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bDipartimento di Informatica, Università degli Studi di Salerno, Via Giovanni Paolo
II n. 132, I-84084 Fisciano (SA), Italy

cDepartment of Statistics and Operations Research, Faculty of Sciences, University
of Granada, 18071 Granada, Spain; Institute of Mathematics of the University of

Granada (IMAG), Calle Ventanilla, 11, 18001, Granada, Spain

Abstract

We discuss a general growth curve including several parameters, whose choice
leads to a variety of models including the classical cases of Malthusian, Richards,
Gompertz, Logistic and some their generalizations. The advantage is to obtain
a single mathematically tractable equation from which the main characteristics
of the considered curves can be deduced. We focus on the effects of the involved
parameters through both analytical results and computational evaluations.

Keywords: Ordinary differential equation, growth curve, carrying capacity.

1. Introduction

The need to describe and explain the evolution of many phenomena asso-
ciated with growth curves has led to multiple efforts to study these types of
functions. This need is more accentuated if we take into account the applica-
tion of these curves in a wide variety of fields of application in branches of the
physical, biological and social sciences, as well as in various areas of agriculture,
business, education, engineering, medicine and public health (see, for example,
Banks [1] where much of the traditional growth curves are presented together
with real examples of application).

Within the family of growth curves, those of the sigmoidal type deserve a
special section. The first to appear in the literature is the logistic curve, intro-
duced by Verhulst in the context of Demography and the study of population
dynamics, although it took until the second decade of the 20th century for it
to be retaken. Today it is one of the most widely used models in areas such as
innovation diffusion modeling (Giovannis and Skiadas [2]) or the exploitation of
energy resources (Giovannis and Skiadas [3]). Together with the logistic curve,

Preprint submitted to Communications in Nonlinear Science and Numerical Simulation

ar
X

iv
:2

40
2.

00
88

2v
1 

 [
co

nd
-m

at
.s

ta
t-

m
ec

h]
  2

8 
Ja

n 
20

24

Nivia Giorno
https://doi.org/10.1016/j.cnsns.2021.106100



the Gompertz one is perhaps the most widely discussed in the literature on mod-
eling growth phenomena. Introduced by Benjamin Gompertz to model the law
of human mortality, currently the study of it has become very important, espe-
cially since its usefulness was demonstrated in the description of tumor growths
(see for example, Ferrante et al. [4]), which has given rise to a great boom in
the study of it.

However, these curves cannot always adequately represent various real sig-
moidal behavior patterns, mainly due to their stiffness in some of their charac-
teristics such as the inflection points. This led to the appearance of new curves,
among which we highlight the one introduced by Von Bertalanffy or the later
extension due to Richards (see Román-Román et al. [5] and Román-Román and
Torres-Ruiz [6], and references therein). Later generalizations gave rise to more
general expressions such as the Hyperlogistic and Blumberg curves.

The search for greater flexibility in the curves that allows dealing with com-
plex real situations has led many authors to develop a generalization methodol-
ogy starting from a simple equation to understand the growth mechanism of a
specific phenomenon. Then, and with the aim of generating more flexible forms,
and thereby increasing the applications to a wider range of research areas, more
parameters, or functions, are incorporated into the model. One of the precursors
of this type of study was Turner et al. [7] who propose a general theory of growth
based on quite general postulates. Subsequent analyzes in this regard have been
developed by Tsoularis and Wallace [8] and by Koya and Goshu [9]. Although
generalized equations offer greater flexibility, the complexity of the model in-
creases. For this reason, within this line, in recent years the idea of adding new
parameters has been combined with that of introducing functions with very flex-
ible behaviors. Tabatabai et al. [10] construct the so-called hyperbolastic curves
that allow the adjustment of data showing different types of sigmoidal behavior,
applying them to the study of tumor evolution and stem cell growth (Tabatabai
et al. [11]). These models are the starting point for the development of others,
such as the oscillabolastic one, which aim is to model oscillatory growths (Eby
and Tabatabai [12]) and the T-type model (Tabatabai et al. [13]), capable of
represent biphasic sigmoidal growths. Following this line, Erto and Lepore [14]
have introduced a new type of sigmoidal curve that can, under certain condi-
tions, present more than one inflection point. With regard to multisigmoidal
curves, recently the works of Di Crescenzo et al. [15] and Román-Román et al.
[16] have introduced multisigmoidal logistic and Gompertz models modifying
the original ordinary differential equations by introducing polynomial functions
in their expression. This is one of the procedures followed by various authors
for the generalization of certain growth curves. For example, the hyperbolastic
model H1 arises from the modification of the logistic equation, while the curve
H3 appears as the solution of a modification of the Weibull differential equation.
In both cases, the introduced functions are of the hyperbolic type. Another way
of introducing generalizations is from the alteration of stochastic models asso-
ciated with the curves. Along these lines, we can highlight the introduction
of temporal functions to model the incorporation of therapies in the evolution
of tumor growths, giving rise to modifications of the Gompertz curve (see for
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example Albano et al. [17, 18, 19, 20]).
A fundamental aspect to take into account is that all these modifications are

due to the need to have the broadest possible knowledge of the curves considered.
An example of great relevance today is the study of the evolution of epidemics
such as Covid19, where it is of fundamental interest to determine the instants of
contagion peaks, the moments of inflection of the evolution, duration times and
of the appearance of successive waves. In this sense, the objective of this article
is to analyze in depth a general deterministic model of growth that includes and
generalizes the most widely used models. Specifically, we consider the generazed
form of the logistic curve introduced in Tsoularis and Wallace [8]. Such growth
form incorporates also growth models different from the logistic growth and its
generalizations, making it able to fit population dynamics in a very wide range
of behaviors. This is essentially the reason why in this paper we investigate
the role of some relevant parameters in the equation governing the growth in
Tsoularis and Wallace [8] and we analitycaly investigate the behavior of the
curve in different scenarios.

The plan of the paper is the following. In Section 2, starting from Tsoularis
and Wallace [8], a general ordinary differential equation to describe the evolu-
tion of a population size is considered and the solution is determined. We also
show that choosing appropriately the parameters one can derive the more used
models; specifically we show that the Malthus, Hyper-logistic, logistic, Hyper-
Gompertz, Gompertz, Bertalanffy-Richards models can be obtained from the
general curve. In Section 3 an analytical study of the considered curve is per-
formed and we analyze the various behaviors that the curve can exhibit. In
Section 4 we provide a detailed numeric analysis apt to show the flexibility of
the model based on the choice of parameters. Some concluding remarks close
the paper.

2. The model

We denote by x = x(t) the population size or the dimension of an organism at
time t. We assume that x(t) is the solution of the following ordinary differential
equation (ODE)

dx

dt
= γkn(p−1)x1+n(1−p)

[
1−

(x
k

)n]p
, x(t0) = x0, (1)

where x0 denotes the population size at the initial time t0, γ, n and p are shape-
parameters subject to being positive with 0 < p < 1 + 1/n and k > 0. As we
will see later, this last parameter, usually interpreted as the carrying capacity
of the system in the classical sigmoidal curves, here has different interpretations
depending on the other parameteres.

Remark 2.1. The most used ODE’s considered as growth equations can be ex-
pressed in the form given in (1). In particular, the following cases are included
in (1).
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• Bertalanffy-Richards: For p → 1, Eq. (1) reduces to

dx

dt
= γx

[
1−

(x
k

)n]
, x(t0) = x0. (2)

• Logistic: Eq. (2) becomes the classical logistic equation when n → 1:

dx

dt
= γx

(
1− x

k

)
, x(t0) = x0. (3)

• Malthus: For k → ∞, Eq. (2) leads to Malthus equation:

dx

dt
= γx, x(t0) = x0.

• Hyper-Logistic: When n → 1, from (1) we obtain:

dx

dt
= γkp−1x2−p

(
1− x

k

)p

, x(t0) = x0,

that includes the Logistic ODE (3) obtainable when p → 1.

• Hyper-Gompertz: From Eq. (1) we derive the Hyper-Gompertz equa-

tion for n → 0. Indeed, since lim
n→0

kn − xn

n
= ln

(
k

x

)
, assuming that

lim
n→0

γnp = γ′, from (1) we obtain

dx

dt
= γ′x

[
ln

(
k

x

)]p
. (4)

• Gompertz: Considering the limit p → 1, Eq. (4) becomes the simplest
Gompertz growth curve:

dx

dt
= γ′x ln

(
k

x

)
.

Discussion of Remark 2.1 is summarized in the scheme in Figure 1.

Lemma 1. The solution of Eq. (1) is

x(t) =
k{

1 +
[
γn(p− 1)(t− t0) +A1−p

n

] 1
1−p

}1/n
, (5)

where An =

(
k

x0

)n

− 1 depends on the shape parameter n and on the ratio

between the carrying capacity k and the initial population size x0.
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General growth equation
dx(t)
dt

= γ kn(p−1)x1+n(1−p)
[
1−

(
x
k

)n]p

Bertalanffy − Richards equation
dx(t)
dt

= γx
[
1−

(
x
k

)n]Hyper−Gompertz equation
dx(t)
dt

= γ′x
[
ln

(
k
x

)]p Hyper− logistic equation
dx(t)
dt

= γkp−1x2−p
(
1− x

k

)p

Gompertz equation
dx(t)
dt

= γ′x ln
(

k
x

) Logistic equation
dx(t)
dt

= γx
(
1− x

k

)

Malthus equation
dx(t)
dt

= γx

n → 0
γnp → γ′ p → 1 n = 1

n → 0
γnp → γ′ n → 1p → 1 p → 1

k → ∞

k → ∞
γ′ ln k = γ

k → ∞

Figure 1: Scheme summarizing the results of Remark 2.1.

Proof. Integrating both the members in (1) we obtain:∫ t

x−1−n(1−p)
[
1−

(x
k

)n]−p

dx = γkn(p−1)t+ C, (6)

where C is a constant of integration. We consider the integral on the left hand
size of (6). Carrying out the change of the variable of integration x in

v =

(
k

x

)n

− 1,

so that

dx = −k

n

1

(v + 1)−(1+n)/n
,

we obtain the solution of the integral in (6):∫
x−1−n(1−p)

[
1−

(x
k

)n]−p

dx = −k−n(1−p)

n

∫
v−pdv =

k−n(1−p)

n(p− 1)
v−p+1. (7)

From (7), by making use of the inverse transformation, it follows:∫
x−1−n(1−p)

[
1−

(x
k

)n]−p

dx =
k−n(1−p)

n(p− 1)

(
kn − xn

xn

)1−p

. (8)
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The constant C in Eq. (6) can be obtained by using the initial condition x(t0) =
x0 resulting in

C =
kn(p−1)

n(p− 1)

(
kn − xn

0

xn
0

)1−p

− γkn(p−1)t0. (9)

Therefore, making use of (8) and (9) in (6), we obtain

kn(p−1)

n(p− 1)

[(
kn − xn

xn

)1−p

−
(
kn − xn

0

xn
0

)1−p
]
= γkn(p−1)(t− t0).

or, equivalently, (
k

x

)n

= 1 +
[
γn(p− 1)(t− t0) +A1−p

n

] 1
1−p ,

from which (5) follows. □

On the line with the Remark 2.1, in the following remark we show that the
solution in (5) includes the most used growth curves.

Remark 2.2. The equation (5) includes the most used equations in literature.
In particular, the following cases are included.

• Bertalanffy-Richards: When p → 1, Eq. (5) reduces to Bertalanffy-
Richards curve. Indeed, since

lim
p→1

{
1 +

[
γn(p− 1)(t− t0) +A1−p

n

] 1
1−p

}
= Ane

−γn(t−t0),

from (5) one has:

x(t) =
k[

1 +Ane−γn(t−t0)
]1/n . (10)

• Logistic: For n → 1, Eq. (10) becomes the classical logistic curve:

x(t) =
k[

1 +A1e−γ(t−t0)
] . (11)

• Malthus: We point out that, for k → ∞, Eq. (11) reduces to Malthus
curve, i.e.

x(t) = x0e
γ(t−t0).

• Hyper-Logistic: When n → 1, from (5) we obtain the hyper-logistic
curve:

x(t) =
k

1 +
[
γ(p− 1)(t− t0) +A1−p

1

] 1
1−p

.

that for p → 1 becomes the logistic growth.
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• Hyper-Gompertz: From (5) we derive the Hyper-Gompertz equation.
Indeed, since

lim
n→0

[
γn(p− 1)(t− t0) +A1−p

n

] 1
1−p

n

= lim
n→0

[
γn(p− 1)(t− t0) +A1−p

n

n1−p

] 1
1−p

= lim
n→0

[
γnp(p− 1)(t− t0) +

(
kn − xn

0

nxn
0

)1−p
] 1

1−p

,

so, assuming γnp −→ γ′, we have:

lim
n→0

[
γnp(p− 1)(t− t0) +

(
kn − xn

0

nxn
0

)1−p
] 1

1−p

=

[
γ′(p− 1)(t− t0) +

[
ln

(
k

x0

)]1−p
] 1

1−p

.

Therefore, we conclude that

lim
n→0

x(t) = k exp

−

[
γ′(p− 1)(t− t0) +

(
ln

(
k

x0

))1−p
] 1

1−p

 (12)

corresponding to the Hyper-Gompertz curve.

• Gompertz: Taking the limit for p → 1 in Eq. (12) we obtain the Gom-
pertz curve. Indeed, since

lim
p→1

[
γ′(p− 1)(t− t0) +

(
ln

(
k

x0

))1−p
] 1

1−p

= ln

(
k

x0

)
e−γ(t−t0),

we conclude

lim
n→1
p→1

x(t) = k exp

(
− ln

(
k

x0

)
e−γ(t−t0)

)
,

that is the Gompertz curve.

In the following section we will study the growth curve in (5), analyzing the
domain, the monotonicity and the potential inflection points and the role of the
parameters on such issues. In particular, we consider the parameters γ, x0 and
k as fixed and we explore the role of n and p in (5).
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3. Analysis of the growth curve

We rewrite Eq. (5) in the following general form:

x(t) =
k[

1 + gθ(t)
1

1−p

]1/n . (13)

where
gθ(t) := γn(p− 1)(t− t0) +A1−p

n . (14)

It is interesting to evaluate the time point tS in which the population size reaches
a fixed value S < k. Such value can be a proportion of the the carrying capacity
k or a multiplier of the initial size x0. In particular, from (13) and (14), it is
easy to see that

tS = t0 +

[(
k
S

)n − 1
]1−p −A1−p

n

γn(p− 1)
.

To analyze the monotonicity of the function x(t), we evaluate the first derivative
of Eq. (13):

dx

dt
= x(t)hθ(t), (15)

where

hθ(t) = γ
[gθ(t)]

p
1−p

1 + [gθ(t)]
1

1−p

. (16)

In order to determine the potential inflection points of x(t), we consider the
second derivative:

d2x

dt2
=

dx

dt
hθ(t) + x(t)

dhθ(t)

dt
= x(t)

[
dhθ(t)

dt
+ [hθ(t)]

2

]
. (17)

From (16), we have

dhθ(t)

dt
=

nγ2[gθ(t)]
2p−1
1−p(

1 + [gθ(t)]
1

1−p

)2

{
[gθ(t)]

1
1−p − p

(
1 + [gθ(t)]

1
1−p

)}
,

so that

dhθ(t)

dt
+ [hθ(t)]

2

=
γ2[gθ(t)]

2p−1
1−p(

1 + [gθ(t)]
1

1−p

)2

{
n[gθ(t)]

1
1−p − np

(
1 + [gθ(t)]

1
1−p

)
+ [gθ(t)]

1
1−p

}

=
γ2[gθ(t)]

2p−1
1−p(

1 + [gθ(t)]
1

1−p

)2

{
[gθ(t)]

1
1−p [n(1− p) + 1]− np

}
. (18)
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In our analysis, we focus also on the proportion of the population in the point
in which the growth velocity is maximum and its carrying capacity. Such pro-

portion mathematically is the ratio πx :=
x(tinf )

k , where tinf represents the
inflection point of the curve x(t). We will see that πx depends only on the
parameters n and p.
In the following we distinguish three cases:

1. 1 < p < 1 + 1
n ;

2. p = 1;

3. 0 < p < 1.

3.1. Analysis of the curve in the Case 1: 1 < p < 1 + 1
n

Since in such case gθ(t) > 0 for all t ∈ [t0,∞), the function x(t) is defined
in [t0,∞). Further, being limt→+∞ gθ(t) = +∞, the denominator of Eq. (13)
tends to 1, so limt→+∞ x(t) = k. To study the monotonicity of the function
x(t), we analyze the first derivative in (15). In particular, from (16), due to the
sign of the function gθ(t), we have that x(t) is monotonically increasing.

The inflection points are obtained by setting
d2x

dt2
= 0 in (17). Since 1 < p <

1 + 1/n, we have n(1 − p) + 1 > 0, hence from (18), an inflection point tInf
exists if and only if

gθ(tInf ) =

[
np

1 + n(1− p)

]1−p

,

from which, recalling (14), we obtain the following inflection point:

tInf = t0 +

[
np

1 + n(1− p)

]1−p

−A1−p
n

nγ(p− 1)
. (19)

We note that, since p > 1, the inflection point is visible, i.e. tInf ≥ t0, if and
only if

np

1 + n(1− p)
≥ An

i.e.

p ≤
(
1 +

1

n

)
An

An + 1
=

(
1 +

1

n

) [
1−

(x0

k

)n]
.

Moreover, from (1) and (19), we obtain:

x(tInf ) =
k[

1 + np
1+n (1−p)

] 1
n

= k

[
1 + n (1− p)

1 + n

] 1
n

= k

[
1− np

1 + n

] 1
n

.

We note that the proportion between x(tInf ) and the carrying capacity k is

πx =

[
1− np

1 + n

] 1
n

=

[
1 +

np

n(1− p) + 1

]− 1
n

.
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3.2. Analysis of the curve in the Case 2: p = 1

Since
lim
p→1

gθ(t)
1

1−p = Ane
−γn(t−t0),

taking the limit of x(t) for p → 1 in the Eq. (5), we obtain the well known
Richards equation:

x(t) =
k{

1 +Ane−γn(t−t0)
}1/n

.

In such case x(t) is defined in [t0,∞); the carrying capacity is limt→∞ x(t) = k.
The function x(t) is stricty monotonically increasing, as it is evident from (15)
and (16). Further, from (17) and (18),

lim
p→1

{
dhθ(t)

dt
+ [hθ(t)]

2

}
=

Ane
γnt0γ2 [Ane

γnt0 − eγntn]

(eγnt −Aneγnt0)
2

from which we derive that an inflection point exists if and only if Ane
γnt0 −

eγntn = 0, i.e.

tInf = t0 +
1

γn
log

(
An

n

)
. (20)

From (20) it is clear that tInf > t0 if and only if An > n, i.e.

k > x0(n+ 1)
1
n .

In such case, from (1) and (20), we obtain:

x(tInf ) = k

(
1

1 + n

) 1
n

.

The proportion between x(tInf ) and the carrying capacity k is

πx = (1 + n)
− 1

n .

3.3. Analysis of the curve in the Case 3: 0 < p < 1

When 0 < p < 1 we distinguish three different cases:

a.
1

1− p
= m ∈ N, with m even.

b.
1

1− p
= m ∈ N, with m odd.

c.
1

1− p
= m /∈ N.

Case 3a:
1

1− p
= m ∈ N, with m even.

In such case the function x(t) is defined in [t0,+∞), being [gθ(t)]
m ≥ 0 for all

t ≥ t0. Further, since the denominator of Eq. (13) diverges as t goes to ∞, one

10



has limt→+∞ x(t) = 0, hence the population is doomed to extinction. The sign
of the first derivative (15) depends on Eq. (16), that we rewrite as

hθ(t) = γ
[gθ(t)]

m−1

1 + [gθ(t)]
m .

Being m − 1 odd, the sign of hθ(t) is the same of the function gθ(t); hence
recalling Eq. (14), one has that the dx

dt > 0 if and only if

t < t∗ = t0 +
mA

1
m
n

γn
. (21)

Therefore, in such case a maximum point presents coordinates (t∗, k).
Concerning the convexity, Eq. (18) becomes

dhθ(t)

dt
+ [hθ(t)]

2
=

γ2[gθ(t)]
m−2

(1 + [gθ(t)]m)
2

1

m
{(m+ n)[gθ(t)]

m − n(m− 1)} (22)

so, the second derivative (17) vanishes if and only if either gθ(t) = 0 or

{(m+ n)[gθ(t)]
m − n(m− 1)} = 0.

Recalling (14) and that gθ(t) vanishes in the maximum point of the function

x(t), we have that d2x
dt2 = 0 if and only if {(m+ n)[gθ(t)]

m − n(m− 1)} = 0.
This last one admits two solutions being m even. The two inflection points,
tInf1 and tInf2 are:

tInf1 , tInf2 = t0 +m
A

1
m
n ±

[
n(m−1)
n+m

] 1
m

γn
.

We note that tInf1 < tInf2 , whereas the value of x(t) in such inflection points
is the same, concretely

x(tInf1) = x(tInf2) = k

[
n+m

m(n+ 1)

] 1
n

.

We also note that when

k > x0

[
m(n+ 1)

n+m

] 1
n

(23)

both the inflection points are in [t0,∞), otherwise tInf1 < t0.
Finally, the proportion between x(tInf ) := x(tInf1) = x(tInf2) and the carrying
capacity k is

πx =

[
n+m

m(n+ 1)

] 1
n

. (24)
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Case 3b:
1

1− p
= m ∈ N, with m odd.

In such case the denominator of (13) is equal to zero for

t1 = t0 +
m

(
1 +A

1
m
n

)
γn

, (25)

so the function x(t) is defined in [t0, t1) and a vertical asymptote is present in
t1. In particular limt→t1 x(t) = +∞, hence the population explodes at the finite

time t1. Further, looking at (16), being m = 1
1−p odd, [gθ(t)]

m−1
> 0. Still, the

denominator of (13) is positive in the interval [t0, t1). Hence the function x(t)
is monotonically increasing in [t0, t1).

Finally, from Eq. (22) we conclude that d2x
dt = 0 admits two solutions; the first

one obtained by setting {(m+ n)[gθ(t)]
m − n(m− 1)} = 0 and the second one

is the solution of gθ(t) = 0, i.e.

tInf1 = t0+m
A

1
m
n −

[
n(m−1)
n+m

] 1
m

γn
, tInf2 = t0+

mA
1
m
n

γn
, tInf1 < tInf2 . (26)

We note that t0 < tInf1 < tInf2 < t1 if and only if (23) holds.
Further,

x(tInf1) = k

[
n+m

m(n+ 1)

] 1
n

, x(tInf2) = k (27)

and πx is given in (24).

Case 3c:
1

1− p
= m /∈ N.

In this case the function x(t) is defined in [t0, t2), with

t2 = t0 +
mA

1
m
n

γn
. (28)

Further, limt→t2 x(t) = k, hence the population reaches its carrying capacity at
the finite time t2. From (15) and (16) we observe that x(t) is monotonically
increasing since h(t) > 0 in [t0, t2). Finally, since Eq. (18) vanishes in tInf ≡
tInf1 as in (26), we find an inflection point in

tInf = t0 +m
A

1
m
n −

[
n(m−1)
n+m

] 1
m

γn
; x(tInf ) ≡ k

[
n+m

m(n+ 1)

] 1
n

,

while πx is given in (24).

4. Numerical analysis

In this section we perform a numerical analysis of the curve (13), by consid-
ering the cases identified in Section 3. For each case, we analyze the behavior
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of the curve as function of the time, for different choices of the parameter p by
fixing n and for several choices of n by fixing p. The other parameters are fixed
for all the study as: t0 = 0, x0 = 1, γ = 0.5 and k = 400.

In Figure 2 the general curve in the case 1 < p < 1 + 1
n is compared with

the Richards curve (black line), fixed n = 0.4, 0.6, 0.8 and n = 1 and for several
choices of the parameter p ranging from 1.1 to 1.9. We point out that Richards
curve is obtained from (13) when p tends to 1. We can see that, by controlling n,
the carrying capacity k = 400 is reached in a time interval that is increasing as
p increases, remarking that the parameter p has the role of proliferation rate for
the population x. Further, by increasing n for each curve the carrying capacity
is reached faster. This is also clear in Figure 3 in which we plot the curve (13)
in the Case 1 for several choice of n ranging from 0.4 to 1.2 and for p = 1.5
and p = 1.9. From Figures 2 and 3 it is also clear that the inflection point tInf
calculated in (19) decreases as p and n increase. In order to give a quantitative
evaluation of how the inflection point tInf and x(tInf ) change as p and n change,
in Table 1 such values are shown for n = 0.4, 0.6, 0.8 and 1 from left to right and
for several choices of p ranging from 1.1 to 1.9. Clearly, since the curve presents
a unique inflection point, we set tInf1 := tInf . The proportion πx between the
value x(tInf1) and the carrying capacity of curve is also listed in order to give
a measure of the curve in which the growth velocity is maximum.

Case 2 in which p = 1 is shown in Figure 4 where the the general curve x(t)
in (5) is compared with the logistic curve, obtained by setting p = 1 and n = 1
as established in the Remark 2.2 for several choices of n < 1 (on the left) and of
n > 1 (on the right). In both the cases, when n increases, the curve x(t) reaches
its carrying capacity in a smaller time interval, so in the first plot the logic curve
presents a growth velocity that is higher with respect to the others, while in the
second plot, it is the curve milder. Further we note that for n > 1 the curves
seem closer to each ones, showing that the dependence on n is not linear and
it is more evident in the case n < 1. In Table 1 the information related to the
inflection point tInf1 := tInf in the Case 2 is listed for n = 0.4, 0.6, 0.8 and 1,
showing that also in this case tInf1 decreases as n increases, while the values of
x(tInf1) and πx increase.

Let us consider now the Case 3 in which 0 < p < 1. As pointed out in
Section 3, in this case we need to consider three subcases:

a.
1

1− p
= m ∈ N, with m even.

b.
1

1− p
= m ∈ N, with m odd.

c.
1

1− p
= m /∈ N.

In the Case 3a the curve x(t) presents a maximum and it tends to 0 for t → ∞.
Such case is illustrated in Figures 5 and 6. In Figure 5 the general curve is
illustrated for m = 2, 4, 6 and 8 (from the top to the bottom), i.e. p = 1

2 ,
3
4 ,

5
6 ,

7
8 ,

respectively. In each plot several choices of the parameter n are considered
ranking from 0.5 to 1. The behavior of the curve is quite unexpected, since in

13
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Figure 2: Case 1: for several choices of the parameter p with 1 < p < 1+ 1
n
, the general curve

(13) is compared with the Richard curve (black line), fixed n = 0.4, n = 0.6, n = 0.8 and
n = 1. In the last case the Richard curve becomes the logistic curve.
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the case p = 1
2 it seems that the role of n is to translate ahead the curve as

n increases. In the other cases, i.e. for p = 3
4 ,

5
6 ,

7
8 , we observe a “plateau”

that is wider as p increases. Anyway we point out that the maximum of the
curve x(t) in (5) is always unique and with coordinates (t∗, k) with t∗ in (21),
contrary to what it seems from the plots. Figure 6 shows the behavior of the
curve x(t) for n = 0.4, 0.6, 0.8 and 1 (from the top to the bottom). Here it is
evident the peculiar behavior of the curve in which m = 2, i.e. p = 1

2 that
is translated with respect to the other curves, while the main change for the
cases m = 4, 6, 8 is the decrease of the width of the plateau as the parameter
n increases. Clearly, in this case the inflection points are two and the results
related to them are illustrated in 1, in which x(tInf1) = x(tInf2). The inflection
point tInf1 decreases as p increases, while tInf2 increases. A less regular behavior
is observed for tInf1 and tInf2 as n changes. Further, x(tInf1) decreases as p
increases, while it increases as n increases.
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Figure 5: Case 3a: general curve for several choices of n and for m = 1
1−p

= 2, 4, 6 and 8

(from left to right and from top to bottom)
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Figure 6: Case 3a: general curve for n = 0.4, 0.6, 0.8, 1 for several choices of the parameter
m = 1

1−p
= 2, 4, 6 and 8.

In the Case 3b the curve x(t) is defined in [t0, t1) with t1 given in (25)
and limt→t1 x(t) = ∞, so the population explodes in a finite time interval.
The results of this case are shown in Figures 7 and 8. In Figure 7 the curve
x(t) is plotted for m = 3, 5, 7 and 9 (from the top to the bottom) and for
n = 0.4, 0.6, 0.8 and 1. In all the plots the curves present a growth velocity
depending on the parameter n, in particular in the first subinterval in which
x(t) < k. Further, x(t) presents a plateau near k = 400, which width increases
as p increases. In this case the value k doesn’t correspond to the maximum of
the function x(t), since after the plateau the curve increases indefinitely. Indeed,
as pointed in (27), k = 400 is the value of the function in tInf2 . Figure 8, in
which x(t) is plotted for n = 0.4, 0.6, 0.8 and 1 (from the top to the bottom)
and for m = 3, 5, 7 and 9, confirms the results observed in Figure 7. In Table 1
the values of tInf1 and tInf2 , x(tInf1) and the proportion πx = k/x(tInf1) are
shown. Clearly the proportion k/x(tInf2) = 1 since x(tInf2) = k. We observe
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that tInf1 decreases as p increases and it increases as n increases; tInf2 presents
a more irregular behavior. The values of x(tInf1) and πx decrease as p increases
and increase for increasing n.
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Figure 7: Case 3b: general curve for several choices of n and for m = 1
1−p

= 3, 5, 7 and 9

(from left to right and from top to bottom).

In the Case 3c the curve x(t) is defined in [t0, t2) with t2 given in (28) and
limt→t2 x(t) = k, so the population reaches its carrying capacity at a finite time
interval. In Figure 9 the curve x(t) is plotted for p = 1/6, 1/5, 1/4 and 1/3
(from the top to the bottom) and for n = 0.4, 0.6, 0.8 and 1. In all the plots it
is evident that the population size remains near to 0 for a time interval which
amplitude increases as n increases depends increases as p increases. In Figure
10, x(t) is plotted for n = 0.4, 0.6, 0.8 and 1 (from the top to the bottom) and
for p = 1/6, 1/5, 1/4 and 1/3; we note that in this case x(t) is near 0 for a time
interval that is smaller as p increases. Table 1 confirms the results of Figures
9 and 10 showing that the values of tInf1 := tInf and x(tInf1) decrease for
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Figure 8: Case 3b: general curve for n = 0.4, 0.6, 0.8, 1 for several choices of the parameter
m = 1
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increasing p, while they increase as n increases; the proportion πx = k/x(tInf1)
follows the same behavior of x(tInf1).
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5. Conclusions and future works

In this work we have considered a growth model described by means of an
ODE, able to include the most used growth curves, such as Gompertzian, Lo-
gistic, Bertalanffy-Richards and Malthus. The analytical solution x(t) has been
provided and a study of this solution has been made. The considered growth
curve is characterized by the presence of several shape parameters and we fo-
cused on two of them, p and n, with 0 < p < 1 + 1/n in (1) and in (5). In
particular, by considering three cases for the parameter p, different behaviors
of the growth curve have been highlight in terms of domain, monotonicity, con-
vexity and asymptotic behavior. The three considered cases are:

1. 1 < p < 1 + 1
n ;

2. p = 1;

3. 0 < p < 1.

In the Cases 1 and 2 the curve is defined in [t0,∞), it is monotonically strictly
increasing, showing a sigmoidal behavior and it tends to its carrying capacity k
for t → ∞. Further, there exists a unique inflection point at

(
tInf , x(tInf )

)
; the

values of tInf and x(tInf ) decrease as p increases, whereas for increasing values
of n, tInf decreases while x(tInf ) increases.

More interesting is the Case 3, in which x(t) exhibits different behaviors
depending on the value of the parameter p. In particular, we considered three
subcases of the Case 3:

3a.
1

1− p
= m ∈ N, with m even;

3b.
1

1− p
= m ∈ N, with m odd;

3c.
1

1− p
= m /∈ N.

In the Case 3a the curve x(t) is defined in [t0,∞) and it has a bell shape, so
it vanishes for t → ∞. Near the maximum, corresponding to k, a plateau is
highlighted whose amplitude increases as p increases. In the case p = 1

2 it
seems that the role of n is to translate ahead the curve as n increases. In the
Case 3b the curve x(t) is defined in a finite time interval and it explodes in a
finite time. Further, x(t) presents a plateau near the parameter k, which width
increases as p increases, then x(t) presents an exponential behavior. Finally,
in the Case 3c the curve x(t) is defined in a finite time interval [t0, t2), whose
amplitude increases as n increases and decreases for increasing p; moreover,
limt→t2 x(t) = k, so the population reaches its carrying capacity in a finite time
interval.

The study carried out in this paper lays the foundations for a generalization
to growth in a stochastic environment, capable of putting in a single framework
even very different behaviors of the growth phenomenon and thus providing for
them a single mathematical tool for probabilistic-statistical analysis.
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Table 1: Values of tInf1
, tInf2

, x(tInf1
) and πx are listed for n = 0.4, 0.6, 0.8 and 1 and several

choices of p.
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