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Abstract—One of the main challenges in data profiling is to
efficiently extract metadata from dynamic information sources,
by avoiding the processing of the whole dataset from scratch
upon modifications. In this paper, we present INDIBITS, an
algorithm for discovering relaxed functional dependencies (RFDs
for short), which represent data relationships relying on approxi-
mate matching paradigms. INDIBITS is able to dynamically infer
and update the RFDs holding on a dataset upon modification
operations performed on it. It exploits a binary representation
of data similarities, a new validation method, and specific search
methods, to dynamically update the set of RFDs, based on
previously holding RFDs and the type of modifications performed
over data. Experimental results demonstrate the effectiveness of
INDIBITS on real-world datasets, even in comparison with FD and
RFD discovery algorithms in both static and dynamic scenarios.

Index Terms—Data Profiling, Relaxed Functional Dependen-
cies, Incremental Scenarios, Bitwise Similarities

I. INTRODUCTION

Data profiling refers to the process aiming to analyze data
in order to extract useful metadata from them [1]. Among
these metadata, Functional Dependencies (FDs) received a
considerable interest from the research community, mainly due
to their application in advanced database operations, such as
data cleansing, query optimization, and so forth [2], [3]. In the
last decade, the definition of FD underwent several extensions,
leading to the definition of Relaxed Functional Dependency
(RFD) [4], [5], in order to tackle more complex problems,
especially in the Big Data context. In particular, extensions
have concerned the use of approximate comparisons between
attribute values by means of similarity constraints, leading to
the definition of RFDs relaxing on the attribute comparison
(RFDcs, for short), or of error measures to tolerate possible
violations for a limited number of tuples, leading to the
definition of RFDs relaxing on the extent (RFDes, for short).

As an example, in the dataset snippet of Table I, the
values of attributes heartrate and chiefcomplaint seem to be
related to those of attribute acuity. However, due to different
abbreviations used to represent symptoms for the attribute
chiefcomplaint, and the necessity to admit a certain degree of
tolerance when considering values of attribute heartrate, it is
necessary to use approximate comparison methods to compare
values of these attributes, such as the Levenshtein distance
function for attribute symptoms and the absolute difference for
the attribute heart rates. In particular, we notice that each time
two tuples have a distance less than 5 on the chiefcomplaint

subject id heartrate acuity chiefcomplaint
t5 14640810 109 3 ABD CRAMPING/NAUSEA
t6 16007921 88 3 ABD/BACK PAIN/N/V
t7 16391209 93 3 ABD/BACK PAIN/FEVER

TABLE I: A snippet of the Triage dataset.

attribute and less than 10 on heartrate, then they are equal on
the attribute acuity. This is a kind of relationship that can be
expressed by an RFDc.

As for FDs, RFDs have been used in several application
contexts, especially those in which data are collected from
heterogeneous sources [6]. An example is the data imputation
domain, which aims to populate missing values of database in-
stances by identifying ideal candidates from the same instance,
where it is not uncommon to see the use of RFDs as metadata
to assist the imputation process [7], [8]. To provide these
approaches with the required set of RFDs, discovery algorithms
have been proposed to automatically infer RFDs from data,
combining the task of searching for RFDs holding on a given
dataset, with the identification of the “relaxed” constraints
reflecting the meaning of the data [9]. However, due to the
dynamic nature of many real-world datasets, it is necessary
to adapt discovery processes in order to guarantee the update
of the discovered metadata whenever the dataset changes. In
particular, discovery algorithms need to process continuously
evolving information, since “incremental” scenarios assume
that data can be added, deleted, or updated over time [10]. In-
cremental discovery processes are demanded in many existing
application domains for RFDs, like data imputation, when the
underlying data continuously evolve [11].

Incremental scenarios make the RFD discovery problem
more complex and challenging, especially for the representa-
tion and management of data and results. In fact, the number
of FDs and RFDs holding on a given dataset can be exponential
in the number of attributes, requiring the exploration of
extremely large and complex search space [1]. The dynamic
scenario adds further complexity having to cope with insertion,
deletion, and updating operations. Re-executing the discovery
process from scratch upon each change in the dataset is
computationally burdensome [10]. Thus, solutions for dynamic
scenarios should consider to efficiently (i) (re-)validate pre-
viously holding RFDcs on the updated dataset, (ii) discover
new possibly holding RFDcs, and (iii) guarantee properties
like correctness and minimality for discovered RFDcs.
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In this paper, we present INDIBITS, the first incremental
discovery algorithm for RFDs relaxing on the attribute com-
parison (i.e., RFDcs), which relies on a column-based search
strategy to identify RFDcs even when the underlying data
change over time. In particular, INDIBITS optimizes the RFDc

discovery process through a binary representation capable of
representing all the distances between the attribute values of a
dataset in a compact way, facilitating their modifications upon
data updates through efficient bitwise operations. Furthermore,
INDIBITS adapts the refinement property used for validating
RFDcs to the dynamic context. Finally, a proper search strategy
has been introduced for efficiently browsing the search space
according to the specific data updates.

The paper is organized as follows. Section II describes
literature approaches and tools for FDs and RFDs discovery.
Section III presents the theoretical foundations of considered
profiling metadata. Section IV provides an overview of IN-
DIBITS, whereas its underlying data representation method is
presented in Section V. Then, Section VI details the validation
method underlying INDIBITS, and the procedures to handle
insertion and deletion data modifications. Section VII reports
experimental results to analyze the effectiveness of INDIBITS
on real-world datasets, also when compared with other FD
and RFDc discovery algorithms. Finally, summary and future
directions are included in Section VIII.

II. RELATED WORK

INDIBITS represents the first algorithm capable of updating
the set of valid RFDcs upon insertion, deletion, and update
operations on data. In this section we categorize literature ap-
proaches in three different classes: those for piq the discovery
of FDs in static scenarios, piiq the discovery of RFDs in static
scenarios, and piiiq the incremental discovery of RFDs.

FD discovery. The problem of discovering FDs from data
dates back to the 1980s, when the first discovery algorithms
were defined [2], [12], [13]. Over the years, the literature
delineated two main categories of FD discovery algorithms:
column-based and row-based, respectively. Column-based al-
gorithms model the search space as an attribute lattice, which
permits to consider candidate FDs at each lattice level in terms
of edges, and rely on the Apriori search strategy [13], which
also permits to exploit FDs validated at previous lattice levels
to prune the search space and generate new candidate FDs.
Examples of column-based algorithms include FD Mine [3],
FUN [14], and DFD [15]. Instead, row-based algorithms dis-
cover FDs by analyzing two data subsets, also known as agree-
set and difference-set, which represent the product between all
possible combinations of tuple pairs. These algorithms search
for attribute sets agreeing on the values of certain tuple pairs,
since they can functionally determine other attributes agreeing
on the same tuple pairs. Examples of row-based algorithms
include DepMiner [16], FastFD [17], and FDep [18]. Finally,
in order to achieve good performances in high-dimensional
datasets with many rows, the discovery algorithm HyFD [19]
combines these two types of discovery strategies.

RFD discovery. As discussed above, RFDs represent FDs
relaxing some constraints of the canonical FD definition.
Among these, RFDes are validated through either a condition
or a coverage measure [20], such as the g3-error [21] or the
error measure of super keys [22], which permit to identify
the portion of the relation instance on which an FD is not
valid. In general, RFDes discovery algorithms rely on sampling
[21], [23], [24], which consists in validating candidate RFDes
on samples of tuples, meaning that they hold on a relation
instance with a given probability. Instead, RFDcs generalize
the definition of FDs by introducing similarity- or distance-
based comparisons between attribute values [4]. One of the
most recent algorithms for RFDc discovery is DOMINO [9],
which relies on the concept of dominance to automatically
derive thresholds of attributes to compare their values through
similarity functions. Lastly, in [25] the problem of discovering
RFDs relaxing on both the attribute comparison and extent is
proven to be NP-hard, hence an approximate algorithm for
discovering both RFDcs and RFDes is presented, whereas in
[26] another approximate solution for the same problem is
provided, which relies on an evolutionary strategy.

Examples of RFDs validated through conditions are Con-
ditional Functional Dependencies (CFDS) [27]. They identify
the subset of data on which a dependency holds by either
enforcing patterns of semantically related constants and/or by
restricting the application domain of a dependency by means
of a condition [28]. Examples of CFD discovery algorithms
include CFDMiner, CTANE, FastCFD [27], and the greedy
algorithm proposed in [29].

Incremental discovery. The discovery algorithms for FDs
and RFDs discussed above need to be re-executed from scratch
whenever the dataset is updated. One of the first theoretical
proposals of an incremental FD discovery algorithm has been
provided in [30]. It exploits the concepts of tuple partitions and
FDs monotonicity to avoid the re-scanning of the entire dataset.
A recent algorithm, named DYNFD, has been proposed in
[31], which extends the HyFD algorithm [19] by enabling the
discovery and update of FDs in dynamic datasets.

In the context of RFD discovery, incremental algorithms
for RFDes are AD-MINER [32] and BIRD [33]. The former
exploits logical operations to automatically infer new RFDes
upon the insertion of new tuples, whereas the latter exploits
data partitions to continuously update the set of holding RFDes
upon the insertion of new batches of data.

To the best of our knowledge, INDIBITS represents the
first solution for the incremental discovery of RFDcs. In fact,
incremental algorithms existing in the literature are either
suited for FDs [19], [30], [31] or RFDes [32], [33]. The former
cannot be used to also discover RFDcs, since they do not
consider similarity constraints between attribute values. On the
other hand, approaches for the incremental discovery of RFDes
address a different problem with respect to the discovery of
RFDcs. Finally, employing static solutions for RFDcs discovery
[9], [25] in incremental scenarios turns out to be ineffective,
since they would require the total re-execution of the discovery
process each time the dataset changes.



III. PRELIMINARIES

In this section, we formally introduce preliminary concepts
related to RFDc and its minimality property. A more general
definition of RFD can be found in [4]. Table II summarizes the
notations used throughout the paper.

As briefly introduced above, a similarity constraint is a
predicate evaluating whether the distance or similarity between
two values of an attribute falls within predefined intervals.
More formally, let r be a relation instance on a relation
schema R, a constraint ϕ over an attribute B, denoted as
ϕrBs, is a predicate δptirBs, tjrBsqθkε, with B P attrpRq,
δ a distance or similarity function, θk a comparison operator,
and ε a constant threshold. For sake of simplicity, in the rest
of the paper, we will refer to constraints defined on distance
functions, one comparison operator (i.e., ď), and a threshold.

Definition 1 (RFDc). Let us consider a relational database
schema R, and a relation schema R “ pA1, . . . , Amq of R.
An RFDc φ on R is denoted by XΦ1

Ñ YΦ2
where:

‚ X “ X1, . . . , Xh and Y “ Y1, . . . , Yk, with
X,Y Ď attrpRq and X X Y “ H;

‚ Φ1 “
Ź

XiPX

ϕirXis (Φ2 “
Ź

YjPY

ϕjrYjs, resp.), where

ϕi (ϕj , resp.) is a predicate on Xi (Yj , resp.) with
i “ 1, . . . , h (j “ 1, . . . , k, resp.). For any pair of tuples
(t1,t2) P dompRq, the constraint Φ1 (Φ2, resp.) is true,
if t1rXis and t2rXis (t1rYjs and t2rYjs, resp.) satisfy the
constraint ϕi (ϕj , resp.) @i P r1, hs (j P r1, ks, resp.).

Given a relation instance r of R, r satisfies the RFDc φ,
denoted by r |ù φ, if and only if: @ t1, t2 P r, if Φ1 indicates
true, then also Φ2 indicates also true.

Without loss of generality, in what follows we consider
only candidate RFDcs with a single attribute on the RHS, i.e.,
XΦ1 Ñ Aϕ2 . Moreover, the following examples consider more
a compact notation for the constraints.

Example 1. With respect to the example provided in Section I
on the Triage dataset, the aforementioned relationship between
heartrate, chiefcomplaint on a hand, and acuity on the other hand,
can be captured by an RFDc expressed in the following form:

heartratepď10q, chiefcomplaintpď5q ÝÑ acuitypď0q

where pď 10q, pď 5q, and pď 0q define the constraints for
attributes heartrate, chiefcomplaint, and acuity, respectively, by
employing the same distance functions presented above.

One of the most important characteristics of an RFDc is
minimality, which guarantees that the RFDc no longer holds
after either (i) increasing one or more thresholds on the LHS
constraints, (ii) removing an LHS attribute, or (iii) decreasing
the RHS threshold. Notice that, the minimality property can be
restricted to case (ii) when fixed constraints for each attribute
are considered. We formally define a minimal RFDc as follows:
Definition 2 (RFDc Minimality). Given a relation schema R,
A P attrpRq, X “ tX1, . . . , Xnu Ă attrpRq, and an RFDc

XΦ1 Ñ Aϕ2 holding on a instance r of R, with Φ1 and
ϕ2 fixed, then the RFDc is minimal if and only if @Xi P

Symbol Description
R Relational database schema
R Relation schema
r Relation instance
φ RFDc

X,Y, Z Attribute sets
A,B,C Attributes
a, b, c Attribute values
t, t´ Tuple of r, Tuple removed from r
trBs Projection of t on the attribute B
trXs Projection of t on the attribute set X
Φ Set of distance constraints
ϕ Distance constraint

Mτ
B BAS Distance Matrix on the attribute B at time τ

Mτ
Brtks BAS Distance Vector on the attribute B for tuple tk at time τ
Sτ Similarity vectors at time τ
Sτ
B Similarity vector on the attribute B at time τ

Sτ
Brtks Similarity value on the attribute B for tuple tk at time τ

Sτ
X rtks Similarity value on the attribute set X for tuple tk at time τ
m Number of attributes in r
|r| Number of tuples in r

rfdsτ Set of minimal RFDcs at time τ

TABLE II: A summary of symbols used throughout the paper.

X, D t1, t2 P r for which ϕX1
^¨ ¨ ¨^ϕXi´1

, ϕXi`1
^¨ ¨ ¨^ϕXn

indicates true, but ϕ2 is not satisfied.

In other words, since we consider RFDcs with a single
attribute on the RHS, an RFDc is minimal when there is no
valid RFDc with the same RHS, same distance constraints, and
a subset of its LHS.

The discovery of RFDcs is the problem of finding a set of
all minimal RFDcs holding on a relation instance r. As said
above, one of the possible strategies for discovering RFDcs
(namely column-based) models the search space as a lattice,
which permits to consider candidate RFDcs at different levels
in terms of edges. More specifically, let R be a relation schema
with m attributes, the lattice representing all the candidate
RFDs will consist of a collection of attribute sets, where
Level 0 contains the empty set, Level 1 the singleton sets,
i.e., a node for each attribute, Level 2 the pair sets, and so
forth. Finally, the last level (Level m) contains a single set of
all the attributes in R. By following the lattice-based search
space representation, a column-based discovery strategy first
generates attribute sets X at level l, and then formulates all the
possible RFDcs XΦ1

Ñ Aϕ2
, with A R X , to be successively

validated. Then, considering the RFDcs validated at level l,
several pruning strategies can be applied in order to avoid the
validation of not minimal candidate RFDcs. Thus, whenever
the constraints are specified for each attribute of the relation,
the discovery of RFDcs reduces to verify if whenever tuples
satisfy the constraints on the LHS attributes, then they also
satisfy the one on the RHS attribute. This requires tackling a
problem that, in the worst case, is exponential in the number of
columns and quadratic in the number of rows. In particular,
when the similarity constraints are fixed, discovering RFDcs
over a relation instance r has the same theoretical complexity
of the FD discovery problem, with a complexity’s upper bound
that is Op|r|2pm

2 q
2
2mq, where m

2 ¨2m represents the number of
candidates, and m

2 ¨ |r|2 is the complexity of a naive approach
for the validation, where all pairs of tuples are compared on
an average m

2 columns, i.e., the average number of attributes
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Fig. 1: Overview of the process underlying INDIBITS.

involved in an RFDc [34]. Nevertheless, differently from the
equality, the similarity does not satisfy the transitivity property,
preventing the possibility to adopt the validation methods of
FDs. This leads to the necessity of conceiving new validation
methods for evaluating candidate RFDcs.

IV. INDIBITS

INDIBITS is an incremental discovery algorithm for RFDcs
relying on a column-based search strategy capable of dis-
covering RFDcs from a single relation. It considers an input
threshold for each attribute to form distance constraints that
will be then used for validating candidate RFDcs.

INDIBITS monitors changes occurred in a relation instance
in terms of insertion and deletion operations and it incre-
mentally updates the set of valid RFDcs. Notice that update
operations can be expressed as a combination of deletion and
insertion operations. In what follows, we will use the term
batch to refer to groups of change operations.

An overview of the discovery process underlying INDIBITS
is shown in Fig. 1. As we can see, INDIBITS reads the
first batch of tuples at time τ “ 0 and creates the binary
representation of the data according to the thresholds in Φ
defined as input. From this, it performs the discovery process
by considering only insertion operations and extracts the set
of holding RFDcs. Then, for each batch, INDIBITS updates
the data representation and performs the discovery process
according to the types of operations performed on the data.

More formally, let rfdsτ be the set of minimal RFDcs holding
on a relation instance r at a given time instant τ , then it is
necessary to find a set of minimal RFDcs rfdsτ`1 holding on
the updated relation at a time τ`1. Consequently, it is possible
to consider each RFDc φ holding at time τ as a new candidate
RFDc at time τ ` 1, which will be surely valid if the last
operation was a deletion, but it could no longer be minimal;
whereas it might not hold if the last operation was an insertion.
In case it was a deletion making φ: XΦ1

1
Ñ Aϕ2 not minimal,

then it must generate and validate new candidate RFDcs φ1

that are generalization of φ, that is, φ1 : X 1
Φ1

1
Ñ Aϕ2

, with
X 1 Ă X , and Φ1

1 is a conjunction of the similarity constraints
defined on attributes in X 1. Accordingly, in case the last
operation is an insertion invalidating φ, then it must generate

and validate new candidate RFDcs φ2 that are specialization
of φ, that is, φ2 : X2

Φ2
1

Ñ Aϕ2 , with X Ă X2 and
Φ2

1 is a conjunction of the similarity constraints defined on
the attributes X2. INDIBITS first processes all the deletions
defined in a batch, and then the insertion operations, enabling
the correct handling of the update operations on tuples. Con-
sequently, INDIBITS browses the search space according to
the types of operations, and starting from RFDcs holding at
time τ , it properly generates candidate RFDcs by means of
specialization/generalization strategies (see Sections VI-B and
VI-C). Nevertheless, to verify the satisfiability of similarity
constraints, and efficiently validate each candidate RFDc, it
relies on a compact representation of data similarities (see
Section V), from which an efficient validation method has been
defined (see Section VI-A).

V. BITWISE SIMILARITY

As mentioned above, we handled the complexity in rep-
resenting data similarities, also according to possible data
modifications, through an innovative strategy, founded over the
definition of an ad-hoc data structure, i.e., a similarity vector.

In particular, INDIBITS is able to discover RFDcs by con-
sidering specific input thresholds characterizing distance con-
straints to be associated with each attribute. The satisfiability
degree limited by such thresholds is represented as a set of
numerical values, which are grouped into similarity vectors.
To better understand how similarity vectors are generated, we
will introduce a theoretical concept called Binary Attribute
Satisfiability (BAS) Distance Matrix. Fig. 2 depicts how we
represent the satisfiability of attributes with respect to the
considered threshold. In particular, for a given attribute B,
a BAS Distance Matrix represents a triangular matrix whose
row and column indices correspond to the tuples of a relation
instance at a given time τ . Each matrix entry will contain
either the value 0 or 1 depending on whether the pair of tuples
corresponding to the entry has a distance on B greater or less
than the threshold associated to B. In what follows, a more
formal definition of the BAS Distance Matrix is provided.

Definition 3 (BAS Distance Matrix and Vector). Let r be an
instance at time τ of a relation schema R, B P attrpRq, and
ε an input threshold for a distance constraint ϕrBs. The BAS
Distance Matrix of r for B, denoted as Mτ

B , is a triangular
matrix defined as:

Mτ
Brtisrtjs “

#

1 if δptirBs, tjrBsq ď ε

0 otherwise

for each pair of tuples (ti,tj) P r with i ď j. Thus,
the k-th BAS Distance Vector for B is a bitwise vector
of length |r|, denoted as Mτ

Brtks, whose values are
xMτ

Brtksrt1s, ...,Mτ
Brtksrtks,Mτ

Brtk`1srtks, ...,Mτ
Brt|r|srtksy.

A BAS Distance Vector Mτ
Brtks describes the tuples similar

to tk on attribute B. As an example, Mτ
chiefcomplaintrt2s in

Fig. 2 corresponds to the bitwise-based vector 0010000010p2q,
and indicates that the value of t2[chiefcomplaint] is similar to
t8[chiefcomplaint] and to itself. By considering a BAS distance
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Fig. 2: Similarity Vectors created for the snippet of the Triage dataset from Mimic-III database.

vector as a decimal value, the similarity between all tuple pairs
for a given attribute can be represented by a single vector,
named Similarity Vector, of length |r|.

Definition 4 (Similarity Vector). Let r be an instance at time
τ of a relation schema R, B P attrpRq, and Mτ

B a BAS
Distance Matrix. The similarity vector on B, denoted as Sτ

B ,
is a vector of size |r| such that Sτ

Brtks contains the decimal
representation of Mτ

Brtks.

Example 2. Fig. 2 depicts the BAS Distance Matrix for
chiefcomplaint attribute and the similarity vectors obtained from
the snippet of the Triage dataset. It has been constructed by
considering the thresholds t0, 1, 10, 1, 1, 20, 5, 2, 0, 8u, yield-
ing the BAS Distance Matrix for attribute chiefcomplaint to
contain a value 1 when the corresponding pair of tuples have
a distance value ď 8. Each row of the BAS Distance Matrix
corresponds to a binary value, and is represented in decimal
format in a cell of the chiefcomplaint similarity vector. For
instance, the value 1001100000p2q on tuple t10 corresponds to
608p10q, and is stored in Sτ

chiefcomplaintrt10s.

The list of Similarity Vectors, denoted as Sτ , summarizes
the similarities between the tuples of the input relation, provid-
ing a lightweight representation that can be efficiently updated
upon changes. In particular, the BAS distance Matrix can be
updated by performing bitwise operations, as defined in the
following sections.

A. Update of similarity vectors

The insertion of new tuples requires updating the data struc-
tures underlying INDIBITS. Any newly inserted tuple yields
the necessity to update the similarity vectors for the validation
process. In particular, the similarity of each new tuple is
evaluated with respect to the previous ones by calculating the
distance of each attribute value of the new tuple from those
of already processed tuples. This operation can be thought as
the definition of a new row/column within the BAS Matrices
of each attribute, as defined in the following.

Definition 5 (BAS Matrix Upon Tuple Insertion). Let r be an
instance of a relation schema R at time τ with |r| rows, Mτ

B

a BAS Distance Matrix for an attribute B of R, and t|r|`1 a

tuple added to r at time τ ` 1. Mτ`1
B contains |r| ` 1 rows

and is calculated as follows:

Mτ`1
B rtks “

$

’

’

&

’

’

%

Mτ
Brtks if k ď |r|

xδpt1rBs, tkrBsq, . . . ,

δptk´1rBs, tkrBsq, 1y if k “ |r| ` 1

As discussed above, since the vectors in the BAS Matrices
represent a value of the similarity vectors, this implies the
creation of a new value within the similarity vectors. Never-
theless, the insertion of a new tuple can also affect the existing
values in the similarity vectors. In fact, when a new attribute
value is similar to another existing value according to the
distance constraint, the new value in the BAS matrix is equal
to 1. This means that the value 2pi´1q is added to the existing
value, where i represents the id of the new row/column added
to the BAS matrix.

Example 3. Let us consider the snippet of the Triage dataset
in Fig. 3. After the insertion of the tuples t11 and t12, two
columns and rows have been added to the BAS Matrices of
each attribute. Let us consider the BAS matrix of the attribute
chiefcomplaint. As we can see, the value ABD CRAMPING PREG-

NANT of t11 is similar to the values ABD CRAMPING/RASH, ABD

CRAMPING/NAUSEA, and ABD CRAMPING S/P KICK of the tuples
t4, t5, and t9, respectively. This has led to add a new value
in the similarity vector of chiefcomplaint, i.e., 1304p10q, which
corresponds to the decimal representation of 10100011000p2q.
Consequently, the values of t4, t5, and t9 in the similarity
vectors have also been updated. Likewise, the value for the
chiefcomplaint of tuple t12, i.e., ABD INCISION INFECTION, is
similar to ABD INCISION OPEN of t1, yielding the insertion of
the number 2049p10q for t1 and t12 in the similarity vectors.

As for insertions, the deletion of tuples requires updating
the data structures underlying INDIBITS. Any tuple deleted at
time τ`1 yields the necessity to remove the values referring to
it by updating similarity vectors. In particular, the deletion of
a tuple can be thought as the drop of a row/column within the
BAS Matrices of each attribute, as defined in the following.

Definition 6 (BAS Matrix Upon Tuple Deletion). Let r be an
instance at time τ of a relation schema R with |r| rows, Mτ

B

a BAS Distance Matrix for an attribute B of R, and tp a tuple



deleted from r at time τ ` 1. Mτ`1
B contains |r| ´ 1 rows and

is calculated as follows:

Mτ`1
B rtks “

#

Mτ
Brtks if k ă p

pMτ
Brtks Ï pq _ pMτ

Brtks , pq if k ą p

where Mτ
Brtks Ï p “

`

pMτ
Brtks " 1q ^ r1|r|´p 0p´1s

˘

, and
Mτ

Brtks , p “
`

Mτ
Brtks ^ r0|r|´p 1p´1s

˘

.

Consequently, whenever a row/column is removed from the
matrices, their corresponding values are removed from each
vector, yielding the reduction of their dimensionality. However,
it is also necessary to update the remaining values in other
vectors according to the values of the deleted tuple. In fact,
the deletion of a tuple can reduce the value within a similarity
vector of 2pi´1q, where i represents the id of the deleted tuple.

Example 4. Let us consider the snippet of the Triage
dataset in Fig. 4. After the deletions of tuples t2 and t10,
two rows/columns have been dropped from the BAS Ma-
trices of each attribute. Let us consider the BAS matrix
of the attribute chiefcomplaint, after the deletion of tuples
t2 and t10, their corresponding values have been removed
from the similarity vectors, i.e., 130p10q and 608p10q, which
correspond to 0010000010p2q and 1001100000p2q, respectively.
Moreover, all the remaining values in the similarity vectors,
i.e., r1, 100, 280, 280, 612, 612, 130, 280s (Fig. 2), have been
updated according to the deletions, yielding a new similarity
vector for chiefcomplaint, i.e., r1, 50, 140, 140, 50, 50, 64, 140s.

VI. INCREMENTAL RFDc DISCOVERY

Section V presented the lightweight data structure under-
lying INDIBITS enabling efficient validation and discovery
processes, which are introduced in this section.

A. RFDc Validation

Starting from the representation of similarities provided by
the similarity vectors Sτ , it is possible to efficiently verify if
a candidate RFDc is satisfied on a given relation instance r at
time τ by exploiting the refinement property between patterns
of similarity values introduced in [25].

More formally, given the similarity vectors Sτ , a tuple
tk, and an attribute B, it is possible to consider the binary
representation of the value Sτ

Brtks, i.e., Mτ
Brtks, representing

all tuples that are similar to tk on attribute B, according
to the similarity constraint defined by ϕrBs. Consequently,
for an attribute set X , it is possible to consider the binary
representation of the value Sτ

X rtks representing all tuples that
are similar to tk on the values of each attribute in X , according
to the similarity constraints defined by Φ. Notice that, the value
Sτ
X rtks can be computed as

Ź

BPX Sτ
Brtks.

According to the refinement property, if we consider a set
XYA Ą X , it is possible to say that Sτ

XYA always refines
Sτ
X , since each tuple pair is similar on XYA if and only if it

is also similar on X .

||Sτ
X || “

ř

tkPSτ p|Sτ
X rtks| ´ 1q

2

where |Sτ
X rtks| is the number of bits equal to 1 in the binary

representation of Sτ
X rtks, and represents the number of similar

tuples in Sτ
X . Notice that, the value 1 is subtracted to exclude

the pairs consisting of the same tuples, whereas the division
by 2 allows to consider each tuple pair only once.

Since for an attribute set X Y A Ą X , we can say that
Sτ
XYA always refines Sτ

X , it is possible to state that ||Sτ
XYA||

is always lower than or equal to ||Sτ
X ||. However, given an

RFDc φ : XΦ1
Ñ Aϕ2

, if ||Sτ
XYA|| is lower than ||Sτ

X ||, it
means that there exists at least a tuple pair that is similar on
X but not on X Y A, leading to the detection of a violation.
Thus, an RFDc φ : XΦ1 Ñ Aϕ2 holds iff ||Sτ

XYA|| “ ||Sτ
X ||.

Example 5. According to the similarity vectors shown in Fig.
2, the following RFDc is valid:

painpď2q, chiefcomplaintpď8q ÝÑ o2satpď1q

In fact, if we consider the similarity vectors Sτ
pain “ r65, 350,

350, 350, 350, 928, 95, 672, 830, 928s, Sτ
chiefcomplaint “ r1,

130, 100, 280, 280, 612, 612, 130, 280, 608s, and Sτ
o2sat “

r1021, 2, 1021, 1021, 1021, 1021, 1021, 1021, 1021, 1021s, it
is possible to compute the vectors Sτ

X “ Sτ
{pain, chiefcomplaint} “

r1, 2, 68, 280, 280, 544, 68, 128, 280, 544s and Sτ
XYA “

Sτ
{pain, chiefcomplaint, o2sat} “ r1, 2, 68, 280, 280, 544, 68, 128,

280, 544s, yielding the same number of similar pairs:

||Sτ
X || “

0 ` 0 ` 1 ` 2 ` 2 ` 1 ` 1 ` 0 ` 2 ` 1

2
“ ||Sτ

XYA||

B. Handling Insertions

In this section, we discuss the strategy to maintain RFDcs
upon the insertion of new tuples. As discussed above, the
insertion operations can confirm the validity or invalidate
RFDcs already validated at time τ , i.e., before the insertion of
the new tuples. In particular, INDIBITS considers as starting
points the minimal RFDcs validated on a relation r at time
τ . This strategy enables INDIBITS to avoid re-executing the
discovery process from scratch, by keeping track of the pre-
viously holding RFDcs. Notice that during the first execution
of INDIBITS, the most general RFDcs in the search space are
considered as starting points, i.e., all non-trivial RFDcs having
one attribute on the LHS. Starting from these, INDIBITS
performs the validation from the most general to the most
specialized RFDcs, i.e., from RFDcs with the lowest number of
the attributes on the LHS to those with the highest one.

More specifically, INDIBITS validates each candidate RFDc

according to the validation strategy discussed in Section VI-A.
Then, for each candidate RFDc valid at time τ ` 1, INDIBITS
prunes the search space according to the strategy proposed in
[2]. In particular, let XΦ1

Ñ AΦ2
be an RFDc valid at time

τ ` 1, with X “ X1, . . . , Xh, X,A P attrpRq, and X X A “

H. For each attribute B P attrpRq, with B R tX Y Au, then
XYA Ñ B is not minimal at time τ `1. The pruning strategy
is applied whenever an RFDc is validated after the insertion
of a batch of tuples, enabling INDIBITS to greatly reduce the
number of candidate RFDcs to be validated. On the other hand,
if there exists at least one candidate RFDc that is no longer
valid at time τ `1, INDIBITS specializes it and generates new
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SIMILARITY VECTORS AFTER INSERTS
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Fig. 3: Updating vectors after the insertion of new tuples over the snippet of the Triage dataset.
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subject_id temperature heartrate resprate o2sat sbp dbp pain acuity chiefcomplaint

10263569 97.20 100 16 100 91 63 0 2 ABD INCISION OPEN

10990840 97.40 116 18 97 143 85 4 2 ABD DISTENTION

11317752 97.80 89 16 100 166 86 3 2 ABD/BACK PAIN/VOMITING

13039926 97.20 58 16 100 128 82 3 3 ABD CRAMPING/RASH

14640810 99.50 109 16 100 126 87 3 3 ABD CRAMPING/NAUSEA

16007921 99.10 88 18 100 145 71 7 3 ABD/BACK PAIN/N/V

16391209 97.20 93 16 100 116 71 2 3 ABD/BACK PAIN/FEVER

16552560 97.90 87 19 100 117 64 8 2 ABD DISTENTION

16587861 98.50 100 18 100 115 77 5 3 ABD CRAMPING S/P KICK

17197677 98.20 69 20 99 132 74 7 2 ABD/BACK PAIN
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Fig. 4: Updating vectors after the deletion of some tuples over the snippet of the Triage dataset.

candidate RFDcs. To ensure the minimality of the resulting
RFDcs at time τ ` 1, before analyzing each newly specialized
RFDc, INDIBITS checks if there exists at least one valid RFDc

at time τ ` 1 that generalizes it. If so, the specialization is a
valid and not minimal RFDc, since an RFDc that generalizes it
has already been validated at time τ ` 1.

Example 6. Let us consider the snippet of the Triage dataset
in Fig. 3, and the set rfdsτ containing the following RFDcs
φ1 : subject idpď0q Ñ o2satpď1q,
φ2 : temperaturepď1q, heartratepď10q Ñ o2satpď1q,
φ3 : dbppď5q, chiefcomplaintpď8q Ñ o2satpď1q.
After the insertion of the tuples t11 and t12, the RFD φ3 is no
longer valid, while the others continue to be. Thus, INDIBITS
generates the specializations of φ3, such as:
φ31 : subject idpď0q, dbppď5q, chiefcomplaintpď8q Ñ o2satpď1q,
φ32 : temperaturepď1q, dbppď5q, chiefcomplaintpď8q Ñ o2satpď1q,
and so forth. But the RFDc φ31 is a specialization of φ1

included in rfdsτ , and it does not require to be validated,
whereas the RFDc φ32 must be validated at time τ ` 1.

Algorithm 1 shows the procedure for updating vectors upon
each new tuple insertion at time τ `1. It starts by considering

Algorithm 1 Updating vectors after inserting a new tuple
INPUT: A relation instance r at time τ ; A new tuple t at time τ ` 1; A set
Φ of distance constraints; Similarity vectors Sτ

OUTPUT: Updated similarity vectors Sτ`1

1: id Ð |r|

2: for each B P attrpRq do
3: Sτ

Brtids Ð 2id

4: for k P 0 . . . |r| do
5: if δptrBs, tkrBsq satisfies ϕrBs then
6: Sτ

Brtks Ð Sτ
Brtks ` 2id

7: Sτ
Brtids Ð Sτ

Brtids ` 2k

8: Sτ`1 Ð Sτ

9: return Sτ`1

the set of already processed tuples in the relation r with the
corresponding similarity vectors at time τ `1, and a new tuple
t inserted at time τ`1. The procedure first reads the size of the
stored tuples, which corresponds to the id of the newly inserted
tuple t (Line 2). Then, for each attribute B in attrpRq, it
updates the similarity vectors according to the strategy defined
in Section V-A (Lines 2-7). More specifically, the procedure
compares the value of the new tuple over each attribute B
with those of the tuples tk already processed (Lines 4-7). If
these values are similar according to the distance constraint
ϕrBs, then the procedure updates the existing values in the
similarity vectors, by adding 2id to the existing Sτ

Brtks (Line
6). Then, it also updates the value Sτ

Brtids by adding the
value 2k corresponding to tk (Line 7). The procedure ends
by returning the resulting similarity vectors (Lines 8-9).

Algorithm 2 shows the main procedure of INDIBITS exe-
cuted for every batch of new tuples inserted at time τ ` 1. It
considers the set of all RFDcs holding at time τ (rfdsτ ), the set
of all RFDcs that were not valid at time τ (invalidRfdsτ ), and
the similarity vectors updated upon the insertion of the new
batch of tuples at time τ ` 1 (Sτ`1). The procedure starts by
considering candidate RFDcs from the most general to the most
specialized ones, i.e., from RFDcs with the minimum number
of attributes on the LHS to the one with the maximum one
(Line 1). Then, it validates each candidate RFDc according
to the approach described in Section VI-A (Lines 3-4). Thus,
if the analyzed RFDc is valid at time τ ` 1, the procedure
prunes the search space by removing holding RFDcs according
to the pruning strategy discussed above (Lines 7-8). On the
contrary, if a candidate RFDc is not valid at time τ ` 1,
it is added to the set of invalid RFDcs (Lines 5-6). Then,
the procedure removes the invalid RFDcs from rfdsτ , and it



Algorithm 2 Main procedure of INDIBITS after inserting tuples
INPUT: A set rfdsτ of minimal RFDcs; A set invalidRfdsτ of RFDcs not
valid at time τ ; Similarity vectors Sτ`1

OUTPUT: Updated rfdsτ`1, updated invalidRfdsτ`1

1: for level P 0 . . .m do
2: rfdsInvalidated Ð H

3: for each φ P rfdsτ .getLevelplevelq do
4: if not validate(φ, Sτ`1) then
5: rfdsInvalidated Ð rfdsInvalidated Y tφu

6: invalidRfdsτ Ð invalidRfdsτ Y tφu

7: else
8: rfdsτ .pruneRfdspφq

9: for each φ P rfdsInvalidated do
10: rfdsτ Ð rfdsτ ztφu

11: spec Ð specializepφq

12: for each φ1 P spec do
13: if not rfdsτ .containsGeneralizationspφ1q then
14: if not isPrunedpφ1q then
15: rfdsτ Ð rfdsτ Y tφ1u

16: rfdsτ`1 Ð rfdsτ
17: invalidRfdsτ`1 Ð invalidRfdsτ
18: return rfdsτ`1, invalidRfdsτ`1

generates their specializations (Lines 10-11). However, before
adding the resulting specializations to the set of the candidate
RFDcs, the procedure checks their minimality with respect to
the RFDcs already validated and those pruned at time τ ` 1
(Lines 12-15). The procedure continues its execution until all
dependencies have been analyzed. Finally, it returns the sets
of holding and invalid RFDcs at time τ ` 1 (Lines 16-18).

C. Handling Deletions

Let us now introduce the approach for updating the set of
valid RFDcs upon the deletion of some existing tuples. As
discussed above, the deletion of one or more tuples always
confirms, at time τ ` 1, the validity of the previously holding
RFDcs, but it could lead to the validation of some RFDcs that
were not valid at time τ . In the last case, it is necessary to
check the minimality of previously valid RFDcs with respect
to those newly validated at time τ `1. In particular, INDIBITS
starts by considering the minimal RFDcs holding on a relation
instance r at time τ and performs the validation from the most
specialized to the most generalized RFDcs.

INDIBITS generalizes each RFDc holding at time τ and
considers the direct generalizations as new candidate RFDcs
at time τ ` 1. If none of these are valid, INDIBITS confirms
the validity of the RFDc from which the generalizations have
been produced. On the contrary, for each candidate RFDc

validated at time τ ` 1, INDIBITS removes all the RFDcs that
are specializations of it and it continues to generalize them
until the direct generalization are all invalid, or until it is no
longer possible to generalize, i.e., when it is not possible to
remove any attribute from the LHS of an RFDc.

More formally, let XΦ1 Ñ AΦ2 be an RFDc valid at time
τ with X,A P attrpRq and X X A “ H. After the deletion
of a batch of tuples, INDIBITS generalizes XΦ1

Ñ AΦ2
, by

introducing all the direct generalizations tXΦ1
zBu Ñ AΦ2

for
each B P X as new candidates. If at least one of them is valid
at time τ ` 1, then RFDc XΦ1 Ñ AΦ2 is no longer minimal
and other more general RFDcs can be validated.

Algorithm 3 Updating vectors after deleting a tuple
INPUT: A relation r at time τ ; A tuple t´ deleted at time τ ` 1;
Similarity vectors Sτ

OUTPUT: Updated similarity vectors Sτ`1

1: id Ð getTupleIdpt´q

2: for each B P attrpRq do
3: for k P 0 . . . |r| do
4: if k ‰ id then
5: v1 Ð getBits(Sτ

Brtks, 0, id ´ 1)
6: v2 Ð getBits(Sτ

Brtks, id ` 1, |r| ´ 1) " 1
7: v Ð v1.concat(v2)
8: Sτ

Brtks ÐconvertBinaryNumber(v)
9: Sτ`1 Ð Sτ

10: return Sτ`1

Example 7. Let us consider the snippet dataset in Fig. 4, and
let us suppose that the following RFDc

φ1 : heartratepď10q, o2satpď1q, sbppď20q, painpď2q Ñ temperaturepď1q

is minimal and validated at time τ . After the deletions of the
tuples t2 and t10, INDIBITS generates the direct generaliza-
tions of φ1 such as:
φ11 : heartratepď10q, o2satpď1q, sbppď20q Ñ temperaturepď1q,
φ32 : heartratepď10q, sbppď20q, painpď2q Ñ temperaturepď1q,
and so forth. Thus, since φ32 is valid at time τ ` 1, then φ1

is no longer minimal.
Algorithm 3 shows the procedure for updating similarity

vectors upon each tuple deletion at time τ ` 1. In particular,
it considers the set of already processed tuples in the relation
r at time τ with the corresponding similarity vectors, and a
tuple t´ deleted at time τ ` 1. The procedure first retrieves
the id of the tuple to be deleted from r (Line 1), which
corresponds to the id of the tuple assigned during its insertion.
Then, for each similarity vector Sτ

B of attrpRq, and for each
tuple tk it updates the values in Sτ

Brtks by removing the
bit corresponding to the tuple identifier id (Lines 2-8). In
particular, for each value Sτ

Brtks, the procedure extracts the
bits from 0, i.e., the less significant bit, to id´1 (Line 5). Then,
it extracts the bits from id`1 to |r|´1, and concatenates them
to remove the bit in position id (Lines 6-7). The bit values are
then converted to a decimal value, leading to Sτ

Brtks (Line 8).
After performing this operation over all tuples and attributes,
the procedure returns the similarity vectors (Lines 9-10).

Algorithm 4 shows the main procedure of INDIBITS exe-
cuted for every batch of tuples deleted at time τ . It considers
the set of all RFDcs holding at time τ (rfdsτ ), the set of
all RFDcs that were not valid at time τ (invalidRfdsτ ),
and the similarity vectors updated after the deletion of the
tuples at time τ ` 1 (Sτ`1). The procedure checks if there
are still values left in Sτ`1 after deleting the tuples at time
τ ` 1. If Sτ`1 is empty, the procedure returns an empty
set of valid/invalid RFDcs (Lines 1-3). On the contrary, the
procedure starts by considering as candidate RFDcs those that
were not valid before the deletion, and it analyzes them from
the most specialized to the general one (Lines 6-11). Then,
it validates each candidate RFDc according to the approach
described in Section VI-A (Line 8). If a candidate RFDc is
valid, the procedure removes it from the not valid RFDcs and
adds its generalizations to the set of new candidate RFDcs
(Lines 9-11). Then, INDIBITS checks if the new valid RFDcs



Algorithm 4 Main procedure of INDIBITS after deleting tuples
INPUT: A set rfdsτ of minimal RFDcs; A set invalidRfdsτ of not valid
RFDcs; Similarity vectors Sτ`1

OUTPUT: Updated rfdsτ`1, updated invalidRfdsτ`1

1: if Sτ`1.isEmpty() then
2: rfdsτ`1 Ð H

3: invalidRfdsτ`1 Ð H

4: else
5: validRfds Ð H

6: for level P m. . . 1 do
7: for φ P invalidRfdsτ .getLevelplevelq do
8: if validate(φ, Sτ`1) then
9: invalidRfdsτ Ð invalidRfdsτ Y generalize(φ)

10: invalidRfdsτ Ð invalidRfdsτ ztφu

11: validRfds Ð validRfds Y tφu

12: for φ P validRfds do
13: if not rfdsτ .containsGeneralizationspφq then
14: rfdsτ .addAndCheckMinimalitypφq

15: rfdsτ`1 Ð rfdsτ
16: invalidRfdsτ`1 Ð invalidRfdsτ
17: return rfdsτ`1, invalidRfdsτ`1

are minimal with respect to the already validated ones, and
adds them to the set of valid RFDcs after the deletion of
tuples (Lines 12-14). Notice that, the addAndCheckMinimality
function will remove all RFDs that are not minimal with respect
to the added one. Finally, the procedure returns the sets of
holding and invalid RFDcs at time τ ` 1 (Lines 16-17).

D. Theoretical analysis

In what follows, we provide proofs of correctness and
minimality for INDIBITS.
Theorem 1 (Correctness). Each RFDc discovered by INDIBITS
is valid.
Proof. We proceed by contradiction. Let φ : XΦ1

Ñ Aϕ2
be

an RFDc discovered by INDIBITS from a relation instance r,
with X “ tX1, . . . , Xnu and Φ1 = ϕX1

^ . . .^ ϕXn
. Let

us suppose that φ is not valid. This means that there exists a
tuple pair ptk, tlq P r for which Φ1 is satisfied, but not ϕA.
According to the validation process defined in Section VI-A,
if φ is discovered by INDIBITS then ||Sτ

XYA|| “ ||Sτ
X ||. This

means that
ř

tiPSτ
XYA

|Sτ
XYArtis| “

ř

tiPSτ
X

|Sτ
X rtis|. From

definition of similarity vectors on tk, |Sτ
XYArtks| “ |Sτ

X rtks|,
which corresponds to |

Ź

BPXYA Sτ
Brks| “ |

Ź

BPX Sτ
Brks|.

For the tuple pair ptk, tlq, we have |
Ź

BPXYA Mτ
Brtksrtls| “

|
Ź

BPX Mτ
Brtksrtls|. Since the pair ptk, tlq represents a vi-

olation of φ, we have that
Ź

BPX Mτ
Brtksrtls “ 1 and

Ź

BPXYA Mτ
Brtksrtls “ 0, leading to ||Sτ

XYA|| ‰ ||Sτ
X ||. This

contradicts the assumption that INDIBITS discovers φ.

Theorem 2 (Minimality). Each RFDc discovered by INDIBITS
is minimal according to Definition 2.
Proof. We proceed by contradiction. Let φ : XΦ1

Ñ Aϕ2
be

an RFDc discovered by INDIBITS from a relation instance r,
with X “ tX1, . . . , Xnu and Φ1 = ϕX1

^ . . .^ ϕXn
. Let us

suppose that φ is not minimal. This means that there exists
a valid RFDc φ1 : X 1

Φ1
1

Ñ Aϕ2 , where X 1 “ XzXi and Φ1
1

= ϕX1
^ ϕXi´1

^ ϕXi`1
^ ϕXn

with i P r1, ns. The search
strategy used by INDIBITS to discover φ depends on the
type of operation performed to update the dataset, leading the
analysis of two separate cases:

Case 1 - Tuple insertions. According to Algorithm 2, at time
τ ` 1 INDIBITS validates the set rfdsτ of minimal RFDcs
discovered at time τ . Let us suppose that φ is at level k of
the lattice. If φ was minimal at time τ and is still valid at
time τ ` 1, then φ is also minimal, since the insertion of
new tuples can only invalidate previously discovered RFDcs,
i.e., the insertion of tuples guarantees that all generalizations
of φ are still not valid (see Section IV). This contradicts the
assumption on the existence of φ1. Conversely, if φ was valid
but not minimal at time τ and is valid at time τ ` 1, then
it has been discovered as specialization of an invalid RFDc at
level k ´ 1. The minimality property of φ is guaranteed by
lines 13-15 of Algorithm 2, which verify the absence of any
other minimal RFDc generalizing φ. This refuses the existence
of φ1, contradicting the original assumption.
Case 2 - Tuple deletions. According to Algorithm 4, at time
τ ` 1 INDIBITS validates the set rfdsτ by also considering
the set of all invalid RFDcs at time τ (invalidRfdsτ ). Let us
suppose that φ is at level k of the lattice. If φ was minimal
at time τ , it is still valid after the deletion of tuples at time
τ ` 1. However, if φ1 is validated at time τ ` 1, then φ1

is added to the set validRfds (Line 11) and the function
addAndCheckMinimality at Line 14 would remove φ from
rfdsτ . Thus, INDIBITS would not discover φ contradicting
the original assumption. Conversely, if φ was not valid at
time τ but valid at time τ ` 1, then INDIBITS considers
all its generalizations as candidate RFDcs (Line 9), including
φ1. However, the minimality check at Lines 12-14 removes
φ from rfdsτ since it contains a generalization of φ (Line
13). Thus, INDIBITS would not discover φ contradicting the
original assumption.

VII. EXPERIMENTAL EVALUATION

We present experimental results concerning the perfor-
mances of INDIBITS in terms of discovery results, execution
time, and memory consumption, and compare them with
those of DiMε1 [25], an RFD discovery algorithm for static
scenarios, and DYNFD2 [31], an FD discovery algorithm for
dynamic scenarios.
A. Experimental setup

We implemented INDIBITS in Java 17, using the Leven-
shtein distance for comparing textual attributes, the absolute
difference for numerical attributes, and the alphabetic dis-
tance for individual characters. During the data pre-processing
phase, INDIBITS constructs the similarity vectors according to
user-defined distance thresholds. In particular, for each dataset
we performed 5 experiments, using the same threshold ε for
all of their attributes, i.e., 0, 1, 2, 4, and 8. Moreover, for each
of them we analyzed INDIBITS performances by considering
4 batch size (e.g., the number of changes, in terms of insertion
and/or deletion operations, to be considered at each time
instant), i.e., 1, 10, 100, 1000. Finally, we considered a time
limit (TL) of 3 hours. All the experiments have been executed

1DiMε is available at https://dastlab.github.io/dime/
2DynFD is available at https://github.com/HPI-Information-Systems/dynfd



Dataset #Cols #Rows
#RFDcs

Insertion Deletion
εεε = 0 εεε = 1 εεε = 2 εεε = 4 εεε = 8 εεε = 0 εεε = 1 εεε = 2 εεε = 4 εεε = 8

Abalone 9 4,177 137 34 56 64 64 191 34 56 64 64
Glass 10 214 124 27 22 38 73 168 34 28 38 73
Cmc 10 1,473 1 27 36 72 72 3 27 36 72 72
Poker-hand 11 1,025,010 1 0 0 50 50 1 0 0 50 50
Australian 14 690 535 71 78 78 91 2,352 88 78 78 91
Adult 15 32,561 78 81 63 38 33 361 738 292 111 104
Sgemm-gpu 18 241,600 4 68 68 68 119 4 68 68 68 119
Lymphography 19 148 2,730 342 342 342 308 86,558 342 342 342 308
Ncvoter 19 1,001 775 387 256 237 181 599 472 355 276 208
Flights 38 1,000 1,904 1,562 1,340 1,059 1,115 3,495 3,416 1,365 1,063 1,145
Sonar 60 208 75,086 3,540 3,540 3,540 3,540 7,462 3,540 3,540 3,540 3,540
Movement-Libras 91 360 348,215 5,787 5,787 5,787 5,787 436,576 5,787 5,787 5,787 5,787
Uniprot 223 1001 TL TL 616,187 1,473,270 1,180,725 TL TL TL 4,747,193 3,974,670
Tuandromd 242 4,465 9,189 15,602 15,602 15,666 15,666 10,920 15,602 15,602 15,666 15,666

TABLE III: Details of the considered real-world datasets and number of holding RFDcs.

on an iMac Pro with an Intel Xeon CPU at 3.20 GHz, 18-core,
and 128GB of memory, running macOS Mojave and OpenJDK
17 as Java environment. The experiments were performed on
different real-world datasets3, previously used for evaluating
FD and RFD discovery algorithms. Table III shows the char-
acteristics of the datasets involved in the evaluation.
B. Performances on real-world datasets

Our first experiment measured the number of discovered
RFDcs (see Table III), the execution times, and the memory
consumption of INDIBITS on 14 real-world datasets (see Fig.
5). The considered datasets have a different number of rows
and columns, in order to highlight how the execution times
of INDIBITS vary according to such parameters. Since these
datasets have not been designed for incremental discovery, we
simulated an incremental scenario in which tuples are firstly
inserted, and then deleted. In particular, for each dataset, we
have first performed the insertion operations of all tuples, and
then we have randomly deleted 90% of them.

The number of discovered RFDcs at the end of insertion
and deletion operations is detailed in Table III. Concerning the
insertion operations, we observe that the number of RFDcs is
not necessarily greater when the distance threshold increases.
In fact, often a huge number of RFDcs is obtained with
threshold 0, i.e., when considering canonical FDs, such as in
the case Abalone, Glass, Australian, Lymphography, Ncvoter,
Sonar, and Movement-Libras datasets; whereas for Cmc and
Sgemm-gpu datasets the number of RFDcs increases with
higher distance thresholds. According to results on the last
group of datasets, we can state that the impact of higher
distance thresholds on the number of RFDcs is due to the fact
that when only few FDs hold, the algorithm is capable to catch
significant relationships among data, based on the relaxation
of the attribute comparison constraints. However, few consid-
erations can be made on the number of RFDcs discovered for
the Uniprot dataset, since INDIBITS has reached the time limit
for lower similarity thresholds, while it was able to discover
a huge number of RFDcs for the larger thresholds.

Concerning the deletion operations, the number of RFDcs
holding on the considered datasets is typically greater than
the number of discovered RFDcs upon the insertion opera-
tions. Exceptions hold for Poker-hand, Sgemm-gpu, Sonar,

3https://github.com/DastLab/TestDataset

and Movement-Libras datasets, and in part for Tuandromd
dataset. In general, for both insertion and deletion operations,
the number of RFDcs tends to stabilize when the attribute
comparison threshold flattens the distribution of distances
among tuple pairs. This permits not only to have a similar
or equal number of resulting RFDcs, but they are typically
characterized by a low number of attributes on their LHSs as
the comparison threshold increases.

Concerning time and memory performances, we report the
average runtimes and memory peaks in Fig. 5, by grouping
the results according to batch sizes and distance constraints.
In particular, INDIBITS almost always required less than
104 MB of memory, except for Poker-hand, Adult, Sgemm-
gpu, Movement-Libras, Uniprot, and Tuandromd, in which the
resulting memory peaks never exceed 105 MB. In general,
the low memory consumption of INDIBITS are mainly due
to the lightweight representation of data and distances that
makes the memory requirements not severely affected by the
dimensionality of datasets and the number of holding RFDcs.

In general, we can notice that runtimes are quite stable
or slighly grow when the batch size increases. Moreover,
almost always the average times are less than 10 ms, except
for Lymphography, Flights, Movement-Libras, Uniprot, and
Tuandromd datasets. The last three datasets also exceeded the
TL in some configurations. Although such datasets represent
the three biggest datasets in terms of attributes (see Table III),
for the Movement-Libras and Tuandromd datasets, INDIBITS
reached a time limit only with threshold 0 in the last batch
size, but the average runtimes for other configurations do not
exceed 103 ms (i.e., 1 sec). Instead, concerning the Uniprot
dataset, INDIBITS completed the discovery process with the
two highest attribute comparison thresholds, considering batch
sizes equal to 1, 10, and 100. On the other hand, by consider-
ing Adult, Sgemm-gpu, and Poker-hand, representing the most
challenging datasets in terms of number of rows, INDIBITS
seems not to be affected in terms of time performances. In
fact, although such datasets are characterized by a considerable
amount of tuples to be processed, the average runtimes are
comparable to the ones obtained on smaller datasets, such
as Cmc or Australian, suggesting that INDIBITS might have
scalability potential over large-size datasets.

Summarizing, for the biggest considered datasets (i.e.,
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Fig. 5: Performances of INDIBITS over real-world datasets.

Adult, Sgemm-gpu, Poker-hand, Movement-Libras, Uniprot,
and Tuandromd) INDIBITS achieved good time performances
with respect to both number of tuples and attributes.

Overall, we cannot identify a strict correlation between the
dimensionality of the datasets and both the number of RFDcs
and the INDIBITS runtimes. In particular, although for datasets
with high dimensionality INDIBITS can potentially discover
more RFDcs, due to the wider range of candidate RFDcs, there
are some exceptions, such as the Lymphography dataset, which
presents a high number of FDs despite having 19 attributes
only. Similarly, the high dimensionality of datasets does not
imply a trend of exponential growth in the number of holding
RFDcs. Such a gap is even less predictable when higher
thresholds are involved, since for many datasets runtimes are
proven to be faster. This can be due to the reduced variability
of resulting RFDcs in accordance with data changes when
higher thresholds are considered.

C. Comparative evaluation
As a second experiment, we compared the performances of

INDIBITS to those of DiMε [25] and DYNFD [31].
DiMε is a static algorithm relying on a column-based

strategy to discover RFDs relaxing on the attribute comparison
(RFDcs), and/or the extent (RFDes). In this experiment, we
will focus on the discovery of RFDcs by analyzing in which
conditions INDIBITS under- or out-performs DiMε. To this
end, we gradually scale up the size of the dataset according to a
batch size, each time executing DiMε on an increased dataset.
Then, we plot the average runtimes of INDIBITS against those
of DiMε, by considering the speedup measure. A speed-up
of 10 indicates that INDIBITS has been 10 times faster than
DiMε, 1 indicates that they obtained the same runtime, while
a value lower than 1 indicates that DiMε was faster. Notice
that, when DiMε reaches the TL, we set the value 3-hours as
its runtime, and the speed-up bar is marked with a start on the
top. Instead, when both algorithms reach the TL, the speed-up
bar is marked with a black square on the top.

Fig. 6 shows the results of the comparative evaluation. We
can notice that INDIBITS is almost always faster than DiMε,

especially on the Abalone, Cmc, and Ncvoter datasets, where
INDIBITS has been more than 1000 times faster than DiMε
in most configurations. Conversely, only a few times DiMε
outperforms INDIBITS, i.e., on the Lymphography dataset with
threshold 0 and batch sizes set to 100 and 1000, and on the
Sonar dataset with threshold 0 and batch sizes set to 100 and
1000, and with thresholds 4 and 8 and batch size 1000. As
mentioned above, this can be due to the fact that INDIBITS
performs worse when there are many invalidations in each
batch. Moreover, for the Sonar dataset, a static approach
like DiMε performs better because its discovery strategy
exploits RFDcs discovered on lowest lattice levels to reduce
the execution of validation processes. Nevertheless, we can
notice that DiMε suffers when executing on the five datasets
with the highest number of attributes and the three with the
highest number of rows, since it reaches the TL in many
configurations. Instead, INDIBITS reaches the TL only in few
cases of the three datasets with the highest number of columns.

Concerning the comparative evaluation between INDIBITS
and DYNFD, we set up insertion and deletion operations
by considering the experimental configuration introduced in
Section VII-B, but limiting the analysis to only the similarity
threshold 0, i.e., the FDs. This is due to the fact that DYNFD
focuses only on holding FDs upon the insertion and deletion
of batches of tuples, but not on RFDcs.

Figg. 7a and 7b show the results of the comparative
evaluation. Notice that, although INDIBITS is not optimized
for the discovery of FDs, it is able to achieve competitive
runtimes with respect to one of the most efficient incremental
FD discovery algorithms. In fact, the results show that in
many cases INDIBITS outperforms or achieves average ex-
ecution times similar to DYNFD. In particular, concerning
the insertion operations, we notice that INDIBITS typically
outperforms DYNFD with smaller batches of tuples, i.e., 1,
10, and 100, except for Lymphography and Flights datasets.
Moreover, as we can see for batches with sizes 1000, although
it seems that DYNFD outperforms INDIBITS for Glass and
Australian datasets, the average execution times are of the
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Fig. 7: Runtimes evaluation with respect to DYNFD.

same order of magnitude. The gap in execution times is greater
for the Lymphography dataset, which represented an extremely
challenging dataset for INDIBITS when the similarity threshold
is set to 0. This is probably due to the large amount of FDs
with a high number of attributes on the LHS. Furthermore,
Fig. 7a highlights that INDIBITS is capable of completing the
discovery process without reaching the TL also when DYNFD
exceeded it, as in the case of Sonar, Movement-Libras, and
Tuandromd datasets. On the other hand, Fig. 7b highlights
that the task of updating FDs after deletion operations resulted
more challenging for both algorithms, which on average re-
quired more time for completing the discovery process. More
specifically, we can notice that the gap between the algorithms
in terms of average execution times was reduced with respect
to insertion operations, and it seems to be independent of the
batch sizes. Finally, both algorithms reached the TL when
processing datasets with a higher number of columns, except
for the Tuandromd, dataset for which INDIBITS was able to
complete the discovery process for 1, 10, and 100 batch sizes.

Overall, the comparative evaluation proved that in most
cases the incremental strategy underlying INDIBITS consider-
ably reduced execution times by several orders of magnitude
with respect to static discovery algorithms. Although it is not

optimized for the discovery of FDs, INDIBITS turned out to be
competitive with respect to one of the most efficient algorithms
for FDs discovery in dynamic scenarios.

VIII. CONCLUSION

In this paper, we presented INDIBITS, an RFDcs discovery
algorithm for incremental scenarios. To the best of our knowl-
edge, INDIBITS represents the first incremental discovery al-
gorithm for RFDcs. It relies on a novel method for representing
similarities between tuple pairs, which permits to efficiently
update RFDcs holding at a given time instant, starting from
those holding at a previous time instant. Experimental results
show that INDIBITS considerably reduces execution times for
discovering RFDcs with respect to a static discovery algorithm
and turns out to be competitive also for the discovery of FDs
in dynamic scenarios.

In the future, we would like to extend INDIBITS in order
to enable the discovery of RFDcs also from data streams.
Another interesting issue concerns the possibility of updating
RFDcs together with thresholds forming similarity constraints.
Finally, we would like to investigate the meaningfulness of the
discovered RFDcs in different application domains.
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