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Introduction

Economic and financial time series seldom exhibit linear behavior. Complex social
structures and interdependencies inherent in macroeconomic and financial dynam-
ics pose significant challenges in studying the underlying phenomena. With ad-
vances in economic analysis, it was recognized early that the behavior of macroe-
conomic and financial variables is conditional on the magnitude, sign, and timing
of disruptions, frequently exhibits heavy tails, and transitions through regimes in
which the underlying mechanisms undergo substantial changes. Capturing such
nonlinearities has long been a central concern within statistical methodology, fos-
tering sustained innovation in applied econometrics over recent decades.

In response to the growing demands arising from developments in finance and
economics, two distinct specifications emerged to address time-varying parameters
(TVPs) in time-series analysis and econometrics, initially classified by Cox (1981)
as observation-driven and parameter-driven models, respectively.

In parameter-driven models, TVPs follow a latent stochastic process with its
own error term. As a result, parameter innovations are not deterministic functions
of past observations, and parameters are only indirectly linked to the data. This
structure generally renders the likelihood function unavailable in closed form. Es-
timation is therefore computationally involved and typically relies on simulation-
based methods. Prominent examples include stochastic volatility models (e.g.,
Taylor, 1994; Kim et al., 1998) and stochastic intensity frameworks such as those
proposed by Bauwens and Hautsch (2006).

In observation-driven models, by contrast, TVPs evolve deterministically as
functions of lagged dependent variables together with contemporaneous and lagged
exogenous variables. While this specification yields an unconditionally nonlinear
data generating process (DGP), the TVPs remain perfectly predictable one step
ahead, conditional on past information. This property allows the likelihood func-
tion to be expressed in closed form via the prediction error decomposition making
estimation and inference more straightforward.

The more tractable estimation process, combined with relatively low computa-
tional cost and ease of interpretation, has made observation-driven models a popu-
lar choice in financial econometrics and statistics. The recognition of volatility clus-
tering motivated the development of the autoregressive conditional heteroskedas-
ticity (ARCH) model by Engle (1982) and its generalization, the GARCH model,
by Bollerslev (1986). These contributions played a central role in the widespread
adoption of observation-driven models and stimulated further innovations, includ-
ing autoregressive conditional duration (Engle and Russell, 1998), the dynamic
conditional correlation model (Engle, 2002), Poisson count models (Davis et al.,
2003), dynamic copula models (Patton, 2006), and the time-varying quantile model
of Engle and Manganelli (2004).

The introduction of the Generalised Autoregressive Score (GAS) framework by
Creal et al. (2008) represents a major advancement in the evolution of observation-



driven models. The central innovation of the GAS framework lies in its use of the
scaled score (s;) of the likelihood function as the driving force behind parameter
dynamics. This approach provides a unified and coherent framework for incorpo-
rating time-varying parameters across a broad class of nonlinear models, encom-
passing and extending many existing observation-driven specifications. In addition,
the GAS framework has opened new research avenues by extending observation-
driven modeling to unobserved components, multivariate point processes with time-
varying parameters, dynamic copulas, and higher-order conditional moments. Ow-
ing to its generality and flexibility, GAS has become a reference methodology for
analyzing dynamic structures in financial econometrics.

To enhance economic and statistical interpretation of the score-driven frame-
work, it is useful to relate it to the classical volatility models discussed above.
Specifically, it can be shown that under Gaussian assumptions, the GAS(1,1) spec-
ification nests the standard GARCH(1,1) model:
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At the same time, this equivalence implies that score-driven dynamics are closely
tied to the information content of the assumed likelihood, which may become overly
restrictive under misspecification. This limitation motivates the methodological
advancements developed in this thesis. Specifically, the thesis focuses on the de-
velopment and refinement of score-driven models to accommodate complex and
highly nonlinear economic and financial DGPs, where standard GAS models may
prove insufficient. Beyond their common methodological foundation, the chapters
are unified by a focus on volatility, uncertainty, and unexpected shocks, with par-
ticular emphasis on episodes such as the Global Financial Crisis (GFC) and the
COVID-19 pandemic.

The thesis takes the reader from univariate financial volatility modeling, through
multivariate state-space analysis with the Kalman filter (Kalman, 1960), to dy-
namic quantile modeling with less restrictive distributional assumptions. Both
univariate and multivariate time-series settings are considered, using parametric
and semiparametric approaches.

Chapter 1 focuses on financial applications and introduces the Realized Dy-
namic Score Exponential GARCH (RDS-EGARCH) model with heavy-tailed and
skewed distributions. The proposed framework extends the score-driven literature
by combining a joint return-realized measure specification with flexible leverage
structures and a two-component volatility dynamics designed to capture persis-
tence and long-memory features.

Empirically, the proposed framework and its specifications improve the joint
modeling of returns and volatility, strengthen the representation of asymmetric
responses, and provide superior in-sample fit. In out-of-sample forecast evalua-

!The notation follows Creal et al. (2008).



tion, they deliver competitive and often improved forecasts of Value-at-Risk and
Expected Shortfall across multiple return series.

At the same time, the out-of-sample evaluation does not indicate uniform dom-
inance across all loss functions, assets, and tail probabilities. In particular, differ-
ences across models are less pronounced under loss functions that primarily focus
on violation frequencies, and the gains from more flexible specifications are partly
asset-dependent. Importantly, the Model Confidence Set analysis (Hansen et al.,
2011) provides more decisive evidence, showing that the baseline RDS-EGARCH
specification consistently outperforms the benchmark beta-skew-t--EGARCH vari-
ants.

Chapter 2 shifts the focus to macroeconomics by estimating the natural rate
of interest in the United States (US), commonly referred to as r-star. Motivated
by the econometric challenges posed by the extreme volatility shocks during the
COVID-19 pandemic, the study introduces a score-driven updating mechanism in
which volatility persistence becomes fully state dependent. The proposed frame-
work, embedded within a score-driven state-space model, is more effective than the
benchmark Laubach—Williams framework (Laubach and Williams, 2003) at disen-
tangling transitory and highly persistent shocks, thereby delivering more accurate
and precise estimates of r-star.

Despite these improvements, some limitations remain. Importantly, the di-
vergence from the benchmark estimates is largely driven by the estimated "other
factors" component, whose economic interpretation remains ambiguous and whose
identification is subject to considerable uncertainty. The relatively low-frequency
nature of the data and the delayed availability of key macroeconomic indicators
may also limit the timeliness of the estimates. In addition, the Phillips curve slope
parameter is estimated with substantial downside uncertainty, limiting the abil-
ity to draw reliable inference on the time variation of the Phillips curve. These
considerations suggest that further work on refining the identification of latent
components and incorporating higher-frequency information could enhance both
the robustness and real-time applicability of the framework.

Motivated by the inconclusive evidence on the Phillips curve slope parameter,
Chapter 3 investigates the conditional distribution of US inflation within a New
Keynesian Phillips curve framework using a dynamic multiple quantile model with
quasi score-driven, time-varying parameters. The proposed specification jointly
models conditional quantiles and allows the Phillips curve slope to vary both
over time and across the distribution, capturing quantile-specific nonlinearities and
evolving inflation dynamics.

The empirical results reveal pronounced time variation and substantial hetero-
geneity in the Phillips curve relationship. The estimated slopes are asymmetric
across the distribution, with the slope generally steepest in the lower quantiles and
progressively flattening toward the upper tail. Time variation is concentrated pri-
marily in the lower and middle parts of the distribution, implying a time-varying
Phillips curve shape.

The findings highlight the importance of expectation formation for identifica-
tion. Short-run expectations generate richer distributional dynamics, while long-
run expectations attenuate higher-order moments but amplify time variation in the
cross-quantile Phillips curve profile. Episodes of flattening, particularly in the lower
tail, are consistent with the missing disinflation following the Great Recession and
the post-pandemic period. Importantly, these results, especially the consistently
flat slope in the upper tail, are robust across specifications.



Chapter 1

Modeling Volatility in Finance: The

Realized Dynamic Score Exponential
GARCH

This chapter is based on joint work by Tibor Pdl, Giuseppe Storti, and Kok Haur
Ny, entitled “Realized Dynamic Score Exponential GARCH”, currently under devel-
opment as a working paper.

Abstract

This chapter introduces the Realized Dynamic Score Exponential GARCH model
with heavy-tailed, skewed conditional distributions for the joint modeling of re-
turns and a realized range-based volatility measure. Beyond embedding the score-
driven framework within volatility dynamics, a key feature of the model is an
enhanced leverage effect, with leverage functions specified in both quadratic and
score-driven forms and incorporated into both the measurement and volatility equa-
tions. The score-driven dynamic relationship between returns, realized range, and
future volatility, together with flexible error distributions, improves empirical fit
relative to the beta-skew-t-EGARCH specification. In addition, a two-component
structure is introduced to capture persistent volatility dynamics and long-memory
behavior. Empirical analysis based on the S&P 500 and two individual assets re-
turn series indicates that the proposed model provides superior in-sample fit and
competitive, often improved, out-of-sample VaR and ES forecasts. These results
reflect an improved ability to capture volatility dynamics, particularly during pe-
riods of market turbulence.

1.1 Introduction

Modeling volatility is a central theme in financial econometrics, as understanding
volatility dynamics is fundamental to asset pricing, risk management, and forecast-
ing. Volatility clustering, the key stylized fact that motivated the development of
the canonical autoregressive conditional heteroskedasticity (ARCH) and general-
ized autoregressive conditional heteroskedasticity (GARCH) models (Engle, 1982;
Bollerslev, 1986), is naturally captured within the baseline formulations of this



modeling framework. However, these models often provide a limited account of
other empirical features of financial returns, such as heavy tails, skewness, lever-
age effects, and long memory in volatility, particularly under non-standard market
conditions. Moreover, rapid shifts in volatility can cause standard GARCH-type
models to adjust slowly to new volatility regimes.

This study aims to address these challenges jointly. To this end, we introduce a
variant of the realized GARCH model that employs score-driven updating dynamics
to jointly link the return process and realized range volatility, where volatility
dynamics are driven by the scores from both the return and measurement equations.
We refer to this specification as the Realized Dynamic Score Exponential GARCH
(RDS-EGARCH) model.

The proposed framework makes several contributions. First, it jointly exploits
information from returns and realized range-based volatility within a unified score-
driven updating mechanism. Second, it incorporates a two-component volatility
structure to more effectively capture persistence. Third, it extends the modeling
of leverage effects by including both quadratic and score-driven terms in the re-
turn and measurement equations. Finally, it combines these features with flexible
heavy-tailed and skewed conditional distributions, enhancing robustness to extreme
observations.

Early contributions in the literature propose a broad range of model extensions
that address specific empirical features of volatility dynamics, but typically in isola-
tion. Heavy tails were incorporated into GARCH models by Bollerslev (1987) and
later generalized to allow for asymmetric tail behavior by Hansen (1994). Recogniz-
ing the asymmetric impact of returns on conditional volatility, leverage effects were
introduced through the EGARCH model of Nelson (1991) and the GJR-GARCH
model of Glosten et al. (1993), among others. Persistence in volatility was fur-
ther addressed by introducing dynamic component structures, most notably in the
seminal work of Ding and Granger (1996), which showed how component-based
models can approximate long-memory behavior. Relatedly, long-memory dynamics
were formalized explicitly within the fractionally integrated GARCH (FIGARCH)
framework of Baillie et al. (1996). However, component models, such as that of
Ding and Granger (1996), provide a more tractable tool for modeling persistent
volatility dynamics, overcoming the statistical difficulties implied by the use of
fractionally integrated dynamic models.

Although these frameworks provide essential building blocks for both researchers
and practitioners, they adapt slowly to changes in volatility during periods of mar-
ket stress. This limitation primarily stems from the reliance of the volatility dy-
namics on a reduced set of information. The development of the score-driven
framework (Creal et al., 2008) marked an important milestone in this respect.
Specifically, when the dynamics depend on the conditional score rather than spe-
cific conditional moments, and the score is derived from a heavy tailed density,
the resulting volatility update reacts more strongly and quickly to large but ad-
missible shocks under that density. Moreover, Harvey and Sucarrat (2014) showed
that combining score-driven dynamics with a skew-t distribution yields additional
robustness by downweighting observations that would be considered outliers under
Gaussianity.

Despite the substantial advances offered by the score-driven framework, its per-
formance remains constrained when the updating equation relies solely on an in-
dividual signal, as a single return observation conveys limited information about
the prevailing volatility. Consequently, as noted by Andersen et al. (2003), return-



based filters often fail to capture abrupt shifts in the true volatility level. With the
emergence of realized volatility measures based on high-frequency data, Hansen
et al. (2012) introduced the realized GARCH framework for modeling returns and
volatility jointly. By incorporating a measurement equation that links the realized
measure to the conditional variance, the framework expands the information set
used to update volatility dynamics.

Building on evidence that realized measures are often distorted by jumps (Op-
schoor et al., 2018), Harvey and Palumbo (2023) extended the score-driven method-
ology to modeling realized volatility. Using members of the exponential generalized
beta of the second kind (EGB2) distribution family, the model accommodates these
distortions and achieves robust updating through the conditional score. Although
this approach provides a flexible and practical framework for modeling realized
volatility on its own, it does not utilize information embedded in the return pro-
cess. In addition, a model for realized volatility alone cannot generate tail risk
forecasts in a fully coherent manner unless embedded in a joint return—volatility
specification, which limits its applicability in risk-management settings.

Against this background, the Realized Dynamic Score Exponential GARCH
(RDS-EGARCH) model is proposed to jointly model asset returns and realized
range volatility. The score-driven framework provides a systematic approach to
updating volatility dynamics based on the score of the conditional density, allowing
for closed-form likelihood and efficient estimation.

Within this framework, leverage effects, persistence, and distributional flexi-
bility are incorporated through augmented score-driven terms, a two-component
volatility structure, and heavy-tailed skewed conditional distributions.

Finally, we demonstrate the empirical relevance of the proposed model through
applications to the Standard & Poor’s (S&P) 500 index as well as individual as-
sets, namely AAPL and BAC. The results indicate that our specification improves
in-sample fit and delivers competitive, often enhanced, out-of-sample performance
in forecasting value-at-risk (VaR) and expected shortfall (ES) relative to bench-
mark beta-skew-t-EGARCH variants. Taken together, these findings highlight the
benefits of embedding realized measures and flexible error distributions within a
score-driven EGARCH framework for financial volatility modeling.

The remainder of the chapter is organized as follows. Section 1.2 presents the
statistical framework of the proposed model, focusing on volatility dynamics with
leverage effects, score-driven updating, and estimation. Section 1.3 reports the
empirical analysis and model comparison, with particular emphasis on forecast
evaluation. Section 1.4 concludes the chapter.

1.2 The statistical framework

The proposed model builds on the realized GARCH framework of Hansen et al.
(2012). This framework jointly models returns and realized volatility, linking the
realized measure to the latent conditional volatility through a measurement equa-
tion. As a result, it explicitly accounts for measurement errors in realized measures
and allows conditional volatility to react more promptly and smoothly to informa-
tion extracted from high-frequency data. For ease of presentation, we will start
with a simple baseline version of the RDS-EGARCH model and then gradually
deepen our analysis of its components.



The structure of the baseline RDS-EGARCH model takes the form

T = opze = exp( )z, (1.1)
Ui = weaker = wy exp(pAi)ey, (1.2)

where r; is the log-return of an asset at time ¢, that is r, = In(F;) — In(P,_;), where
P, is the price at time ¢, y; is a realized volatility measure entering the measurement
equation defined in Eq. (1.2), oy = exp()\) is a time-varying scale parameter that
is assumed to be a function of the information set up to time ¢t — 1, Z; ;.

In the baseline specification of the RDS-EGARCH model, the dynamics are
driven by the two mutually independent error terms, z; ~ i.i.d. F(u,), and & ~
i.i.d. G(ue), where F/(u) denotes a distribution with mean p and G is a distribution
with positive support. For ease of exposition, we impose E[r; | Z;_;] = 0, consistent
with treating z; as a zero mean innovation.

The parameters w, and p are scaling parameters, whose role is to align the
level of the realized measure with the latent volatility. Namely, they correct for
the systematic scaling bias (e.g., Christensen and Podolskij, 2007) of the realized
measure and allow to isolate the dynamics in \;, ensuring that e; reflects only pure
innovations. Although we do not explicitly implement bias-corrected estimators
as in Christensen et al. (2009), the scaling parameters, together with the score-
driven updating mechanism, can partially account for persistent distortions arising
from market microstructure noise in the level of the realized measure. This does not
substitute for explicit bias correction, and incorporating adjusted realized measures
represents a natural extension for future research.

The following subsections introduce the dynamic representation of the volatility
and present the additional specifications that lead to the final version of the model.

1.2.1 Heavy tails and skewness

This section provides insight on the distributional framework underline the RDS-
EGARCH model presented in Egs. (1.1)—(1.2). Our settings allow to account for
the presence of heavy tails and skewness in the conditional distribution of returns,
which is a well known stylized fact. To this aim, the returns innovations z; are
assumed to follow a skewed Student’s ¢ distribution, z; ~ i.i.d. Skew-t(v,~y) where
v (v > 2) is the degrees of freedom parameter and v is an additional parame-
ter controlling skewness. More specifically, the skewed ¢ distribution is obtained
through contamination of a t(v) distribution following the methodology proposed
by Fernandez and Steel (1998): given a variable z whose density f(z) is contin-
uous, unimodal and symmetric around zero, skewness is achieved by introducing
inverse scale factors in the positive and the negative orthant (see Fernandez and
Steel, 1998, for more details). The resulting distribution is able to account for both
heavy tails and skewness and its density is given by

2 2t
f(zt | 7) = ’Y‘{"}/fl f<,-)/sgn(zt)) ) (13)

where z; becomes uncentered, with v € (0,00) governing the degree of skewness.
Symmetry occurs at v = 1, while values of v < 1 and 7 > 1 indicate negative and
positive skewness, respectively.

As observed by Giot and Laurent (2003), the conditional expectation of the
demeaned return

Et—1[7“t] = Mz eXp()\t\t—1)7 (1-4)
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where g, is the uncentered mean, is not constant. Consequently, r; cannot be
martingale difference (MD). To restore the MD property, following Harvey (2013,
Sec. 4.1, p. 146), the model is reformulated as

e = =z exp(Age—1) + exp(Aee—1) 2, (1.5)

where, given the skew t distribution assumed in the return process, p, is defined

as
v—1 1 v—1

o= 1) RORD (1) T
oo ANONG
In the measurement equation, we use the Burr (or Singh Maddala) distribution
to match the positive support of the observations. The Burr distribution is a special
case of the generalized beta of the second kind (GB2) density, which allows for fat-
tailed behavior through its two shape parameters. Using a fat-tailed distribution is
important to accommodate the outliers commonly observed in high-frequency data.
Our choice for the Burr distribution is also supported by Harvey and Palumbo
(2023) as they identify it as one of the best performing specifications for modeling
realized volatility in a score-driven settings. The standard form of GB2, as given

in Kleiber and Kotz (2003), is

(1.6)

a(yy /o)
ft—l(yt;atvaapa(_D = ) O<yt < 00, Oét7aap7Q>07
A B(p, q) [(re/on)® + 177

where oy = exp()\;) is the scale parameter, a, p, and ¢ are the shape parameters,
and B(p, ¢) denotes the beta function; the notation f; ; indicates conditioning on
information available at time ¢ — 1. We use the Burr specification obtained by
setting p = 1 in the GB2 density that results in

aq(y:/a:)*!
o [(rt/ozt)a + 1}

ft—l(yt;ahaaQ) - 1+q° 0< Y < 00, Qg,a,q > 0.

In order to enhance the flexibility of the model, we work with the exponential
Singh-Maddala (ESM) distribution, obtained by applying a logarithmic transfor-
mation to the measurement equation. Consequently, Eq. (1.2) is now expressed

as
xy = logw, + pA; + log ey, (1.7)

where z; = log(y;), with conditional location logw, + pA;. Finally, the density
function of the ESM distribution takes the form

aq exp{a(r; —logw, — pAy)}
[1 + exp{a(z; — logw, — pAt)}} b

feo1(@; My a, ¢, we, p) = a,q,p > 0.

1.2.2 ML Estimation

This section focuses on the ML estimation of the RDS-EGARCH model outlined in
Egs. (1.19)—(1.18). Relying on standard probability arguments and on the assumed
independence of the returns and measurement errors, z; and ¢, the joint conditional
distribution of (r;, z;) given Z;_; can be factorized as follows

frw,tfl (T’t, SUt) = fr,tfl (Tt)fx|r,t—1($t ’Tt)- (1-8)
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After taking logs, Eq. (1.8) leads to the following additive decomposition for the
conditional log-likelihood

ln fm},t—l(rta xt) = grz,t—l(rb L 9) = gr,t—l(rt; 9) + £z|r,t71(xt; 9)7 (19)

where 6 is the vector of static model parameters to be estimated, £,, ;(r:;6) =
In fri—1(r4;0) and £, 1(2;0) = In fu—1(24;0). Under distributional assumption
in Sec. 1.2.1, the returns log-likelihood component ¢, (r; 6) is given by

t, =In(2) —In (wr %) +1n (F (”; 1>> ~n(r(3))

_ In(7v) B W +1 In(1+ (re + paexp(Ae))?
5 t 5 M ~y2sign(retpzexp(A))exp (2 )v )

(1.10)

while the log-likelihood component related to the measurement equation is
Copri—1(2;0) = In(a) + agy +1In(q) — (1 + ¢) In(exp(ae;) +1). (1.11)
The MLE of 6 is then defined as the minimizer of the log-likelihood in Eq. (1.9)

0 = argmax l,p 11 (7, 243 0).
0

1.2.3 Scale dynamics

Differently from the standard realized GARCH framework, since z; is not con-
strained to have a unit variance, the scale parameter a; can be interpreted as
the conditional variance of returns only up to a proportionality factor. Relying
on an exponential link function, the dynamic model is then specified for the log-
transformed scale );. Furthermore, compared to the standard realized GARCH
specification a distinctive feature of the proposed modeling framework is the incor-
poration of a score-driven updating mechanism. The key components in the scale
dynamics are the conditional scores of the likelihood functions, which feed new
information into the scale updating mechanism. In addition, as will be shown, the
score-driven framework naturally accommodates a leverage channel, through which
the conditional score of the return innovation density drives asymmetric effects on
volatility.

More precisely, there are three key departures from the general form of the
realized GARCH model of Hansen et al. (2012). First, the dynamic specification
of A\ adopts a two-component structure, similar to Harvey and Sucarrat (2014).
This component structure allows to reproduce long memory behavior, in line with
Ding and Granger (1996) who have shown that a component GARCH structure can
generate patterns which are observationally equivalent to long memory. It is worth
noting that, in order to guarantee identifiability of the components and avoid the
so called exchangeability problem, it is necessary to introduce constraints on their
persistence. These constraints allow to refer to the two components as the long
and short memory components, respectively.

The volatility level is therefore expressed as a linear combination of the two
components, each governed by its own autoregressive (AR) dynamics. This struc-
ture enables the model to capture both highly persistent movements and short-
term rapid responses to new information. Modeling the dynamics of long- and
short-term volatility separately has some obvious advantages, including a clearer
characterization of the leverage effect, as it will be later discussed.

11



Second, instead of including the realized measure directly in the GARCH equa-
tion, the model uses the conditional score of the measurement error density to drive
the volatility updates.

Third, the dynamic model for \; can be further generalized to include an addi-
tional leverage term, which can generate dynamic asymmetric effects on volatility.
This can be technically achieved by adding to the specification of the short memory
component a term that depends on the sign of past returns as well as on the score
of the conditional returns log-likelihood.

The resulting (baseline) specification for \; is

At =wy + A+ gy, (1.12)
A4l = Q1A + K11y + K12Us g, (1.13)
A241 = Paday + Koty + Koolla g, (1.14)

where A\;; and Ay, characterize the long-term and short-term components, respec-
tively; u,; and u,, are the scores of the log-likelihood components implied by the
returns and measurement equations, respectively:

agr t—1
= : 1.1
ur,t a>\t ) ( 5)
aga} t—1
xr - ’ 9 1.]_
Ug,t 8/\75 ( 6)

where 6 is a vector collecting the static parameters of the model. For ease of
reference, u,; and u,; will be referred to as the returns and measurement scores,
respectively.

The long-term component, denoted by A;,, typically has an AR coefficient ¢,
close to one, or is even set to unity. In contrast, the short-term component, Ay,
usually places relatively greater weight on the score innovations k9; and koo and
is combined with a smaller AR coefficient. The model is not identifiable when
¢o2 = ¢1. Therefore, following Harvey and Sucarrat (2014), identifiability and
stationarity are ensured by restricting the AR coefficients to satisfy 0 < |¢o| <
|¢1] < 1. This constraint also prevents the exchangeability of the long- and short-
term components.

The two conditional scores, u; ; and us;, which enter both components together
with their associated weight parameters k11, k12, K21, and kg, collect information
embedded in the likelihood densities associated with the return and measurement
equations.

1.2.4 Leverage effect

Although introducing skewness can induce a slight leverage effect, Harvey (2013)
finds that this effect is modest in magnitude. The model therefore incorporates
two distinct mechanisms through which the leverage effect can operate directly.

First, following Harvey (2013), we introduce a leverage term in the volatility
dynamics. Consistent with Engle and Lee (1999) and subsequent findings, this is
restricted to operate only through the short term dynamics. Thus, the short-term
component defined in Eq. 1.14 becomes

A2t = QaAofi—1 + Korllyy + Koollg s + K sgn(—r¢) (upy + 1), (1.17)

where k* determines the contribution of the leverage term.
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Note that we restrict the leverage function to u,; to ensure that volatility asym-
metry is driven solely by signed return innovations. Since the realized measure is
defined on a positive support, its score u,; reflects magnitude rather than di-
rectional shocks. Including u,; in the leverage term would therefore introduce
sign-independent variation and weaken identification of the weight parameter x*.

Second, as in Hansen et al. (2012), an additional leverage function enters the
measurement equation in a simple quadratic form of 7(z) = 712 + (22 — 1).
Consequently, the measurement equation defined in Eq. (1.7) is modified to

xy = logw, + pA + loge; + 7(2). (1.18)

As shown below, allowing the leverage effect to operate through multiple chan-
nels makes the model more flexible and further improves its ability to capture the
dynamic relationship between returns and volatility.

1.2.5 Score-driven dynamics

Within the proposed modeling framework, the volatility dynamics are governed
by an updating mechanism driven by the conditional score of the joint likelihood.
Specifically, the returns and measurement conditional scores, which extract infor-
mation from the likelihood components associated with the returns and measure-
ment equations, respectively, enter both the long- and short-term components of
volatility dynamics.

In this section, we provide analytical derivations of the returns and measurement
conditional scores under the frameworks introduced in Sections 1.2.1, 1.2.3, and
1.2.4. More specifically, we assume a skew t distribution for the returns innovation
2, a Burr distribution for the measurement error £;; the long- and short- term
volatility components are specified as in Eq. (1.13) and Eq. (1.17), respectively,
while the measurement equation is defined as in Eq. (1.18). Analytically, the
general RDS-EGARCH takes the form

T = exp(N\)z = oy 2y, ( )
At = wx + A + Mgy, ( )
Ar1 = P11 + Bl + K12l (1.21)
A1 = Padot + Koty + Koollpy + K sgn(—7¢) (Upe + 1), ( )
xy = logw, + pA¢ + log e + 7(2). (1.23)

Formally, the returns score is computed as

1) [r? 2 A
Upp = (V+ )[rt + T eXp( ;f)] . 17 (124)
T exp(2A) B £ G

where the term ¢, is given by
cr = 1y + o exp(Ay).
The measurement score is derived as
Uz = —aexp(—2X) (272 7] + i exp(Ne) 7t — pexp(2 ) by, (1.25)

where b; is given by

_qdy—1
od+ 17

by
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with the term d; specified as
dy = exp (—mpexp(—2 ;) rf — 1 exp(—=A) 1 — pA — wy + T2 + 1)

The analytical expressions for u,; and u,; derived in Eq. (1.24) and Eq. (1.25),
respectively, make clear that the dynamics of the two components, A\;; and Ay
non-linearly depend, through both w,; and u,,, on the past squared returns as well
as on past values of the realized measure, through ;. Also, it is worth noting that
the score components depend on the return r;, thus contributing to the estimation
of the leverage effect through a third channel, in addition to those highlighted in
Section 1.2.4. Therefore, past values of the score contribute to the dynamics of
the scale parameter )\; in a very complex way, leveraging on both low and high
frequency information.

1.3 Empirical analysis

1.3.1 Data description and estimated models

The in-sample analysis is based on the high-frequency data for the S&P 500 index
over the period from 3 November 2009 to 22 October 2024, comprising a total
of T" = 3767 trading days. The forecasting exercise additionally considers two
individual assets, Apple Inc. (AAPL) and Bank of America Corporation (BAC),
for which data are available over the period from 5 January 1998 to 25 October
2024.

The realized volatility measure is constructed from intraday one-minute prices
observed during standard trading hours. Specifically, we use a volatility estimator
based on the realized range (RR), defined as y; = v/ RR;, which has been shown to
exhibit lower mean-squared error than realized variance, supported by simulation
and empirical evidence (Martens and van Dijk, 2007). The estimator aggregates
intraday high—low price ranges and applies a scaling factor originally proposed by
Parkinson (1980) to obtain a range-based estimate of daily variance.

Formally,

1 1

RR, = —— ; (InHy,; —InLy;)*, (1.26)
where
H; = 1g§ag>;t{ln(Pt’s)}, Ly; = 12;2}“{1“(3,5)}-
Here, s = 1,2,...,n,; indexes intraday observations and t = 1,2,...,7T indexes

days. The range of P, , within each interval ¢ measures the dispersion of intraday
prices.

Aggregating intraday price dispersion in this way produces a daily realized range
measure that complements return-based information on volatility.

Descriptive statistics for S&P 500 index returns and the associated realized
range are reported in Table 1.1. The realized range has a mean of 0.98 and a
standard deviation of & = 2.45, indicating substantial variability. Its unconditional
distribution is highly right-skewed (¢ = 15.45) and exhibits extremely large excess
kurtosis (7 = 399.80), reflecting the presence of extreme observations. The Jarque-
Bera (JB) test strongly rejects the null hypothesis of normality, confirming the

highly non-Gaussian nature of the realized range-based volatility measure.
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Returns display a mean close to zero (g = 0.03) and a standard deviation of
0.89. The distribution is moderately negatively skewed ({ = —0.64) and leptokurtic
(r = 9.69), indicating asymmetry and heavy tails. The JB test again rejects
normality, consistent with the well-documented empirical properties of financial
return series.

Table 1.1: Summary statistics of S&P 500 index returns and realized range

Variable I o ¢ 1% JB test
Realized range 0.981 2.452 15446 399.800 2.49 x 107 (0.000)
Returns 0.026 0.886 -0.641 9.695 7293 (0.000)

Note: Parentheses report p-values.

Overall, these empirical characteristics motivate the adoption of flexible volatil-
ity models that jointly account for heavy tails, asymmetry, and the presence of
extreme observations in realized range-based volatility measures.

Model evaluation and comparison are conducted across six specifications. The
first two are beta-skew-t-EGARCH models: the original formulation of Harvey and
Sucarrat (2014), used here as the benchmark and denoted btE(1), and an extension
that incorporates the realized range into the short-term volatility dynamics, de-
noted btE(2). Specifically, we add a new term to the short-term dynamic volatility
component of Eq. (1.14), including the realized measure z; weighted by parameter
0. We consider these specifications to assess the information content and its im-
pact on the forecast performance of the unmodeled realized measure relative to the
score-driven volatility update.

The remaining four models correspond to alternative specifications of the RDS-
EGARCH model described in Section 1.2. Specifically, the third model, RDS(1),
considers the baseline RDS-EGARCH with a one-component structure and no ad-
ditional leverage channel. The fourth model, RDS(2), introduces a two-leverage
structure while retaining a one-component specification. The fifth model, RDS(3),
corresponds to the fully specified RDS-EGARCH with a two-component struc-
ture and two leverage channels. Finally, the last specification, RDS(4), applies
the same realized measure extension as in the alternative beta skew-t-EGARCH
framework. This nested modeling scheme, progressing from the most parsimonious
RDS-EGARCH specification to more general variants, is designed to facilitate iden-
tification and the evaluation of the marginal contribution of the modeling compo-
nents introduced in Section 1.2. The considered models and their shorthands are
summarized in Table 1.2, which provides a compact overview of the specification
hierarchy.

Table 1.2: Overview of model specifications

Shorthand Model Specification

btE(1) beta-skew-t-EGARCH (Harvey and Sucarrat, 2014)
btE(2) beta-skew-t-EGARCH with RR in the volatility process
RDS( RDS-EGARCH with one-component, single leverage

1)
(2) RDS-EGARCH with one-component, two leverage channels
RDS(3) RDS-EGARCH with two-component, two leverage channels
(4) RDS(3) with RR in the volatility process
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1.3.2 In-sample analysis

Table 1.3 reports parameter estimates, model fit, and diagnostic measures for the

beta-skew-t-EGARCH and RDS-EGARCH models, based on the specifications in
Table 1.2, estimated on demeaned S&P 500 index returns.

Table 1.3: Parameter estimates, model fit, and diagnostic measures

Parameter btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
wx -0.415  -1.039 -0.026 -0.032 -0.580 -0.037
(0.164] [0.005] [0.004]  [0.004]  [0.076]  [0.096]
0.51 0.538 0.537 0.530
[0.011]  [0.013]  [0.013]  [0.014]
p 1.031 1.030 1.049 1.025
[0.020]  [0.020]  [0.030]  [0.030]

Long term components

Wy

o 0.995 0.997 0.986 0.988
[0.004]  [0.005] [0.004]  [0.003]
K11 0.026 0.010 0.026 0.009
[0.009]  [0.004] [0.005]  [0.002]
K12 0.026 0.012

0.010]  [0.004]

Short term components

P2 0.920 0.782 0.945 0.947 0.707 0.877
[0.014] [0.047]  [0.004] [0.003] [0.004] [0.043]

K21 0.047 0.041 0.052 0.056 0.032 0.035
[0.013] [0.009]  [0.004] [0.004] [0.006] [0.004]

Koo 0.122 0.090 0.058 0.035
[0.010] [0.007] [0.010] [0.008]

6 0.281 0.166
[0.075] [0.036]

Shape

v 6.220 6.714 10.768 7.280 7.272 6.938
[0.604]  [0.70] [1.535] [0.707] [0.687] [0.657]

y 0.802 0.799 0.848 0.780 0.789 0.792
[0.018] [0.019]  [0.023] [0.018] [0.019] [0.008]

a 8.075 8.900 8.999 9.470
[0.240] [0.263] [0.272] [0.290]

q 0.639 0.578 0.575 0.531
[0.035] [0.032] [0.032] [0.029]

Leverage

K* 0.074 0.071 0.055 0.058 0.052
[0.006] [0.007] [0.003] [0.003] [0.003]

Ty -0.011 -0.036 -0.035 -0.040
[0.006] [0.005] [0.006] [0.005]

Ty 0.050 0.031 0.032 0.030
[0.003] [0.003] [0.003] [0.003]

Model fit

LogL: 7, -3971.6 -3937.9 -3939.2 -3902.9 -3907.8 -3901.7
LogL:x, -315.5 -130.7 -100.8 -78.1
Total LogL -3971.6 -3937.9 -4254.6 -4033.6 -4008.6  -3979.8
AIC 7959.1 7893.8  8533.3 8093.2 8049.2 7993.7
BIC 8009.0 7949.9  8608.1 8174.2 8148.9 8099.7

K-S test:r, 0.022  0.020 0023 0022 0020  0.020
(0.049) (0.100) (0.034)  (0.060)  (0.072)  (0.098)

K-S test:z, 0012 0012 0013  0.010
(0.637)  (0.617)  (0.459)  (0.838)

Note: btE denotes the beta—skew-t-EGARCH specification of Harvey (2013). RDS refers to the
Realized Dynamic Score EGARCH model. Standard errors of parameter estimates are reported in
square brackets; LogL: denotes the log-likelihood; and the K-S test reports Kolmogorov—Smirnov
statistics, with p-values shown in parentheses.

16



In all specifications, inertia in the long-term component is strong, with ¢, close
to unity. Such large AR coefficients are consistent with the long-memory charac-
teristics typically observed in volatility dynamics. Together with their statistical
significance, these estimates suggest that the model appropriately identifies the
long-term component under the two-component specifications.

Both leverage effects and negative skewness are pronounced across all models.
In specifications with an additional leverage channel, the estimated parameter x*
associated with the score-driven leverage term is consistent with the standard in-
terpretation that volatility increases following large negative returns. Similarly,
the leverage function 7(z;) in the RDS-EGARCH models exhibits the expected
pattern, as reflected in the sign and statistical significance of its coefficients. No-
tably, moving from RDS(1) to RDS(2), i.e. introducing a second leverage channel,
leads to a substantial improvement in model fit. This provides strong support for
incorporating leverage effects in both the measurement equation and the volatility
dynamics. Regarding distributional asymmetry, the estimated skewness parameter
is around 0.8 under all specifications, indicating a left-skewed return distribution
with a higher likelihood of large negative outcomes relative to positive ones.

Turning to the model fit, the distributional assumptions for the measurement
innovation appear reasonable, as the Kolmogorov—Smirnov (K-S) test does not re-
ject the null hypothesis at the 0.05 significance level in any case. In contrast, for the
return disturbances the null is rejected under the baseline specifications (btE(1)
and RDS(1)), with p-values of 0.049 and 0.034, indicating mild deviations from
the assumed skew-t distribution. Based on the partial log-likelihood for returns,
the btE(2) and the RDS-EGARCH models strongly dominate the baseline skew-t-
EGARCH, highlighting the gains from incorporating realized measures into return
volatility models. Introducing the additional RR component improves the fit in
both model classes, as confirmed by the information criteria. For the extended
RDS-EGARCH model, however, the improvement arises mainly in the measure-
ment equation, while the gain in the return equation is marginal. Taken together
with the strong significance of the weight parameters, these observations have three
potential implications. First, the realized measure is a relevant signal for the return
process. Second, the score associated with the measurement equation extracts this
information more effectively than directly using the unfiltered realized measure.
Third, the marginal improvement in the return equation suggests that the infor-
mational contribution of these scores to the return dynamics is already near its
upper bound.

To further investigate model performance, we conduct forecast evaluation with
a variety of backtests in the following section. We base this exercise on both
the predicted out-of-sample VaR and ES, which allows us to assess whether the
volatility updating channels provided by different specifications lead to significantly
improved predictive accuracy, particularly in the tails.

1.3.3 Forecast evaluation

We use the models described in Table 1.2 to forecast ES and VaR for the daily
returns of the S&P 500 index and two additional assets. Specifically, we consider
Apple Inc. (AAPL) and Bank of America Corporation (BAC) to assess model
performance at the individual asset level.

The out-of-sample evaluation is based on the last 1200 observations in the
dataset. For the S&P 500, the initial estimation window spans from November
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3, 2009, to January 15, 2020, after which one-step-ahead forecasts are generated.
For the two additional assets, the estimation window starts on January 5, 1998.
The window is then rolled forward until the final forecast date, October 22, 2024,
corresponding to the last available observation.

The out-of-sample interval covers several major episodes of market stress. The
evaluation begins prior to the first shocks of COVID-19 in February 2020, which
produced exceptional uncertainty and extreme market turbulence. It also contains
the onset of the Russia—Ukraine war in early 2022, a sudden geopolitical shock that
generated sharp movements in equity and energy markets. Additionally, the period
encompasses the global inflation surge from the second half of 2021 through 2022,
followed by subsequent monetary tightening, characterized by elevated macro un-
certainty. In addition, the evaluation window encompasses the US regional banking
stress in March 2023, which triggered a brief but intense spike in risk premia. This
episode is particularly relevant for Bank of America Corporation (BAC), as height-
ened financial sector stress amplifies asymmetric responses in volatility, making
it a natural setting to assess specifications with two leverage channels. Finally,
the analysis ends after the election-driven risk and renewed geopolitical tensions
from mid-2024 to October 2024. The presence of these episodes in the forecasting
horizon allows a robust comparison of model performance during volatile market
conditions, where tail risk forecasting is most relevant.
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Figure 1.1: Estimated VaR at the 5% level for daily returns of the S&P 500 index over the
period November 2009 to October 2024. The dashed vertical line separates the estimation period
(left-hand side) from the out-of-sample forecast period (right-hand side). To improve readability,
the RDS(1) and RDS(2) models are omitted.

Figure 1.1 displays the fitted VaR at 5% level for the S&P 500 return series for
the four considered models. The figure includes the entire sample period, covering
both the estimation and evaluation windows. The major volatility episodes align
with the pronounced declines in the estimated VaR levels. The figure shows that
the average estimated VaR shifted downward in the out-of-sample period, driven
primarily by increased uncertainty in the post-COVID era. Although the estimates
from the different specifications track each other closely, noticeable discrepancies
emerge around unexpected volatility shocks. Notably, the VaR computed by the
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beta-skew-t-EGARCH specification with the realized measure is more conservative
during these episodes, most clearly during the period affected by the COVID-19
pandemic.
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Figure 1.2: Estimated VaR at 5% level for daily returns on the S&P 500 index, over the period
December 2019 to July 2020. The dashed vertical line separates the estimation period (left-hand
side) from the out-of-sample forecast period (right-hand side). To improve readability, the RDS(1)
and RDS(2) models are omitted.

Figure 1.2 zooms in on the interval most affected by the initial COVID-19
shocks to more clearly reveal the variations in the VaR levels. Before the first
shock, the estimates are closely aligned, but from the onset of the pandemic, the
beta-skew-t-EGARCH specifications diverge markedly from the new models. In-
terestingly, while the benchmark model yields more optimistic VaR estimates, its
alternative specification produces notably more conservative VaR levels than the
RDS-EGARCH models. This behavior likely reflects the noisy nature of the realized
measure. When the realized measure is not modeled explicitly, its signal distur-
bance can transmit directly into the volatility forecasts, generating large jumps.
In addition, including the realized measure in the volatility dynamics with a static
weight parameter limits the flexibility to down-weight such jumps, which the score-
driven update would otherwise absorb.

Following the most volatile days, all VaR estimates revert to more moderate
levels, yet they remain above their pre-COVID levels and exhibit higher variabil-
ity. While the deviations are smaller in magnitude, the two beta-skew-t-EGARCH
models continue to depart periodically from the other two specifications. However,
the direction of these departures is no longer unequivocal, with several episodes
showing movements in the opposite direction compared with the most turbulent
days. Overall, these observations suggest that directly incorporating the realized
measure into the volatility dynamics has a substantial impact on the benchmark
model. In contrast, it has only a limited effect on the RDS-EGARCH model.

To further investigate the visually apparent differences in the VaR estimates, we
conduct a battery of standard VaR backtests summarized in Table 1.4 on the out-
of-sample forecasts. Tables 1.5-1.7 report the results across the considered return
series and tail probabilities.

For the S&P 500 (Table 1.5), backtesting at the least conservative level, a =
0.10, indicates broadly similar performance across all specifications, with no sys-
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Table 1.4: Summary of VaR backtesting procedures

Abbreviation  Full name Reference

TUFF Time-until-first-failure test Kupiec (1995)

POF Proportion-of-failures test Kupiec (1995)

CC Conditional coverage test Christoffersen (1998)

CCI Conditional independence test  Christoffersen (1998)

DQ Dynamic quantile test Engle and Manganelli (2004)

Table 1.5: VaR backtesting across risk levels for S&P 500 returns

a=0.10 a = 0.05

TUFF POF CC CCI DQ TUFF POF CC CCI DQ
btE(1) 0.616 0.567 0.499 0.303 0.902 0.295 0.513 0.019 0.006 0.141
btE(2) 0.616 0.296 0.346 0.310 0.347 0.295 0.792 0.033 0.009 0.081

RDS(1) 0.616 0.131 0.317 0.902 0.717 0.295 0.016 0.047 0.558 0.078
RDS(2) 0.616 0.074 0.106 0.131 0.351 0.295 0.012 0.021 0.242 0.046
RDS(3) 0.616 0.131 0.083 0.101 0.482 0.295 0.031 0.028 0.113 0.081
RDS(4) 0.616 0.090 0.083 0.148 0.579 0.295 0.022 0.005 0.021 0.083

a =0.025 a=0.01

TUFF POF CC CCI DQ TUFF POF CC CCI DQ
btE(1) 0.136 0.854 0.432 0.200 0.363 0.048 0.572  0.722 0.565 0.591
btE(2) 0.136 0.573 0.458 0.265 0.520 0.100 0.269 0.438 0.511 0.594
RDS(1) 0.136 0.111 0.273 0.798 0.251 0.278 0.034 0.076 0410 0.034
RDS(2) 0.136 0.469 0.285 0.159 0.481 0.100 0.269 0.438 0.511  0.378
RDS(3) 0.136 0.585 0.339 0.172 0.644 0.100 0.269 0.438 0.511  0.755
RDS(4) 0.136 0.714 0.389 0.185 0.740 0.100 0.269 0.438 0.511  0.788

Note: TUFF denotes the time-until-first-failure test, POF the proportion-of-failures test, CC the
conditional coverage test, CCI the conditional independence test, and DQ the dynamic quantile
test. Values for which the null hypothesis is rejected at the 5% significance level are shown in
bold, while values rejected at the 10% level are shown in italics.

tematic evidence of misspecification. However, at « = 0.05, differences emerge more
clearly. Notably, rejections occur in both the conditional coverage (CC) and con-
ditional independence (CCI) tests at the 5% level under the beta-skew-t--EGARCH
and the RDS(4) specifications, indicating violations of the joint coverage property
and clustering in exceedances. At lower probability levels, a = 0.025 and a = 0.01,
rejection occurrences decline overall, suggesting that all models provide an ade-
quate description of the far tail, with only isolated rejections. Taken together, the
evidence points to mild deficiencies in capturing the temporal dependence of vio-
lations at intermediate risk levels, rather than systematic failures in unconditional
coverage.

For AAPL (Table 1.6), the results are more heterogeneous. At a = 0.10,
both model classes exhibit frequent rejections in the CC and CCI tests, indicating
difficulties in capturing dependence in violations even at relatively moderate risk
levels. This pattern weakens at @ = 0.05, where most specifications pass the
unconditional coverage test and only sporadic rejections appear in CC and CCI.
Moving further into the tails, however, the RDS-based models show more frequent
rejections in the POF and CC tests at o = 0.025, suggesting some underestimation
of tail risk. At a = 0.01, no strong evidence of misspecification is detected across
models. Overall, the results indicate that model performance for AAPL is less
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Table 1.6: VaR backtesting across risk levels for AAPL returns

a=0.10 a=0.05
TUFF POF CC CClI  DQ TUFF POF CC CCI DQ
) 0.820 0.699 0.025 0.007 0.202 0.409 0.790 0.419 0.197  0.936
btE(2) 0.820 0.847 0.020 0.005 0.078 0.409 0.419 0.056 0.024 0.389

RDS(1) 0.820 0.497 0.089 0.036 0.260 0.409 0.689 0.428 0.215 0.734
RDS(2) 0.820 0.381 0.037 0.016 0.115 0.409 0.592 0.429 0.236 0.670
RDS(3) 0.820 0.381 0.011 0.004 0.064 0.409 0.502 0.420 0.257 0.105
RDS(4) 0.820 0.561 0.009 0.002 0.065 0.409 0.592 0.056 0.019 0.283

a=0.025 a=0.01
TUFF POF CC CCI DQ TUFF  POF CcC CCI DQ
) 0.192 0573 0.763 0.637 0.895 0.068 0.362 0.617 0.712  0.980
btE(2) 0.192 0.251 0.317 0.322 0.827 0.068 0.217 0.442 0.743  0.956
(1) 0.192 0.049 0.103 0.410 0.583 0.068 0.362 0.617 0.712  0.785
(2) 0.192 0.009 0.026 0.484 0.301 0.068 0.217 0.442 0.743 0.830
RDS(3) 0.192 0.009 0.026 0.484 0.353 0.068 0.217 0.442 0.743 0.783
(4) 0.192 0.017 0.043 0.459 0.464 0.068 0.217 0442 0.743 0.823

Note: Test statistics follow Table 1.5, with bold and italics denoting rejections at the 5% and
10% significance levels, respectively.

Table 1.7: VaR backtesting across risk levels for BAC

a=0.10 a = 0.05

TUFF POF CC CCI DQ TUFF POF CcC CCI DQ
btE(1) 0.272 0.628 0.144 0.057 0.312 0.123  0.693 0.847 0.674 0.787
btE(2) 0.272 0.923 0.203 0.075 0.326 0.123 1.000 0.515 0.249 0.786
RDS(1) 0.272 0.255 0.223 0.192 0.710 0.123  0.362 0.027 0.012 0.032
RDS(2) 0.272 0.255 0.308 0.304 0.787 0.123  0.693 0.144 0.054 0.134
RDS(3) 0.272 0.296 0.318 0.273 0.702 0.123  0.693 0.144 0.054  0.247
RDS(4) 0.272 0.156 0.200 0.271 0.677 0.123  0.600 0.155 0.0653 0.164

a = 0.025 a=0.01

TUFF POF CC CCI DQ TUFF POF CcC CCI DQ
btE(1) 0.056 0.854 0.499 0.244 0.318 0.244 0.116 0.278 0.774  0.889
btE(2) 0.056 0.853 0.397 0.178 0.299 0.244 0.217 0.442 0.743 0.886
RDS(1) 0.633 0.585 0.491 0.289 0.355 0.244 1.000 0.249 0.096 0.139
RDS(2) 0.633 1.000 0.444 0.203 0.485 0.244 0.550 0.160 0.069 0.103
RDS(3) 0.633 0.714 0.494 0.258 0.357 0.244 0.775 0.280 0.116 0.316
RDS(4) 0.633 0.853 0.397 0.178 0.331 0.244 0.550 0.160 0.069 0.107

Note: Test statistics follow Table 1.5, with bold and italics denoting rejections at the 5% and
10% significance levels, respectively.

stable across quantiles, with no specification clearly dominating.

For BAC (Table 1.7), the backtesting results are generally more favorable. At
a = 0.10, all models pass the main coverage tests, with only marginal evidence
of dependence in exceedances for the beta-skew-t--EGARCH specifications. At
a = 0.05, the RDS(1) specification exhibits clear rejections in CC, CCI, and DQ
tests, indicating clustering of violations, while the extended RDS specifications with
additional leverage channels show improved performance and largely avoid these
rejections. This pattern is consistent with the importance of asymmetric volatility
responses in financial sector returns, where the inclusion of an additional leverage
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channel appears to improve model performance. At lower quantiles, a = 0.025 and
a = 0.01, all models perform satisfactorily, with only isolated and weak rejections.

Overall, the results suggest that differences between model classes are most
pronounced at intermediate risk levels. While the RDS-EGARCH framework pro-
vides improvements in certain cases, particularly for BAC when additional leverage
channels are included, the evidence does not indicate uniform dominance across all
assets and quantiles. For the S&P 500, rejection patterns at the 5% level are
widespread across all specifications, while for AAPL the results remain mixed with
no clear ranking. Instead, model performance appears asset-dependent, with gains
from richer leverage structures most evident for financial sector returns and pri-
marily at intermediate tail probabilities.

To complement the diagnostic assessment from the VaR backtests and provide
a loss-based comparison of forecasting performance, Table 1.8 reports cross-asset
average losses over the out-of-sample period. Two loss functions are considered.
First, the standard quantile check loss evaluates the accuracy of VaR forecasts.
Second, given the joint availability of VaR and ES forecasts, we report the FZ0 loss
function of Patton et al. (2019), which jointly assesses both risk measures.

The quantile loss results consistently favor the RDS-EGARCH specifications,
with RDS(1) achieving the lowest loss across all risk levels. However, the differences
relative to the alternative RDS variants are small, indicating broadly comparable
performance within this class.

When evaluation is based on the joint VaR-ES FZ0 loss, the ranking becomes
less clear-cut. Although RDS(1) remains competitive and attains the lowest loss
at most quantiles, other specifications, in particular RDS(4), perform similarly and
even outperform at a = 0.05 level.

Overall, the loss-based comparison indicates that the RDS-EGARCH frame-
work delivers consistently strong performance across assets and risk levels, but the
magnitude of improvements over alternative specifications is modest, and model
rankings depend on the chosen loss function.

Average losses provide a preliminary view of out-of-sample forecast performance
but do not indicate whether the observed differences are statistically significant.
Tables 1.9 and 1.10 report Diebold-Mariano (DM) t-statistics for the S&P 500,
based on pairwise loss differentials computed using two loss functions. Table 1.9
relies on the quantile check loss, while Table 1.10 is based on the joint VaR-ES
FZ0 loss. Loss differentials are defined as the loss of the model in the row minus
that in the column, so that negative values indicate superior performance of the
row model. Values exceeding 1.64 in absolute value are significant at the 10% level
and highlighted in bold.

The results provide only limited evidence of statistically significant differences
across models. Under the quantile loss, some significant improvements emerge
within the RDS class, with RDS(1) outperforming RDS(2), RDS(3), and RDS(4)
at o = 0.10, and RDS(4) dominating RDS(3) at multiple risk levels. However, com-
parisons between RDS and beta-skew-t-EGARCH models rarely reach statistical
significance, indicating that the observed loss differences are generally small.

When evaluation is based on the FZ0 loss, the pattern becomes somewhat
clearer. In this case, RDS(4) consistently outperforms RDS(2) with statistically
significant differences across all risk levels, and also shows significant gains relative
to btE(1) at several quantiles. Nonetheless, most other pairwise comparisons re-
main insignificant, including those involving RDS(1), suggesting that improvements
from incorporating ES are not uniformly strong across specifications.
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Table 1.8: Out-of-sample average losses (cross-asset mean)

Average quantile loss
a=01 a=005 «a=0.025 «a=0.01

btE(1) 0.257 0.157 0.093 0.047
btE(2) 0.257 0.155 0.092 0.045
RDS(1) 0.251 0.150 0.087 0.042
RDS(2) 0.253 0.151 0.088 0.043
RDS(3)  0.253 0.152 0.089 0.043
RDS(4) 0.253 0.151 0.088 0.043
Average FZO0 loss
a=01 a=005 «a=0.025 «a=0.01
btE(1) 0.885 1.100 1.285 1.521
btE(2) 0.867 1.069 1.247 1.455
RDS(1) 0.848 1.043 1.203 1.406
RDS(2) 0.854 1.045 1.211 1.414
RDS(3) 0.855 1.047 1.217 1.422
RDS(4) 0.851 1.038 1.206 1.407

Note: The table reports cross-asset average losses (mean across S&P 500, AAPL, and BAC).
The upper panel shows the quantile loss, while the lower panel reports the FZ0 loss. The lowest
average loss in each column is in bold.

Finally, comparisons between the two beta-skew-t-EGARCH variants reveal no
consistent or statistically significant ranking, with DM statistics remaining well
below conventional thresholds across all risk levels.

Overall, the DM tests confirm that while RDS-type models tend to yield lower
average losses, the statistical evidence in favor of one specific specification is limited
and depends on both the loss function and the tail probability considered.

Moving from pairwise comparisons to an overall evaluation of forecast accuracy,
we apply the model confidence set (MCS) procedure of Hansen et al. (2011). We
consider confidence levels of 90% and 75%, corresponding to exclusion thresholds
of 0.10 and 0.25. Table 1.11 reports the resulting average losses and the inclusion
frequencies in the superior model sets Mgo% and M75% across assets and risk levels.

For the quantile loss, the results indicate a clear dominance of the RDS specifi-
cations. The RDS(1) model is included in the superior set in all cases, achieving the
maximum inclusion frequency. RDS(4) also performs strongly, with near-complete
inclusion. In contrast, the beta-skew-t-EGARCH models are less robust, particu-
larly btE(1), which is included only sporadically and rarely survives the more strin-
gent 75% confidence level. btE(2) performs better but is still dominated by the
RDS variants, especially in the tails. These patterns are largely consistent across
all three assets and tend to become more pronounced at more extreme quantiles.

The evidence is even stronger when considering the joint VaR-ES losses based
on the FZ0 function. Here, RDS(1) and RDS(4) again achieve full inclusion across
all configurations at both confidence levels, while btE(1) is almost entirely excluded
from the superior set. btE(2) remains competitive in some cases but does not match
the consistency of the RDS models. The inclusion frequencies confirm that the
advantage of the RDS framework becomes more pronounced once ES information
is incorporated.

The beta-skew-t-EGARCH model augmented with the realized range often per-
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Table 1.9: Diebold-Mariano t-statistics on average out-of-sample quantile check
loss differences for the S&P 500 index

a=0.10

btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
btE(1) 0.088 1.672 1.142 0.799 1.245
btE(2) -0.088 0.619 0.254 0.020 0.114
RDS(1) -1.672 -0.619 -2.277 -1.816 -1.676
RDS(2) -1.142 -0.254 2.277 -1.167 -0.779
RDS(3) -0.799 -0.020 1.816 1.167 2.131
RDS(4) -1.245 -0.114 1.676 0.779 -2.131

a=0.05

btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
btE(1) 0.504 1.514 1.413 1.340 1.662
btE(2) -0.504 0.113 -0.029 -0.295 -0.178
RDS(1) -1.514 -0.113 -0.883 -1.234 -1.006
RDS(2) -1.413 0.029 0.883 -1.116 -0.772
RDS(3) -1.340 0.295 1.234 1.116 1.930
RDS(4) -1.662 0.178 1.006 0.772 -1.930

a=0.025

btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
btE(1) 0.646 1.384 1.363 1.277 1.558
btE(2) -0.646 -0.084 -0.045 -0.402 -0.249
RDS(1) -1.384 0.084 0.269 -1.071 -0.700
RDS(2) -1.363 0.045 -0.269 -1.117 -0.797
RDS(3) -1.277 0.402 1.071 1.117 1.768
RDS(4) -1.558 0.249 0.700 0.797 -1.768

a=0.01

btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
btE(1) 0.758 0.994 1.237 1.544 1.704
btE(2) -0.758 -0.437 0.006 -0.302 -0.087
RDS(1) -0.994 0.437 1.137 0.483 1.390
RDS(2) -1.237 -0.006 -1.137 -0.699 -0.235
RDS(3) -1.544 0.302 -0.483 0.699 1.799
RDS(4) -1.704 0.087 -1.390 0.235 -1.799

Note: The table reports t-statistics from Diebold—Mariano tests applied to quantile losses over
the out-of-sample period January 2020 to October 2024 for the six forecasting models. A positive
statistic indicates that the model in the row produces a higher average loss than the model in
the column. Absolute values above 1.64, highlighted in bold, indicate significance at the 90%
confidence level. Diagonal elements are zero by definition and are omitted for clarity.

forms comparably in the MCS results based on quantile and FZ0 loss functions.
This similarity appears somewhat at odds with the pronounced differences in VaR
dynamics during volatile periods observed in Figures 1.1-1.2. This is not necessar-
ily contradictory. Standard quantile-based losses are driven by the frequency and
magnitude of violations, but are relatively insensitive to the degree of conservatism
when no violation occurs. As a result, models that systematically produce more
conservative VaR forecasts may avoid penalties from violations while not being
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Table 1.10: Diebold—Mariano t-statistics on out-of-sample FZ0 loss differences for
the S&P 500 index

a=0.10

btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
btE(1) 1.507 1.238 1.090 1.385 1.538
btE(2) -1.507 0.293 -0.038 0.261 0.553
RDS(1) -1.238 -0.293 -0.883 -0.193 0.476
RDS(2) -1.090 0.038 0.883 1.261 2.342
RDS(3) -1.385 -0.261 0.193 -1.261 1.558
RDS(4) -1.538 -0.553 -0.476 -2.342 -1.558

a=0.05

btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
btE(1) 1.517 1.043 1.335 1.532 1.674
btE(2) -1.517 0.138 0.351 0.520 0.825
RDS(1) -1.043 -0.138 0.329 0.896 1.254
RDS(2) -1.335 -0.351 -0.329 0.903 2.036
RDS(3) -1.532 -0.520 -0.896 -0.903 1.550
RDS(4) -1.674 -0.825 -1.254 -2.036 -1.550

a = 0.025

btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
btE(1) 1.460 0.874 1.408 1.541 1.679
btE(2) -1.460 0.074 0.586 0.684 0.997
RDS(1) -0.874 -0.074 0.787 1.226 1.395
RDS(2) -1.408 -0.586 -0.787 0.705 1.839
RDS(3) -1.541 -0.684 -1.226 -0.705 1.490
RDS(4) -1.679 -0.997 -1.395 -1.839 -1.490

a=0.01

btE(1) btE(2) RDS(1) RDS(2) RDS(3) RDS(4)
btE(1) 1.587 0.601 1.541 1.631 1.778
btE(2) -1.587 -0.133 0.730 0.805 1.148
RDS(1) -0.601 0.133 1.085 1.392 1.450
RDS(2) -1.541 -0.730 -1.085 0.716 1.865
RDS(3) -1.631 -0.805 -1.392 -0.716 1.472
RDS(4) -1.778 -1.148 -1.450 -1.865 -1.472

Note: The table reports t-statistics from Diebold—Mariano tests applied to losses computed with
the FZ0 loss function. Further details are given under Table 1.9.

sufficiently penalized for excessive capital allocation.

€41
€141, VaR,, =1 - |——— 1.27
e Vo) =1 - |5t (127
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VaR,, = ’ 1.28
f2(5t+17 a ,t+1) |VaRm,t+1| ( )
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This aspect is consistent with the argument in Caporin (2008), who empha-
sizes that loss functions focused on violations may fail to capture the opportunity
costs associated with overly conservative risk measures. To better understand the
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Table 1.11: Model confidence set: S&P 500, AAPL and BAC

Loss: Quantile

Asset S&P 500 AAPL BAC Inclusion Freq.
a 0.1 0.05 0.025 0.01 0.1 0.05 0.025 0.01 0.1 0.05 0.025 0.01 Mgy, Mz
btE(1) 0.209 0.130 0.079 0.041 0.278 0.167 0.097 0.047 0.283 0.173 0.104 0.052 9 4
btE(2) 0.216 0.138 0.082 0.042 0.275 0.163 0.093 0.044 0.279 0.170 0.100 0.048 11 9
RDS(1) 0.203 0.125 0.074 0.036 0.273 0.160 0.091 0.044 0.278 0.166 0.096 0.047 12 12
RDS(2) 0.206 0.126 0.074 0.037 0.274 0.161 0.093 0.044 0.279 0.167 0.096 0.047 10 8
RDS(3) 0.207 0.126 0.076 0.038 0.275 0.161 0.092 0.044 0.278 0.168 0.098 0.047 10

RDS(4) 0.206 0.126 0.075 0.037 0.274 0.161 0.092 0.044 0.278 0.165 0.096 0.047 12 10

Loss: FZO0, Patton et al. (2019)
Asset S&P 500 AAPL BAC Inclusion Freq.
a 0.1 0.05 0.025 0.01 0.1 0.05 0.025 0.01 0.1 0.05 0.025 0.01 o0 Mrsy
btE(1) 0.68% 0.927 1.146 1.415 0.953 1.147 1.303 1.521 1.020 1.227 1.405 1.626 5 1
btE(2) 0.665 0.890 1.109 1.863 0.934 1.117 1.264 1.438 1.003 1.201 1.367 1.565 10 8
RDS(1) 0.631 0.855 1.036 1.261 0.928 1.098 1.245 1.428 0.989 1.175 1.329 1.529 12 11
RDS(2) 0.646 0.858 1.043 1.276 0.928 1.107 1.263 1.446 0.989 1.169 1.327 1.521 8 7
RDS(3) 0.649 0.859 1.052 1.283 0.930 1.107 1.262 1.453 0.986 1.175 1.338 1.529 8 7
RDS(4) 0.641 0.849 1.042 1.263 0.926 1.103 1.255 1.438 0.985 1.163 1.321 1.520 12 12
Loss: Caporin (2008)

Asset S&P 500 AAPL BAC Inclusion Freq.
@ 0.1 0.05 0.025 0.01 0.1 0.05 0.025 0.01 0.1 0.05 0.025 0.01 Mgy, Mz
i
btE(1) 0.557 0.607 0.672 0.741 0.555 0.597 0.650 0.711 0.570 0.608 0.661 0.722 4 1
btE(2) 0.554 0.606 0.673 0.741 0.547 0.592 0.647 0.707 0.561 0.600 0.652 0.713 6 5
RDS(1) 0.551 0.584 0.638 0.699 0.546 0.592 0.645 0.705 0.561 0.591 0.640 0.698 12 11
RDS(2) 0.550 0.586 0.649 0.718 0.547 0.596 0.652 0.713 0.560 0.592 0.644 0.706 4 3
RDS(3) 0.550 0.591 0.655 0.723 0.547 0.595 0.652 0.713 0.559 0.591 0.641 0.700 3 2
RDS(4) 0.548 0.591 0.656 0.725 0.544 0.591 0.648 0.710 0.559 0.592 0.645 0.708 6 6

f2
btE(1) 0.539 0.796 1.180 1.808 0.781 1.104 1.530 2.173 0.836 1.179 1.649 2.375 1 0
btE(2) 0.649 0.997 1.458 2177 0.749 1.070 1.487 2.107 0.782 1.114 1560 2.241 4 3
RDS(1) 0.496 0.696 0.973 1.390 0.750 1.075 1.488 2.095 0.758 1.057 1.462 2.071 10 9
RDS(2) 0.487 0.702 1.027 1544 0.757 1.106 1.551 2.210 0.754 1.067 1.501 2.169 2 2
RDS(3) 0.498 0.721 1.054 1.584 0.754 1.100 1.543 2.199 0.758 1.053 1.458 2.070 3 3
RDS(4) 0.495 0.722 1.063 1.609 0.738 1.069 1.503 2.156 0.750 1.067 1.508 2.191 4 4
f3
btE(1) 1.454 1.891 2.382 3.107 2.140 2.683 3.247 4.022 2110 2.693 3.313 4.179 4 3
btE(2) 1.617 2.123 2.686 3.497 2.128 2.658 3.207 8.954 2.080 2.639 3.228 4.040 4 4
RDS(1) 1.414 1.770 2.136 2.638 2.140 2.665 3.210 8.944 2.041 2.561 8.105 3.847 11 10
RDS(2) 1.899 1.783 2.208 2.819 2.155 2.710 3.290 4.077 2.036 2.578 3.156 3.961 2 2
RDS(3) 1.413 1.805 2.239 2.862 2.152 2.703 3.280 4.065 2.027 2.553 8.101 3.843
RDS(4) 1.412 1.808 2.252 2.892 2.126 2.665 3.234 4.017 2.034 2.578 3.167 3.989 4 4

Note: The table reports average losses from the MCS procedure. Models included in /\}130%

and ./\>l$5% are shown in italics and bold, respectively.

source of the similar forecasting performance, we employ alternative loss specifi-
cations (Egs. (1.27)—(1.29)) proposed by Caporin (2008), which account not only
for violations but also for the distance between forecasts and realizations, thereby
mitigating the tendency of standard loss functions to favor overly conservative VaR
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forecasts and potentially misidentify the correctly specified model.

Across all variants of the alternative loss functions (f;—f3), RDS(1) systemati-
cally attains the highest inclusion frequencies, often accompanied by RDS(4). The
beta-skew-t-EGARCH models appear in the superior set only intermittently and
mainly under less stringent confidence levels or for specific series. This pattern sug-
gests that, once opportunity costs are explicitly incorporated into the evaluation,
the relative performance of the RDS-EGARCH models is further strengthened,
pointing to a more favorable trade-off between risk coverage and capital allocation.

Overall, the MCS results are broadly consistent with the Diebold-Mariano com-
parisons and the average loss rankings, but provide more decisive evidence in favor
of the RDS-EGARCH specifications. The baseline RDS(1) specification consis-
tently exhibits stronger and more stable forecasting performance across return se-
ries, loss functions, and tail probabilities.

1.4 Conclusions

Traditional GARCH models have several well-known limitations, particularly in
handling heavy-tailed and skewed distributions, as well as leverage effects and long-
memory properties in financial data. These shortcomings can affect the accuracy
and reliability of volatility forecasts in financial markets.

To overcome these challenges, this chapter introduced the Realized Dynamic
Score EGARCH model. The proposed model employs a score-driven framework
for jointly modeling asset returns and a range-based realized volatility measure.
Additionally, the model incorporates skewed and heavy-tailed distributions, which
are inherent features of financial time series but are often not well captured by tra-
ditional GARCH models. The framework also includes a two-component volatility
structure and extended leverage channels, which increase flexibility and improve
model fit. By exploiting the information contained in the conditional densities
through their scores, together with additional enhancements, the model enables
more responsive and adaptive modeling of financial volatility.

Empirical analysis based on in-sample fit and out-of-sample VaR and ES fore-
casts for the S&P 500 and the two considered individual assets indicates that the
proposed models outperform beta-skew-t-EGARCH variants. These findings reflect
improved model fit and a stronger ability to capture volatility dynamics. While not
uniformly dominant, the MCS results provide consistent support for the proposed
specification, particularly for the more parsimonious variants, which exhibit stable
performance across loss functions and tail probabilities.

Given the longer data availability for the two individual assets, future research
could investigate model performance over extended forecasting horizons and across
broader market environments. In addition, extending the set of considered assets,
particularly to those where asymmetric volatility responses and model flexibility
are especially relevant, would provide a more comprehensive assessment of the
framework.

Finally, the two-component structure of the model, which captures long-run dy-
namics, naturally motivates the evaluation of multi-step-ahead forecasts. Assessing
such horizons would offer additional insight into the ability of the model to capture
persistent volatility components and long-memory features.
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Chapter 2

Estimating the R-Star in the US: A
Score-Driven State-Space Model
with Time-Varying Volatility
Persistence

This chapter is based on joint work by Tibor Pdl and Giuseppe Storti, entitled
“Estimating the R-Star in the US: A Score-Driven State-Space Model with Time-
Varying Volatility Persistence” (working paper, 2025).

Abstract

This chapter investigates the dynamics of the natural rate of interest (r-star) in the
US using a score-driven state-space model within the Laubach—Williams structural
framework. Compared to standard score-driven specifications, the proposed model
improves flexibility in variance adjustment by assigning time-varying weights to
both the conditional likelihood score and the inertia coefficient in the volatility up-
dating equations. The improved state dependence of volatility dynamics effectively
accounts for sudden shifts in volatility persistence induced by highly volatile un-
expected events. In addition, allowing time variation in the IS and Phillips curve
relationships enables the analysis of structural changes in the US economy that
are relevant to monetary policy. The results indicate that the advanced models
improve the precision of r-star estimates by responding more effectively to changes
in macroeconomic conditions.

2.1 Introduction

Due to the unusual magnitude of economic disturbances generated by the Global
Financial Crisis (GFC) and the COVID-19 pandemic, potential nonlinearities in
macrovariables have come back into the spotlight. Considering the macroeconomic
relevance of the natural rate of interest, or r-star, and the recent development of
the statistical toolkit of time-varying parameter (TVP) models, it is surprising that
the empirical methodologies employed for its estimation have remained essentially
unchanged since the seminal work of Laubach and Williams (2003). We fill this
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gap by making the system matrices in the Laubach-Williams methodology (LW,
thereafter) time-varying, based on the score-driven state-space framework devel-
oped by Delle Monache et al. (2021). In addition, to address model instability due
to extraordinary transitory shocks, we propose an extension of the accelerating
generalised autoregressive score model (aGAS) of Blasques et al. (2019), in which
volatility dynamics become fully state-dependent in a multivariate setting.

The natural rate of interest is a crucial macroeconomic benchmark for investors
and central banks, as it provides an estimate of the real short-term interest rate
that maintains a constant inflation rate. Therefore, its vital role lies in its informa-
tion content on the position of the actual real interest rate compared to its natural
counterpart. More specifically, when the actual real rate is above the r-star, the
economy operates under its potential level, implying deceleration of the inflation
rate. Nevertheless, the natural rate of interest is an unobserved variable, a fea-
ture that has motivated various methodological approaches and led to considerable
estimation uncertainty since the concept was first proposed by Wicksell (1936).

Recognizing the low frequency and time-varying nature of macroeconomic un-
observables, the Kalman filter (Kalman, 1960) has been shown to be the optimal
choice for data-driven estimation of latent variables, as demonstrated in Staiger
et al. (1996), Gordon (1998), and Laubach (2001). By identifying the natural rate
of interest through economic theory in a semi-structural framework, the prevail-
ing approach to its real-time estimation has become the LW methodology, where
the Kalman filter extracts the permanent or highly persistent changes in the real
short-term interest rate consistent with a stable inflation rate. Although the LW
framework provides a coherent way to study the unobservable components of the
model, the initial study found the r-star estimates to be highly imprecise and prone
to substantial real-time measurement error (Laubach and Williams, 2003). Despite
the uncertainty around model estimations, the original approach has been applied
in numerous studies for different economies and with various extensions (e.g. Gar-
nier and Wilhelmsen, 2009; Holston et al., 2017; Krustev, 2019). However, the
global financial crisis (GFC) drew attention to the potential instability in the un-
derlying New Keynesian (NK) structural relationships, casting doubt on the static
slope of the model framing IS and Phillips curves. For example, the study by Ball
(2011) suggests altering the inflation dynamics in the post-GFC interval. In addi-
tion, Rossi et al. (2024) find a substantial change in the slope of the Phillips curve
since 1980. While the related quantitative results are not inclusive and remain
without unanimous consensus, most studies reject the time-invariant nature of the
NK structural relationships.

Concerns about macro-nonlinearities culminated with the onset of the COVID-
19 pandemic. Extremely volatile episodes generated by exogenous events made the
LW static volatility model less capable of capturing low-frequency changes in the
unobservables. In response, Holston et al. (2023) introduced a macroeconometric
adjustment to the existing model, specifically applied to the interval affected by
the pandemic. While the amended model effectively handles the pandemic-related
extreme volatility, the implemented restrictions and the ad-hoc nature of the ad-
justment limit its universal and real-time applicability.

We address the above issues and estimate the r-star in the US by making the
disturbance volatilities and the structural relationships in the LW framework time-
varying, governed by the conditional score of the likelihood function. The proposed
model is an extension of the class of score-driven state-space models introduced by
Delle Monache et al. (2021), incorporating a modified version of the accelerating
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GAS (aGAS) of Blasques et al. (2019). We coin the new type of aGAS as aug-
mented accelerating GAS (aaGAS), where, in addition to the time-varying weight
of the conditional likelihood score, the autoregressive coefficient can become time-
varying as well, making the volatility dynamics fully state-dependent. To perform
a thorough assessment of the estimation uncertainty, we combine the inferential
setup of Blasques et al. (2016), where only the parameter uncertainty is consid-
ered, with a simulation procedure based on the methodology proposed by Hamilton
(1986), which allows us to incorporate the impact of filter uncertainty, an aspect
particularly relevant to models of unobservable components. The results show that
the proposed methodological improvements provide a more effective way to disen-
tangle transitory and permanent shocks, resulting in a more accurate estimation of
the state variables. Finally, relying on a purely statistical, data-driven approach,
the model is expected to handle and identify unexpected future volatility shocks
without the need for major ad hoc econometric adjustments, thus providing a valid
alternative empirical approach for the real-time estimation of the natural rate of
interest.

The chapter is structured as follows. Section 2.2 outlines the econometric frame-
work, beginning with the time-varying parameter model in Section 2.2.1, followed
by the baseline score-driven state-space model in Section 2.2.2. Section 2.2.3 ex-
tends the framework by introducing an augmented accelerating score-driven ap-
proach for time-varying volatility persistence. Section 2.3 presents the empirical
analysis, starting with the data description in Section 2.3.1 and proceeding to the
model specification and estimation details in Section 2.3.2. The parameter es-
timates are discussed in Section 2.3.3, while Sections 2.3.4 and 2.3.5 report the
estimated time-varying volatilities and the dynamic IS and Phillips curves, respec-
tively. Section 2.3.6 then examines the estimated state variables, focusing on the
r-star and output gap. Lastly, Section 2.4 discusses alternative identification and
extensions in the Laubach—Williams framework. Section 2.5 concludes.

2.2 The econometric framework

2.2.1 The structure of the time-varying parameter model

In line with the standard Laubach-Williams (LW) approach, the natural rate of
interest is defined as the real interest rate consistent with stable inflation and
output at potential, where potential output is the latent trend component of real
output and can be interpreted as the level of output consistent with stable inflation.
Its econometric identification relies on two structural relationships implied by this
definition. Specifically, the intertemporal IS equation links the natural rate of
interest to the output gap, defined as the percentage difference between actual and
potential output, which is in turn related to inflation through the Phillips curve.
Accordingly, the following measurement equations govern the model dynamics and
provide the basis for identifying the natural rate of interest:

Ue =Y — i (2.1)
2

~ ~ ~ Qg *

Yy = a1¥p—1 + a2¥p—2 + %t Z (re—j —ri;) +ege  ega~NO051),  (22)
j=1

= bime_q + (1 - bl)Wt—2,4 + bw,t,@t—l +ent Emt ™ N(O, Uyr,t), (2-3)

30



where y; and y; denote the natural logarithm of real output and potential output,
respectively, scaled by 100. Similar to Holston et al. (2017) (HLW, thereafter), r,
and 7} denote the real federal funds rate and its natural rate (r*), respectively.
is the annualized quarterly consumer price inflation rate, and m;_ 4 is the average
of the second to fourth lags of the inflation rate. The system of Eq. (2.2)-(2.3)
represents the NK intertemporal IS and Phillips curve relationships based on the
HLW specification with a departure for their respective slope parameters, a;,; and
by .+, which become time-varying in the present model. In the IS equation, the series
of output gaps ¢ = y: — y;, representing the percentage difference between actual
and potential output, is determined by its lagged values, a moving average of the
lagged deviation of the real funds rate from its natural rate, and a Gaussian white
noise error. In the Phillips curve equation, inflation dynamics m; are governed by
past inflation rates, the lagged output gap 7, and a GWN error process.

For ease of reference, Table 2.1 summarizes the considered variables and their
definitions.

Table 2.1: Variable Definitions

Variable Definition

Tt Real interest rate: federal funds rate minus four-quarter moving average inflation.

ry Natural rate of interest: real interest rate consistent with stable inflation and output at potential.

Yt Natural logarithm of real gross domestic product (GDP) scaled by 100.

Yy Natural logarithm of potential output scaled by 100 (level of output consistent with stable inflation).
Tt Output gap, percentage (log) difference between actual and potential output.

L Annualized quarterly growth rate of core personal consumption expenditure (PCE) inflation.

The presence of the two stochastic terms, €5, and €,,, plays a key role in
disentangling transitory shocks from persistent structural shocks that affect the
dynamics of the state variables. Moreover, it is well known that changing economic
conditions are likely to lead to volatility clustering in the dynamics of macro-
variables, such as inflation and output. If not correctly modeled, this feature
can contaminate the estimates of the state variables and, hence, the structural
components of the observed variables. Therefore, we depart from the typical static
LW specification with respect to the standard deviations of the disturbances ¢,
and e, allowing for a time variation in their volatilities o, and o ;.

We then define r-star on the basis of the HLW specification. According to the
neoclassical growth model, the steady-state real one-period interest rate is given
by

*

1
= —Yec 97
r Ug+p

where o represents the intertemporal elasticity of substitution in consumption, g.
denotes the growth rate of per capita consumption and 6, is the rate of time pref-
erence. This relationship leads to standard monetary Dynamic Stochastic General
Equilibrium (DSGE) models, where 7*, as given in Eq. (2.4), provides an effective
method for determining the intercept in the applicable reduced-form interest rate
rules (e.g., Taylor, 1993).

Given the above theoretical linkage and assuming a unit elasticity of substitu-
tion o as in HLW, the r-star is then determined by

Tzk =0t + Zty (24)
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where ¢; is the trend growth rate of the natural rate of output and z; captures
other determinants of the natural rate of interest, such as households’ rate of time
preference.

Having defined the r-star, we finally introduce the system of transition equations
governing the dynamics of the latent variables g, and z; and of the potential output
Y as

Yt = Yp1 g1+ Eyy eyt ~ N(0,0, 1), (2.5)
2= 21ty g1 ~N(0,0,), (2.6)
9t = gi—1 + Egt ggr ~ N(0,0,). (2.7)

The transition of the potential output, y;, follows a random walk, with a
stochastic drift term given by the lagged trend growth rate, g;_1. The variable z;,
which captures any persistent shocks to the r-star that are not captured by ¢, also
follows a random walk similar to the trend growth rate. Again, this configuration
is comparable to that in HLW, with one important exception being the volatility of
the potential output, o,+;, which is assumed to be time-varying, thus completing
the dynamic specification of the time-varying signal-to-noise ratio 05*’t/a§7t. As
will be shown later, the signal-to-noise ratio is a central pillar in identifying per-
sistent shocks in our setting. Accurate identification of its dynamics is expected to
enhance the performance of the Kalman filter procedure used for inference on the
latent state variables.

The parameters that are allowed to evolve in our modeling framework are col-
lected in the time-varying parameter (TVP) vector

/
At = (Og,ts Oty Oy 15 At b t)

where
oir=exp(d;¢), 1={y,my"}, azr=—exp(aze), brt=exp (I_)mt).
The remaining static parameters are collected in the vector
0 = (a1,G2, b170g702),7

where 0; = exp(d;), i € {g, 2}, and o; denotes the variance of the corresponding
innovation.

To model the dynamics of the time-varying parameters, we adopt a score-driven
approach that implies that ); is a function of the past information available at
time (¢t — 1), that is, Ay = A(Z;_1). The derivation of the score-driven recursions for
modeling the dynamics of the elements of ); is addressed in the next Section 2.2.2.

2.2.2 The baseline score-driven conditionally Gaussian State-
Space model

Due to their flexibility, score-driven models, such as the generalized autoregres-
sive score (GAS) model (Creal et al., 2013) or, referring to the same concept, the
dynamic conditional score model (DCS) (Harvey, 2013), have become a popular
choice for introducing time-varying parameters in parametric time series models.
GAS models can be viewed as a class of observation-driven models, where the con-
ditional scaled score of the likelihood function drives the parameter dynamics. The
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reliance on the full probability density conditional on past information, rather than
on specific moments, makes the use of score-driven models particularly attractive.

Leveraging the feasibility of the approach in a multivariate Gaussian setting,
Delle Monache et al. (2021) proposed the score-driven state-space model (SSM),
where the time variation in the system matrices is modeled following a score-
driven approach. An attractive reason for extending the standard linear SSM in
a score-driven framework is that it provides a viable strategy for addressing dy-
namic parameter restrictions, which are often required for identification based on
economic theory. In this respect, the score-driven SSM framework offers a flex-
ible and tractable approach to make volatilities and NK structural relationships
time-varying within the LW framework.

Before introducing the score-based updating mechanism for the time-varying
parameters, it is helpful to first cast the structural framework described in Section
2.2.1 into a matrix state-space form. Specifically, the corresponding state-space
model (Harvey, 1990) is expressed as follows.

Y = Ftut + Ztat + E Ep ~ ./\/’(O7 Ht) (28)
a,=Ta; 1+ n: ~ N(0,Q;) (2.9)

where y, is the observation vector that collects contemporaneous endogenous vari-
ables, a; and u; are the vectors of state and input variables, respectively, T is the
state transition matrix, Z; is the matrix of regression parameters linking y; to the
latent states, I'; plays the same role for the observed input covariates, H; is the vari-
ance—covariance matrix of the observation error g;, Q, is the variance—covariance
matrix of the system error n,. The output gap 9 = y; — y; is expressed in percent-
age terms, consistent with the scaling of y; and y;. Formally, the model components
and the system matrices are defined as follows.

/

Yt = [yt, 7Tt] )
/
u; = [ytfla Yi—2, Ti—1, Tt—2, Tt—1, 77'1%2,4}7

/
_ * * *
Oy = [yta Ye1s Y2y G, Gt—1, Gt—2, 2t Zt—1, Zt—2],

thl —ay — Q9 0 —2(137’15 —2013;15 0 —G/g7t/2 —am/Q}

0 —by 0O 0 O 0 0 0 0 ’
ro_ @ a2 age/2 ag/2 0 0} i [ag,t o}
by 00 0 by 1—0by|” "0 on|’
1001000 0 0] (0 00 0 00 0 0 0]
1 00000O0GO0O0 0 00 0 00 O 00O
01 00000O00O 0 00 0 00 O 00O
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T=/00010000O00O0, Q=0 002000000
0000100UO0OD0 0 00 0 00 O 00O
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000000010 0 00 0 00 0 0 0]
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It is worth noting again that, unlike HLW, in our framework, the system ma-
trices Z;, T'y, H; and Q; are allowed to vary over time. Furthermore, without
affecting their stochastic nature, the assumed dynamic structure of the vector of
time-varying parameters \; implies that these matrices are known conditionally
on past information Z; ;. Therefore, the resulting state-space model, similar to
the one introduced by Delle Monache et al. (2021), is conditionally Gaussian, a
property that allows us to construct the likelihood function in the usual prediction
error decomposition form as in Eq (2.10) and use the standard Kalman filter (KF)
recursions for optimal state estimation, thus retaining the simplicity of the classical
linear Gaussian state space framework. Also, letting the system matrices Z;, I'y,
H;, and Q; change over time, while still assuming that they are non-stochastic
given the past, is a practical way to introduce nonlinearities into the state-space
model. In fact, assuming that the parameters are determined by past observations,
a feature that is compatible with the score-driven methodology, i) the system vari-
ables, observation, and state vectors are Gaussian, and ii) the observation and
transition equations remain linear with respect to the state vector. However, these
relationships are unconditionally nonlinear.

As in the case of time-invariant linear Gaussian state-space models, the model
parameters # are estimated by maximizing a Gaussian log-likelihood in its predic-
tion error decomposition form, given by

1
b= logpluilTo-1,0) o — (10g 1B + v/ Fjt ) (2.10)

where the variables involved in the computation of the likelihood function, namely
the prediction error v;;_; and its variance and covariance matrix F;, along with the
conditional mean of the state vector oy and its mean squared error (MSE) matrix
Py, are estimated recursively in the KF. Formally, the prediction equations of the
KF are given by

Qlg—1 = TOét—1|t—1 (Oét’Itfl) ~ N<at|t—17 Pt\t—l)
Pijio1 = TPy T + Qy
Yejt—1 = Ziuji—1 + Ly (Ye|Zi—1) ~ N (Zyoup—1 + Tyuy, Fy)

Vit—1 = Yt — Ytjt—1
Fyi-1 = ZiPy Z, + H,

while the filtering equations are

Qi = Q1 + Ky

Py = Py — Ky Zi Py = (I — Ky Zy) Py

Kt = Pt\t—IZt/F;ﬁl_l
where K; is known as the Kalman gain matrix. As will be demonstrated, the
score-driven model allows for high flexibility in updating the elements of the gain
matrix, enhancing the ability to allocate the information content embedded in the
prediction errors across the state variables. In contrast, in the static parameter
model, these elements converge to a steady-state value with limited time variation,
which hampers its efficiency in assigning appropriate weights to the state vector.

Constructing the model in a conditionally Gaussian form facilitates the use of

KF to estimate the latent variables. However, it leaves the nontrivial challenge of
jointly estimating both the state and the time-varying system matrices, a problem
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addressed by Delle Monache et al. (2021) using a score-driven approach. The score-
driven framework is readily incorporated into the conditional Gaussian state-space
model by augmenting the KF recursions with a set of additional recursions that
track the dynamics of the time-varying coefficients.

Following Creal et al. (2013) and Harvey (2013), the equation for the score-
driven updating of the TVP vector \; takes the form

>\t+1 =wy+AN+Brs, , s = S)\,tu)\,ta (2-11)

where

/
w)\:[w)\,gja W,y w)\,y*a 07 0}9

A)\ = dlag ( [ak,aga A\ o7y QX0 x5 AN y* a)\,ﬂ'} ) )
B, = diag ([broy: baey s baoyes bayss bax]) -

We impose diagonal parameter matrices A and B to remain fully consistent
with the identification strategy employed in Laubach and Williams (2003). While
allowing B to be full is feasible within a score-driven framework, doing so would
introduce cross-equation volatility feedback, whereby shocks in one measurement
equation affect the conditional variance of other measurement or state-transition
disturbances. Such second-moment spillovers are not part of the original structural
interpretation and would weaken the economic meaning of the mutually uncorre-
lated innovations assumption. The diagonal restriction ensures that innovations
are not only contemporaneously uncorrelated but also dynamically separated in
their volatility processes, preserving a clear mapping between structural shocks
and their conditional variances. In addition, it improves parsimony and mitigates
potential weak identification and numerical instability.

The vector s, is the gradient of the likelihood function u,,; scaled by the matrix
square root of the inverse of the information matrix S )\7t1

dlogp(ys | Ae; 0) Pl 3 -3
UMt O, ) At t aftaf{ t

The gradient and the information matrix are computed analytically in parallel with
the KF recursion as

1. .
Ung = §Ft(Ft ® Fy) 'vec(vv, — ) — 2ViF (2.12)
1. . . .
7, = §Ft(Ft ® F)F 4+ 2ViFT N, (2.13)

where V, = 9, /OM; and F, = ovec(F;) /0N measure the sensitivity of the prediction
error v, and its variance F; with respect to A;. The Jacobian matrices involved in
the computation of V; and F} are derived following the approach in Delle Monache
et al. (2021). However, it should be noted that, compared to their specification,
the observation equation in our model includes an additional regression term, I';u,.
This modification affects the derivation of V;, which must be adjusted accordingly
to account for the contribution of I';.

1To improve numerical stability, we replace S At With its smoothed version S A= (1—K)Sx:+

kS \t—1, Where the smoothing parameter x is estimated jointly with the other model parameters
through ML.
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The nonlinear mappings from the TVP vector \; to the system matrices, and
the associated Jacobians employed by the score-driven filter, are as follows.
Time variation in the input matrix I' evolves through the equation

vec(I'y) = Sor + S10Y(Sa,r ), (2.14)

where the components take the following forms:
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The related Jacobian matrix is
Iy = Sir¥reSar, (2.15)

where

agyt/Q 0
0 by
CL@t/Q 0

O (SarAe) _ OYr 4 (Sa,r M) O(Sa2r ) _
O\, O(SarAt) O\,

Wy =

Time variation in the system matrix Z evolves through the equation

U@C(Zt) = S(),Z + 517277/1(5272)\,5), (216)
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where
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The associated Jacobian matrix is
Zt = Sl,z‘ifz,tsz,z, (2.17)
where
—Qgt - 2 0
0 —b,
U, — 31#(52,2)\1‘,) . a?/fz,t(SQ,Z)\t) 3(52,2)\t) . a 9 0 ot
Zt = ; = ; = | —Qgz-
—ag,t/2 0
Time variation in the system matrix H is defined as
vec(Ht) = SQH + SLHwH(SQ’H)\t), (2.18)
where
Ot 0 [1 0
0 0 00
Uec(Ht) - 0 P SO H — 0 3 SI,H - 0 0 y
Ornt 0 _O 1
Ot 110000
@”H_L—WJ’ “20= 10 10 0 0
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The Jacobian matrix is
o, = S, 5¥g:Sem,

where

Vpy =

Op(Sa,uh) _ OVra(So.pAe) O(Sa,mAe) _ o5, 0
N, d(Souh)  OX, 0 omi]

Time variation in the system matrix ) follows as

U@C(Qt) = S(],Q + Sl,QwQ<S2,Q)\t)a (2.19)
where
_ - _
0
O(20%1) (?(’;)Xl)
o g 1
= 3 S - 0 s S = ,
vec(Qy) 0o 0,Q (ng1) L0 |:0(80><1):|
o, 0 z
002041 | (20x1)
Vo = [oy] Seo=1[0 0 1 0 0].

The associated Jacobian matrix is

Q= Sl,Q‘i’Q,tsz,Q, (2.20)
where

OY(SagNi)  Ovgi(SagMi) O(S2.0M:)

\:.[j - - == * Fe
Qt N, d(Saoh)  ON Tyt

Lastly, the Jacobian associated with the prediction errors takes the form:

7 % B Ov,  Ovec(Zy)  Ov Doy Ovy  Ovec(Iy)
PTON T |ovec(Z) 0N, Ao, DN, ovec(T,) N,
- —(o/ o1 )avec(Zt) 7 oy el )avec(f‘t)
I )Y )V IV

= — (0, ® 1) Z; + (u, @ L)y |, n=2.

In our implementation, to limit the proliferation of model parameters, we have
assumed that the matrices A, and B, are diagonal.

The diagonal elements of the matrix By (b,;) determine how sensitive the
TVP vector is to the score s;. Regarding the matrix A, its diagonal elements
(ar;) contribute to the degree of persistence of the time-varying parameters by
measuring the speed at which the parameter reverts to its long-run level in a
shock-free framework. In other words, the diagonal elements of A, determine the
inertia of the information embedded in the prediction error up to time ¢t — 1. As
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discussed in the following section, the above interpretation of the two weighting
matrices plays a crucial role in the context of the present study.

Also, since the time variation of the slope parameters is assumed to follow a
random walk in the IS and Phillips curve equations, we have imposed wy; = 0 and
ay; = 1 in the updating equations for ag., br:. The vector of static parameters
driving the dynamics of the TVP vector \; is then given by

0, = {WA,iaA)\,i>B)\,z’}a L= {Ugﬂmayhag, bw}'

The total vector of model parameters to be estimated maximizing the log-likelihood
in Eq. (2.10) is 8 = (6.,0))’, which includes the previously introduced vector of
static parameters 8, and the vector of TVP-related coefficients 6.

2.2.3 An augmented accelerating score-driven framework for
TVP updating

The GAS framework allows for score-driven TVPs but relies on the assumption
that the dynamic law governing their evolution is time-invariant. However, chang-
ing economic conditions and state dependencies, which typically characterize many
economic phenomena, can cause the features of the variation pattern to evolve.
Furthermore, the flexibility of GAS models is limited by the assumption that the
TVPs are linearly dependent on past score values. Blasques et al. (2019) recog-
nized and addressed such difficulties and proposed the accelerating GAS (aGAS)
model, which assigns a time-varying weight to the score in the parameter updating
equation.

The aGAS model includes an additional updating equation in which the first-
order autocorrelation of the conditional scores determines the weight assigned to
the score in updating the dynamic parameters. When recent score innovations
have the same sign (positive first-order autocorrelation), the adjustment of the
current TVP needs to accelerate faster than in a period when these innovations
have mixed signs. Accordingly, the updating procedure will accelerate when a set
of consecutive innovations has the same signs. As a result, the aGAS provides an
intuitive way to make the TVP adjustment speed adaptive, thus improving the local
fit of the model. In their analysis, Blasques et al. (2019) find that this mechanism
is well suited to capture sudden volatility shifts, adapting the volatility dynamics
much faster than in the standard GARCH model. In addition, they find that in
the presence of outliers, the application of the aGAS approach in GARCH-type
models can mitigate the adverse effects of tail events by attenuating the impact of
outliers faster.

Considering the aforementioned aspects in this study, the large transitory shocks
experienced during the COVID-19 pandemic serve as a striking example of rapid
changes in volatility dynamics. As Holston et al. (2023) report, the standard-
ized auxiliary residuals of the output gap display severe divergences from their
pre-pandemic level of standard deviation due to the economic shutdowns and re-
openings caused by the exogenous shocks. Consistent with the procedure for testing
the presence of outliers using auxiliary residuals proposed by Harvey and Koopman
(1992) and Koopman et al. (1998), this observation confirms that the estimated
output gap has been heavily affected by extreme observations associated with the
pandemic.

Since the main objective in estimating the r-star is to properly disentangle tran-
sitory disturbances from permanent or highly persistent shocks using the KF, it
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is crucial to model volatility persistence adequately. Volatility directly influences
the elements of the Kalman gain matrix, which determines the weight assigned to
the information content of the prediction errors in the state estimation process. As
suggested by time series evidence, highly persistent changes in real GDP growth,
labor productivity growth, and the real interest rate are prone to be mistaken for
volatile transitory shocks (Holston et al., 2017). Therefore, maximum likelihood
(ML) estimates of the standard deviations in the observation equation are poten-
tially contaminated by persistent changes. As a result, the standard deviations of
the state innovations are likely to be biased towards zero when estimated by max-
imum likelihood, which is the so-called pile-up problem discussed in Stock (1994).

To overcome these problems, we propose implementing an aGAS model, which
provides a flexible approach to identifying transitory shocks through adaptive mod-
eling of volatility persistence. As mentioned above, this task is achieved by assign-
ing a time-varying weight to the conditional score. Furthermore, to improve the
flexibility of the aGAS modeling approach, we consider a variant of the model ini-
tially proposed by Blasques et al. (2019) where, in the updating mechanism, the
autoregressive coefficient associated with the lagged volatility is also allowed to vary
over time. Since this coefficient determines the extent to which current volatility
depends on its past values and thus governs its inertia, it plays a prominent role in
determining the persistence of volatility clustering over time. This modified version
of accelerating GAS will be referred to as augmented accelerating GAS (aaGAS).

In the aaGAS model, the standard score-driven recursion to update the TVP
vector takes the form

A1 =wr +F A AN+ Boagse 0 se= Shiuag, (2.21)

where the persistence parameters, given by the diagonal elements of A ; (a,;) and
B, (b)), become time-varying. The aGAS model is obtained as a special case set-
ting Ay; = A,. In our framework, considering the extreme shifts in the volatility
of the output gap disturbances during the COVID-19 pandemic, we have decided
to enhance the baseline score-driven model presented in Section 2.2.2 by introduc-
ing an aaGAS update only for the standard deviation of the observation noise in
the IS curve equation. To keep the model parsimonious and therefore confine the
dimension of the TVP-related static parameter vector, the weight parameters as-
sociated with the other elements of the TVP vector remain time-invariant, leading
to the following modified configuration for the A, and B, matrices present in
Eq. (2.21).

Ase = diag ([Brogi} Broes Aoy Mg g ).,

B/\,t = dlag ([ b/\,O’g,t ) b)\,O'Tm b/\,O'y*y b)\,y*u b)\,ﬂ']) )

where the variation in ay . ; and by, (boxed) is modeled by the aaGAS specifi-
cation. For simplicity, hereafter we denote these as a,, and by, respectively.

Following Blasques et al. (2019), the weighting of the ith component of the
score innovation is achieved as follows.

byt = J(fe130) [ = wy +agfi +bysyy, (2.22)

where j(-) denotes a logistic function that characterizes how the additional updating
equation governs the time variation in by;. The time-varying f;1; follows a first-
order autoregressive process with intercept wy, AR coefficient ay, weight parameter
bs, and innovation term sy, which is given by
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where Cy; is a function of the scaling factors Sy, and Sy ;—; introduced earlier.

More precisely, since the aaGAS update is applied exclusively to the first ele-
ment of the TVP vector, we consider only the first diagonal element of the scaling
matrices Sy, and Sy;_1, such that:

X U U -1, (2.23)

Cf,t = [S)\,t]ll : [S/\,t—ﬂn,

where

D=

[Sxelin = ([Zen) ™

denotes the square root of the inverse of the first diagonal element of the time
t information matrix. This scalar scaling term ensures that only the uncertainty
related to the output gap volatility enters the aaGAS update so that the current
and lagged scores are scaled by their corresponding marginal Fisher information.

To complete the local dependence model of volatility persistence in Eq. (2.21),
we introduce ay; given as

aye = k(g+1:0) , Gi1 = wg + a0 +bgsgr , Sgr = [Sailin s uge,  (2.24)

where the link function and the structure of the updating equation are analogous
to Eq. (2.22), with the innovation term wu,g,.
Assuming 0\;_1/0g; = 0, we obtain

dlogp 810gp%
dg oN Ogy
0N
oM 99
O 08y ¢—
= Uxg (b,\,t—l a;tl +ay: (f;gtt 1)

X U)\,t/\t—l- (225)

Thus,

_ Ologp(y: | Ai;0)

Ug agt X u)\,t/\tfl- (226)

Therefore, Eq. (2.26) reveals that when the weighting coefficient in the score-
driven updating equation becomes time-varying, it is proportional to the product
of the current conditional score and the lagged realization of the time-varying
parameter itself, thus relating to the first-order cross-correlation between these
variables. One may interpret this result within the present context as follows:
a sharp change in the conditional score, materialized by a large shock such as
an event associated with the COVID-19 pandemic, implies a sudden downward
shift in volatility persistence. Therefore, the model is expected to identify large
transitory shocks more effectively by assigning less weight to the AR coefficient in
the parameter updating equation.
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2.3 Empirical analysis

This section presents the results of an empirical application of the models intro-
duced in Section 2.2 to US data. First, Sections 2.3.1 and 2.3.2 provide brief
descriptions of the dataset used for the analysis and the estimation strategy, re-
spectively, while Section 2.3.3 presents the estimation results, Section 2.3.4 focuses
on the estimated time-varying volatilities, the estimated dynamic IS and Phillips
curves are presented in Section 2.3.5, and finally Section 2.3.6 reports and discusses
the empirical results on the estimation of the r-star and the output gap.

2.3.1 The data

The dataset used in this study is the same as that of Holston (2017), but has been
extended to cover the period up to 2024Q4. Therefore, for a brief overview, we
report only the summary of the variables in Table 2.2. A detailed description of
the variables can be found in the Data Appendix of HLW. More details and the
updated quarterly database are available on the website of the Federal Reserve
Bank of New York (https://www.newyorkfed.org/research/policy/rstar).

Table 2.2: Variable Definitions

Variable Description

Inflation Annualized quarterly growth rate of core PCE inflation
Inflation expectations Four quarter moving average of past inflation
Short-term interest rate  Annualized nominal federal funds rate

Output Logarithm of real GDP

2.3.2 Model specification and estimation

We estimate three variants of the baseline time-varying parameter (TVP) condi-
tionally Gaussian state-space model, each employing a distinct score-driven updat-
ing mechanism for the dynamics of the TVP vector. First, we estimate the model
using the standard GAS specification. Next, we consider a version with an ac-
celerating score-driven update (aGAS). Finally, we estimate the full specification,
which incorporates an augmented accelerating scheme (aaGAS) for the volatility
of the output gap innovations. The model log-likelihood in Eq. (2.10) is evaluated
by the KF', augmented with the score-driven recursions needed to update the time-
varying parameters present in the system matrices. Estimation of the vector of
model parameters #, including those kept time-invariant within the system matri-
ces (0;) and the TVP-related ones (6,), is carried out by numerically maximizing
the log-likelihood function with respect to 6 = (0s,6,). The confidence intervals
for the elements of the TVP vector A\; and the state estimates are constructed by
integrating the simulation-based inferential techniques of Blasques et al. (2016)
and Hamilton (1986) to account for both parameter and filter uncertainty. More
specifically, in addition to generating parameter vectors from a multivariate normal
distribution, with mean and variance-covariance matrix, respectively, given by the
ML estimate of the static parameter vector 6 and its robust variance-covariance ma-
trix estimate, we simultaneously draw model-based random trajectories of the state
vector. As prior for the initial state, we assume a multivariate normal distribution
with the mean and variance-covariance matrix given by the smoothed estimates
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of the initial state and its variance-covariance matrix, respectively. Therefore, the
confidence intervals constructed from the simulated sequences of parameter and
state vectors obtained using the Kalman filter with the TVP updating algorithm
capture both filtering and parameter estimation uncertainty. In addition, to as-
sess the overall precision of the state variable estimates and facilitate comparison
with the HLW model, we compute their associated standard errors following the
methodology introduced by Hamilton (1986). In what follows, we report standard
errors and 68% confidence intervals based on 5,000 simulations.

2.3.3 Parameter estimates

Before turning to the visual representation of the estimated dynamic parameters
and state variables, Table 2.3 presents a first summary of the estimation results. In
addition to the score-driven models, the table also reports the estimation results for
the COVID-adjusted version of the benchmark HLW model discussed by Holston
et al. (2023). All models consider the period from 1960Q1 to 2024Q4, covering the
complete data set available at the time of writing.

The top panel of the table reports the parameter estimates for the static pa-
rameters in 6;, (a1, az, b1, 04, 0,), along with their robust standard errors. For both
score-driven specifications, the estimated values are broadly in line with the HLW
estimates, except for the standard deviations of the trend growth rate and the in-
novations of the z-factor, o, and o, which are estimated to be lower under the
score-driven models. At this point, it is worth noting that we slightly depart from
the related HLW procedure, where the Stock and Watson (1998) median unbiased
estimator (MUE) is used due to the pile-up problem discussed in Section 2.2.3. Our
choice aligns with Buncic (2024), who estimates o, and o, with ML and finds little
evidence for the pile-up problem. As the estimated parameters suggest, this finding
is also supported by our ML estimates, likely due to the improved identification of
transitory shocks facilitated by time-varying volatilities. Concerning the estimation
of the TVP vector, in order to enable the comparison with HLW, we summarize the
elements of \; in terms of their sample averages in the bottom panel of the table.
Specifically, we find that the mean values of 0;, 0, and 0, are consistent with
the corresponding HLW estimates. Regarding the two slope parameters, a; and by,
the first, associated with the IS curve, is well aligned with the HLW estimate. In
contrast, the sample average of the latter, corresponding to the Phillips curve, is
half the value reported by HLW when using the GAS specifications.?

Turning to the assessment of uncertainty in the state variables, the lower panel
of Table 2.3 compares the standard errors across the models under consideration.
Focusing first on potential output, the sample-average standard errors in the GAS
models are higher than in the HLW model, indicating somewhat greater estimation
uncertainty on average. However, this difference is only marginal relative to the
aGAS and aaGAS models. Considering the final observation, the standard GAS
model exhibits a similar gap, while both the aGAS and aaGAS models produce
nearly identical standard errors. This suggests that the full-sample divergence
from the HLW model in potential output estimation uncertainty is not driven by
the onset of the COVID-19 pandemic.®> Most importantly, the sample average

2The slope parameter of the Phillips curve estimated under the original LW configuration is
closer to the sample average of our estimates, i.e., 0.047 over the same estimation interval.

3We find that the standard errors of potential output generated by the aaGAS model are,
on average, similar to those obtained from the original Laubach and Williams (2003) model
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Table 2.3: Model estimation results

Parameter HLW standard GAS aGAS aaGAS
Static [0]

ay 1.417 1.514 1.462 1.544
[0.103] [0.097] [0.172] [0.027]
as -0.483 -0.545 -0.503 -0.578
[0.105] [0.084] [0.233] [0.035]
b1 0.689 0.617 0.618 0.618
[0.041] [0.079] [0.093] [0.074]
0g 0.137 0.128 0.080 0.080
[0.005] [0.003] [0.001]
o, 0.113 0.056 0.059 0.045
[0.022] [0.061] [0.001]

o = /02+02  0.188 0.139 0.099 0.092

Time Varying [A]

ag -0.068 -0.054 -0.063  -0.057
[0.017]
bx 0.080 0.040 0.041 0.040
[0.026]
oy 0.437 0.386 0.460 0.391
[0.094]
On 0.791 0.753 0.743 0.739
[0.027]
Oy 0.503 0.511 0.474 0.515
[0.077]
S.E. (sample averages)
r* 1.207 0.760 0.751 0.700
g 0.407 0.400 0.310 0.309
y* 1.520 2.023 1.778 1.809
z 1.137 0.644 0.683 0.627
S.E. (final observations)
r* 1.595 1.073 1.038 0.910
g 0.583 0.642 0.488 0.452
y* 2.090 2.878 2.089 2.084
z 1.484 0.860 0.916 0.789
Log-Likelihood -600.70 -570.44 -568.43  -565.81
AlIC 1235.4 1174.89 1174.87  1173.62

Note: Robust standard errors (S.E.) are reported in parentheses. o, is expressed at an annual
rate. The values for the time-varying counterparts of oy, o, oy+, ay and b, under the GAS
specifications correspond to their sample averages. Standard errors for o4 and o, under the HLW
model are not reported, as these are implied parameters. Specifically, they are computed as
0g = Agoy~ and o, = )‘Z—‘:y, where \; and A, are obtained from a preliminary ML estimation.

standard error of the r-star in the aaGAS model is 0.7 percentage points, which is
nearly half the magnitude observed in the HLW model, highlighting a substantial
reduction in uncertainty of the natural rate estimate when the full information set
is used. A comparable gain in precision is also evident in the standard errors of
the final observation, reflecting lower uncertainty in the real-time state estimates of
the score-driven models. It should be noted that the random walk component, z,
accounts for the largest improvement in the precision of r-star estimates and is the

configuration with the COVID-related modification introduced by Holston et al. (2023), and
lower for the final observation, which reports 1.8 and 2.5 percentage points, respectively.
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primary contributor to the estimation uncertainty of the natural rate of interest
reported under all models, as well as for both the sample average and the final
observation estimates.

Overall, the log-likelihood and information criteria indicate that the score-
driven framework significantly improves model fit, with the aaGAS specification
slightly outperforming the other GAS variants.

Table 2.4: TVP Related Parameter Estimates

Parameter standard GAS aGAS aaGAS Parameter aGAS aaGAS

aroy 0.826 0815  0.463 .00 0.713  0.837
[0.053] [0.002] [0.652]  [0.016]
aro. 0.900 0.896  0.898 b .os 0.007  0.006
[0.050] [0.048]  [0.042] [0.054]  [0.002]
Aro,- 0.838 0.858  0.740 W o 0.450  0.490
[0.145] [0.006]  [0.009] [0.348]  [0.005]
bros 0.498 0.328  0.440 ag.0, 0.845
[0.268] [0.026]
Dao. 0.142 0.140  0.139 by, 0.030
[0.032] [0.030]  [0.031] [0.001]
Do, - 0.275 0.305  0.221 Wo.os 0.464
[0.096] [0.185]  [0.011] [0.074]
b 0.118 0.074  0.078
[0.116] [0.230]  [0.016]
bax 0.006 0.005  0.003
[0.008 [0.014]  [0.004]
W 0.719 0.750  0.366
[0.345] [0.108]  [0.047]
Wro, 0.945 0.940  0.940
[0.036] [0.040]  [0.027]
Wo,s 0.804 0.809  0.708
[0.368) [0.199]  [0.013]
K 0.014 0.018  0.036
[0.007] [0.014]  [0.004]

Note: Robust standard errors are reported in parentheses. The values for the time-varying
counterpart of ay ,, under aGAS and ay,, by, under the aaGAS model correspond to their
sample averages.

The additional static parameters that govern the score-driven updates, collected
in the vector #,, are reported in Table 2.4. Most parameters are significant at the
10% level in both score-driven models. The most notable exception is given by
the score weight associated with the standard deviation of the output gap, by,
indicating some uncertainty in identifying the dynamics of the underlying coefficient
in the standard and accelerating GAS models. As ay . and by, are modeled as
time-varying in the aaGAS framework, we report the time averages of the estimated
coefficients to allow comparison with the level of the corresponding GAS estimates.

4We note that the gains in the estimation precision are similar or even greater when comparing
the standard errors of the r-star and its components obtained by our models with those by the
Laubach and Williams (2003) specification.
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2.3.4 Time-varying volatilities

In this section, we compare the estimates of time-varying volatilities obtained by
the considered models.
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Figure 2.1: Dynamic persistence parameters of the output gap noise volatility estimated by
the aaGAS (solid line), aGAS (dotted line) and standard GAS (dashed line) specifications. The
left-hand side panel displays the inertia coefficient a ;, the right-hand side panel shows the weight
of the score innovations b ;.

First, Figure 2.1 reports the evolution of the parameters governing the state-
dependent persistence of output gap volatility. The time-varying AR coefficient a) ,
in the aaGAS model exhibits substantial variation over the sample period. Notably,
its dynamics appear to be correlated with those of output, as sharp declines in
the coefficient coincide with US recessionary periods characterized by pronounced
contractions in output. In general, ay; decreases with the magnitude of output
shocks. These declines are typically followed by a gradual recovery as economic
disruptions dissipate. This behavior is particularly pronounced during the COVID-
19 pandemic, reflecting highly volatile economic activity.

Over the same period, the parameter by, in the aaGAS model, which measures
the weight on score innovations, exhibits a sharp increase following an initial de-
crease. This variation enables a faster adjustment to the new level of volatility.
In contrast, the corresponding parameter in the aGAS model shows a gradual re-
version to its long-term reference value, resulting in a more sluggish adjustment.
Consequently, the faster adjustment associated with the lower level of ay; in the
aaGAS model implies that the overall persistence of the output gap during the
COVID period is predominantly driven by score innovations rather than by the
inertial component of its dynamics.

Next, Figures 2.2 and 2.3 show the time plots of the output gap and potential
output volatilities, respectively, comparing the time-varying volatility dynamics
returned by the score-driven models with the volatility level fitted by the COVID-
adjusted HLW model. The latter assumes a constant volatility level, except for an
adjustment restricted to the COVID-19 period.

For the output gap, as shown in Figure 2.2, the aaGAS approach produces
volatility patterns that differ substantially from those of the standard and accel-
erating GAS models during the COVID-19 pandemic. While the standard GAS
and aGAS specifications do not capture the shock induced by pandemic restric-
tions, the aaGAS model estimates notably higher volatility, consistent with the
interpretation of a transitory shock. In the long run, the HLW constant estimate
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Figure 2.2: The solid blue lines show the output gap time-varying volatilities estimated by
the standard GAS (left) and augmented-accelerating GAS update (right). The red dashed lines
display the HLW estimates adjusted in the COVID-19 pandemic by the HLW (2023) methodol-
ogy. Shaded vertical areas indicate US recessions as dated by the National Bureau of Economic
Research (NBER).

interpolates between the score-driven volatilities, while during the COVID period
it lies between the GAS and aaGAS estimates.
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Figure 2.3: Potential output time-varying volatilities estimated by the standard GAS (left)
and augmented-accelerating GAS update (right). The red dashed lines show the time-invariant
counterparts estimated by HLW. Shaded vertical areas indicate US recessions as dated by the
National Bureau of Economic Research (NBER).

Introducing fully state-dependent persistence in output gap volatility does not
limit its impact to a single parameter. This is evident in Figure 2.3, which shows
the difference between the conditional volatility estimates of the potential out-
put obtained from the score-driven models. While the standard and accelerating
GAS update allows pandemic-related innovations to affect the signal, the aaGAS
updating mechanism mitigates the impact of these shocks on state volatility by
down-weighting the associated scores through Eq. (2.12) and Eq. (2.13) This be-
havior is better understood when considering that pandemic-specific trajectories in
volatility dynamics result in a different evolution of the signal-to-noise ratio, that
is, the ratio of output gap to potential output volatility, a critical factor in esti-
mating the state through the KF. As shown in the bottom panel on the left-hand
side of Figure 2.4, when the model is estimated using the standard and accelerat-
ing GAS model, the ratio increases significantly due to the COVID-19 pandemic
shocks, which considerably affect the path of potential output.
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In contrast, as will be shown in Section 2.3.6, the aaGAS model discounts
the weights of the same shocks in the KF through the signal-to-noise ratio (bottom
panel on the right-hand side of Figure 2.4), thus minimizing the impact of transitory
shocks on the state variable and leaving the potential output nearly unaffected.
In addition, the bottom-right panel shows that, while the estimated trajectories
obtained from the aaGAS and the HLW estimates follow a broadly similar pattern,
their timing differs slightly when compared. It should be noted that the delayed
response of the latter results from a COVID-related modeling choice by Holston
et al. (2023), which allows the volatility of the underlying output gap to vary
annually, but only starting in the second quarter of 2020, despite the fact that the
US economy had already been affected by the COVID shock in the first quarter of
2020.
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Figure 2.4: The solid blue lines show the signal-to-noise ratio (output gap volatility to poten-
tial output volatility) estimated by the standard GAS (left-hand side column) and augmented-
accelerating GAS update (right-hand side column) in the pre-pandemic interval (upper panels)
and from 2018 onward (bottom panels). The red dashed lines display the HLW estimates adjusted
in the COVID-19 pandemic by the HLW (2023) methodology. Shaded vertical areas indicate US
recessions as dated by the National Bureau of Economic Research (NBER).

Moving forward, Figure 2.5 depicts the volatility dynamics of inflation, which
are consistent with major inflationary episodes.® The increases observed in the
1970s align with the oil shocks and energy crisis, which triggered a period of per-
sistently high inflation in the US. It was not until the mid-1980s that inflation
volatility subsided, following the Volcker monetary tightening. This period of low
volatility, known as the Great Moderation, came to an end with the GFC, when the

5Since the estimates of this time-varying parameter largely coincide across the two models,
only the aaGAS estimates are reported.
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Figure 2.5: Inflation volatility estimated by the aaGAS model. The colored bands denote
the 68% confidence interval corresponding both for filtering and parameter uncertainty. The
red dashed lines show the time-invariant inflation volatility estimated by HLW (2017). Shaded
vertical areas indicate US recessions as dated by the National Bureau of Economic Research
(NBER).

standard deviation of inflation increased sharply. Finally, the inflationary shocks
associated with the COVID-19 pandemic, followed by disruptions in energy markets
in 2023, are also reflected in the evolution of the Phillips curve-related standard
deviation.

We close the section by noting that the remainder of the analysis focuses pri-
marily on the standard and aaGAS specifications for ease of exposition. This is
because the accelerating GAS specification proves insufficient during the COVID
interval to fully capture the volatility shift, as suggested by its signal-to-noise ra-
tio (bottom-left panel of Figure 2.4), and constitutes an intermediate specification
between the standard GAS and aaGAS models, as indicated by model fit.

2.3.5 Dynamic IS and Phillips curves

This section evaluates the dynamics of the parameters that drive the structural
relationships of the IS and the Phillips curve. As the evolution of the two time-
varying parameters in the two score-driven models considered takes a comparable
path, only the results obtained by estimating the aaGAS model are reported.

Figure 2.6 displays the dynamics of the slope parameters of the IS and Phillips
curves over the analyzed interval, respectively. Specifically, a;, corresponds to the
output gap sensitivity to changes in the real interest rate gap, and b, ; determines
the linkage between the output gap and the inflation rate. Although a causal inter-
pretation of the endogenous relationships requires the identification of individual
structural shocks, the main linkages can be summarized as follows. When the real
funds rate is above (below) the natural rate of interest, the positive (negative) real
rate gap reduces (increases) economic activity. The resulting lower (higher) output
gap is, in turn, associated with deflationary (inflationary) conditions.

The evolution of the IS slope parameter in the left-hand panel confirms that
the relationship between the real interest rate gap and the output gap underwent
considerable structural changes over the analyzed interval. Specifically, until the
economic recovery from the 1990s recession, the IS slope appears unstable and rel-
atively steep. However, in line with the unfolding Great Moderation, characterized
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Figure 2.6: Dynamic slopes of the IS curve (left-hand side) and Phillips curve (right-hand side)
based on simulation output. The red dashed line shows the time-invariant slope of the IS curve
estimated by HLW (2017). The Phillips curve slope parameter estimated by HLW (2017) as 0.08
is not displayed to improve readability. The solid blue line corresponds to the 50th percentile of
the simulated parameter. Shaded vertical areas indicate US. recessions as dated by the National
Bureau of Economic Research (NBER).

by downward shifts in economic volatility and consolidating monetary policy, the
slope gradually became flatter, reaching its current relatively stabilized level after
the Great Recession.

Although the slope dynamics of the Phillips curve in the right-hand side panel
follow a downward trend, the median of the simulated parameter path remains
confined to a narrow range due to the low weight placed on its score innovation,
by r, as reported in Table 2.4. This finding suggests that the relationship between
the output gap and the inflation rate has been relatively stable in the analyzed
interval, consistent with studies reporting little or no significant change in the slope
of the Phillips curve in recent decades (e.g., Hazell et al., 2022). Nevertheless, the
asymmetrical widening of the confidence bands over the last two decades makes it
difficult to rule out the flattening Phillips curve hypothesis.

2.3.6 The r-star and the output gap

To open the discussion, we compare the dynamics of the output gap around the
COVID pandemic obtained by the two GAS specifications discussed in Section
2.3.4, with those implied by the HLW estimates. As Figure 2.7 illustrates, the
output gap filtered state trajectories under the two score-driven models diverge
markedly from the onset of the COVID-19 pandemic. Interestingly, from this
point onward, the median realization of the simulated state under the standard
GAS model deviates from its filtered counterpart, resulting in more comparable
simulated paths across the considered models. However, under the aaGAS model,
consistent with the significance of the weighting parameters related to the standard
deviation of the output gap reported in Table 2.3, the narrower confidence bands,
with the closer alignment between the simulated and filtered states, suggest that in-
troducing time-varying persistence in the volatility of the output gap substantially
improves both the precision and the real-time reliability of the estimates.

While the aaGAS output gap exhibits the expected behavior as the COVID-19
pandemic evolves, the decline in its magnitude differs markedly from that estimated
by HLW. Figure 2.8 presents the distinct estimates of the underlying states that,
by definition, give rise to the observed dynamics. Notably, the natural rate of
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Figure 2.7: Estimations of the output gap around the COVID pandemic using the model with
standard GAS (left-hand side) and augmented-accelerating GAS (aaGAS) update (right-hand
side). The colored bands denote the 68% confidence interval accounting for both filtering and
parameter uncertainty. The thin solid blue line indicates the 50th percentile of the simulated
states, while the thick blue line shows the real-time filtered estimates. Shaded vertical areas
indicate US recessions as dated by the National Bureau of Economic Research (NBER).

output moderately declines in all models considered following the initial impact of
the pandemic, but diverges noticeably thereafter. Although the y-star estimated
by the standard GAS and HLW models falls more sharply in 2020Q2, the former
rebounds significantly, whereas the latter continues along a shifted trend as the
economic impact of the pandemic unfolds. In contrast, the aaGAS model interprets
pandemic-related shocks as transitory, resulting in a potential output estimate that
follows a moderately shifted trend with a milder slope. Given the primary objective
of the Kalman filter in this study, the substantial shift in the standard GAS and
HLW state estimate appears to be difficult to reconcile with the typically persistent
nature of potential output. In contrast, the aaGAS scenario, which shows a trend
with a moderate downward shift, with increased uncertainty around the output
gap, aligns more closely with the somewhat neutralizing forces on productivity
experienced after the initial shock of the COVID-19 pandemic.®

Looking at the output gap over the full interval, Figure 2.9 reveals that the
declines in output gap at the aaGAS model are generally deeper than the HLW
estimations. The fall in the output gap is especially pronounced following the Vol-
cker shock, which proceeds with a slower rebound than the HLW estimation. This
mismatch arises from the higher potential output the score-driven model gives,
likely reflecting its muted sensitivity to transitory shocks consistent with the struc-
tural assumption. These characteristics suggest that models with time-varying
volatilities improve the effectiveness of filtering out temporary disturbances when
estimating state variables. In addition, the resulting asymmetry, which, except for
the high-inflation trend episodes in the 1960s and 1970s and the post-COVID pe-
riod, dominates the analyzed interval, is somewhat compatible with the “plucking
model” by Friedman (1993), where the economy fluctuates under its full potential
ceiling.”

6For example, Bloom et al. (2025) find little lasting impact on aggregate total factor produc-
tivity with significant heterogeneity across firms and sectors in the US. Similarly, Fernald and Li
(2022) report a relatively modest decline in potential output in the post-COVID interval, driven
by offsetting effects across different channels.

"The plucking framework has been studied recently both theoretically (Suah, 2024) and em-
pirically (Dupraz et al., 2019).
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Figure 2.8: Estimation of the potential output by different models around the COVID-19
pandemic.
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Figure 2.9: Output gap 50th percentile simulation projection by the aaGAS model with the
corresponding confidence band and the benchmark HLW filtered estimate. Shaded vertical areas
indicate US recessions as dated by the National Bureau of Economic Research (NBER).

Turning to the central interest of the study, Figure 2.10 shows the r-star esti-
mated by the aaGAS specification with a confidence interval accounting for both
parameter and filtering uncertainty.® As the plot displays, the natural rate of in-
terest follows a downward trend through the analyzed interval and, as shown in
Figure 2.11, its real-time estimate is characterized by a relatively lower variability
than the corresponding HLW estimate. Most importantly, the decline during the
GFC is less pronounced in our estimation, and even afterwards, it tends to remain
in a higher range than the HLW estimate. The distinct trajectory of the aaGAS
r-star, as shown by the two-sided estimates in Figure 2.11, becomes even more evi-
dent when comparing its smoothed values given by the KF recursion using the full
information set. However, considering the ongoing debate about the current loca-
tion of the r-star, the most intriguing finding is perhaps the observed divergence in
the trends of the two real-time estimates.

As Figure 2.12 shows, the primary source of the estimation discrepancy is the
fundamentally different paths of the other factors component, z;. Although the

8Except for the potential output, we report only the state estimations of aaGAS as these
results are robust over the two specifications.
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Figure 2.10: Simulation results for the natural rate of interest using the augmented-accelerating
GAS (aaGAS) model. The colored bands denote the 68% confidence interval corresponding both
for filtering and parameter uncertainty. Shaded vertical areas indicate US recessions as dated by
the National Bureau of Economic Research (NBER).
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Figure 2.11: The solid blue line represents the filtered (one-sided) estimates of r-star using
the aaGAS model, while the red dashed line shows the corresponding estimates from the HLW
approach. The solid green line depicts the smoothed (two-sided) estimates of the natural rate of
interest under the aaGAS specification, and the green dashed line shows the smoothed estimates
based on the HLW model. Shaded areas indicate US recessions as dated by the National Bureau
of Economic Research (NBER).

descent in z; estimated by HLW accelerates in the post-pandemic interval, it shows
a limited variation in our output. Notably, the two estimates depart significantly
after the GFC, with a widening divergence over the rest of the interval. In contrast,
as Figure 2.13 shows, the other determinant of the r-star, the trend growth rate, is
characterized by substantially narrower confidence bands and, except for the post-
GFC interval, a closer match to the HLW estimate. Overall, these observations,
in line with the associated standard errors reported in Table 2.3, make it evident
that most of the uncertainty surrounding the r-star and its higher trajectory over
the past two decades relative to the HLW results stems from the estimation of the
z-factor. At the same time, as discussed previously, the notably lower standard
errors confirm that our models provide a more precise estimate of z; compared to
HLW, which largely accounts for the reduced uncertainty of our natural rate of
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Figure 2.12: Estimation of the “other factors” component (z;) by the model with augmented-
accelerating GAS (aaGAS) update and with HLW 2023 configuration. The colored bands denote
the 68% confidence interval corresponding both for filtering and parameter uncertainty. Vertical
shadows indicate recessions as identified by the National Bureau of Economic Research (NBER).
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Figure 2.13: Estimation of the trend growth rate by the model with augmented-accelerating
GAS (aaGAS) update and by HLW (2017). The colored bands denote the 68% confidence interval
corresponding both for filtering and parameter uncertainty. Vertical shadows indicate recessions
as identified by the National Bureau of Economic Research (NBER).

interest estimates.

As discussed above, the key component in the KF algorithm is the Kalman
gain matrix, which assigns weights to the prediction errors and determines the
latent state. Therefore, it is instructive to examine the evolution of its elements
to understand how the score-driven framework influences the estimation via this
instrument. We collect the main elements of the Kalman gain matrix in Figure
2.14, which shows how the weight of the information content in the IS curve (left-
hand side column) and the equation of the Phillips curve (right-hand side column)
are allocated through the Kalman filter recursion. While the weights associated
with the potential output (upper two panels) and thus determining the output gap
oscillate around the weight obtained from the HLW model, the rest of the panels
show a different picture. Notably, the bottom panels of Figure 2.14 show that the
Kalman gains related to the z-factor differ considerably between the two models.
Specifically, apart from the periods affected by the COVID-related adjustments,
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Figure 2.14: Kalman gains (K;) associated with different structural equations and state vari-
ables. The panels display, from left to right and top to bottom: (1) Kalman gain associated
with the potential output and IS equation, (2) Kalman gain associated with the potential output
and Phillips curve, (3) Kalman gain associated with the trend growth rate and IS equation, (4)
Kalman gain associated with the trend growth rate and inflation dynamics, (5) Kalman gain for
the z-factor and IS relation, and (6) Kalman gain for the z-factor and Phillips curve equation.

the Kalman gains obtained from the HLW model are consistently higher than
those from the aaGAS specification. Altogether, the high flexibility provided by
the score-driven setup, as opposed to the relatively rigid and larger weights obtained
from the static parameter model for the two components of the r-star, g; and z;, led
to our higher and generally more stable natural rate of interest estimates over the
past two decades, materializing primarily through the estimation of the z-factors.

2.4 Alternative identification and extensions in the
Laubach—Williams framework

Our analysis shows that the r-star estimates depend critically on the “other factors”
component, z;. Its non-trivial contribution to the trajectory of r-star, together with
the substantial ambiguity surrounding its interpretation and estimation, motivates
alternative identification strategies and extensions of the baseline LW framework.
While full identification is unlikely given the inherently composite nature of this
factor, increasing the share of its economically interpretable component offers a
potential way to improve both identification and the precision of the estimated
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natural rate.

Given the relevance of uncertainty and risk-taking behavior for real economic
activity and their implicit role in the present analysis, integrating financial risk-
related dimensions constitutes a natural refinement of the LW framework and its
identification strategy. This extension is consistent with a long-standing line of
research on the role of financial factors in business fluctuations. Such approaches
either remained outside the mainstream (e.g., Minsky, 2015; Kindleberger, 2000) or
predate modern formal macroeconomic frameworks (e.g., Fisher, 1932). However,
they have gradually been incorporated into more standard models, prominently
through neoclassical frameworks augmented with financial frictions (e.g., Bernanke
and Gertler, 1989; Bernanke et al., 1999).

The Global Financial Crisis and its aftermath renewed interest in incorporating
financial frictions into New Keynesian models (e.g., Curdia and Woodford, 2010,
2011, 2016; Gertler and Kiyotaki, 2010; Gertler and Karadi, 2011). These models
provide a natural theoretical foundation to link financial factors to the "other
factors" component. In this class of models, spreads, external finance premia, and
intermediary risk premia enter the IS equation as time-varying wedges, reflecting
deviations between the policy rate and the effective rate relevant for consumption
and investment decisions. Given that the natural rate of interest is defined as the
real rate consistent with a zero output gap, persistent movements in these wedges
shift the equilibrium intertemporal condition and, in turn, can affect the level of the
natural rate of interest. Consequently, persistent changes in financial conditions
driven by underlying risk attitudes can be interpreted as a determinant of the
natural rate of interest, providing a more economically grounded decomposition.

A natural candidate for an external proxy for this purpose is the risk premium,
defined as the compensation investors require for bearing risk above the risk-free
rate. Yet, aggregate risk premium measures often conflate multiple components,
obscuring underlying heterogeneity across the financial sector. Therefore, to miti-
gate the impact of idiosyncratic variation and avoid reliance on a single aggregate
indicator, one can construct a risk premium indicator as the first principal com-
ponent based on bank-level measures. Specifically, this approach would exploit
cross-sectional information in intermediary balance sheets to extract the common
variation in financial conditions. Consequently, it is better aligned with the the-
oretical drivers of time-varying financial wedges and provides a more informative
proxy for the underlying financial conditions relevant for aggregate demand.

This interpretation is consistent with Bauer et al. (2023), where, based on
standard asset pricing theory, risk appetite is defined as the common movement
in risk premia and risky asset prices across multiple markets. In this sense, the
comovement of risk premia across entities within a given sector can be interpreted
as reflecting changes in the overall risk appetite for that sector. This approach is
further supported by the granular perspective outlined in Gabaix (2011), which
shows that when the distribution of firm sizes is fat-tailed, idiosyncratic shocks at
the level of large firms can drive aggregate fluctuations. Since a few large banks
own a large share of the aggregate assets in the US banking sector, this implies
that common variation in balance sheet conditions across major institutions can
capture economically meaningful aggregate dynamics. Given this, extracting a
principal component from balance sheet indicators of banks above an economically
relevant size threshold provides a tractable way to capture the common variation
across intermediaries. The resulting measure serves as a sector-wide proxy for
risk-taking that is both empirically grounded and consistent with the presence of
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granular effects.

Building on the above, the extracted factor p; can be interpreted as a summary
indicator of sector-wide financial conditions associated primarily with intermediary
balance sheet conditions, while also reflecting broader private sector financial con-
ditions. However, for the purpose of linking financial factors to the natural rate of
interest, it is useful to distinguish between its persistent and cyclical components.
Therefore, the financial factor is decomposed into a component p;, capturing persis-
tent changes in underlying financial conditions, including structural and behavioral
factors such as shifts in risk attitudes, private-sector deleveraging (Eggertsson and
Krugman, 2012), long-term regulatory changes, and financial innovation, and a gap
Py, reflecting cyclical fluctuations in financial conditions.

This decomposition is related to the distinction between the financial cycle
and the financial gap (e.g., Borio, 2014), in that it separates short-term fluctua-
tions from more persistent financial dynamics. The cyclical component p; captures
short-term deviations in the effective cost of capital, consistent with time-varying
financial wedges in the IS equation. In contrast, the persistent component p; con-
tributes to shifts in the natural rate of interest.

Specifically, the definition of latent states is modified and extended by the new
measurement py:

e = Dt + Dy, (2.27)
Ut = Y — y,f, (2-28)
ri =g+ 2+ py, (2.29)

where p, is the standardized first principal component of risk premia across financial
intermediaries. The unit-level risk premium is defined as the spread between the
lending rate and the effective federal funds rate, capturing bank-specific financial
conditions reflected in credit risk, funding costs, intermediary margins, and the
cost of external finance faced by borrowers. The lending rate is determined by
dividing interest income by gross loans retrieved from commercial and investment
banks’ quarterly balance sheets and income statement data. The natural rate of
interest is augmented to include the persistent component p;, while the cyclical
component p; enters the IS relationship in Eq. (2.2) as a financial wedge scaled by
the parameter ~:

2

_ _ _ aj; . _
Yt = 1Y—1 + QY2 + %t Z [(Tt—j - Tt_j) + '7pt—j] + €5 (2.30)

j=1
With the transition equation for p; complementing the system of Eqs. (2.5)—(2.7):
Pi =Dt Ep et ~ N(0,0,) (2.31)

Overall, this extension offers a structured way to incorporate financial factors
into the LW framework and to provide a more interpretable decomposition of the
natural rate of interest. However, its implementation remains subject to measure-
ment and identification challenges.

An alternative identification strategy for the Phillips curve relationship could
also be considered. Specifically, relaxing the assumption of strictly backward-
looking price-setting behavior would align the model more closely with the New
Keynesian framework. For this purpose, the extended series of Clark and Doh
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(2014) on long-term inflation expectations, employed in Chapter 3, could replace
the term (1 — by)m_24 in Eq. (2.3), yielding:

Ty = blﬂ'tfl -+ (1 — bl)ﬂ'£1 + bﬂ-,tgtfl -+ Erts (232)

where 7 | denotes lagged long-term inflation expectations.

In summary, these extensions suggest a broader strategy of sharpening the
identification of the LW framework by enriching the information set used, including
micro-level data. Further research should assess the joint performance of these
extensions, their robustness across specifications, and their implications for the
precision and interpretability of the estimated natural rate of interest.

2.5 Conclusions

Determining the natural rate of interest has been an inspiring subject of academic
discourse since the concept was first introduced over a century ago. This chapter
contributes to this line of research by making the parameters of the Laubach-
Williams semi-structural model time-varying, with their dynamics being governed
by the conditional likelihood score. In addition, motivated by the econometric
challenges initiated by the pandemic, we introduced an augmented accelerating
version of the GAS (aaGAS) updating mechanism.

The output gap estimated by the aaGAS suggests that the modified model ef-
fectively handles large volatility shifts due to extreme events. Furthermore, the
higher estimate of potential output relative to HLW suggests that the proposed
models are more efficient at disentangling transitory and highly persistent shocks.
Regarding the time-varying structural relationships, the IS slope was highly unsta-
ble until the beginning of the Great Moderation, gradually flattening during this
period and stabilizing at a low level after the Great Recession. As for the Phillips
curve, while we find little evidence of time variation in its slope parameter, the
pronounced downside uncertainty in the simulated parameter limits any decisive
conclusions regarding the stability of the slope over the past decades. Most im-
portantly, the r-star estimates exhibit substantially higher precision and reduced
variability, along with a flatter downward trend over the analyzed interval com-
pared to the benchmark HLW model. In addition, we find that the primary source
of the recent divergence in the trajectories and the uncertainty surrounding the
natural rate of interest lies in the estimation of the “other factors”, z. These state
estimates not only deviate substantially from those of HLW but also account for
most of the improvement in r-star estimation precision, explaining the higher nat-
ural rate of interest—ranging between 1.5% and 2% —observed over the past two
decades. Furthermore, the current upward trend in both the filtered and smoothed
estimates, in contrast to HLW model output, indicates that the natural rate of
interest has already passed its historically low level.

Given the high uncertainty and the ambiguous definition of the z-factor, future
research could focus on improving its refined identification and developing more
precise specifications. Moreover, considering the low-frequency nature of current
estimations and the delayed availability of relevant data, a model that utilizes
higher-frequency data and proxy variables could offer a more timely and accurate
assessment.

In summary, the lower variability of the r-star estimate, along with the reduced
standard errors of the underlying state estimates, implies that the proposed mod-
els are more adaptable to sudden changes in the economic environment and, thus,
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more effective at identifying transitory shocks than the standard LW methodol-
ogy. Based on a purely statistical, data-driven approach, the GAS (score-driven)
models, therefore, provide a valid empirical alternative for estimating the natu-
ral rate of interest in real-time, demonstrating a clear advantage in estimation
precision. In addition, the aaGAS specification further improves the precision of
the r-star estimate, alleviating a long-standing limitation of models based on the
LW methodology. Moreover, in light of the occurrence of extreme events in both
macroeconomic and financial contexts, the aaGAS offers a viable extension of the
standard GAS framework to more adequately model volatility persistence.
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Chapter 3

Inflation Dynamics and the Phillips
Curve in the US: The Smoothed

Dynamic Multiple Quantile Model

This chapter is based on “Inflation Dynamics Beyond the Mean: A Time-Varying
Multiple Quantile Phillips Curve with Quantile-Heterogeneous Slopes” by Tibor Pdl
(working paper, 2026).

Abstract

This chapter studies the dynamics of the conditional distribution of US inflation
within a New Keynesian Phillips curve framework. Conditional inflation quantiles
are jointly modeled using a dynamic multiple quantile specification. To accommo-
date time variation and quantile heterogeneity, the smoothed Dynamic Multiple
Quantile model is introduced that allows the Phillips curve slope to vary over time
and across the distribution. We document pronounced nonlinearities in the Phillips
curve and in the relative importance of backward and forward-looking inflation
expectations. The estimated upper-tail slope is consistently flat across specifica-
tions, indicating pronounced asymmetry across quantiles. The entire cross-quantile
profile evolves over time, implying a time-varying Phillips curve shape. Periodic
flattening of the Phillips curve, particularly in the lower tail, is consistent with the
missing disinflation following the Great Recession and in the post-pandemic pe-
riod. Lastly, the filtered conditional inflation quantiles, together with higher-order
moments, provide a quantitative measure of inflation tail risk.
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3.1 Introduction

Price stability is a central objective of monetary policy, and the evaluation of
inflation risk is an important input to fulfill this mandate. Understanding the con-
ditional distribution of inflation, its determinants, and their dynamics is therefore
crucial for policy decisions.

Since the seminal contribution of Phillips (1958), growing attention has been
devoted to identifying the key drivers of inflation dynamics, particularly the relative
roles of forward- and backward-looking price-setting behavior and the strength of
the relationship between real activity and inflation. Despite substantial method-
ological progress, empirical findings remain mixed, and a consensus has yet to
emerge. This is particularly concerning given the widespread imposition of this
theoretical link in studies aiming to identify quantities related to equilibrium or
long-term concepts such as the output gap or the natural rate of unemployment.

Given this context, this chapter contributes to the literature on inflation dynam-
ics by jointly modeling multiple quantiles of the US inflation within a framework
motivated by the New Keynesian Phillips Curve. Building on the Dynamic Mul-
tiple Quantile approach, the model allows the effects of inflation determinants to
vary both over time and across quantiles corresponding to predefined probability
levels.

Traditionally, financial econometricians have focused on studying the behavior
of conditional distributions in the tails, a focus that has become increasingly rele-
vant in macroeconomic contexts. Building on the well-established concept of value
at risk (VaR), a risk metric that quantifies the highest potential loss of a financial
portfolio or asset within a specific time frame at a chosen probability threshold,
research into the tail-end behavior of macroeconomic variables has attracted con-
siderable interest in recent years.

At-risk frameworks, such as growth-at-risk (Adrian et al., 2019), inflation-at-
risk (Lopez-Salido and Loria, 2024), and debt-at-risk (Furceri et al., 2025), provide
valuable tools to assess the conditional distribution of macroeconomic variables.
However, these studies typically rely on time-invariant reduced form quantile re-
gressions, in which conditional distributions are linked to a set of explanatory
variables. Specifically, they are based on static specifications with parameters that
are constant within each estimation period and exhibit limited state dependence.

Consequently, while these models provide insight into how current conditions
map into future distributions, they remain limited in their ability to capture the
time-varying and state-dependent nature of quantile dynamics. These limitations
are especially pronounced when modeling inflation dynamics, where persistence
is a well-documented feature implying a gradually evolving conditional inflation
distribution through the propagation of past shocks.

Therefore, in contrast to the standard quantile regression approach, and aligned
with a time-series setting, we consider a dynamic quantile model in which the
quantile of the distribution of the random variable under study is conditioned on
the available prior-period information, p(y; | Z;_1), where Z;_; contains the entire
history of 7; up to time ¢ — 1, thereby introducing an explicit backward-looking
information component.

The proposed model builds on the Dynamic Multiple Quantile (DMQ) frame-
work of Catania and Luati (2023), with two key departures. First, in line with the
New Keynesian Phillips Curve (NKPC), additional variables are included in the
specification, namely proxies for marginal cost and inflation expectations. Second,
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reflecting theoretical considerations underlying the dynamic Phillips curve rela-
tionship, the slope parameter varies over time and across quantiles. In addition,
inflation inertia and the weight on inflation expectations vary over time, making
explicit the conditional role of backward- and forward-looking components.

An inherent feature of the DMQ model is its reliance on a large set of quantiles
to provide sufficient information for updating the dynamic quantiles. Introducing
quantile-specific parameters in the original framework therefore results in a substan-
tial increase in model dimensionality. This introduces a trade-off between retaining
sufficient information to update the dynamic quantiles and maintaining parsimony
in the parameter space. In the proposed framework, this trade-off is relaxed by
specifying parameters at a selected subset of probability levels and interpolating
them at the remaining quantiles. Therefore, the developed DMQ specification al-
lows the parameters associated with inflation determinants to vary over time and
across quantiles while keeping the overall parametrization tractable. The model is
interpreted as an observation-driven approximation and is labeled as the Smoothed
DMQ (sDMQ) model, where smoothed refers to the use of monotone interpolation
to construct a continuously differentiable parameter curve across probability levels,
thereby ensuring smooth parameter variation over the conditional inflation distri-
bution.

The main contributions of the study are as follows. First, we generalize the
DMQ framework by allowing parameters to vary jointly across quantiles and over
time, yielding a time-varying and heterogeneous DMQ specification. Second, we
employ this framework to analyze US inflation dynamics using specifications moti-
vated by the New Keynesian Phillips Curve. Third, we provide empirical evidence
of state-dependent inflation inertia, the role of inflation expectations, and non-
linear Phillips curve dynamics across both time and the conditional distribution,
including a time-varying cross-quantile shape and a persistently flat slope in the
upper tail. Fourth, we demonstrate that the choice of expectation proxy is crucial
for identification: short-run expectations generate richer higher-order dynamics,
whereas more anchored long-run expectations attenuate tail behavior.

A key challenge in estimating the New Keynesian Phillips curve using limited-
information econometric methods is the limited identifying power of economic ag-
gregates, as emphasized by Mavroeidis et al. (2014). This chapter shows that
incorporating distributional information and time variation can provide additional
insights into inflation dynamics beyond conventional aggregate approaches.

Compared to a traditional Phillips curve model, the proposed framework offers
several advantages. First, it captures time-varying and heterogeneous responses of
inflation to its determinants. For example, the Phillips curve relationship at upper
quantiles can differ markedly from that at lower quantiles, which is relevant for
monetary policy. Second, the model characterizes the dynamics of the conditional
inflation distribution, providing information beyond the first two moments that is
useful for monetary policy and risk management.

The empirical analysis, based on quarterly US core inflation, reveals clear het-
erogeneity in Phillips curve relationships across quantiles. The results indicate an
asymmetric Phillips curve that flattens in the upper tail and exhibits time varia-
tion concentrated in the lower and middle parts of the distribution. This profile
evolves over time, with both its shape and magnitude shifting across macroeco-
nomic regimes. Using alternative expectation measures, the short-run specification
yields less persistent slope estimates, while the long-run specification delivers slopes
with greater and more persistent variability. The overall slope profile and its time
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variation remain robust across specifications.

During the 1970s, an increase in the weight on inflation expectations is consis-
tent with weakly anchored expectations and the high-inflation regime of the Great
Inflation. Following the Global Financial Crisis, the flattening of the Phillips curve
in the lower tail, combined with strong inflation persistence, is consistent with the
missing disinflation observed during the recovery. In the post-COVID period, fur-
ther changes in the slope profile and a renewed role for expectations highlight the
importance of state dependence and time variation in inflation dynamics.

The chapter is structured as follows. Section 3.2 presents the core econometric
framework. Section 3.3 then introduces the benchmark empirical analysis, which
closely follows the backward-looking NKPC framework considered in Chapter 2 in
order to facilitate comparability across methodologies. Building on this benchmark,
Section 3.4 progressively refines the specification to address its main limitations and
to improve the representation of inflation dynamics within the sDMQ framework.
Specifically, it incorporates forward-looking inflation expectations, thereby allow-
ing for a hybrid NKPC specification with a time-varying relative weight of forward-
and backward-looking inflation expectations. In addition, it integrates monotone
piecewise cubic interpolation, additional identifying restrictions, and alternative
measures of real marginal cost. The section also presents the main empirical find-
ings, including the estimated Phillips curve slope dynamics, the relative contribu-
tion of backward- and forward-looking inflation expectations, and the evolution of
the conditional inflation distribution and its implied moments. Finally, Section 3.5
concludes the chapter.

3.2 The econometric framework

The econometric framework for modeling inflation quantiles builds on the Dynamic
Multiple Quantile (DMQ) model of Catania and Luati (2023). A key limitation
of the DMQ model is its reliance on a large set of quantiles to update the time-
varying quantile processes. When the focus is on studying dynamic relationships
with semi-structural heterogeneity across the distribution, increasing the size of
the jointly modeled quantile set reduces the flexibility of the model specification.

To address this shortcoming, the proposed model imposes a more parsimonious
parametrization. Specifically, parameters of the explanatory variables are specified
only at selected quantiles corresponding to predetermined probability levels and are
subsequently interpolated for the remaining quantiles. Focusing on a reduced set
of quantile processes facilitates the analysis of relationships across the distribution
and opens the way to introduce time-varying parameters.

The section begins with a brief overview of the dynamic quantile Phillips curve
model before outlining its main building blocks in the following subsections. The
baseline DM(Q model, its properties, and its limitations are then discussed in detail,
motivating the subsequent modifications that lead to the proposed sDMQ model.

Lastly, the sDMQ model with time-varying parameters is presented, provid-
ing an effective framework for analyzing the dynamics of inflation quantiles. The
methodology incorporates additional variables in line with a New Keynesian Phillips
curve relationship, with the slope parameter varying across quantiles and over time.
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3.2.1 The dynamic multiple quantile Phillips curve model

This section introduces the general structure for modeling the dynamics of the
inflation distribution within a DMQ framework. The model is motivated by a
New Keynesian Phillips Curve (NKPC), relating inflation to its expectations and
allowing for a trade-off between the output gap and inflation.

The main departure from the baseline DMQ specification is the inclusion of ex-
ogenous variables whose effects on the modeled quantiles are allowed to be hetero-
geneous and time varying. This objective introduces a key difficulty. The original
DMQ model requires joint modeling of a large set of quantiles to obtain sufficient
information for the score-driven updates, thereby limiting the feasible parameter
dimensionality.

The proposed approach addresses this econometric challenge by focusing on a
subset of quantiles at selected locations of the conditional distribution. Through-
out the remainder of the chapter, these quantiles of interest are referred to as target
quantiles, and the parameters governing the structural relationships at the associ-
ated probability levels are referred to as target parameters. The parameter values at
the remaining quantiles are obtained by interpolation, implying that these auxiliary
quantiles are governed by auxiliary parameters that are deterministic, smooth func-
tions of the target parameters. This construction restores a large set of quantiles,
providing sufficient information for updating the target quantiles. As a result, the
sDMQ specification enables the analysis of heterogeneous and dynamic responses
of inflation to its determinants across different parts of the inflation distribution.

Quantiles divide the conditional distribution into regions such that a given
proportion of observations falls below each quantile value at a specific probability
level. In other words, the p-th conditional target inflation quantile ¢ () is the
inflation rate at which the conditional probability of inflation being less than ¢™ ()
equals 7,. Meanwhile, the probability of inflation being greater than ¢™ () is equal
to 1 —7,.

Consequently, a general NKPC-based specification for the conditional quantile
function of inflation, ¢;” () is given by

G;" (7) = G (7) + Fpp e + O f, (3.1)

where ¢, (m) denotes the pth conditional target inflation quantile at the probability
level 7,, given the information set available at time ¢ — 1. The term z; represents
a proxy for real marginal cost, with a time-varying slope parameter x,; specific
to each quantile process. The variable 7F denotes inflation expectations with its
weight parameter §. The term ¢, () denotes the score-driven dynamic quantiles,
each with its own updating process, described in the following section.

To conclude the section and for ease of reference, Table 3.1 summarizes defini-
tions of the key quantile objects and parameters employed in the sDMQ framework.

Table 3.1: Notation and Definitions

Term Notation Definition

Target quantiles Q" Directly modeled semi-structural conditional quantiles.
Auxiliary quantiles g’ Quantiles not directly parametrized.

Dynamic quantiles q’ Score-driven quantiles driving the target dynamics.
Target parameters Rt Time-varying slope parameters at target quantiles.
Auxiliary parameters £;; Time-varying slope parameters at auxiliary quantiles.
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3.2.2 The score-driven update of the DMQ model

Several features make the DMQ framework attractive for jointly studying the dy-
namics of the inflation quantiles. First, the model satisfies the non-crossing quantile
criterion by construction. Second, it is consistent with the defining property of fixed
quantiles, ensuring that in the limit the proportion of observations falling below the
unconditional 7-level quantile converges to 7. Third, the model can handle a large
set of quantiles simultaneously, ensuring that it incorporates sufficient information
to drive the evolution of the time-varying quantiles.

Yet the main novelty of the DM(Q model lies in its use of a score-driven updating
scheme. Formally, Catania and Luati (2023) define the updating process as

~T5 .
@ =, T < Ty
~T4 ~T % .
@ =94a if 7 = 7 (3.2)

~Tj—1

g’ e, T > T
with
CjtTj* = ngj* (1-08)+ O‘“tTi + 5@2*17 (3.3)
where qNSj* denotes the unconditional quantile at the reference probability level,
is the inertia parameter, and « controls the weight of the forcing variable. The

process serves as the reference quantile, defining the dynamics of the remaining
quantiles through

it = exp(&je), (3.4)
which are positive-valued random variables with
0 =&l — @) +yuy + o1, (3.5)

where ¢ and v denote the inertia and updating weight parameters, respectively.
The quantile-specific terms u;’" and u;’ are the forcing variables responsible for
the filtering update defined as
bja;t S0z, if j <
—-1\~J

u = a; Sy, i =" (3.6)

bja;’ Yoz, i >g*
where b, = 1(7; < 75+) — 1(7; > 7;+) and a; is a normalizing term defined as in
Catania and Luati (2023). This normalization is analogous in spirit to inverse in-
formation scaling in score-driven models. However, it is based on the unconditional
second moments of empirical quantiles rather than on a parametric likelihood.
The hit variable z;; takes the form of

0 < IR A ~
Zy = — P — J = - Pr; —_ Tj = ]l S J - 7—', 37
t o0 le Pr; (yt ay ) ;1 D, p ](yt @) (v < q”) j (3.7)

where z; = (24, 1 =1,..., J), and p,(x) = x (7 — 1(x < 0)) is the quantile check
function with the indicator function 1(-).

Importantly, the sequences of the hit variable {z;};cy and the corresponding
forcing variable {u;’ };en are independent and identically distributed (iid) with zero
mean and constant variance. Consequently, the updating mechanism of the DMQ
model is consistent with the general class of observation-driven models (Creal et al.,
2013; Harvey, 2013). Hence, the model provides an observation-driven representa-
tion of a predefined set of quantiles within the score-driven framework.
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3.2.3 Quantile-heterogeneous and time-varying slopes

The stability of the slope of the Phillips curve remains a topic of ongoing debate.
Although some studies find little evidence of significant changes in recent decades
(e.g., Hazell et al., 2022), others point to structural changes within the New Key-
nesian framework, including changes in the Phillips curve itself. For example, Ball
and Mazumder (2011) argue that inflation dynamics changed notably after the
global financial crisis (GFC), and Rossi et al. (2024) provides evidence of a marked
decline in the slope of the Phillips curve since the 1980s. In addition, a complemen-
tary finding in Chapter 2 suggests little variation in the slope parameter since the
1960s. However, because of the substantial downside uncertainty in the estimates
reported in Figure 2.6, the flattening Phillips curve hypothesis cannot be ruled
out. Given these conflicting findings, the question of whether the Phillips curve
has genuinely flattened over time remains unresolved.

A natural way to address these considerations within the present framework is
to allow the Phillips curve slope parameter to vary across time and quantiles. How-
ever, as shown, the score-driven update of time-varying processes requires modeling
a large set of quantiles. This poses a nontrivial challenge to the objectives of the
study because the original DMQ specification would require a substantial expan-
sion of the parameter space, thereby creating a dimensionality problem. Assigning
common parameters to broader quantile ranges mitigates this burden. However, it
induces substantial bias by imposing a non-smooth structure on the slope param-
eters across the distribution, thereby limiting their economic plausibility.

To address this challenge, an alternative approach is adopted to reduce the
number of required parameters while retaining sufficient heterogeneity in the slope
parameters and enhancing smoothness across quantiles. Specifically, a reduced set
of parameter processes, ky, is specified and interpolated to obtain the complete set
of quantile-specific parameters at each time ¢t. These time-varying slope parameters
are associated with a set of target quantiles defined at predefined probability levels,
hereafter referred to as target probability levels. Specifically, the analysis considers
the standard set 7 € {0.05,0.25,0.75,0.95}, which is commonly used in studies of
tail risk of macroeconomic variables (e.g., Adrian et al., 2019; Lopez-Salido and
Loria, 2024). Additionally, we include the central quantile 7 = 0.50, as the median
is the standard reference and improves economic interpretation. Empirical evidence
in Catania and Luati (2023) further supports this choice, showing that probability
levels close to the median minimize the objective function.

The selection of the predefined probability levels serves two primary purposes.
First, it ensures representation of the key regions of the distribution while maintain-
ing a balance between parsimony and flexibility. Second, it facilitates identification
consistent with theoretical considerations. Under the minimal and economically
reasonable assumption that the parameters are monotone between these probabil-
ity levels, this specification provides sufficient structure to support the interpolation
step.

Building on the proposed modifications to the modeling framework, Eq. (3.1)
is reformulated using the updated notation as

q’ (7)) =q’ (m) + exp(kj) Tt + 67@?, (3.8)

where the full set of conditional inflation quantiles ¢,’ (7) comprises the directly
modeled target quantiles ¢,”(7) at the target probability levels and auxiliary quan-
tiles ¢’ (7) at the remaining probability levels. Correspondingly, the full set of
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slope parameters k;; = (K4, 7 =1,...,.J) is constructed from the vector of target
parameters Kp; = (hps, p = 1,..., P)’, with the remaining elements obtained by
interpolation. Specifically, for non-target probability levels, &;, is deterministically
generated from the target parameters &, ;, which in turn yields the J — P auxiliary
quantiles whose slope parameters are not directly estimated.

Formally,

kir = L(1; = 7,) Rpr + L(1; # 7p) Ry, (3.9)

where kK;; are obtained by linear interpolation within the range spanned by the
target parameters and by extrapolation for probability levels below 7 = 0.05 and
above 7 = 0.95. Using this construction, the interpolated parameters are given by

/7_. — 7— .
Foo— kL b (KTU — KTE b, = 3 el 3.10
Fat =R+ 0 (’it K )7 ’ Tpu(5) — TpL() 7 ( )

where the pp(j) = argmax .., <, 7, and py(j) = argmin. .~ 7,.
Turning to the specification of the target parameters, their time-varying process
follows an autoregressive (AR) process and is defined as

Fpt = Fpo + Ophipt—1 + pPplip (3.11)

where £, denotes the quantile-specific intercept terms, ¢; are the inertia param-
eters, and uj, are the forcing variables weighted by p,.
Lastly, the forcing variables are specified as

J

0 < N dpr. g O
Upy = ET d o (m—q’)=> P St 2t (3.12)
P j=1

T; ~

where the individual components of the forcing variable are obtained as

8p7j T

dq LWy < q’) — 715 = 24,

dq,’ 9

8/32‘,1& - 0K,y (@ + exp(re) 20 + 6 Ei(mi41)) = exp(r;i) o,
ORjt {1’ T = T
Okpe (1 =) U(p =pr(i) + b 1(p = pr(s), 75 # 7

The full derivative expression to obtain the forcing variable for updating the
time-varying Phillips curve slope parameters is then given by

ufy =z exp(ri) o (1= b) 1{p =pL(i)} + 0, 1{p =pu(j)}].  (3.13)

j=1

At this point, it is important to note that constructing the forcing variable in
this manner implies that each target TVP depends on the corresponding inter-
polated parameters. While this design choice confines the information channel to
selected regions of the distribution, it also provides a tractable and transparent
way to extract information that feeds into the score-driven updates.
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Finally, recall that the semi-structural inflation quantiles and their associated
parameters at the target probability levels are of primary interest and are mod-
eled directly. The interpolated parameters primarily serve to generate a sufficiently
dense set of auxiliary quantiles that, via the forcing variables, provide the infor-
mation required to update the directly specified target quantiles. Accordingly, the
proposed specification should be interpreted as an observation-driven approxima-
tion to the evolving conditional inflation distribution rather than as the exact data
generating process. The smoothing structure imposed across quantiles therefore
serves primarily as a regularization device that facilitates identification and stable
estimation. By confining economic interpretation to the target quantiles and using
auxiliary quantiles exclusively within the updating scheme, this construction also
helps mitigate potential bias arising from the imposed cross-quantile restrictions.

3.2.4 Estimation

The estimation of the model uses the theoretical results of Catania and Luati (2023)
for the standard DMQ model. This approach adopts the estimation method first
proposed by White et al. (2015).

Specifically, the estimation relies on the quantile check loss function. This func-
tion can be interpreted as the negative log-likelihood of an asymmetric Laplace—type
density (Koenker and Machado, 1999; Poiraud-Casanova and Thomas-Agnan, 2000;
Kotz et al., 2001). More generally, it can be viewed as a member of the tick-
exponential family introduced by Komunjer (2005). In the absence of an explicit
conditional distributional assumption, minimization of the check loss is equivalent
to quasi-maximum likelihood (QML) estimation. Thus, the updating scheme can
be viewed as a quasi score-driven (QSD) model, which generalizes the standard
score-driven framework outlined in Blasques et al. (2023).

The loss function measures the difference between the observed and predicted
values at the probability levels j. Accordingly, the static parameters of the model
are estimated by minimizing the objective function of

S
<

O = arg rapeiélz Z pr, (ye — a7 (), (3.14)

t=1 j=1

where ¢,’ (0) denotes the jth conditional inflation quantile, encompassing both tar-
get and auxiliary quantile processes. The parameter vector € collects the static
parameters governing the updating dynamics of the J score-driven quantiles and
the P time-varying target parameters. The objective function evaluates 6 to obtain
the parameter values that best fit the observed data.

Given the non-smoothness of the objective function, estimation is performed
using Differential Evolution (DE), following Storn and Price (1997), as a global
optimization method, followed by local optimization to further improve model fit.

3.3 Benchmark analysis

This section presents the benchmark analysis designed to assess whether the ev-
idence on the Phillips curve relationship obtained in Chapter 2 remains robust
within the dynamic multiple quantile Phillips curve model described in Section 3.2.
To facilitate a direct comparison across methodologies, the empirical specification
is kept as close as possible to the Phillips curve equation introduced in Chapter 2,
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Eq. (2.3). In particular, the output gap obtained from the aaGAS model is used
as a proxy for real marginal cost, while inflation expectations are assumed to be
purely backward-looking. Starting from this parsimonious setup also provides a
natural benchmark for the refined specifications introduced in Section 3.4.

3.3.1 Identification and model specifications

Building on the general representation of the dynamic multiple quantile Phillips
curve model introduced in Subsection 3.2.1, this section presents its empirical im-
plementation within the sDMQ framework. Relative to Eq. (3.1), the specification
incorporates three modifications motivated by identification and estimation con-
siderations. First, the Phillips curve slope parameter is constrained to be positive,
consistent with the NKPC theoretical prediction. Second, both the real marginal
cost proxy and inflation expectations enter in lagged form to mitigate endogeneity
concerns. Third, inflation expectations are proxied by adaptive expectations based
on past inflation, consistent with the purely backward-looking NKPC specification
considered in Chapter 2.
For ease of reference, the model takes the following form:

QtTj (m) = (jtT] () + exp(Kj) Ti—1 + (57T£1, (3.15)

where ¢’ () denotes the dynamic quantile component defined in Eqgs. (3.2)-(3.7).
The updating scheme for the time-varying Phillips curve slope x;; is described
in Egs. (3.9)—(3.13). The marginal cost z;_; is approximated by the real-time
estimate of the US output gap g;_1 obtained from the aaGAS model introduced in
Chapter 2, while 77 | denotes adaptive inflation expectations.

As is well known, US inflation exhibits high persistence. This makes the inertia
component a key determinant in the present setting. Specifically, the intrinsic
inflation persistence in the inflation quantile process arises from the AR dependence
on past quantiles, ¢,”", and &7, appearing in Eq. (3.3) and Eq. (3.5), respectively.
Importantly, by conditioning on information up to time ¢t — 1, these AR terms
substantially reduce the risk of misspecification often arising from omitted lagged
inflation dynamics.

The inertia parameters, [, associated with the reference quantile and ¢, asso-
ciated with the other quantile processes, are assumed to be time-invariant in the
benchmark analysis. This specification preserves some degree of heterogeneity in
the persistence dynamics without increasing the model dimension. The choice is
supported by the findings of Pivetta and Reis (2007), Benati (2008), and Wolters
and Tillmann (2015), who document that although persistence in CPI inflation
declined markedly after the early 1980s, persistence in PCE and GDP deflator
inflation remained comparatively high and stable.

Higher-order moments of the conditional inflation distribution are of particular
interest in the present study. To adequately capture shape and tail behavior, J = 99
conditional inflation quantiles are considered. Among these, the P = 5 target infla-
tion quantiles at the target probability levels 7, € {0.05,0.25,0.50,0.75,0.95} are
directly estimated with their associated semi-structural parameters. The remain-
ing J — P = 94 quantiles are treated as auxiliary and primarily serve to inform the
score-driven updating mechanism.

Consequently, the full set of dynamic conditional inflation quantiles, including
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both target and auxiliary quantiles, is defined as follows:

g () =inf{7: Fyy_1(m) > 7}, 7,€{0.01,0.02,...,099}, j=1,...,/J
¢ (r) =if{r: Fy_1(r) >7,}, 7, €{0.050.250.50,0.75095}, p=1,...,P,

g’ (m) =inf{m: Fyu_1(m) > 1}, 7;€{0.01,0.02,...,099}, 7;%# 7,

where Fj;,_;(m) denotes the conditional cumulative distribution function (CDF) of
inflation at time ¢, given information available at time ¢ — 1.

Several restrictions are imposed to strengthen identification and ensure stable
parameter estimation. First, the coefficients governing the score-driven update of
the Phillips curve slope parameter, namely the weight of the forcing variable p, and
the AR coefficient v, are restricted to be common across the five target quantiles.

In addition, the forcing variables uy, are scaled by a normalizing term a, lin a
manner similar to Eq. (3.6).
Formally,
ur, =a, s, (3.16)
where E;_, [(a;lu’;t)Q] = 1 and the scaling constant a, is defined as in Catania

and Luati (2023).
Taking these modifications into account, and after reparameterizing Eq. (3.11),
the time-varying Phillips curve slope update is given by

Rpt = (1 - an)’%p,o + Puhpi—1 + pfblit- (3.17)

The above reparameterization substantially reduces model dimensionality and
enhances estimation stability. Importantly, it provides an economically justified ap-
proach to setting the initial values of the time-varying parameters, thereby further
reducing the parameter space. As a result, the only additional parameters entering
the likelihood function are the initial values of the target time-varying parameters
Rpo, along with the common persistence parameter ¢, and the score weight pa-
rameter p. Economic interpretability also benefits from the new parametrization.
When ¢,, < 1, &y represents not merely an initial condition but the long-run refer-
ence level, which can be interpreted as the quantile-specific long-run Phillips curve
slope.

Several specifications are considered in the the present study. In the empirical
analysis, the benchmark DMQ model is estimated and then gradually augmented
with semi-structural components, with the final version of the sDMQ NKPC specifi-
cation with time-varying and quantile-heterogeneous slope parameters. In addition,
alternative sSDMQ models with static but quantile-specific slope parameters are es-
timated using three approaches. First, the slope parameters are allowed to vary
across predefined ranges of the probability space in a piecewise manner. Second, a
monotone piecewise cubic interpolation is employed. Finally, linear interpolation
is used. Comparing these methods provides a basis for assessing the benefits of
using linear interpolation for the time-varying slope parameters and for identifying
potential sources of misspecification.

The fully specified sDMQ model is estimated by jointly estimating the param-
eter vector

0= (047 57 v, ¢7 (57 ¢I€7 P, ’%p,O)

with all parameters constrained to be positive and 3, ¢, ¢,, and d restricted to lie
in the unit interval.
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3.3.2 Data description

To analyses the dynamics of US inflation, the seasonally adjusted annualized quar-
terly growth rate of the core Personal Consumption Expenditures (PCE) price
index is used over the period 1961Q1 to 2025Q2. Core PCE inflation serves as the
key measure of inflation for the Federal Reserve (Fed), capturing underlying price
trends by excluding volatile food and energy components and providing a compre-
hensive measure of consumer prices that reflects evolving spending patterns.

In line with a purely backward-looking NKPC considered in Chapter 2, adaptive
inflation expectations, denoted by 7, are constructed as a moving average of
inflation rates realized over the previous three quarters. Given data imprecision,
reporting delays, and frequent revisions, the inflation history available at time ¢ —1
is used to form expectations. Specifically, adaptive expectations are defined as
nf = %Zi’zl i, while long-run persistence is governed separately by the inertia
parameters. This specification is consistent with the Phillips curve representation
in Chapter 2, Eq. (2.3).

Across all specifications, the output gap, ¥, defined as the difference between
the logarithm of potential output and the logarithm of real GDP, captures the
relationship between inflation and real economic activity, characterized by the time-
varying slope of the Phillips curve. The output gap series corresponds to estimates
obtained by the aaGAS specification discussed in Chapter 2.

Table 3.2: Summary statistics of PCE inflation rate and output gap
(1961Q1-2025Q2)

Variable i o ¢ v JB test
Inflation rate  3.193 2.109 1.215 4.232 79.849 (0.000)
Output gap  0.149 3.021 -0.266 2.794  3.487 (0.175)

Note: JB test refers to the Jarque and Bera test for normality. Parentheses report p-values
with significance at the 1% level.

The descriptive statistics of the inflation rate and the output gap over the
analyzed period are reported in Table 3.6. As shown, the inflation rate has a
positive mean fi of 3.19%, reflecting the long-run average quarterly inflation rate in
the sample. Its standard deviation & of 2.11 indicates a substantial unconditional
volatility.

Positive empirical skewness ({( = 1.22) reveals asymmetry, while excess kurto-
sis (v = 4.23) suggests a fat-tailed distribution consistent with occasional high-
inflation episodes. These characteristics of the empirical distribution suggest that
inflation is not normally distributed unconditionally. This is also confirmed by the
Jarque and Bera (JB) test, which rejects the null of Gaussianity of the uncondi-
tional distribution.

In contrast, the output gap has a mean close to zero (i = 0.15), as expected
given its definition as a cyclical deviation from the potential output. Its empirical
distribution is slightly negatively skewed ({ = —0.27) and has an excess kurtosis of
2.79. The JB test fails to reject normality, consistent with the moderate skewness
and kurtosis values observed for the output gap.
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3.3.3 Empirical comparison of DMQ and sDMQ specifica-
tions

In this section, the baseline DMQ model with and without inflation determinants
are compared with the sDMQ NKPC model with backward-looking inflation ex-
pectations across alternative specifications.

Three methods are considered for constructing the auxiliary parameters in the
static-parameter sSDMQ model. First, parameters are held constant across subsets
of probability levels, yielding piecewise relationships across the corresponding re-
gions of the probability space. Specifically, the quantile indices 7 = 1,...,99 are
partitioned into the ranges j € {1:9, 10:39, 40:60, 61:90, 91:99}, and a com-
mon slope parameter r, is estimated for all quantiles within each range. Although
this approach is strongly restrictive and lacks economic justification, it serves as a
useful benchmark for comparison. The second and the third specifications use a
monotone piecewise cubic interpolation (MPCI) described in Fritsch and Carlson
(1980) and linear interpolation (LI), respectively. Finally, the sDMQ NKPC model
with time-varying and quantile-heterogeneous slope parameters is considered.

For clarity and ease of navigation, Table 3.3 provides an overview of the model
specifications considered in this section and their shorthand notation. Parameter
estimates obtained from the evaluated models, together with the corresponding
objective function values, are reported in Table 3.4.

Table 3.3: Summary of model specifications: Benchmark analysis

Model Description

DMQ(1) Benchmark DMQ model of Catania and Luati (2023)

DMQ(2) DMQ model with static and quantile-invariant parameters
sDMQ(1) sDMQ model with piecewise quantile range-specific PC slope
sDMQ(2) sDMQ NKPC with MPCI PC slope

sDMQ(3) sDMQ NKPC with LI PC slope

sDMQ-TV sDMQ NKPC with time-varying and quantile-specific PC slope

Improvements in model fit already emerge when comparing the benchmark
DMQ(1) model with its semi-structural augmented counterpart, DMQ(2). While
parameter values associated with the score-driven update of the dynamic quantiles
are broadly comparable across these specifications, the somewhat lower estimates
of o and [ suggest that the inclusion of inflation determinants absorbs part of the
information relevant for updating the dynamic inflation quantiles.

The gain in model fit becomes evident once the assumption of a quantile-
homogeneous Phillips curve slope is relaxed, even after accounting for the increase
in the number of parameters. However, the magnitude of this gain varies substan-
tially across the approaches used to construct quantile-specific parameters in the
sDMQ models. As expected, the piecewise specification delivers the weakest fit
in terms of the aggregate loss, reflecting the strong economic restrictions imposed
by abrupt parameter changes across quantiles. In contrast, interpolation-based
approaches yield substantial improvements in model fit. Although the lowest loss
value is achieved under the MPCI specification, linear interpolation provides a
comparable fit, indicating a reasonable trade-off between parsimony and flexibility.

Figure 3.1 provides a visual overview of the estimated slope parameter and
shows that its overall shape is broadly comparable across the three methods. Most
importantly, the comparison reveals pronounced quantile heterogeneity in the PC
slope. The slope reaches its highest values at lower-middle quantiles of the inflation
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Table 3.4: Parameter estimates across model specifications (1961Q1-2025Q2)

DMQ(1) DMQ(2) sDMQ(1) sDMQ(2) sDMQ(3) sDMQ-TV
Score-driven update parameters
Q@ 0.527 0.490 0.474 0.483 0.469 0.466
154 1.000 0.997 0.987 0.977 0.971 0.993
~y 0.072 0.072 0.063 0.096 0.039 0.101
0] 0.998 0.998 0.998 0.997 0.998 0.997
p - - - - - 0.2035
o - - - - - 0.9998
Semi-structural parameters

) - 0.079 0.141 0.227 0.242 0.172
K - 0.005 0.039 0.037 0.048 0.036
Kr=0.05 - - 0.052 0.024 0.049 0.037 (0.009)
Kr=0.25 - - 0.095 0.107 0.137 0.200 (0.078)
Kr=0.50 - - 0.030 0.049 0.046 0.096 (0.061)
Kr=0.75 - - 0.003 0.003 0.004 0.030 (0.016)
Kr=0.95 - - 0.014 0.003 0.003 0.097 (0.017)
Loglik.  6021.80 6011.59 5965.99 5949.29 5955.12 5940.44
AlIC 12051.60 12035.18  11943.98 11910.58 11922.24 11904.84

Note: Values of k under the sDMQ specification are averages across quantiles, while under
sDMQ-TV they are averaged across both time and quantiles. Parameter estimates of the PC
slope under sDMQ-TV correspond to A, o, with sample averages reported in parentheses. The
reported Loglik. values correspond to the final value of negative quasi-maximum likelihood (QML)
objective function evaluated at the estimated parameter values.
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Figure 3.1: Phillips curve slope across inflation quantiles. The left panel reports estimates
obtained using the piecewise method sSDMQ(1), the middle panel shows results based on monotone
piecewise cubic interpolation sDMQ(2), and the right panel displays estimates based on linear
interpolation sDMQ(3). Vertical dashed lines indicate the target probability levels.

distribution, with a peak around the first quartile. This pattern suggests that
inflation reacts more strongly to economic conditions in case of downside risks, but
not in the extreme lower tail. As one moves toward the median and into higher
quantiles, the slope declines markedly, suggesting a progressively flatter slope at
higher inflation outcomes.

Overall, these results imply that the trade-off between inflation and the out-
put gap varies substantially across the inflation distribution, underscoring the im-
portance of allowing for quantile-specific slope parameters rather than imposing
homogeneity.

It is worth noting that, because x, is modeled in logarithmic form, interpolation
is performed on the untransformed values. This leads to smoother transitions
between the target parameters and, in this setting, yields a slope profile with greater
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economic plausibility. Therefore, the implied curvature between target quantiles
should be interpreted as a reduced-form feature of the interpolation scheme rather
than as a structural restriction.

When comparing all considered models, the inertia parameter S is estimated
at high levels consistent with the intrinsic persistence of PCE inflation. However,
their values decline modestly under more flexible specifications, suggesting that the
semi-structural components absorb part of the inertia. A similar pattern emerges
for the weight parameter «, indicating that inflation determinants contain relevant
information for updating the dynamic quantiles.

Turning to the sDMQ-TV model, the time- and quantile-averaged value of the
time-varying slope parameter x,; is comparable across the sDMQ specifications
and consistent with the sample average of the estimated time-varying Phillips curve
slope parameter, b, = 0.04, reported in Chapter 2 (Table 2.3). While the quantile-
specific sample averages display a shape similar to their static counterparts, they
differ somewhat in magnitude. Interestingly, the average parameter values are
closest to those obtained under the sDMQ(2) specification, making the implied
average slope profile under sDMQ-TV most similar to that specification. Impor-
tantly, the SDMQ-TV specification yields the lowest aggregate loss values and the
lowest Akaike information criterion (AIC), indicating the best overall model fit.

In summary, the results indicate pronounced heterogeneity in the trade-off be-
tween inflation and the output gap across the distribution of inflation. Comparisons
between alternative methods for capturing quantile heterogeneity in the slope con-
sistently point to an asymmetric hump-shaped slope profile. Parameter estimates
of kpp and their associated sample averages suggest that the hump-shaped pro-
file is preserved when the slope is allowed to vary over time. Notably, model fit

improves substantially under the sDMQ specifications relative to the benchmark
DMQs, with the sDMQ-TV specification delivering the best overall model fit.

3.3.4 The historical evolution of the Phillips curve slope

Figure 3.2 provides a historical overview of the time-varying estimates of the
Phillips curve slope parameter across the full set of inflation quantiles, associated
with both target and auxiliary probability levels.

The estimated Phillips curve slope exhibits pronounced regime-dependent pat-
terns that align closely with major macroeconomic episodes in the postwar US
economy. Overall, the figure reveals substantial heterogeneity in the Phillips curve
slope, with an asymmetric hump-shaped profile across the distribution. This dis-
tributional asymmetry is particularly pronounced during the 1970s, when the slope
is markedly steeper and exhibits greater variability than in the post-1985 period.

Following the Volcker disinflation, the slope declines sharply, with the most
pronounced reduction observed around the median and the first quartile of the
distribution. This decline reflects a substantial weakening in the inflation—output
gap trade-off, likely induced by the aggressive tightening of monetary policy and the
subsequent anchoring of inflation expectations. The slope remains relatively flat
at the tails, implying that extreme inflation and deflationary outcomes are weakly
responsive to real economic activity and are instead driven by expectations and
persistence. While the slope around the median remains largely intact in the post-
COVID period, it further flattens at the lower-central region of the distribution.

To facilitate quantitative assessment, Figure 3.3 restricts attention to the slope
parameters at the target probability levels. Consistent with the discussion above,
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Figure 3.2: Historical time-varying NKPC slope parameters across the US conditional inflation
distribution, based on estimates from the sDMQ-TV model.
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Figure 3.3: Historical time-varying NKPC slope parameters at target quantiles, based on esti-
mates from the sDMQ-TV model.

the figure shows a pronounced decline in the Phillips curve slope across all quantiles
since the 1960s, with the largest reductions occurring at the 7 = 0.25 probability
level. In general, the slope parameters remain relatively stable from the mid-1980s
onward, with modest variability at the first quartile during periods of macroeco-
nomic stress. Notably, the estimated slope at the median is around 5% in the
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post-1985 period, broadly consistent with the median of the simulation output re-
ported in Chapter 2 (Figure 2.6, right-hand panel). In addition, the associated
downside uncertainty shown in Figure 2.6 is consistent with the asymmetric hump-
shaped Phillips curve slope across quantiles, characterized by relatively steeper
slopes at lower quantiles and flatter slopes at upper quantiles.

Overall, these results highlight the importance of allowing for both time vari-
ation and distributional heterogeneity in the historical analysis of US inflation
dynamics. The sDMQ-TV specification captures economically meaningful regime
shifts that are obscured in models imposing constant or quantile-invariant slopes.
Importantly, the results suggest that the conflicting empirical evidence on the
Phillips curve flattening hypothesis, as well as the substantial downside uncer-
tainty surrounding the slope estimates obtained in Chapter 2, are likely driven by
pronounced slope heterogeneity and asymmetry across the inflation distribution.

At the same time, the benchmark analysis remains subject to several limita-
tions. In particular, the reliance on adaptive inflation expectations constrains the
economic interpretation of the estimated Phillips curve dynamics and limits con-
sistency with the standard NKPC theoretical framework. More importantly, the
use of adaptive expectations based on past inflation makes it difficult to disentan-
gle the effects of inflation expectations and inflation inertia, since both channels
are driven by past inflation and may therefore be highly correlated. This com-
plicates the identification of their respective contributions to inflation dynamics.
These limitations motivate the refined empirical analysis presented in the following
section.

3.4 Refined model specification and main results

While the benchmark empirical analysis in Section 3.3 provides evidence of pro-
nounced heterogeneity in the Phillips curve slope profile, likely contributing to the
documented downside uncertainty surrounding its estimate in Chapter 2, its exclu-
sive reliance on past inflation to form inflation expectations limits its consistency
with the New Keynesian theoretical framework. In addition, assuming purely adap-
tive price setting behavior prevents an assessment of the relative roles of backward-
and forward-looking inflation expectations, which are central to macroeconomic
policy discussions. Therefore, the present section considers a hybrid NKPC spec-
ification with a time-varying relative weight on backward- and forward-looking
inflation expectations.

In addition, the main analysis addresses several limitations of the benchmark
analysis through a sequence of extensions gradually introduced in the present sec-
tion. First, Subsection 3.4.1 incorporates forward-looking inflation expectations
into the model, leading to a key modification of the original DMQ updating pro-
cess proposed by Catania and Luati (2023) and applied in Section 3.3. Second,
Subsection 3.4.2 integrates monotone piecewise interpolation into the time-varying
updating mechanism of the quantile-heterogeneous sDMQ-TV framework. Third,
Subsection 3.4.3 introduces additional constraints that improve the identification of
the relative role of inflation expectations and enhance estimation stability. Fourth,
Subsection 3.4.4 describes the construction of short- and long-run inflation ex-
pectation measures and introduces a new proxy for real marginal cost. Finally,
the remaining subsections present the main empirical results, including parameter
estimates in Subsection 3.4.5, Phillips curve slope dynamics in Subsection 3.4.6,
the relative role of inflation expectations in Subsection 3.4.7, and the evolution of
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the conditional inflation quantiles and conditional moments in Subsections 3.4.8
and 3.4.9, respectively.

3.4.1 Inflation inertia and expectations dynamics

The key departure from the benchmark model employed in Section 3.3 in the
present analysis is to allow the inertia parameter 8 associated with the dynamics
of the reference quantile to vary over time and to introduce survey-based inflation
expectations to capture forward-looking inflation expectations. To this end, the
inflation expectation component in Eq. (3.1) is incorporated directly into the ref-
erence quantile process by replacing the unconditional reference quantile level (jgj "
in Eq. (3.3). This modification provides an economically interpretable anchoring
mechanism for the conditional inflation distribution while preserving the parsimo-
nious structure of the original DMQ framework and avoiding an expansion of the
parameter space.

Importantly, this specification differs fundamentally from the benchmark analy-
sis, which relies exclusively on adaptive inflation expectations. By replacing the un-
conditional reference quantile with survey-based inflation expectations, the model
transitions from a purely backward-looking specification to a hybrid NKPC frame-
work. This modification substantially alters the identification and interpretation of
the persistence and expectations channels within the model, making direct compar-
ison with the benchmark specification less straightforward and warranting separate
treatment in the main empirical analysis.

This representation is also consistent with a commonly imposed restriction in
the hybrid NKPC literature where inflation coefficients sum to one (e.g., Mavroeidis
et al., 2014). Such a restriction facilitates the interpretation of inflation dynamics
in terms of the relative importance of expectations and inertia. In the present
framework, the relative importance of these two components is governed by the
time-varying parameter [;, allowing the contribution of forward- and backward-
looking expectations to evolve over time.

Accordingly, the reference quantile process in Eq. (3.3) is redefined as

*

@ == B)mly +au’y + Big . (3.18)
The updating equation for the time-varying weight parameter takes the form

B = (1 — ¢5)Bo + dpBir + pau, (3.19)

where ¢g denotes the inertia parameter, pg the loading coefficient on the forcing
variable uf , and Sy the long-run reference weight, capturing the relative importance
of backward- and forward-looking components. During estimation, a logistic link
function is used to ensure that 0 < §; < 1, allowing [; to be interpreted as a
time-varying weight governing the state-dependent relative importance of inflation
expectations and inflation inertia.

Lastly, the forcing variable uf is constructed from the score of the quantile loss
function and enters the updating equation through a quasi-score specification:

Utﬁ =2t B ((7721 - 7T151) : (3.20)

It should be noted that, by construction, beyond its direct effect on the refer-
ence quantile, inflation expectations affect the dynamics of the remaining quantile
processes indirectly through the reference quantile, in a manner analogous to the
inertia parameter 3 in the baseline DMQ specification.
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3.4.2 Improved interpolation scheme

Beyond the economic considerations motivating the hybrid NKPC specification,
Table 3.4 suggests that the baseline empirical specification also involves method-
ological trade-offs, reflected in the weaker model fit obtained under specifications
relying on linear interpolation. While linear interpolation offers a parsimonious
closed-form construction, it may introduce misspecification at auxiliary quantiles
not directly linked to the target TVPs. Although careful selection of target prob-
ability levels can mitigate this issue, it cannot eliminate it entirely. Accordingly,
this section applies monotone piecewise cubic interpolation consistently across all
specifications.

Building on the proposed modifications to the modeling framework described
in Subsection 3.4.1, Eq. (3.1) is reformulated as

gr’ (m) = ¢’ () + exp(rjy) 1, (3.21)

where the notation follows the baseline specification with the updated interpolation
scheme. Formally,

/ﬁljﬂg = ﬂ(Tj = Tp) "%p,t + ]l(Tj 7& Tp) /%jﬂg, (322)

where &, are now obtained by monotone piecewise cubic interpolation (MPCI), as
described in Fritsch and Carlson (1980), within the range spanned by the target
parameters, and by extrapolation for probability levels below 7 = 0.05 and above
7 = 0.95. Using this construction, the interpolated parameters are given by

T T T — Tpr(j
Rjﬂg = hoo(bj) K,tL + hOl(bj) KltU, bj = ]—pL(]), (323)
Tpu () — Tpr ()
where pz(j) = arg max . ,,<-, 7, and py(j) = argmin. ., >, 7, and the MPCI basis
functions are

hoo(b) = 2b* — 30 + 1, ho1(b) = —2b° 4 3%, (3.24)

Turning to the specification of the target parameters, their time-varying process
follows an autoregressive (AR) process and is defined as

/%Pﬂf = /%1%0 + Qb;’%p,t—l + ppu;n (325)

where £, denotes the quantile-specific intercept terms, ¢ are the inertia param-
eters, and uy, are the forcing variables weighted by p,.
Lastly, the forcing variables are specified as

J J

a Tj apT aqzj a/ﬁljt
ur, = — prm —q) = = — 3.26
PE Ok ; S (mi = a) ; Dq;” Orjy Oy (3.26)
where the individual components of the forcing variable are obtained as
0p-, -
aqz’j = ]]-(7Tt < Qt]) — T = Zjt;
g’
= exp(K,t) ¢,
Dt p( it) Tt
5’/{th ]‘7 Tj = Tp»

Okt hoo(b;) I{p = pr.(5)} + ho1(b;) L{p =pu(j)}, 75 # 7p.
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The resulting forcing variable is therefore

Z]t exp(kjt) Tt [hoo(by) 1{p = pr(j)} + hor(b;) I{p = pu(4)}] . (3.27)

HM%

3.4.3 Main empirical specifications

Building on the framework presented in Subsections 3.4.1-3.4.2, we consider the
sDMQ hybrid NKPC model

g (m) =g (7) + exp(Kjt) Te—1, (3.28)

where ¢’ (1) denotes the dynamic quantile component defined in Eqs. (3.2)-(3.7), as
in the baseline model, but with the modified reference quantile process introduced
in Egs. (3.18)—(3.20). The updating scheme with piecewise monotone interpolation
for the time-varying Phillips curve slope x; is described in Egs. (3.22)-(3.27).
Beyond estimating the fully specified sSDMQ-TV model defined in Eq. (3.28),
the main empirical analysis considers a sequence of additional specifications start-
ing from the baseline DM model, which abstracts from structural relationships.
In addition to enhancing estimation stability and enabling the evaluation of incre-
mental model improvements, this approach facilitates a clearer interpretation of
the contribution of each modeling component. For clarity, Table 3.5 summarizes
the model specifications considered in this section and their shorthand notation.

Table 3.5: Summary of model specifications: Main analysis

Model Description

DMQ Baseline DMQ model with the specification of Catania and Luati (2023)
DMQ(S/L) DMQ NKPC with static quantile-homogeneous parameters (5, )
DMQ-TV(S/L) DMQ model with time-varying quantile-homogeneous parameters (3¢, k)
sDMQ(S/L) sDMQ NKPC with static quantile-heterogeneous slopes (8, kp)

sDMQ-TV(S/L) sDMQ NKPC with time-varying quantile-heterogeneous slopes (8;, £p.¢)

Note: S and L denote models with short-run and long-run inflation expectations, respectively.

Augmenting the baseline DMQ model with time-invariant inflation determi-
nants represents a useful intermediate step. First, it provides a basis for evaluating
the relevance of moving from a fully reduced-form inflation dynamics toward a
more structural specification. Second, the time-invariant estimation of the relative
weights of inflation inertia and forward-looking expectations 5 and the PC slope
k provides a useful anchor for the time-varying specifications (DMQ-TV). Specifi-
cally, the parameterization of the time-varying evolution of these parameters, as in
Eq. (3.18), allows these estimates to serve as long-run reference values, thereby im-
proving identification. Similarly, by capturing quantile heterogeneity in the Phillips
curve slope, the time-invariant sDM(Q model provides a natural basis for treating
these estimates as long-run reference values in the sDMQ-TV specification.

While the DMQ-TV specification helps assess time variation, the sDMQ model
with static parameters allows for the assessment of quantile heterogeneity. Com-
paring the estimation results of these specifications allows the two dimensions to be
assessed in isolation, whereas the sSDMQ-TV model enables their joint assessment.

Several additional restrictions are imposed in the main analysis to strengthen
identification and ensure stable estimation of the parameters in the final SDMQ-TV
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model. Specifically, besides forcing the weight parameters in the updating process,
pp, and the AR coefficient, ¢, to be common across the five target quantiles, as in
the benchmark analysis, the initial values and long-run reference values are fixed
at the corresponding time-invariant estimates obtained from the sDMQ model.

Taking these constrains into account, and after reparameterizing Eq. (3.25), the
time-varying Phillips curve slope update is given by

Fpt = (1 = u)Rpo + Ouhipi1 + puy,. (3.29)

This reparameterization reduces model dimensionality and enhances estimation
stability. Importantly, it provides an economically justified approach to setting the
initial values of the time-varying parameters, thereby further reducing the effective
parameter space.

Given the relative sparsity of inflation realizations in the tails and the numerical
instability induced by interpolation, which can exacerbate the non-smoothness of
the likelihood function in the DMQ framework, the static slope parameters may
be weakly identified. We address this issue along several dimensions. First, rather
than relying on extrapolation beyond the extreme probability levels, we fix the
slope in the tail regions at the value estimated at the corresponding boundary
quantiles. Second, we impose a lower bound on the slope parameters, s, > 0.0025,
to enhance numerical stability.

Finally, instead of fixing the initial values &, to the time-invariant sDMQ
estimates, we adopt a shrinkage-based parameterization that allows for partial
pooling across quantiles. Specifically, 4, is modeled as a convex combination
of the quantile-specific estimates &, obtained by the sDMQ specification and a
homogeneous long-run reference &, defined as the cross-quantile average of the five
target quantile estimates, with the shrinkage intensity governed by the parameter

Vs.
Formally,

Rpo = K+ s (Ry — R, (3.30)

where 15 € [0, 1] determines the degree of slope heterogeneity across quantiles: the
closer its value is to unity, the closer the heterogeneity is to that estimated in the
static sSDMQ specification.

An important aspect of the DMQ framework is the normalization of the forcing
variables across quantile processes. Because the construction of the forcing vari-
ables uy, defined in Eq. (3.26) relies on multiple components, scaling by a single
normalizing term a,; ! asin Eq. (3.6), is no longer appropriate, as it fails to account
for the parameter dependence of the forcing variables.

To address this problem, we adopt a data-driven normalization strategy that
accounts for the dependence of the variance of the forcing variables on the shrinkage
parameter. Specifically, we precompute a variance surface f/;)(@/)s; kp) over a grid
s € {0,0.1,...,1}, where the variance is evaluated under a fixed-parameter speci-
fication, i.e., p = 0. During estimation, this surface is evaluated at the current value
of 1b, via shape-preserving spline interpolation, yielding V,(1; &,) = P(¢5; V,). The
forcing variables are then normalized as @, = V,(¢s; &p) "/?uf,. This procedure
ensures that the scaling of the forcing variables appropriately reflects the under-
lying parameterization, leading to comparable variances across quantiles, which
stabilizes the dynamics and improves optimization behavior.

Taken together, the fully specified sDMQ-TV model is estimated by jointly
estimating the following parameter vector, with Sy and &, obtained from the
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sDMQ model and ¢3 from the DMQ-TV model:
6= (057 e ¢7 (bm Prs P85 ws)a

where all parameters are constrained to be positive, and «, ¢, and ¢, are further
restricted to lie within the unit interval.

3.4.4 Data description

The present analysis retains the seasonally adjusted annualized quarterly growth
rate of the core Personal Consumption Expenditures (PCE) price index employed
in the benchmark analysis (Section 3.3), while extending the sample period to cover
1961Q1-2025Q4.

In contrast to the benchmark analysis, which relied on filtered output gap es-
timates obtained from the aaGAS model, the empirical specification considered
here employs the output gap series published by the Congressional Budget Office
(CBO). This choice is motivated by the structural nature of the CBO measure,
where potential output is derived from a production function framework incorpo-
rating trend labor input, capital services, and total factor productivity. In addition,
the CBO output gap is widely used in empirical macroeconomic analysis, thereby
facilitating comparability with the existing literature.

We proxy inflation expectations using the 2-year inflation expectations series
from the Federal Reserve Bank of Cleveland, obtained from FRED at a quarterly
frequency and available from 1982Q2 onward. Following the approach of Benigno
and Eggertsson (2023), the series is extended backward to 1961Q1 using 12-month
inflation expectations from the Livingston Survey. As the latter is available at
a semiannual frequency, missing quarterly observations are interpolated using a
spline-based, curve-preserving method.

In addition, we use long-run PCE inflation expectations as an alternative longer-
horizon measure of expected inflation to assess the sensitivity of the results to the
expectations specification and facilitate comparison across alternative expectation
measures. Following the approach of Clark and Doh (2014), also adopted by Del
Negro et al. (2017), the series is constructed by combining Survey of Professional
Forecasters (SPF) data from 2007Q1 onward with survey-based long-run (5- to 10-
year-ahead) PCE inflation expectations from the Federal Reserve Board’s FRB/US
econometric model for earlier periods.

Figure 3.4 displays the inflation series and Phillips curve determinants used in
the analysis. The upper panel shows US core PCE inflation alongside short-run
and long-run inflation expectations over the sample period. Core PCE inflation is
highly volatile during the 1970s and early 1980s, followed by a sustained moderation
from the mid-1980s, and a renewed increase in the post-COVID period. Long-run
inflation expectations co-move with PCE inflation but exhibit smoother dynamics
and attenuated short-run fluctuations. In contrast, short-run expectations display
greater variability and respond more strongly to cyclical movements in inflation.

The lower panel reports the CBO output gap over the sample period. The series
exhibits pronounced cyclical dynamics, with large negative gaps during major re-
cessions, notably in the early 1980s, the Great Recession, and the COVID-19 shock
in 2020. Overall, the figure highlights the joint evolution of inflation, expectations,
and real economic slack, which motivates the empirical Phillips curve specification.

The descriptive statistics of the inflation rate, the output gap, and inflation
expectations over the analyzed period are reported in Table 3.6. As shown, the in-
flation rate has a positive mean f of 3.19%, reflecting the long-run average quarterly
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Figure 3.4: US core PCE inflation and inflation expectations (upper panel) and CBO output
gap (lower panel), 1961Q1-2025Q4.

Table 3.6: Summary statistics of inflation and its determinants (1961Q1-2025Q4)

Variable i o ¢ 1% JB test

Inflation rate 3.192  2.099 1.224 4.274  82.498 (0.000)
Short-run expectations  3.446  2.190 1.542 5.234 157.160 (0.000)
Long-run expectations  3.052 1.508 1.203 3.327  63.840 (0.000)
Output gap -0.248 2.254 -0.381 4.086 19.072 (0.000)

Note: JB test refers to the Jarque and Bera test for normality. Parentheses report p-values. All
series reject normality at the 1% level.

inflation rate in the sample. Its standard deviation & of 2.10 indicates substantial
unconditional volatility. Positive empirical skewness ({ = 1.22) reveals asymme-
try, while kurtosis (7 = 4.27) suggests a fat-tailed distribution consistent with
occasional high-inflation episodes.

In contrast, the output gap has a mean close to zero (i = —0.25), as expected
given its definition as a cyclical deviation from potential output. Its empirical
distribution is slightly negatively skewed ({ = —0.38) and exhibits elevated kurtosis
(r = 4.09), indicating somewhat heavier tails than a Gaussian benchmark.

Turning to inflation expectations, short-run expectations display a higher mean
(i = 3.45) and greater dispersion (¢ = 2.19) than realized inflation. Their dis-
tribution is strongly right-skewed (¢ = 1.54) and leptokurtic (7 = 5.23), pointing
to pronounced asymmetry and tail risk. By contrast, long-run expectations are
more tightly anchored, with a lower standard deviation (¢ = 1.51) and kurtosis
(r = 3.33), and a mean (f = 3.05) close to that of realized inflation. Their skewness
(¢ = 1.20) remains positive but less pronounced than for short-run expectations.

The characteristics of the empirical distributions suggest that the observables
are not normally distributed unconditionally. This is confirmed by the Jarque-Bera
(JB) test, which rejects the null hypothesis of Gaussianity for each series.
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3.4.5 Parameter estimates

This section reports the estimation results for the specifications summarized in
Table 3.5 using short-run (S) and long-run (L) inflation expectations.

An important consideration in the use of survey-based inflation expectations
concerns their measurement and informational content. As emphasized by Mavroei-
dis et al. (2014), survey expectations are potentially contaminated by a composite
error term reflecting both measurement error and information frictions, arising
from the reliance of survey respondents on a more limited information set than
that assumed in the model, as well as their limited ability to filter out cost-push
shocks. As a result, survey-based expectations are subject to noise and may not
be strictly exogenous.

While lagging the expectations measure helps alleviate endogeneity concerns,
it does not resolve the fundamental identification problem that arises when ex-
pectations exhibit limited variation. In such cases, their contribution to inflation
dynamics becomes weakly identified, as emphasized by Mavroeidis et al. (2014) and
discussed more broadly in Cochrane (2011). This implies that the empirical role of
expectations may depend critically on the variability of the expectation proxy em-
ployed. In this context, alternative measures that are more strongly anchored, such
as long-run expectations, may yield substantially different implications for both the
estimated weight on expectations and the implied dynamics of the Phillips curve.

The estimated parameters and corresponding objective function values are re-
ported in Tables 3.7 and 3.8. The aggregate loss and information criteria in Table
3.7 indicate that model fit improves substantially when moving from the baseline
DMQ model to its PC-augmented counterparts, DMQ(S) and DMQ(L). The gain in
model fit is more pronounced under the DMQ(S) specification, which is associated
with steeper estimated slope parameter and larger expectation weights relative to
the corresponding specification based on long-run expectations. This suggests that
short-run inflation expectations provide stronger identifying variation in the esti-
mated models, consistent with the identification issues discussed above. Whether
the nearly flat slope parameters in the homogeneous DMQ(L) and DMQ-TV(L)
specifications reflect weak identifying variation associated with long-run inflation
expectations warrants further investigation.

Parameters governing the score-driven updating of the dynamic quantiles are
broadly comparable across specifications, with some notable exceptions. First, the
estimate of 5 under the benchmark DMQ model is close to unity (5 = 0.99999), sug-
gesting that the unconditional median contributes little information to the dynamic
quantile updating process. In contrast, the lower estimates of S under the semi-
structural specifications suggest that incorporating inflation expectations into the
reference quantile process reduces the inertia, and hence the role of the backward-
looking component. Second, when comparing specifications based on the two types
of expectations, the higher estimates of § and « associated with long-run expec-
tations indicate a more persistent dynamic quantile updating process, consistent
with the lower variability and weaker identifying content of long-run inflation ex-
pectations. Third, the lower estimates of v under the specifications with long-run
expectations indicate a weaker response of the positive-valued processes around
the reference quantile to new information, suggesting more muted distributional
dynamics.

Distinct persistence dynamics also emerge in the TVP updating processes un-
der the time-varying DMQ specifications. Specifically, the homogeneous slope dy-
namics become highly persistent, approaching a near random-walk process when
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Table 3.7: Estimated parameters of the DMQ specifications with short-run (S)
and long-run (L) inflation expectations over 1961Q1-2025Q4

DMQ DMQ(S) DMQ(L) DMQ-TV(S) DMQ-TV(L)

Dynamic quantile update

@ 0.531 0.459 0.526 0.471 0.572

I6; 1.000 0.883 0.941 0.925 0.940

5y 0.070 0.083 0.042 0.080 0.034

¢ 0.998 0.997 0.998 0.997 0.998
TVP-related parameters

Pr - - - 0.013 0.281

Pr - - - 0.756 0.998

P8 - - - 0.088 0.302

oy - - - 0.985 0.849

Semi-structural parameters
1-3 <0.001 0.117 0.059 0.075 0.060
K - 0.052 0.010 0.052 0.005
Model fit
Loglik.  6017.1 5886.2 5975.4 5871.3 5936.8
AIC 12042.2 11782.4 11960.9 11756.6 11887.6

Note: Under DMQ-TV, the reported 8 values correspond to sample averages. Loglik. denotes
the final negative quasi-maximum likelihood (QML) objective function evaluated at the estimated
parameter values.

long-run expectations are considered. In contrast, slope-updating persistence is
less pronounced in the DMQ-TV(S) specification.

The opposite pattern emerges for the expectation-weight process, with stronger
inertia in the relative weight assigned to short-run expectations compared with the
specification based on long-run expectations.

A similar pattern arises in the dynamic quantile and TVP updating processes
in the sDMQ specifications reported in Table 3.8. Notably, the average values of
the slope parameters x become more stable and more comparable across speci-
fications. This suggests that removing the homogeneity constraint on the slope
parameter alleviates potential identification issues associated with long-run infla-
tion expectations. More importantly, the estimated slope parameters across the
target probability levels reveal non-negligible heterogeneity, driven primarily by
the substantially lower slope estimates in the upper tail of the conditional distri-
bution.

Turning to the sDMQ-TV models, the high value of the shrinkage parameter
1, implies that the time- and quantile-averaged values of the time-varying slope
parameter k,; remain comparable to those obtained under the static sDMQ speci-
fications. Notably, the sSDMQ-TV specification with short-run expectations attains
the lowest aggregate loss and information criteria, indicating superior overall model
fit.

Figure 3.5 provides a visual overview of the estimated slopes and reveals pro-
nounced asymmetry. The slope is consistently steepest at the lower tail (long-run
specifications) and the first quartile (short-run specifications) of the inflation dis-
tribution. This pattern suggests that inflation is more responsive to real activity
under lower-tail and lower-quartile inflation outcomes. Moving toward the median,
the slope flattens somewhat but remains moderately steep around the median, be-
fore declining sharply toward the upper tail, indicating a weak output-inflation
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Table 3.8: Estimated parameters of the SDMQ specifications with short-run (S)
and long-run (L) inflation expectations over 1961Q1-2025Q4

sDMQ(S) sDMQ(L) sDMQ-TV(S) sDMQ-TV(L)
Dynamic quantile update

o 0.509 0.564 0.483 0.568
8 0.872 0.939 0.922 0.937
ol 0.084 0.025 0.075 0.024
10) 0.997 0.998 0.998 0.998
TVP-related parameters
Pk - - 0.112 0.148
o - - 0.712 0.920
1%; - - 0.100 0.335
s - - 0.985 0.849
Vs - - 0.969 0.839
Semi-structural parameters
1-4 0.128 0.117 0.078 0.063
K 0.069 0.052 0.066 0.057
K7=0.05 0.092 0.093 0.091 0.081
Kr=0.25 0.094 0.088 0.093 0.073
K7+=0.50 0.077 0.081 0.076 0.067
Kr=0.75 0.065 0.064 0.065 0.059
K7=0.95 0.003 0.003 0.005 0.006
Model fit
Loglik. 5845.6 5939.4 5831.1 5914.3
AlC 11709.1 11896.8 11676.1 11842.7

Note: Under the sDMQ specification, the reported values of x are averages across quantiles,
while under sDMQ-TV they are averaged across both time and quantiles. Under sDMQ-TV,
both k), and S correspond to sample averages, and ¢g is obtained from DMQ-TV. The reported
Loglik. values correspond to the final value of negative quasi-maximum likelihood (QML) objec-
tive function evaluated at the estimated parameter values.

trade-off at higher inflation outcomes.
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Figure 3.5: Phillips curve slopes across inflation quantiles obtained from different specifications.
Values for the sSDMQ-TV model correspond to sample-averaged slopes.

It should be noted that the static sSDMQ model yields less stable estimates of the
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slope parameter in the lower tail, as reflected in their sensitivity to initial values and
estimation settings. Such instability likely also contributes to the distinct lower-tail
slope estimates obtained in the benchmark analysis presented in Section 3.3. To
address this, we conduct a robustness analysis in which the target tail quantiles
are set to 7 = 0.1 and 7 = 0.9, with flat extrapolation applied beyond these
thresholds to increase the effective number of observations in the tails. While the
resulting estimates are qualitatively similar, we acknowledge the possibility of weak
identification in the lower tail under the static SDMQ specification.

The ambiguity surrounding the static lower-tail slope parameter under the
sDMQ specification likely reflects multiple factors, including the limited number of
effective observations due to the rarity of deflationary episodes in the sample pe-
riod and potential time variation. Given the improved model fit of the DMQ-TV
and sDMQ-TV specifications relative to more restricted alternatives, the evidence
points to time variation as an important contributing factor. Overall, these results
indicate that the inflation—output gap trade-off differs systematically across the
inflation distribution and evolves over time, highlighting the importance of mod-
eling time-varying and quantile-heterogeneous slopes rather than relying on static
homogeneous specifications.

In summary, the results indicate clear heterogeneity in the trade-off between
inflation and the output gap across the inflation distribution. The static sDMQ
model consistently reveals an asymmetric slope profile, with the steepest slopes at
lower and central quantiles and a sharp decline toward the upper tail. In general,
this pattern is preserved when allowing for time variation in the slope parameters.
Model fit improves substantially under the sDMQ specifications relative to the
benchmark DMQ models, with the sDMQ-TV specifications delivering the best
overall fit.

3.4.6 Phillips curve slope dynamics

This section analyzes the evolution of the time-varying Phillips curve slope across
quantiles of the conditional inflation distribution. By allowing the inflation—output
gap trade-off to vary over time and across probability levels, we assess the extent
of time variation and distributional asymmetry in the slope dynamics.

Figure 3.6 displays the time-varying Phillips curve slope estimates obtained
from the sDMQ-TV specification with short-run inflation expectations, revealing
important dynamics in the shape of the Phillips curve that remain hidden when
considering its static distributional profile alone. The slope is steepest and exhibits
the greatest variability at the first quartile and in the lower tail; it remains moderate
and relatively stable around the median and declines toward higher probability
levels, becoming nearly flat in the upper tail.

The results indicate an asymmetric Phillips curve across the conditional infla-
tion distribution, with time-varying patterns that coincide with major macroeco-
nomic episodes in the US economy. Importantly, this time variation alters the slope
profile substantially in certain periods. For example, during the early 1980s, un-
der Volcker monetary tightening, the slope asymmetry becomes more pronounced,
with relatively steep slopes at lower and middle quantiles. As the monetary policy
shock attenuates, however, the slope profile compresses, leading to more homoge-
neous slopes across quantiles, except for the upper tail.

Another notable change in the slope profile occurs in the post-GFC period, when
the slope at the first quartile reaches historically high levels. This pronounced shift
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Figure 3.6: Time-varying Phillips curve slope parameters across the US conditional inflation
distribution at the target probability levels obtained by sDMQ-TV specification with short-run
expectations.

coincides with periods of effective lower bound and below-target inflation. From a
New Keynesian perspective, this pattern is consistent with state-dependent Phillips
curve dynamics, potentially reflecting greater inflation sensitivity to real marginal
costs under low-inflation conditions and constrained monetary policy. Given the
effective lower bound and the pronounced steepening at the first quartile, this
pattern suggests that mechanisms beyond downward nominal rigidities were likely
at work during this period, consistent with Fuhrer et al. (2012).

Lastly, following the COVID-19 pandemic, the Phillips curve relationship weak-
ens markedly in the lower quantiles of the inflation distribution. This breakdown
in the link between the output gap and inflation is consistent with the absence of
disinflation. In contrast, standard New Keynesian models with a time-invariant
Phillips curve slope would typically predict disinflation following a sharp but tran-
sitory contraction in output.

Figure 3.7 displays the estimated slopes based on the specification with long-run
expectations. While the slope profile dynamics are broadly comparable to those
observed under the short-run expectations specification, their time variation is
more pronounced. Specifically, except for the post-Volcker disinflationary episode,
the degree of heterogeneity exhibits greater variability and more substantial cross-
quantile shifts over time. Importantly, the collapse of the Phillips curve relationship
in the lower tail and at the first quartile during the post-COVID period becomes
more evident relative to the specification with short-run expectations.

Overall, comparable Phillips curve dynamics emerge under both the long- and
short-run expectations specifications, albeit with stronger persistence and greater
variability under the long-run specification. The flattening of the Phillips curve in
the lower tail and at the first quartile following the Great Recession and during
the post-COVID period is consistent with the missing disinflation observed during
these episodes. More broadly, the results highlight the importance of allowing for
both time variation and distributional heterogeneity in the analysis of US inflation
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Figure 3.7: Time-varying Phillips curve slope parameters across the US conditional inflation
distribution at the target probability levels obtained by sDMQ-TV specification with long-run
expectations.

dynamics. The sDMQ-TV specification captures economically meaningful variation
that is obscured in models imposing static or quantile-invariant slopes. The Phillips
curve exhibits an asymmetric shape-profile across quantiles that evolves over time,
with changes in both magnitude and shape across macroeconomic episodes. These
findings suggest that conflicting empirical evidence on the Phillips curve flattening
hypothesis may reflect substantial heterogeneity, asymmetry, and time variation
across the inflation distribution.

3.4.7 Time-varying relative weight of inflation expectations

Figure 3.8 displays the time-varying weight on short-run and long-run inflation
expectations, measured as 1 — 3;, where f3; is the AR parameter governing infla-
tion inertia. Higher values of 1 — f3; therefore indicate a stronger forward-looking
component and a weaker role for backward-looking information in shaping inflation
dynamics.
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Figure 3.8: Time-varying relative weight on short-run and long-run forward-looking inflation
expectation obtained from the sDMQ-TV specification.

The figure reveals regime dependence in the role of both short-run and long-run
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inflation expectations. In the late 1960s and early 1970s, the weight on expectations
is relatively elevated, particularly for long-run expectations, consistent with weakly
anchored expectations that amplified inflation dynamics and contributed to the
Great Inflation. The fact that these periods are not systematically associated with
steeper Phillips curve slopes supports the view that expectations played a central
role in sustaining high inflation outcomes.

Comparing the two measures, the specification based on short-run expectations
displays more persistent dynamics, while the specification based on long-run expec-
tations exhibits sharper and more episodic movements, especially during periods
of macroeconomic stress. Specifically, the weight on long-run expectations shows
pronounced spikes during the 1970s inflationary episode and again in the post-2020
period, whereas the weight on short-run expectations evolves more gradually and
remains at comparatively moderate levels. In the specification based on short-run
expectations, the observed strong persistence with moderate time variation is con-
sistent with earlier evidence showing that persistence in PCE and GDP deflator
inflation remained comparatively high and stable since the 1960s (Pivetta and Reis,
2007; Benati, 2008; Wolters and Tillmann, 2015). This pattern suggests that price-
setting behavior relies more heavily on long-run expectations during inflationary
episodes, while the relative weight on short-run expectations remains more stable
over time.

3.4.8 Dynamics of the US inflation quantiles

This section reports the dynamic conditional inflation quantiles for the sDMQ-TV
models with both short-run and long-run inflation expectations.

By tracking the evolution of selected target quantiles, we analyze time variation
in the conditional distribution of US inflation. Focusing on distributional dynamics
rather than mean outcomes allows us to identify shifts in asymmetry, dispersion,
and tail behavior across macroeconomic regimes.

The filtered conditional target inflation quantiles obtained with short-run ex-
pectations are reported in Figure 3.9. A clear pattern emerges in the shape of the
distribution when comparing the five target quantiles over time. These distribu-
tional shifts are consistent with well-documented episodes in US macroeconomic
history.

The oil shocks of the 1970s pushed the right tail of the inflation distribution
markedly away from the median, consistent with elevated inflationary risk. The
right tail asymmetry remained substantial for an extended period, reflecting strong
inflation persistence and de-anchoring inflation expectations combined with a rel-
atively weak sensitivity to output gap fluctuations above the central quantiles of
the inflation distribution.

After the monetary tightening of the 1980s, consistent with consolidating mon-
etary policy during the Great Moderation, the inflation quantiles became more
tightly clustered, reflecting lower volatility during this interval. However, this pe-
riod of relative stability was disrupted by the GFC. The widening spread between
quantiles around the median reflects the increase in uncertainty during this period.

More recently, a clear contrast emerges between the pre- and post-GFC decades.
While realized PCE inflation after the GFC was only marginally lower than in the
preceding period, the lower-tail quantiles at 7 = 0.05 periodically became negative.
This indicates that, despite the Fed’s ability to keep average inflation between 1%
and its 2% PCE inflation target, deflationary risks remained non-negligible in the
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Figure 3.9: Filtered inflation quantiles obtained by the sDMQ-TV model with short-run ex-
pectations together with realized core CPI inflation. The horizontal dashed line represents the
Fed’s 2% PCE inflation target, shown for reference. Vertical shaded areas indicate recessions as
identified by the National Bureau of Economic Research (NBER).

post-GFC environment, consistent with concerns raised by Fuhrer et al. (2012).

The severe macroeconomic shocks associated with the COVID-19 pandemic
marked a turning point in inflation dynamics. After a brief period of downward
pressure on prices, the subsequent demand surge ended a prolonged period char-
acterized by relatively low inflationary risk. Importantly, the right-tail quantiles
remained above 4%, indicating elevated inflation-at-risk at the end of the analyzed
period. Moreover, the weak Phillips curve relationship in the upper tail, together
with strong inflation persistence, helps explain the prolonged elevation of inflation-
ary risk observed during this period.

The filtered inflation quantiles obtained under the long-run expectation spec-
ification reported in Figure 3.10 display broadly similar distributional dynamics,
but with some notable differences relative to the short-run specification. Specifi-
cally, the long-run expectation specification generates more compressed dynamics
during inflationary episodes. While the upper-tail inflation quantiles are generally
less persistent, the around 4% inflation-at-risk at the end of the analyzed period
remains robust when long-run expectations are considered.

Overall, the result demonstrates that the filtered conditional inflation quantiles
exhibit strong persistence, and tend to diverge during periods of macroeconomic
stress, especially in inflationary episodes. Importantly, the analysis of inflation
quantiles demonstrates that the sDMQ model effectively captures time-varying
asymmetry and heteroskedasticity in the conditional distribution of the US infla-
tion. The results show that inflation dynamics are asymmetric and evolve over time,
with higher conditional variability in the right tail, particularly during recessions
and high-inflation periods.
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Figure 3.10: Filtered inflation quantiles obtained by the sDMQ-TV model with long-run ex-
pectations together with realized core CPI inflation. The horizontal dashed line represents the
Fed’s 2% PCE inflation target, shown for reference. Vertical shaded areas indicate recessions as
identified by the National Bureau of Economic Research (NBER).

3.4.9 Time-varying conditional moments

The pronounced variability observed in the dynamic conditional inflation quantiles
indicates that the US inflation distribution has undergone substantial changes over
the past 65 years. However, direct quantitative interpretation of this variability
based solely on the quantile dynamics is not straightforward.

To gain further insight, a skewed t-distribution, as proposed by Azzalini and
Capitanio (2003), is fitted at each time ¢ using the estimated target quantiles. The
resulting implied conditional moments provide a convenient summary of the time-
varying shape of the inflation distribution. Moreover, comparing the higher-order
conditional moments obtained under specifications with short-run and long-run in-
flation expectations allows for a deeper assessment of the distributional implications
of the differences in their dynamics.

The skew t density takes the form of

fly;p,0,C,v) :ng<y;u;y) T(Cy(_fﬂ /V—:(—i_éf;y—{—l), (3.31)

where dr(-) and T'(-) denote the probability density function (PDF) and CDF
of the skew t distribution, respectively. The parameters are location (u), scale
(o), degrees of freedom (v) governing tail thickness, and shape (¢) governing the
skewness. Estimating these parameters at each time t supports the assessment of
the tail behavior of inflation by capturing its time-varying asymmetry and kurtosis
implied by the estimated target quantiles.

Figure 3.11 displays the filtered time-varying conditional moments. The up-
per left panel shows the filtered conditional mean of inflation, which captures the
low-frequency trend in core PCE by removing transitory shocks and extreme real-
izations. Realized core PCE exhibits pronounced short-run deviations around this
mean, particularly during the 1970s inflation episode and the post-2020 inflation

91



——With short-run expect. Volatility|

10 --—-With long-run expect. pL-T--g-@---fg--"F - -g--r--p--)
——Realized core PCE
- - - Unconditional

R E DI P H OO
AN AN B N AN EENS RO IR NN

5
9

Figure 3.11: Filtered implied conditional moments obtained by fitting a skewed-t distribu-
tion, following Azzalini and Capitanio (2003), at each time t using the target quantiles. The
parameters are the location (u;, upper left panel), the scale (oy, upper right panel), the shape
parameter ((;, lower left panel) governing skewness, and the degrees of freedom (v, lower right
panel) governing tail thickness. The horizontal dashed lines denote the corresponding uncondi-
tional moments. Shaded vertical areas indicate recessions as identified by the National Bureau of
Economic Research (NBER).

surge. The specification with short-run expectations captures more cyclical vari-
ation, whereas the long-run specification yields a smoother and more persistent
path.

The upper right panel reports the filtered conditional inflation volatility, which
peaks during the 1970s and early 1980s and declines markedly thereafter. Volatility
remains elevated during the high-inflation period and persistently low during the
Great Moderation, with only a modest increase following the GFC and in the
post-2020 period. The difference between the two specifications becomes more
pronounced: volatility is more time-varying and shock-sensitive under short-run
expectations, but smoother and more persistent under long-run expectations due
to anchoring.

A similar pattern emerges for the conditional skewness reported in the lower left
panel. Under short-run expectations, skewness is strongly time-varying, with large
positive spikes during the 1970s and occasional negative phases in the late 1960s and
the late 1990s. In contrast, under long-run expectations the conditional inflation
distribution remains close to symmetric from the 1980s onward. This pattern
is consistent with the Great Moderation and reflects a transition associated with
monetary policy consolidation, better-anchored inflation expectations, and reduced
inflationary risks.

Lastly, the lower right panel reports filtered kurtosis across specifications. Un-
der long-run expectations, excess kurtosis largely vanishes, whereas it remains pro-
nounced under short-run expectations. This indicates that the specification with
more anchored expectations yields a distribution closer to Gaussian, while short-
run expectations generate heavier tails.

In summary, the results highlight substantial differences in the implied distri-
butional dynamics across expectation proxies. The specification with short-run
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expectations yields richer time variation across all conditional moments, with more
pronounced volatility, skewness, and excess kurtosis. This stronger time varia-
tion reflects the transmission of greater short-run expectation variability into the
conditional distribution. In contrast, the specification with long-run expectations
produces a smoother and more stable distribution, characterized by attenuated
higher-order moments and dynamics closer to a Gaussian benchmark. Overall,
these findings underscore the important role of expectations in shaping the dy-
namics and higher-order properties of the conditional distribution of inflation.

3.5 Conclusions

This chapter analyzed the US inflation dynamics by jointly modeling multiple quan-
tiles within a hybrid New Keynesian Phillips curve framework. To this end, the
Smoothed Dynamic Multiple Quantile model was introduced, allowing for quantile-
specific and time-varying parameters. By linking the time variation of a reduced
set of quantiles to the full conditional distribution within a score-driven frame-
work, the proposed specification captures heterogeneous responses of inflation to
real activity across the distribution and over time.

The empirical results revealed pronounced time-varying and distributional non-
linearities in the inflation—output gap trade-off, indicating clear heterogeneity across
the conditional inflation quantiles. Specifically, the Phillips curve exhibits an asym-
metric profile across quantiles, with relatively steep slopes at lower probability levels
and a sharp flattening towards the upper tail. Allowing for time variation showed
that this distributional pattern evolves over time, consistent with state-dependent
New Keynesian price setting behavior.

More broadly, the proposed framework provides a flexible and structurally inter-
pretable tool for analyzing inflation dynamics across different parts of the distribu-
tion and over time. The results highlight the central role of inflation expectations
in shaping high-inflation episodes, particularly during the Great Inflation, while
emphasizing the dominance of persistence and weak real activity pass-through in
the lower quantiles following the Global Financial Crisis and during the COVID-
19 pandemic. The combination of a flattening Phillips curve slope in the lower
quantiles and strong persistence helps explain the absence of disinflation during
sharp output contractions, while persistently flat slopes in the upper tail explain
the challenge of stabilizing inflation when inflationary risks are elevated.

In addition, the results underscore that the choice of expectation proxy plays a
critical role for identification, with short-run expectations revealing richer distribu-
tional dynamics and more pronounced higher-order moments, while more anchored
long-run expectations yield smoother distributions but stronger time variation in
the cross-quantile Phillips curve shape.

Lastly, the filtered inflation quantiles provide a quantitative measure of infla-
tionary risk, capturing both its persistence and asymmetric evolution over time.
Notably, the upper tail conditional inflation quantile has remained around 4% since
the COVID-19 pandemic indicating that inflationary risk remains a non-negligible
factor at the end of the analyzed period. Importantly, the weak Phillips curve rela-
tionship in the upper tail, together with strong inflation persistence, helps explain
the prolonged elevation of inflationary risk observed during this period.

Overall, the results suggest that exploiting distributional information and time
variation can provide additional insights into inflation dynamics beyond those avail-
able from conventional limited-information empirical approaches.
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More generally, the framework is not limited to inflation, and its generality al-
lows it to be applied in other macro-financial contexts where time-varying quantile-
heterogeneous parameters, persistence, and tail risks are central. In addition, its
ability to model time-varying higher-order moments enables full distributional fore-
casting, providing a more comprehensive assessment of tail risks.

94



Summary

This thesis revolved around the development and application of score-driven models
for analyzing volatility dynamics in financial markets and structural relationships
among macroeconomic variables.

First focusing on financial applications, Chapter 1 introduced the Realized Dy-
namic Score EGARCH model with heavy-tailed, skewed conditional distributions
for the joint modeling of returns and a realized range-based volatility measure.
The proposed model employs a score-driven framework for jointly modeling asset
returns and a range-based realized volatility measure. Additionally, the model in-
corporates skewed and heavy-tailed distributions, which are inherent features of fi-
nancial time series but are often not well captured by traditional GARCH models.
The framework also includes a two-component volatility structure and extended
leverage channels, which increase flexibility and improve model fit. By exploit-
ing the information contained in the conditional densities through their scores,
together with additional enhancements, the model enables more responsive and
adaptive modeling of financial volatility.

Empirical analysis based on in-sample fit and out-of-sample VaR and ES fore-
casts for the S&P 500 and the two considered individual assets indicates that the
proposed models outperform beta-skew-t-EGARCH variants. These findings reflect
improved model fit and a stronger ability to capture volatility dynamics. While not
uniformly dominant, the MCS results provide consistent support for the proposed
specification, particularly for the more parsimonious variants, which exhibit stable
performance across loss functions and tail probabilities.

Given the longer data availability for the two individual assets, future research
could investigate model performance over extended forecasting horizons and across
broader market environments. In addition, extending the set of considered assets,
particularly to those where asymmetric volatility responses and model flexibility
are especially relevant, would provide a more comprehensive assessment of the
framework.

Finally, the two-component structure of the model, which captures long-run dy-
namics, naturally motivates the evaluation of multi-step-ahead forecasts. Assessing
such horizons would offer additional insight into the ability of the model to capture
persistent volatility components and long-memory features.

By shifting the focus to macroeconomics, Chapter 2 investigated the dynamics
of the natural rate of interest (r-star) in the US using a score-driven state-space
model within the Laubach—Williams semi-structural framework. The main contri-
bution of the chapter is to allow the parameters of the Laubach—Williams model to
vary over time, with their dynamics governed by the conditional likelihood score.
In addition, motivated by the econometric challenges initiated by the pandemic,
the chapter introduced an augmented accelerating version of the GAS (aaGAS)
updating mechanism.

The output gap estimated by the aaGAS suggests that the modified model ef-

95



fectively handles large volatility shifts due to extreme events. Furthermore, the
higher estimate of potential output relative to HLW suggests that the proposed
models are more efficient at disentangling transitory and highly persistent shocks.
Regarding the time-varying structural relationships, the IS slope was highly unsta-
ble until the beginning of the Great Moderation, gradually flattening during this
period and stabilizing at a low level after the Great Recession. As for the Phillips
curve, while we find little evidence of time variation in its slope parameter, the
pronounced downside uncertainty in the simulated parameter limits any decisive
conclusions regarding the stability of the slope over the past decades. Most im-
portantly, the r-star estimates exhibit substantially higher precision and reduced
variability, along with a flatter downward trend over the analyzed interval com-
pared to the benchmark HLW model. In addition, we find that the primary source
of the recent divergence in the trajectories and the uncertainty surrounding the
natural rate of interest lies in the estimation of the “other factors”, z. These state
estimates not only deviate substantially from those of HLW but also account for
most of the improvement in r-star estimation precision, explaining the higher nat-
ural rate of interest—ranging between 1.5% and 2% —observed over the past two
decades. Furthermore, the current upward trend in both the filtered and smoothed
estimates, in contrast to HLW model output, indicates that the natural rate of
interest has already passed its historically low level.

Given the high uncertainty and the ambiguous definition of the z-factor, future
research could focus on improving its refined identification and developing more
precise specifications. Moreover, considering the low-frequency nature of current
estimations and the delayed availability of relevant data, a model that utilizes
higher-frequency data and proxy variables could offer a more timely and accurate
assessment.

The lower variability of the r-star estimate, along with the reduced standard
errors of the underlying state estimates, implies that the proposed models are more
adaptable to sudden changes in the economic environment and, thus, more effective
at identifying transitory shocks than the standard LW methodology. Based on a
purely statistical, data-driven approach, the GAS (score-driven) models, therefore,
provide a valid empirical alternative for estimating the natural rate of interest in
real-time, demonstrating a clear advantage in estimation precision. In addition, the
aaGAS specification further improves the precision of the r-star estimate, alleviat-
ing a long-standing limitation of models based on the LW methodology. Moreover,
in light of the occurrence of extreme events in both macroeconomic and financial
contexts, the aaGAS offers a viable extension of the standard GAS framework to
more adequately model volatility persistence.

Motivated by the pronounced estimation uncertainty surrounding the Phillips
curve slope parameter reported in Chapter 2, Chapter 3 analyzed the conditional
distribution of US inflation by jointly modeling multiple inflation quantiles within
a score-driven framework based on the New Keynesian Phillips Curve. To this
end, the Smoothed Dynamic Multiple Quantile model was introduced, allowing for
quantile-specific and time-varying parameters. By linking the time variation of a
reduced set of quantiles to the full conditional distribution within a score-driven
framework, the proposed specification captures heterogeneous responses of inflation
to real activity across the distribution and over time.

The empirical results revealed pronounced time-varying and distributional non-
linearities in the inflation—output gap trade-off, indicating clear heterogeneity across
the conditional inflation quantiles. Specifically, the Phillips curve exhibits an asym-
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metric profile across quantiles, with relatively steep slopes at lower probability levels
and a sharp flattening towards the upper tail. Allowing for time variation showed
that this distributional pattern evolves over time, consistent with state-dependent
New Keynesian price setting behavior.

More broadly, the proposed framework provides a flexible and structurally inter-
pretable tool for analyzing inflation dynamics across different parts of the distribu-
tion and over time. The results highlight the central role of inflation expectations
in shaping high-inflation episodes, particularly during the Great Inflation, while
emphasizing the dominance of persistence and weak real activity pass-through in
the lower quantiles following the Global Financial Crisis and during the COVID-
19 pandemic. The combination of a flattening Phillips curve slope in the lower
quantiles and strong persistence helps explain the absence of disinflation during
sharp output contractions, while persistently flat slopes in the upper tail explain
the challenge of stabilizing inflation when inflationary risks are elevated.

In addition, the results underscore that the choice of expectation proxy plays a
critical role for identification, with short-run expectations revealing richer distribu-
tional dynamics and more pronounced higher-order moments, while more anchored
long-run expectations yield smoother distributions but stronger time variation in
the cross-quantile Phillips curve shape.

Lastly, the filtered inflation quantiles provide a quantitative measure of infla-
tionary risk, capturing both its persistence and asymmetric evolution over time.
Notably, the upper tail conditional inflation quantile has remained around 4% since
the COVID-19 pandemic indicating that inflationary risk remains a non-negligible
factor at the end of the analyzed period. Importantly, the weak Phillips curve rela-
tionship in the upper tail, together with strong inflation persistence, helps explain
the prolonged elevation of inflationary risk observed during this period.

Overall, the results suggest that exploiting distributional information and time
variation can provide additional insights into inflation dynamics beyond those avail-
able from conventional limited-information empirical approaches.

More generally, the framework is not limited to inflation, and its generality al-
lows it to be applied in other macro-financial contexts where time-varying quantile-
heterogeneous parameters, persistence, and tail risks are central. In addition, its
ability to model time-varying higher-order moments enables full distributional fore-
casting, providing a more comprehensive assessment of tail risks.

In conclusion, applications of the developed score-driven models to financial
and macroeconomic problems demonstrated that, with appropriate refinements,
the score-driven framework offers a coherent and flexible approach for capturing
nonlinear dynamics inherent in complex data generating processes.
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