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This thesis collects the results obtained during my doctorate course. The main topic is
the nature of dark matter, investigated from the point of view of particle physics and quan-
tum field theory. The research involves various aspects of the physics beyond the standard
model, including the quantum field theory of particle mixing, neutrino physics, gravitational
interactions and axionlike particles. The thesis is organized in three parts. In the first part we
develop the quantum field theory of neutrino mixing in curved space, deriving new general
oscillation formulae and analyzing the rich condensate structure of the flavor vacuum. We
show that in a cosmological metric with De Sitter expansion of the scale factor, the flavor vac-
uum behaves as a pressure-less perfect fluid akin to dark matter. The second part is devoted
to axions and axionlike particles, which to date represent the most promising dark matter
candidates. We devise two novel detection strategies, making use of quantum entanglement
and neutron interferometry. The third part deals with the phenomenology of flavor mixing
and neutrino interactions. We show how the dark-matter-like properties of the flavor vacuum
may in principle be revealed in ensembles of cold Rydberg atoms. We discuss the possibility
to simulate the gravitational interactions of neutrinos with trapped ions. Finally we introduce
a new quantum mechanical approach to study the dissipative effects of neutrino propagation
in matter.
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Notation

Throughout the thesis we adopt the mostly minus signature of the Minkowski metric tensor
= diag (1, —1,—1,—1). Unless otherwise specified, the Einstein summation conven-
tion over repeated indices is used, e.g. A¥B, =}, A'B,,.

Lowercase greek indices &, 8,y . . . are used to denote the components of 4—vectors and
4—tensors and range between 0 and 3. Lowercase latin indices a, b, c. .. are used to denote
the spatial components of 4-vectors and 4-tensors and range between 1 and 3. Uppercase
latin indices A, B, C... are used to denote spinor components, with values 1,2,3,4. The
imaginary unit is written 1.

Boldface letters a, b, c . . . denote spatial 3-vectors. The symbol - is used for the euclidean
scalar product, and more generally for the sum @ -b = },_;,3a;b;. The boldface sigma
indicates the vector of Pauli matrices o = (oy, 0y, 0), where

(0 1y (0 =i\ (10
*“\10)7"= i o) \o -1/

If z is a complex quantity, Rz, Sz, z* and |z| denote respectively the real part, the
imaginary part, the complex conjugate and the modulus of z. The adjoints of matrices M
and operators O are denoted M and OF.

When dictated by convenience the Dirac bra—ket notation is employed. Inner products
and expectation values are written (A| B) and (A|O |A), for given states |A) ,|B) and op-
erator O.

Only a rare and circumstancial use of acronyms is made, interchangeably with the ex-
tended form. These are: QFT (Quantum Field Theory); SM (Standard Model); F(L)RW
(Friedman—(Lemaitre)-Robertson—-Walker); VEV (Vacuum Expectation Value); ALP (Axion
Like Particle); MSW (Mikheev—Smirnov—Wolfenstein).

Natural units with ¢ = 1 = 1 are used throughout the thesis. The mass/energy units are
specified whenever needed.






Introduction

Two of the greatest achievements of the 20th century are undoubtedly the formulation of Gen-
eral Relativity and the Standard Model of particle physics. These theories represent the basis
for our current understanding of the universe. Many of the recent groundbreaking experimen-
tal discoveries, from the Higgs boson [1] to the detection of gravitational waves [2], are to
be traced back to either of the two theories. Together they are able to explain most of the ob-
served phenomena, yet they give us an incomplete and fragmented picture, gravitation being
described by a classical theory and particle physics by a fully quantum mechanical model.
Over the years a significant amount of evidence, hinting at theories beyond the standard
model and general relativity, has been accumulated. The discovery of neutrino oscillations
[3-5] has revealed that neutrinos are massive particles and that they can change flavor during
their propagation. The origin of their mass, as well as the fundamental mechanism behind
flavor oscillations, cannot be explained within the standard model and remain debated. Even
more compelling are the long-standing puzzles of modern cosmology. The early phases of the
universe pose a huge challenge to theoretical physics in several respects. Going backwards in
time, to epochs that are closer and closer to the Big Bang, two fundamental steps are expected
to take place: the unification of all the gauge interactions or “Grand Unification” [6-9] and
the attainment of the Quantum Gravity [10-13] regime. Likewise, the original baryon asym-
metry [9, 14—16] that has given rise to the excess of matter over antimatter must be traced
back to the first phases of the universe. All these phenomena require theories beyond the
standard model. The content of the universe at the present age is no less mysterious. Only
about 5% of its total energy density is in the form of ordinary matter (baryons), while the
great majority is made up by “dark” components [17]. The accelerated expansion of the uni-
verse is fueled by dark energy [18-20], that represents about 70% of the total energy density.
The nature of dark energy is essentially unknown, with possible explanations in terms of new
particles [21] and in terms of extended theories of gravity [22, 23]. The remaining ~ 25%
of the total energy density is in the form of dark matter. As the name suggests, this sub-
stance does not emit electromagnetic radiation, contrary to the visible (baryonic) matter. We
can infer its existence only due to its gravitational effects. The first evidence of dark matter
comes indeed from the gravitational stability of the large scale structures in the universe. The
rotation curves of spiral galaxies require additional, invisible, matter to be explained [24-27].
At larger scales, dark matter is responsible for holding galaxy clusters together, and accounts
for the discrepancy between their visible mass and the related gravitational lensing [28]. At
cosmological level the dark portion is needed to explain the observed amount of matter in
the universe [17, 29]. Given the evidence at different scales, it is today accepted that dark
matter constitutes the majority ~ 85% of the matter content of the universe, representing a
basic ingredient in the standard cosmological model (ACDM) [30]. Nevertheless, there is
no consensus on the fundamental nature of dark matter. Several hypotheses have been put
forward, ranging from primordial black holes [31, 32] to supersymmetric weakly interacting
particles [33], but none of them has proven to be conclusive.

The central topic of this thesis is the nature of dark matter, explored from a particle
physics perspective. The discussion is necessarily tied to the physics beyond the standard
model, and deals with transversal issues, encompassing strictly theoretical subjects as well
as phenomenological analyses. Among these stands the phenomenon of flavor mixing, and



more generally the issues related to neutrino physics. Earlier works [34-38] have shown,
building upon the quantum field theory of fermion mixing, that the vacuum of the theory
may have dark-matter-like properties. This hints at the intriguing possibility that dark matter
may be explained, at least partially, by means of a pure field theoretic effect, without the
need to introduce new particles. The idea that the quantum field theoretic vacuum might be
related to the dark components of the universe is not entirely new (see e.g. [39, 40]). Yet
the naive computation of the energy density in quantum field theory leads to the notorious
cosmological constant problem [41, 42], exceeding the actual value by several orders of
magnitude. The quantum field theory of particle mixing eases the tension, bringing along a
much milder ultraviolet behaviour (logarithmic as opposed to power-law) in the momentum
integral for the energy density. In addition, the flavor vacua of bosons and fermions show,
respectively, a dark-energy-like and a dark-matter-like behaviour, granting the possibility to
explain both phenomena in the same framework. Interesting as they are, these results were
obtained in the context of Minkowskian quantum field theory.

In the first part of the thesis we pursue a more realistic approach, involving quantum
field theory in curved space. To this end we construct a proper generalization of the mix-
ing quantum field theory to curved space. The peculiar structure of the flavor space is there
interlaced with the intrinsic ambiguities of the field theory on curved backgrounds, result-
ing in a theory of remarkable complexity. We introduce new general oscillation formulae
and discuss the issues related to their transformation properties. The formalism we develop
to tackle the unique combination of mixing and spacetime curvature proves to be versatile
enough to describe neutrino mixing in many spacetimes of interest, including the cosmo-
logical Friedmann-Robertson-Walker metrics and the Schwarzschild black hole metric. We
derive oscillation formulae for neutrinos in these spacetimes, showing their deviation from
their quantum mechanical and flat counterparts, both in the amplitude and in the phase of the
oscillations. The so-developed quantum field theory of fermion mixing in curved space then
provides the basis for a curved space analysis of the flavor vacuum. In this respect we ob-
tain results that confirm and generalize those obtained in flat space. We show that the flavor
vacuum may account for a dark matter component in a cosmological Friedmann-Robertson-
Walker spacetime, in the case of a De Sitter expansion, deriving the associated equation of
state. This constitutes the first attempt at a consistent study of its dark-matter-like properties.
The relevance of our analysis of neutrino mixing in curved space is certainly not limited to
the possibility of explaining dark matter. Neutrinos have indeed played a fundamental role
during the first phases of the universe, and are decisive in the evolution of stars. In these
environments neutrino physics cannot be fully understood without assessing the impact of
gravitation on the particle mixing phenomenon.

In the second part of the thesis we deal with the particle explanations for dark matter.
Indeed, besides the field theoretical explanation, dark matter may be understood in terms of
new particles. Over the years a huge number of theories, extending the standard model by
the addition of one or more fields, has been proposed. A whole dark sector, with its own
“dark” gauge bosons [43] has been inspected. But axions and axionlike particle models are
arguably the best motivated. A compelling theoretical motivation for their existence is that
they emerge naturally from the Peccei—Quinn [44] mechanism, which represents an elegant
solution to the strong CP problem. Furthermore axions and axionlike particles emerge from
various string theoretic models [45—47]. Their relevance as a dark matter component is a con-
sequence of their small interactions with the standard model fields. The chance to solve two
puzzles at once has motivated a wide and long—lasting interest in axions and axionlike parti-
cles, both from the theoretical point of view, with the development of more and more refined
models, and from the experimental point of view, with countless experiments aimed at their
revelation. To date, however, there is no clear evidence for their existence. In the second part
of the thesis we develop two new detection strategies for axions and axionlike particles. The



core of these proposals is the new interaction between fermions due to axion exchange. By
extension our methods apply to any new pseudoscalar particle which is capable of mediating
interactions between fermions, and thus are akin to “fifth force” experiments. Our proposals
adjoin seemingly distant branches of physics, borrowing tools and ideas from quantum infor-
mation theory and interferometry in order to probe the existence of new particles and forces.
We first investigate the quantum entanglement induced by the axion—mediated interaction
on fermions. We show that the entanglement properties of the fermion states depend on the
coupling to axions and that the axion—induced interaction shows up in entanglement mea-
sures. We then discuss how to isolate the axion contribution from other unwanted sources of
entanglement, and provide a specific physical observable, an entanglement witness, to mea-
sure the effects due to the axion—induced interaction. The second detection method is based
on neutron interferometry. We demonstrate that the axion—-mediated neutron—neutron inter-
action affects the phase of neutrons. We then devise an interferometric setup to reveal the
axion—induced phase, that can eventually be used to probe the existence of new pseudoscalar
particles. The limits and the advantages of our proposals are thence discussed.

In the third part of the thesis we study the phenomenology of flavor mixing and neu-
trino interactions. The difficulty in experimentally probing dark matter components is not
limited to axions and axionlike particles. Also the dark-matter-like behaviour of the flavor
vacuum is hard to be revealed, since it is mainly relevant on the cosmological scales and only
a poor experimental control over neutrinos is possible. We partially remedy the situation,
by introducing appropriate simulations that, preserving the essential physics, can replicate
the phenomena in a controlled environment. Atomic physics offers, in this respect, the ideal
ground to test theories and models that would be otherwise hardly accessible. These include
the dark-matter-like properties of the flavor vacuum and the tiny gravitational interactions
among neutrinos. We show that the phenomenology of flavor mixing can be reproduced with
Rydberg atoms. The latter represent a versatile analogue of oscillating neutrinos, allowing
for the fine tuning of the inter-atomic interactions and a precise control over the thermody-
namic parameters. We explicitly demonstrate the formal analogy between Rydberg atoms
and oscillating neutrinos, arguing that the physical vacuum for the Rydberg atoms has the
same dark-matter-like properties as the flavor vacuum of neutrinos. We show that, in par-
ticular, this affects the energy and the thermodynamic quantities of the atomic ensemble,
rendering the effect potentially observable. Similarly, we prove that ions placed in trapping
potentials, originated through electric or magnetic fields, can simulate the neutrino-neutrino
gravitational interactions. The phenomenology predicted for gravitationally interacting neu-
trinos is thus replicated with trapped ions. We then further investigate neutrino interactions
in dense media, in an effort to go beyond the matter potential approximation. We introduce
a simple quantum mechanical approach to take into account the matter-induced dissipation.
We describe the decoherence due to the interactions with matter and discuss the effective
violation of the discrete symmetries due to the medium. The study has possible implications
in astrophysical environments.

The purposes of the research work collected in this thesis are manifold. On the one hand
is the development of theories capable to explain, at least partially, dark matter. On the other
hand is the understanding of exquisitely particle physics issues, including the description
of flavor mixing in curved space. Today the largest available source of observational data
is the cosmos, from the local to the cosmological scale. Therefore it is no surprise that
cosmology and astrophysics are the main driving forces behind the development of particle
physics. The particle physics beyond the standard model is necessarily entwined with the
fundamental questions of modern cosmology. This is ostensibly reflected in our research
work. The nature of dark matter makes no exception, by challenging our standard-model-
based perspective and stimulating the progress of particle physics. Not only neutrinos, but
also axions and axionlike particles have such a transversal relevance. No less important is the



possibility to test the theories, by carefully analyzing the resulting phenomenology. In this
respect we devise both “direct” detection strategies and quantum simulations.

The thesis is structured as follows.

Chapter I gives a brief introduction to flavor mixing in the quantum mechanical and in the
quantum field theoretical approaches, with a particular emphasis on the condensate structure
of the flavor vacuum.

Chapter II is devoted to the quantum field theory of flavor mixing in curved space. First
we develop the formalism needed to compute the oscillation formulae, and apply it to various
cases of interest. The same formalism is then employed to study the condensate structure of
the flavor vacuum and its possible contribution to dark matter.

Chapter III is dedicated to axions and axionlike particles. After a review of their proper-
ties and their interactions, two novel detection strategies are presented and their feasability is
discussed.

Chapter IV deals with the phenomenology of flavor mixing and neutrino interactions.
Two atomic systems, Rydberg atoms and trapped ions, are used to simulate respectively the
dark-matter-like behaviour of the flavor vacuum and the gravitational interactions among
neutrinos. A quantum mechanical approach for the propagation of neutrinos in matter, in-
cluding dissipative effects, is then presented. Finally we draw our conclusions. Chapters II
to IV are entirely based on the research articles published by the author.



Chapter 1

Flavor Mixing

This introductory chapter is devoted to flavor mixing. The topic is extremely rich and is
not completely understood in all of its aspects. Here we present the main features of the
phenomenon, first in quantum mechanics [48, 49], and then in the framework of quantum
field theory [50-53].

1.1 Flavor Oscillations in Quantum Mechanics

Consider a quantum system described by a time-independent Hamiltonian H, and denote its
eigenstates as |;), fori = 1,2,...d, so that H |;) = E; |¢;). The dimensionality d of the
Hilbert space H of the system corresponds to the number of distinct flavors, and the most
common occurrences are d = 2 and d = 3. Larger spaces can occur, for instance in neutrino
mixing with one sterile neutrino d = 4. In what follows, the value of d, which we assume
finite, and thus the number of distinct flavors, is irrelevant. Suppose that the physical states
|ps) of the system, with ¢ = A, B..., are not eigenstates of the Hamiltonian. We call |¢,)
flavor states. The precise definition of flavor states depends on the underlying system: for
neutrinos these are the states produced in the weak interaction processes [54]. The key point
is that the flavor states are related to the energy eigenstates through a unitary operator U:

Yo) = ) Usi 1) (1.1)

i. e. they are coherent superpositions of energy states. The matrix U,; is known as the mixing
matrix. Now let the initial state of the system be |((t = 0)) = |ip,). The state of the system
at time ¢ shall be given by

Yo (1)) = e |ypg) = Y Ugie ™ |yy) (12)
i
From the unitarity of U, i.e. } U;‘j Uyi = 6ji, we can invert the relation (1.1) to obtain

|1/J1 Z ZWJU . (1'3)

Inserting the above equation in (1.2) we get

|IP<T = 2 (2 uaiu:;’ie_iEit> |¢a’ ZA(T’ |1ng p (1.4)

where we have introduced the amplitude A, (t) for convenience. According to the princi-
ples of quantum mechanics Ay, (t) = (PY,7| P (t)) represents the amplitude for the system
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to be found in the state |,) at time ¢, knowing that its initial state is |i,). By direct inspec-
tion we learn that

Age(0) =) Upilly; = bpre, (1.5)
i

so that the transition amplitude A, with ¢’ # ¢ vanishes at t = 0, consistently with the
assumption that the initial state is [i,). Att > O the transition amplitude is generally non
zero, and flavor transitions occur with probability

Py (t) = |Ao’a(t)|2 = Zuoiu;’iu;juv’jeii(EiiEot . (1.6)
ij

It is immediate to verify that }_,, P, ,,/(t) = 1 for all £.

1.1.1 Two flavor oscillations

The simplest case is d = 2. Despite its simplicity, the formalism for two flavor oscillations
describes a large number of physical systems, including neutral meson mixing, axion-photon
mixing and neutrino oscillations in many experimentally relevant situations. Let us start with
the Hamiltonian expressed on the flavor basis |14) , |{p):

_ (Haa Hap
Hf_(HZB HBB>' (1.7)

Here the suffix f stands for flavor, and it is understood that H,,» = (¢»| H |¢p,) for 0,0’ =
A, B. It is also assumed that the flavor basis is orthonormal. The Hamiltonian (1.7) can be
easily diagonalized through a unitary operator U of the form

cos 6 sin fe'®
U= <— sinfe %  cos6 > ’ (1.8)

provided that the mixing angle 6 and the phase ¢ satisfy

2|Hg| oo — Hlap

tan29 = == .
Hpg — Haa |Hag|

(1.9

The change of basis described by the matrix (1.8) indeed brings the Hamiltonian into its
diagonal form

H 0
_ 77t _ 1
Hy=U'H/U = < 0 H2> (1.10)
with .
Hip=5 <HAA + Hpp T \/(HBB — Hayn)? +4]HAB\2> : (1.11)

The energy eigenstates |1), |¢2) are then related to the flavor states via the mixing matrix
of eq. (1.8), explicitly

[pa) = cos@lyr) +sinbe? [2)
lpg) = —sinfe |1 +cos O |Po) . (1.12)
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Now it is immediate to deduce the time evolution of the flavor states. By a straightforward
application of the time evolution operator e '/ to equations (1.12) we find

lpa(t)) = cos Ge’iHllt ]1,!)1.> + sin fe'Pe 2! ‘1,[)2)
lwp(t)) = —sinfe P ! |y) + cos e 2! ypy) . (1.13)

The transition amplitudes follow by evaluating the scalar products with the aid of eqs. (1.13).
Taking into account the orthogonality of the energy eigenstates, one finds

(Hz—Hl)t>
2
(Hy — Hy) t>
2

Pass(t) = Posa(t) = | (95(0)] pa(t))? = sin20sin® (

Pasa(t) = Paoalt) = | (9a(0)]pa() 2 = 1 - sin® 205
(1.14)

1.1.2 Neutrino oscillations

A unique case among the elementary particles, neutrinos undergo the phenomenon of flavor
oscillations. They are produced abundantly in nuclear reactions and interact only through
gravitation and the weak interaction. They take part in the weak interactions as flavor neu-
trinos, that is, as fields with a definite flavor. Three flavors are currently known, namely
Ve, Vyy, Vr, which carry the same lepton number as the corresponding charged leptons L, (elec-
tron), L, (muon), L. (T particle). The flavor oscillations, i.e., transitions of the kind v, <> vy,
occur because flavor neutrinos have no definite mass and they are not eigenstates of the free
Hamiltonian, according to the mechanism described above. The first description of neutrino
oscillations, due to Pontecorvo [48, 49], considers only the two flavors v, v,. The neutrino
mass term, written in the flavor basis |v) , [v,) has the form of eq. (1.7)

H= (m“ mel‘) (1.15)

Mey Myy

with 1., ey, My, positive real parameters with the dimensions of a mass. This corresponds
to the field theoretic Hamiltonian density

H = Meele (%) Ve (x) + 1y, Uy (X) V() + e (Te(X)v3(x) + Tu(x)ve(x)) ,  (1.16)

where v, (x), v, (x) are the neutrino flavor fields and the bar denotes the Dirac adjoint 7 =
v*t90. The Hamiltonian (1.15) is diagonalized as above, with mixing angle and eigenvalues

2m
tan20 = ———F
myy - mee
1
ma = 5 (mee +myy, F \/(mw — Mg )? + 4mgy) .

The corresponding eigenstates (|v1) , |v2)) are known as mass states and represent free parti-
cles propagating with a definite mass (and energy). The relativistic energy for a free particle

of mass m;, in a given frame, is w; = [k2 + m]Z, with k> = |k|? and k the particle 3-

momentum. Then the mass states at a given time are

vi(t)) =e ™) j=1,2, (1.17)
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where we have denoted [v;) = |vj(t = 0)). Just as in equation (1.13), the flavor states at
time ¢ are

[ve(t)) = cosfe i |u1) + sinBe™ 2 |v,)

lvu(t)) = —sinBe 1" |vq) + cosfe 2 |vp) (1.18)

The oscillation probabilities are then
Awt
Poyy(t) = Puse(t) = sin® 2 sin’ (?)
Awt
Poso(t) = Pyu(t) =1 — sin?20sin? (;") (1.19)

with Aw = wy — wq. Neutrinos are extremely light particles, so that their mass can be
neglected with respect to their momentum k. Expanding the energies around mj = 0 as
2
my . .
wj & k + 5f, we can write the energy difference as

m2 — m?2 Am?
AW = wy — w1 = 22k 1 — T (1.20)

Here we have introduced the squared mass difference Am? = m% — m%. On the other hand,
neutrinos almost travel at the speed of light, so that the distance z travelled from a source

can be approximated (in natural units) with the time ¢ required to cover the distance z ~ ¢.
47tk

Identifying z = t = 0 with the time the neutrino leaves the source, and setting L = %5, we
can write the oscillation probabilities in terms of the distance travelled as
1 21t
Pey(z) = Puse(z) = 5 sin? 26 (1 — cos (LZ>>
1 27z
Pose(z) = Puop(z) =1-3 sin® 26 (1 — cos <L>) : (1.21)

The form (1.21) is often preferred to the equivalent (1.19) in experimental analyses.
The neutrino Hamiltonian can also be written in another form. On the mass basis |v1) , |v2)
the Hamiltonian is diagonal and can be split as

w; 0 wi+wr (1 0 —8w
H:< >:< )+< > 0 (1.22)
0 w 2 01 0 &

The first term, proportional to the identity matrix, produces a global phase factor which has
no effect on the oscillation probabilities. Retaining only the second term, which encodes the
oscillation dynamics, the Hamiltonian reads

Am? (-1 0
H_Tk <O 1) (1.23)

where we have used the equation (1.20). To obtain the Hamiltonian in the flavor basis we
simply invert the equation (1.10):

Hf (1.24)

B i —Am?cos20 Am?sin?26
T 4k \ Am?sin20 Am?cos20) -

Equations (1.15) and (1.24) represent, up to a term proportional to the identity, the neutrino
propagation Hamiltonian in vacuum in the flavor basis. With very few modifications one can
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also describe the neutrino propagation in matter.

As mentioned above, neutrinos interact with matter only through gravitation and the
weak interaction. Their gravitational interactions can be safely neglected in most of the
environments and neutrinos effectively interact with mattter only through the weak pro-
cesses. The scattering cross section is proportional to [54] o9 = G%s = ZG%EM, with
Gr ~ 1.16 x 10~5GeV? the Fermi constant and s the squared center of mass energy, which
in the laboratory frame equals s = 2EM for a neutrino with energy E and a target of mass M.
To give an idea of how small the interaction rate is, consider that in a medium with a number
density of nucleons of about N = 10%*c¢m 3, each with mass M ~ 1GeV, the neutrino mean
free path [ = ﬁ is [54] .

- Wm (1.25)

(E/GeV)

Unless extremely energetic (E > GeV) neutrinos or extremely dense media are taken into
account, only the lowest order in weak interactions needs to be considered. At the lowest or-
der only the elastic forward scattering, due to charged and neutral current processes, affects
the neutrino propagation. The amplitudes for the elastic forward scattering add up coher-
ently, resulting in neutrino refraction, which is described by an effective matter potential V/,
or equivalently by the momentum-dependent refraction index n — 1 = Y. The matter poten-
tial V is in general flavor-dependent. In an ordinary medium, made up of protons, neutrons
and electrons, the electron neutrino experiences both charged current processes due to the
electrons and neutral current processes due to neutrons, electrons and protons. On the other
hand, the muon neutrino experiences only neutral current scattering. If the medium is electri-
cally neutral, the neutral current contributions of electrons and protons to the matter potential
cancel each other. Then the matter potential can be written as [54]

N,
Va4 = Vecdae + Ve = V2Gr (Ne5Ae - 2”) , (1.26)

for A = e, u. Here N, and N,, are the number densities of electrons and neutrons. In matrix
form, on the flavor basis, this is

— N —v2GeN,, (1 1
V = V2Gr (Ne 0 2 _0Nn> :\[21”” <0 ?) +v2GEN, (0 8) . (127
2

Again the term proportional to the identity can be dropped, since it amounts to an irrelevant
common phase factor. Adding up eqgs. (1.24) and (1.27) we obtain the effective Hamiltonian
for the neutrino propagation in matter

H

A2 2w
1 ( Am?cos20 + A Am s1n29> ’ (128)

"= gk Am? sin 260 Am? cos 260

where we have denoted A = 4v/2GrkN,. Notice that this Hamiltonian depends explicitly
on time ¢ and on the position x because of the space-time dependence of the electron number
density N,(f,x). Nonetheless the Hamiltonian (1.28) has the same form as (1.7) and can be
istantaneously diagonalized with a rotation as in eq. (1.10). The mixing angle can be read
off eq. (1.9):

Am? sin 20

tan 20, =
" Am2 cos 26 — %

(1.29)
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where 6, denotes the instantaneous mixing angle in matter. The instantaneous eigenvalues
are

Huap = % (A + \/(ZAm2 cos 26 — .A)2 + 4 (Am? sin 20)2>

1 Am2

AE, = Hyp — Hyn = P (2Am? cos 260 — .A)2 + 4 (Am? sin 29)2 = Zcm
(1.30)

where we have introduced the effective squared mass difference in matter Am?,. Neutrino
oscillations in matter are then formally described in the same way as in vacuum, except for
the substitution & — 6,, and Am? — Am?,, with the (possibly space-time dependent) mixing
angle in matter 6, and squared mass difference in matter Am2,. From the equation (1.29) we
can see that the mixing angle in matter has a resonance at

Ag = 2Am? cos 20 (1.31)

where the matter mixing angle 0,, is maximal (8, = 7). The matter-induced enhance-
ment of the oscillations close to the resonance condition is known as the Mikheyev-Smirnov-
Wolfenstein (MSW) effect [55-57].

Three flavor oscillations

The two flavor formalism employed above works in a variety of cases. Besides providing
a good description of neutrino oscillations in many cases, when for some specific reason
one of the original three flavors can be neglected, both in vacuum and in matter, the two
flavor description suits well axion-photon mixing, photon-dark photon mixing and neutral
meson mixing. Strictly speaking, however, the two flavor formalism is only an approximation
in the context of neutrino oscillations, which generally involve all the three known flavors
|Ve) , [Vii) , |V¢). The mass term of the Hamiltonian can be written, on the flavor basis, as

Mee  Mey  Mer
Mer  Myr Mrr

with myp for A,B = e, u, T real parameters with the dimensions of a mass. Right as in
the two flavor case, the mass Hamiltonian is diagonalized by means of a rotation matrix U,
although now U € SU(3) instead of SU(2). In the usual parametrization [58] the three
flavor mixing matrix takes the form

C12€13 512C13 s13e” 'ocP

5 5

19CP €1pC03 — 512513523€'°CF 13523 . (1.33)
5

—C12823 — 512€23513€"°P  (23C13

U = | —s12023 — C12523813€
5
512523 — €12€23513€"°CP

Here we have used the shorthand notation ¢;; = cos 6;;,s;; = sin6;;. The matrix (1.33) is
known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix. Corresponding
to three eigenstates |v1),|v2),|v3) and the three eigenvalues my, my, m3, there are three
mixing angles 61, 013, 023 and three squared mass differences Am%z, Am%3, Am%3. Despite
the larger number of parameters involved and a higher dimensional Hilbert space, the analysis
of the three flavor neutrino oscillations follows the same steps outlined at the beginning of the
section (1.1). The transition probabilities have a more intricate structure with respect to the
two flavor case, but still follow a recognizable oscillatory behaviour. The only real novelty
in three flavors is the appearance of a (Charge-Parity) CP-violating phase dcp in the mixing
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matrix (1.33). As the name suggests, a non-trivial phase dcp has the effect of producing
transition probabilities that are not invariant under a CP transformation. For the sake of
completeness we mention that dcp is a Dirac phase, as opposed to the Majorana phases, set
here to zero for simplicity, and that it is physical, as it cannot be removed.

1.2 Flavor Mixing in Quantum Field Theory

The quantum mechanical theory of neutrino oscillations well describes much of the observed
experimental evidence. Nevertheless, modern physical theories are constructed in the more
general framework of quantum field theory, which stands at the core of modern particle
physics. All the physical phenomena, with some notable exceptions, like gravitation, are to-
day understood as emerging from a fundamental field theoretical description. It is therefore
appropriate that we seek a quantum field theoretical description of particle mixing as well.
In this perspective the naive quantum mechanical results of the previous section represent an
approximation, which the quantum field theory should reproduce when the suitable limits are
taken. Notwithstanding the importance of understanding the particle mixing phenomena, and
in particular neutrino mixing, in this framework, there is currently no universally accepted
quantum field theory of particle mixing. Here we will follow the flavor Fock space approach
[50-53] and shall be mainly concerned with the mixing of fermion fields.

1.2.1 The Flavor Fock Space

Neutrinos are electrically neutral, and thus can in principle be described both as Dirac and
Majorana fermions. The latter can be seen as Dirac fields with the additional constraint
1pc = 1, with l[JC the charge-conjugated field. Thus we limit our analysis to Dirac fields,
referring the reader to other sources for the full treatment of Majorana neutrinos [59, 60].
Free Dirac fields ¢ satisfy the Dirac equation

(iv"o, —m)p =0, (1.34)

where y# are the 4 X 4 Dirac matrices, m is the fermion mass and 1 is a 4 component spinor.
Unless otherwise specified, we employ the Dirac representation of the gamma matrices

o (1 0 (0 o
"= ) 7= (5 9) 139

Here 1 is the 2 X 2 identity matrix and o for j = 1,2,3 are the Pauli matrices. A complete
set of solutions to the eq. (1.34) is represented by the plane waves uy (x) = e~ i(wit—kx) Uy
and vy ¢ (x) = /(%)  Here s = + is the spin index', wy = vk2 + m? and the U, V
are the momentum space spinors, respectively with positive and negative energy:

1 0
[wg+m | O wp+m | 1

Ukl+ - ki k3 uk/, - k k1 —iky

2wy wg+m 2wy wg+m

k1+iky —k3

wy+m wWi+m

ks Ky —iky

eV "

wy +m | fatice wr +m | =fs_

Viyr = Yk T werm Vi = k wtm
' 2wy 1 ' 2wy 0
0 1

I's here represents the spin projection on the third axis. Other spin indices, like helicity, can be used as well.
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The normalization is chosen so that U,j Uy = VkJr sVkr = 0sr. In addition they satisfy
+ +
uk,svk,r = Vk,s U, = 0

Z (uk,sul:r,s + Vk,SVI:S) Z (les uks ) + Uks (x)vz,s (x)> = 14
5

S

(1.36)

In the equations above 14 denotes the 4 X 4 identity matrix. The second of the (1.36) then
states that the set of solutions is complete, not only with respect to the solution space of the
Dirac equation (1.34), but also with respect to the space of 4-spinors. The field can now be
expanded as

P = \F Z <aksuk + b—ksvfks(t)> e (1.37)

Here the spatial dependence of the modes has been split for convenience as g (x) =
g s(£)e®*, vp (x) = vg(t)e"®*. Notice that we perform the expansion on a finite re-
gion of volume V; later we will let V' — oo. The operator coefficients are required to satisfy
the usual canonical anticommutation relations

{axs,ap,} = Ogbr {brs, b} = Skglsr (1.38)

with all the other commutators vanishing, as a consequence of the equal time canonical rela-
tion {4 (x), Y3 (x') }i—y = 6463 (x — x') valid for all the spinor indices A, B = 1,2, 3, 4.

Consider now two neutrino fields 1, i, with definite masses 11, 115, each satisfying the
Dirac equation for the corresponding mass. One can perform the expansion (1.37) for each
P;, with j = 1,2, provided that the additional label j is placed wherever needed: m1;, wy;; =

/K% + mJZ, Ugs;j(x) = ¢~ (@t —kx) Ugs;; and so on. All the operators with distinct mass

labels j* # j anticommute. The field expansion of the y; defines the mass vacuum |0pr) as
the unique state annihilated by all the a, b operators:

ks;j [Om) =0 bes;j [0m) =0 Vk,s,j (1.39)

and the mass Fock space is built by repeated application of the creation operators ak 57 b,‘: 5
on the vacuum. The flavor fields are defined as

Pe(x) = cosOy(x)+ sinOyo(x)
Pu(x) = —sinfy(x) + cos O (x) (1.40)

which are the mixing relations translated on the quantum fields. Our duty is now to find a
meaningful flavor field expansion starting from the relations (1.40). The right hand side of
equations (1.40) corresponds to an SU(2) rotation on the doublet of mass fields. In analogy
with ordinary rotations and other transformations in quantum field theory, one can construct
a generator of the mixing transformations, defined as

pe(x) = Gy'(x)P1(x)Go(x)
Pu(x) = Gyl(x)a(x)Gp(x) . (1.41)

A couple of points need now to be stressed. First, the definition of Gy is clearly sensitive
to the choice of the mass fields ¥, ¢; for instance, one might well swap ¢ and ¥, in egs.
(1.41), and interpret 1, as arising from the transformation of ¢,. In general, equations like
(1.41) can be written for free fields of any mass mj, m} and the choice adopted above is
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only partially justified by the form of eqs. (1.40). Nevertheless, it has been shown [61] that
such an ambiguity in the choice of the masses of the free fields is harmless, meaning that no
observable quantity is affected by this choice. Therefore we stick to the original definition
of eqs. (1.41). Second, the generator Gy(x) in principle depends on all the space-time
coordinates, but we shall soon see that it depends only on time ¢.

The basic requirements for Gg(x) are that (i) it is constructed out of the basic fields 1, ¢
and their conjugates 1/){, 1,05 , (i) that it reproduces the mixing relations (1.40) as per definition
(1.41) and (iii) that it reduces to the identity transformation as the mixing angle vanishes 6 —
0. Exploiting the canonical anticommutation relations and the Baker-Campbell-Hausdorff
formula [62], it is found that the generator satisfying all the three conditions is

Go(t) = & PP -4 ()91 (0)) (1.42)

We can recognize in the exponent the Dirac inner product, defined as

W)= |,

xV=

PPy’ = / o dPayly, (1.43)
t xV=t
on the spacelike hypersurface x’ = t. In terms of the inner product, the generator is simply
Go(t) = ef(Pri2)= ()] (1.44)

This form better lends itself to generalizations. The action of Gy on the mass annihilators
defines the flavor annihilators as

Arse(t) = Gy ~1 (t)axs1Go(t) = cosBay.sq + sind <U1:S(f)ﬂk,s;2 + Vk,s(t)bikﬂ)
agsu(t) = Gy '(t)ags2Go(t) = cos By, — sinf <uks( )51 — Vk,s(t)bik,sﬂ)
bogee(t) = Gyl(t)b gs1Go(t) = cosOb g1 +sind (Uks( )b ko — Vk,s(t>ﬂ1t,s;z)
boisu(t) = Gyl (B)b ke2Go(t) = cosOb_jg, — sin6 (Uk,s(t)b_k,s;l + Vk,s(t)a,:ﬂ)
, (1.45)

where Ups(t) = (urso tes1)t = (0 ks1, 0 ks2)r and Vis(t) = (Uks1, 0 ks2)t =
—(Ugs2,U_ks1)t- For reasons that will be apparent in a moment, we refer to U,V as
the Bogoliubov coefficients for the mixing transformations. Explicitly they are given by

Uy () = |thele (@2 e)t and Vi (1) = |Vie! (<62t <r1)! with

wWpa +m Wry +m k2
o - (B ) et
2wy 2wy o (wiy +my) (wip + mo)

Vil = <wk;1+m1> <wk,-2+m2> ( k| . k| )
2wy 1 2wy (wrp +m2) (Wi +my)

The fundamental property of the Bogoliubov coefficients is

(1.46)

U+ D)? =1, (1.47)

which ensures that the transformation of the annihnilation operators (1.45) is canonical. The
transformation (1.45) has indeed the form of a Bogoliubov (linear canonical) transformation
nested into a rotation, as opposed to the simpler transformation law for the fields (1.40).
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In accordance with the linearity of the action of the generator Gg(t), we ought to interpret
the annihilators of eqs. (1.45) as the expansion coefficients of the flavor fields ¥, P, and
precisely with respect to the modes of the corresponding mass fields. This point of view is
supported by the observation that

ak,s;e(t) = (uk,s;ll we)t b;,s;e = (vk,s;ll llJe)t (1’48)

and similar for y. We refer to a,(,,), b,(,,) as the flavor annihilation operators. They define a
new time-dependent vacuum state, the flavor vacuum

0F(t)) = Gy (t) |0m) (1.49)

annihilated by all the flavor annihilators. Out of the flavor vacuum one constructs the flavor
Fock space by repeated application of the flavor creation operators az(y), b:(y)' The relation
between the flavor and the mass vacuum is elucidated by computing the inner product

(Opm| Op(£)) = ek 108T®) (k) = (1 —sin20| V)" . (1.50)

At finite volume V < oo the inner product (1.50) is finite and the mixing generator Gy(t)
turns out to be unitary. On the other hand, in the infinite volume limit V' — oo the inner prod-
uct (1.50) vanishes and the mixing generator is no longer unitary. Put otherwise, the flavor
Fock space representation is unitarily inequivalent to the mass Fock space representation at
infinite volume. In addition one finds that the flavor vacua at different times |0g(¢)), |0p(¢'))
are orthogonal, implying that the flavor Fock space representations at distinct times are also
unitarily inequivalent. As a consequence it is not possible to define the transition probabil-
ities naively from the inner product of the states at different times. In order to define the
transition probabilities one notices that the full Lagrangian is invariant under global U(1)
transformations and therefore admits the Noether conserved charge

Q=Y Qi) = 1 (#he(Daxs;(t) = by (Db i) . (5D

j=1,2 jk,s

In analogy one introduces the flavor charges (0 = e, yt)

Qo) = X (a0 (Do () = B4 o ()b (1)) (1.52)
k,s
which add up to the total conserved charge
Y Q=) Qi(t)=Q. (1.53)
o=e,u j=1,2

Evidently the expectation value of Q) on any definite particle state is constant in time. This
motivates the definition

PrE () = Wesol Qo () Vo) (1.54)

where we have introduced the one-particle states |vgq.,) = alt,s; »(0) [0£(0)). Notice that
each of the one particle states is an eigenstate of the total charge with eigenvalue 1, which
immediately implies
Y Pk () =1 Vtoks (1.55)
o'=eu
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making the expressions (1.54) into well defined probabilities. After some trivial manipula-
tions the probabilities can be written as

Phoclt) = [{ase0) o O] + [ 167000, (00}
PEL0 = ksl O} + |0 g a, @3 (56

where we have dropped the irrelevant s index. Explicitly

in?
Pf_w(t) = 2 229 [1— R (U (0) U (£) + Vi (0) V(1))
= sin®26 [|L{k|zsin2 <(wk22wk1)t> + [V sin? <(wk2‘;wkl)t>}
! (1.57)

and Pk (t) = 1 — Pk _,u(t). We notice that two oscillating terms appear, with low fre-
quency w and high frequency % modulated by the Bogoliubov coefficients.
The last term, in particular, represents an exquisitely field theoretical effect, which is absent
in the Pontecorvo oscillation formulae (1.19). That the probabilities (1.57) are a valid gen-
eralization of the standard oscillation formulae can be verified in the ultra-relativistic limit
|k| > my,my, where they effectively reduce to the Pontecorvo formulae (1.19). The tran-
sition probabilities of Eq. (1.57) are plotted in Fig. (1.1) for sample values of masses and

momenta.

1.2.2 The Flavor Vacuum

The hallmark of unitarily inequivalent representations is the different particle content of the
corresponding vacua. This notion is familiar from all the known particle creation phenomena,
including the Hawking [63] and Parker [64] effects in curved space, the Schwinger [65] and
Casimir [66] effect and the BCS [67] vacuum. To uncover the non-trivial structure of the
flavor vacuum it is sufficient to exploit its definition (1.49) in terms of the mass vacuum. At
time t = 0, setting |0f) = [ |0F); one explicitly computes that

0p), = H [ (1 — sin? G\VHZ) + ssin 0 cos 6| V| (alt,s;lbtk,s;Z + “Z,s;zbik,s;l)
s==+1

_ssin2 0| Vie| [U| (a;ls;lbtk,s;l - a,‘:,s;zbik,s;z) + sin? 9|Vk\Za;:,sqbik,s;zﬂlt,s;zbik,sﬂ] |0a1)
(1.58)

The equation (1.58) shows that the flavor vacuum has the structure of a condensate of particle-
antiparticle pairs of definite mass. It follows that the number density of particles and antipar-
ticles with definite mass is non-zero in the flavor vacuum:

(O | a;,s;iak,s;i |0F) = (OF| b,‘:,s;ibkls;i |0F) =sin®8|V|*> Vk,s and i =1,2. (1.59)

Since the condensate number density is non-vanishing, it can be expected, since particles
and antiparticles carry momentum and energy, that also a non-vanishing energy-momentum
tensor is associated with the flavor vacuum. This is indeed the case.
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P(t)

P(t)

tle"]

FIGURE 1.1: Two-flavor neutrino oscillation probabilities (Eq. (1.57)) as a
function of time ¢. Masses and momenta are expressed in an arbitrary unit of
energy €, and time in e ~!. Momenta k are assumed to be along the positive
third axis. (Upper Panel): the blue lines (light solid for the QFT probabil-
ity (1.57) and dotted for the Pontecorvo probability (1.19)) correspond to
my = 1,my = 50,k = 50, the red lines (light solid for the QFT proba-
bility (1.57) and dotted for the Pontecorvo probability (1.19)) correspond to
mp = 1,my = 50,k = 110. (Lower Panel): the black lines (light solid for
the QFT probability (1.57) and dotted for the Pontecorvo probability (1.19))
correspond to mq = 10, my = 40,k = 50, the orange lines (light solid for
the QFT probability (1.57) and dotted for the Pontecorvo probability (1.19))
correspond to mq = 10,my = 40,k = 110.
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The energy-momentum tensor in flat space is given in terms of the mass fields as

Tu() =5 ¥ (00 pi0) | (160

=12

. T = .
where the bilateral derivative is defined as :; = 0dy — g, The customary way to get rid
of the ordering ambiguity in (1.60) is to consider the normal ordered tensor, in which all
the creation operators stand to the left of the annihilation operators. The normal ordering
operation is itself defined with respect to a specific vacuum state. In the current case the
natural choice is to consider the energy-momentum tensor normal ordered with respect to the
mass vacuum, which we denote : T, :. Then, by definition,

(Om| : Ty = |Op) = 0 (1.61)

that is exactly what one expects for the vacuum state of free fermions with definite mass. The
expectation value of the energy-momentum tensor on the flavor vacuum is instead non zero,
and precisely

<01:| : To() : |0F> = 85in29/d3k (wm —|—(Uk/2) ‘Vk’2
<OF’ : TOi : ‘OF> =0= <01:‘ : Tl']‘ : ’OF> for i,j = 1,2,3 . (1.62)

Regularizing the first integral by imposing an ultraviolet momentum cutoff K, we can write

Amsin29 (K m m
(O| = Too = |0F) = T/ dkk? (2 - 1) , (1.63)
7T 0 Wr2 Wk

with Am = my — my. The result (1.62) is obtained by inserting the plane wave expansion
of the fields in eq. (1.60) and computing the expectation value after the application of the
normal ordering prescription (for details see [34]). Due to its diagonality (Op| : Ty, : |0F)
can be interpreted as the classical energy-momentum tensor associated with a perfect fluid.
In particular, the fluid has a non zero energy density p = (Of| : Too : |Op) and vanishing

pressure p = — (Op| : Tj; : |0) = 0. Then its equation of state reads
w=L—0 (1.64)
P

which is consistent with the equation of state of cold dark matter. Strictly speaking the result
(1.64) has been obtained in flat spacetime, using the solutions of the flat space Dirac equa-
tion. Nevertheless it is a clear indication that the condensate associated to flavor mixing may
represent a dark matter component. The analysis shall be generalized to curved spacetimes
in the following chapters. In conclusion we mention that similar results hold for the quantum
field theoretic mixing of boson fields [34], for which the condensate equation of state is akin
to that of the cosmological constant w = —1 [34].
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Chapter 2

Neutrino mixing in curved spacetime

The first part of the thesis collects the results obtained in the analysis of neutrino mixing in
curved spacetime. The importance of the topic cannot be overestimated, due to the promi-
nent role that neutrinos play in cosmology and astrophysics. Neutrinos are indeed used to ex-
tract valuable informations on the cosmos, and, along with electromagnetic and gravitational
waves, are a crucial element in multimessenger astronomy [68]. Neutrinos are essential in
many astrophysical phenomena, including the core-collapse supernovae [69]. In addition, it
is believed that neutrinos have played a key role during the first phases of the universe, in
particular by inducing the original baryon asymmetry through the leptogenesis mechanism
[70, 71]. For these reasons curved spacetime represents the natural background on which
to study neutrino physics. A thorough understanding of the mixing phenomenon in curved
space, developed in the framework of quantum field theory, is essential for the study of its
cosmological and astrophysical implications. A big effort is therefore devoted to the gen-
eralization of the flavor Fock space approach in the semiclassical context of quantum field
theory in curved space (section 2.1). There we introduce the formalism needed to compute
the oscillation formulae and apply it to various relevant spacetimes. Next we employ the for-
malism to study the energy-momentum tensor associated to the flavor vacuum in spatially flat
FLRW spacetimes (section 2.2). This represents the first attempt at generalizing the impor-
tant results concerning the flavor vacuum in flat space. In particular, we discuss how fermion
mixing can represent a dark matter component within the semiclassical theory.

2.1 Mixing and Oscillations

In this section we introduce neutrino mixing in curved space, by generalizing the quantum
field theory of neutrino mixing in flat space. The topic of neutrino oscillations in curved
space has been discussed in several works , where it was found that gravitational fields may
alter both the oscillations in vacuum and in matter [72—-74]. Here we wish to go beyond the
heuristic treatment of ref. [74], and present a quantum field theoretical approach, based on
the field quantization in curved space-time, to evaluate the effects of gravitational fields on
neutrino oscillations. We derive oscillation formulae for the flavor fields in curved space-
time and we show that gravitational backgrounds alter both the amplitude and the phase of
the oscillations, in accordance with the predictions of quantum field theory in flat space.
We then discuss the particle interpretation of the theory, for which the interplay between
gravity and mixing entails a remarkable complexity. Not only the unitarily inequivalence
between mass and flavor representations, but also the intrinsic ambiguity in the notion of
particle in curved space have to be properly taken into account. This motivates us to study
how the mixing changes when moving from a mass field representation to another. We show
that the local observables, represented by expectation values on flavor states of local opera-
tors constructed from the flavor fields, do not depend on the expansion chosen for the mass
fields. We demonstrate that the oscillation probabilities, on the other hand, do in general
depend on the representation of the mass fields, since they are not a local observable and
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involve the comparison between particles in different spacetime regions. We then establish
the conditions which have to be satisfied in order that the resulting transition probabilities are
invariant under changes of mass field representation. Once these aspects have been clarified,
the general oscillation formulae are applied to particular metrics of interest. We compute
explicitly the oscillation formulae for two examples of spatially flat Friedmann—Lemaitre—
Robertson—Walker spacetimes, corresponding to a cosmological constant—dominated and a
radiation—dominated universe respectively. In these cases, exact analytical solutions to the
Dirac equation are available, and the formalism here introduced can be applied directly. We
then give an estimation of the oscillation formulae for neutrinos propagating from the past
infinity to the future infinity in a stationary Schwarzschild spacetime. To this end we in-
troduce a method to extract the oscillation formulae on spacetimes with asymptotically flat
regions without resorting to the exact solutions of the Dirac equation. We then employ this
strategy to compute the formulae on the Schwarzschild black hole spacetime, for neutrinos
propagating from the past infinity to the future infinity. The Hawking radiation appears to
be naturally embedded in the resulting transition probabilities. Overall, our results gener-
alize those of the previous works [74], and are consistent with the latter when the suitable
limits are considered. For simplicity, our analysis is limited to the oscillations in vacuum of
two-flavor neutrinos, therefore considering the sole effect of gravity on neutrino oscillations.

2.1.1 Mass neutrino fields in curved Space

To deduce the oscillation formulae for neutrinos on a curved spacetime, it is necessary to
consider both the effects of curvature and mixing on the (free) mass fields. Let M be a
globally hyperbolic spacetime, and let T € R label a foliation of M by Cauchy surfaces.
The limitation to globally hyperbolic spacetimes is necessary to avoid causality issues and
allows for a more direct generalization of the flat space results. The foliation by Cauchy
complete spatial hypersurfaces, allowed on globally hyperbolic spacetimes, is indeed remi-
niscent of the foliation induced by a time coordinate on Minowski space. Last, but not least,
the foliation makes the introduction of the Hamiltonian formalism, and thus the canonical
quantization, more transparent. Consider next the tetrad fields e} (x), by definition satisfying
el (x)el (x) = g"(x). Here n®* = diag(1, —1,—1, —1) is the Minkowski metric tensor,
while g"(x) is the contravariant metric g""(x)g,,(x) = 6y on M in a given coordinate
system. The massive neutrino fields satisfy the Dirac equations:

(i9"(x)Dy — m;)h; = 0 2.1

where 4% (x) = el (x)7" 7" being the usual flat space Dirac matrices, and D, = 0, —

Zb%h- The spin connection is defined as th = eﬁfzyepb + eﬁaye‘“b, whereas o0, are

the commutators of flat Dirac matrices 0, = %[’y“,’yb]. In equation (2.1), the index i =
1,2, ..., N ranges over the number of neutrino species N. For the sake of simplicity we focus
on the case N = 2, though the generalization to N = 3 is straightforward. In general
equation (2.1) cannot be solved exactly. Even if one is able to find exact solutions, these do
not play the same prominent role as their flat spacetime counterpart. It is well-known, indeed,
that the positive frequency solutions of equation (2.1) cannot be defined univocally, and that,
consequently, there is no natural (nor unique) particle interpretation for the corresponding
Quantum Field Theory [75, 76]. Nevertheless, the canonical quantization of the Dirac field
proceeds along the same lines as in Minkowski spacetime.

To perform a field expansion, one must find a set of positive {j; and negative (y ; fre-
quency solutions for each of the equations (2.1). In general the bipartition of the solutions
to eq. (2.1) makes sense only locally, while there is no natural global definition of positive

i
W
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and negative frequency modes. Anyway, one is free to choose a set of modes ' { kirChil »
deemed to be positive/negative frequency modes according to some specified observer, and
expand the field with respect to them, provided that they form a complete (and orthonormal)
set of solutions under the inner product

(ai,b) = | o VRO ()b (2.2)

with a;, b; any solution to equation (2.1) with mass m; and b; = b;rf)/o(x). Here dX}(T) =
n*(t)dV; denotes the volume element on the surface T with unit timelike normal n#(T).
This has to hold separately for each i = 1,2. As it is easy to prove, for a;, b; solutions of the
(same) Dirac equation, the inner product (2.2) does not depend on the hypersurface chosen
for the integration. In particular, it is independent on the foliation by Cauchy hypersurfaces
employed. The fields can then be expanded as

lrbi(x) = E (’Yk,s;igk,s;i(x) + eZ,s;iCk,s;i(x)> (2~3)

k,s

with the operator coefficients 7y ;, €x 5 ; satisfying the usual canonical anticommutation re-
lations, k momentum index and s helicity index. The annihilators are also required to anti-
commute for i  j, and, in particular {7, “YZ,S,,'} = 0ij {€ks,ir elt,s,j} = 4;j. In equation
(2.3) we prefer to keep any space-time dependence within the modes, for ease of treatment
with a general metric. The expansions (2.3) define the mass Hilbert space H,, = H1 ® H,
which is constructed out of the vacuum |0,,) = |01) ® |02). Here |0;) is defined, as usual,
by Yk,s,i |01> =0= €ks,i |Ol> for each k, S, i

As hinted above, the field expansions (2.3) are somewhat arbitrary, as opposed to the
flat spacetime case, where there is no ambiguity in the definition of positive and negative
frequency modes. Any other basis {fk,sri, 5,(,5,1-} can be used to expand the fields ; =
Yks (ThsiChs,i(X) + &  i8ksi(x)). Since both the sets { ks i, Gks,i} and {Tys,is Crs,i} form a
basis for the space of solutions of eqs. (2.1), one can write the modes of a set in terms of the
other, for each i:

gk’,s’,i = Z (rlt/,s’;k,s;igk,s,i + ZZ’,S/;k,S;igk,S,i)
k,s

Cosi = Y (TisinsiChsi — T siksiCks,i) (2.4)
k,s

where

l—|l<’,s’,'ks;1' = (ék’,s’,i/ gk,s,i) = (gk,s,i/ gk’,s’,i)
Z‘k/,s/;ks;i = (gk/,s/,i/ Ck,s,i) = _(Ck,s,i/ Ck/s/,i)

. This is a fermionic Bogoliubov transformation, for which

Z (rlt,s;q,r;irk’,S’;q,r;i + Z‘It,s;q,r;iz‘k/,s/;q,r;i) - 5k,k’5s,5’ (2.5)
qr

Here the index k refers to a generic set of quantum numbers labelling the modes. The sums Yk are understood
as integrals if k is a continuous index.
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for each i. The corresponding relation between the two sets of annihilators is given by

~ +

Visi = 3, <rk,s;k/s’,'i’)’k’,s’,i + Zk,s;k/,s’;iek/,s/,i)
K.s

& t

€ksi — Z <rk,s;k/,s/;i€k/,s/,i - Z‘k,s;k/,s/;1"')’k’,s’,1') . (26)
ks

It is often the case that the Bogoliubov coefficients I'y ¢ o.i, Xk ki can be written as
Fk,s;k/,s’;i = 5k/k/c55,5/1"k,i, Z‘k,s;k’,s’,'i = 5k,k/5s,s’zk,i’ with l"k,i and Zk,i depending on k alone. In
this occurrence, they admit the parametrization I'y ; = ek cos(by;) Xk = eiPxi sin(6;),
with g ;, ¢x i, Ok ; real functions of k. We remark that the Bogoliubov transformations (2.6)
can be recast in terms of the generators

]i — EZk'k/’s'S/ {(/\;'k/rs'slr"%t/sfiez’s’,i_)‘k,k’,s,s/,iek,sriyk’,s’,z‘)] , (27)
with Ay oo i = Arctan(ZE2si) ag
kK ,s,s',i — Toxr o )
~ -1 » 1
Tesi = Ti Vsili s €ksi = Ji €xsifi- (2.8)

The maps J; : H; — H,; interpolate between the Fock spaces H; built from the Yks,ir €k,s,i
and the Fock space H; built from the Yk,s,i €k,s,i- In particular, one has for the vacuum states
0;) = J;'|0;). As for the untilded representation, the mass Hilbert space in the tilded
representation is the tensor product H,, = Hi ® Hp,. It is convenient to define a unique
generator of Bogoliubov transformations | : #, — H, on H,, as the tensor product
J = J1 ® J>. Then

Yisi =] “Yksil , E&si =] ‘exsil (2.9

for i = 1,2. The expansions of the two fields 1; and 1, must be compatible with each
other, i.e., each of the modes (j 52, Cx s » must be obtainable from the corresponding modes
Cks1,Gks,1 Dy the substitution mq <+ mp, and vice—versa. In the context of mixing, this
ensures that the same kind of particle, described by the same set of quantum numbers, is
being mixed. This, of course, does not undermine the arbitrariness in the choice of the
modes; these can be any complete set of solutions to the Dirac equation, provided that the
same choice is made for the two fields.

2.1.2 Neutrino mixing and oscillation formulae in curved space-time

Having introduced the quantization of the Dirac mass fields on a generic globally hyper-
bolic spacetime, we now discuss the mixing transformations and the transition probabilities.
These are first worked out in a fixed, but arbitrary, representation of the mass fields. Then
the transformation properties under changes of mass representation are discussed. General
considerations on the infinitely many unitarily inequivalent representations of the canonical
anticommutation relations, which characterize the quantization of mixed fields and of fields
in curved space are presented.

Oscillation Formulae

As remarked above, the QFT of free Dirac fields in curved space is characterized by infinitely
many unitarily inequivalent representations of the canonical anticommutation relations. The
phenomenon of mixing, even in Minkowski space, suffers from an analogous ambiguity, in
that the flavor and the mass representations are unitarily inequivalent [51-53, 77-82]. The
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effects of such inequivalence have been analyzed in flat space time [34-38, 83—86] and the
possibility to reveal them in experimental setup has been recently proposed [87]. Let us
start by fixing the mass field expansions (2.3) and describe the mixing in a given represen-
tation of the mass fields. The flavor fields are defined as ¢ = cos(0)y + sin(6)y» and
P, = cos(0)yp — sin(0)py with 6 the (2-flavor) mixing angle. Just like the Bogoliubov
transformations (2.9), the rotation to flavor fields can be cast in terms of a generator Zy(T).
This is given by

To(T) = OlW12) =2 41)] (2.10)

where the scalar products (1;, 1/J]-) do depend on the hypersurface chosen for the integration,
since they are solutions to different Dirac equations. The equation (2.10) is the straightfor-
ward generalization of eq. (1.44). Then, by definition, the flavor fields are expressed as

e = I, (7)1 Zo(T) , Wy =L, (T) (7). (2.11)

These equations are formally identical with eqs. (1.41), from which they differ for the defi-
nition of the mixing generator. In writing equations (2.10) and (2.11), we are assuming that
the usual equal T anticommutation relations hold, namely

{9/ (1, %), 1P (7,2 ) oo = 04883 (2, %)), (2.12)

where j = 1,2, A,B = 1,...,4 denote the spinor components and the delta function is
defined by the property fz( 0 Py f (T,y)(sgm (x,y) = f(t,x) for any function f, with the
integration to be performed over the spatial hypersurface ¥.(7). Notice that the distribution
52 () (x,x") includes a factor coming from the metric determinant.

If we let the generator (2.10) act on the mass annihilators, we obtain the flavor annihila-
tors for curved space

Vhse(T) = Ie_l('f)’)’k,s,lle("f)

= €05(0)7xs,1 +sin(6) Z[ o ks (D) Va2 +Eq,;k,s(r)ej;,r,2} . (2.13)
q,r

And similar for Y, (T), €kse(T), €ksu(T). The Bogoliubov coefficients are provided by
the inner products of the solutions to the curved space Dirac equation with mass mq and mo,
that is, Aq,r;k,s (T) = (éq,r,Zf gk,s,l)T = (gk,s,lz gq,r,Z)T and Eq,r;k,s(T) = (Ck,s,lz Cq,r,Z)T =
—(Cg,r,2/Cks,1)7- The mixing coefficients always satisfy

y (A;,W(T)Ak,,s,,.q,r(r) n a,ﬂ;,s;qrr(r)ak,,s,;q,r(f)) =Bt - (2.14)
q,r

Since the mass expansions are compatible, the mixing coefficients are often diagonal, namely
of the form

Aq,r;k,s (T) = 5q,k5r,sAk,s (T)
Eg ks (r) = 04,k0r,55k,s (1) (2.15)

with Ags(T), Exs(7) depending on k and s alone >. Exceptions to this arise, for instance,
when we consider expansions of the mass fields in terms of modes labelled by the energy.
In such a case, the mixing coefficients are non—diagonal and different from zero A, v 7# 0
o w! # 0, once w is fixed, only for a specific value of w’, as determined by the mass

2The helicity index can always be decoupled by choosing eigenstates of the helicity operator.
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difference.
| Aks(T)? + |Egs (1) > = 1 (2.16)

for each k, s, T, and
|Aw;w’(T)‘2 + |Ew;w’(7)‘2 =1 2.17)

respectively. Just as in flat space, the mass and the flavor representations are unitarily inequiv-
alent. For each T one has a distinct flavor Fock space H ¢(T) defined by e, (T), €, (T). The
flavor vacuum |0¢(7)) = Z, 1(7) |0, is a condensate of ¢y, P, particle-antiparticle pairs.
In order to define the transition probabilities, we observe that the total Lagrangian is
invariant under U(1) gauge transformations. Therefore the total charge Q = Q1 + Qy =

Q. + Qy is conserved® (independent of T) , where Q; = Y, (’y;{r i Vksi — €1 jek,s,i> for
i =1,2,e,p. It is then meaningful to define the transition probabilities as

P (r) = Y (<vp,k,s<ro>\Q?f(rﬂvp,k,s(ro» - <of<re>\Qz*<r>|of<ro>>). 2.18)

q.7

Here p, 0 = e, i, the state |vy 16(10)) = 711 »(0) |0¢(70)) is the state with a single neutrino
of flavor p, momentum k and helicity s on the reference hypersurface T = 1y . The second
term on the rhs of (2.18) is just the implementation of the normal ordering with respect to
|0¢(10)). By construction P{*¢(t) 4+ P *(7) = 1and P} " (t) + P "(7) = 1 for each
T. A straightforward calculation yields, in the general case (accounting for both diagonal and
non—diagonal mixing coefficients) the result

Plf:?‘(r) = 2cos?(8) sin®(6) [l — Z R <Alt,s;q,r(T0)Ak,S;€/,r<T) + Elt,s;q,r(TO)Ek,s;q,r(TO] .
q,r

(2.19)
Equation (2.19) represents the quantum field theoretic transition probabilities in curved space.
This is to be compared with the flat space counterpart (1.57). When equations (2.15) hold,
the equation simplifies to

P,f:”(r) = 2cos? () sin?(9) [1 - ?R(AZ,S(T())Ak,S(T) + EZ’S(T())E;{,S(T)>] . (2.20)

In both cases one has

Pie(t) = 1= P " (0). (2.21)

2.1.3 Mixing on a curved background and gravity-induced ambiguity in the
particle interpretation

Up to now, we have worked within a fixed, but arbitrary, representation of the mass fields. By
paralleling the flat space argument, we have developed the mixing transformations and de-
rived the oscillation formulae. Nonetheless the quantum field theory in curved space presents
an additional difficulty, in that no preferred expansion of the mass fields exists. It is then nec-
essary that we worry about the other possible representations, and determine how the mixing
changes when moving from a representation to another. For the definition (2.18) to make
sense, we must determine if and how the probabilities vary when the mass representation is
changed. We take as a guideline the principle of covariance, so that the local physical ob-
servables should be independent of the underlying representation. In moving from a given
representation {71, €1}, {72, €2} to another {71, &1}, {72, &>}, we know how to connect the

3This does not imply that Q, and Qu are conserved separately.
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mass Fock spaces, namely via the generator (2.9) ]~ : H,, — H,,. For each mass represen-
tation, we can proceed as we did above and build the corresponding flavor annihilators and
flavor spaces H ¢ (), H¢(7), together with the mixing generators Zy(7) : Hs(T) — Hum,
Zo(t) + Hs(t) — Hp. Itis useful, at this point, to determine the relations among the
mixing coefficients A(7), Z(7) and A(7),E(T) that appear in the explicit form of the two
generators Zy(T) and Zy (7). By definition we have

[\q,r;k,s (1) = (éq,r;Zr gk,s;l)'r

* * * *
= Z ( |:rq,r;q’,r’;2gq/ﬂ’/;2 + Zq,r;q’,r’;zgq/,7’;2:| ’ |:rk,s;k’,s’;l€k’,5’;1 + Z‘k,s;k’,s’;lg:’C’,S’,'1:| >

q' K s T

Here the first equality is just the definition of A(T), the second follows from the Bogoliubov
transformations (2.6). By using the properties of the inner product (2.2), in the general case
(again, accounting for both the diagonal and non—diagonal mixing coefficients), we obtain

[\q,r;k,s (1) =

rq,r;q’r/;Zrlt,s;k’,s';l (gq’,r/;Zr Ck’,S’;l )T + rq,r;q’,r’;ZZZ,s;k’,s’ 1 (C q',r'2s Ck/,s/;l ) T

!l 4l ol
q' ks

+ Zq,r;q’r/;2rl><k,s;k’s/;1 (gq’,r/;Zr ék’,S’;l )T + Zq,r;q’,r’;ZZ;,s;k’,s’ 1 (é q'r'2s ‘:k’,s/;l)f ’
(2.22)

and, finally, from the definition of A(7) and Z(7), we have

[\q,r;k,s(T) = Z {rq,r,q’r’,ﬂ (rz,s;k’,s';1Aq’,r’;k’,s’(T) - z“chﬁ,s;k’,s’;lE‘q’,r’;k’,s’(T))

q/,k/,r/,sl
* —% * *
+ Z‘q,r;q’,r’;z (rk,s;k’,s’;l‘:‘q’,r’;klsf(T) + Z‘k,s;k’,s’,'lAq’,r’;k’,s’(T)) :| . (2.23)

Similarly we have

E|‘q,r;k,s (T) = Z l:rq,r;q’,r’;z (Fk,s;k’,s’,'lEq’,r’,’k’,s’ (T) + Zk,s;k’,s’;l/\q’,r’,'k’,s’ (T))
q/’k/,.y/’s/
— Zq,r;q’,r’;z (Fkls;k/,s/;lA;,,r,;k,,s,(T) - Zk,s;k/,s/;laglﬂ,/;kllsl(T)) :| . (2.24)

When equations (2.15) hold for both the representations {g,7}, {q’, 7'}, the equations reduce
to

Ap(t) = ¥ [rww;z (r;{,;q/,r,;lAq/,/(r)—z;,r;q/,,/;laq/,,,(r))

q//r/

+ Zq,r;q’,r’;Z (F;rr;q,,r/;lE;‘/,r/ (T) + Z;,r;q’,r’;lA(}k’,r’ (T)) :| . (225)
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and
Eq,r (T) = Z |:rq,r,.q/’r/;2 (Fq,r;q,,r/;laq/,,/ (T) —+ Zq,r;q’,r’;l Aq/,,,/ (T))
q//r/
S (Toratralyp (1) = Zopg Sy (7)) ] . 26)

The equations (2.23, 2.24, 2.25, 2.26) provide an explicit relation between Zy(7) and
Ty (7), and show how the mixing coefficients change, in moving from a mass representation
to another, in order to ensure covariance. In particular, the tilded coefficients turn out to be a
linear combination of the untilded coefficients weighted by the coefficients of the Bogoliubov
transformations between the two mass representations. A slightly modified version of the
eqgs. (2.23) and (2.24) will be expedient in the calculation of the transition probabilities in a
number of interesting cases.

It remains to establish how the flavor operators 7,(T),€,(7) and the flavor vacuum
|0¢(7)) transform under a change of mass representation. We focus on the vacuum state
|0¢(7)) € Hs(T). First we employ the generator Zg(7) : Hs(T) — Hp to get the
mass vacuum |0,,,). Then we apply the generator of Bogoliubov transformations (2.9) J ! :
H, — Hp to obtain |0,,). Finally, the generator of mixing in the tilde representation
Z,'(7) : Hiw — Hs(7) is employed to get [0¢(7)). We conclude that the two flavor vacua
are related by the transformation

107(7)) = J5 1 (D)|0f (1)) = Iy (7))~ Ze(1) |04 (7)) (2.27)

where we have defined the inverse ]Jfl (7) for convenience. The flavor operators must then
transform as

Teso() = T (D) Vasp (D)]5(7)
€ksp(T) = J7H(T)ewsp(T)]f(T) (2.28)

and similarly for the creation operators. A diagrammatic exemplification of the generators
connecting the various Hilbert spaces is given in Fig. (2.1). Equations (2.27) and (2.28)
ensure the invariance of local observables in the form of expectation values (¢ (7)| F(1e(T),
u(T)) [9r (7)) with [¢(T)) € Hs(T) and F(¢pe(T), ¥ (T)) any local operator constructed
from the fields ¢ (7), 1, (7).

2.1.4 Transition probabilities and the mass representation

The oscillation probabilities are not a local observable, since they involve the comparison
between particles at different values of 7, as it is evident from the definition (2.18). In
general these quantities do depend on the representation of the mass fields, and this is because
distinct representations might assign a different meaning to the quantum numbers k, s. For
example, one might consider two expansions of the mass fields, one in terms of plane waves,
labelled by the three-momenta {k}, and one in terms of localized wave packets, labelled by
a suitable set of quantum numbers {g}. It is clear that the two expansions describe particles
with different physical properties; the first describes particles with definite momentum, the
second describes particles for which momentum and position are definite to some extent.
Therefore the probabilities P]f, S_W and P; 57 refer to the oscillations of different particles,
and have a different interpretation. It would make no sense, in such a case, to require the
equivalence of the two. This, of course, would be true even in flat space.
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Jo(7)
}[f(T) > g{m
@ | J!
jv[f(f) - > ?}V[m
Jg(7)

FIGURE 2.1: Diagram defining the generator ]fl(T). The diagram is re-
quired to commute.

What is meaningful to require, is that the transition probabilities Pp be the same for
each compatible representation, i.e., for each representation that refers to the same kind of
particle, and therefore agrees on the meaning of the quantum numbers k, s. In mathematical
terms, any two such representations shall be connected by diagonal Bogoliubov transforma-
tions

Chsi = TigiChsi+ ZisiChs,i
Chsi = UTksiCksi— Zks:iCks,i (2.29)

where it is understood that I'x s/q,rl = Ok,q0s,rks;i and Xy g i = Opq0s,r Lk s;i» In this case
the transition probabilities PP are indeed the same, and this can be proven explicitly, by
writing out equation (2.20) for the two representations

P]f,?y (T) =2 COSZ 0 sin2 0 |:1 - Z R (AZ,S;q,r(TO)Ak,S;q,r (T) + EZ,S;q,r(TO)E‘k,S;q,r(T>) :|
qr
(2.30)

and

P7(1) = 2cos0sin?0 [1 YR (A;S;q,(ro)/kau) 4 é;;/s;q/(ro)zk,s;q,(r)>]

ar
2.31)
With the aid of equations (2.23) , (2.24) and (2.29) we find
[\It,s;q,r(TO)]\k,S;q, () + E:It,s;q,r(”L—O)Ek,S;q,r(T) =
(A (70) ks r(T) + B (10) Bt (1) ) [ pral ]
+ (Ao (0) Mg (T) + g r(10)F 5, (1)) [Zsl 1T, ”

2] .
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Each of the terms in the square brackets is real. Considered that
*
Ak,s;q,r (TO)AIt,s;q,r (1) = <AZ,s;q,r (TO)Ak,s;q,r (T)> ’
*
Ek,s;q,i’ (TO)E‘;:,S;q,r (T) = <Ez,s;q,r (TO ) Ek,s;q,r (T)> ’ (2.32)

and that the Bogoliubov coefficients satisfy |T 5 ;|? + |2y 5|2 = 1 for each k, s, i, we finally
get

[al

R [Az,s;q,r (TO ) [\k,s;q,r (T) + ::“It,s;q,r (TO)
R [Az,s;q,r (TO ) Ak,S;q,r (T) + Ez,s;q,r (TO)

k,s,'q,r(T)] =
ks (T)] (2.33)

[1]

which proves the invariance of (2.30). In the most general case, as the quantum numbers k, s
and k’, s’ have a different phyiscal meaning, the probabilities P,g :U and p}g?’ have differ-
ent interpretations. Different representations of the mass fields do indeed assign a different
meaning to such indices, so that the probabilities (2.18) have no invariant meaning. In order
to make sense of the probabilities in eqs. (2.18) in the most general case, a representation
of the mass fields must be fixed on the grounds of physical relevance. When the underlying
spacetime M possesses non trivial symmetries, as time translational invariance or spherical
symmetry, there is no doubt that the representation should be fixed so to take them into ac-
count. In these cases "good quantum numbers" are suggested by the symmetries themselves
(for instance, the energy w for stationary metrics, the angular momentum /, m for spherically
symmetric spacetimes). In any case, the probabilities in a given mass representation can al-
ways be related to the probabilites in any other mass representation with the aid of equations
(2.25) and (2.26). As a final remark, we stress that the issue discussed here has nothing to do
with the diffeomorphism covariance of the theory. All the probabilities (2.20) are (generally
covariant) scalars, as it is evident from the definitions.

2.1.5 Neutrino oscillation formulae in FLRW metrics and in presence of a
Schwarzschild black hole

In this section we apply the formalism developed above to some cases of interest. After
an analysis of the flat space limit, we consider two cosmologically relevant FLRW metrics,
corresponding to a cosmological constant—dominated and a radiation—dominated universe
respectively. In these cases, exact analytical solutions to the Dirac equation are available,
and it is possible to employ equation (2.19) directly. We then introduce a method to extract
the oscillation formulae on spacetimes with asymptotically flat regions without resorting to
the exact solutions of the Dirac equation. We employ this strategy to compute the formulae
on the Schwarzschild black hole spacetime, for neutrinos propagating from the past infinity
to the future infinity. We show how the Hawking radiation is naturally embedded in the
resulting transition probabilities.

Flat spacetime limit

As a first, trivial, application of the formulae (2.20), let us check the flat spacetime limit. We
can see at once that the equations (2.20) reduce to the ordinary oscillation formulae. Indeed,
in this case, we can choose the cauchy hypersurfaces to be the t = constant surfaces in
a given Minkowskian coordinate system, while the modes {{x;(x), Cxsi(x)} are just the
plane wave solutions to the flat Dirac equation with definite momentum, so that A ,.x s (t) —
Upriks(t) and B x s (1) — Vg rxs(t), where U i s and V, i ¢ are the usual mixing coeffi-
cients in flat space (1.46). Assuming, without loss of generality, k along the z direction, the



2.1. Mixing and Oscillations 29

helicity indices decouple Uy x5 = 0°(k — q)0r, Ui, Vo s = 6°(k — q)6r,s(—1)%V. Since
Up (1) = [Ug|e“e2=9e)t and Vi(t) = |Vi|e!@rat@rt we get

Z s [ulj,s;k’,r’ (O)Uk’,r’;q,r (t)ﬂjlj,s Sk (0) Vk’,r’;q,r (t) ]

Krqr
= §R[|[/[k|26i(wk,2_wk,1)t+ |Vk‘2ez’(wk,2+wk,1)t]
= [U|? cos[(wip — wi1)t] + [Vie|* cos[(wia + wier ). (2.34)

Substituting this result in eqs. (2.20) yields the flat space oscillation formulae, which fur-
ther reduce to the Pontecorvo oscillation formulae in the quantum mechanical limit (V}, = 0).
Flat space also offers the possibility to illustrate some points discussed above in the simplest
possible context. The plane wave expansion of the Dirac fields is by no means compul-
sory. One might well expand the mass fields in terms of modes with definite energy and
angular momentum gw,,(].,mj;i, wa,;c]-,m]-,s;i instead of considering modes with definite cartesian
three-momentum k. The former shall be suitable combinations of spherical spinors [88]. In-
terestingly, in such a representation, the mixing coefficients are no longer diagonal. Indeed
one has

Acritmtsonm(8) = 8,1,y Ot Ot my | oo €~ (235)

with Am? = m% — m1 and

W my Jw+my (W' —my)(w —my)
|Z/lw,u,/\—\/ 20/ \/ 2w <1+\/(w+1n1)(aﬂ+m2)> ’ (2:30)

i(w'+w)t

and similar for =, where the exponential is e and |U,, .| is replaced by

w’+m2\/w+m1 w —m
Voo 2w’ 2w < w’+m2 w+m1> 2.37)

Here the quantum number «; refers to a relativistic generalization of the spin—orbit operator,
which enters the Dirac equation in spherical coordinates [88, 89], and takes into account both
the orbital and spin angular momentum. The index m; refers to one component of the total
angular momentum J, and has not to be confused with the masses m;. Without delving into
the details of the calculation, the result of equation (2.35) can be understood as follows. The
modes, apart from a normalization constant, are given by

o i feEm (Do) 0,¢) (2.38)
w,Kj it 2wr? mp <)‘lr)0—’<jfm/(9’¢) |
et WM _\/ﬁpkf(_)\ir)ﬂ"f'mf(e’gb)
Gawmyi = 2 ] =
i 2wr PKj(—AiT)Qij,mj(gr(P)

where Qi (0, ¢) are spherical spinors, and Py, (A;r) are radial functions of the product

A;r, with the radial momentum A; = /w? — ml2 These are solutions to the radial part of the
Dirac equation, which has the form of a Riccati—-Bessel equation [90]. The functions PK], (Air)
are combinations of spherical bessel functions j, of the form Py, (A;r) = rjg;(Air). In com-
puting the inner products, the radial integration f drP:j 2 (/\zr)PK],;l (Aqr) will produce a fac-
tor 6y, +),. because of the closure relation satisfied by the spherical Bessel functions. Since
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Ay = Jw'? — m% and \p = (/w? — m%, this will give rise to the delta factor appearing in
(2.35). Notice that Uy, .|, |Vw,o'| are numerically the same as the usual flat space coeffi-
cients |U|, | V|, when K2 = w? — m% =w?-— m% .This shows why the mixing coefficients
A, E are not generally diagonal, and the flexibility of the formalism we have employed. In-
deed, the non—diagonal coefficients automatically ensure that the flavor operators Y p, €w,p
take into account the mass difference, involving operators with distinct energies w, w’ for
the fields 7 and ¥,*. In flat space, the shift between the two representations is actually of
no use. However, in a non—trivial framework, the versatility of the formalism is essential, as
there are instances in which the cartesian components of the momentum k,, ky, k, are useless,
while the "spherical" quantum numbers w, [, m are well defined.

Expanding universe with exponential growth of the scale factor

The simplest non-trivial application is to spatially flat Friedmann—Lemaitre—Robertson—Walker
(FLRW) spacetimes. The spacetimes within this class are conformally equivalent to Minkowski
spacetime, with a conformal factor that depends only on time. In this sense they represent a
minimal generalization of Minkowski spacetime, and a perfect ground to test the formalism
developed above. More details on the FLRW metrics are given in the appendix B. Consider
the metric ds?> = dt? — a?(t)(dx? + dy? + dz?) with an exponential expansion a(t) = e,
and H a constant with dimensions of energy. This is well-suited to describe a homogeneous,
spatially flat and isotropic universe dominated by a cosmological constant. The normalized
solutions to the Dirac equation for this metric were derived in [91]. Assuming, without loss
of generality, the momentum k to be along the z direction, the helicities decouple as in flat
space. Choosing the Cauchy surfaces as the surfaces with t = constant, or equivalently with
a(t) = constant, the mixing coefficients read
3 —Ht

DR e (k) o)+ ) Joy (k)

ZH\/COS(%) cos( L)

3k ke~ Ht
B () = 0ur (1) — DT iy 1 ()= 5, (k) o)
ZH\/cos(mITZ)cos(mI_rlnl)

Ak,s;q,r(t) = Js,r

where ], denotes the a Bessel function (see the appendix A), u(t) = _Tm and v; =
% (1 + ZZ—I_T’) for j = 1,2. Plugging these expressions in equations (2.20), we obtain (1y =
u(to))

T22p—H(t+to)

42 cos(—i"I_}”2 ) cos( i”ﬂ” )

P,f:” (t) = 2cos?(0) sin?(0) {1
xR [ Joalkito) I, (kito)+Jo—(ktto) i, _s(kuuo)| [Jikte) Joy(kt) 4T, (k1) Jo, (k)
i) 1 ) o ak) i (k] 1 ) e )= 1,y G o] |

(2.41)

The qualitative behaviour of Eq. (2.41) for sample values of masses and momenta is shown
in the left panel of Fig. (2.2). We notice that for small times the oscillations display an
interference pattern similar to that of coupled harmonic oscillators. As time is increased, the

“In this case the label w refers to the energies of the reference mass field, that is ¢, for o = e and ¢, for
© = u. This must not be interpreted as the energy of neutrinos with flavor p, since by definition they have no
definite energy. Indeed, the non—diagonality of (2.35) shows that it is impossible to classify flavor neutrinos with
a single energy w.
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transition probabilities gradually converge to a flat space-like oscillation and the interference
pattern eventually disappears. In the right panel of Fig. (2.2) a qualitative comparison with
the Pontecorvo formulae, for different sample values of masses and momenta is shown.
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FIGURE 2.2: (color online) Plots of the oscillation formulae from Eq. (2.41)
for different sample values of masses and momenta, chosen in order to high-
light the qualitative behaviour of Eq. (2.41). Masses and momenta are ex-
pressed in units of H, time is expressed in units of H~!. (Left panel) Plot of
the v, — v, transition probability Eq. (2.41) as a function of time. Here we
have used the sample values sin() = 0.3,k = 30,m; = 1,m, = 80 and
tg = 0. (Right panel) Plot of the oscillation formulae from Eq. (2.41) (blue
solid line) and from the Pontecorvo formulae (orange dashed line) for sam-
ple values of masses and momenta. Here we have used sin?(8) = 0.3,k =
20,m; =1,my =15and ty = 0.

Expanding universe dominated by radiation

Here we consider the FLRW metric for a radiation dominated universe a(t) = aot%. Notice
that since a(t) has to be adimensional, ag has dimension [t]~2 = [m]2. As before, without
loss of generality, we assume the neutrino momentum k along the z direction to decouple the
helicities, and consider a foliation by the t = constant hypersurfaces. The solutions to the

Dirac equation for this metric are again found in [91], and yield the mixing coefficients

Ak,s;q,r(t) = 55,1’53 (k — q)ie dmympal

\4/ 471117712 tZ

4k2 1 1 iK2
| Zw* —2imrt) — = (1 e % _2imot
| 0 (2mat) —g (10 5 YW (i

W;; 1 (—Zimzt)WK]’% (—Zimlt)

74

k2 (my +my)
1 77‘[ ml rgz {

1 | 1 iR | _
X 1WK1/%(—21m1t) — g 1-— m le—l,%(_mmlt) ;
5k +q)k 67¥

Ek,S;q,r(t) = 05, (—1)° dmynya?
¢ 2mq (2m2)3a3t2

{W:lr}l (—2im1t)W7K2% (Zimzt)

k2 1 N ) 1 ik2 . .
W [4WK1,}1(—21m1t) - g <1 + mla%) K1—1,}1(_21m1t)}
. 2impa? ‘

X [w_ (2imat) + %W_KZ 1l (21m2t)] } (2.42)

1
K2,71
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where Wy, (z) are the Whittaker functions (see the appendix A) and k; = % (1 + %) forj =1,2.
07
Insertion in eqs. (2.20) gives the transition probabilities (fg, ¢ > 0)

nkZ(m1+mz)
1 T
e~ | _ 2 i 2 _ 2mqymypa _n; * _n;
P " (t) =2cos™(0) sin (9){1 %{2 Tmlmztgte 1245 {W’Q'i( ZZmztO)le,i( 2imyty)
4k? 1 1 ik
— | =W —2impty) — = [1——— | W —2imyt
mymyalty <4 Kz,%( imaty) 3 ( mzﬂ%) Kz—l,};( imy 0))
(2w (i) = L (14w (c2imgte) ) MW (—2imaty W (—2im)
A th) — 3 ma ) -1 1to koL 2)Wy 1 1

4k2 1 1 ik2
+—7 | =W —2inrt) —= |14+ —— * —Dithnt
mlmza%t (4 Kz,%( 2t) 8 < mza(2)> KZ‘L%( 2 ))

YW coimmt — L (1- Y w 2imyt
X | g Wi 1 (F2imat) — 2 " 1,1 (—2imt)

k2 (m +1my)
k2 _’122{

+ e 2my moag
&/ 2my (2my)3agtot

k2 1 . 1 ik2 ‘
m <4W;<1”1}(_21mlt0) - g (1 - %> le—l,i(_21m1t0)>

W. 1 (—Zimlto)W* 1 (2im2t0)
/1 —K2,1

K1

mia
X W_Kz,% (2imyty) — TW—KﬁL};(ZZmztO) Wkl,%(_Zlmlt)W—Kz,% (2imyt)
k2 1 1 ik2
+—— | =W (—2imt) — < (14 * —2imyt
mlﬂ’lzﬂ%f <4: Klr%< 1) 8 < Tl’l1ﬂ%> K1—1,%( 1 ))
. 2i7’112€lz .
X (sz,i (2imyt) + TOW%ZH,% (2zm2t)> H } (2.43)

The qualitative behaviour of Eq. (2.43) is shown in Fig. (2.3) for sample values of masses
and momenta.

Spacetimes with asymptotically flat regions

The FLRW spacetimes considered above are among the few non—trivial metrics for which
the Dirac equation (2.63) can be solved analytically. More often one does not have an exact
solution at his disposal, and the implementation of eqs. (2.20) is a complicated task. In many
cases of interest, however, the spacetime M admits asymptotically flat regions Q2 4, QO C M,
usually in the far past and in the far future. (4 and Q)p are separated by a region with non-
trivial curvature, where the Dirac equation is usually unsolvable analytically. In ()4 and
Qg the solutions to the Dirac equation are the flat space modes {u,{/sli(x),vll(,sli(x)} with
I = A, B, and one has a natural choice for the positive frequency modes. Because of the
non-trivial curvature, the two sets of solutions A, B are distinct. When limited to one of the
two regions, eqs. (2.20) reduce to the ordinary flat space formulae. When the intermediate
curvature region is involved, a direct application of eqs. (2.20) is prohibitive. Nevertheless,
if one is able to provide the relation between the two sets A, B, in the form of a Bogoliubov
transformation, it is possible to derive oscillation formulae for the propagation from ()4 to
(p. Assume that Q)4 = UTSTA Yrand Qp = UTZTB 2.; for some values 73 > T4, and
consider 1p < T4, T > Tg. Suppose also that the B modes are given in terms of the A modes
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FIGURE 2.3: (color online) Plots of the v, — v, transition probability as a
function of time as from Eq. (2.43) (blue solid line) and from the Pontecorvo
formulae (orange dashed line) for sample values of massed and momenta,
chosen in order to highlight the qualitative behaviour of Eq. (2.43). Masses
and momenta are expressed in units of a%, time is expressed in units of ay 2,

We have used the sample values sin?(8) = 0.3,k = 5,m; = 1,my = 20
and tp = 0.1.

as

B _ * A * A
Upgi = (rk’,s’;k,s;iuk,s,i + Z‘k’,s’;k,s;ivk,s,i> (2.44)
k,s

B _ A A
obe; = L (Twmsitfs = Desmoitifs ) - (2.45)
k,s

Here the Bogoliubov coefficients I'y o/ s.i, 2k’ 7.k 5;i are again provided by the inner prod-
ucts (uft, uB), (ut, vB), yet their significance is slightly different from those in (2.4). While
equation (2.4) describes a general and arbitrary change of basis, the transformation of equa-
tion (2.44) is dictated by the circumstance of having a natural choice for the modes in ()4

and Q)p, with a well-defined physical meaning. Indeed, the Bogoliubov coefficients take

into account the effect of the curvature in the intermediate region. Then we can specialize
equations (2.23), (2.24) to get

B A —A
Aq,r,'k,s (T) - 2 |:FL],7’;11/,7';2 (rz,s;k’,s’;lAq’,r’;k’,s’ (T) - Z‘Z,s;k’,s’;l ‘:‘q’,r’;k’,s’ (T)>
q’,k’,r’,s/

+Zq,r;q’,r/;2 <rlt,s;k/,s/;1EZ]4’j”;k’,s’(T) + Z‘Z,s;k/,s’;lAZ]L"::”;k’,s’(T)> :| . (2-46)

E(?,r;k,S(T) = Z [Fq,,;q/lr/;z (Fkls;kflsf;lE?/,,;k,,s/(T) + Zk,s;k’,s’;lA?’,r’;k’,s’(T))

g K s
A =A
—Zq,r;q’,r’;Z (I“k,s;k/,s/;l./\q/;/;k/,s/(T) — Zk,s;k’,s’;lc‘q/,t’/;k’,s’(T)> :| . 2.47)

For T < T4 A?(7),E4(7) are trivial, and vice-versa, for T > 15, AB(7), 28 (1) are triv-

ial. Choosing, for instance, the B representation, one would have a trivial expression for
AB(7),EB(1) and one can make use of egs. (2.46), (2.47) to obtain AP(7),E8(1) in
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terms of A (1p), E24(1p), Which are also trivial. Then one can plug A® (T, 79) and Z(7, 19)
in equation (2.20) to obtain P, s _’j 0 r( T) for T > Tp and the reference hypersurface 15 < T4.

Scwharzschild black hole

As a realization of this scheme, consider the (static) Schwarzschild metric
2GM 2GM
ds? (1—r>dﬂ—<1—r> dr* — r*dQ, (2.48)

and two sequences of spacelike hypersurfaces® {Z, },en, {Z, }nen approaching, respec-
tively, the future Z* and the past null infinity Z~ as n — co. We require that X" and
Y., be Cauchy surfaces respectively for the causal past [~ (Z1) of Z" and the causal future
J*(Z~)of Z~ for each n. For n large enough, these surfaces span an approximately flat
portion of the Schwarzschild spacetime. On the surfaces 2,/, as n approaches infinity, we
expand the massive fields in terms of the incoming solutions, with frequency defined with
respect to the schwarzschild time { and with definite angular momentum,

€WKml(tr0q>)o<e iaﬁ/ Cw,cml(tVG(P)ow (2.49)

These modes reduce to the flat space solutions (2.38) and (2.39) as Z~ is approached. Omit-
ting the irrelevant angular and spin quantum numbers, as 1 — co, we get

Al (Z) = ‘Sw/,\/m‘uw,w”eigf (wn) (2.50)
B (Zn) = 8 sorrmmz| Vo €” ~lwm) (2.51)

with |Uw,w” and \Vw,w/\ flat space spherical mixing coefficients as defined in (2.36) and

(2.37),and ¢~ (w, n), p~ (w, n) phase factors depending on w and . A similar reasoning can
: : : our our

be carried on for the outgoing modes emerging at Z+, o, A(41,0,9), o, A(t1,0,0),

so toyield asn — oo

AQLT(Er) = 6, Jerramz U, |t (wm) (2.52)
B (1) = 84y ama Ve e ). (2.53)

Because of the Black Hole, the IN and OUT modes do not coincide. Fermion creation by
the Schwarzschild black hole has been studied, via the tunneling method, in [92]. There it
has been shown that the Hawking temperature Ty = Sn}; 71 1s recovered for the emission
of spin—f particles. We then infer that the IN and OUT modes are related by a thermal
Bogoliubov transformation at the Hawking temperature T, corrected for fermions:

G (2.54)
gour (2.55)

SWe use here two discrete families of surfaces, but also continuous families would do the trick, as long as the
same limiting process is involved (Z+ — Z%).
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It is understood that these equations hold as long as the spacetime is stationary (eternal black
hole). For a body that collapses to a Schwarzschild black hole, as considered in the original
paper by Hawking [63], we expect a slightly modified version of the Bogoliubov transfor-
mations, comprising non—diagonal thermal coefficients I',, ..; and X, .,v; with w # w’. We
pick the ingoing representation to calculate the probabilities (of course, the outgoing repre-
sentation yields the same result, as the Bogoliubov transformations are diagonal), and employ
eqs. (2.46, 2.47) to obtain, with Fy(w) = B —

e*8TH 41
AN (55) =
{ VI = Fu(@)] [1 = Fa (@) AU (£5) = /Fulw) [1 — Fu(w)| 297 (23)
y/Fale) L= F(@)] (3247)" (&) + Jm (a08) @)}
’ (2.56)

Considered that AOUT(Z+) = O et am? Ueww |ei®" (@) and that E‘Z;w’ (X,5) converges
tod, \/WWWW’|E ) as 1 — oo, we obtain

Aww’( ,T):(S W' Nt AmZ X
W 11— Fyr()] [1 = Fiy ()] [Uar €97 ) = \/Fyg () [1 = Fig(@”)]] Ve

T/ Fr(@') [1 = Frt()] [V e™ 7 @) 1 FH<w>FH<w/>\uw,wfre“””“”")}

and

E({,IL,(Z,}L) = (Sw,’\/m X
W (1= Fu(@)] [1 = Frt(@)] Veosar e+ Fra() (1 = Fir ()] [Upo e )

/B (@) [1 = Frt()| Wl 4\ Frg() Fig (@) Vi yeipﬂw,n)} _

Choosing as reference hypersurface ., for large m, we can now compute the probabilities
(2.20) for a neutrino propagating from ¥, to X7, i.e. from Z~ to Z* in the limit m, n — oo.
We find, for m,n — oo

P.7F (m,n) ~ 2cos? B sin® 6 x

<1 - \/[1 - FH(w)] [1 - FH(‘U/)] Uuww’| COS(Awmn) + |wa’| COS(qumn)]

+\/FH(W) [1 - FH(w,)] ’uw;w' | ’Vw;w/’ [COS(®;;m,n) - COS(‘P;;m,n)]

/P (@) [1 = Fit() | Ut |V | [0S (¥ 50) — cOS(@5,)]

FH(w)FH(w/) [|ULU;LU"2COS(A$mn) + ’Vw;w’F Cos(q);mn)] > : (2.57)

with the phase differences AZ,, , = ¢* (w,n) £ ¢
YL, =0 (wn) £ e (w,m) and@imn:

w;m,n

“(w,m) ., @5, , = p*(w,n) o~ (w,m),
*(w,n) = p~ (w,m) . In particular, for
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FIGURE 2.4: (color online) Plot of the v, — v}, transition probability from
Eq. (2.57) (blue solid line) and from the Pontecorvo oscillation formulae
(red dashed line) for late times and sample values of masses, momenta and
Hawking Temperature. The phases in (2.57) have been chosen so as to match
the flat space phases for simplicity, A, , — “25°L(t £ ty), D5, —
%(t =+ to), LIIi;m,n - %(t + tO) + %(t + tO)’ ®$;m,n — %(t +
to) — (¢t F to), where t and to denote respectively the future and past
hypersurfaces. We have used the sample values sinz(G) = 0.3, k = 30eV,
my = 1eV, my = 20eV, tg = 0, kgTyy = 1070V and ¢t in the range
[101° + 1,100 + 9.5]eV 1.

large energies of the mass fields w, w’, |V, /| — 0 and |Uy, (| — 1, thus

P (m,n) ~ 2cos? fsin @ x

(1= /1= Fu )] 1= Fu )] cos(Bi ) =/ Fu )i () c05(8 )
p (2.58)

where it is understood that w? = w? + Am?. If the limit Ty — 0 is taken in equation
(2.58), one obtains, apart from a phase factor, the usual Pontecorvo oscillation formulae. The
qualitative behaviour of Eq. (2.57) is displayed in Fig. (2.4). To compute the oscillation
formulae on a Schwarzschild background for an arbitrary propagation, since exact analytical
solutions are unavailable, one has to resort to approximate solutions to the Dirac equation.
In all the applications considered, the oscillation formulae do not depend on the helicity
s of neutrinos. However, when additional complications due to frame—dragging and non—
conservation of angular momentum arise (see e.g. [93, 94]), the formulae for left-handed and
right-handed neutrinos can differ.

Quantum mechanical limit

It is a general feature of equations (2.20) that when all the quantum field theoretical effects
are negligible, the oscillation formulae are modified only for a phase factor. Indeed, when one
can neglect B in equation (2.20), one immediately has [Af (T)] = 1, (|Aww (T)| = 1
respectively, in the non—diagonal case) for each T from equation (2.15). Then the product
Aks(10) Ais(T), (Ao (T0)* Ao (T) Tespectively) is just a phase e?(™7) and the net
effect is a phase shift with respect to the Pontecorvo oscillation formulae, consistently with
previous results obtained in a heuristic treatment[74]. Of course, the explicit value of the
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phase (7, T) depends on the metric and the surfaces T considered, as well as on the mode
expansion chosen for the mass fields. When the gravitational fields are weak enough, the
phase can be computed by means of geometrical optics considerations [74, 93, 95].

2.2 The flavor vacuum in the expanding universe

In the previous section we have introduced the mixing transformation in curved space and
discussed the resulting oscillation probabilities. The formalism there developed is also nec-
essary to study the energy-momentum content of the flavor vacuum in curved space. In flat
space it has been shown (cfr. chapter 1) that the flavor vacuum has the structure of a conden-
sate with the equation of state of a pressure-less perfect fluid. Here we generalize the analysis
to the cosmologically relevant class of spatially flat Friedmann-Lemaitre-Robertson-Walker
metrics (see the appendix B for more details). We compute the expectation value of the
energy-momentum tensor on the curved space flavor vacuum and we show that it resembles
the energy-momentum tensor of a perfect fluid. We then apply the general formalism to a
specific metric, generalizing the flat space result on the equation of state of the flavor vacuum.

2.2.1 The Dirac Equation and its solutions in flat FLRW spacetime

For the reader’s convenience we start this section by setting the notation and introducing the
class of metrics of interest. We then elaborate on the Dirac equation and discuss the general
form of the solution. We will focus on the spatially flat Friedmann-Lemaitre-Robertson-
Walker spacetime described by the metric

S = diag(l, —C(1), —C2(t), —Cz(t)>. (2.59)

where C(t) is the scale factor. For our purposes it will be useful to express this metric in

terms of the conformal time T defined as dt = % with range T € (—o0, o) corresponding

to t € (—o0,00). Using T, the line element reads
ds* = C?(1)[dt* — dx? — dy* — d7?] (2.60)

when expressed in cartesian spatial coordinates and in conformal time T.
In order to write the Dirac equation, we need to choose a tetrad field eﬁ with the property

S = e;?ef 1 aB. Given the metric of Eq.(2.60) a convenient choice of tetrads is
ed = C(1)o4 (2.61)

where the Kronecker symbol 5;? signals that the only non-zero component of e is the one
for which the Lorentz index A and the spacetime index y coincide.
Using the tetrads above one can define the generalization of gamma matrices 7 to the
; s — oH A
case of curved spacetime ¥ = e/, B

Finally, in order to write the Dirac equation, we also need the spin connections wp” =
efrgﬂe‘TB + €/!9,,¢"® . The spinorial covariant derivative is defined with the aid of the spin
connections as D¢ = aylp +ILuy, Ty = %w;‘B [Y4,vB]. Similarly one defines the action

of the covariant derivative on the adjoint spinor ¢ = l/J+’)/O as

Dy = 3, — P . (2.62)
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We can now write down the Dirac equation

iy*(x)Dyp —myp = 0. (2.63)

The above equation can be generated by the Lagrangian

L= \ﬁ{ [$7" (x)Dutp — Dytpy* (x )E’J}—W/_“P} (2.64)

and we can define the energy-momentum tensor of the spinor field as the variation of the
above Lagrangian with respect to 1 and ¢

Ty = % {$7u(x) Doy + P70 (x) Dytp — Dup 7o (x) — Dupu(x) 9} - (2.65)

In the metric (2.60) the Dirac equation reads

( Y00 + = > accv +i7/9; —mC> p=0. (2.66)

The spatial dependence of this equation suggests that we look for plane wave solutions 1 o
e'P*, where the mode label p is a 3-vector that can be thought as the would-be plane wave
momentum when C(#) reduces to a constant, and "-" denotes the euclidean 3d scalar product
(see ). We remark that the actual momentum that is istanteneously carried by the mode with
label p is the comoving momentum® Cfﬂ

Using the helicity eigenbispinors ¢, defined as

“lo=aa 2.67)

the solution of (2.66) can be written as the combination of the positive and negative energy
solutions in the form

(e (p) eI
HpA (T,%) = P <fp< T)AZA(p >> opa(T,x) =¥ (—f§‘<r>fm>>' @68)

The negative energy solutions are obtained by charge conjugation of the positive energy
solutions v = Cu*. Inserting Eq.(2.68) in Eq.(2.66), and using the defining property of the
helicity bispinors, we can write (2.66) as the system

) 3i0.C
larfp:< mC — = E )fp+P8r

. 3i0.C
i0rgp = (—mC - 22) Sp+Pfp,

o o 3i 9:C .
Zaffp = ( mc_* )fp P&y

- 3i9.C .
18Tgp:<mC—2C> —pfp-

OThis is most conveniently seen by inserting the plane wave ansatz in Eq. (2.66) and reverting to the coordinate

time £: )
3i9,C\ Vpj _
{ (f“iT)‘?"” p=0.

In this form the equation resembles the Dirac equation in flat space, with a time-dependent potential % a,TC and

(2.69)

with the quantity % playing the role of an instantaneous momentum.
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The above equations show that the functions f, ¢ depend only on the modulus p of the 3-
momentum. Thus, from now on, we will drop the vector index p in favor of the scalar index
p. The scalar product between two solutions of the Dirac equation A, B is defined as

(A, B). _/ P/ =g AT (2.70)

where the integration is to be carried over a hypersurface £, of constant conformal time 7. If
A and B are solutions of the same Dirac equation, the scalar product (A, B) is independent
of 7. This is no longer true if A and B are solutions of distinct Dirac equations. Knowing that
the determinant is § = —C8, we can easily compute the scalar product between the solutions
(2.68):
(Llp,/\, qu,/\/)l— = s dSJCCSM;,/\uq,/\/
- dxCle P xzty <f;fq + AA’ng,,)
g
= @m’C&(p— o (fp* +18I7) - 2.71)

In the last step we have used the definition of the Dirac delta function and the orthonor-
mality of the helicity bispinors. In a similar way it is easy to show that (1, v51)r = 0,
(Z)p,)\, uq,;\/)r =0and

(Op s Vg )x = (21)°C36° (p — )0 (Ifpl* + 180 1%) - (2.72)

Eqs.(2.71) and (2.72) suggest that we adopt the following normalization:

C—

= 2.73
(2rC)? 27

’fp‘z +18p

in order that the orthonormality of the solutions is satisfied. The set of solutions (2.68) is
complete:

Z (”p,)\”;,/\ + UP/)\U;,/\>
; ng;’fg) (fpel &AL} + (_%i%\) (8081 _fp/\CD]

_ t (1fpl> + lgpl? 0 ): 1 (H 0)
;(:MEA( 0 fpl? +1gpl? (27C)* \0 1)~ &7

In the last step we have used the completeness of the helicity basis ), ¢ AC} = I, with I the
2 x 2 identity matrix, and the normalization condition (2.73). Eq.(2.74) shows that the set
of solutions (2.68) provides a basis not only for the solution space of the Dirac equation, but
also for the space of 4-spinors.

The system of equations (2.69) can be further simplified by introducing the functions

>

¢p=Cif, 7,=Cig, (2.75)
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since then the system becomes

Oy = —imCeyp — ipyyp
dryp = imCyp —ipgy
o, = imCe,, +ip7y,
0ry, = —imCy,, +ipp,

and the normalization condition (2.73) becomes

1
2 2
= . 2.76
|¢P| + |7P| (27_[)3 ( )
The first two of Egs.(2.76) can be combined to give two second order equation for ¢,

93¢y + (imo.C + p* +m*C*) ¢, = 0. 2.77)

In the same way, we can obtain a second-order equation for (p;;.

Notice that for each A = %1, the quantity &' (§)0;¢ (p) is an odd function of p;, for i =
1,2,3. In particular, &' (p)0;¢x(P) changes sign when the momentum is reversed p — —p.
Proof: The statement can be proven by direct calculation. Letting 6, and ¢, denote the polar
angles of p, for the A = +1 case, we have

_i? 0
61.0' C = < i’ pr _itr . Gl 01 e 12p(:os(7p>
+016+ ez cos(+) e 'z sin(75) 10 oo

= COS(sz) sin(ezp) (ei‘PP +e*i‘pp) = sin(0,) cos(¢p) = I;l (2.78)
o = (et e Tan®) (0 5) (e i)
2
= Cos(ezp) sin(ezp) (ie*i% - iei‘PP) = sin(6,) sin(¢p) = I;z (2.79)
o = (¢tnt) tantt) (3 ) ()
2
= cosz(gzp) - sinz(gzp) = cos(0,) = l:j (2.80)
similarly, for the A = —1 case we have
o = (et e ten®) (§ ) (i)
2
= —cos(gzp) sin(gzp) <gi¢n + e—i‘PrJ) = —sin(6,) cos(¢p) = _51(2.81)

+ ¢ 0 0 —i e sin(e—”)
= i —it? 2
¢Loal- (e 2 sin(4) —e "2 cos( 2")) (z 0) s cos(i”))
= —cos(ezp) sm(gzp) (16 Py zel‘PP) = —sin(6,) sin(¢,) = P25 82
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/Y]
. p 1 0 e "2 sin(-£

Hoe. = (el%psin(%”) —efl%cos(%’”ﬁ (0 _1>< p (5p)>
2

Qp 917 . . —ps3
> E) = —cos(0)) = > (2.83)

This result can be summarized in the equation

= —cos?*(-£) +sin?(

A
o, = 2P (2.84)
p
2.2.2 The Auxiliary Tensor

We here introduce a bilinear form of the solutions of the Dirac Equation, which is conve-
nient for the study of the energy-momentum tensor. Given two solutions A, B of the Dirac
equation, we define the auxiliary tensor as

The tensor (2.85) enjoys a number of useful properties. The first property is obvious from the
definition: L, (A, B) = L, (A, B) forany A, B. The second property can be seen at once by
comparing the definition (2.85) with the form of the energy-momentum tensor (2.65). Since
T,y is real, we immediately deduce that L, (A, A) is pure imaginary for each solution A.
The third property can be easily deduced by tracing the definition:

where we have used the Dirac equation and its adjoint in the last step. Next we give a more
explicit form for L+-(A, B). We can write

Lz(A,B) = 2(A¥c(x)D:B— DA¥-(x)B) = 2C (Ay"9:B — 0:A+°B)
— 2C (A*E)TB - BTA+B) : (2.87)

In particular we are interested in the auxiliary tensors L. (1(v), 1(v)) and the traces L}, (1(v), u(v))
computed on the solutions (2.68). For the traces we have

Li(upp tipp) = —4imilyptipy = —41'171L1;L,,A'y0u,,,;L
i (prat oty (IO frla
- 4im (fP'gA gPAgx\) <0 1 gp/\gA
= _4im(‘fp’2 - ‘8;7‘2) = —4imC™? (’4’;7‘2 - "Yp’2> (2.88)

P o+ .0
Lﬁ(up,A, Opr) = —4imil,  \vp, = —dimu, ;77 0p

. . « I 0 ’
g T
= —8imf,g, = —8imC ¢, (2.89)
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Li(vpp tipp) = —4imopptip) = —4imv;,A'yOup,A
. I 0 [ fol
— _ t_ t P
= —dim (8,0} —fpAC}) <0 —II) (gpAé‘)

= —8imf,gy = —8imC 3,7, = — (Li(upr, vp0))"  (2.90)

. o+ 0
Lﬁ(vp,A,vp,A) = —4im0y \vp = —4imvy \ Y Vp)

_ 4 o +y (L 0 8p6a )
dim (8,8} —fpAL)) (0 —]I) (—f;/\éA
= —aim(|g,2 — |f ) = —4imC= (|7, — )
= —Lﬁ(up,A,up,A). (2-91)

We then compute the TT components
Lec(upp,upp) = 2C u;,)ﬁruw\ — 8Tu;r,,)\up,/\}
_ [ * ot x ) &t a’rfpg)\ _ * xt *1 xt fpg)x
= 2¢|(fEl Az (afgp £ - esiEl aiadh) (S
= 2C[f0cf, — 0o fyp + 8308y — 0r8i8y)
— 2c2 {(P;afcpp — Qe+ Ve yy — aﬂ;yp] (2.92)

LTT(up,A,vp,A) =2C [u;,AaTvp,;L — aru;r,’)\vp,A]
9rg,GA Lot
=2C xat *A*(T” )—8**8*)\*(”

—2C [f;afg;; —3cfy8y — 8p0cfy + afgi?f;}

= 4C72 93907, — 1;0:45 | (2.93)
Lt (Up,/\/ up,/\) = - (LTT (up,)u Up,)\)) ’ (2.94)
LTT(vp,)u Up,/\) = _LTT(“p,)u up,A) . (2.95)

Notice that as a consequence Lr¢(upa,Upa) = O if and only if ), o ¢p. This is the
case, for instance, in Minkowski spacetime, where ¢, « 7, « e Wt For a general C,
the proportionality does not hold, and this has dramatic consequences on the vacuum of the
theory (eventually leading to particle creation).

In addition one can show that L;(#(v), u(v)) is an odd function of the momentum p and
that L;j(u(v), u(v)) is an odd function with respect to both p; and p;. The proof requires a
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lengthy but straightforward calculation:

Lei(tpp, tip 2 )=tip AT Ditip \ + Gy 2 ¥iDrtip p — Djflp zFotip — Driip A Fitip

1 .
= Cuj, (8 - 8w Blva, 73]) ip,x — Ciiy 7'y 0cuup 0

0 .
e <8iu,+,,n° — iy %%A Plya, 73]) Yoy + Cozrh 707 1y 0

. 0:C (0 o;
_ t ) T i
= CuM (zpl + 5C (Ui O)
. 2:C [0
+ T
—C“M (—zpi + ETel <Ui

0 o
+
> Up, + Corliy 5 (ai 0 > Up,A

Ui
0
0; + 0 o
2o §)ma=iiala §)om]
A2

0 o
) uP/\ Cup)\ < o Ol> arup,?\
+ 0
p :
=2ipiC [Ifol* + Igp*] + C

fp8p +9:8pfp — fp0:8p — gzarfp} Graita

. {7131(32 4 2 (€ (acf380 + e85 —cc)| } . (2.96)

In the last step, we have made use of the normalization condition (2.73) and the property
(2.84). As itis evident from Eq.(2.96), each ¥; factor and each spatial derivative 9; brings
along a factor p;. Then for each a,b = Up A, Up,a ONE has

Lyi(a,b) = pilay(p) (2.97)
with 11, ,(p) a function of the modulus p alone. In particular
Lri(up,/\/ Up,A) =0. (2.98)

Similarly, for each a,b = up \, vp 2

Lij(a,b) = pipjlap(p) , (2.99)

with I, ;(p) a function of the modulus p alone.

2.2.3 Quantization of flavor fields

In the following we adapt the flavor field quantization of the previous sections to the specific
case of spatially flat FLRW metrics, computing the energy momentum tensor explicitly.

Dirac field

Since the set of solutions (2.68) { Up A, Up, /\}p, A 1s complete, any solution of the (linear) Dirac
equation can be Written as a linear combination of these modes. In particular, this is true for
the Dirac field: ¢(x) = Y, f a3 p ( pAUp) + B ZpAUp, A) In this equation, the notation
B* on is chosen to remark that v, ) describes an antiparticle with momentum —p. Notice
that all the spacetime dependence is in the modes, while the coefficients do not depend on
any of the spacetime coordinates.
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Quantization is achieved, as usual, by promoting the field, and thus the expansion coeffi-
cients to operators

Px) =), / dp (Ap,)tup,)\ + B*_,,,Av,,,Q : (2.100)
A

and imposing the canonical anticommutation relations. The momentum conjugate to {(x),
according to the Lagrangian (2.64), is 7y(x) = iC3)'(x) , so that the canonical anticom-
mutation relations to be imposed are

{pa(t,x), myp(t,x")} = iC{ya(t, %), Y5(t, %)} = i6apd°(x —x') . (2.101)

Here the indices A, B are referred to the spinor components A, B = 1,2,3,4. It is easy to
show that the relations (2.101) are satisfied if one imposes the following anticommutation
relations on the coefficients:

{Apr, Ag Y = {Bpa, By v} = w8 (p —9) (2.102)

with all the other anticommutators vanishing. Indeed

{1PA(T/ x), 7Tl/JB (T/ x,)} =

ic3§//d3p/d3q [{Apr Ab i} (up'Au;’A/)AB +{B",\ B_gu} (UP,AU;,/\/)AB}

-ic ;/d?)p [(uP'A(T’x)”;fA(T’xI)>AB + (UP’A(T’x)U;'A(T’xl))AB}

—ic3 ;/d%eip.(x—x’) [(up,A(T,O)u;,/\(T,O))AB + (v,,,A(r,O)v;,A(T,O))AB}

, 1 vt
— ZC3W(SAB /d?:pelp (x—x")
= 6438 (x — X)) . (2.103)

In the fourth step we have made use of the completeness relation (Eq.(2.74)), writing the
4 X 4 identity matrix explicitly as d 4.

The field expansion (2.100) defines the vacuum state |0) as the state annihilated by all
the annihilation operators A, ) [0) = By [0) = 0, Vp,A.Itis important to stress that the
definition of the vacuum state depends critically on the choice of the field modes. Specifi-
cally, its particle interpretation is tied to the boundary conditions specified on the solutions
(2.68). Another kind of field expansion is possible if one assumes a specific time evolution
of the modes, as is done within the adiabatic approximation (see, e.g., [64]). Contrary to
our field expansion (2.100), the annihilation operators (and thus the vacuum) are thereby en-
dowed with a specific time dependence. The expansion (2.100), instead, does not assume any
particular time dependence and is, therefore, more general. The two expansions can be made
to coincide at a given time. The quantized energy-momentum tensor is obtained by inserting
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the field expansion in the definition (2.65):

i _ - -
Ty = Z;N/dB'p/dSq{ (A;,r,/)\u,,,;L + B_p,Avp,A> YuDy (A,M/uq,;u + Biq,A/vq,A/)

+ (A;’/\l/_lp,/\ + pr,Asz,/\) IT/VD},{ (Aq,/\/uq,/\/ + Biq’)\/vq,)\l>

t = ~ ~ 1
_ DV (14,7/)\11’,,)L + B_p,,\vp,;\> Yv (Aq/A/uq/A/ + qu’/vvq,)\/)

- D]/ (A;,/\ﬁp,/\ + pr’)\ﬁp,/\> '7]4 (Aq,A’uq,)\’ + thl/\’vq,/\,) }

i
= E Z/dSP/dSq{A;,AAq,A’L;W(up,A/ qu) +A;,/\Biq,/\’LHV(up,/\/Uq,/\’)
AN

+B7p,/\Aq,)\/Lluv(’Up,/\, qu,N) + pr,/\Biq/AlLP“/(’Up,/\, ’Uq,/\/)} 7 (2.104)

where we have used the definition (2.85) of L. The Hamiltonian density corresponds to
the component T7 of the above equation. It follows immediately that the vacuum is not an
eigenstate of the Hamiltonian unless L (vp 1, tg,1) = 0, due to the A;/ )\Bi g, term. In par-
ticular, the vacuum is unstable under the creation of particle-antiparticle pairs with opposite
momentum, a result known from the previous analyses. This is a reflection of the non-
invariance under time translations. On the other hand, from the relation: LTi(up, A Up, A) =0
(cfr. Eq.(2.98)), it is clear that the vacuum respects the residual translational symmetry in the
spatial coordinates, i.e. P |0) = 0.

The flavor fields

Up to now, our considerations have been restricted to a single Dirac field of definite mass. To
introduce the flavor fields, we follow the procedure outlined in the previous sections and start
by introducing two Dirac fields with distinct masses m1,mp. We consider two flavors for
simplicity but the analysis can be easily generalized to three flavors. The theory of two free
massive Dirac fields is just the product of two copies of the theory for a single Dirac field. All
the relations discussed above remain valid, provided we assign a new index j = 1,2 to all the
quantities involved ¥, m;, Ap i, Up,;; and so on. All the previous relations are index-wise
valid for j = 1,2. The mass vacuum that we now denote explicitly as |0p) is annihilated by
all the annihilators for each index j. The total energy-momentum tensor is simply the sum
of two copies of Eq.(2.104), one for each j. We also require that each mode of the field 1 is
related to the corresponding mode of the field 2, with the same labels p, A by the substitution
mi1 — My, and vice-versa.
The flavor fields are then introduced via the rotation

pe(x) = cos(0)pr(x) + sin(6)y(x)
Pu(x) = cos(8)a(x) —sin(6)yr(x), (2.105)

where 0 is the two-flavor mixing angle. At the quantum level, the rotation is employed by
the mixing generator

Zo(t) = exp {0 [(P1, 2)« — (P2, ¢1)<]} - (2.106)
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Here (lpz, lpl)T stands for the scalar product at the T hypersurface (recall that for fields of
distinct masses the product does depend on T). The flavor fields are then

pe(x) = Iy'¢1(x)To
vu(x) = Iy 'o(x)Ts. (2.107)

The action of the generator also defines the flavor annihilators (Ap e = Zy 1AP,/\;1IQ and
similar) and the flavor vacuum, as

0p) = Z, ' [Om) - (2.108)

Notice that, contrary to the mass vacuum, the flavor vacuum has an explicit T dependence.
The terminology ’flavor vacuum’ is justified in that this state is annihilated by all the flavor
annihilators.

2.2.4 VEV of the energy-momentum tensor on the flavor vacuum

We are specifically interested in the contributions that flavor mixing induces on the energy-
momentum tensor. More precisely, we ask what is the expectation value of the energy-
momentum tensor on the state corresponding to the absence of flavor neutrinos at a given
time |OF(7p)). We stress that in this calculation, we assume a fixed but arbitrary expansion
of the mass fields, and therefore a fixed but arbitrary choice of the mass vacuum. The effect of
a change in the mass representation on the flavor fields is known from the previous sections,
and once the result is computed for a given representation, one can implement the adequate
transformations to get the result in other mass representations. Likewise, we keep the time
Tp arbitrary and distinct from the time argument T of the energy-momentum tensor. The
quantity we wish to compute is then

Ty = (0 (10)| Ty [0F(T0)) (2.109)
where Tj,, is given by Eq.(2.104). Explicitly

i

Tw = 2 L) / ’p / dsq{A;,A;quW;J'LW(”p,fwjr g, x;j)

J=12 AN
+ gt
+ Ap,A,-jB—q,/v;ijv(“p,A;jr Ogx5i) + BopajAg il (Op pjs tig 1)
1.
+ Bopa B—q,A';jLVV(Up,A;j/ Uq,N;j) }- (2.110)

We remark that the only sensible definition for the energy-momentum tensor is the one
(2.104) in terms of the fields with definite mass. Let us analyze the typical term in equa-
tion (2.109). It has the form

(0 (10)| Ap A1 Aq v [0F (T0)) - (2.111)
Using the definition of the flavor vacuum this equals
(0m| Zo(10) Ap p1 AgvaZy ' (0) [Om) =
(0m] Zo(10) Ap 1 Zy ' (0)Zo(T0) AgaaZy ' (10) [0M) =
<OM| I:el (T())A;,A;lz_g(’fo)z:el (To)Aql)\//.lz_g(T()) |0M> , (2.1 12)

where we have used that (eq. 2.106) I(;l = 7Z_gy. Now the operator I:; (10)Apr:1Z-0(T0)
is just the mass annihilator transformed according to a mixing transformation with angle —6.
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Knowing the transformation rule in terms of 8 we can easily write down the transformed
operators:

T (10)B_paZ (w0 (A5 ()Bpr2 — Ep(T0) A} 12 )
T} (10)B_ppaT o(10) = cos(0)B_p 2 + sin(6) (A,[,(ro)B_M1 —I—EP(TO)A;;/A;l)
(2.113)

while the transformation rule for the adjoint operators can be obtained by considering the
adjoint equations. The Bogoliubov coefficients are defined as the inner products

5 (0)Ap(T) = (uparz tipra), = (Tpa1, Vpa2),

(2.114)
8(0)2p(1) = (pa1,vpa2) . = = (Upr2:Tpan),

where the notation anticipates that they don’t depend on A (we will see that they actually
depend only on the modulus of the momentum p). The 63(0) factor is a reminiscence of the
more general expressions involving distinct momenta Ap 4 53(p —q) . The delta factor
is absorbed by a corresponding momentum integration in the Egs.(2.113), leaving only the
finite coefficients defined via Eq.(2.114). These coefficients satisfy [Ap|* + |Ep|? = 1 for
all p, T. With the aid of Eqgs.(2.113), we can evaluate all the expectation values appearing in
Eq.(2.109):

(0F(T0)| A 1,jAgr; [0F(T0)) = sin? 0|Ep (T0) P60 (p —q) , Vi
(0r(70)| BY1,iB g |0k (10)) = sin® 0|2y (10) P08 (p —q) , V)
(0 (10)| A} 1B 4111 [0F(T0)) = sin 62, (10) Ap(10)0rn8° (P — 4) @.115)
(0 ()] Ap p2BT 12 [0F(T0)) = — sin? 02, (1) Ap (T0)5r16° (P — 4)
(Op(70)] B_pr1Agai |0r(10)) = sin® GEP(TO)A;(TO)(SM/és(p -q)
(0p(10)] B-p12Aq02 [0F(T0)) = — sin? 6Ep(10) Ap(T0)5and0° (P —4) -
We can now give the result:
T = T 41l (2.116)
T%HX) = Esin 0 Z/d?’p{\E,,(To)]Z Y (L (upasis tp i) — Luv (0p257Op i)

=12
+  Ep(10)Ap(10) Lyw (up,r:1, 0p211) + Ep(10) Ap(T0) Lyw (vp a1, tip 21)

*

p( )A( )Lyv(up)\-Z/vp/\Q)_Ep(TO)Ap(TO)L;W(Up,A;Z/up,/\;z)}(2~117)

T](j\/l) = 2 /d pL;u/ vp)\]/?]p)\]) (2.118)
A] 1,2

- =
d

The last term comes from applying the anticommutator relation {B‘L P B_g } =00 (p—

(MIX)

q) to the BB term. While the remaining terms, regrouped under the symbol T, show

an explicit dependence on sin? 6, and are therefore zero in absence of mixing, the last term
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is present independently of mixing. Indeed, it is easy to check that "JF;,I]\,]) represents the ex-

pectation value of the energy-momentum tensor on the mass vacuum:
N
T;(w) = (Om| Ty [Om1) - (2.119)

The origin of this term is an ordering ambiguity in the energy-momentum tensor of the
quantized fields. To understand its significance, let us consider the flat space limit, where

Up,p;j & e'“rit with Wy = \/P*+ m]2 The auxiliary tensor becomes
Lyv(A,B) = Ay,0,B+ Av,0,B — 9, Ay,B — 0, Ay,B (2.120)

where both the Dirac matrices and the derivatives are the ordinary flat space ones. In partic-
ular one has

— t + A3 t —A;
LOO(Up,A;j/ Z)p,)\;]') = Z(Up’)\;jatvpl)\;]' — atUp’A;jUp,/\;D = 4zwp;jvp,A;jvp,A,.j = 4pr;]' , (2.121)

where we have made use of the normalization U;r, AjOP N = 1. Then

N
T = 2y /d3p Wy (<0). (2.122)
A j=1.2
We can see that "JF(()SI) corresponds to the diverging negative energy that is removed by the
normal ordering prescription in flat space. In order that the energy-momentum tensor Ty,
approaches the normal-ordered flat-space expression in the limit, one must subtract "Jl"gl\,l).
Then we define a renormalized energy-momentum tensor by

T} = Ty — Tjo (2.123)
and whose expectation value is

MIX
(0 (10) | T [0p () = T . (2.124)
The requirement that the energy momentum tensor reduces to its normal ordered form in
the flat space limit is one of the axioms outlined by Wald [96], and is necessary for the
definition of a proper energy momentum tensor. We now derive the general properties of the
Bogoliubov coefficients, and we show that T;(fl\,ﬂx) behaves as a perfect fluid, determining

the functional expression of T, and ’JI“;:.

General properties of the Bogoliubov Coefficients

Much can still be said without specifying the precise metric, i.e., without providing an explicit
form for the scale factor C. Plugging the solutions (2.68) in the definition (2.114) we compute

FO)Ap(T) = (uppp ippa) = C3/Z dsx“;,A;2(T’x)u”’)‘;l(T'x)
_ 3 3. (o mt or agt) [ fraba
- C /sz X (fp;ng gp;Z/\‘:") <gp,-17\§A>

= 50027 C (fafpn + 85280 )
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that implies

Ap(T) = (7C) (frafor + 8pagmm) - (2.125)

where we have switched to the notation A, to highlight that it depends only upon the modulus
p. In a similar way

53(0)Ep(r) = (up,/\;l,vp,/\;z):C3/Z d3xu;)\;1(T,x)vp,/\;z(r,x)

:@éﬁdﬁﬂﬁﬂw<ﬁﬁﬁ
= 80)n)C (f11852 — 8pf)
and then
Ep(r) = (27CP (fagpa—&afia) - (2.126)
From Eqgs.(2.125) and (2.126) we can verify that
[Ap(T) P + 12, (1)
= (27C)° (1 fpalPlfon 2 + 1802 P 8912 + frafapagon + Fraforgnagin )
+27C)° (I Plgpal® + 1852 fral? = fongpasiafoa = Fingpadoa fra)
= (27C)° (I fpa* + Igpal?) (fpel® + gp2l?) =1, (2.127)

where in the last step we have made use of the normalization condition (2.73). We conclude
this subsection by expressing the Bogoliubov coefficients in terms of the reduced functions

$p, Vp

Ap(¥) = (@) (Phatpa +V3a7pm)
p(1) = (2n)° (4’;;17;;2—7;;147;;2) : (2.128)

[1]

Diagonality of the energy-momentum tensor

Using the result (Eq.(2.128)), we can prove that T, is non-zero only when p1 = v. This
result has the important consequence that T/, can be interpreted as the energy-momentum

tensor of a perfect fluid.
We start by proving that T,; = 0 fori = 1,2, 3. According to eq. (2.116) we have

i -
TTi = = Sll’l 0 Z/d3p{| TQ Z (Lri(up,A;jrup,)\;]') — Lri(vp,A;jrvp,A;j))
j=1.2
+ E;( )AP<T0)LTi(up,/\;lI Up,)t;]) + ‘EP(TO)A;(TO)LTi(Up,/\;l/ l/[p,/\;l)

- H;( 0) A, (T0) Lei(up,r2, pa2) — Ep(T0) Ap(T0) Lri(Up 222, Upa2)

+ *; Z /d pL~i Up/\jlvp)\])

N

[z

N

Due to the property given in Eq.(2.97), we can always write L;(a,b) = p;h,,(p) , each
of the terms in the integrand of Eq. (2.116) is of the form p;F(p) , with F(p) a function
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of p only. We therefore have an odd function of p; integrated over an even domain p; €
(—o00, +00) and the integral vanishes:

T, =0. (2.129)

The situation is similar for T;; with # jandi,j = 1,2,3. In this case (see Eq.(2.99)),
namely, L;;(a,b) = p;ipjlap(p). implies that each term under the integral sign is of the form
pip;G(p) with G(p) a function of p alone. It is clear that also in this case, the integral over
the even domain (p;, pj) € (—00, +00) X (—00,+00) vanishes, yielding T;; = 0 for i # j.
Notice that the same conclusion does not apply to T;;, since in this case the integrand is an
even function p?A(p) of p;. Itis easy to verify that Tj; is the same for each i = 1,2,3,
consistently with the isotropy of the underlying metric. Due to the manifest diagonality and
isotropy of the energy-momentum tensor, there are really only two independent components
of Ty, i.e. Trr and T; for a given i. Alternatively one can consider the T+ component and
the trace Tﬁ, as by definition

T, = g"Tu =C *Tr —3C Ty
and then

T — C?T,
T, = % (2.130)

where no sum is intended over the index i and we have used the isotropy of T .

It is worth stressing that, as evident from the definition and the expression of the auxiliary
tensor, T, depends only on the time coordinate T and parametrically on the arbitrary fixed
time Tp.

We conclude the section by giving the explicit functional form of T, and "JFZ. From
Egs.(2.116) and (2.128) we have

Toe [@pyis 1psi] =

2iC2sin®0 ) [ {1195 (1) Plrpa(0) P + ypa (10) Pl pa(ro)
—p1(10) 1p2(T0) Y p1 (10)Pp2(T0) — Pp2(T0) Y1 (T0) V2 (T0) Ppa (T0)]

x 1—21;2 (4’;;1'874’!’;1' V0V pij — Oy Prij — aﬂ;;ﬂp;j)

+ 2i(270)° S (p (70) 12 (T0) = Yo (10)9p2(10)) (@52(T0) bt (70) + 2 (T0)vp1 (o) )
X (0319731 — 731901 )]
— 2i(270) S ($pa (70)7p2(T0) = Vo (10)9p2(10) (@p2(T0) 51 (T0) + p2 (70} (o) )
% (032972 = Tp29ePp2 )1}

—ic?Yy ) / A [ 95900+ Ty — 0 piPps — V|
A j=12



2.2. The flavor vacuum in the expanding universe 51

Similarly
T [Py Vpii] =
4iC7sin’ 9E/dSP{(27T)6[|¢p;1(TO)|2|7p,-2(’f0)|2 + 7 (0) Pl¢ppa(10)
A
—Pp;1(10)Yp2(10) Y p1 (0) P2 (T0) — Pp2(T0) Vi1 (T0) Y p2 (T0) Ppa (T0)] X
=iy mi (10p° = [rpl)

ey
+ 212703 (¢ (T0) 7p2(T0) = Vo (T0) b2 (10)) (@52 (T0)Ppa (T0) + V2 (T0) 7 (T0) )
x (—impavya )]

= 2i(27)°S] (1 (10) 7p2(T0) = Vot (0)p2(10)) ($p2(10)951 (10) + Vp2 ()7 (T0) )
x (—imapyar;a) 1}

260 X [ @y (19— ) - @.131)

A j=1,2

These results are definitely more compact if we keep the Bogoliubov coefficients implicit.
Indeed we can write

Tee [ 1] = 2iC 2sin?0 Y [ dp|Ey ()
A

x 4212 (4);?787471’7 + 7;?jaf'yl’;f - aT‘P;;j‘PP?f - aT'V;;ﬂP;j)
=1

+213(E; (1) Ap (1) ($19e7 1 — V319e8p )
=5 (1) Ap (1) (¢pzam2 Y320 p2) 1}

—iC 7). / 4’p] IePp;i + VO Vpii = OcPpPpi = OV Vi | +
]:12
(2.132)
and
Ty [¢pvps] = 4C™° Sinze;/d?’P{—i\Ep(To)lz lzllzmj (Iopil* = lrpsil?)
=1
208 [imaZ (10) Ay (1) a7 — M Zp (70) Ap (T0) B |}
- 207°) ). m]/d3 (Ipsjl* = lvpil?) - 2.133)
A j=1,2

In all the equations above the last term, which bears no proportionality to sin? @, is referred

to "Jl"g;]), and is reported only for completeness. Note that both the TT component (2.132) and
the trace (2.133) can also be seen as functionals of {(,bp, 8T¢p}. In fact from Eqgs.(2.76) we
have

Yp() = ( 1 (1) +imC (1) (1))

Iyrp(n) =

RS ETER S RN

(35%(17) + imdy C(17) ¢y (17) +imC(17)8,74>p(17)) . (2.134)
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which can be substituted in the expressions above for T,,. From the diagonality of T, one
can also prove that it is covariantly conserved (see Appendix C).

2.2.5 Applications: exponential expansion

In this section, we assume a specific evolution of the scale factor C and compute the corre-
sponding expectation value of the energy-momentum tensor on the flavor vacuum. In doing
so, we are neglecting the back-reaction due to the flavor fields, i.e., the modifications induced
on the metric by the energy-momentum tensor of Eq. (2.109). The computation based on a
fixed background metric is undoubtedly an approximation, but it is useful to get an insight
into the kind of contribution that emerges from the flavor vacuum. The self-consistent way
to deal with T, is to insert Eq. (2.109), together with all the relevant matter terms, on the
right-hand side of the Einstein equations and then solve simultaneously for the scale factor
C and the Dirac modes. This kind of calculation will be performed elsewhere. For the mo-
ment we assume that the right hand side of the Einstein field equations is dominated by other
source terms which force a specific background metric.

Positive energy solutions

Here, in particular, we study the energy momentum-tensor corresponding to an exponential
evolution of the scale factor C(t) = !, with Hy a constant with dimensions of mass. The
advantage of this choice stands in the possibility to solve the Dirac equation analytically.
Transforming to conformal time we have

1 — Hyt 1
= —— , C=——-. 2.135
T e Hot ( )

Notice that the conformal time T is always negative. Inserting Eq. (2.135) in Eq. (2.77) we
obtain

; 2
92 2 o Im m
770 +< T+-F> =0, (2.136)
7 Hy = H} e
or, introducing the positive variable s = —pT
s202¢, + ¥+ﬂﬁlﬁ =0 (2.137)
S (PP [ lO Hg (PP - ° °

This is a Bessel-like equation, whose general solution can be written as

N—=

‘PP(S) =S5

CIE) +CIs), v=1 (1 - %) (2.138)

with ], (s) denoting the Bessel function of order v and Cy, C; arbitrary complex constants.
In order to specify the solution we need to impose some kind of boundary conditions, which
in turn determine the positive energy solutions. We require that the modes of Eq. (2.138) be
positive energy with respect to d; at early times, i.e. for T — —oo (where C — 0). With this
choice the mass vacuum corresponds to the absence of massive neutrinos at early times. As
T — —oo the mass terms can be neglected, and equation (2.136) becomes

2Py + p*pp = 0. (2.139)

The positive energy solution with respect to d- is evidently 4); o e~ P7 or, in terms of the
s variable, ¢ (s) o e'. We then impose the requirement lim;_, o ¢p(s) o e . Recalling
that s is a positive real variable, we can employ the large argument expansion of the Bessel
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functions (see [90] and the appendix A)

s—r—G) for s e (2.140)

In this way, we show that the combination satisfying the requirement is given by

1 , mmn 2 . om .
Pp(s) = Nps? <]V(s) —iefo ]_V(s)) o~ Np\/;(—leZHO)cosh (ZZ:) e, (2.141)

where N, is a normalization constant and the last equivalence holds in the limit s — +oo0.
Inserting Eq.(2.141) in the first of the Eqs.(2.134), we deduce

Yo(s) = Nps (=ifu1(s) + T iy (s)) (2.142)

where we have made use of the differential relations satisfied by the Bessel functions [90].
In order to fix N), we impose the normalization condition (2.76) in the s — +-o0 limit. Using

the large argument expansion once again, we obtain \NPF = )e_FTO. Finally,

3272 cosh? (%’)’

choosing N, real, we can write the positive energy solutions as

¢P(S> = ;%\/ﬁ(b(s)—ieﬁj—v@))

Tm

To(s) = 1M[))\/§(—ijvl(s)+egghv(s)) (2.143)

4
cosh (%
withv = % ( — %—?) and s = —pT.

Bogoliubov Coefficients

We have two sets of solutions ¢, ;, p,j» one for each value of the mass m;, with j = 1,2 from
the equations (2.143). The compatibility requirement then implies that each of the ¢}, ;, 7p,i
has the same form for j = 1,2, except that one has m; wherever the mass appears, includ-

ing the function index v; = % — %) We can compute the Bogoliubov coefficients

(Ap(T),Ep(T)) straight away from Egs.(2.128):

7S e—ﬁ(’"ﬁ-mz)

B Zcosh (”T"él) cosh (”T";Z)

x {]Jz ()] () + Ty 1 () -1 (8) i 0 [J5y 1 ()1 (5) = J1y(6) Ty (5)]

7'[1"12

+ e [ () (5) = S ()] -1(s)]

Ap(T)

T

+ e R ()] (8) + Ty ()T (5)] } ;
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FIGURE 2.5: Squared modulus of the Bogoliubov coefficient |E,g|2 as a
function of s for sample values of the masses (all in units of Hp): (black
dotted line) mq = 0.7, mp = 1.4, (red dashed line) mq = 1,mp = 2, (blue
dotdashed line) my = 10,m, = 20, (dark orange solid line), m1 = 100,
my = 300. The momentum dependence is implicitin s = —pT.
TS *ﬁ(ﬂl]erz)
Ep(t) =

Zcosh < e ) cosh (”’?)

ﬂﬂ‘l

x { 2 ) o1 (5) = F ) ()] e (15 (5) iy () + Ty 1 (5) )4, (5)]

e [ ()T (8) T ()T ()]
+ e e ()T, (s) = T, (5)],(5)] } (2.144)
|? as

To give an idea of the behaviour of the Bogoliubov coefficients we have plotted \EP (s)
a function of s for sample values of m11, m, in figure (2.5). We shall be particularly interested
in the late time expression of the Bogoliubov coefficients, namely for s — 0" (the corre-

—,ort — 400). For its determination we make use of the small

sponding limitis T — 07,
argument expansion of the Bessel functions [, (s) =~ (%)V T (11+V) with I" denoting the Euler

gamma function. From the Eqs.(2.144), it is easy to find that at the leading order for s — 0™

one has

o (") ros(3)

A (S) ~ e_ﬁ(mﬁmz) €l< K 1)10g( ) —|—€HLo(m1+mz)
b 2 cosh (”T”;l) cosh (%) I*(v2)T (v1) (1 —1)T(1—vy)

5. (5) = n e*ﬁ(mﬁm) _eﬁze_i(mzli_oml)log(%) ean;)l el<mz ml)k’g(%) (2.145)
P2 cosh ("T"él) cosh (NTTZZ) I (v)IT*(1 — 1) (1 —vp)I* (1) .

Explicit form of the energy-momentum tensor

Keeping in mind the results of the previous sections, it is sufficient to compute the TT com-
ponent and the trace in order to fully determine T,. Inserting the solutions (2.143) in the



2.2. The flavor vacuum in the expanding universe 55

Eq.(2.132) we find, after a lengthy but straightforward calculation:

T(MIX)

X { [2(];}.]1,]- ]1/171]1/>

Tm ;

HZ
bt ) =isin 92/613 12y (10 \2< 1067'52 ) Z

Tm;

e Ho

) 2 [ 7m;
j=1,2 cosh (To)

Py, 1|2]

*

- * * * * Vj _V]i|< *
ie Mo |:2 (]1/]-]1—1//‘ + ]—V]-]Vj—l + ]1/‘—1]—1/]' + Il—V]']Vj) + 3 ]1/]-]—1/]'

V* * — ]/]' .
] 1/]]1/] 1]1 1// S ]1—1/]-]Vj—1
@ % " 2 1/]‘ — U]fk y
+e "o 2(]171/]-]*1/]' - ]—thfvj) + 71/]'| + 5 |]17v]-|

2 2.[36*%";1
oP

i s 2 3 =k
+ —sin“ 0 /d p< E5(10)Ap(T0)

2 ; { b P 8712 cosh? (%)

0
ok ok 2UF

X |:(_l<]1/1>2_1(]1/1—1)2 l - ]1/1]1/1 1>

iy * T * * 2vy 1 —2vy * *
+ e Ho <2(]1/1]1/1_]1/1—1]1—1/1> kS ]1/1]1 1/1 3 1]1/1]1/1—1)

2mm

+ ie Ho

<(I*V1 P (i)

21/1 ] 1/1]1 V1>] —c.c.}

7'UY12

H(% p2T3€ Hy

i i 2 / 3 =k *
— —~sin“ 6 a°p &5 (1) A (10)
2 ; { b b 8712 cosh? (%;2)
P P 2vF
X |: <_l(]1/2)2 - Z(]v2—1>2 i— 2 ]1/2]1/2 1)
s * Tk * * 2v; 1 —2u; * Tk
+e'h (2(]1/2]1/2 - ]1/2—1]1—1/2) 2 ]1/2]1 1/2 2 ]1/2]1/2—1>

27tmy
+ ie Mo

(U*Vz)z UL

21/2 I 1/2]1 1/2>:| —C.C.}

In the above equation we have left the Bogoliubov coefficients implicit and the argument of
the Bessel functions s = —pT has been omitted for a better visualization. We recall that the
helicity sum is over A = +1 and that in general T # Tp. An analogous calculation can be
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performed for the trace:

p(MIX)
T, =

—tm;

H3T3s mie T
Isin GZ/d3P’~p To |2< 82 > ). ]nm) {Uvj\z— Uvj—lfz
j

. 2 j
=12 \ cosh ( H

) ﬁ . . . 27rm
+1e o (]71/]-]1// - ]1/]-]—1/]' +]1—vj]Vj ]Vj—lf]. V]) +e HO <U 1//’2 Ul—l/j‘z> }

Tm

/M
imysHyt3e ™
4712 cosh? ("ml)

i . . 7'("‘1
A
—e o ]—V]]l/lfl—}_le 0 ]—1/1]171/1 —C.c
7TV’12
zm25H3 e T {
if5, o, 1+3 ] Ji-
4772 cosh? (%néz) o o

i, — *
—5 SIHZG;/dSP{‘E‘P(TO)Ap(TO)

Tm 2mm
e | tie o I, ];“VZ] —c.c} . (2.146)

We are particularly interested in the late time (7 — 07) expression of the above equations.
According to the definition (2.109), these represent the contribution of the flavor vacuum

state, defined at an earlier time 79 < T, to the energy—momentum tensor at late times. We
then perform the small argument expansion J,(—pT) =~ %’” i) +V) for all the Bessel
functions appearing in Eqgs. (2.146) and (2.146), and keep only the terms of lowest order in

the variable T. At order T, the TT component is found to be

TMOW (1) ~ jgin GZ/dSrJM T |2( > L mjtanh <7Z?>

+ =sin“0 /d p | E5(10)Ay(T0) —c.c.
2 ; : g 273 cosh (""él>
_ j'sinz 0 Z/dBP T*(TQ)A* (TO) —imzHoT e
2 A b : 273 cosh (”"é2>
(2.147)

The corresponding lowest order in the trace is o< 3. To see why this is the case, recall that
by definition

3 3
T}, = C ?Ter — C 2)_ Ty = HjT*Tr — Hyt* } Ty, (2.148)
=1 1=1
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so that in correspondence with T « T one has r]l“ﬁ o 7. To this order the trace is

1733
pMIX) (1) -2 3, (= 2 (1HGT Tt
Ty ~ isin 9;/51 pIE,(T0)] < 03 ) _Z m; tanh <Ho
j=12
i, 2 3 — —im1H8T3
+ —sin“0 /d p | E5(10)Ay(T0) —c.c.
2 ; b ’ 2713 cosh <"T"él)

i ., / - . —imyH3 T
— —sin“f a@p |5 (1) (10)
2 ; b ’ 2713 cosh <"T"Z2)

— C.C.

Inserting Eqs. (2.147) and (2.149) in Eq. (2.130), we can deduce the important result
(MIX)(1)

T = 0 ,Vi. In other words, at first order in T, the spatial components of the energy-
momentum tensor vanish. Then the equation of state reads, at lowest order in T:
T MIX)(1)
w =21 _ (2.149)
T (MIX)(1) ’

i. e., the energy-momentum tensor associated to the flavor vacuum satisfies, at late times
(T — 07), the equation of state of a pressure-less perfect fluid. It is important to stress
that this result does not depend on the value of the momentum integrals, and therefore is
independent of any regularization. Moreover, as it is evident from (2.149) it holds for any
choice of the reference time 1.

Regularization

All the momentum integrals in the expression for the energy-momentum tensor, both for the
general case and the for the late time approximation, are to be performed over the whole
of IR3 and are formally divergent. To extract a finite result, we need some form of regular-
ization. The most immediate way to regularize the momentum integrations is to introduce
an ultraviolet momentum cut-off . Usually, the cut-off is chosen in correspondence with
a 'new physics’ energy scale, beyond which the ’low energy’ quantum field theory descrip-
tion breaks down. In our case, K ought to be related to the scale at which the semiclassical
approximation breaks down, i. e., at the quantum gravity scale K >~ M,; which is of the
order of the Planck mass Mpl. However, we can expect the cut-off to be at a much lower
scale for what concerns the proper mixing term. Indeed, at very high energies, the mass dif-
ference between the neutrino states becomes negligible, and the oscillation frequency %
approaches zero, implying that there is no oscillation. The same result also holds in quantum
field theory, where the mixing Bogoliubov coefficient &, generally approaches zero at high
energies (therefore yielding no contribution to the energy-momentum tensor.). The heuris-
tic argument above provides a physical reason to adopt the cut-off regularization and also
justifies the adoption of a cut-off scale X' < M, at least for what concerns the mixing.

Before proceeding we need to clarify that the cut-off must be imposed upon the comoving
momentum pprys = % . rather than the mode label p.

The imposition of a cut-off Ky on ppyys then translates into a sort of ’comoving’ cutoff

for the mode label p
—Ko
=KoC =——=K(1), 2.150
pcurorr = Ko Hot (1) (2.150)
which is strictly positive (recall that T < 0). For the late time energy-momentum tensor,
in the approximation in which 1y < T is also at late times 79 — 0, we can give a simple
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FIGURE 2.6: Logarithmic scale plot of the energy density pp11x = T T(MIX)

from Eq. (2.151) as a function of conformal time T for sample values of the

parameters. The corresponding coordinate time ¢ is reported above. We

have used a cut-off Xy = 246 GeV of the order of the electroweak scale,

neutrino masses mq = 15.25H, ,mp = 22.25H( and the expansion rate
Hy = 10"3%eV.

analytical form of the regularized integrals. Performing the integrals in Eqs. (2.147) and
(2.149), with the comoving cut-off of Eq. (2.150), we obtain

t(my —my) _ n(my—my)

e [ SR e () e (5)
my tanh (%) my tanh (”ml ) . mq tanh (Tm> + mjy tanh (7””2)
-2 o (ngt ) 2 " (7%:) + sin? GH()T[ ( cosh? (%) cosh? (%(1)2)

2i(my—mq)

. (F(w)i*(w))z <3+2i1’"2H_0’"1> (_K(zf)m) P e

) —mmyq > 2i(my —mq)
n —imyHyte Mo ( 1 ) 1 (—IC(T)T0> Hy
2 cosh® (”m‘ ) cosh? (TOZ) I'(v1)I*(v2) 3+ 2i"g 2
. —nny > —2i(my—my)
B —impHyte ™ ( 1 ) 1 (7’C(T)TQ) Ho
2 cosh® ("ml) cosh? (”T";Z) I (vy)F (v2) 3 — 2 2
—c.c.} X isin® 6
—m; 2i(my —my)
- —imyHyTe o ( 1 )2 1 (—/C(T)T()) -
2 cosh’ (nmz) cosh? ( o ) T (v)T* (12) 3 4 2iMzg 2
. L) > —2i(my—my)
B —imyHyte ™ ( 1 ) 1 (7’C(T)TQ) H
2 cosh’ ( 7ty ) cosh? (nTn?)l) I (v)T(v2) 3 — i 2

—c.c.} x isinZ @

(2.151)



2.3. Concluding Remarks 59

The trace can be deduced immediately from Eq. (2.151) by simply multiplying by the factor
C~2, since the pressure is zero for the late time energy momentum tensor (see Eq. (2.149)).
A visual indication of the physical content of Eq. (2.151) is provided in Figure (2.6), where
the mixing energy density Ty MIX) from equation (2.151) is plotted against conformal time
T for sample values of the parameters. We notice that ppsrx, for the parameters and the
range considered in Figure (2), is nearly constant, except for tiny oscillations of relative
magnitude dpmix/PmIx 10~%. The oscillations come from the imaginary exponentials
in Eq. (2.151). Such a simple evolution pattern can be expected to disappear when other
time ranges are considered, and the full expression from Eq. (2.146) is employed, entailing
a much more intricate time evolution. The results obtained in this work indicate that the
vacuum energy associate to neutrino mixing in curved space might represent a dark matter
component. Notice that for a momentum cutoff of the order of the electroweak scale Ky =

246 GeV, for neutrino masses i, m, such that Am%2 ~ 10~°eV? and for a value of Hy ~

10~3eV, we obtain an energy density Tg(MIX) which is compatible with the upper bound on

the dark matter content of the universe. A value of Hy ~ 10~3eV might have been reached
during the very early phases (f < 1 s) of the Universe.

2.3 Concluding Remarks

As we have seen, the application of the formalism developed in this chapter is not limited
to the study of neutrino oscillations in gravitational backgrounds, for which the influence of
curved spacetime on matter is taken into account. The formalism also serves as a basis to in-
vestigate the effects that neutrino mixing has on the spacetime geometry, as exemplified in the
last sections. Much still remains to be done in this direction, and future works will be devoted
to a deeper study of the topics introduced here. These include a self-consistent calculation of
the energy-momentum tensor in spatially flat FLRW metrics, that requires the simultaneous
resolution of the Einstein field equations and of the Dirac equation. Such a calculation would
allow to investigate scenarios in which neutrino mixing, through the condensate structure
of the flavor vacuum, is the primary source for the Einstein field equations. Pertaining to
the dark matter-like behaviour of the flavor vacuum, it is certainly worth analyzing neutrino
mixing on metrics that are adequate for the description of galaxies. In addition, the mixing
of boson fields in curved space, along the same lines, may be important in supersymmetric
contexts.
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Chapter 3

Axions and axionlike particles

In the previous chapter we have developed the quantum field theory of neutrino mixing in
curved space and have shown that the flavor vacuum may act as a dark matter component.
Other explanations for dark matter rely on new particles beyond the standard model. The
common feature of these models is the tiny interactions among the new particles and the stan-
dard model fields, required to fit the dark matter behaviour. Among them axion and axionlike
particle models are the most promising. Axions were indeed originally introduced to solve
another long-standing issue in the standard model, known as the strong CP problem. The ca-
pability to solve this puzzle, together with the naturally small interactions with the standard
model fields, provides a solid theoretical motivation for their introduction. Axionlike particle
is a common denomination for axion-inspired particle models, which generally deviate from
the original axion proposal in many respects. Despite the strong theoretical motivations and
a large number of experiments, no clear evidence of axions and axionlike particles has been
found up to now. In this context we introduce two new detection strategies for axions and ax-
ionlike particles. In doing so we interlace seemingly unrelated topics, using tools and notions
from non-relativistic quantum mechanics, like entanglement and quantum interferometry, to
gain information on fundamental particle physics beyond the standard model. Section 3.1
presents a brief introduction to axions and axionlike particles, with a particular emphasis on
the axion-fermion interactions. The latter constitute the basis for the analyses of sections 3.2
and 3.3, where we present new axion detection mechanisms based on the entanglement and
on neutron interferometry respectively.

3.1 Axions and Axion Interactions

The standard model of particles is able to explain a wide range of phenomena involving
fundamental particles and their interactions. In spite of its success, it certainly does not rep-
resent the definitive theory of elementary particles. Several phenomena, including particle
mixing [48, 49, 97-99] and the quantum features of gravitation [100], are beyond the stan-
dard model. Among the shortcomings of the theory is the so—called strong CP problem in
Quantum Chromodynamics (QCD) [44, 58, 101]. The QCD Lagrangian features a gluon—
gluon interaction term that in principle allows for an arbitrary violation of CP (Charge-Parity)
symmetry

X v
Lo=—0(>) Tr(GuG") . 3.1)

Here «; is the strong coupling and the trace is computed on the product of the gluon field
Gﬁv and its dual G’ZV. The parameter © is not constrained by any QCD argument, so that
an arbitrary CP symmetry violation is possible. Nonetheless no such violation is observed in
strong processes [44, 58, 101-103]. One of the consequences of the CP violating term would
be a relatively large neutron electric dipole moment, which the recent experiments constrain
below 3 x 10726ecm (see [104] and, for a more recent result [105]). Analogous bounds
on the electric dipole moment of atoms and molecules [106, 107] pose a further constraint
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on the magnitude of the CP violating term. To remedy this inconsistency, R. Peccei and H.
Quinn introduced a new global symmetry UpQ(l) (called Peccei—Quinn symmetry) that is
spontaneously broken [44, 101] at low energies. As shown by Frank Wilczek and Steven
Weinberg [102, 103], this gives rise to a new particle, named the axion, which is the pseudo—
Nambu-Goldstone boson of the broken Upg (1) symmetry [108]. The new pseudoscalar field
a couples to gluons, modifying the @ term as

Lo = (Jf; - @) (g2) T (GuG™) - (3.2)
The quantity f,4 is known as the axion decay constant and sets the energy scale of the PQ
symmetry breaking. The symmetry breaking potential for a is such that the minimum is at
a = Ofa, so to cancel the ® term of Eq. (3.1). The new field then provides a dynamical
solution to the puzzle, by shifting the effective ® term and suppressing the CP violation. The
energy scale at which the symmetry breaking occurs f4, appears in the low energy phenom-
ena and plays a role analogous to the pion decay constant f. It determines, according to the
model considered, both the axion mass m, fLA and the effective couplings with the stan-
dard matter. In the original proposal f4 was thought to be close to the electroweak scale [44,
102, 103], a hypotesis that was later ruled out by the experiments. In the subsequent years
alternative axion models were devised, notably the KSVZ model [109, 110], featuring heavy
quarks carrying a Peccei—Quinn (PQ) charge, and the DFSZ model [111, 112], in which the
ordinary quarks and additional Higgs doublets carry the PQ charge. They provide a reference
for two large classes of axion models (hadronic and GUT axions). Today the axion decay
costant is estimated to be very large f4 > 10°GeV, so that the QCD axions (both hadronic
and GUT) have to be very light m, ~ 107® — 1072eV and very weakly interacting [58].
These aspects make axions a natural candidate for dark matter.

Motivated by the search for dark matter components, a number of Axion—like—particles
(ALPs) has been introduced. They can deviate significantly from the original Peccei—Quinn
proposal, and are not necessarily tied to the solution of the strong CP problem, but share the
fundamental nature of axions as (pseudo-)scalar fields and generally interact weakly with the
standard model particles. In these models the relation between the coupling constant and the
mass of the ALP can differ from the direct proportionality that characterizes the PQ axions.
They range from masses 11, ~ 10722 eV, characteristic of the ultra-light axions [113, 114],
up to masses of 1 TeV for the heavy GUT axions [115]. Axions and ALPs are, to date, one
of the most credible explanations for dark matter [116-119].

Given the solid theoretical arguments behind their introduction, several experiments have
been designed to prove the existence of ALPs. Perhaps unsurprisingly, considered their
extremely small interaction rates, the experimental search for ALPs has proven to be very
challenging. Many experiments take advantage of the axion—photon coupling. Among
them, searches for polarization anomalies in the light propagating through a magnetic field
(PVLAS) [120], “light shining through a wall” experiments (OSQAR, ALPS) [121-123], de-
tection via the Primakoff effect (CAST) [124], and haloscope experiments (ADMX) [125].
More recently other approaches based on geometric phases [126] and QFT effects in the
axion—photon mixing [77] were also suggested. Astrophysical observations and terrestrial
experiments over the decades have restricted the allowed regions in parameter space, and ad-
ditional constraints might emerge from the analysis of the axion—nucleon and axion-lepton
interactions, as suggested for instance in [127]. Experiments based on the axion—fermion in-
teraction have also been proposed (QUAX) [128]. Despite this, no evidence for the existence
of the ALPs has been found up to now.
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3.1.1 Acxion Interactions

Axions and axionlike particles are (pseudo-)scalar bosons and their free Lagrangian density
at low energy (below f) is that of a massive Klein-Gordon field:

L, = % (0"ao,a — mﬁaz) ) (3.3)

The (pseudo-)scalar nature of the field is determined by its transformation under parity
x — —Xx. In the following we shall limit ourselves to the pseudoscalar models, these be-
ing the most studied and including the original axion. Hence all the interactions considered
shall have the form of a Yukawa-like coupling between the ALP and a pseudoscalar form
constructed out of the other fields.

As noted above axions and more generally ALPs interact very weakly with the Standard
Model fields. Besides the gluon coupling (3.2), they interact with the electromagnetic field
via the two-photon vertex

Layy = 5P E (3.4)

where the electromagnetic tensor F,, and its dual Fw = €""P? Fyr appear. This interaction
is responsible for the axion-photon mixing phenomenon [77, 126, 129] and provides the
theoretical basis for many axion detection experiments. Most of the current searches do
indeed constraint the axion-photon coupling g, . In addition, axions and ALPs can mediate
an interaction between the standard model fermions. The coupling of axions with fermions
is described by a Yukawa pseudoscalar vertex [130, 131]. If {1 andip, are the fermion fields,
the interaction term reads

Lagp == ) igpjatirsy; (35

=12

where 75 is the product of Dirac matrices iy%y!y%y> and gpj are the effective axion—fermion

coupling constants, which depend critically on the fermions considered and the underlying
axion (or ALP) model. Since the couplings are expected to be small, i.e. ¢,; < 1, the scat-
tering amplitudes are well approximated by the leading order in the perturbative expansion.

For the scattering 7 (p1)$2(p2) — 1 (p})¥a(p,) we have

iA=13 (p1)gpnrsui (p1) 7 (P2)gp5u3 (p2) (3.6)

P —m? u
where the pseudoscalar free propagator with momentum g = p; —p1=p2— plz appears,

and m is the axion mass. Here uf" (p;) are the solutions of the free Dirac equation in momen-
tum space, for the i-th fermion with momentum p; and spin projection s;:

. Wi + Mz S;
ul(pi) = ,/72(0, < 0':;?\2 q>5v> (3.7)
1 wj i i

with M; mass of the i-th fermion, w; = /p? + M? energy of the i-th fermion and ¢,

normalized two—component spinors. In the non-relativistic limit w; ~= M;, these become

”zs‘i(Pi) ~ (0(13151%) . (3.8)

oM,
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Inserting equations (3.8) in equation (3.6), one obtains the scattering amplitude for non—
relativistic fermions

. 8pi8p (('b:i (7-q) (Psl) (4):/2 (7-4q) ('Dsz) '

~ 3.9
q* + m? 4M; M, 39

By Fourier transforming the amplitude (3.9) into real space, one finds the two—body potential
due to axion exchange [130]

_ 8m8pe ™[ (m 1 4
V(r) = 1677 M; M, {0‘1 02 <72+r3+3m5 (r)
m? 3m 3

where r () stands for the modulus (the unit vector) of the relative distance between the
fermions and 63(r) is the Dirac delta, while o; is the three—-dimensional vector of Pauli
operators defined on the i—th fermion. For two identical non-relativistic fermions one has
My = M = M and gy, = &p, = &p- yielding the interaction Hamiltonian

2 ,—mr
gpe m 1 4 3
Hp = _167TM2 |:0'1'0'2 <7’2+1’3+3TC5 (r)
. (m* 3m 3
—(0‘1-1‘) (0'2'7‘) <1’+7’2+7’3>:| . 3.11)

In the following we will always consider r large enough that the contact term proportional
to 63(r) can be neglected. Assuming, without loss of generality, that # coincides with the
z—direction, we obtain

2 ,—mr

8p¢

H, =— 2%
P 167t M2r3

[m?r* o705 + (mr +1) O] (3.12)
where the operator O is defined as O = 20705 — 0705 — Uly 0_2y . The equation (3.12) is
the interaction, due to axion exchange, between two identical non—relativistic fermions. The
form of eq. (3.12) is well suited to describe the two particle interaction, but is not sufficiently
general to describe many particle interactions. The more general expression (3.11) has to be
used in this case. Disregarding the J term we can rewrite the equation (3.11) more compactly
as

AB —mr
H, = % [K@)(r)a{ag KO (1o, -0'2} . (3.13)

Here A = 162% is related to the magnetic dipole-dipole interaction, 5 = nizz quantifies the
relative strength of the axion-mediated interaction, ¢ denotes the fermion g-factor and & ~
137 is the fine structure constant. The functions K(*) (r) = m?r2 + 3mr + 3 and K (r) =
mr + 1 are dimensionless in natural units (c = 1 = 7). Finally U]-r denotes the projection on

? of the Pauli vector of the j-th fermion 0]7 =0j- P

3.2 Axionlike particles and Entanglement

Having introduced ALPs and their interactions, we now proceed to study their effect on the
dynamics of the standard model fermions. In this section, in particular, we study the entan-
glement generated by the axion-mediated interaction on a pair of identical non-relativistic
fermions. We find that the entanglement properties of the two-fermion state bear a signature
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of the axion-mediated interaction. Therefore a measurement of such properties might provide
an indirect evidence for the existence of ALPs and constitute the basis for a novel detection
strategy.

3.2.1 Dynamics of entanglement

Inasmuch as we wish to analyze the entanglement between two fermions generated by the
axion—mediated interaction (3.12), we first need to establish whether the latter can actually
induce entanglement in a fermionic system. More precisely, considering two fermions inter-
acting through the Hamiltonian H), of eq. (3.12) and initially prepared in a fully separable
(non—entangled) state, we need to determine whether their state develops a non-vanishing
entanglement under the action of Hj,. There exist precise conditions that a Hamiltonian oper-
ator has to fulfill in order to produce entanglement: 1) a non completely degenerate spectrum
and 2) the impossibility to be reduced to the sum of local terms acting separately on every
single object [132—134]. It is immediate to verify that the Hamiltonian in eq. (3.12) satisfies
both the requirements, and shall therefore induce entanglement on the two fermion system.
This fact can be used to reveal axions and ALPs through the analysis of the entanglement
properties of the two fermion state.

Therefore we focus on a system of two identical spin—% fermions (for instance electrons
or neutrons) and study the time evolution of its entanglement properties. We write the state
of the system as

Y(ri,12,51,52t) = R(R,7;£)P(s1,52; 1) (3.14)

where the spatial wave—function R depends on the center of mass position R and the relative
position of the two fermions ¥ = r1 — r», while the spin wave—function ¢(s1, sp; t) is a state

vector in the product space Hipm ® H;pm of the spin Hilbert spaces associated to the two
particles. In order to simplify the analysis, we assume, as a first approximation, that the
spatial wave—function R is sharply peaked at a given value of the distance r = |r; — 3|, and
so remains during the time interval of interest. We then consider the distance r in eq. (3.12)
as a parameter, and the Hamiltonian H), as an operator acting on the spin state alone. Of
course, the full wave—function ¥ must be antisymmetric under particle exchange. Since we
shall consider symmetric spin states l[)(Sl, sp; ), the spatial wave—function R(R, t; t) must
be antysimmetric.

At t = 0 we assume that the spin state of the whole system is fully separable, i.e. that
it can be written as the tensor product of two states, each defined in the Hilbert space of a
single fermion. In other words we have that, at t = 0, the state of the system can be written
as

9(0)) = [9(0)); @ ](0)), (3.15)
9(0)); = cos(0) [1); + ¢ sin(0) [1);

where we have dropped the spin arguments s1,s, and have switched to a more convenient
Dirac notation. Here |1); and || ); denote the eigenstates of the magnetic moment along the
direction joining the two fermions (z-direction). Being the state of Eq. (3.15) separable, the
entanglement vanishes for t = 0.

If the two fermions were to interact with each other only through axions, a non—vanishing
entanglement would directly signal their presence, but this is not the case. The two fermions
generally interact with each other through several channels, and any of these is potentially a
source of entanglement, depending on the distance r and on the states that one considers. As
we are interested in highlighting the entanglement due to axions, these interactions produce
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an unwanted contribution that has to be minimized in order to successfully reveal the axion—
induced entanglement. Then we must devise a setting in which these additional sources of
entanglement are suppressed or at least significantly reduced.

The strong and weak nuclear interactions have a very limited range. Assuming, in our
setup, a relative distance large enough (» > 10~12m), we can neglect them altogether. Grav-
itational and electrostatic (if the fermions have a non—vanishing electric charge) interactions
persist at any distance. Nonetheless, their action on the evolution of the spin state cannot
induce entanglement and amounts to a global phase factor. This is because, as previously
stated, a fundamental requirement for the interaction to induce entanglement in a system is
that the spectrum of the associated Hamiltonian is not fully degenerate. Particles such as
electrons, protons, or neutrons are characterized by precise values of charge and mass that do
not depend on their spin states. Consequently, any state depending exclusively on the spin
of the particles, like those we are considering, will react to gravitational and electrostatic
interactions in the same way. Then these interactions shall be represented by fully degener-
ate Hamiltonians on the Hilbert space of the two-fermion system, and will not generate any
entanglement. The situation would clearly be different if the relative distance r were consid-
ered as a degree of freedom and not as a mere parameter. In that case the spatial part of the
wavefunctions would enter the dynamics, and both gravitational and electrostatic interactions
would be able to generate entanglement.

Another unwanted entanglement source is the dipole—dipole magnetic interaction, whose
Hamiltonian reads

2.2

_ 1 g%
L 47Tr316M20' (3.16)

where g is the g—factor and g, is the charge of the electron. As done in Eq. (3.12), we have
dropped a contact term proportional to °(r) in Eq. (3.16), assuming that 7 is large enough.
Being associated with the exchange of massless photons, this interaction is not confined at
short—range and it is sensible to the different spin states in a way that cannot be reduced to
the action of local operators. Hence its contribution to the entanglement is different from
zero. However, in the following we will show that, by properly setting the time interval
of the entanglement measurement, the contribution to entanglement due to the dipole—dipole
magnetic interaction can be neglected and the entanglement reduces to the axion contribution
alone.

Starting from the initial state |(0)), the state at £ > 0 can be obtained as |¢(t)) =
U(t) |g(0)), where the time evolution operator U (t) is unitary, since we consider our sys-
tem to be closed (we neglect any other interaction with the surrounding world). U(t) can
be written as U(t) = exp[—it(Hr)], where the total Hamiltonian Hy is the sum of the
magnenetic (Hy) and the axion term (H,), i.e. Hr = H, 4+ Hy, and reads

A

Hr = =5 (O + Be ™ (m*r? o705 + O (mr +1))] . (3.17)

Notice that the form of the evolution operator U (t) = et presupposes a time-independent
Hamiltonian operator. This condition is verified as long as the relative distance r does not
vary sensibly during the interaction. Since the operator U () is unitary for any time ¢ > 0, the
state |((f)) remains a pure state, although in general, differently from |i(0)), it is not sepa-
rable, and thus entangled. The amount of entanglement between the two fermions in |((t))
can be quantified using different measures. Here we consider the 2—Renyi entropy [135—
138], that has the advantage, with respect to the other entropy—based entanglement mea-
sures, to be associated, at least in some experimental devices, to experimentally accessi-
ble quantities [139-143]. The 2-Renyi entropy is defined as S, = — In(P(p;(t))), where
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pi(t) = Trj4i (|1 (t)) ((t)]) is the reduced density matrix obtained projecting | (t)) on the
Hilbert space defined on one of the two femions and P(p;(t)) = Trp?(t) is the purity of
pi(t). Clearly, when the state is separable the reduced density matrix corresponds to a pure
state P(p;(t)) = 1 and the 2-Renyi entropy vanishes. In our system the 2-Renyi entropy
reads

.4
S(t) = —In ll—smz(ze)sinz(rt)] (3.18)

where ' = 67“34 [1 + ge_rm (3 + 3rm + rzmz)]. For the explicit calculation, see the ap-
pendix D. As we can see from the expression of I', the entanglement derives from both the
dipole—dipole magnetic interaction (due to 67“34) and from the presence of the axions (due to
the term 2?,34 [Be*’ " (3 + 3rm + rzmz)] ). Given the form of the 2—Renyi entropy (3.18),
there exist certain times at which the entanglement is only due to the axion—mediated inter-
action. Indeed, by setting t = nt*, with n a positive integer and t* = g—j, we obtain:

4
S2(nt) = —In {1 - sz(ze)sin2 [nn (1 + l:emr(3+3mr+m2r2)>] }
-4 2.0\ 2
~ mz(ze)nzn282€2mr<l+mr+ m3r ) ‘ (3.19)

In equation (3.19), the dependence on the dipole—dipole magnetic interaction has disap-
peared. Recalling that B « gf,, we can see at once that if there is no axion—mediated interac-
tion (g, — 0), the 2-Renyi entropy, and thus the entanglement, vanishes. More precisely, as
gp < 1, the last line of eq. (3.19) shows that the entropy is proportional to 3> and then to g.
In the case in which a non—zero entanglement is detected, in correspondence with the times
t = nt*, one can conclude that the former is a consequence of the axion—induced interaction
alone. This would constitute an indirect proof of the existence of axions.

For a numerical analysis of the 2-Renyi entropy (3.19), we focus on ALPs in the mass
range 103 — 1 eV. These have been considered in the refs. [144—148], where experimental
constraints have been obtained on the coupling constant g, as a function of the ALP mass,
both for protons and neutrons. In Fig. 3.1 we consider two neutrons at a distance r = 1 nm
apart, and initial state given by Eq. (3.15) with § = 7/4 and ¢ = 0. We set, for each
value of the mass in the range 1073 — 1 eV, the coupling constant gp equal to the threshold
value Qypresnord obtained from the experimental analyses in the refs. [144-148]. In par-
ticular: for the black dot-dashed line, we set ¢, = gcp, where gcp is the threshold from
effective Casimir pressure measurements [144], and sample values are gcp = 0.0327 for
m = 1073eV, gcp = 0.0348 for m = 0.05eV, gcp = 0.0674 for m = 1eV; for the
red solid line we set ¢, = gcr, where gcr is the threshold from measurements of the dif-
ference of Casimir forces [148], and sample values are gcr = 0.007 for m = 103V,
gcr = 0.012 for m = 0.05eV, gcr = 0.066 for m = 1eV; for the blue dashed line we
set g = g1E, Where gy is the threshold from isoelectronic experiments [146], and sample
values are g = 0.0036 for m = 1073V, gie = 0.006 for m = 0.05eV, g = 0.07
for m = 1eV. For the three cases, the 2-Renyi entropy Sp(#*) at + = t* is shown in the
upper panel of Fig. 3.1. All the lines depicted in the figure show a very similar behavior. At
constant distance, larger axion masses imply a stronger damping by the Yukawa factor e~""".
Increasing the mass one eventually arrives at a value for which the Yukawa damping starts to
be relevant. From this point on, a further increment of the mass of the axions will suppress
the entanglement exponentially.

To our knowledge, for ALPs in the mass range 103 — 1eV, the values reported in
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FIGURE 3.1: (color online) Plot of the 2—Renyi entropies (upper panel) and
of the Witnesses Cyz (lower panel) at t = t*, i.e. for n = 1, between two
neutrons as function of the axions mass m at distance ¥ = 1 nm. In the plots
we have considered two neutrons at a distance ¥ = 1nm apart, and initial
state given by Eq. (3.15) with @ = 7r/4 and ¢ = 0. We set, for each value
of the mass in the range 10~3 — 1 eV, the coupling constant gp equal to the
threshold value gj,ys1014 Obtained from the experimental analyses in the refs.
[144-148]. In particular: for the black dot-dashed line we set gy = gcp,
where gcp is the threshold from effective Casimir pressure measurements
[144], and sample values are gcp = 0.0327 for m = 103V, gcp =
0.0348 for m = 0.05eV, gcp = 0.0674 for m = 1eV; for the red solid
line we set ¢, = gcr, where gcr is the threshold from measurements of the
difference of Casimir forces [148], and sample values are gcr = 0.007 for
m = 1073eV, gcr = 0.012 for m = 0.05eV, gcr = 0.066 for m = 1eV;
for the blue dashed line we set gy = g1r, where gy is the threshold from
isoelectronic experiments [146], and sample values are g = 0.0036 for
m = 10"3eV, g;r = 0.006 for m = 0.05eV, g;r = 0.07 for m = 1eV.
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refs. [144—148] represent the strongest model-independent constraints on axion—nucleon in-
teractions from laboratory experiments. For this class of ALPs, as the figure 3.1 shows,
the 2-Renyi entropy is significantly different from zero, so that the laboratory constraints
might be strengthened by several orders of magnitude from entanglement measurements. Of
course, the so obtained constraints would be model-independent, since no specific axion or
ALP model has been assumed. On the other hand, for QCD axion models there exist sev-
eral constraints from astrophysical sources, primarily from supernovae [149], neutron star
cooling [150] and Black Hole superradiance [151]. The indicative bound set by supernovae
gﬁNN ~ 10719 renders our method unviable for QCD axions, at least for present day tech-
nologies. For general ALPs, since mass and coupling constants are essentially unrelated,
and the latter can in principle assume any value, our approach can strengthen the current
laboratory constraints, with the only limitations presented by the experimental sensitivities
and coherence time. It is worth to note that the idea, here presented, to use entanglement
to test theories of fundamental physics is in line with several recent works, see for example
Ref. [152—154] that suggest exploiting the entanglement as a probe for the quantum nature
of the gravity. In fact, in these papers, the spatial wave function has a non trivial evolution,
and consequently, gravitational interactions can induce entanglement.

3.2.2 The entanglement witness

In the upper panel of Fig. (3.1), we plot the entanglement entropy between two neutrons as a
function of the axions mass, at distance ¥ = Inm and for ALPs with coupling constants g,
constrained by the analysis of Refs. [144], [148] and [146]. Notice that a direct measurement
of the 2-Renyi entropy is in general not easy to accomplish. To overcome this difficulty we
can make use of an entanglement witness, which is a quantity strictly related to the family
of states and to the dynamics of the system under analysis, whose value is able to signal the
presence of entanglement. Let us set to zero the phase ¢ of the initial state in eq. (3.15). In
this case, the entanglement witness can be identified with the two—spins correlation functions

Cyz = (p(t)] 0] [p(t)) = (p(t)| ofef (L)) . (3.20)

For any choice of ¢, one can find a different correlation function playing the same role. It
is straightforward to show that, for any time greater than zero, the correlation function C,,

is given by Cy,(t) = —sin(26)sin (T't). This function, for any 6 # %" with k integer,
vanishes only when the entanglement is zero. For t = nt* = ”6";‘3, the correlation function

Cy. depends only on the interaction between axions and fermions and reduces to
Cyz(nt*) = —sin(20)si 14 Bem 2y2
yz(nt*) = —sin(20)sin |n7r (1 + 3¢ (3+3mr+m-r?)

r*m?
~ (=1)"sin(20)ntBe™ ™ (1+rm—|—3> . (3.21)
Therefore, a measurement of this quantity could provide an indirect evidence of the existence
of axions.
From eq. (3.21), we can see that the entanglement witness, for n7t3 < 1, has a depen-
dence on the interaction strength proportional to g;% rather than to g;ﬁ making the signal larger

(indeed B = %). In fact, the entanglement witness of our system assumes values larger
than the entropy, making the detection of the axion and of the ALPs much more viable. This
is shown in the lower panel of Fig. (3.1), where plots of the entanglement witness for t = t*
are reported, and compared with those of the 2-Renyi entropy in correspondence with the
same parameters.
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3.3 Interferometry and Axionlike Particles

We have seen in the previous section that the axion-mediated interaction between two fermions
is able to generate an entanglement which is in principle measurable. A fortiori the same in-
teraction must induce observable effects on a system of many fermions. In this section we
consider, as a prototype for such a system, a beam of neutrons. We then devise a neutron in-
terferometry setup in order to reveal the axion-mediated interaction. In the context of neutron
physics, interferometry has proven to be a formidable tool in investigating particle interac-
tions and their quantum properties. Neutron interferometry is indeed a subject of study in its
own right [155] and has granted us the chance to verify many theoretical predictions related
to the quantum theory. These include the Sagnac effect [156], the geometric phase [157—
159], wave—particle duality and the change of sign in the spin 1/2 wave—function after a 27t
rotation [155]. Other experiments, oriented to searches for non-Newtonian gravity at short
distances and to the observation of relativistic proper time effects, related to a gravitational
redshift, may be set up with neutron interferometry [155]. Here we use such a versatile tool,
as neutron interferometry, to extract informations on the neutron—neutron interactions. In
particular, we aim at revealing the axion—induced interaction and propose an alternative ap-
proach to the detection of ALPs for future experiments. We show that the axion—mediated
interactions between neutrons sum up to give an additional magnetic term, whose presence
affects the phase of the neutrons and produces an extra phase difference in interferometric
experiments. We consider an idealized interferometric setup in which a collimated neutron
beam is split into two sub—beams that are later let interfere with each other. Each of the
sub—beams is subject to an external magnetic field of equal strength but different direction.
In particular, if one of the two magnetic fields is set in the direction of propagation of the
relative sub-beam and the other is orthogonal to the propagation, the neutrons will gain a
path-dependent phase factor that can be easily detected by an interferometer. The experi-
mental parameters are fixed in such a way that the interference pattern is only due to the
magnetic and axion—induced interactions. We show how to isolate the axion contribution by
appropriately choosing the neutron path and we set an arm length such that the contribution
to the phase difference given by the dipole-dipole interaction is an integer multiple of 27t.
In this way, we obtain a phase difference depending only on the axion—induced interaction.
The setting considered here is oversimplified in order to illustrate the basic idea. Many of
the approximations employed can be lifted, and the basic geometry modified, in order to get
a more realistic and efficient experimental setup. This shall be the object of future studies.

3.3.1 The effective magnetic field

Just as we did for the analysis of entanglement, we will assume that the neutron velocities are
non-relativistic and analyze the interaction Hamiltonian (3.13) within the context of ordinary
quantum mechanics. The state of the single neutron shall be taken to be the product of a
spatial and a spin wavefunction. Since we are interested in the evolution of the neutron state,
it is our duty to write down the appropriate Schroedinger equation. To this end we need to
take into account all the possible interactions between neutrons. The gravitational interaction
is easily seen to be irrelevant, due to the smallness of the masses involved. Moreover, as we
did in the previous section, we shall assume an average relative distance r > 10~'?m, so
that the short-range nuclear interactions can also be ignored. With this assumption the only
other relevant interaction is the magnetic one between the neutron dipoles. The two—neutron
interaction Hamiltonian, comprising the magnetic and the axion—-mediated interaction can
thus be written as

A

H= 3 [ (3 - Be_""K(“)(r)) o105 — (1 - Be_""K(b)(r)> o, -0'2} . (3.22)
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The two—neutron interaction can easily be generalized to an arbitrary number of neutrons.
Our starting point is the total two—body Hamiltonian of eq. (3.22), with a notation suitable
for an arbitrary number of neutrons:

A _ . Yii  Yii _ .
Hij = _ﬁ [ (3 — Be mr’fK(a)(Ti]‘)> o; ]0’]»’ — (1 — Be mr’fK(b)(i’i]')> g;- 0']:| .
)

In the case of two particles it is natural to choose one of the spatial axes so to coincide
with the line joining the two 7, see e.g. eq. (3.11). For a generic number of particles there
are many such directions #;;, one for each pair, and thus one has to express eq. (3.23) with
respect to an arbitrary, but fixed, spatial triple £, 1, 2. Hence, for each pair i, j, we introduce
the projections R?j = P-4, with u = x,y,z. In terms of the polar angles 0;;, ¢;;, the
projections can explicitly be written as R}; = sin(0;;) cos(¢;;), Rz-y]- = sin(6;;) sin(¢;j) and
R = sin(0;;). The operators o are then obviously equal to

Hij _ Yy Y
0" = R?C]-O'Z-x + Rijai + R'f]-afz . (3.23)
The notation (7: 7 is used to remark that while these operators act only upon the space of the
i-th particle, their form depends on the specific pair i, j considered. Writing the projections
explicitly, equation (3.22) becomes

A
3
i

X [(R%)zafa]?‘ + (Rlyj)zaiyaj + (R:)?0f07 + RERY, ((Tixajy + (7?(7}‘)

<1 - Be_mrifK(b)(rij)) o0 — ;;l (3 - Be‘mr"fK(”)(rij)>

Hl']':—

+RERS, (a;‘af + afa;‘) + RYRE (aiyaf n afa].y) } . (3.24)

Then, the total interaction Hamiltonian is simply

1
H=3) Hi (3.25)
i,j

where the sum runs over all the neutron pairs i # j and the factor % accounts for double
counting.
To go further, we express (3.24) in a more compact way. Setting C(r) and D(r) as

C(r) = ﬁ (1 — Be~™K®) (r)), (3.26)
D(r) = ;‘; (3 - Be—WK<“>(r)), (3.27)

we can introduce the symmetric matrix K"?(r)
K" (r) = C(r)é"” — D(r)R"(r)R"(r) . (3.28)

where u,v = x,y,z. Here 6" is the Kronecker symbol and R*(r) = # - (notice that
Rj; = R* (r; —r;)). The interaction Hamiltonian can then be written as

1
H=, Y ) K¥(rj —ri)oi'or. (3.29)
i) 0
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From eq. (3.29) it is easy to see that the analysis of the evolution of the n—neutron state
with a generic 1, interacting via H is in principle a complicated many—body problem, which
hardly admits an analytical treatment if no further assumptions are made. In the present con-
text, however, we are not interested in correlations and collective effects, and are concerned
only with the evolution of the single neutron state. For this reason it is convenient to encode
the interaction with all the other nucleons in an effective one—particle potential, by resorting
to a mean field approach. Given a neutron at position r; and Pauli operator ¢7;, the instanta-
neous interaction Hamiltonian due to the other neutrons is H; = 3., , 3. K" (r,-]-)(T]V(TZ?’ ,
where the sum runs over all the other neutrons j. To obtain an effective local potential for the
single neutron, this equation is replaced with its expectation value on the state of the other
nucleons. In doing so, the single particle Hamiltonian H acquires a very neat interpretation
in terms of an effective magnetic field due to the other neutrons. Indeed, setting

uBi(ri) = =) ) K"(ry){c}"), (3.30)
W

we recover the usual term of a spin interacting with a magnetic field H; = —pu (Bj(r;)) - 0.
Once the effective magnetic field is computed for a particular spatial-spin configuration, one
simply plugs the one—particle operator in the Schroedinger equation in order to study the
evolution of the single neutron state.

3.3.2 Neutron interferometry and ALPS

In the foregoing we shall consider collimated neutron beams. For cold neutrons, collimation
and a small beam width of the order of 10 "m can be obtained by any of the means described
in ref. [160], i.e. by use of collimation slits, reflected beams or neutron waveguides. The
neutron flux and its intensity depend on the neutron source (typical intensities at the detector
are in the range I = 10* — 108 n/s) and, of course, on the collimation device, which cuts off
a part of the incoming neutron flux. We will also assume that only neutrons around a given
value of the kinetic energy K are selected, for instance by use of a monochromator. In its trip
from the collimation device to the detector, the neutron beam experiences an angular spread
whose entity depends on the collimation device and on the collimator—detector distance. Very
small angle spreads can be obtained for reflected beams [ 160]. We can generally consider that
the beam is distributed with cylindrical symmetry around the beam axis #, and, assuming that
it is sufficiently thin, we model the beam as a monodimensional system. As a first instance,
we also neglect the losses due to propagation and consider the beam intensity as a constant.
None of these assumptions is essential for our analysis, but they ensure the simplest possible
setting. The complications due to a finite beam width w and a non-constant intensity have
certainly to be taken into account in order to attain a more realistic scenario, and will be dealt
with in future works.

The setup

Given these preliminaries, we now discuss an idealized setup aimed at revealing the axion—
mediated interaction among neutrons. A beam of cold or ultra—cold neutrons, whose source
SRC might be an appropriate reactor, is conveyed to an external apparatus EXT which has the
purpose of rendering the beam as monochromatic as possible (e.g. using monochromators)
and also serves as a collimator, making the beam as thin and linear as possible. The beam
then goes through a beam splitter BS which splits the beam into two sub—beams [ and II.
Then each of the sub—beams enters a Stern—Gerlach like apparatus that selects two different
spin polarizations Py and Py (the upper case indices | = I, I and roman numerals are used
to denote the specific sub-beam). The average polarizations are maintained by two constant
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FIGURE 3.2: (color online) Schematic diagram of the interferometric appa-

ratus. The beam from the neutron source SRC is conveyed to an external

apparatus EXT consisting of a collimation device and a monochromator.

The collimated and monochromatic beam is then conveyed to a beam splitter

BS which splits the beam into two subbeams with different average spin po-

larizations P and Py;. Finally the two subbeams interfere at the interference
plane IP.

and uniform magnetic fields B(I) and B(I)I surrounding the sub—beams I and II of the same
strength but with distinct direction, i.e. B? = BoPj.

The setup is schematically pictured in fig. (3.2). The fractional intensities of the sub-
beams with respect to the initial beam Iy, namely x; = % and x; = %’ should be as close
as possible x; ~ xr. The intensities regulate the average distance between successive neu-
trons in the two subbeams d; and d;y, in the following way. Assuming a perfectly linear beam
and an average distance d, in a time dt the number of neutrons passing through a given point
on the line of propagation dN is evidently

dN = %’lt (3.31)

where 7 is the average neutron velocity in the direction of propagation. Then

ar ¥ (3.32)

which of course means that the higher is the intensity, the smaller is the average distance
between two consecutive neutrons. Therefore d; = IQI anddj; = % (where we have assumed
the same average velocity in both subbeams). Considering constant intensities Iy and constant
average neutron velocities 7;, the average distances themselves d; are constant, resulting in
a time—independent one particle Hamiltonian H, and if x; ~ xi1, d; ~ dj;. The dj should
be in any case large enough to neglect the effects of nuclear interactions d; > 10~"?m. For
simplicity, from now on, we assume that all the nearest neighbour distances within sub—beam
J are constant and equal to d.

The two polarized sub—beams then go through two optical paths of the same length to the
interference plane IP, where the interference pattern is observed.

Evaluation of effective magnetic fields

Let #}; denote the direction of propagation in sub—beam J. Choosing P; to be orthogonal to
91 and Py parallel to §;;, from eq. (3.30), we can find the expression of the magnetic field
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acting on a single neutron spin. Indeed, according to our assumptions, the two sub—beams
can be approximated as a one—dimensional regular chain, in which the distance between
neighboring neutrons is constant (at least on average) and equal to dj. Let us first consider
the contribution of the closest 27 neighboring neutrons to the effective magnetic field acting
on the single neutron. In the two sub—beams we have

=

(uB),; = [—2C(ld;)P1] ; (3.33)

N
Il
—_

(B, = 2[D(ldy1) — C(ldy1)] Prr - (3.34)

=

N
Il
—_

From eqs. (3.26) and (3.27) we see that each term in the two sums that define the magnetic
fields are porportional to d—3. This implies that the sums in equations (3.33) and (3.34)
converge rapidly to their limiting value (n — 00), as neutrons farther away give smaller and
smaller contributions. Therefore, in the evaluation of the magnetic fields, we can consider
the n — co limit as a good approximation, since neutrons at distance nd; give a vanishing
contribution for large n. Assuming the n — oo limit the effective magnetic fields can be
computed straightforwardly. Indeed it is easy to see that

= ATZ3) B, , L

Y C(ld) = 7 gfi)—dhg(e mdy _ BmLiy(e™™)| ;

1=1

o 34 ABm? ity BABm_ . 3AB.. . .

;D(ld) = 5+ d’” log(1— ") — dz’”uz(e ?) = = Lis(e™™)
’ (3.35)

where {(s) stands for the Riemann zeta function while Lis(z) = Y51 Z; is the Polylogary-
thm function (see [161] and the appendix A). Exploiting these results the effective magnetic
fields can thus be written as (uBy = uB;Pj)

| 2A7(3)  2A4B

HBr = — =g g Lis(e )+ g Lin(e )
4A€(3) 4AB . —md 4ABm —md ZABWZZ —md
uB; = — Liz (e ™1) — Lip(e™™411) 4 log(1 — e~ ™)
d; dj, df; dir
(3.36)

Evolution of the Neutron state and phase difference

The evolution of the neutron state ¢y, for both subbeams (J = I, IT), is governed by the
Schroedinger equation

2
0y = (—ZVM + M> ¥ —0- [V(B, +B?)} n (3.37)

where 1] is the product of a spatial wave-function (a plane wave f(t)e*™ if the beam is
perfectly monochromatic) and a spin function. It is convenient to write the spinor for each
sub—beam in the basis defined by the corresponding polarization, namely o - Py |1}) = 1))
ando - Py |];) = — |]]). We assume that as soon as the neutron leaves BS, it is found in the
up state for the corresponding sub—beam; at this instant we set t = 0.

If y denotes the coordinate along the propagation axis, with y = 0 at the beginning
of the optical path, thereby setting t = 0, we have y;(t) = f(t)ei |1;) where f(t) is



3.3. Interferometry and Axionlike Particles 75

a function to be determined. Assuming f(t) = e~ It and substituting in eq. (3.37) gives
wy = % + M — uBj — uBy. Then the total phase accumulated in a time ¢ for a neutron in

subbeam | is equal to

2
¢1(t) = arg ((¢1(0)[y; (1)) = — (2';4 +M—p(By+ P‘Bo)> £ (3.38)

It follows that the phase difference between the two subbeams at the interference plane is,
after a time £,

Ap(t) = ¢pri(t) — ¢i(t) = u (B — Byt (3.39)

which can be computed immediately with the aid of egs. (3.36). Assuming d; = d;; = d,
the phase difference can be compactly expressed as

Ap(t) = [Gm(d) + Ga(d)] ¢, (3.40)

with Gy, (d) coming from the dipole—dipole interaction and G,(d) from the axion-mediated
interaction. These are

Gu(d) = %403)

B 6 ABm

Gi(d) = ——=Liz(e ™) e

Lip(e ™) + log(1 —e™™).

2 ABm?
d

where the n — oo limit is understood. To the phase difference A¢(t) one must in principle
add a possible phase shift A¢pps due to the operations conducted in the beam splitter and in
the Stern—Gerlach like apparatus, which for our purposes should be as small as possible.

To isolate the axion contribution in the phase difference, one can set the beam path (and
then the evolution time ¢) in such a way that the first term, due to dipole-dipole interactions,
is an integer multiple of 27t, since this phase difference is indistinguishable from a vanishing

phase difference. These times, for each integer k, are clearly given by T} = 2k _knd®

Gu(d) — 3AZ(3)°
and the phase difference, evaluated at Ty, reads
kmB 212 —md . —md : —md
AP(Ty) = < v {Zm d*log(1—e ™) — 6mdLiy(e” ") — 6Li3(e )} (3.41)
3C(3) mod 27t

Notice that this phase is non—zero only in presence of ALPs, since it vanishes for B = 0.

3.3.3 Numerical Analysis

In this section we provide a numerical analysis of the phase difference and discuss the main
results. As it is evident from eq. (3.41), the phase difference, evaluated at the k-th recur-
rence time Ty, is proportional to the parameter B o gf,. In the range of ALP masses

m € [107® — 1]eV, and inter—neutron distances d € [10~'! — 10°]m, the phase depends
only weakly on the parameters m,d, while keeping a relatively strong dependence on the
coupling. In fig. (3.3) we plot the phase difference, modulo 27t, evaluated at the mini-
mum recurrence time T; for several values of the coupling constant g, in the mass range
[1073,1] eV. The couplings are chosen compatibly with the model-independent constraints
from several experimental analyses [144, 146, 148]. For m < 0.1eV we see that the phase
difference is essentially the same for d = 1078m and d = 10~®m, showing that the de-
pendence on the distance becomes relevant only when the product md is quite high (right
tail of the curves in the inset of (3.3)). This obviously traces back to the Yukawa damping
factor e~ which accompanies the axion-mediated interaction, and can be clearly seen from
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m (eV)

FIGURE 3.3: (color online) Logarithmic scale plot of the phase difference
|Ap(T1)| (Eq. (3.41)) modulo 27t for several values of the coupling con-
stant in the ALP mass range [1073,1] eV for an inter-neutron distance
d = 1078m (d = 107°m in the inset). In particular: (black dot—dashed
line) gp = gcp, where gcp is the threshold from effective Casimir pressure

measurements [144] and sample values are gcp = 0.0327 for m = 103V,
gcp = 0.0348 for m = 0.05eV, gcp = 0.0674 for m = 1eV; (red solid
line) gy = gcr, where gcr is the threshold from measurements of the dif-
ference of Casimir forces [148] and sample values are gcp = 0.007 for
m = 1073V, gcr = 0.012 for m = 0.05eV, gcr = 0.066 for m = 1eV;
(blue dashed line) g, = grg, where g/ is the threshold from isoelectronic

experiments [146], and sample values are gjg = 0.0036 for m = 10 3¢V,
g1 = 0.006 for m = 0.05eV, gig = 0.07 for m = 1eV.

Eq.(3.41) when md — 0: A¢(Ty) ~ {—%Lh(l)} - , implying that when md < 1,
the phase difference essentially depends only upon thelggupTing gp (via the parameter B).

A similar conclusion can be drawn from fig. (3.4). Here the damping is evident for
d = 107°m (lower panel). Fig. (3.4) also shows clearly the g% dependence of the phase
difference and an extremely weak dependence on the ALP mass in the ranges considered.
The results presented in the figure are in the spirit of a model-independent analysis, which in
principle applies to any ALP which experiences an interaction with neutrons. Since masses
and couplings vary sensibly from a model to another, we choose a relatively wide range of
parameters, with (m,g,) € [107%,1]eV x [107%,107!]. For inter-neutron distances d <
1™m the phase difference is essentially independent on the ALP mass, being sensible to the
coupling constant alone. This means that while the mass range considered can be enlarged to
include lower and lower masses without affecting the results, the possibility to measure the
phase difference at lower coupling constants is limited by the sensibility achievable in the
experiment. It should be remarked that when the inter—neutron distance d is small enough,
one can evaluate the phase difference at the k-th recurrence time with a high k, while keeping
the propagation time reasonable. This has the effect of bringing along a multiplicative k
factor in the phase difference, see eq. (3.41), which in principle may render it observable at
lower values of the coupling constant. For instance, at d = 10~°m one can choose k ~ 4000
while still keeping Ty < 1s. The observability of the phase difference is limited by the
finite precision achievable in the experiment, and from the elements over which one has
only a poor control. The first obvious limitation comes from the need for a recurrence time
T in order to isolate the axion contribution to the phase difference. This time cannot be
arbitrarily long, because of the finite neutron lifetime 7, ~ 880s and especially because of
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FIGURE 3.4: (color online) Contour plots of the phase difference |A¢p(T1)|,

modulo 277, in the mass—coupling plane for d = 10~°m (upper panel)

and d = 107®m (lower panel) in the range (m,g,) € [107%1]eV x

[1076,101]. The Yukawa damping is visible in the lower panel at the right

end of the plot, where curves corresponding to lower values of the phase dif-
ference are pushed up vertically.

a finite coherence length (and therefore a finite coherence time) which may be the result of
unwanted interactions with the environment. Recurrence times of the order of the second
can be obtained for d ~ 10~8 m. At the opposite end stands the issue of time resolution. A
recurrence time too small would imply an extremely fast oscillation of the phase difference,
rendering its analysis uneasy. This is not really a problem, unless very small inter—neutron
distances d < 10~ 'm are considered. The minimum recurrence time T also has an obvious
impact on the size of the interferometric apparatus needed. If v denotes the average neutron
velocity, the arm length must be at least L = vT. If T ~ s and L must be of the order of
meters, the average neutron velocity cannot exceed a few m/s. For this reason ultra cold
neutrons are to be preferred, as they can have velocities as small as 5 m /s [162]. The second
important limitation comes from the total neutron flux available, and therefore the available
beam intensity I. Because of the several devices involved in the preparation of the beam
(collimator, monochromator and so on) the flux loss may be significant. A relatively high
intensity of the beam, on the other hand, is essential for a sufficiently small inter—neutron
distance. In turn, a small d guarantees a reasonable recurrence time. If the neutron velocity
is of the order of ¥ ~ 1 m/s, a distance d ~ 10~®m is obtained in correspondence with
an intensity I ~ 10%n/s. This is reasonable, given that pulsed neutron beams can reach
intensities of the order I ~ 1011 /s [163].
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The parameter space

Here we briefly discuss our choice of parameters. We point out that the parameter space
we consider is ruled out by astrophysical arguments but is compatible with the theoretical
analyses on the Casimir effect and fifth force experiments [144, 146, 148, 164]. We stress
that the former are strongly model dependent and rely on a great deal of assumptions on the
underlying physics.

We remark that the ALPs we consider are not necessarily QCD Axions but pseudoscalar
particles which have properties similar to the axion and that the relation g,r = (C, Fm f) / fa
which holds for QCD axions is not necessarily verified for a generic ALP, like those we are
analyzing. Therefore no conclusion on f; and on the relation g,¢ = (C,fm¢)/ f; can a priori
be drawn.

Collider experiments study the existence of heavy ALPs with m > 100 MeV [165, 166].
Our proposal is not appropriate for this kind of ALPs, since the phase difference in equation
(3.41) is exponentially suppressed,independently of the coupling constant, because of the
Yukawa factor e*md, even for small distances.

The constraints on axion-like particles from pion decays are relevant for axion masses of
the order of 10 — 100MeV [167]. These values lie outside the range of masses that we can
probe. Moreover this kind of experiments is sensitive to the axion-photon coupling and the
meson-axion mixing angle but give no direct constraint on the axion-nucleon couplings.

We point out that the experiments (Light shining through a wall [168], CAST [168]
SUMICO [168] , SN1987a [149, 169], LEP [170], LHC [171, 172], Meson decays [167]),
study the axion-photon interaction and constrain the related coupling constant g, but pro-
vide no direct and model independent constraints on g,. The strategy we propose, which
instead focuses on the fermion-fermion interaction mediated by the ALPs, may allow to
cover a new parameter space, and eventually test some ALP models, like those considered in
the references [144, 146, 148, 164].
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Chapter 4

Phenomenology of flavor mixing and
neutrino interactions

In the first part of the thesis we have discussed the quantum field theory of neutrino mixing
in curved space and have shown how the condensate structure of the flavor vacuum may con-
tribute to the dark components of the universe. The effects on flavor mixing due to quantum
field theory, either in flat or curved space, are however extremely hard to be experimentally
detected, in virtue of their smallness and the poor control over the system. The same holds
for the gravitational interaction among neutrinos, especially because of the tiny masses in-
volved m, ~ 1073eV. Currently these phenomena cannot be accessed directly. Yet it is
possible to simulate the original system and replicate its physics in a controlled environment.
Atomic physics provides the natural framework to simulate otherwise inaccessible physical
systems, thanks to the careful handling of the interactions and of the physical background.
The next two sections take advantage of versatile atomic systems, namely ultracold Rydberg
atoms and trapped ions, in order to simulate, respectively, the quantum field theory effects
in neutrino mixing and the neutrino-neutrino gravitational interactions. The last section is
devoted to neutrino interactions with matter, in an effort to go beyond the simple MSW treat-
ment. There we discuss how matter leads to dissipative effects and can represent a source of
decoherence for neutrinos.

4.1 Probing quantum field theory and dark-matter-like effects
with Rydberg atoms

A test of the contribution of the condensate of mixed fermions, like neutrinos, to the dark
matter, is extremely hard to be achieved. This is because the condensate energy is relevant
only at cosmological scales and also because the fermions involved are, usually, difficult to
control. Then, it would be of great interest to individuate an analogous physical system that
could be, in principle, controlled in laboratory. Here, we identify such a system with an
ensemble of independent Rydberg atoms [173] interacting with a laser light. They are atoms
whose outermost electron is in a large principal quantum number (1) excited state. They owe
their name to the fact that their energy levels closely resemble those of the hydrogen atom, up
to a corrective factor called guantum defect ;. Namely, forn > 1 onehas E,, | = — (nl_zizl)z,
where Ry ~ 13,6 eV is the Rydberg constant and J; depends both on the atomic species
considered and the orbital quantum number. Typically J; is significant only at low angular
momentum [ < 4 [174—176]. For neutral alkali atoms, like Cs and Rb, the total electronic
spinis s = %, which makes them good candidates for the simulation of a fermionic system.
The formal analogy between Rydberg atoms and neutrino mixing allows to study some
features expected for mixing fermions by means of the analysis of Rydberg atoms. Hence,
we analyze the mixing of Rydberg atoms in the framework of Quantum Field Theory (QFT).
We show that the QFT formalism of oscillating Rydberg atoms is formally equivalent to that
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of two flavor fermion mixing and thus must produce the same condensate structure. We prove
that the energy of the physical vacuum has, indeed, the equation of state of the dark matter.
We compute the additional energy density originating from the condensate structure and its
contribution to the thermal capacity of the gas. The study of the thermal capacity of Rydberg
atoms could open a new way to the research and to the understanding of the dark compo-
nents of the universe. The eventual detection of a small deviation from the expected profile
of the thermal capacity of such atoms should demonstrate the existence of the condensate
and should prove that a component of the dark matter is represented by quantum vacuum
energy. Moreover, we show QFT corrections to the oscillation formulas describing the tran-
sitions between ground and excited states. Also this correction could be, in principle tested
in laboratory.

4.1.1 QFT of Rydberg atoms

In this section we prove the formal equivalence between the QFT formalism describing an
ensemble of independent Rydberg atoms interacting with a laser light, and the QFT of two
flavor fermion mixing. This analogy can be used to study many aspects of particle mixing
that are predicted theoretically, but hardly visible from an experimental point of view.

Let us start describing the atomic system that we will consider. We take into account an
ensemble of Rydberg atoms at a very low density, that allows us to neglect all the interactions
among them, and temperature low enough to permit us to discard all the finite temperature
effects. The whole set interacts with a laser light with Rabi frequency Q)(¢) and detuning
A(t), coupling two levels of the atoms that we name g and e with related fields ¢, and ¢,
and with E¢ < E.

With these assumptions the total Hamiltonian describing the system can be seen as the
sum of one—particle operators each one of them describing a single atom. The single atom
Hamiltonian can be split in two contributions, one corresponding to the center of mass Hamil-
tonian Hcps and the second corresponding to the outer electron Hr. With these assumptions,
the electronic Hamiltonian, in the rotating wave approximation, is given by [177, 178]

He = Z/dsx(En = B (1)) () (x) + hQ(t)/d3X(¢§(X)¢e(X) + 2 (x) g (1))
, (4.1)

where 1 is g or e and A,(t) = A(t) 6y Moreover, we assume that the center of mass
Hamiltonian Hc), is that of free Dirac fields

Hep= ; / d’x <;4_)n 70?0% + %43”7]‘?]‘ Pn +mq—>n¢n> (4.2)

with m the mass of the atom considered. Let us focus on the electronic part of the Hamilto-
nian. By setting ¢, = E, — hA,(t), we can equivalently write

Hy = / P (x) M () 4.3)

where (x) = (Pg(x) ¢e(x)) is a doublet of Dirac fields and M is the 8 x 8 matrix

ey RO(t)y
M = <FlQ(t)]14 Seﬂ4 ) (4'4)

with 14 the 4 X 4 identity matrix. M is analogous to the two—flavor mass matrix which
characterizes the mixing of kaons, BY, DY [97, 98, 179, 180], neutrinos [48, 49] (in two flavor



4.1. Probing quantum field theory and dark-matter-like effects with Rydberg atoms 81

mixing case), the neutron-antineutron mixing [181] and the axion-photon mixing [182].
It is straightforward to see that the Hamiltonian in eq. (4.3) can be diagonalized by a

SU(2) rotation

Pg(x)\ _ [ cos® sinf) [¢1(x) is

Pe(x))  \—sin® cosf/) \¢p2(x) (4.5)
—2n0(8)y

It is understood that each of the matrix elements in (4.5) acts trivially on the spinor space,
being multiplied by the 4 X 4 identity matrix 14. The electron Hamiltonian is now given by

where ¢;(x) (withi = 1,2) are free fields and 6 is the mixing angle given by 6 = % arctan (

Hp = / x(e1¢f ()1 (x) + e29} (1) (1)), (4.6)
where
6 = 8 ;_ oy (_21)i \/(ﬁg —e0)2 +ARPOA(1). (4.7)

with i = 1, 2. It is clear that the rotation in eq. (4.5) turns the total Hamiltonian H =
Hcp 4+ He into the sum of two free Dirac Hamiltonians with masses m; = m + €1 and
my = m + ¢,. Hence the atomic fields ¢;(x) admit a free field expansion

d’k .
#i(x) =1 / W[u;,ia;,i(t) + 0 b7 (1) | 4.8)

with u; ;, and v} ;, solutions of Dirac equation for the fields ¢;, with effective masses m; =

m + ¢;. The annihilators and creators undergo a trivial evolution ay ;(t) = ak,ie*i‘*’krit, with

Wk, = \/k2 + ml2 Introducing eq. (4.8) in the expression for the Dirac Hamiltonian, the
total Hamiltonian H = Hg + Hps becomes

H = Z / 4’k wk,i(alrctrialrc,i + bfk,i Tri) - 4.9)
1,17

The diagonalization of the total Hamiltonian, by means of a rotation, and the subsequent
quantization of the free fields ¢, ¢, of eq. (4.8), show a close analogy with the 2—flavor
mixing of neutrinos (see [77, 183] and chapter 1). The correspondence between the QFT of
Rydberg atoms and the QFT of neutrino mixing is further established by the introduction of
the mixing generator. Indeed, the transformations in eqgs. (4.5) can be recast in terms of the
mixing generator Eg(t) as g (x) = Z; ' (£)¢p1(x)Eg(t), and similarly for ¢, (x). The mixing
generator is given by

2a(t)=exp |6 [ 2 (#1(092(x) — I ()| @10

This operator preserves the canonical anticommutation relations and, at finite volume, is uni-
tary and satisfies Z, ' (t) = E_g(t) = E}(t). The generator Ey is analogous to the generator
Gy of eq. (1.42) for neutrinos.

The action of the generator on the creation and annihilation operators is equivalent to a
Bogoliubov transformation nested into a rotation, with coefficients Yz = (—1)" u,fl 0 4 =

—(=1)" u,’(jrzvim and X = u,r:lu,rclz = Uﬁk,lvik,z' Explicitly, we have

(wi1 +my) — (Wi + mo)

Yi| =
2/ wiwia(wiq + my)(wip + ma)

k| @.11)
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and Xy = /1 —YZ.

Here the Bogoliubov coefficient Y plays the same role as Vi of eqs. (1.45) and (1.46).
The generator Z¢(t) connects the representations associated with the “flavor” fields ¢y, ¢,
and the “mass” fields ¢, ¢». In particular, the vacua in the two representations are related
by means of the transformation [0(6,t)) = E, () |0) and, in the infinite volume limit, the
two representations are unitarily inequivalent [34-38, 51-53, 77-86]. The vacuum |0(6, t))
has the structure of a condensate of particles with definite mass, whose density is equal to
(0(6,1)] a,:iak,,- |06, t))=sin? 0] Y¢|? Vi. Namely, sin? 8| Y|? represents the average number
density of the atoms with momentum k in the condensate.

4.1.2 QFT effects in Rydberg atoms

As we have seen, the QFT describing an ensemble of independent Rydberg atoms interact-
ing with a laser light is formally equivalent to the one associated to the two flavor neutrino
mixing. For neutrinos it has been shown that the fermion mixing leads to a non trivial con-
tribution to the vacuum energy [35-38, 83—-85], with an equation of state similar to that of
the dark matter. Then, by using the formal analogy, we show that the vacuum energy of the
Rydberg atoms behaves as a dark matter component. Such a contribution can, in principle
be tested in laboratory by analyzing the specific heat of the system. Moreover, QFT predicts
a correction to the Rabi oscillations of the atoms forecast by the non-relativistic quantum
mechanics.

Dark matter-like Thermal capacity

The expectation value of the energy momentum tensor T#'(x) of free Rydberg atoms on
the vacuum for mixed fields [0(6,¢)), is ©*'(x) = (0(6,t)| : T*(x) : |0(6,t)). Here
: ... 1, represents the normal ordering with respect to the vacuum for free fields |0). The off—
diagonal components of @Y (x) vanish, then the condensate induced by the mixing is similar
to a perfect fluid. The energy density and pressure of fermion condensates can be defined as
p=8g%0Oy and p = —gJi ©j; (no summation on the index j is intended), respectively. For
mixed fermions one has zero pressure, p = 0, and the state equation reduces tow = p/p =
0, which is analogous to that of cold dark matter. We stress that the analogy between the
condensate of Rydberg atoms and the actual cold dark matter is merely formal. The energy
density of the condensate is (compare with eq. (1.63))

.2 K
0 = AS;H;Q/ K2 (””-”“) (4.12)
us 0 W2 Wk

with Ae = €7 — 1 and K is the cut-off on the momenta. Explicitly, we have

Ae sin6 ; K+ wg i
e [Kmin,i—m? In <ml<>] . 4.13)
1

i

Such expression of the energy is valid only at very low temperature of the Rydberg system
since we are neglecting the finite temperature effects. Integrating over the whole space occu-
pied by the condensate one obtains the associated contribution to the energy U and deriving
with respect to the temperature T one can evaluate the contribution of the condensate to the
thermal capacity of the system. Having neglected the finite temperature effects, U results to
be independent on the temperature.

However, a first approximation of the temperature effects can be obtained by introducing
a temperature dependent cut—off. Indeed, increasing the temperature, the average energy
increases and, hence, higher momuntum states are populated. Therefore it is reasonable that
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the cut—off has to increase with T. In the simplest case of a linear dependence of the the
cut—off K on the temperature, K(T) = aT + K(0), the contribution to the specific heat at
constant volume by the vacuum energy of the mixed atoms is

V(my — my) sin® 0 K(T)?
72,/ (m3 + K(T)2) (5 + K(T)?)

X (mm [m3 + K(T)2 —my\/m3 + K(T)Z) : (4.15)

where V is the volume of the gas of Rydberg atoms. We observe several unconventional
aspects for this contribution to the thermal capacity. The main one is that it is proportional
to the volume of the condensate and not to the number of atoms inside. This is due to the
fact that, being associated to the vacuum energy of the condensate, it is related to the pairs
of virtual Rydberg atoms that are continuosly created and annihilated out of the vacuum.
The number of such pairs is proportional to the volume occupied by the condensate and is
independent on the number of real Rydberg atoms in the system. As a consequence, being
the pressure of the condensate equal to zero, from the first principle of Thermodynamics
dU = TdS, also the entropy turns out to be related to V. Indeed, this is a quantum field
theoretic contribution to the entropy [184] which can show counterintuitive behavior. The
contribution to the thermal capacity in eq. (4.14) has to be added to the ordinary terms,
among which the one of a fermi gas with two Rabi coupled components.

co(T) = a (4.14)

QFT Rabi oscillation

The QFT of particle mixing predicts corrections to the oscillation formulae (see chapter 1).
In virtue of the analogy we have established, similar corrections are to be expected in the
oscillation formulae of Rydberg atoms interacting with a laser light.

By definition, the charge operators for ground and excited Rydberg fields, are

- Qu(t) := / Px ¢t (x) P (x) (4.16)
= X [ 47 (008 (6) — B (1B (1)) @17

where : ... = denotes normal ordering with respect to |0(6, ¢)). The oscillation formulae de-
scribing the transitions between ground and excited states (in the Heisenberg representation)
are given by

Qrom() = (Pa(x,0)] = Qui(t) = |¢u(x,0)), (4.18)
Explicitly, we have Qg Lg(t) = Qg _.(f) and
— i 2 s 20— 2 .2/ 4+
Qgﬁe( ) = sin“(20) [|Zk| sin® (wy t) +|Yg| sin® (@} t)} : 4.19)
where wki = m Eq. (4.19) shows the presence of a high frequency oscillation term

proportional to |Yy | and a correction to the amplitude of the QM oscillation formulae pro-
portional to |Zy|?. The QFT corrections to the oscillation formulae could be, in principle,
tested experimentally.
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4.2 Neutrino gravitational interactions and trapped ions

Besides the interaction with the background gravitational field, neutrinos in principle expe-
rience gravitational interactions among themselves. In their simplest form, these are New-
tonian two-body interactions, whose strength is proportional to the square of the neutrino
mass m2. Given the weakness of the gravitational interaction and the small mass involved
m, ~ 10~3eV, no significant effect arises in ordinary contexts. On the contrary in extremely
dense media, due to the huge number of neutrinos and the narrow inter-particle distances, the
gravitational interaction may be relevant.

Recently, the effects of gravity on neutral mixed particles have been analyzed in a quan-
tum mechanical context [132, 185]. Moreover, gravity has been also considered as a source
of decoherence in flavor oscillations [186—188] and the effects of decoherence for mixed par-
ticles on fundamental symmetries of nature have been recently studied [189-196]. It has
been shown that gravity can affect the frequency of oscillations [132, 185] and leads to many
interesting effects like the CPT-symmetry violation in particle mixing [189-195]. Effects
of quantum field theory in curved space—time on mixed neutrinos have been also analyzed
([197] and chapter 2). The phenomena mentioned above are difficult to reveal experimen-
tally, due to the elusive nature of neutrinos and the short lifetime of composite particles (as
pertaining to meson mixing).

Another particularly thriving field of research is represented by the study of trapped ions.
Trapped ions are among the most promising systems for practical quantum computing and
many quantum technological applications have been developed by using such systems. An
ion trap is a combination of electric or magnetic fields used to capture ions realizing a system
well isolated from the external environment. Therefore it is characterized by long lifetimes
and coherence [198, 199], strong ion-ion interactions [200], and the existence of cycling
transitions between internal states of ions that allows to realize both measurement and laser
cooling. Trapped ions, besides being one of the leading technology platforms for large-scale
quantum computing, allow the simulation of quantum models of strongly interacting quantum
matter and enable the investigation of those quantum dynamics that remain so far unexplored
due their inescapable complexity [201, 202]. Not only strongly interacting quantum matter,
but also phenomena pertaining to high energy physics can be simulated with ion traps [203]
and more generally in atomic systems [204].

In this section, we show that trapped ions can also simulate the gravity effect on mixed
neutral particles and thus reproduce, in table top experiments, analogues of phenomena that
may have characterized the first stages of the evolution of the Universe.

In particular, we analyze the analogies between a self-interacting system of mixing par-
ticles and an ensemble of Doppler cooled ions loaded in a magnetic trap. We note that an
effective spin-1/2 long range Ising model can describe both Doppler cooled ions held in
a segmented ion trap [200, 205-208] and the dynamics of a gravitationally self-interacting
system made of oscillating neutrinos, as introduced in Ref. [132]. In that paper, it has been
studied an ensemble of N mixed self—interacting neutral particles as a closed system and it
has been shown that the self—gravity effects induce a CPT violation and a modification of
the oscillation formulae for systems like neutrinos. The emerging entanglement and the CPT
violation are extremely small for systems like neutrinos or neutrons, yet such effects might
play a crucial role in dense matter and during the early stages of the universe.

Here, we consider different interaction potentials and we analyze the oscillation formulae
and the T-symmetry violation for traps loaded with 4, 6 and 8 ions. We start by analyzing
the case with 4 ions, first in a single harmonic trap and then in three independent wells, in
which the inner ions are confined in an a-nharmonic potential and coupled strongly. Then
we consider 6 ions confined in a single strongly an-harmonic well, and 8 ions loaded in
individual harmonic traps.
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We show that trapped ions reproduce the expected corrections to the flavor transitions
and the CPT violation induced by gravity on flavor fields. We show that the T violation for
confined ions is the analogue of the CPT violation for flavor mixed fields and we find that
T violation depends on the number of trapped ions, as predicted for CPT violation in the
flavor mixing case. Our numerical results show that such violations, together with the new
oscillation formulae are all detectable in the present experiments on ion traps. Reproducing
the effects predicted for neutrinos in atomic systems could open new scenarios for the study
of fundamental physics; it could be of high relevance in the understanding of the evolution
of the universe and possibly lead to the discovery of new phenomena.

4.2.1 Oscillations of N gravitationally interacting particles

In this section we report the main results obtained for oscillating and gravitationally interact-
ing particles [132]. The mixing relations for two flavor fields n4 and np are

|na) = cos(0)|my) +e?sin(8) |my) ;
lng) = —e sin(f)|my) + cos(8) |my) , (4.20)

where n4 = 1, and ng = v, for neutrinos, 0 is the mixing angle, ¢ is the Majorana phase
which is zero in the case of Dirac fermions [54] and |m;) are the states with definite masses
m;.

Denoting with E the energy of the mixed particles travelling through the space, and as-
suming m; < E, the Hamiltonian of mixed fields can be written as (compare with (1.23))

c2

= E(m% —m3), (4.21)

H=wyo*; wo

where 0% = |mq )(my | — |my )(my|, and we neglected the terms proportional to the identity.

Considering the validity of the equivalence principle between inertial and gravitational
mass, and representing the gravitational interaction with the Newtonian potential, the Hamil-
tonian of N mixed particles interacting gravitationally becomes

z 1 V4 Z
HN = Y wie® + 5 Y000, (4.22)
i i,j

where w; = wo + X; gi,]-(m% — m3) with wy given in Eq.(4.21), Oy = gij(my — my)? with
Sij = &, Q;; = 0 and d; ; relative distance between the i-th and the j-th fields that, for
L]

sake of simplicity is assumed constant during the evolution.

Assuming that at time t =0 the system is described by a fully separable state and that the
first M particles are created in the state |11,4) and the rest is in the state |np), then the initial
state is |p(N)(0)) = @M, [14), ®§’£;3f+1 [ng)g. Fort > 0, since the system is closed,

one has the pure state |¢(N)(t)) = U(t) [p(N)(0)), where the unitary evolution operator is
U(t) = exp(—1tHWN)). The reduced density matrix on the selected k-th particle is

pelt) = ;<1+>:<w<N><o>|u*<t>cr,s*u<t>|¢<N><o>>aﬁ)

1/ 14 kcos(20) Cre '¢sin(20)aj(t)
2 ( Zke'?sin(20)ar(t) 11—y cos(26) ) ’
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where the index a runs over the ensemble {x, y, z}, the function y is equal to +1 for k < M,
and to —1 for k > M, and ai(t) is given by

N
ax(t) = elzwktn(cos(ZQk,jt)—Hgk cos(260) sin (20 ;t) ). (4.23)
=1

The total entanglement that any single particle shares with the rest of the system is quantified
by 2-Renyi entropy defined as S, = — In(P(p;(t))), where

Pox(t)) = Tr(p(£)) = 1 —sin*(20) (1 — [ax(t)]?) , (4.24)

is the purity. Since (); j are not invariant under the change of fields, one has |a(t = 0)[> = 1
and |ax(t)|?> < 1, Vt > 0. Therefore, for t > 0, any single particle is entangled with the rest
of the system.

Considering two copies of the N-particle system such that in the first copy one has M =
N and in the second one has M = 0, the oscillation probabilities (obtained considering the
average over all the elements of the system) are

Py () = %Sin2(26) (1—]1]% m(a,ﬂf”(t))) ;

P N = Lsin?(20 1—1N3%(B>t 425
np—mg (F) = 5 sin®(29) NZ (a7 () ] - (4.25)
k=1

Note that the CP-symmetry is preserved, indeed Acp (t)= Py, —n, (f) — Ps, -, (f) =0, where
Ny (0 = A, B) is the antiparticle state. On the contrary since, a](cA)(t) # a,((B)(t), the
T-symmetry is violated. In fact we have Ar(t) = Py, —n, () — Puy—sn, (f) 7 0. Assum-

ing O;jt < 1 the expression of a(t) simplifies and becomes equal to ay(t) ~ e (1 £

21 cos(29)2}i1 () jt), where the sign + is for a,((A) (t) and the sign — is for a,((B) (t). Then
AT becomes

2t Y
Ar(t) = sin®(26) cos(26) Y sin(2wit) Q- (4.26)
k,j=1

Being Acp # Ar, also the CPT symmetry is violated. Denoting with F = % 2,1{\]:1 fi the

average of fy, which are defined as f; = sm(i,wkt) 3 O j» one can express At in terms of

average values of relative distances among the particles in the system as

At = sin?(26) cos(20)2NtF . (4.27)

This relation shows the explicit dependence of At on the number of particles of the system.
Similar results are obtained for all the configurations in which, n4 —ng ~ N att = 0. If
nyg ~ ngatt =0, one has At « v/N.

Notice that, the phenomena described above are difficult to be directly detected, due to
the smallness of the gravitational coupling for neutrinos. For example, for two neutrinos
at the distance of d = 10 m, with Am? = 10_5eV2, one has the following value of
the gravitational interaction term: () ~ 107>*eV. This has to be compared with the free
oscillation term w that, for neutrinos with energy of order of 1MeV, is about 10~ eV,
Despite the smallness of the gravitational interaction term, its effect becomes relevant for a
large number of neutrinos. In fact, as it is evident from Eq.(4.22), the free term grows as N,
while the gravitational interaction term grows as N2. This effect could be relevant in very
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dense systems like the first stages of the universe or in compact objects. To give an estimate
of N in astrophysical object, we consider that in the solar core about one neutrino for each
two protons is produced per second. This implies that about 103 neutrinos are produced per
second and % € (=107 - 10‘”%. This phenomenon is very difficult to be analyzed
directly. These circumstances warrant the need for a simulation to experimentally reveal
the mutual gravitational interaction of mixed particles. Here we propose that a possible
simulation can be achieved with trapped ions, as we will discuss in the following section.

4.2.2 Trapped ions as gravitationally interacting particles

Let us now consider cooled ions held in a segmented ion trap and exposed to a magnetic field
gradient in order to realize effective spin 1/2 models. The effective spin-spin interactions
induced by the magnetic field are of Ising type and can be adjusted by tailoring the axial
trapping potential. In particular, if the ions are sufficiently cold, such that the ion motion can
be neglected, the effective system of N spins is described by the Ising Hamiltonian [209]

S _ s ok -
HIsing - E ZwiUi - EZL]U}U] (4.28)

where w; are the resonance frequencies of the atomic spins, depending on the external mag-
netic field B (xo,j) at the equilibrium position of the ion xo ;. The spin-spin couplings J;; de-
pend on the trapping potential and on the spatial derivative of the spin resonance frequency,
that is determined by the magnetic field gradient. They are given by

h dao;

9w,
20x; |, 0x;

Jij = (A”)ij (4.29)

X[)’i ax] ij

where A is the Hessian matrix of the potential energy function V (x1, - - - xn)

_ 82V (xl,- . -xN)

A
g axiax]-

(4.30)

JQIXQ@,Vé

that confines the ions in the position x;. In addition, the magnetic gradient allows for the
addressing of individual spins with a microwave field, which can be used to manipulate the
spin dynamics.

By comparing the Hamiltonians (4.22) and (4.28), we see that they are formally identical,
with the obvious correspondence w; <+ % , Jij & —Qi,j. Hence the resonance frequencies
of the atomic spins @w; play the role of w; in Eq.(4.22), apart from a factor 1/2, and the spin-
spin couplings J;; correspond to the gravitational couplings (); ; except for a sign. Thus the
results presented for mixed particle systems can be reproduced with trapped ions. In order
to replicate the gravitationally-interacting neutrinos as faithfully as possible, the parameters
wj and J;; must be chosen so that w; > Jj;. Itis clear, from the discussion of the previous
section, that the original ratio between the gravitational interaction and the free oscillation
term, which is of order of 10~#°, cannot be reached with trapped ions. We point out, however
that it is the smallness of this ratio which renders the phenomenon of neutrino self interaction
hard to be observed. Therefore, in order to reveal the presence of such an effect, it is desirable
a ratio that is not too small. Physically this would correspond to neutrinos with high energy
and small relative distance (cfr. Eq.(4.21)).

In the following, we consider ions trapped both in anharmonic and harmonic potential
and we show that a T violation can be detected in both cases. We remark that, for our
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purposes, there are no substantial differences between the anharmonic and harmonic traps,
since the only relevant parameters are c; and J;;. There are many ways to implement Ising-
type interactions and the parameters c; and J;; can be chosen in a very wide range. In
the present paper, we choose these parameters in order to highlight the effects predicted
for gravitation self interaction of neutrinos and make them experimentally accessible in the
analogue, here represented by trapped ions.

It is clear, however, that the analogy fails when the antiparticles are involved. This is
because one does not have the CP conjugate of the system at his disposal in the case of
trapped ions. If one could hypothetically reproduce the CP conjugate of the system, and the
only interaction within the system were the one of Eq. (4.28), all the results, including the CP
symmetry would be recovered. In any case, since the oscillation probability are not dependent
on the CP violating Majorana phase, there is no reason to believe that the CP conjugate
oscillations differ from Eq. (4.25). Then we can infer that the trapped ion system is also CP
invariant. In this sense, we can assume that Acp = 0. Since the T violation can be tested
in this setup, and in the neutrino mixing case it induces a CPT symmetry violation, trapped
ions can be used to indirectly test the CPT violation predicted for neutrinos gravitationally
interacting.

We now proceed with a numerical analysis, considering different potential shapes, and
we analyze the oscillation formulae and the T violation resulting for the cases in which
the trap is loaded with 4 ions (with both harmonic and anharmonic potentials) or 6 ions
(with anharmonic trapping potential) and the case in which 8 ions are loaded in individual
harmonic traps. The initial state of the ion ensemble is assumed to be factorizable as the
direct product of single ion states. We consider two possible initial single ion states, written
as superposition of spin up |1) and down |]):

A) = cos(6) 1) +e?sin(6) |4)
B) = —esin(0) 1)+ cos(6) ]L) . 431)

Notice that both the states of Eq. (4.31) are pure. A standard method to prepare the states as
in Eq. (4.31) is to perform rotations on the Bloch sphere for individual ions.

We start by studying a trap with harmonic potential loaded with 4 ions. The potential is
chosen in correspondence with that of figure (2A) in the reference [202]. The values for the
frequencies of the atomic spins splitting and for the coupling constants are reported in Ap-
pendix A of the same work: Aw;/27t(MHz) = —11.8; —3.7; 3.9; 12 and J;;( Hz):
J12 = J34 =479; J15 = 24 = 349; J14 = 273; o3 = 457.

Plots of the transition probability Pg_, 4 as a function of time are shown in Figs.(4.1) and
the results for the violation of the T-symmetry Ar as a function of time for such a system
are reported in Fig. 4.2. For the oscillation probabilities (Fig. 4.1) we use the time range
[1077 — 107°] s, while the T-asymmetries are plotted in the range [107¢ — 10~#] s because
the magnitude of the oscillations is larger here, and therefore they are more visible.

Next we analyze three different anharmonic wells loaded with 4 strongly coupled ions.
These simulate a non—uniform distribution of neutrinos in space. To investigate a realistic
experimental set-up of this configuration, we use the following values of resonance frequen-
cies of the atomic spins splitting: Aw;/2m(MHz) = —30.7; —2.3; 2.4; 30.9 , and the
following values of the coupling constant J;;( Hz): J1p =2.1; Ji3 = 1.8; J14 = 04;
]2/3 = 123.8, with ]3,4 = ]2,4 [202].

The plots show that, apart from specific singular values of the angle 8, as for example
6 = 7t/4, for which AT vanishes accordingly with eq.(8), the violation of the T-symmetry,
and then of the CPT symmetry, is large enough to be detected with the current technologies.
Notice that the time intervals considered (t € [10~7 — 104 seconds), are well below the
coherence time usually characterizing the experiments with trapped ions.
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FIGURE 4.1: (Color online) Plots of Pg_,s(t), for 6 = m/3 (the red

line), 0 = 71/4 (the blue line), 6 = 71/8 (the green line). In the plots,

we consider n = 4 trapped ions in a harmonic potential, and the fol-

lowing values of the resonance frequencies of the atomic spins splitting

Aw;/2n(MHz) = —11.8; —3.7; 3.9; 12 and of the coupling con-

stants J;j(Hz): J1p=J34 =479; 13 = Ja = 349, 14 = 273;
J23 = 457.

It would be interesting to study how the system evolves at longer timescales, since from
Eq.(4.27) we aspect AT growing with time {. However, the evolution time cannot exceed the
coherence time, and this fact prevents the analysis of the systems at larger time scales.

With today’s technologies of trapped ions we can also simulate larger systems. However
an increment of the number of ions implies a reduction of the coherence time and beyond
this time the simulation of gravitational interacting mixed particles no longer reproduces the
original system faithfully. Keeping the total number of ions sufficiently small, like n = 6, the
coherence time is still quite large. Then, we take into account a system made by #n = 6 ions
trapped in a single well with Aw;/27t(MHz) = —32.01;, —9.9; —3.0; 3.2; 10.0; 32.3,
and ]1]( HZ)3 ]1,2 = 27.9,‘ ]1,3 = 19.5; ]1,4 = 16.7,’ ]1/5 = 16.7; ]1,6 = 1.4; ]2/3 = 411.8}
]2,4 = 3197, ]2,5 = 3003, ]2,6 = 16.5,‘ and ]3,4 = 3483, ]3/5 = 3192, ]3,6 = 16.4;
Jas = 410.9; J46 = 19.1; J56 = 27.3, and J;; = J;; [202]. Considering the same initial
states of the previous case, we have the oscillation probabilities shown in fig. 4.5 and the
T-symmetry violation shown in fig. 4.6. Also here we use different scales for the oscillation
probabilities (Fig. 4.3) [1077 — 107%] s, and the T-asymmetries [107% — 107 s, to better
highlight the latter.

Our final application is with # = 8 ions held in individual harmonic traps. We consider
Yb™ ions, with the same qubit splitting Aw; = 20tMHz for each ion, corresponding to
the typical Zeeman splitting of the S1,5, F = 1 level [210], and only nearest neighbour
interactions between the ions 1 and 2, 3 and 4, 5 and 6, 7 and 8, with coupling | = 3KHz,
as discussed in the reference [210]. The same initial states for the ions are assumed. In the
figures (4.7) and (4.8) we plot respectively the oscillation probabilities and the T-violation
for this system.

It should be noted that the general prediction of Eq. (4.27) of the dependence of the T
asymmetry on the total particle number N is confirmed by the plots shown above. The 6 ions
asymmetry of fig. 4.6 (given the different couplings) at t; = 107 %s is slightly bigger than
the 4 ions asymmetry of fig. 4.4 at the same time #; and, due to Eq. (4.27), we expect that
a larger number of ions implies a larger T asymmetry, as also shown in the plots of fig. 4.8
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FIGURE 4.2: Plots of Ar(#) for different choices of 6 for a set-up withn = 4
trapped ions, and the same parameters as figure (4.1). Here we use a different
time scale in order to better highlight the T-Violation.

with 7 = 8 ions trapped in individual harmonic traps.

In any case, a limited number of ions is to be preferred, since despite a larger signal,
the coherence time is reduced when a large number of ions is considered. The plots ob-
tained show that the oscillation formulae and the CPT violation predicted for gravitationally
interacting neutrinos can be tested with ions trapped in many potentials. Indeed, compar-
ing the parameters of original system (we considered the solar core with w ~ 10~ eV,
Q ~ 107%*¢V and N ~ 10%) with those of the simulations, and looking at the results
shown in figs.(4.4), (4.6) and (4.8), we see that the small number of ions is compensated by
the larger ratio between the interaction term and free oscillation term, so to give a comparable
Ar.

In order to detect the effects described in the paper, it is necessary to prepare and detect
the state of the ions with sufficiently high fidelity. In the case of ions in anharmonic traps we
consider, the required resolution is of order of 1%, while for ions trapped in the harmonic
potentials we consider, the resolution required is of order 10%. These resolutions can be
easily attained in experiments [211].

4.2.3 Concluding remarks

The gravitational self-interaction in particle mixing systems leads to new oscillation formu-
lae and to the CPT violation. The corrections to the flavor transitions and the expected CPT
symmetry breaking are negligible in the present epoch and therefore they are very hard to be
revealed. However, they are proportional to the number of elements of the system and to its
density, so that these effects could affect extremely dense systems with a large number of par-
ticles, such as some galactic objects and the primordial stages of the universe. Moreover, the
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FIGURE 4.3: (Color online) Plots of Pg_,4(t), for 0 = 1/3 (the red

line), 0 = 71/4 (the blue line), 6 = 71/8 (the green line). In the plots,

we consider n = 4 trapped ions in an anharmonic potential, and the fol-

lowing values of the resonance frequencies of the atomic spins splitting

Aw;/2nt(MHz) = —30.7, —2.3; 2.4; 30.9 , and of the coupling con-

stant ]ij(Hz).' Jip = 21 iz = 1.8; 14 = 04; 3 = 123.8, with
J34 = 24

mechanism leading to CPT violation is not only limited to gravitational interaction. There-
fore, the possibility of testing these processes is of great importance for the understanding of
fundamental physics.

In this section we have shown the analogies between the effective system of N spins
described by the Ising Hamiltonian and the phenomenon of the gravitational self interaction
in mixed particle systems. We have shown that cooled ions held in many potential traps can
simulate the mutual interaction in mixed neutrino system and allow to reveal the expected
new oscillation formulae and the CPT violation for this phenomenon. We considered the
case with N = 4 ions and coupling in three independent wells and the case of 6 ions con-
fined in a single strongly an-harmonic well. We have shown that the T violation for trapped
ions, corresponding to the CPT violation for flavor mixed particles, grows with the size of
the system N. Moreover, we analyzed the system with N = 8 ions held in individual har-
monic traps and have shown that in this case the T violation is even larger than in the previous
cases, both for the greater number of trapped ions and for the larger value of the coupling
constants as compared to the anharmonic cases. Our numerical results show that such viola-
tions, together with the new oscillation formulae are all detectable in the present experiments
on ion traps. Finally, note that in our approach we have chosen the couplings J;; and the fre-
quencies ; in order to maximize the T—violation. By lowering the interaction, and therefore
the couplings and the frequencies, it is possible to slow down and highlight the oscillations.
The potentials can always be tuned according to whether one is interested in highlighting the
T asymmetry or the oscillation formulae. As a last remark, we point out that trapped ions
are not the only system capable of simulating gravitationally self—interacting neutrinos. The
Ising like Hamiltonian of Eq. (4.22) might be reproduced by other atomic systems (as for
instance Rydberg atoms), and future investigations shall be devoted to the analysis of these
possibilities.
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FIGURE 4.4: Plots of Ar(¢) for different choices of 6 for a set-up withn = 4
trapped ions, and the same parameters as figure (4.3). Here we use a different
time scale in order to better highlight the T-Violation.

4.3 Neutrino-matter interactions beyond the MSW effect

As discussed in the previous sections, neutrinos are notoriously elusive particles with an
extremely low interaction rate [212], which oscillate among three different flavors [48, 49,
194, 213-218]. They only participate in weak and gravitational interactions, but the latter can
be neglected, for all practical purposes, in virtue of their small mass [218] ( except for very
peculiar situations (see [132] and section 4.2)). Indeed, the primary modification induced
by matter on neutrino oscillations, known as the MSW effect (see [55, 57] and chapter 1)
is entirely due to the weak interactions of neutrinos with the electrons and nucleons of the
environment. The MSW effect is, in essence, an effective theory, since all the interactions
are comprised in an effective position—dependent potential acting differently on the individual
neutrino flavors and hence affecting the oscillation probabilities. However, there is one major
shortcoming in adopting such an effective field approach to neutrino—matter interactions, and
it is the complete loss of insight on the dissipative aspects of these interactions. Indeed,
the unitary evolution driven by the effective potentials V, (x) always preserves the purity of
neutrino states. While this is reasonable for neutrino oscillations in a low-density medium,
for the interactions in a denser one, a loss of coherence due to collisions with the particles in
the medium is to be expected.

Decoherence effects in neutrino oscillations have been thoroughly studied from both a
phenomenological and a theoretical standpoint. To include such effects, the neutrino is usu-
ally modeled as an open system in which the action of a dissipative dynamics is discussed on
quite general grounds [189, 191-193, 219-229]. Exploiting this approach it has been shown
that the decoherence leads to modified oscillation formulae [189, 191-193, 221-223] that can
shed some light on the fundamental nature of neutrinos [195, 196]. The main problem is that
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the dissipative dynamics of neutrinos depends on several external parameters, that are not
determined within the theory, hence making the comparison with the experiments extremely
hard.

Here, we present a novel approach to neutrino oscillations in matter, in which the loss
of coherence due to the collisions with the particles in the medium is explicitly taken into
account. We consider oscillations in a dense medium, i.e. in a medium where the electronic
density strongly suppresses the flavor oscillations and we provide a theory which goes beyond
the effective matter potential, and give a quantitative account of the quantum decoherence
induced by the interactions with the environment. To this end, one needs to resolve the details
of the single scattering events and estimate the loss of coherence due to the latter. Therefore,
our considerations are in principle valid for the propagation of neutrinos in any environment,
regardless of the frequency of collisions. This includes also the regimes in which, actually,
the neutrino evolution is analyzed in terms of effective damping of the oscillations [230],
by means of a Boltzmann-like collision integral [231] and through a kinetic equation for
neutrinos [232-234].

We show how the purity of the neutrino state is degraded as an effect of its interactions
with the environment that can be interpreted as the quantum decoherence arising from a
dissipative Markovian evolution. This provides a microscopic qualitative and quantitative
explanation to the phenomenology of decoherent neutrino oscillations as analyzed in previous
works. Such a phenomenon can be of particular interest, not only for a deeper understanding
of neutrino oscillations in the matter but also for its phenomenological implications. In this
picture, we obtain new oscillation formulae with respect to the MSW formulae that show
corrections at high neutrino energies and/or high medium density and which reduce to the
latter when the scattering probability is negligible. In the end we present a numerical analysis
for ultra high energy neutrinos propagating through the Earth and we analyze the related CP
and CPT violations.
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n = 6 trapped ions. The same parameters as figure (4.5) are used. We used
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4.3.1 Neutrino-Lepton Interactions

To begin with, let us discuss the salient assumptions of our analysis. At first, for the sake
of simplicity, we focus on the case of a neutrino with two possible flavor states v,, v;, propa-
gating in matter. This assumption is not crucial, and the approach that we use can be easily
generalized to the more realistic three flavors case. Yet this would render the calculations
more involved and would add no relevant physical insights to the discussion. For this reason
we prefer to limit ourselves, in the present work, to the two—flavor mixing. The second as-
sumption is that the number of neutrinos remains unchanged in time. This means that we are
neglecting all processes involving the emission or absorption of neutrinos, as muon decay
p- — e + 7, + vy so that it still makes sense to speak about the oscillations of a single
neutrino. Moreover, we consider that the interaction with the nucleons of the medium can be
neglected, and retain the purely leptonic interactions with electrons e~ and muons 3~ only.
Neutrino—nucleon and neutrino—nuclei interactions would indeed lead to more involved cal-
culations, obscuring the essential physical insights that can already be grasped in our simpler
setting. In addition, as far as processes involving the emission or absorption of neutrinos can
be neglected, the interaction of nucleons and nuclei with neutrinos is the same for all flavors,
so that the oscillations are unaffected. Finally, we assume that collisions always involve a
single neutrino and a single charged lepton so that n—body interactions with n > 2, whose
cross-section is usually much smaller than those with n = 2, can be neglected.
Summarizing, all the reactions we consider must then have the form

v tle v+l tleov+l (4.32)

where «, 3,1, ' =e¢, u and the bar denotes antineutrinos. The form of Eq. (4.32) includes all
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line), 0 = 71/4 (the blue line), 0 = 71/8 (the green line). In the plots, we

consider n = 8 trapped ions in individual harmonic traps all with the same

atomic splitting Aw; = 20tMHz and only nearest neighbour interactions

between the ions 1 and 2, 3 and 4, 5 and 6, 7 and 8, with the same coupling
J = 3KHz, as presented in the reference [210].

the scatterings (vy, y) + 1 <> (Va, Vx) + I, and two additional reactions, one for neutrinos
and one for antineutrinos. These are

Vetpu ©vte  Vete U, +p (4.33)

and they are, apart from scatterings, the only processes of the form (4.32) which respect lep-
ton number conservation. In the mediums we shall be treating, the interactions of neutrinos
with muons can usually be neglected, both due to the muon instability and a negligible muon
density (compared to the electron density).

Depending on the neutrino energy E,, and to a lesser extent on the medium density,
we can distinguish two different regimes. When low energy neutrinos are considered, a
large number of constituents of the medium participates in the weak interaction, and the
forward scattering amplitudes due to them add up coherently [55, 235]. Their collective
action amounts to a (flavor-dependent) neutrino refractive index 1, (x), which can also be
understood in terms of an average potential term in the neutrino hamiltonian (see [54] and
chapter 1)

Va(x, 1) = £8,0V2GEN, (x, 1) . (4.34)

Here 6, is the Kronecker delta, Gp is the Fermi constant and N, (x, t) is the electron number
density of the medium. In Eq. (4.34) the (minus) plus sign is reserved for (anti—) neutrinos.
The coherent phenomenon described by Eq. (4.34) is the source of the MSW effect [55, 57].
This pure neutrino picture breaks down as the neutrino energy E, or the medium density
N, are increased. Indeed, since the total cross-section for neutrino—lepton scattering grows
linearly with the energy' [212] ¢,; « E,, the number of scattering events grows, and the
evolution is no longer coherent. In most of the cases of interest, even at comparably high
neutrino energies E, ~ 1TeV, the cross-section remains so small that only a few scatter-
ing events can take place during the neutrino propagation. This can be seen immediately by

!'Actually the proportionality ,; o E, does not hold in all the reference frames. However, the total cross
section is proportional to the Lorentz invariant quantity s = (py + p,)z, so that it is always a monotonically
increasing function of the neutrino energy.
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evaluating the neutrino mean free path [ = (N,c)~! for the density profiles N, of interest.
On this basis, one usually discards the second-order effects altogether, and only retains the
matter potential of Eq. (4.34). The major drawback in doing so is that the neutrino evolution
remains unitary, just as in the vacuum, so that no dissipative effects occur. In order to encom-
pass the dissipative effects due to neutrino—matter interactions, we shall analyze the effect of
collisions on the neutrino propagation.

4.3.2 Neutrino propagation with collisions: general scheme

In our computation we neglect all the processes implying the emission or absorption of neu-
trinos and therefore we consider a constant total number of neutrinos. We neglect the interac-
tion with nucleons and we consider only the leptonic interactions with electrons and muons.
We consider the system made by the neutrino and the charged lepton that take part in the
scattering process as an isolated system. This leads a unitary global evolution of the two
particle system, due to the scattering. We note that the total system evolves unitarily, while
the neutrino evolution is dissipative.

The neutrino propagation in matter can be characterized by two evolution operators,
Uo(t) and Up. The first, associated to the mixing Hamiltonian and the matter potential
of Eq. (4.34), acts on the neutrino degrees of freedom alone, and corresponds to the unitary
evolution before and after the collisions. The second describes the collision processes, and
couples the neutrino with a charged lepton of the medium. The crucial point is that the col-
lisions occur in a narrow spacetime region, in which the effect of Uy (#) can be neglected,
so that we can schematize the neutrino propagation as a sequence of (nearly) instantaneous
collisions spaced out by intervals of coherent evolution.
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In principle, neutrinos may take part in an arbitrary number of collisions. Then, once
that the initial neutrino state is specified p, (fo), we define the initial state p(¢() of the system
(neutrino + medium) as’

o(t0) = pulte) @ | & pi(to) 439)
k=1

where each pi(tp) denotes the initial state of a single lepton in the medium. We limit our
analysis to the interactions of neutrinos with leptons, and we neglect the probability for a
neutrino to interact with a free muon in the medium (since the muons are unstable and the
muon density is usually negligible with respect to the electron density) with respect to the
one with an electron. Therefore, all px(ty) describe electronic states.

Having defined the initial state, as a first step, one simply evolves the density matrix
according to the evolution operator Uy(t) up to a time right before the first scattering fy,, to
obtain p(tr,). From this, the density matrix of the system right after the scattering p(tr, ) is
related to the density matrix right before the scattering p(t;,) via

o(tr) = Uw,p(tr) Uiy, - (4.36)

where Uy, couple the degrees of freedom of the neutrino and the k-th lepton of the medium.
After the scattering event, the density matrix evolves again under the action of Uy(#). These
steps are repeated as many times as the number of collisions that occur, each time coupling
the neutrino with a different charged lepton. At each time ¢ the neutrino state can be recovered
by tracing out the charged lepton degrees of freedom p,(t) = Tr;(p(t)). It is worth to
note that, while the evolution of the complete density matrix (neutrino plus charged leptonic
states) is unitary, the evolution of the reduced density matrix associated to the sole neutrino
is not. This implies that differentiating p, (#) with respect to time, one obtains, along with
the Hamiltonian, further dissipative terms that induce decoherence effects.
At the end of the process, the neutrino density matrix can generally be written as

[ee]

pu(t) = Y Pu(t)pl(8), (4.37)

n=0

where P, (t) is the probability that after a time ¢, n scattering events, involving the same

neutrino, have taken place, and p&") (t) is the associated density matrix. If the medium is
homogenous, the probability of having a scattering, at any time, is independent of ¢ and 7, so
that P, (t) is a Poisson distribution® P, () = -1 (T't)"e ™. Since the instants {t1, ..., t,},0 <
t; < t at which the collisions occur are randomly distributed in the interval [0, ¢], the density

(n)

matrix p,, ’ (#) for n collisions involves a statistical average

t t
ol (1) :/ / A1ty Ry (F oo b)) 10 (E F oo ). (4.38)
t=0Jt,

>ty_1.>0>H

In equation (4.38), 17,,(t; t1,...,ty) is the neutrino density matrix at time #, after n collisions

ZWe remark that this is not the most general form for the state of the medium p i Which is a generic
many-particle state. Nevertheless the knowledge of the exact state of the medium is irrelevant to the purpose
of determining the neutrino propagation and the associated decoherence. The only quantity related to 0 yrediym
which is relevant at this level is represented by the electron density N, (x). Complications related with the exact
form of ppfegiym (for instance as a Fermi-Dirac distribution) are deferred to later works.

A homogeneous medium has a uniform electron density N, indipendent of the position x within the medium.
The collision rate I' = N,or depends only on the electron density N, and on the neutrino energy E, and since
the latter do not change during the propagation, the former is a constant. Also, the collisions occur independently
from each other, so that the probability of having a collision at a given time ¢ does not depend on the previous
scattering events. These properties are compatible with a Poisson distribution.
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occurring exactly at the times {1, ..., t, } while R, (t1, ..., t,) stands for the joint probability
distribution of the 7 collisions occurring at the times {#1, ..., t, }, with normalization

t t
/ / b1ty Ry (1, ooy b) = 1 (4.39)
t1=0 Jt,>t, 1..>th>H

corresponding to the certainty that 7 collisions occur in the interval [0, ¢].

As it can be seen from the above discussion, the determination of the neutrino density
matrix with growing n becomes soon intractable analytically, and, in the general case, for a
large number of collisions some approximation must be invoked. Nevertheless, for a very
large set of physical situations of interest the probability of having 2 or more collisions is
extremely small and can be neglected. To give an idea, for electronic densities of the order
of N.= N Acm*3, with N4 the Avogadro’s number, and neutrino energies E ~ 1 GeV, the
interaction rate I’ = N,or, where o7 is the total cross section, is as low as T ~ 10~7s~ 1. In
this case eq. (4.37) simplifies to

pu(t) = (1= Pi()p” (8) + Py(£)pl) (t) (4.40)

4.3.3 Neutrino-Lepton Scattering: Hamiltonian and Evolution operator

In this section we derive the evolution operator describing the scattering. We first establish
the general form of the scattering Hamiltonian on the basis of the possible reactions. We
compare the scattering matrix obtained via quantum field theoretical calculations with the
scattering matrix that would be produced by a quantum mechanical interaction Hamiltonian.
Computing the scattering amplitudes allows us to derive the components of the scattering
Hamiltonian. For the computation of the evolution operator, we observe that it has the same
symmetries as the Hamiltonian, and then use both its expression in terms of the Hamiltonian
and its probabilistic interpretation in order to find its precise form. In the following we
consider only the forward scattering of the neutrinos, and we assume that the 4-momentum
transfer, in all the reactions considered, is negligible with respect to the mass of the weak
bosons myy, my.

Due to the assumptions made, both the neutrino and the charged lepton taking part in the
reactions of Eq. (4.32) can be thought of as two—level systems. The neutrino (antineutrino)
can be either in the electronic |v,) (|7,)) or in the muonic |v;) (|7,)) state, while, similarly,
we can regard the electron |e) and the muon |1) respectively as the ground and excited state
of the charged lepton |I). Since all the processes of Eq. (4.32) involve a neutrino (or an
antineutrino) and a charged lepton in both the initial and final state, a useful basis in which
the processes can be described is given by

v, Iy = vy @ |y, (4.41)

with 1,1" = e, y. The lepton states |I’) are obviously referred to the particular charged lepton
of the medium that takes part in the interaction. A couple of comments are in order. For our
purposes the exact spacetime dependence of the states of Eq. (4.41) is irrelevant, as long as
they are sharply peaked around a given 4—momentum. The essential requirement is that they
contain all the kinematical information needed to characterize the reactions of Eq. (4.32).
Within our assumptions, this amounts to specifying the neutrino energy E, and the charged
lepton spin projection (as the neutrino helicity is fixed*. The generic state is then written

i, 12 (4.42)

40nly left-handed neutrinos and right-handed antineutrinos participate in the weak interaction processes
[212].
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where E, is the neutrino energy and i = =1 is the charged lepton spin projection. In
principle one might choose any reference frame to study the reactions, and then the states
of Eq. (4.42) would be characterized by the neutrino and the charged lepton 4—-momenta
pt‘v), p?l) in this frame. One should then enforce the total 4-momentum conservation for
each of the processes in Eq. (4.32) by suitably defining the inner products between the states.
However, it is much more convenient to work in the rest frame of the medium, which simpli-
fies extremely both the kinematics and the notation. Denoting by pl, p? (with & = v,, v, and
I = e, u) respectively the 4-momentum of the incoming neutrino and of the target charged
lepton, we have that the latter is at rest in the chosen frame, so that p? = (m;,0,0,0), with
my its mass. The assumption that the target charged lepton is at rest in the medium rest frame
requires that the temperature of the medium be negligible with respect to the neutrino energy.

Choosing the third spatial axis to coincide with the direction of motion of the incoming
neutrino, its momentum reads pZ = (E, 0,0, py), with p, ~ E,. Among the reactions
of Eq. (4.32) we can distinguish elastic scattering, where the initial and the final charged
lepton are the same | = I’, and quasi—elastic scattering, where the charged lepton is con-
verted to another kind I # [’. For the elastic scattering one can enforce the hypothesis of
vanishing 4-momentum transfer, so that the neutrino preserves both its initial energy and its
initial direction of motion. This hypothesis is in line with the derivation of the MSW effect,
and corresponds to the requirement that the medium remains unaltered by the interaction
with neutrinos. The condition is g# = pg — ph =~ 0, where pg is the 4-momentum of the

outgoing neutrino and pf,f is the 4-momentum of the incoming neutrino. This means that
the outgoing neutrino is emitted within a small solid angle () around the direction of the
incoming neutrino. This also implies a vanishing change in the neutrino energy, so that the
4-momentum of the outgoing neutrino is

pp = pi = (Ex,0,0,pa) - (4.43)

In addition, since the 3-momentum is retained by the neutrino p, = pg, by conservation of
the total 3-momentum, the spatial momentum of the outgoing charged lepton is zero p; ~ 0.
This in turn implies that the 4-momentum of the outgoing charged lepton is

ph ~ (my,0,0,0) . (4.44)

It is obvious that within these assumptions the neutrino energy and the charged lepton spin
projection suffice to determine the kinematics of the reaction completely.

On the other hand, for the quasi—elastic reactions it is not kinematically possible to have
both a vanishing 4-momentum transfer and forward scattering. The only requirement we can
impose is that the neutrino is forward scattered, i.e. that it preserves its original direction
of motion. The kinematics in the rest frame of the medium are worked out in detail in
the appendix (E). The crucial point is that the incoming neutrino necessarily transfers (or
receives) a part of its energy to (from) the medium E, # Eg. The states of equation (4.42)

are still sufficient to describe the reaction, but we need at least two sets |v;, I’ )gi) v, U )g;)

corresponding to distinct neutrino energies.

If one relaxes the assumptions of vanishing 4-momentum transfer and small scattering
angle, the parameters E,, i no longer suffice to specify the states of Eq. (4.41), and the com-
plete kinematics of the reaction must be encoded in the states. We defer these complications
to later studies, and, from now on, we shall always work in the 8—dimensional Hilbert space
Hgi) @ ’Hg;) spanned by the vectors of Eq. (4.42) corresponding to the initial neutrino en-

ergy E,) in the rest frame of the medium and the charged lepton spin projection h. The
final neutrino energy is uniquely determined both for the elastic reactions (Eg = E,) and the
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quasi-elastic reactions (E B # E,) (see the appendix (E)). The situation for the anti—neutrinos,

(h)

whose states we denote [7;,1') ’, is analogous.

Having established which states are relevant for our analysis, we can now determine the
explicit forms of Uy and Uy, on the basis states of Eq. (4.42). The operator Uy determines
the evolution of the neutrino states between two successive collisions and can be put in the
following form

Uy(t) = e~ '(Hm+Husw)t (4.45)

The first Hamiltonian term is that of mixing, which is responsible for the neutrino oscillations.
Dropping terms proportional to the identity, it can be written as [132]

Hpy = —wp (cos 200 —sin260;) @1, (4.46)
where wg = ﬁij, 0 is the two—flavor mixing angle and Am? = m% — m% is the squared
neutrino mass difference. The subscripts v and [ refer to the neutrino and the lepton sub-
spaces, so that o7, (UZ] ) denotes the j-th Pauli operator on the neutrino (leptonic) subspace.
The Hamiltonian (4.46) obviously depends on the neutrino energy E, via wy, so that we
have two copies Hy g, H M,Eg of Hjs, one for each energy subspace. The Hamiltonian in

Eq. (4.46), assuming no CP violating phase, is valid for both neutrinos and antineutrinos.
The second term is the MSW matter potential of Eq. (4.34), which can be written as

2
Hysw = :t\szFNEOf ®1;. 4.47)

The factor % in Eq. (4.47) comes from the subtraction of a term proportional to the identity,

namely i%GpNg]lv ® 1; (compare with equation 9.14 in Ref. [54]) and the (minus) plus
has to be chosen for (anti—)neutrinos. Since neither the mixing Hamiltonian Hy, nor the
the matter potential Hysw change the neutrino energy, the Uy operator can be written in the

8-dimensional basis as ( )
o U, (t 0
Up(t) = < 0 Uo;s(t) > , (4.48)

where U, (t), Ugp(t) are the 4 x 4 matrices given by Eq. (4.45) corresponding respectively
to the neutrino energies E,, Eﬁ.
On the other hand, concerning the collisions, the operators Uy, can be written as

Uy, = e 'Hw® (4.49)
where T is the time scale of the scattering process and Hyy is the Hamiltonian governing
the collision. Notice that Eq. (4.49) that describes contribution of the scattering processes
(quadratic in the interaction Hamiltonian) has the form of a unitary evolution operator. As a
consequence, the time-derivative of the density matrix contains a commutator of Hyy and the
density matrix, instead of the standard anti-commutator, that appears in the kinetic approach
to neutrino oscillations. We point out that this seeming contradiction arises because Eq.
(4.49) refers to the evolution of the complete density matrix of the neutrino plus charged
lepton state and not to the neutrino alone. This means that Eq. (4.49) describes the evolution
of both the physical system (the neutrino) and the reservoir (the charged lepton). For this
reason, at this level, the evolution of the total state is unitary. Moreover, equation (4.49) is
meant to describe the single scattering event, meaning that no information on the collision
rate, related to the cross section, is contained within it. The collision rate, which of course,
depends quadratically on the interaction Hamiltonian, is instead encoded in the probabilities
P, (t) of Eq. (4.37). On the contrary, in the kinematic approach to neutrino oscillations, the
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evolution of the reduced density matrix, associated to neutrinos alone, is considered. This
implies a non—unitary evolution which takes the form described in the refs. [232-234] and
the presence of anti—-commutators in place of the commutator deriving from Eq. (4.49). We
remark that the comparison between our approach and the ones presented in [232-234] must
be done at the level of the reduced density matrix and not for the evolution of the complete
density matrix which is instead necessarily unitary. In terms of the reduced density matrix
associated only to the neutrino, the two approaches are compatible. Taking into account all
the possible processes involving a neutrino and a charged leptonic state in Eqgs. (4.32) and
(4.33), Hyy can be written as

=

A 0 0 0o 0o 0 o0 0
o &Y o 0o 0o 0 0 o0
o o &" o 0o M 0o o0
o o o o0 a 00 0 0 |
W o 0o o o0 & 0 o0 o0
0o 0o gW 0o o & 0o o0
o 0o o o o0 0 & o0
o 0o o o o0 o0 o0 af
a0 0 0 0 0 0 4®
o & o 0o 0 0 0 0
o o &’ o 0o 0o o0 o0
) o o o0 & o 0o 0o 0
Hy' = ()
o o o o & o o o
o o o o o &Y o o
o o o o o o a” o
Y 0 o o o o o al

Here Hyy is the Hamiltonian for the antineutrinos, the quantities &, &, B, y are parameters
to be determined and the apex h refers to the charged lepton spin projection. The asterisk
denotes complex conjugation. The following convention is adopted

h) h
|V€/ ;5‘ — e] 7 |V€/ V>(EA) — 82
(h)

wa

h
vy, e — ez, ’VP"W:(Ea) — ey

)
e)
|ve,€)
e)

=

h
E
(h)

E
(

=

h
—es, |ve,y)§5ﬂ) — e

=™

|VH’ — ey, ’1/”,‘11>g;) — eg

Eg
where e; is the basis vector with a 1 in the j-th position and 0 elsewhere, and similarly for the
antineutrinos.

In order to fix these quantities, we need to analyze the field theoretical amplitude for the
reactions of Eq. (4.32). The Hamiltonian and the related evolution operators of Eq. (4.49) are
intended with respect to the basis states of Eq. (4.42) formed by the neutrino and the specific
charged lepton (the k — th) taking part in the collision. Assuming that the field theoretical
2-particle states |py, p2) are normalized as (p1, p2|p}, ph) = (271)°6%(p} — p1) (27)3 (ph —
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pz) , the scattering amplitude reads [58]

27 4M ; /
<p/1’P/2|S|P1/p2>:I—154(p1+p2—P/l—pé)w

where [ is the identity and M(p, p’) is the Lorentz-invariant amplitude for the process. The

matrix elements of the interaction Hamiltonian can be deduced by comparing Eq. (4.50) with
the scattering matrix that would be produced by an interaction potential (see for instance
[236]), which to first order reads

(4.50)

(fISli) =1—2midé(Ef — E;) (f| Hr |i) . (4.51)

Here |i) , |f) denote the initial and final states, E;, E the total initial and final energy and Hj
is the interaction Hamiltonian. Comparing Eqs. (4.50) and (4.51) we find

) M(p,p’

() =0 g pa) e s
The Eq. (4.52) yields the matrix elements of the interaction Hamiltonian on the field theoret-
ical states |p1, p2>. To go further we need the matrix elements of the interaction Hamiltonian
on the states of Eq. (4.42) which are normalized to unity. This is fundamental if one wishes to
obtain the transition probability to a definite final state and thus derive a well-defined quan-
tum mechanical operator H;. To renormalize the two particle states, we follow Ref. [237]
and enclose the system in a box with large volume V. As we only consider states which sat-
isfy 4-momentum conservation, as the states of Eq. (4.42) automatically do, the Dirac delta
in (4.52) is just 63(0) = % In addition, the singular normalization of the 2-particle states
becomes

2
(p1 p2lPh, P2) = VE0p, 1, 0ps (4.53)
where now Jp 4 is a Kronecker delta. The two particle states are then normalized to unity

if all of them are multiplied by % To find the normalized matrix elements we just divide
Eq.(4.52) by V2, s0 to obtain

norm . M 7 !
CFLH™™ Jiy = (p.p) (4.54)

V\/16E1E2EE)

The Lorentz-invariant amplitude M(p, p’) for the reactions of Eq. (4.32) can be computed
employing the Feynman rules for the electroweak interaction. The amplitudse are explicitly

calculated in the appendix (E).
(+)

We show the derivation of ocl+ explicitly, but all the parameters of Hyy and Hyy can be

computed in a similar fashion. To find ucgﬂ we take |f) = i) = |ve, €) ;;T) where we have
taken into account that this reaction does not change the neutrino energy E, = Eg = E,.
Inserting the amplitude from Eq.(E.8) in Eq. (4.54), we deduce

MO —8vV/2GrE,m, (sin? Oy + 1)
1 NET
2v2Gr (. 1
= _TF (sm2 O + 2> .
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By the same steps we can fix all the parameters appearing in the scattering Hamiltonian. We
quote the result for the reader’s convenience.

agﬂ = (xfj) = aéﬂ = (xz(;) = —2\/5GF <sin2 Ow + ;)
ucéﬂ = aéﬂ = txéﬂ = zxéﬂ = —2\/5&: (sin2 Ow — ;)
'B(+) _ 4GF ur

14 \/m%+ m%,

_ 2v/2Gr

a; ) = v sszW vVi=1,.,8
IB(_) —= 0
) = =l g =22 (3 )
AP = alh —al) Z gl _ 2\/5GF
ry(Jr) _ 4GF me

14 mZ + mZ

¢ Ty

al?) = &V =l =al) = —2\/5GF sin?
gt = &P =alt =al" =0

The scattering Hamiltonian shall be expedient in the determination of the corresponding
evolution operator. Notice that, the former still contains the undetermined, and in principle
arbitrary, normalization volume V while the latter is still characterized by the unknown time
7. To get rid of the interacting volume V' and time T it is convenient to work directly with
the time evolution operator.

Naturally, Uy is a unitary 8 X 8 matrix on the basis states of Eq. (4.42). Exactly as it
happens for the Hamiltonians, because of the different weak processes occurring we have two
distinct operators, one for neutrinos Uy and one for antineutrinos Uyy. From Eq. (4.55), it is
clear that the only non—zero elements are those on the main diagonal Uy j;, Uy j; with j =
1,...,8 and the elements Uy 36, Uw 63, Uw 18, Uw g1. In order to fix the evolution operator,

(+) ()
we start by splitting the scattering Hamiltonian conveniently. Defining aﬂj) = %, we

can write

0 0 0 0 0 0 0
o« 0o 0o 0o 0 0 0
o 0o «P 0 0o BB 0 0
(+)

) (+) . +) 0 0 0 a 0 0 0 0
Hy = a ]1+KW ; KW = 0 0 0 0 (x(f) 0 0 X
o 0o gH o o0 % 0o o0
o 0o o0 0 0 0 af o

o 0o o0 0 0 0 o0 aP

(4.56)
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By exponentiating Uy = e 'HWT_ it follows that Ué;r ) — e—ia<j>rvv(v+), where

e 0 0 0 0 0 0 0

0 e 0 0 0 0 0 0

0 0 ' cos B 0 0 —ie¥sinp 0 0

v 0 0 0 e 0 0 0 0
W 0 0 0 0 e 0 0 0 ’

0 0 —ie’sinp 0 0 ' cos B 0 0

0 0 0 0 0 0 e 0

0 0 0 0 0 0 0 e

(4.57)

() .

and ¢ = uc(_+) 7. The global phase factor e*”"(j T does not affect any observable of interest
and then it can be discarded. Evidently sin’ ﬁ )T is the probability, once the scattering
occurs, that given the initial state |v;,, e )( ), the final state is Ve, >(ﬁ). According to Fermi’s

golden rule, the transition probability from state |7) to state f is proportional to the squared
modulus of the matrix element | { f| Hj |i) |* of the interaction Hamiltonian. Then the relative

transition probability from the initial state |v,, e >( ) to the final state |Ve, >(? is given by

(+) 12
sin’ BT = — )‘HW'%‘ e mriad )|5(+)‘2 : (4.58)
+ n
|Hw,33|2+’Hv\;L,36’2 oy 2 [BH)]2

Substituting the values derived in Eq.(4.55), we obtain

2
2m3
2m2

ingHt =
sinp\"t = ; ; _4 5 ; e
(m2 +m2) | (sin* Oy —sin” Oy + 1) + e

and then

2m?
()T = arcsin ¢ . (459
p (m2 +m3) (sin* O — sin” Oy + 1) + 2m> (39

The Eq.(4.59) also allows for an immediate determination of the phase factor ¢. Indeed

o)

() al’
- T= /3(+>

2
— \[ 1+ —arcsm — me' 5 T (4.60)
m2 (m? +m2) (sin* By — sin” Oy + 1) 4 2m2

(+)

The same analysis carried over for Uy, ’ can also be performed for the opposite charged
lepton spin projection and for the antineutrino. In particular, given the matrix elements of

Eq.(4.55), UI(,; Vis just a phase factor times the identity matrix. For U‘(,j ) one arrives at the

form UI(A;F) = e*i‘j‘(j)fv{g\,ﬂ with

BT =

<
I
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9 cosy(+) 0 0 0 0 0 0 —i?siny(Hr
0 e 0 0 0 0 0 0
0 0 % 0 0 0 0 0
() 0 0 0 e 0 0 0 0
W= 0 0 0 0 e® 0 0 0 ’
0 0 0 0 0 e o0 0
0 0o 0 0 0 e 0
—ie?siny )t 0 0 0 0 0 0 e PcosytT

where ¢ = (x( ). The relative transition probability is fixed, also in this case, by 1nspect1ng
the ratio of the matrix elements of the Hamiltonian:

2m?2
()T = arcsin ¢ . 4.62
i (m2 4+ m2) (sin* Oy — 3sin® Oy + 7) + 2m3 (+:62)

4.3.4 Results

The analysis carried over in the previous sections provides the tools necessary to determine
the evolution of the neutrino state for the propagation in a dense medium, under the assump-
tions of a sufficiently high energy E, > 1GeV and purely leptonic interactions. For an
arbitrary medium, with a non—constant density profile, the evaluation of the density matrix
and the related quantities of interest is an extremely complicated numerical task. However,
when a constant density profile is assumed, some predictions can be provided analytically.

Oscillations for high electron density and/or high neutrino energy case

Accordingly with the MSW theory, the mixing angle in matter 8, predicted from the effective
potential of Eq.(4.34) satisfies the relation

6in20, — wo sin 29 , 4.63)

\/(wo cos 26 + G\F[N )2 + w3 sin? 20

where 6 is the mixing angle in vacuum. When GgN, > wy the equation above becomes, to
the leading order
sin 26, ~ € sin 20 (4.64)

where € = \[“’0 Then, at high density and/or high neutrino energy, the matter potential
inhibits the oscﬂlatlons whose probability is proportlonal to sin 20,,, with the mixing angle
falling down with growing energy and density (6, « Ng £)-

By contrast, when the scattering is taken into account, neutrinos still have a non—zero
transition probability due to the reactions in Eq. (4.33). This point is exemplified in fig. (4.9),
where the transition probabilities Py,—y, (t) = Tr(py,()py, (0)) for neutrinos and antineu-
trinos in a constant high density environment is shown. In this regime the neutrino density
matrix attains a simple explicit form. Due to the absence of muons in the medium, and since
the oscillations are inhibited by the matter potential, an electron neutrino cannot ever trans-
form in a muon neutrino. Thus, the density matrix of an initial electron neutrino at time £ is
simply py, (t) = py,(0). If instead the neutrino starts off as a muon neutrino, it can transform
into an electron neutrino due to the reactions of Eq. (4.33), but, for what we have just said,
it can never go back to its initial state. We can exploit this fact to give an exact prediction
of the oscillation probability in this regime. In fact, accordingly with the unitary evolution
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operators that we have discussed in Sec. 4.3.3, at each single scattering with an electron, the
muon neutrino has a probability \UI(,;F §3 ]2 of persisting in the muon state if the target electron
has positive spin projection and a probability |UI(,\; §3|2 = 1 if the electron has negative spin
projection. For an unpolarized medium, we expect that about a half of the electrons shall
have a positive spin projection and a half a negative spin projection. At each scattering, the

.- . - . . Uy as)?+1
probability that the neutrino remains in the muonic state is then, PVFHV# = % Clearly
U )6
the transition probability for a single scattering is given by Py, v, =1 — Py, 50, = WZ%

Therefore, since after a transition into an electron neutrino, it cannot transform back to the
muon state, the probability that at time ¢ the neutrino is still in a muon state (Py, <y, (t)) is
equal to

00 2\ k
Py () = X 2tr) (FH5820) (4:65)
k=0 2
Here Py (t) is the probability that, after a time ¢, the neutrino had k scattering processes. Now
Pi(t) can be derived from the Poisson distribution with expectation value A, where A is the
average number of collisions occurring in a time {. Denoting by ot the total cross section
for all the reactions of Eq. (4.32), the neutrino mean free path is [ = ﬁﬁ. The average
number of collisions is simply the ratio between the distance covered by the neutrino z (that
coincide with ¢t assuming ¢ = 1) and the neutrino mean free path A = i = N,ort. Thus

P(t) = & (Neort)ke=Neort and the probability in Eq. (4.65) Py, v, (t) becomes

1 [ Neort (1+ (U _
Pv,,<—>yy(t) = Zk'( € ( 2’ WSS‘ )> Neort

NLUTt

— o (-luwasl) (4.66)

Where in the final expression of Eq. (4.66) we have recognized the Taylor expansion of the
exponential. From Eq. (4.66) we immediately deduce the transition probability
Neort
Py (t) =1— e~ (1=1Uwa?) =51 (4.67)
In the same way it is possible to prove that, while a muon anti-neutrino with high energy/in
high density medium does not oscillate, for an electron anti-neutrino the oscillation probabil-
ity becomes
Ngtf t
Py, () = 1— e Ot (4.68)
Eq. (4.67) and Eq. (4.68) are new oscillation formulae for neutrinos and anti-neutrinos prop-
agating through dense matter and represent the main analytical result of our paper.

We remark that in the high density/high energy limit, i. e. for GEN, > wq and for the
kind of reactions considered, our results are compatible with those obtained via the kinetic
equation approach (see for example [231]). In order to show that, we consider Eq. (4.3) of
the reference [231]. It can be schematically written as

dipp = —ivV2GeN, [G, pp] + Clop] , (4.69)
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FIGURE 4.9: (color online) Upper Panel — Plot of the v, — v, transition
probability as a function of the neutrino energy E, for an initial muon neu-
trino. Lower Panel — Plot of the ¥, — 7, survival probability as a function
of the antineutrino energy E, for an initial electron antineutrino. In both the
two plots we consider a travelling lenght equal to the diameter of the Earth.
The blue solid line represents our results, while the red dashed line is ob-
tained accordingly with the MSW Theory. For simplicity we have assumed
a constant electron density N, = 4.069N4cm 2 obtained as a weighted
mean from the earth density profile of the preliminary reference earth model
[238]. In the inset the same transition probabilities are plotted for a neutrino
travelling through a diametral trajectory in the Sun’s Core, with average elec-
tron density N, = 6.4 x 102°cm ™3 and R¢,,, = 348000 km corresponding
to a quarter of the Sun’s diameter.
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where C|pp| takes into account all the possible collisions with the particles in the medium
and is given by

Clop] = % /d3p [W(p’, )1 = pp)Gpy G = W(p, P )opG(1 — ppy)G

+W(=p",p) (1= pp)G(1 = )G = W(p, —p")opGpy G| -

Out of all the terms, the first and the second are respectively gain and loss term due to
transitions from and to other states, while the third and the fourth describe neutrino pair
production and annihilation processes. We neglect the latter in our tractation right from the
offset, because we are interested in generalizing the MSW effect, and thus consider only
reactions that preserve the number of neutrinos. In addition,the flavor preserving reactions,
as per our assumptions, affect all the flavor states only for an irrelevant common phase factor
(since there is no momentum change). In our setting, once the initial neutrino energy is fixed,
only two momenta are involved py,, pv,, so that the collision term only connects the states
Op,, and Opug- Moreover the only possible flavor changing transition is v, + e~ — ve + U™,
(because there are no free muons in the medium by assumption), so that the collision term
actually can only connect the states pp, and pp,, , with the momenta related by momentum
conservation. This implies that the time variation due to collisions is

atppl/y (t) = _W(pv;t’ pVe)(]‘ - ppv}; (t))ppve (470)

and similar, but with the opposite sign, for p,,. Here W(py,, py,) is the transition rate for the
reaction vy +e~ — v, + p~, which for the kinematics considered is the same rate appearing
in Eq. (4.66). Finally the refractive terms (the commutator term of Eq. (4.69) ) and the free
oscillation term have the only effect, when combined, to inhibit the oscillations in this regime.
Then the time evolution of the muon neutrino state and the related oscillation probabilities
resulting from Eq. (4.70) coincide with the ones found above with our method. Whereas
this discussion proves that our method and the kinetic equation approach lead to comparable
results for the approximation considered, it is worth noting that the two approaches do not
necessarily agree in other circumstances.

Decoherence

The charged lepton that is involved in the scattering process with the neutrino actually be-
longs to a thermal bath and soon after the scattering event, it starts to interact with the other
particles in the medium. Therefore, after the scattering, any information on the individual
charged lepton state that emerges from the scattering is lost, whereas the neutrino state keeps
evolving under the action of the mixing Hamiltonian. These considerations can be made into
a quantitative statement about the neutrino state. For the sake of simplicity, let us take into
account the case that we have considered in the previous subsection, i.e. when the high elec-
tronic density/high neutrino energy condition holds. In such a case, as we have seen, due to
the lack of oscillations, the density matrix of an electron neutrino does not change in time
and also its purity is unaffected.

A completely different scenario appears when we consider a muon neutrino. In such a
case, due to the absence of oscillation between two successive scattering processes, the purity
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can be written as a function of the oscillation probabilities i.e.

Te(03(1) = (P, (0 + Py (D)
=1 _zpv;twvy(t)vava(t)
<1 4.71)

That is, in general, lesser than one and reaches its minimum (equivalently, the impurity
1-— Tr(pi(t)) reaches its maximum) when Py, ¢,y (t) = Py, 50, (t) = :

The inequality (4.71) describes the loss of purity of the neutrino state due to weak-
interaction scattering processes.

We conclude this subsection with an important remark. It could be argued that the
charged lepton, being part of the thermal bath, was not in a pure state, to begin with. While
this is true in general, the reasoning that leads to the inequality (4.71) is unaffected, because
it specifically pertains to the quantum correlations between the neutrino and the charged lep-
ton. It is the latter that gets destroyed by the interactions with the medium, leading to a loss

of purity in the neutrino state, regardless of the initial charged lepton state.

Numerical Results

Before illustrating some numerical results let us discuss a crucial point. The criterion for
the breakdown of the matter potential approximation is represented by the high density/high
energy condition GEN, > wy).

In main sequence stars, with electron densities comparable to that of the Sun N, the
matter potential approximation breaks down only at extremely high energies (E > 100GeV).
On the other hand, when much denser objects are considered, such as white dwarfs with
Nwp ~ 10°N,, the deviation from the matter potential approximation can be already evi-
dent at energies as low as a few GeV. However, the neutrino spectrum for these objects ex-
tends from 100 keV to 10 MeV [239], and so it is highly improbable that neutrinos produced
within these stars reach the required energy to see appreciable modifications with respect to
the MSW.

Moreover, within the core of a supernova, due to the high electron densities, a discrepancy
with respect to the bare MSW prediction is to be expected for high energy neutrinos E >
200MeV. The implications of this effect on the mechanism of supernova explosions require
a detailed and careful analysis, which is beyond the scope of this paper.

On the other hand, the high density/high energy condition is well verified for ultra high
energy neutrinos (see for instance Ref. [240]) propagating through the Earth that have been
recently detected in the IceCube experiment[241]. For this reason in our numerical analysis
we will focus on them.

In Fig.(4.9) we plot Py, .y, and Py, 5, for ultra high energy neutrinos propagating through
the Earth as a function of the neutrino energy E. For sake of simplicity we consider neutri-
nos traveling on a diametral trajectory through the Earth and a constant electron density
N, = 4.069N scm 3 obtained as a weighted mean from the earth density profile of the pre-
liminary reference earth model [238]. In the plots, the bare matter potential prediction (MSW
effect and oscillations inhibited) (red dashed line) and the result obtained from Eq. (4.67) and
Eq. (4.68) are compared. We can see that while the MSW formula does not predict any rele-
vant oscillation probability, our formulae provide a transition probability that is remarkably
different from zero in the energy range 1 — 10* TeV. These predicted oscillations could be
detected in future experiments. We recognize that in the energy range considered the trans-
mission probability might be substantially lowered depending on the angle. Although this
does not entirely rule out a possible observation of the phenomenon described, especially
below 100 TeV where the transmission probability is fairly high, it constitutes an important
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limitation to the possible experimental test of our results [242]. Other limitations may be rep-
resented by backgrounds, detector systematic and the atmospheric flux that are not negligible

in this energy range.
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FIGURE 4.10: (color online)Plot of the impurity 1 — Tr(p?) as a function
of the neutrino energy E, for a neutrino travelling on a diametral trajectory
through the Earth. The black dashed line refers to the muon neutrino state,
whereas the orange solid line refers to the electron antineutrino state. We

have assumed the same parameters as in fig. (4.9).
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FIGURE 4.11: (color online) Plot of the T asymmetries Ag- = Pvﬂﬁvf —

Py, vy, (black dashed line) and AT
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line) as a function of the neutrino energy E, for a neutrino travelling on a
diametral trajectory through the Earth. The same parameters as in fig. (4.9)

Also the impurity

are assumed.

1-— Tr(pz) of the neutrino state p, which, as anticipated, is always zero

in the matter potential approximation gain a non-trivial behavior due to the presence of the

scattering processes.

In fig. (4.10) we plot the impurity for an initial electron antineutrino

and an initial muon neutrino propagating through the Earth, as a function of energy. As can

be seen from fig. (4.1

0), the impurity of the neutrino state initially grows with the energy. At

a specific value of the energy E*, depending on the electron density and on the distance R

travelled in the medium, the neutrino state reaches the maximum impurity 1 — Tr(03(R))
= PVM_WB (). Beyond E* the collisions become so frequent that the initial

% when Py, ¢y, (1)
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neutrino is almost certainly converted into a neutrino with opposite flavor, approaching the
related pure state as the energy grows.

Furthermore, also the asymmetries AD}_)ﬁ = Py, (t) — Py, (t) and Aoé;)ﬁ = Py, (t) —
Pga,_ﬂyﬁ (t) are also considerably affected by the evolution in a dense environment(see Fig.4.11)
Indeed, in view of the possible reactions and due to the absence of muons in the medium,
the v, — v, transition probability acquires a non-zero value, while the probability for the

opposite transition v, — v, vanishes. Similarly, the antineutrino transition 7, — ¥, is al-

lowed, while the opposite transition 7, — 7, is suppressed. Overall, since A%‘ﬁﬁ # Az;ﬁ ,

the CPT symmetry is violated. The CPT asymmetry is due to the additional scattering term
and the related decoherence effect. This is in contrast with the matter potential approxima-
tion, for which, in the analyzed energy regime, CP, T and CPT violations would all vanish
identically, since the oscillations are inhibited for the MSW effect. The CPT violation due to
the matter effect discussed here may have played an important role during the first phases of
the universe, where high densities and high neutrino energies are to be expected. It is worth
mentioning that all the effects discussed in this section are in principle significantly enhanced
when the medium electron density N, is larger, as compared to the relatively small deviations
that one has for the Earth electron density. An indication of the larger deviation is shown in
the insets of Figure (1), where the transitions for a high energy (anti-)neutrino travelling in
the Sun’s core are shown. We stress that such high energy neutrinos are not produced within
the Sun, and the plot serves merely as an indication of what one expects for high energy
neutrinos in denser environments.

4.3.5 Discussion

In the MSW theory, the presence of the medium is described by an effective potential that
modifies the Pontecorvo Hamiltonian and the oscillation frequencies (see chapter 1). The
term introduced in the MSW theory acts as an effective field and does not affect the property
of unitarity of the evolution. Thus, the MSW potential alone cannot provide phenomena as
decoherence.

In this section we take into account the effects of the scattering processes of the neutrinos
with the charged leptons in the medium. To describe this interaction we have introduced a
Hamiltonian and a unitary operator that can model the different scattering processes. Then
we have connected their elements with the scattering amplitudes derived in the context of
quantum field theory.

Our approach is rather general and can provide predictions for a very wide class of phys-
ical situations. Possible limitations of the present approach are due to the complexity of the
mathematical equations. This implies that a detailed analysis is possible only in some partic-
ular cases. Among them, two different situations have attracted our interest: 1) the case in
which the probability for a single neutrino to have two or more scattering processes can be
neglected, and 2) the high-energy neutrino/high-density medium case in which GFN, > wy.
We have shown that, in the first case the predicted results are very close to those of the MSW
effect, while in the second appears a clear discrepancy between our results and the MSW
ones. Indeed, in this second regime, the new oscillation formulae that we have developed for
the muon neutrino and for the electronic antineutrino show an oscillation strongly dependent
on the energy, in a region in which, for the MSW theory, no oscillation is allowed. Associated
with this new oscillation formulae, we have predicted an effective violation of the T, CP, and
CPT symmetries as well as a loss of purity in the neutrino state.

A possible experimental test of our results could be made in future experiments prob-
ing neutrinos travelling through Earth at energies of the order of the TeV, where there is a
difference between our prediction and those of the MSW theory.
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We remark that, having neglected all the processes involving the emission or absorption
of neutrinos, the dissipative evolution we obtain for neutrinos in a medium cannot be pre-
cisely compared with the gain-term and the loss-term structure obtained in various papers,
as for instance in [243] in a different context. A further analysis of the neutrino propaga-
tion in a dense medium, including creation and destruction processes, shall be treated in a
forthcoming paper.

For the sake of simplicity, we have developed our results in the framework of quantum
mechanics. Obviously, the inclusion of field—theoretical effects can be of interest, with re-
gards to the QFT effects on particle mixing and oscillations [35-38, 77-87, 183, 244] and
and the curvature effects on neutrino oscillations ([197] and chapter 2).
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Conclusions

Dark matter is one of the most prominent puzzles in modern cosmology and the quest for its
solution has driven an extensive research effort during the last decades, both theoretical and
experimental. The issue is tied to and calls for particle physics beyond the standard model.
In this thesis we have presented our contribution to the topic, touching on diverse contexts
and phenomena, but all relating to the common thread of dark matter.

We have explored a pure field—theoretical explanation, according to which the flavor vac-
uum of fermion mixing may constitute a dark matter component. To provide solid theoretical
grounds on which to study the hypothesis we have generalized the quantum field theory of
fermion mixing. We have developed the formalism necessary to describe neutrino oscilla-
tions in curved space, deriving new oscillation formulae. In the same framework we have
analyzed the energy—momentum tensor associated to the flavor vacuum. We have shown that
in the FLRW metric, for an exponential expansion of the scale factor, the vacuum behaves as
a pressure—less perfect fluid, analogous to dark matter. This gives a strong indication about
the role that flavor mixing plays at a cosmological level. The research in this respect is still at
the beginning. Future works will have to expand the results presented here in several direc-
tions. Firstly by enlarging the scope of the theory to include other metrics of interest, such as
those required to describe the large scale structures in the universe. Secondly by developing,
along the same lines, the quantum field theory of boson mixing in curved space.

We have also studied the most promising particle explanation for dark matter, namely
axions and axionlike particles. We have introduced two new detection methods to reveal
such elusive particles. We have shown that for fermions interacting through axion exchange,
entanglement measures bear an observabe signature of the interaction. Consequently entan-
glement measurements may highlight the existence of axions and axionlike particles. We
have also shown that the axion—mediated interaction induces a phase shift in the neutron
wavefunction. We have then designed an interferometric setup to reveal the axion—induced
phase shift. Both detection mechanisms work in presence of a generic pseudoscalar spin—spin
interaction, and are thus sensitive to an eventual “fifth force”. There is room for a consistent
improvement of these proposals. Many of the simplyfing assumptions made in their con-
ceptual description can be lifted, so to get a more realistic depiction and, eventually, a fully
implementable experiment. Forthcoming works shall be aimed at such improvements.

Finally we have investigated the phenomenology of neutrino interactions and neutrino
mixing. We have shown how the dark—matter—like behaviour of the mixing vacuum can
be reproduced in laboratory, under adequate circumstances, by means of Rydberg atoms.
Our results concerning the simulation must be completed by a consistent field theoretical
treatment of neutrino mixing at finite temperature. In this direction is our study of neutrino
propagation in a dense medium. Although the setting is that of ordinary quantum mechanics,
our approach is already capable of catching the dissipative aspects of the neutrino propagation
in a medium. Future studies will be concerned with a pure field theoretical description of
neutrino mixing at finite temperature, for neutrinos interacting with a generic thermal bath.
We have also demonstrated that trapped ions can simulate neutrino—neutrino gravitational
interactions. This paves the way for a laboratory replication of the interactions that take
place among neutrinos in astrophysical environments.
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Appendix A

Special functions

In this appendix we provide some details about the special functions that appear in the the-
sis. The Bessel functions are ubiquitous in physics and arise in many contexts, from heat
conduction to scattering problems. They solve the complex differential equation

df | df
22@%—2%%—(22—1/2)]‘:0, (A.1)

where v is an arbitrary complex number. The solutions are denoted J,(z) (Bessel functions

of the first kind), Y, (z) (Bessel functions of the second kind) and Hl(,l) (2), Hl(,z) (z) (Hankel
functions). All these functions are holomorphic on the complex z plane without the negative

real axis. We remark that {],(z),Y,(z)} and {Hsl) (2), HP (z)} are linearly independent
for all values of v. Unless v is an integer ], (z) and J_, (z) are also linearly independent. The
general solution of equation (A.1) can then be written in either of the forms
flz) = Ailu(z) +B1Yy(z) W
= AHV(z)+ BHP (z) Wy
= AS]V(Z) +B3]—v(z) vEZ

for some complex coefficients Aj, Bj, j = 1,2,3. The Bessel functions satisfy some use-

ful recurrence relations. If f, denotes any of the functions [, Y,, Hlsl), Hﬁz) , the following
relations hold:

fra) +fon(@) = 2fi(2)
fra(@) ~ fon() = 2%

frale) - Ehe) = L
o)+ e = P (a2

Other differential equations are closely related to eq. (A.1) and admit a solution in terms of
Bessel functions. In particular, the equation

d? 1
ZQT;;+ (Azzz_vz+4>f:0 (A.3)

for arbitrary complex A is solved by f(z) = 22 fv(Az). We also make use of the asymptotic
formulae for the Bessel functions of the first kind J,(z). For fixed v not a negative integer

and for z — 0 one has ,
z v
~ (2 - A4
Ju(2) (2) T(v+1)’ (A4)
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where I'(z) is the Euler Gamma function. For fixed v, |argz| < 7 and |z| — oo it holds
that

2 T 7
Jo(z) ~ 1/ = cos (z L —) . (A.5)
The Euler Gamma function T'(z) is a complex generalization of the factorial, holomor-

phic in the whole complex z plane except for the negative integers and 0. The standard
definition, limited to ¥z > 0, is

I(z) = /0 Tl (A.6)

For positive integers 7 the Gamma function directly yields the factorial I'(n + 1) = n!. In
general, it holds the recurrence relation

I'(z+1) =2zI(z), (A7)

as can be easily deduced from the definition (A.6) with integration by parts. Other useful
properties are (f € R):

I'(z") = I'(z);
I'(z)I(1—-z) = mcesenz;

(eo)rld) = (i

Whittaker’s functions belong to the class of confluent hypergeometric functions [90].
They solve the Whittaker’s equation
d>f

a2 T

2
T
p— . A-8
cosh 7tt (A-8)

1 o« G=¥)],_

As a consequence Whittaker’s functions are specified by two complex indices «, 3. In partic-
ular Wy, is related to the Kummer’s U function as

Wiu(z) = e’%z%“‘ll(%—i—y —x,142p,z2) (A.10)

for —m < argz <= 7.
The Polylogarithm function Lis(z) is defined for real parameter s and complex argument
z as

z el
Lis(z) = F(s)/o dt . (A.11)
When |z| < 1 the Polylogarithm can also be written as a power series
) Zk
Lis(z) = k; = (A.12)

From the definition one can see that it holds the important recurrence relation

d
szis(z) = Lig_1(z) . (A.13)
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For some special values of s the Polylogarithm reduces to other known functions. When
s = 1and |z| < 1 the power series (A.12) converges to the ordinary logarithm:

Lij (z Z:%’ “In(1-z). (A.14)

For lower integer values of s, one can simply differentiate this expression and employ the
recurrence relation to obtain the corresponding function, for instance

z
1—-z°

Lio = ZiLil(Z) =

17 (A.15)

When s = 2 the Polylogarithm becomes the Spence’s function (or dilogarithm). Finally, in
the case of unit argument (z = 1) the Polylogarithm reduces to the Riemann Zeta function

g(s):

[ee]

Lis(1) =) % =17(s). (A.16)

k=1
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Appendix B

FLRW spacetimes

This appendix provides an elementary and self-contained introduction to FLRW spacetimes.
To a very good extent the universe is homogeneous, meaning that it has the same physical
properties at all points, and it is isotropic, having no preferred spatial direction. The class of
metrics respecting these symmetries is that of the FLRW metrics, whose general form reads

ds? = dt* — C%(t)dz? . (B.1)

Here C(t) is a smooth function of time known as the scale factor, having dimensions of
length, and dX? is the line element of the spatial hypersurfaces with constant £. In comoving
coordinates (t,7,0,¢) one writes explicitly

dr?
1—Kr?

ds* = dt*> — C%(t) ( + r2d6? + 1 sin? 9d4>2) , (B.2)
where r is dimensionless and is in the range [0,1] for K = 1. The parameter K determines
the (3—)space curvature and takes the values K = +1,0. For K = 0 (zero curvature) the
spatial manifold is flat, for K = 1 (positive curvature) it is a 3-sphere and for K = —1
(negative curvature) it is a hyperboloid. In each case the spatial manifold has constant and
homogeneous curvature. The non-zero components of the Ricci tensor for the metric of
equation (B.2) are

. . . 2
3C C C K
Roo = -C ’ Rij = —&ij (C +2 (C) + C2> . (B.3)

Here the dots are used to denote time derivatives and ¢ is the metric tensor. The scalar

curvature is evidently
&/ K
R=g"Ryy = —6 (C * (c) M c2> ' By

From the equations (B.3) and (B.4) we can write down the left hand side of the Einstein field

equations

1
R],“/ - Eg;ﬂ/R - SHGT}IV . (B.S)

The source term T, is modelled, according with the requirement of isotropy and with the
symmetries of the metric, as the energy-momentum tensor of a perfect fluid

Tf/,{ = dlag (p/ _]9/ _p; _P) ’ (B6)

with (possibly time-dependent) energy density p and pressure p. The information on the
source of the Einstein equations is exhausted by specifying the fluid equation of state p =
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p(p). The typical contributions have the simple equation of state
p=wp, B.7)

with w constant. Inserting the eqs. (B.3), (B.4) and (B.6) in (B.5), one arrives at the Fried-
mann equations

¢ 2+ K 871G
c) T T 3f
.. 2
C C K
which combined yield )
C 4G
c= 3 (P+3p). (B.9)

In addition, from the covariant conservation of the energy-momentum tensor, V, T = 0
one deduces

d[C*(p+p)] =Cdp, (B.10)

which is just the first law of thermodynamics. In particular, for a fluid satisfying the equation
of state (B.7) one obtains

d[Cp(1+w)] =wCdp = EZJ =-3(1+ w)dg — pecCP L BN

Let us now consider the spatially flat (K = 0) metric and analyze some of the possible
contributions to the energy-momentum tensor. The first Friedmann equation (B.8) becomes

2
¢ 870G
(C> =3f (B.12)

which can be easily solved for the scale factor once the equation of state is specified. For non

-3
relativistic matter and cold dark matter, w = 0, so that pp; o« C~3. Writing ppr = po (%)
and substituting in equation (B.12) we obtain

. [871GpoC3
C= %C_% (B.13)

. . 2 . _
whose solution gives C o t3. For the cosmological constant contribution Ty, = Aguy,

w = —1 and so pp = constant. Setting H% = %p A, the Friedmann equation gives
C(t) o efht (B.14)

We conclude by noting that, when K = 0, the coordinate transformation dt — dt =

% shows explicitly that the FLRW line element (B.2) is confomally equivalent to the flat

Minkowski space:
ds? = C*(t) (dt* — dr* — r*d6* — r* sin 0d¢?) . (B.15)

The coordinate T is known as conformal time, and often simplifies the calculations in FLRW
metrics.
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Appendix C

Conservation of the energy
momentum tensor

In this appendix we prove explicitly the covariant conservation of the energy momentum
tensor associated to the flavor vacuum. With reference to the notation of Chapter 2, we prove

vV, TH =0 (C.1)

with 'V, denoting the covariant derivative. There is no need here to distinguish between
T,S],\,AIX) and T%\,[) , since both satisfy eq. (C.1), and so does the full energy-momentum tensor.
Preliminarly we derive the connection coefficients for the metric of eq. (2.60). It is easy to

see from the definition that the only non vanishing coefficients are
C

L. =TL=T, =T = c (C.2)

Here the dot denotes the derivative with respect to conformal time T and no sum is intended
over repeated indices. Notice that the coefficients depend only on T. In terms of the connec-
tion coefficients, the covariant divergence reads

VT =9, T 4 T}, T + T}, T . (C.3)
e (v=1i)Forv =i, withi =1,2,3 equation (C.3) becomes
VT = 9, T + T, T + I, TH . (C4)
From the diagonality of T#" proved in Chapter 2, we can write

vV, T =T+ rﬁﬂr“‘ +y i, T, (C.5)
14 M

where no sum is intended over repeated indices and the summations are written out
explicitly to avoid confusion. The first term on the right hand side of eq. (C.5) is zero,
since T* depends only on 7. Similarly, from eq. (C.2) we know that TZi =0= FLV
foreach y = 0,1,2,3 and each i = 1,2, 3, so that also the second and the third term
on the right hand side of eq. (C.5) vanish. Then

V,TH =0 Vi. (C.6)
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* (v = T) Only a slightly longer calculation is needed to prove the statement for v = T.
Starting from equation (C.3) we have

V, THT = 9, M + T}, 7" 4T, TH
= 0T + (r; + ZE&) T +TL, T + ) T
i i
= 0T™" 4+ 50T, T + 3T T, (C.7)

where we have used the diagonality of T*" and eqs. (C.2). For our purposes it is
convenient to rewrite eq. (C.7) in terms of T, and the trace "Jl"ﬁ. To this end we
employ egs. (2.130), (C.2) and lower the indices through the metric of eq. (2.60),
obtaining:

VT = 3; (C74Ter ) +6CCTe — C3CTY, (C8)

From equation (2.116), we know that each of the terms above is the integral of the aux-
iliary tensor components L., Lﬁ weighted by T-independent coefficients (recall that
the Bogoliubov coefficients are evaluated at a fixed time Tp). It is therefore sufficient
to prove that

de (C*4LTT(a,b)) +6C3CLyr(a,b) — C3CLL(a,b) = 0 (C.9)

foreach a,b = uy ,;, vp ), to show that the divergence (C.8) vanishes. To this end we
need the second order equations

By = — (imC+ p?+m2C?) gy
By = — (—iij +p*+ mJZCZ) Vpij - (C.10)

The first of this equations is simply eq. (2.77), and the second can be likewise deduced
from the system (2.76). For Lw(up,)\;j, up,/\,.j) we have, using the properties of the
auxiliary tensor (cfr. Chapter 2)

0r (C’4LTT(M,,,;L;j, ”p,A;j)> + 6C CLrr (ttp 5, Up i) — C2CLE (up 55, ip p;) =

2. [C0 (507 @i+ 7} 02 1) | +12C77C (07 B+ 75 02 7y

+4im;C0C (Igyl* — |7pl?) =

2C%9, (47;,.]-?;4),9;]‘ + 7;;1‘?;'7;7;1’) +4im;C=C (Igpl* — [7pl) =

2070 (9392005 — Bpi By + V02 i — 1i02757) + 4imCOC (|gpgl2 = 752) =
2C_6{4’;;j [= (imiC + p* + m*C) ] §yyj — @y [ (—imiC + p* +m*C?)]

7y [= (—imiC 4 p2 4+ m2C) ] 5 — 9 [ (i C + 7 + m2C?)] 5}

+4im;C0C (|gyl* — |7pl?) =

2C7 {|gyil* (—2im;C) + [y (2im;C) } 4itmCC (|l — [7p]) =

—4im;CC (Igy;j|* — |7pl*) +4im;CC (|p;l* — [7pi]*) = 0.

In the fourth step we have used the equations (C.10) and their complex conjugates, and
the T argument of the functions has been suppressed for notational simplicity. Note that
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from the properties LTT(UP,A;]', vp,;\;j) = —LTT(up,A;j, u,,,/\;j) and Lﬁ(vp,M, Up,/\;]') =
—Lﬁ(up, Aijs up,/\;j) (cfr. Chapter 2) the same relation is satisfied by the components of
Lyuv(0p,a;j, Up,p;j)- Similarly one has
aT (C_4er(up,/\;j/ Up,/\;]')> + 6C_5CLTT(MP,/\;]', UP/A;j> - C_3CL]‘L:(L£F,,A;]-, Up,)x;j) =
—6 -7 —6 i —6¢ =
9c (4C09;,;00 7)) +24C77C (40704}, 07 7;,) + 8im,COCop 7 =
-6 -6 6 _
4C9, (C 03,0013, ) + 8imyC o Cop s =
* N2, % * N2 g% L e Tl N S
4 [‘Pp;jaﬁp;i - 7P;jaT‘PP;j] + 8imiCoCp vy, =
-6 I 2 22 I 2 22
4C L [— (imiC + P2+ m2C)] 735 = s [ = (—imiC + p? +m?C) ] vy |
; —6 4% _
6 6 _
—8im;C °Ce,, v, + +8im;C °Ce,, v, = 0.
In the fourth step we have used the complex conjugates of eqs. (C.10). Finally,
due to the properties Lrr(0p ;i Up,2;7) = —Lic (1p 155, Up,r;i) and Ly (0p 257, Up 2i7) =

—Ly" (1p,7;j, Up,7;j), the same relation is satisfied by the components of Ly (0p,a;j, tp a;j)-
This is sufficient to prove the statement for v = T.
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Appendix D

Calculation of the 2-Renyi Entropy

In this appendix we compute explicitly the 2-Renyi entropy for the two fermion state of
section 3.2. The total two—-body Hamiltonian of eq. (3.17) can be rewritten as

Hr = L1(r)ojo} + Lo(r) (0705 +0i03) , (D.1)
with the functions
A —mr 2.2
Li(r) = —73[2—1—86 (m°r* +2mr + 2) |
Lo(r) = ':31 [1+ Be ™™ (mr+1)] .

Recalling that, by definition of the Pauli operators one has

o | = Mo bhi=—N
a1t = W af |h) =11
o 1), = =il o |1 b =i,

we note that the states

lX) = cos?0|11) +sin®0]|]])
m) = cosBsinf (1) + 1)) (D.2)

are eigenstates of the Hamiltonian. In equation (D.2) we use the shorthand notation |1|) =
|1); @ |{), and similar for the other states. Explicitly one has

Hr|x) = £:(r) [x); Hrln) = (2L2(r) = La(r)) |n) - (D.3)

The initial two—fermion state of equation (3.15) is simply written

[(0) = 1x) + 1) - (D.4)

It follows immediately, from equation (D.3), that the state at later times ¢ is
(1)) = e |p(0)) = e 10 [x) 4 TREROIEIN ) (D.5)

Setti
e 6A  2ABe™

T =2(Lo(r) — L1(r)) = (m?r? +3mr +3) , (D.6)

the density matrix of the two fermions at time ¢ can be written as

p(t) = [p(1) (w(O)] = [x) (x| + In) Gl + €™ ) (rl + e ) (x] - (D.7)
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The reduced density matrix is obtained by tracing with respect to one of the two fermions,
say 2:

p1(t) = cosZ 0 [Ty (T, + sinZ 0 1) (g + (cos3 0 sin B¢t + cos 0 sin® Ge*m) 1T ($q
+ (cos3 0 sinfe " + cos @'sin> Qem) 4, (T - (D.8)

Squaring the above equation and tracing one gets the purity

sin* 26

P(o1(t)) = Tr (p1(t)) =1 — sin? T't (D.9)

and finally the result of eq. (3.18).
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Appendix E

Scattering amplitudes for
neutrino-lepton interactions

In this appendix we derive the scattering amplitudes for the various processes involved. We
shall study the reactions in the rest frame of the initial charged lepton and assume that the
4-momentum exchange is small compared to the mass of the weak gauge bosons myy, mz.
The weak boson propagator in momentum space is given by

j B (g”” - q;;‘]i)
Dy = - E.1
U (51) qz o m]z + ic ( )

withj = W, Z. When g> < m]2 we can neglect all the g terms in Eq.(E.1). Correspondingly
the weak propagator becomes a constant, and the weak interaction is replaced by the effective
Fermi current-current interaction. There are three kinds of reactions to consider: neutral
current interactions like ve + p <> ve + i, charged current interactions like ve + p <> v, +e
and reactions where both charged and neutral current contribute, like v, + ¢ <> v, +e. We
start by computing M (v, + e <> v, + e). We work in the rest frame of the initial electron,
where p, = (m,,0) and p, = (E,, py). The hypothesis of vanishing 4-momentum exchange
implies that p}, = p, and p, = p.. Without loss of generality, we align the z axis with the
neutrino 3-momentum p, = p,,. It is convenient to work in the helicity basis. Here the Dirac

matrices are
0o -1 0 o 1 0
0 _ _ _

with 1 the 2 x 2 identity matrix and o the vector of Pauli matrices. In this basis the
spinors with helicity h = + are

u(h)(p) _ [V Ep + hlp[x™ (p)
\/Ep —hlpIx" (p)
o) = —n| VY Ep — hlp[x=" (p)
\/Ep +hlpIx" ()

respectively for the particle and the antiparticle. The two-spinors x depend upon the orienta-
tion of p. When p is along the z axis or p = 0 (this is the only case relevant to us), we have
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X(+) = ((1)> and X(i) = (2) . The charged current contribution is given by [54]

MCC = f]vee]m

Gr _

= — 5 @ 1= 1s)we) (Ten(-15)e) (E.3)

Only left-handed neutrinos participate in the weak interaction, whereas both the spin orien-
tations must be considered for the electron. We then have

I = 260 (p)y" P (py)
Lie(h) = 2u)(p})y"PLu™ (p) (E.4)

where we have introduced the left-handed projector PL = (1 — -y5) /2 for convenience. The
currents can be easily computed, giving

0 = 2B = D (E + I Dx T (e A (po)
= 2B D E + e Dx T e O (po)
Py = 2y (Ee— el (B + 10, Dx T () x ) (pe)
s = 2 (Bt pe) (B + 10, Dx T (2)a X (pe)
where 0¥ = (1, —0). ! =0, we
have
. = —2V2Em(0,1,~i,0)
I = 2V2Em(1,0,0,1)

Iy = —2V2Em(0,1,i,0)
'l = 2V2Em(1,0,0,1).

It follows immediately that the charged current contribution is zero for opposite initial and
final electron spin projections. On the other hand we find

MEE =8V2GrEsm, Mz =0, (E.5)

Where M"" denotes the amplitude associated to the charged lepton with initial helicity /
and final helicity /. The neutral current contribution for the same process is [54]

Gr a
Me = =5 0" (1= y5)e) (e1u(3h — 8475)) (E6)
with gf, = —3 —|— sin? Oy and g4 = —%. The calculation follows the same steps as before,

yielding Mo = 0= My{ and

MiE = —8V2GrE,m, <sin29w—;>

Ne = —8V2GFE . sin® Oy . (E.7)
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The total amplitude for the process is therefore

1
M T (ve+e” & ve+e ) = —8V2GrE,m, (sin2 Ow + 2>
M " (ve+e < v.+e ) = —8V/2GrE, m, sin? 0y . (E.8)

The situation is similar for the other process in which both neutral and charged current con-
tribute, i.e. v, + p <> vy + e

1
MY+ pu~ o v+u7) —8V2GrE,my, <sir12 Ow + 2)

M (v +p v+ —SﬁGpEVmV sin? By . (E.9)

For the elastic scatterings ve + pt <> Ve + p and vy, + e <> v, + e only the neutral current
contributes. We have

M T (ve+pu~ < ve+p) = —8V2GrE,m, (sin2 Ow — ;)

M (Ve+p~ < ve+p) = —8V2GpE,m, sin® Oy (E.10)
and

M (vy+e” v +e) = —8V2GrE, m, (sin2 Oy — ;)

M (y+e cvte) = —8V2GpE,m, sin? Oy (E.11)

respectively. The quasi-elastic scattering v, + e <> v, + pt is the only process considered
that has an energy threshold and cannot take place with vanishing 4-momentum exchange.
Calling py, p. the initial 4-momenta and p]’,, Py the final 4-momenta, momentum conservation
implies
/
Pv. = Py 1P
as expressed in the rest frame of the initial electron. In order that the neutrino is forward

scattered py || pl, || z, all the three-momenta must lie on the z axis. Projecting the second
equation on this axis and recalling that E, ~ p,, E|, >~ p/,, we obtain by subtraction

E,=py+me. (E.12)

Squaring equation (E.12) we find the muon 4-momentum

_mi—mg £ _m%#—mi E13
Pu = 2m, = Ly = 2m, (E.13)
2 .2
and the energy of the outcoming neutrino E|, = E, — m’Z‘ mzng . Evidently the energy threshold
2 .2
is set by m’ém:ne ~ 10 GeV and the (lightlike) 4-momentum exchange 4 = p, — p,, has

components of the same order g° = g7 ~ 10 GeV. Since q is lightlike, the denominator in

0\ 2
the propagator expression (E.1) is again a constant, but we make an error of order (rZTV> ~
1

zz In neglecting the g-term in the numerator. Nonetheless we stick to the current-current
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interaction, and find the amplitudes as

M (v +e s ve+p) = 8vV2Grme+\/E,E, M (vy+e —ve+pu)=0.

(E.14)
The calculation of the amplitudes for the antineutrinos follows the same steps, except that
now only the right-handed antineutrino participates in the interaction and the quasi-elastic
reactions are U, + e <> v, + . We have

M (Ve v +e) = 8V2GrE,m, <2 — sin? GW)
M~ (o4 & T,4+e7) = —8V2GrE,m,sin’ by . (E.15)
for the ¥, 4+ e <+ 7, + e scattering and
M (T +p~ < 0 +pu") = 8V2GrE,m, (; — sin? 9w>
MW+ p < 0+pu") = —8V2GrE,mysin’ by . (E.16)
for the 7, + p <> U, + p scattering. For the neutral current reactions one finds
M (T, +e” < Uy +e”) =8V2GrEyme M ™ (7u+e < Ty+e ) =0 (E.17)
for v, +e <> v, + e and
MY (O™ < e+ p7) =8V2GrEymy, M (Tep~ & T+ ) =0 (E18)

for 7, + u <> v, + p. Finally, the quasi-elastic scattering is described by the same kinematics
of equation (E.13) and its amplitude is

MTF(Te+e” =T, +p") = 8v2Gpm+/E E/ M (Te+e” =T, +pu")=0.
(E.19)
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