wkz,e) Z) m
2,€ 3,1
_ 15283 Lt
= Oky,pOks,—ks Ors; Aeaeﬁu(k% ti, tf) ) (35)
where —
~ m . .
A% (Kt ty) = —— K emi(@entene)ty _ omilwmutwie)ti) (36)
# Wk,e T Wk, p
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Pe—>ee [l(p’At)

1.x1076F

i

Figure 3. Plot of the function Pe_seen(p; At) of Eq. (44) as function of the time interval At for
the same parameters displaced in the caption of Fig. 2. The frequency of oscillations is much
larger but the intensity much smaller than those of Fig. 2.

We thus get
Peseen(@; A1) = D 3 AR (p kg ko kit )P = Y > AR (Kt )]
ki,ko k3 51,52,83 k S2,83
(37)
In the large-V limit we obtain
Bk (v At
Peoveen(Pi ) = V' / - ((w“”‘ * i) ) L)
(wie + Wk ) 2
S2,53 € M

This infrared divergent contribution only redefines the vacuum energy and must be subtracted
from the final result.
The last process to consider is (Fig. 1, third row)

Vhe) = M Vi) Vi) Ki# ke Vos1 # 8o, (39)

whose amplitude reads

At (b ka ko Kaitity) = Ok pOky ks Ors Ao (kai i, )

6k2 P6k1 —k3 57"52 ‘Ae—)ee,u,(kl; ti7 tf) . (40)
Here Angéeu(k tisty) = Aiﬁiw(k; ti,ty). Then, the probability of such process is given by the

expression

Pe%eeﬁ(pQ At = Z Z AZizifﬁ P, kl; k27 k3a ti: tf) |2
kl,kg,kg 51,52,83
= > JAEE kst )P Z AL (D3 tis )| (41)
k,s2,s3
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I “zﬂ![!ﬂ! N

Pe—m(p,At)’Pe»ee [I(p’At)

1.x1078

it

A o 4
Figure 4. Comparison between the functions P._,,(p; At) of Eq. (33) (blue, slowly growing)
and Pe_seen(p; At) of Eq. (44) (yellow, fast oscillating) for a short initial time interval.

Because the Pauli principle holds, the vacuum cannot carry contributions with k = p. Then we
isolate the contribution with k = p

Peseen(p; Al) = Z |AZ2—S>2e#(k tisty) | + Z |A22—8>3éeu piti,ly) | _EAzsjee” p; tiatf)|2

k#p,s2,53 52,83
- Z |‘AZ§Zeu k stiy tf | + Z |Agi”>eep, p;ti, tf)|2 : (42)
k#p,s2,83 53
For large-V
Pe—)eeu p) At 6—)66;1, k tl? tf | + Z |A£S—3)ee,u, p’ ti? tf)|2 N (43)

52,83

Therefore only the second piece gives a finite relevant contribution. The final result is

4m?2 Y2 At
Pe—)eeﬂ(p; At) — % SiIl2 ((WP,M + WP,E) ) ’ (44)
(Wp,e +wp,u) 2
where
*
Y= ) Y (15)
S
and

Yp — |p| wpvlJf + mN + wpae + Me , (46)
VAwp ewp 4, Wp,e T Me Wp,u t My
see Fig. 3 for an numerical example. Note, its effect is much smaller than the first decay process

depicted in Fig/ 2. A direct comparison of both contributions for small time intervals can be
found in Fig. 4.
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The total decay probability of v, is given by the sum of Eq.(33) and (44) [8]:

W2 — wpe) At
Ph(p; AL) = 4m?, P sin? <(“p’“ “o.c) )
(Wp,e = wWpu 2

)

2
+ —Yp sin® ((wp# + wp.e) At) (47)
(wp,e + Wp,u)2 2
For short-time intervals
PH(p; At) =~ 2mZ#At2 ) (48)

The Feynman diagrams of the above processes are shown on the Lh.s. of figure 1.
We now define

Uy = W, My —Me \/(wp,e + me) (wp,p + my) <1 + ( |p|2 )) (49)

Wp,e — Wp,u dwp, eWp 1 Wp,e + Me) (Wp,u +my
|Vp’ _ Yp my, — Me _ (wp,e + me) (wp,,u + mu) < ‘p| - ’p‘ > ) (50)
Wp,e T Wpp 4wp,eWp Wpe T Me  Wpu+ My

Then, we can write the decay probability as

- e A e A
PH(p; At) = sin® 26 [|Up]2sin2 <(wp’“ ;p’) t) —|—|Vp|2$in2 <(wp’“ +2on7) t)] . (51)

with § = me,/(m, —me) ~ sinf. In the approximation we used, this coincides with the
oscillation probability derived in the flavor Fock space approach [9, 10, 12].
The survival probability can be computed considering

Vpe) = M) - (52)

The relevant Feynman diagrams are shown on the r.h.s. of figure 1. The result is the expected
one

- e At e At
Pip: A) = 1 sin?29 |0y sin (=R B0 e (pat 2n S

2 2
(53)
which preserves unitarity
Pp(p; At) + Ps(p; At) = 1. (54)
Note that, from Eq.(48)
Ps(p; At) ~ 1-—2m2,At*. (55)

Then, for short-time intervals, neutrino oscillations behave akin decays (see Eq.(14)).
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4. Conclusions

In this paper we have explored the similarities in the behavior of unstable particles and oscillating
neutrinos through perturbation theory within the interaction picture of quantum field theory. We
have seen how to study decaying systems in the interaction picture and then we illustrated how
analogous calculations can be used to determine the transition probabilities for flavor oscillations.
Interestingly, the expressions for neutrino oscillations and particle decays are identical in the
short-time range. Additionally, we demonstrated that the flavor oscillation formula derived using
this method aligns, within the adopted approximation, with the one obtained via the flavor Fock
space approach.

Let us emphasize the importance of focusing on the time evolution operator rather than the
S-matrix. This approach is crucial because flavor oscillations can only be accurately described
over finite time intervals. In fact, flavor neutrino states are not well-defined as asymptotically
stable states. As seen in the previous results, taking the limits ¢; — —oo and t; — 400 eliminates
flavor-changing processes while ensuring strict energy conservation. This highlights the growing
significance of studying finite-time quantum field theory (QFT) [20, 21].
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