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you have to and out.”
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ABSTRACT

This thesis investigates the deep connection between deterministic
search procedures and variable-length codes (VLCs), showing that
these two domains—traditionally treated as distinct—are funda-
mentally equivalent. Any search algorithm based on membership
or comparison queries naturally induces a binary variable-length
code (VLC), and conversely, everyVLC implicitly represents a search
strategy. This correspondence allows classical search problems to
be reformulated through the mathematical language of Coding
Theory and analyzed using tools from Information Theory.

Within this framework, the thesis investigates several families
of alphabetic and preax codes arising from diêerent structural
or cost constraints. First, it establishes new and tighter upper
bounds for optimal alphabetic codes and introduces linear-time al-
gorithms that achieve them, yielding improved bounds for binary
search trees (BSTs) as well. Second, it proposes and analyzes a novel
class of codes, denoted as (𝛼, constrained-(܌ codes, motivated by
search problems with asymmetric test outcome costs, and pro-
vides polynomial-time algorithms for their construction. Third,
it studies preax codes that use a symbol only as a termination
character, deriving linear-time near-optimal construction methods
and new entropic bounds. Moreover, it explicitly connects these
codes to search procedures using comparison and equality tests.

Overall, the thesis shows that search can be understood as an
act of compression: eëcient information acquisition and eëcient
information representation are governed by the same principle
of minimizing uncertainty. This perspective provides a powerful,
general methodology for translating search problems into code
problems.
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SOMMARIO

Questa tesi indaga la profonda connessione tra le procedure di
ricerca deterministiche e i codici a lunghezza variabile, dimostran-
do come questi due ambiti — apparentemente distinti — siano
in realtà equivalenti. Ogni algoritmo di ricerca basato su test di
appartenenza o di confronto induce naturalmente un codice a
lunghezza variabile e, viceversa, ogni codice a lunghezza variabile
rappresenta implicitamente una strategia di ricerca. Tale corri-
spondenza consente di riformulare i problemi classici di ricerca
nel linguaggio matematico della Teoria dei Codici e di analizzarli
mediante strumenti della Teoria dell’Informazione.

All’interno di questo quadro, la tesi analizza diverse famiglie
di codici alfabetici e preassi, caratterizzate da diêerenti vincoli
strutturali o di costo. In primo luogo, stabilisce nuove limitazioni
superiori sulla lunghezza media di codici alfabetici ottimi ed in-
troduce algoritmi lineari che ottengono tali limitazioni, usandoli
poi anche per derivare nuove limitazioni anche sulla lunghezza
media di Alberi Binari di Ricerca. In secondo luogo, propone e
analizza una nuova classe di codici, motivata da problemi di ri-
cerca con costi asimmetrici degli esiti dei test, e fornisce algoritmi
polinomiali per la loro costruzione. In terzo luogo, esamina codici
preasso che utilizzano un simbolo esclusivamente come carattere
di terminazione, derivando metodi di costruzione quasi ottimali
in tempo lineare ed anche nuove limitazioni sulla loro lunghezza
in termini di entropia. Inoltre, mette in evidenza l’esplicita con-
nessione tra questa nuova classe di codici e le procedure di ricerca
che impiegano test di confronto ed eguaglianza.

Nel complesso, la tesi mostra come la ricerca possa essere inter-
pretata come un processo di compressione: l’eëcienza nell’acqui-
sizione dell’informazione e l’eëcienza nella sua rappresentazione
sono governate dallo stesso principio di minimizzazione dell’in-
certezza. Questa prospettiva fornisce una metodologia generale e
potente per tradurre problemi di ricerca in problemi di costruzione
di codici.
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INTRODUCT ION





1INTRODUCT ION

“Searching is the most time-consuming part of many pro-
grams, and the substitution of a good search method for a
bad one often leads to a substantial increase in speed.”

—Donald E. Knuth

In almost every domain of science and human activity, we face
problems that require the identiacation of an unknown object. This
act of searching — be it for a missing value, a hidden structure, or
a correct conaguration — takes many forms. It may be a physical
search, such as locating a faulty component in a machine, the
correct route in a network, or a document in an archive. Similarly,
it may be a more abstract search, like a solution to a combinatorial
problem, or a correct strategy in a game.

The common objective of such searches is to discover the un-
known target as eëciently as possible, where eëciency may be
measured in time, cost, number of queries, or simply computa-
tional eêort. Moreover, depending on the nature of the queries we
are allowed to make and on the structure of the search space, we
encounter a wide variety of search problems. In one of the most
classical settings, the elements are linearly ordered and the allowed
queries are binary comparisons: given an unknown element Ǫ, we
ask whether it is smaller or larger than a known element from
the list. This model, which gives rise to the well-known binary
search algorithm when all elements are equally likely, is simple
but remarkably powerful.

Another interesting variant is the so-called Group testing prob-
lem. This problem was originally formulated during World War
II by Dorfman in the context of screening soldiers for syphilis
and has found applications in areas ranging from quality control
in manufacturing to data compression and computational biol-
ogy. More recently, it gained renewed and unfortunate relevance
during the COVID-19 pandemic. The central objective is to iden-
tify a small number of defective or infected individuals within a

3



4 introduction

large population, using as few tests as possible. Instead of testing
each individual separately — which may be costly— group testing
allows membership queries: we select arbitrary subsets of indi-
viduals and ask whether the unknown elements (e.g., infected
persons) belong to that subset. Here too, the answer to each query
is binary: positive if the subset contains at least one target element,
and negative otherwise.

Since in the following our focus is primarily on search proce-
dures based on comparison and membership queries, each yielding
binary outcomes, it is essential to highlight the natural connection
that emerges between such search procedures and binary variable-
length codes. In the literature, Search Theory and the Theory of
Variable-Length Codes are strongly linked together; see [5, 6, 65,
85, 93, 111], as a few examples. A variable-length code (VLC) is a
mapping that assigns to the symbols of a source alphabet code-
words of varying lengths over a target (typically binary) alphabet.
Such codes are especially useful when some symbols occur more
frequently than others, as shorter codewords can be assigned to
more probable symbols to minimize the average code length, i.e.
the average cost of the encoding.

In the context of search procedures, any search procedure that
sequentially executes suitable tests to identify objects within a
given search space inherently produces a binary variable-length
encoding for elements in that space. Speciacally, one can repre-
sent each potential test outcome using a distinct symbol from a
anite code alphabet, and by concatenating these (encoded) test
outcomes, one obtains a legitimate encoding of any object within
the search domain. In particular, the types of encodings that are
most relevant to our settings—those that naturally correspond to
membership and comparison queries—are the binary preax codes
and the binary preax and alphabetic codes, respectively.

Crucially, there is a deep connection between the average cost
of such code—measured as the expected codeword length—and
the computational (or query) complexity, of the associated search
algorithms. In essence, an eëcient search strategy corresponds
to a code with low average length, and vice versa, a compact
code corresponds to a highly eëcient search strategy. This con-
nection enables the application of tools from Coding Theory, and,
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by extension, Information Theory, to analyze and optimize search
procedures.

For example, Shannon’s source coding theorem [125] states
that the average length of any uniquely decodable binary code -
including all preax codes - must be at least the entropy of the
source distribution. This provides a universal lower bound on
the average number of queries required to identify an unknown
element, whether using membership or comparison queries. As a
result, entropy serves not only as ameasure of information content,
but also as a benchmark for the eëciency of search algorithms
built on binary queries.

structure of the thesis

This thesis is organized as follows.
Chapter 2 provides a comprehensive Literature Review that sup-

plies the theoretical foundation for the main topics of the thesis. It
begins by deaning in Section 2.1 the notations and the preliminary
deanitions required throughout this work. The chapter then ana-
lyzes alphabetic codes, which are central to the main results of this
thesis, particularly recalling their strict equivalence to comparison-
based search procedures. The chapter surveys the classical algo-
rithms for constructing optimal codes, including those by Gilbert
andMoore, Knuth, Hu and Tucker, and Garsia andWachs (Section
2.3). It concludes by reviewing the conditions for the existence of
alphabetic codes (Section 2.4), known upper bounds on their aver-
age length (Section 2.5), and various generalizations and variants
addressed in the literature (Section 2.6.1).

Chapters 3 to 5 present the novel contributions of the thesis.
Chapter 3 presents the main and most relevant contribution.

Speciacally, it addresses the classical and well-known problem of
constructing almost-optimal alphabetic codes, establishing new
and improved upper bounds on the average cost with respect
to the current state of the art. Crucially, it also provides linear-
time algorithms for constructing codes that achieve these bounds.
Finally, the chapter introduces a framework to construct almost-
optimal binary search trees from almost-optimal alphabetic codes,
improving upon the best-known results in the literature.
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Chapter 4 maintains the focus on alphabetic codes but intro-
duces a novel variant of the problem: the so-called (𝛼, constrained-(܌
codes. This variant is motivated by search problems where test
outcomes may have diêerent costs. The chapter provides an eë-
cient dynamic programming algorithm for constructing optimal(𝛼, constrained-(܌ codes. Then, it focuses on the special case of(0, 1)-constrained codes, providing a necessary and suëcient con-
dition for the existence of both alphabetic and preax codes.

Chapter 5, instead, moves the focus to the more general class of
preax codes. More speciacally, it considers the natural problem
of constructing codes in which one character is used exclusively
as a word terminator to achieve the preax condition, following
the idea of Jaynes [80]. This chapter establishes a fundamental
relationship between this novel class of preax codes and one-to-
one codes, providing a linear-time procedure for constructing
almost optimal preax codes using such a delimiter, starting from
optimal one-to-one codes. Finally, it provides and derives new
entropic lower and upper bounds for the average length of these
codes, showing that the imposed constraint becomes negligible as
the size of the source alphabet increases.

Finally, Chapter 6 presents the anal considerations of the thesis
and concludes by outlining a series of interesting open questions
and problems in the aeld of VLCs.
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2L ITERATURE REV IEW

This chapter provides the background information readers need
to understand our work. We will start by deaning the notations
used throughout this thesis in Section 2.1, then survey relevant
prior research to oêer a comprehensive understanding of the main
problems we will address later. Part of the information presented
herein is drawn from [25].

Since we focus mostly on alphabetic codes, this brief survey
is organized as follows. In Section 2.2, we describe the various
motivations that led researchers to investigate alphabetic codes.
More in particular, in Section 2.2.1, we illustrate in detail the basic
correspondence between alphabetic codes and comparison-based
search procedures. Historically, this correspondence was the arst
incentive for the study of alphabetic codes and their properties. In
Section 2.2.2, we describe several additional application scenarios
where alphabetic codes play an important role.

In Section 2.3, we review the known algorithms to construct
optimal alphabetic codes (that is, of minimum average length).
We also explain in detail the structure of the most eëcient known
algorithms with worked examples.

In Section 2.4, we present three necessary and suëcient con-
ditions for the existence of alphabetic codes. These conditions
represent, in a sense, the generalizations of the classical Kraft
condition for the existence of preax codes.

In Section 2.5 we describe explicit upper bounds on the aver-
age length of optimal alphabetic codes. Interestingly, these upper
bounds are often accompanied by linear time algorithms to con-
struct alphabetic codes whose average lengths are within such
bounds.

In Section 2.6 and Section 2.7 we conclude the chapter by re-
calling some results about variations and generalizations of the
classical problem of constructing alphabetic codes of minimum
average length.
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10 literature review

2.1 preliminaries

Let us introduce some notations and concepts that we use often
throughout the thesis. Let Ǎ = {ǥ1,… , ǥ֙} denote a anite set of
symbols or arbitrary elements. We represent a probability dis-
tribution over Ǡ elements as a vector Ǣ = (Ǣ1,… , Ǣ֙), where Ǣօ
denotes the probability of the ǭ-th element. When a total order ≺
exists on the set of symbols Ǎ, i.e., ǥ1 ≺ ⋯ ≺ ǥ֙, we can also denote
the associated probability distribution as Ǣ = ⟨Ǣ1,… , Ǣ֙⟩ to high-
light the inherent order among the symbols. Given a probability
distribution Ǣ = (Ǣ1,… , Ǣ֙), we deane its Shannon entropy as:

ǂ(Ǣ) = −∑֙օ=1 Ǣօ log Ǣօ, (2.1)

where, unless otherwise speciaed, the logarithm is taken base 2.
Let us recall some deanitions of binary variable length en-

codings that we will use later. Let Ǎ = {ǥ1,… , ǥ֙} be a set of
source symbols distributed according to a probability distributionǢ = (Ǣ1,… , Ǣ֙). A binary code for Ǎ is a mapping ǩ ∶ Ǎ → {0, 1}∗
that assigns a binary codeword to each symbol. We denote byƽ = {ǩ(ǥ) ∶ ǥ ∈ Ǎ} the set of all codewords. The average length of
the code is given by:

ਇ[ƽ] = ∑֙օ=1 Ǣօℓ(ǩ(ǥօ)), (2.2)

where ℓ(ǩ(ǥօ)) denotes the length of the codeword for symbolǥօ, that is, the number of bits in ǩ(ǥօ). Moreover, when the relation
is implicit, for simplicity, we denote ℓ(ǩ(ǥօ)) by ℓօ.

We now recall several important classes of binary codes:

Deanition 1 (One-to-one Code). A code ǩ ∶ Ǎ → {0, 1}∗ is a one-
to-one code if it is a one-to-one mapping, meaning ǩ(ǥօ) ≠ ǩ(ǥ։) for
all ǭ ≠ Ǯ, i.e., it associates a diêerent codeword to each symbol.

Deanition 2 (Preax Code). A code ǩ ∶ Ǎ → {0, 1}+ is a preax code
(or preax-free code) if:

1. ǩ is a one-to-one mapping,
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2. for each pair of symbols ǥօ, ǥ։ with ǭ ≠ Ǯ, the codeword ǩ(ǥօ) is no
preax of ǩ(ǥ։).

Deanition 3 (Alphabetic Code). Given a total order ǥ1 ≺ ⋯ ≺ ǥ֙
on Ǎ, a code ǩ ∶ Ǎ → {0, 1}+ is a preax and alphabetic code if:

1. it is a preax code, i.e., no codeword ǩ(ǥօ) is a preax of anotherǩ(ǥ։), for any ǥօ, ǥ։ ∈ Ǎ, ǭ ≠ Ǯ,
2. the mapping ǩ ∶ Ǎ → {0, 1}+ is order-preserving, where the order

relation on the set of all binary strings {0, 1}+ is the standard
alphabetical order.

For the sake of brevity, from this point on a preax and alphabetic
code will be simply referred to as an alphabetic code. Moreover, we
recall that we can view an alphabetic code (and consequently also
a preax code) as a binary tree ǎ where each edge is labeled either
by bit 0 or 1, and each leaf of the tree corresponds to a diêerent
symbol ǥ ∈ Ǎ. The codeword ǩ(ǥ) for the symbol ǥ ∈ Ǎ is equal
to the concatenation of all the 0’s and 1’s in the path from the
root of ǎ to the leaf associated with ǥ. While the order-preserving
property of alphabetic codes implies that the leaves of ǎ, read
from the leftmost leaf to the rightmost one, appear in the orderǥ1 ≺ ⋯ ≺ ǥ֕. In the following, we will use the correspondence
above described between trees and codes, in the sense that we
will freely switch between the terminology of codes and trees,
according to which is more suitable for the scenario we will be
considering.

2.2 motivations

In the following sub-sections, we present the key motivations and
application examples for alphabetic codes. We begin by exploring
their fundamental connection to Search Theory, as previously
anticipated in Chapter 1. This relationship not only underscores
the theoretical importance of alphabetic codes but also highlights
their practical utility across various domains.
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2.2.1 Alphabetical Codes and Search Procedures

Search Theory and the Theory of VLCs are strongly linked [5, 6, 65,
85, 93, 111]. Indeed, any search process that sequentially executes
suitable tests to identify objects within a given search space in-
herently produces a variable-length encoding for elements in that
space. Speciacally, one can represent each potential test outcome
using a distinct symbol from a anite code alphabet, and by con-
catenating these (encoded) test outcomes, one obtains a legitimate
encoding of any object within the search domain.

More in particular, binary alphabetic codes emerge as fundamen-
tal combinatorial structures in Search Theory; indeed, alphabetic
codes are mathematically equivalent to search procedures that op-
erate via binary comparison queries in totally ordered sets. To
explain this equivalence, we arst recall the formal deanition of
binary alphabetic codes (3).

Deanition. Let Ǎ = {ǥ1,… , ǥ֕} be a set of symbols, ordered according
to a given total order relation≺, that is, for which ǥ1 ≺ ⋯ ≺ ǥ֕ holds. A
binary alphabetic code is a mappingǩ ∶ {ǥ1,… , ǥ֕} ↦ {0, 1}+, enjoying
the following two properties

• no codeword ǩ(ǥ) is preax of another ǩ(ǥ′), for any ǥ, ǥ′ ∈ Ǎ,ǥ ≠ ǥ′.
• the mappingǩ ∶ {ǥ1,… , ǥ֕} ↦ {0, 1}+ is order-preserving, where

the order relation on the set of all binary strings {0, 1}+ is the
standard alphabetical order,

We denote by ƽ the set of codewordsƽ = {ǩ(ǥ) ∶ ǥ ∈ Ǎ}.
We illustrate how alphabetic codes arise from search algorithms

through some examples.

Example 1. Let Ǎ = {1, 2,… , 8} be the search space. We consider a
search algorithm that attempts to determine an unknown element Ǫ ∈ Ǎ
by asking queries of the form “is Ǫ ≤ Ǯ?” for Ǯ = 1, 2,… , 8. The algorithm
(and the corresponding answers to queries) can be represented by the
following binary tree. Each internal node of the tree corresponds to a
query “is Ǫ ≤ Ǯ?”, and each branch emanating from a node corresponds



2.2 motivations 13

either to the Yes answer to the node query or to the No answer. Each leafǚ of the tree corresponds to the (unique) element of Ǎ that is consistent
with the sequence of Yes/No answers (to the node questions) from the
root of the tree to the leaf ǚ.

ׁ ≤ 1?
ׁ = 1

Yes Noׁ ≤ 2?
ׁ = 2

Yes Noׁ ≤ 3?
ׁ = 3

Yes Noׁ ≤ 4?
ׁ ≤ 5?No

ׁ = 4
Yes

ׁ ≤ 6?No

ׁ = 5
Yes

ׁ ≤ 7?No

ׁ = 6
Yes

ׁ = 8
No

ׁ = 7
Yes

By encoding the Yes answer to each test with the symbol 0 and the No
answer with 1, we get a binary coding c ∶ {1,… , 8} ↦ {0, 1}+, namely:
c(1)=0, c(2)=10, c(3)=110, c(4)=1110, c(5)=11110, c(6)=111110,
c(7)=1111110, c(8)=1111111, that is clearly alphabetic. Note that the
length of the ǭֱℎ codeword corresponds to the number of tests required to
determine whether or not the unknown element Ǫ is equal to ǭ, for eachǭ ∈ Ǎ.
Conversely, if one had the binary alphabetic coding c ∶ {1,… , 8} ↦{0, 1}+ deaned above, it would be easy to design an algorithm ƻ that

searches successfully in the space {1,… , 8}. More precisely, one could
partition the search space Ǎ = {1,… , 8} in

Ǎ0 = {ǭ ∈ Ǎ ∶ the arst bit of c(ǭ) is 0}
and Ǎ1 = {ǭ ∈ Ǎ ∶ the arst bit of c(ǭ) is 1}.
Let ǟ be the maximum of the set Ǎ0. The arst query of the algorithm ƻ
is “is Ǫ ≤ ǟ?”, where Ǫ is the unknown element in Ǎ we are trying to
determine. Since the encoding c is alphabetic, we know that both Ǎ0 and
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Ǎ1 are made by consecutive elements of Ǎ. Therefore, the answer to the
query “is Ǫ ≤ ǟ?” allows one to identify the arst bit of the encoding of
the unknown Ǫ. This way to proceed can be iterated either in Ǎ0 or Ǎ1
(according to the query’s response) until one gets all bits of the encoding
c(Ǫ). From the knowledge of c(Ǫ), one gets the value of the unknown
element Ǫ.
Example 2. One could use a diêerent algorithm to determine an un-
known element Ǫ ∈ Ǎ. For example, a binary search that performs, at
each step, the query “is Ǫ ≤ Ǯ?”, where Ǯ is the middle point of the interval
that contains Ǫ. In this case, the tree representing the algorithm is:

ׁ ≤ 4?
ׁ ≤ 2?

Yes

ׁ ≤ 6?
No

ׁ ≤ 1?
Yes

ׁ = 1
Yes

ׁ = 2
No

ׁ ≤ 3?
No

ׁ = 3
Yes

ׁ = 4
No

ׁ ≤ 5?
Yes

ׁ = 5
Yes

ׁ = 6
No

ׁ ≤ 7?
No

ׁ = 7
Yes

ׁ = 8
No

Again, by encoding the Yes answer for each test with the symbol 0 and
the No answer with 1, we get the (diêerent) encoding of 1,… , 8, given
by: b(1)=000, b(2)=001, b(3)=010, b(4)=011, b(5)=100, b(6)=101,
b(7)=110, b(8)=111. Also in this case one can see that the obtained en-
coding b(⋅) is order-preserving, and therefore alphabetic. As before, from
the encoding b(⋅) one can easily design an algorithm that successfully
searches in the space {1,… , 8}. The idea is always the same: The search
space Ǎ = {1,… , 8} can be partitioned in

Ǎ0 = {ǭ ∈ Ǎ ∶ the arst bit of b(ǭ) is 0}
and Ǎ1 = {ǭ ∈ Ǎ ∶ the arst bit of b(ǭ) is 1}.
Since the encoding b is alphabetic, we know that both Ǎ0 and Ǎ1 are
made by consecutive elements of Ǎ (in our case, Ǎ0 = {1, 2, 3, 4} and
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Ǎ1 = {5, 6, 7, 8}). Let ǟ be the maximum of the set Ǎ0. The arst query
of the algorithm ƻ is “is Ǫ ≤ ǟ?”, where Ǫ is the unknown element inǍ we are trying to determine. According to the answer to the query, the
algorithm ƻ will recursively iterate in Ǎ0 or in Ǎ1.

In general, it holds the following basic result.
Theorem 1 ([5, 6]). Let Ǎ = {ǥ1,… , ǥ֕} be a set of elements, ordered
according to a given total order relation ≺, that is, for which it holds thatǥ1 ≺ ⋯ ≺ ǥ֕. Any algorithm ƻ that successfully determines the value
of an arbitrary unknown Ǫ ∈ Ǎ, by means of the execution of tests of the
type “is Ǫ ≺ ǥ?”, for given ǥ ∈ Ǎ, gives rise to a preax and alphabetic
binary encoding of the elements of Ǎ.

Conversely, from any preax and alphabetic binary encoding of the ele-
ments of Ǎ one can construct an algorithmƻ that successfully determines
the value of an arbitrary unknown Ǫ ∈ Ǎ, by means of the execution of
tests of the type “is Ǫ ≺ ǥ?”.

Theorem 1 highlights a deep connection between the eëciency
of search algorithms on ordereddata and the properties of variable-
length encodings. Speciacally, it suggests that studying optimal
encodings can lead to insights into optimal search strategies, and
conversely, well-designed search algorithms reveal characteris-
tics of eëcient encodings. For instance, when the search space is
embedded in a probability distribution, the theorem implies that
the structure of an optimal comparison-based search algorithm
directly corresponds to the properties of a binary alphabetic en-
coding that minimizes the average codeword length (and thus,
the average number of comparisons). This equivalence extends to
more general classes of search algorithms as well, as shown in [5].
Speciacally, membership-based search procedures, which involve
queries of the form “Ǫ ∈ ƻ?”, where ƻ denotes an arbitrary subset
of the search space, correspond directly to preax encodings.

2.2.2 Additional applications of Alphabetic Codes

In this section, we highlight other interesting scenarios beyond
search theory in which alphabetic codes arise. Gupta et al. [63]
used alphabetic codes to provide eëcient algorithms for the rout-
ing lookup problem. Indeed, standard classless interdomain routing
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requires that a router perform a “longest preax match” to de-
termine the next hop of a packet. Therefore, given a packet, the
lookup operation consists of anding the longest preax in the rout-
ing table that matches the arst few bits of the destination address
of the packet. In [63], Gupta et al. show how alphabetic codes al-
low one to speed up this kind of lookup operation. Subsequently,
Nagaraj [114] improved their analysis, always using alphabetic
codes as a basic tool.

In the paper [129], Vaishnav and Pedram apply (variants of)
alphabetic trees to problems arising in eëcient VLSI (Very Large
Scale Integration) design. More speciacally, they consider the
problem of fan-out optimization, whereby one tries to design logi-
cal circuits with bounded fan-out. Interestingly, they show that,
after appropriate technology-independent optimization, the fan-
out optimization problem essentially becomes a tree optimization
problem; subsequently, they develop suitable alphabetic tree gener-
ation and optimization algorithms, and apply them to the fan-out
optimization problem.

In [107, 118, 141] the authors apply ideas, techniques and re-
sults about alphabetic codes to the problem of designing eëcient
algorithms for noiseless fault diagnosis. Similarly, Garey [52] con-
sidered the application of alphabetic codes to binary identiacation
procedures that go from machine fault location to medical diag-
nosis and more. In the paper [62], Graefe discusses the use of
alphabetic codes for order-preserving data compression in the im-
plementation of database systems, to the purpose of saving space
and bandwidth at all levels of the memory hierarchy. In [49],
Gagie exploits the properties of alphabetic codes to design eë-
cient algorithms for the compression of probability distributions.
Finally, in [10] Arafat applies alphabetic codes to the problem of
eëcient design of encryption algorithms.

Alphabetic codes are also useful for the implementation of arith-
metic coding. In fact, since binary arithmetic coding is much faster
than other types of arithmetic coding, a decision tree (represent-
ing an alphabetic code) can be used to reduce an inanite alphabet
source into a binary source for fast arithmetic coding, as shown
by Marpe et al. in [108]. In addition, the basic order preservation
property of alphabetic codes is necessary for the ordered repre-
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sentation of rational numbers as integers in continued fractions
(e.g., see [66, 109]).

Moreover, in [119] Pezza et al. used alphabetic codes as a tool for
the construction of variable-length unidirectional error-detecting
codes with few check symbols.

Alphabetic codes are also used in computational geometry;
more precisely, in [120] Preparata and Shamos used alphabetic
codes for eëciently locating a point on a line when the query point
does not coincide with any of the points dividing the line.

We conclude this section by highlighting the strict relationship
between alphabetic codes and binary search trees [93, 113], a
widely used and important data structure in computer science. In
essence, binary search trees can be considered a generalization of
alphabetic codes. This is because the search algorithms underlying
binary search trees typically operate using both comparison and
equality tests. Furthermore, binary search trees account for both
successful and unsuccessful searches, whereas alphabetic codes can
be viewed as a speciac instance of search trees where the proba-
bility of successful searches is implicitly zero. However, we will
delve into this relationship in more detail in Section 3.3. For a
comprehensive survey on binary search trees and their numerous
applications, we refer the reader to the work by Nagaraj [113].

2.3 algorithms for constructing optimal alphabetic
codes

In this section, we recall the most well-known and widely used
algorithms for constructing optimal alphabetic codes, i.e., mini-
mum average length alphabetic codes. We begin by recalling the
problem. Let Ǎ = {ǥ1,… , ǥ֙} be a set of symbols over which we
have a total order relation ≺, for which it holds ǥ1 ≺ ⋯ ≺ ǥ֙. We
also assume that the set Ǎ is endowed with a probability distri-
bution Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, that is, Ǣօ is the probability of symbol ǥօ,
for ǭ = 1,… , Ǡ. We use the notation ⟨⋅⟩ to emphasize that we are
dealing with ordered lists. Moreover, given an alphabetic code
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ǩ ∶ ǥ ∈ {ǥ1,… , ǥ֙} ↦ ǩ(ǥ) ∈ {0, 1}+, we denote the average code
length of the code ƽ = {ǩ(ǥ) ∶ ǥ ∈ Ǎ} by

ਇ[ƽ] = ∑֕օ=1 Ǣօ ℓօ, (2.3)

where ℓօ is the length of the codeword ǩ(ǥօ). The fundamental
problem that we discuss in this section is to and eëcient algorithms
for constructing alphabetic codes for which (2.3) is minimum. We
recall that the minimum possible value of (2.3) is lower bounded
by the Shannon entropy ǂ(Ǣ) = −∑օ Ǣօ log Ǣօ of Ǣ.

The quest for eëcient algorithms to construct optimal alpha-
betic codes has a rich history. Gilbert and Moore, in their classic
paper [56], designed a dynamic programming algorithm, of time
complexityǉ(Ǡ3), for the construction of optimal alphabetic codes.
Subsequently, Knuth [91] gave an improved ǉ(Ǡ2) algorithm. Sig-
niacant advancements were made by Hu and Tucker [74], who
provided an algorithm of time complexity ǉ(Ǡ logǠ), with an ini-
tial fairly complicated correctness proof that was later slightly sim-
pliaed by Hu [69]. At the same time, Garsia and Wachs [54] gave
a similar algorithm, later shown to be equivalent to the Hu-Tucker
algorithm by Nagaraj [113]. Further clarity on the Garsia-Wachs al-
gorithm’s analysis was provided by Kingston [87]. More recently,
Karpinski, Larmore, and Rytter [84] gave new correctness proofs
for both the Garsia-Wachs algorithm and the Hu-Tucker algorithm.
Finally, it is worth mentioning also the work [15], in which Belal
et al. proposed a diêerent algorithm and claimed that it produces
optimal alphabetic codes.

Unlike the Huêman method [77], which constructs optimal
preax codes with a relatively straightforward proof of optimality,
most of the algorithmsmentioned above do not have simple proofs
of optimality. In the following, we will focus on explaining the
logic and the intuition behind them.

Thus, in the rest of this section, we describe various algorithms,
and to aid in the explanation, we use a practical example. Specia-
cally, we will use Ǡ = 11 and the following probability distribution

Ǣ = ⟨0.24, 0.12, 0.09, 0.08, 0.04, 0.02, 0.03, 0.06, 0.14, 0.11, 0.07⟩
(2.4)
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on the set of symbols Ǎ.
2.3.1 Gilbert and Moore’s algorithm

TheGilbert-Moore algorithm for the construction of optimal alpha-
betic codes is a dynamic programming algorithm. The algorithm
breaks down the problem into smaller subproblems. Therefore,
we deane the subproblem Ǎ(ǭ, Ǯ) as the construction of an optimal
alphabetic code (or tree) for the contiguous sequence of symbolsǥօ,… , ǥ։, with 1 ≤ ǭ ≤ Ǯ ≤ Ǡ, and similarly with ƽ(ǭ, Ǯ) we deane its
cost, i.e., its average length. The overall problem is Ǎ(1, Ǡ), that is,
the one that has the minimum average length, ƽ(1, Ǡ). The base
cases are the following two:

• Subproblemwith a single symbol (ǭ = Ǯ): For a single symbolǥօ, the cost ƽ(ǭ, ǭ) is 0, since there is no need to encode;

• Subproblemwith two symbols (Ǯ = ǭ+1): For those subprob-
lems, the optimal code assigns the codewords “0” and “1” to
the symbols ǥօ and ǥօ+1. This corresponds to an optimal tree
structure consisting of a root node with two children, which
are leaves representing ǥօ and ǥօ+1. Thus, the cost for these
subproblems are ƽ(ǭ, ǭ + 1) = Ǣօ + Ǣօ+1, for ǭ = 1, 2,… , Ǡ − 1.

These initial costs for Ǡ = 11 are shown in Table 2.1.
ǭ\Ǯ 1 2 3 4 5 6 7 8 9 10 11
1 0 Ǣ1 + Ǣ2
2 0 Ǣ2 + Ǣ3
3 0 Ǣ3 + Ǣ4
4 0 Ǣ4 + Ǣ5
5 0 Ǣ5 + Ǣ6
6 0 Ǣ6 + Ǣ7
7 0 Ǣ7 + Ǣ8
8 0 Ǣ8 + Ǣ9
9 0 Ǣ9 + Ǣ10
10 0 Ǣ10 + Ǣ11
11 0

Table 2.1: Initialmatrix for the dynamic programming algorithm (Ǡ = 11,
costs are multiplied by 100 for readability).

For the general case, the optimal tree/code for the subprob-
lem Ǎ(ǭ, Ǯ) can be found by considering all possible ways of split-
ting the sequence of symbols ǥօ,… , ǥ։ into two. Each split divides
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the sequence into a left subtree (containing ǥօ,… , ǥ֍) and a right
subtree (containing ǥ֍+1,… , ǥ։), ensuring at least one element in
each subtree. Thus, there are exactly Ǯ − ǭ ways to perform such
a split, namely ǥօ,… , ǥ֍ on the left and ǥ֍+1,… , ǥ։ on the right, forǝ = ǭ, ǭ + 1,… , Ǯ − 1. The cost of the tree produced by the split for
a given value ǝ is

ƽ(ǭ, Ǯ) = ։∑ℓ=օ Ǣℓ + ƽ(ǭ, ǝ) + ƽ(ǝ + 1, Ǯ).
As an illustration, consider the computation of ƽ(1, 3) for our

instance (2.4). Here, we must consider the two possible splits of
the sequence ǥ1, ǥ2, ǥ3:

1. Split at ǝ = 1: This forms a left subtree with ǥ1, and a right
subtree with ǥ2 and ǥ3. The cost of such a split is:

(Ǣ1 + Ǣ2 + Ǣ3) + ƽ(1, 1) + ƽ(2, 3) = Ǣ1 + 2Ǣ2 + 2Ǣ3.
2. Split at ǝ = 2: This forms a left subtree with ǥ1, ǥ2, and a right

subtree with ǥ3. The cost in this case is:

(Ǣ1 + Ǣ2 + Ǣ3) + ƽ(1, 2) + ƽ(3, 3) = 2Ǣ1 + 2Ǣ2 + Ǣ3.
The minimum cost for Ǎ(1, 3) is then determined by selecting the
minimum among the two. This dynamic programming approach
allows us to all the cost table with an ǉ(Ǡ3)-time algorithm. Fur-
thermore, straightforward bookkeeping allows one to reconstruct
the optimal tree/code, as illustrated in Algorithm 1.
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ǭ\Ǯ 1 2 3 4 5 6 7 8 9 10 11
1 0 36 66 99 123 135 152 182 236 283 322
2 0 21 46 66 76 90 116 162 209 242
3 0 17 33 43 57 78 120 160 192
4 0 12 20 31 51 88 124 156
5 0 6 14 29 58 94 123
6 0 5 16 41 77 102
7 0 9 32 66 91
8 0 20 51 76
9 0 25 50
10 0 18
11 0

ǭ\Ǯ 1 2 3 4 5 6 7 8 9 10 11
1 1 1 1 1 1 1 2 3 3 3
2 2 2 2 3 3 3 4 4 7
3 3 3 3 3 4 5 8 8
4 4 4 4 5 7 8 8
5 5 5 7 8 8 9
6 6 7 8 8 9
7 7 8 9 9
8 8 9 9
9 9 9
10 10
11

Table 2.2: Costs (left) and roots indexes (right) matrices. (Costs are
multiplied by 100)

Algorithm 1: Gilbert-Moore algorithm
Input: Symbols Ǎ = {ǥ1,… , ǥ֙} and Ǣ = ⟨Ǣ1,… , Ǣ֙⟩ the

associated probability distribution.
1 ƽ(1, 1) = 0
2 for ǭ ← 2 to Ǡ do
3 ƽ(ǭ, ǭ) = 0
4 ƽ(ǭ − 1, ǭ) = Ǣօ−1 + Ǣօ
5 for ǥ ← 2 to Ǡ − 1 do
6 for ǭ ← 1 to Ǡ − ǥ do
7 Ǯ = ǭ + ǥ ; // Proceed by diagonals
8 ǟǭǠ = ∞
9 ǟǭǠǭǠǘǙǪ = −1

10 for ǝ ← ǭ to Ǯ − 1 do
11 if ƽ(ǭ, ǝ) + ƽ(ǝ + 1, Ǯ) < ǟǭǠ then
12 ǟǭǠ = ƽ(ǭ, ǝ) + ƽ(ǝ + 1, Ǯ)
13 ǟǭǠǭǠǘǙǪ = ǝ
14 ƽ(ǭ, Ǯ) = ∑։֍=օ Ǣ֍ + ǟǭǠ
15 ǌ(ǭ, Ǯ) = ǟǭǠǭǠǘǙǪ

Output: ƽ(1, Ǡ) and ǌ
Table 2.2 shows the values obtained for the probability distri-

bution Ǣ. For enhanced readability, all costs within the table are
scaled by a factor of 100. The cost of an optimal tree is 3.22. The
matrix ǌ is crucial for reconstructing the optimal tree/code since
it keeps track of the indices of the optimal splits. For example, the
entry ǌ(1, 11) = 3 indicates that the arst split of the optimal tree
occurs after the third symbol, i.e. ǥ1,… , ǥ3 ∶ ǥ4,… , ǥ11.
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ǭ\Ǯ 1 2 3 4 5 6 7 8 9 10 11
1 1 1-2 1-3 1-4 1-5 1-6 1-7 1-8 1-9 1-10
2 2 2-3 2-4 2-5 2-6 2-7 2-8 2-9 2-10
3 3 3-4 3-5 3-6 3-7 3-8 3-9 3-10
4 4 4-5 4-6 4-7 4-8 4-9 4-10
5 5 5-6 5-7 5-8 5-9 5-10
6 6 6-7 6-8 6-9 6-10
7 7 7-8 7-9 7-10
8 8 8-9 8-10
9 9 9-10
10 10
11

ǭ\Ǯ 1 2 3 4 5 6 7 8 9 10 11
1 1 1-2 1-2 1-2 1-3 1-3 1-3 2-4 2-4 3-7
2 2 2-3 2-3 2-3 3-3 3-4 3-5 4-8 4-8
3 3 3-4 3-4 3-4 3-5 4-7 5-8 8-8
4 4 4-5 4-5 4-7 5-8 7-8 8-9
5 5 5-6 5-7 7-8 8-8 8-9
6 6 6-7 7-8 8-9 8-9
7 7 7-8 8-9 9-9
8 8 8-9 9-9
9 9 9-10
10 10
11

Table 2.3: Search intervals of root indexes of Gilbert and Moore’s algo-
rithm (left) and of Knuth’s improvement on the input of the
previous example (right).

2.3.2 Knuth’s algorithm

Knuth demonstrated that the search for the root of an optimal
subtree, a process which initially requires Ǯ − ǭ iterations for each
subproblem Ǎ(ǭ, Ǯ) (corresponding to the for loop at line 9 in Algo-
rithm 1), can be improved. This optimization is achieved through
the application of an inequality, subsequently formalized as the
Knuth-Yao Quadrangle inequality[91, 137], which we will discuss
further in Chapter 2.4.

Speciacally, Knuth proved that the root ǌ(ǭ, Ǯ) of an optimal tree
for the subproblem Ǎ(ǭ, Ǯ) is guaranteed to lie within the interval
deaned by the roots of the previously computed smaller optimal
subtrees. Thus, instead of searching from ǭ to Ǯ − 1, it is suëcient
to search only from ǌ(ǭ, Ǯ − 1) through ǌ(ǭ + 1, Ǯ). This means that
the for loop at line 9 can be changed to

for ǝ = ǌ(ǭ, Ǯ − 1) to ǌ(ǭ + 1, Ǯ) do
with savings on the total execution time that lowers the time com-
plexity of the algorithm to ǉ(Ǡ2).

To better visualize this saving, we report in Table 2.3 the search
intervals for the Gilbert-Moore dynamic programming algorithm
and the search intervals of Knuth’s improvement on the input of
the previous example. For the Gilbert-Moore algorithm, the size
of the interval is axed (because it depends only on the indexesǭ and Ǯ and in each iteration the size grows by 1), while for the
Knuth’s algorithm it depends on the input that determines the
roots of the subtrees, and it is smaller.
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2.3.3 Hu and Tucker’s algorithm

TheHu-Tucker algorithm constructs an optimal alphabetic code/tree
through a two-phase process. It arst builds an intermediate treeǎ′, which does not necessarily preserve the original alphabetical
order of the symbols. Subsequently, it leverages the structure ofǎ′ to build the anal tree ǎ, which preserves the original order.

Let us start by describing the arst phase in which the tree ǎ′ is
built. The construction of ǎ′ is somewhat similar to the construc- First phase
tion of a Huêman tree, for which the two smallest probabilities
are repeatedly merged together. However, there are two crucial
diêerences. First, the merging operation is subject to an order-
preserving constraint: two probabilities (or nodes) can be merged
together only if, in the ordered list maintained during the con-
struction, there are no nodes that correspond to single symbols,
i.e., leaves that have not yet been merged, in between the two
probabilities; this constraint is vacuously satisaed for consecutive
probabilities in the list. Moreover, we will say that two probabil-
ities (or nodes) are joinable if they satisfy the condition. Second,
since we are dealing with an ordered list, it is crucial to specify
where the new element is placed; when joining two probabilities,
the resulting probability takes the place of the “left” one, while
the “right” one gets deleted. Finally, in case of a tie, that is, when
there are two pairs of joinable nodes with the same minimal sum,
the algorithm always chooses the leftmost one.

The construction starts by initializing a forest of Ǡ single-node
trees, where each leaf corresponds to a symbol/probability. To
clarify the construction, we will use an example alongside the
description of the steps. Figure 2.1 shows the initial forest for the
probability distribution Ǣ. To easily visualize the constraint that
makes two nodes joinable, nodes that correspond to leaves are
depicted as squares and internal nodes as circles: two nodes are
joinable if in the list there are no squares in between them.

Figure 2.1: Initial forest. Probabilities are multiplied by 100 to ease the
drawing and the reading.
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In the arst step, all pairs of consecutive leaves, and only those
pairs, are joinable due to the arst constraint. Thus, the nodes that
will be joined are 2 and 3 because they give the smallest sum.
Figure 2.2 shows the resulting forest. In the agures, we show both
the ordered list of nodes that have to be joined (the top row), and
the nodes that have already been joined, by attaching to each node
in the list the subtree created by the joining process.

Figure 2.2: List of nodes after step 1 of the Hu-Tucker algorithm.

Node 5© takes the place of node 2 , while node 3 is deleted
from the sequence of nodes that have to be joined. Recall that the
newly created node takes the place of the leftmost node among the
joined nodes (in this case, it does not make a diêerence since the
two joined nodes are adjacent). The list of nodes that have to be
joined is now ⟨ 24 , 12 , 9 , 8 , 4 , 5©, 6 , 14 , 11 , 7 ⟩. In the second
step, the pairs of nodes that are joinable are all consecutive pairs of
nodes, but now nodes 4 and 6 are joinable too, since in between
them there are no squares (leaves). The smallest sum is given
by the pair 4 and 5© whose joining gives the forest shown in
Figure 2.3.

Figure 2.3: List of nodes after step 2 of the Hu-Tucker algorithm.

The newly created node takes the position of the node 4 in the
list of remaining nodes.

For the next step, the list of nodes is ⟨ 24 , 12 , 9 , 8 , 9©, 6 , 14 ,
11 , 7 ⟩ and thus the joinable nodes are all the consecutive pairs
of nodes and the pair 8 and 6 . And exactly this last pair is the
one that gives the smallest sum. Their joining produces the forest
shown in Figure 2.4, with the new node taking the place of node 8 .
Notice that this step causes the order of the leaves to be disrupted,
as node 6 has moved to the left of node 4 .
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Figure 2.4: List of nodes after step 3 of the Hu-Tucker algorithm.

In step 4, the joinable nodes are all the consecutive pairs of
nodes, and the pairs 9 and 9©, 9 and 14 and, 14© and 14 . In this
case, we have that the smallest sum is 18 and is achieved by 9
and 9© and by 11 and 7 . The algorithm chooses the leftmost pair,
which is 9 and 9©, producing the forest shown in Figure 2.5.

Figure 2.5: List of nodes after step 4 of the Hu-Tucker algorithm.

For the next step, the set of joinable pairs is again all the consec-
utive pairs of nodes and the pairs 12 and 14©, 12 and 14 and, 18©

and 14 . The smallest sum is given by the nodes 11 and 7 , and
their joining produces the forest shown in Figure 2.6.

Figure 2.6: List of nodes after step 5 of the Hu-Tucker algorithm.

For step 6, the joinable pairs are all consecutive nodes, and the
pairs 12 and 14©, 12 and 14 , and 18© and 14 . And the leftmost
smallest sum is obtained by joining the two nodes 12 and 14©,
resulting in the forest shown in Figure 2.7.
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Figure 2.7: List of nodes after step 6 of the Hu-Tucker algorithm.

For step 7, the joinable pairs are all consecutive nodes, and the
pairs 24 and 18©, 24 and 14 , and 26© and 14 . And the leftmost
smallest sum is obtained by joining the two nodes 18© and 14 ,
resulting in the forest shown in Figure 2.8.

Figure 2.8: List of nodes after step 7 of the Hu-Tucker algorithm.

Now, all pairs of nodes are joinable, and thus the construction
proceeds as in the construction of a Huêman tree, joining arst
24 and 18©, then 26© and 32©, and anally 42© and 58©. The resulting
intermediate tree ǎ′ is shown in Figure 2.9.

Figure 2.9: Intermediate tree built ǎ′ by the Hu-Tucker algorithm.
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Now, from the intermediate tree ǎ′, we can proceed with the
second phase. A direct consequence of allowing the merging of Second phase
non-adjacent nodes in the construction of ǎ′ is that the order of
the leaves may no longer correspond to the initial alphabetic order
(as shown in our example). However, the crucial information that
we need from ǎ′ is not its topology, but rather the set of root-to-
leaf path lengths, speciacally the lengths ⟨ℓ1, ℓ2,… , ℓ֙⟩, where ℓօ
denotes the length of the root-to-leaf path for symbol ǥօ.

Indeed, a fundamental result by Hu and Tucker [74] demon-
strates that, despite ǎ′ being non-alphabetic, there exists an alpha-
betic tree ǎ whose codeword lengths are precisely ⟨ℓ1, ℓ2,… , ℓ֙⟩.
Consequently, the cost of this alphabetic tree ǎ is equal to that ofǎ′ and thus optimal.

In our running example, by re-ordering the lengths to match
the initial ordering of the symbols, we obtain ⟨ℓ1, ℓ2,… , ℓ11⟩ =⟨2, 3, 4, 4, 5, 6, 6, 4, 3, 3, 3⟩. The corresponding optimal alphabetic
tree, constructed by using these lengths, is shown in Figure 2.10.
It is worth noting that knowing the lengths ⟨ℓ1, ℓ2,… , ℓ֙⟩, one can
easily build the tree in linear time, just by using always the leftmost
available path.

Figure 2.10: Final optimal alphabetic tree built by the Hu-Tucker algo-
rithm.

For the reader’s convenience, we summarise the modus operandi
of the Hu-Tucker algorithm in Algorithm 2.
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Algorithm 2: Hu-Tucker algorithm
Input: Symbols Ǎ = {ǥ1,… , ǥ֙} and Ǣ = ⟨Ǣ1,… , Ǣ֙⟩ the

associated probability distribution.
1 Build the intermediate tree ǎ′ as follows. Start with an

ordered forest of one-node trees corresponding to the Ǡ
probabilities. Consider two nodes of the list to be joinable if
there are no nodes that correspond to leaves in between
them.

2 repeat
3 Find the leftmost pair of joinable nodes that gives the

smallest sum;
4 Merge the two nodes, keeping the merged node in the

position of the left node of the pair
5 until there is only one tree;
6 Let ℓօ be the length of the root-to-leaf paths in ǎ′ for symbolǥօ
7 Build the anal tree ǎ with leaves at levels ⟨ℓ1, ℓ2,… , ℓ֙⟩,

with leaf ǭ associated to symbol ǥօ.
Output: The tree ǎ
We conclude this section by mentioning that a detailed imple-

mentation of the Hu-Tucker algorithm was given in [28, 142].
Moreover, the procedure given in [142] ands a minimal cost tree
whose longest path length and total path length are minimal.

2.3.4 Garsia and Wachs’ algorithm

Similar to the Hu-Tucker algorithm, the Garsia-Wachs algorithm
is divided into two phases: it arst builds an intermediate tree
(which does not necessarily preserve the alphabetic property),
and then utilizes the path lengths of the intermediate tree to build
the anal alphabetic tree. While the overall structure is similar, the
construction of the intermediate tree in Garsia-Wachs diverges
from Hu-Tucker. Perhaps the construction of the intermediate tree
is somewhat simpler since there is no need to distinguish between
joinable and non-joinable nodes. The second phase remains iden-
tical between the two approaches.

As in the Hu-Tucker algorithm, we start from the initial (or-
dered) list of probabilities, and we perform Ǡ − 1 steps. In each
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step, we join two probabilities and move the resulting node to an
appropriate position in the new list. The rule used to select the
two nodes to be joined is what diêerentiates the Garsia-Wachs
algorithm from the Hu-Tucker algorithm. The Garsia-Wachs al-
gorithm joins the two rightmost consecutive nodes for which the
sum of the probabilities is the smallest. Then, the newly created
element, which in the tree will be the parent of the two nodes that
have been joined, is moved to the right of the current position,
placing it just before the arst node whose probability is greater
than or equal to its probability; or at the end of the list if there is
no such node. More formally, let⟨Ǣ1, Ǣ2,……… , Ǣ֕⟩
be the ordered list of probabilities for a generic step of the al-
gorithm (where ǟ = Ǡ initially and will decrease by 1 at each
iteration). Let Ǣօ, Ǣօ+1 be the rightmost consecutive probabilities
whose sum is the minimum possible over all the consecutive pairs.
Let Ǣ֍, ǝ ≥ ǭ + 2, be the arst probability such that Ǣ֍ ≥ Ǣօ + Ǣօ+1. If
such a probability exists, the new list of ǟ− 1 probabilities is⟨Ǣ1,… , Ǣօ−1, Ǣօ+2,… , Ǣ֍−1, (Ǣօ + Ǣօ+1), Ǣ֍, Ǣ֍+1,… , Ǣ֕⟩.
If Ǣ֍ does not exist, the new probability is moved to the end of the
list, that is, the new list is⟨Ǣ1,… , Ǣօ−1, Ǣօ+2,… , Ǣ֕−1, Ǣ֕, (Ǣօ + Ǣօ+1)⟩.
After Ǡ − 1 steps, the intermediate tree is built.

Let us clarify the construction of the intermediate tree according
to the Garsia-Wachs algorithm with an example. We consider the
same probability distribution Ǣ that we have used for the previous
one. The initial list is the same as for the Hu-Tucker algorithm,
that is, the one depicted in Figure 2.1. The consecutive pair of
probabilities with the smallest sum is 2 and 3 , and thus they get
joined.Moreover, the arst probability on the right side of the joined
probability is 6 ; thus, the new node 5© will be placed right before
6 , leading to the same list of the Hu-Tucker algorithm depicted in
Figure 2.2. For the next step, the Garsia-Wachs algorithm behaves
diêerently. Indeed, the consecutive pair of probabilities whose
sum is minimum is 4 and 5©. This creates the new probability 9©
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Figure 2.11: List of nodes after step 2 of the Garsia-Wachs algorithm

and the arst probability greater than 9 is 14 . Thus, the new list is
the one shown in Figure 2.11.

Now the smallest sum is given by 8 and 6 , and the arst proba-
bility greater than or equal to their sum is 14 , so the newly created
node 14©, will be placed right before 14 , as shown in Figure 2.12.

Figure 2.12: List of nodes after step 3 of the Garsia-Wachs algorithm

The rightmost smallest sum is now given by 11 and 7 and
the new node will be placed at the end of the list, as shown in
Figure 2.13 (notice that also 9© and 9 give 18 as sum, but the
algorithm takes the rightmost pair).

Figure 2.13: List of nodes after step 4 of the Garsia-Wachs algorithm

For the next step, the smallest sum is obtained by joining 9
and 9©, an operation that creates the node 18©. The arst node to
their right with a probability equal to or greater than 18 is the last
node of the list 18©, thus the newly created node will be placed just
before the last one, as depicted in Figure 2.14.

The next step will join 12 and 14© creating a new node 26© that
will be placed at the end of the list as shown in Figure 2.15.

The next step will join 14 and 18© creating a new node 32© that
will be placed at the end of the list as shown in Figure 2.16.

The subsequent step will join 24 and 18© creating a new node
42© that will be placed at the end of the list as shown in Figure 2.17.
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Figure 2.14: List of nodes after step 5 of the Garsia-Wachs algorithm

Figure 2.15: List of nodes after step 6 of the Garsia-Wachs algorithm

Step 9 joins 26© and 32©, as shown in Figure 2.18, and the anal
step gives the intermediate tree shown in Figure 2.19.

From this intermediate tree, following the same procedure as
in the Hu-Tucker algorithm, we extrapolate the lengths of the
codewords associated with each symbol. We then reorder them to
match the initial ordering of the symbols.

For example, in our speciac intermediate tree, node 24 has
length 2, node 12 has length 3, node 9 has length 4, and so forth.
This process yields the vector of lengths ⟨ℓ1,… ℓ11⟩ = ⟨2, 3, 4, 4, 5, 6,6, 4, 3, 3, 3⟩. This is the same length vector obtained by the interme-
diate tree of the Hu-Tucker algorithm (although the intermediate
trees are slightly diêerent); hence, the anal optimal alphabetic
tree is the same as that of the Hu-Tucker algorithm, already shown
in Figure 2.10.

As done for the Hu-Tucker algorithm, we summarise the modus
operandi of the Garsia-Wachs algorithm in the pseudocode of Al-
gorithm 3.
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Figure 2.16: List of nodes after step 7 of the Garsia-Wachs algorithm

Figure 2.17: List of nodes after step 8 of the Garsia-Wachs algorithm

Algorithm 3: Garsia-Wachs algorithm
Input: Symbols Ǎ = {ǥ1,… , ǥ֙} and Ǣ = ⟨Ǣ1,… , Ǣ֙⟩ the

associated probability distribution.
1 Build the intermediate tree ǎ′ as follows.
2 Start with an ordered forest of trees with one node

corresponding to the Ǡ probabilities.
3 repeat
4 Find the rightmost pair of consecutive nodes Ǣօ, Ǣօ+1 that

gives the smallest sum in the current list Ǣ1,… , Ǣ֕;
5 Let ǝ ≥ ǭ + 2 be such that Ǣ֍ is the arst probability

satisfying Ǣ֍ ≥ Ǣօ + Ǣօ+1;
6 If such ǝ exists, the new list isǢ1,… , Ǣօ−1, Ǣօ+2,… , Ǣ֍−1, (Ǣօ + Ǣօ+1), Ǣ֍, Ǣ֍+1,… , Ǣ֕.
7 If such ǝ does not exist, the new list isǢ1,… , Ǣօ−1, Ǣօ+2,… , Ǣ֕−1, Ǣ֕, (Ǣօ + Ǣօ+1).
8 until there is only one tree;
9 Let ℓօ be the length of the root-to-leaf paths in ǎ′ for symbolǥօ

10 Build the anal tree ǎ with leaves at levels ⟨ℓ1, ℓ2,… , ℓ֙⟩,
with leaf ǭ associated with the symbol ǥօ.
Output: The tree ǎ
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Figure 2.18: List of nodes after step 9 of the Garsia-Wachs algorithm

Figure 2.19: The intermediate tree built by the Garsia-Wachs algorithm

We conclude this section by mentioning that Bird [19] provided
an ǉ(Ǡ logǠ) implementation of the Garsia-Wachs algorithm in
the framework of functional programming.

2.4 conditions for the existence of alphabetic codes

Having discussed algorithms for constructing optimal alphabetic
code in the previous section, we now shift our focus to the fun-
damental question of their existence. This section explores the
suëcient and necessary conditions for an alphabetic code to exist,
drawing a parallel with the well-known Kraft inequality for gen-
eral preax codes. Indeed, given a multiset of integers {ℓ1,… , ℓ֙},
the Kraft inequality states that there exists a binary preax code
with codeword lengths ℓ1,… , ℓ֙ if and only if it holds that

∑֙օ=1 2−ℓֆ ≤ 1. (2.5)
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It is natural to ask whether similar conditions hold also for preax
and alphabetic codes. As expected, the answer is positive, but the
conditions are considerably more complicated than (2.5).

Since the ordering of the codeword-to-symbol association is a
hard constraint on alphabetic codes, we recall the general setup.
Let Ǎ = {ǥ1,… , ǥ֕} be a set of symbols and ≺ be a total order
relation on Ǎ, that is, for which we have ǥ1 ≺ ⋯ ≺ ǥ֕. Given a list
of integers ǆ = ⟨ℓ1,… , ℓ֙⟩, we ask under which conditions there
exists an alphabetic code ǩ ∶ Ǎ ↦ {0, 1}+ that assigns a codeword
of length ℓօ to the symbol ǥօ, for ǭ = 1,… , Ǡ.

For the sake of completeness, it is worth recalling a preliminary,
albeit weaker, condition established by Ahlswede and Wegener
in [5]. They showed that for a given a list of positive integersǆ = ⟨ℓ1,… , ℓ֙⟩, if

∑֙օ=1 2−ℓֆ ≤ 12, (2.6)

then there exists an alphabetic code with codeword lengths ǆ.
However, this condition is suëcient but not necessary. Intuitively,
the reason why such a condition is not necessary is that it does not
take into account the ordering of lengths imposed by the alphabetic
property.

The arst necessary and suëcient condition for the existence
of alphabetic codes was provided by Yeung [139]. To properly
describe Yeung’s result, we need to introduce some preliminary
deanitions. Let c ∶ (ℝ+,ℝ+) → ℝ+ be a mapping deaned as

c(Ǖ, ǖ) = ⌈Ǖǖ⌉ ǖ.
Deanition 4 ([139]). For any list of positive integers ǆ = ⟨ℓ1,… , ℓ֙⟩,
deane the numbers s(ǆ, ǝ) as

s(ǆ, ǝ) = ⎧{⎨{⎩0 if ǝ = 0,
c(s(ǆ, ǝ − 1), 2−ℓ֎) + 2−ℓ֎ if 1 ≤ ǝ ≤ Ǡ.

Yeung proved the following result:

Theorem2 ([139]). There exists a binary alphabetic code with codeword
lengths ǆ = ⟨ℓ1,… , ℓ֙⟩ if and only if s(ǆ, Ǡ) ≤ 1.
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Intuitively, Yeung’s inequality views the unit interval [0, 1] (or
equivalently, the interval [0, 2ℓmax], with ℓmax = maxօ ℓօ) as the
total “coding space” available for constructing an alphabetic preax
code. Each codeword ǝ is assigned a “width” ǩ֍ = 2−ℓ֎, and
the function s(ǆ, ǝ) represents the cumulative ending position of
the ǝֱℎ codeword. The key idea is that the alphabetic constraint
forces the codewords to appear in order, while the preax constraint
forces each codeword to begin at a position in the interval that
is aligned with its own width-that is, at a point of the form ǘ ⋅2−ℓ֎ for some integer ǘ. The function c models this by “rounding
up” the starting position of each new codeword to the earliest
allowed point, a process that often introduces unavoidable gaps
between codewords (gaps that we will exploit in the improvement
presented in Chapter 3). The anal condition s(ǆ, Ǡ) ≤ 1 checks
whether all codewords, together with any such forced gaps, at
within the whole interval.

For example, the list ǆ = ⟨3, 1, 3⟩ satisaes the standard Kraft
inequality 18 + 12 + 18 ≤ 1,
but fails the Yeung’s inequality. The arst codeword (width 1/8)
ends at s(ǆ, 1) = 1/8. The second codeword (width 1/2) must
start at the next available multiple of 1/2, namely 1/2, ending at
s(ǆ, 2) = 1. The third codeword (width 1/8) must then start at 1,
ending at s(ǆ, 3) = 9/8. Since 9/8 > 1, the construction overbows
the available space, and thus no such alphabetic code exists.

A similar and equivalent condition, following the same idea,
was later provided byNakatsu in [115].We arst recall the following
deanitions.

Deanition 5. For a binary fraction Ǫ and integer ǭ ≥ 1, let the function
trunc be deaned as

trunc(ǭ, Ǫ) = ⌊2օ Ǫ⌋2օ , (2.7)

that is, trunc(ǭ, Ǫ) is the fraction obtained by considering only the arst ǭ
bits in the binary representation of Ǫ.
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Deanition 6 ([115]). Let ǆ = ⟨ℓ1,… , ℓ֙⟩ be a list of positive integers.
Let 𝛼օ = min(ℓօ−1, ℓօ), for ǭ = 2,… , Ǡ. Deane the following recursive
function sum as

sum(ǆ, ǭ) = ⎧{⎨{⎩trunc(𝛼օ, sum(ǆ, ǭ − 1)) + ֆ܄−2 if ǭ ≥ 2,0 if ǭ = 1. (2.8)

Nakatsu proved the following result, which we will make use
of in Chapter 3.

Theorem 3 ([115]). There exists a binary alphabetic code with codeword
lengths ǆ = ⟨ℓ1,… , ℓ֙⟩ if and only if sum(ǆ, Ǡ) < 1.

Subsequently, a diêerent necessary and suëcient condition was
introduced by Sheinwald in [126]. As for the previous conditions,
we need to introduce some preliminary deanitions.

Deanition 7 ([126]). Let ǆ = ⟨ℓ1,… , ℓ֙⟩ be a list of positive integers.
For a binary fraction Ǫ and integer ǭ ≥ 1, let the function t be deaned as

t(ǭ, Ǫ) = trunc(ǭ, Ǫ) + ⌈Ǫ − trunc(ǭ, Ǫ)⌉2օ ,
that is, t(ǭ, Ǫ) is equal to Ǫ if trunc(ǭ, Ǫ) = Ǫ, and to trunc(ǭ, Ǫ) + 2−օ
otherwise. Moreover, let ߀ be the following function

,ǆ)߀ ǭ) = ⎧{⎨{⎩t(ℓօ, ,ǆ)߀ ǭ − 1)) + 2−ℓֆ if 2 ≤ ǭ ≤ Ǡ,2−ℓ1 if ǭ = 1.
Sheinwald provided the following result.

Theorem 4 ([126]). There exists a binary alphabetic code with code-
word lengths ǆ = ⟨ℓ1,… , ℓ֙⟩ if and only if ,ǆ)߀ Ǡ) ≤ 1.

Although clearly equivalent, there might be scenarios where
one of the conditions stated in Theorems 2, 3, and 4 could be
more easily applicable than the others, depending on the speciac
context.

We observe that Theorem 3 is the only one whose condition
must be strictly less than 1. This diêerence arises from how the
condition maps the interval [0, 1] to binary codewords.
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We conclude this section with an extension of the above results
to the case where the codewords of the alphabetic code must
respect some additional constraints [44]. Namely, by looking at
the lengths of the codewords ℓօ as the lengths of the root-to-left
paths in the tree that represents the code, one can consider the
number of “left” edges, Ǟօ and the number of “right” edges Ǥօ,
whose sum gives ℓօ = Ǟօ +Ǥօ. We can deane the path vector ̄Ǩ as the
ordered set of pairs of ⟨(Ǟ1, Ǥ1), (Ǟ2, Ǥ2), ..., (Ǟ֙, Ǥ֙)⟩. The question is:
Determine whether or not an alphabetic code with a given path
vector ̄Ǩ = ⟨(Ǟ1, Ǥ1), (Ǟ2, Ǥ2), ..., (Ǟ֙, Ǥ֙)⟩ exists.

As for the previous condition, also in this case, we need to
introduce a speciac notation. Letǈ = max{Ǟ1+Ǥ1, Ǟ2+Ǥ2, ..., Ǟ֙+Ǥ֙}
and let ǀ be a full tree of order ǈ. Number the leaves of ǀ from0 through 2֗ − 1. Deane the projection of a node ǧ of ǀ as the set
of leaves descendant of ǧ. A projection is identiaed by the pair of
indices corresponding to the leftmost and the rightmost leaf of
the projection.

Consider the set of binary strings belonging to {0, 1}֑+֩, that is,
the set of strings consisting of Ǟ bits equal to zero and Ǥ bits equal
to one; denote such a set by Ǎ(Ǟ, Ǥ).

Each element of ݔ ∈ Ǎ(Ǟ, Ǥ) represents an (Ǟ, Ǥ)-node of ǀ: the
node whose path, encoded with a 0 for a left edge and with a 1
for a right edge, gives .ݔ

Let ǧ be the node of ǀ identiaed by some element 𝛼 of Ǎ(Ǟֵ, Ǥֵ).
The projection of ǧ is given by (Ǖ, ǖ) where Ǖ and ǖ are the integers
whose binary representations (with possible leading zeros) are
respectively ݔ 00...00⏟֗−(ֶ֑+ֶ֩) and ݔ 11...11⏟֗−(ֶ֑+ֶ֩).

A natural way to construct a binary tree with a given path vector
is the following: for ǝ = 1, 2, ..., Ǡ, choose the leftmost available(Ǟ֍, Ǥ֍)-node of ǀ to be the ǝֱℎ leaf of the binary tree.

This strategy can be formalized as follows. Let Ƽ0 = 0 and for
each ǭ = 1, 2, ..., Ǡ, let օݔ be the smallest element of Ǎ(Ǟօ, Ǥօ) ∪ {∞}
such that օ2֙−(֑ֆ+֩ֆ)ݔ > Ƽօ−1. Then deane ƻօ = օ2֗−(֑ֆ+֩ֆ)ݔ andƼօ = 2֗−(֑ֆ+֩ֆ)(ݔօ + 1) − 1. Notice that the binary representation
of ƻօ is օ00...00⏟֗−(֑ֆ+֩ֆ)ݔ and the one of Ƽօ is օ11...11⏟֗−(֑ֆ+֩ֆ)ݔ and thus (ƻօ, Ƽօ)
is the projection of a (Ǟօ, Ǥօ)-node (provided that a tree with path
vector ̄Ǩ exists). From the deanition, it follows that Ƽ֍ < ƻ֍+1, that
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is, the projections are disjoint and in increasing order. In paper
[44], De Prisco and Persiano proved the following result.

Theorem 5 ([44]). Let ̄Ǩ = ⟨(Ǟ1, Ǥ1), (Ǟ2, Ǥ2), ..., (Ǟ֙, Ǥ֙)⟩ be a vector
of pairs of positive integers. A binary tree with path vector ̄Ǩ exists if and
only if

Ƽ֙ < 2֗.
We notice that if Ƽ֙ cannot be deaned, then the condition of the

theorem is not satisaed. Conversely, if Ƽ֙ can be deaned, then it is
guaranteed to be strictly less than 2֗, thus a binary tree with path
vector ̄Ǩ exists if and only if Ƽ֙ can be deaned.

2.5 upper bounds on the average length of optimal al-
phabetic codes

For practical and theoretical reasons, it is often important to know
an estimate of the minimum average length of alphabetic codes
before building them, that is, in terms of a closed formula of the
symbol probabilities alone. In this section, we review the most
relevant literature on the topic.

As discussed in Section 2.3, optimal alphabetic codes can be
constructed inǉ(Ǡ logǠ) time. However, for real-time applications
where faster processing is crucial, linear-time approaches are of-
ten preferred. Therefore, most of the studies that provide upper
bounds on the average length of optimal alphabetic codes operate
as follows:

• arst, they design linear-time construction algorithms for sub-
optimal codes,

• subsequently, they compute explicit upper bounds on the
constructed codes, in terms of some partial information on
the probability distribution of the set of symbols.

Clearly, the derived bounds constitute upper bounds on the length
of optimal alphabetic codes, as well.

The arst result in this area was obtained by Gilbert and Moore
[56]. They proposed a linear-time algorithm to construct an alpha-
betic code for a set of symbols Ǎ with an associated probability
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distribution Ǣ, such that the code’s average length is less thanǂ(Ǣ) + 2. Let us brieby recall the algorithm’s core idea:

Algorithm 4: Gilbert and Moore’s algorithm
1 Let Ǎ = {ǥ1,… , ǥ֙} be a set of symbols and Ǣ = ⟨Ǣ1,… , Ǣ֙⟩

the associated probability distribution.
2 Compute the values

Ǥօ = օ−1∑։=1 Ǣ։ + Ǣօ2 , ∀ǭ = 1,… , Ǡ.
3 For each ǭ = 1,… , Ǡ, take the arst ⌈− log Ǣօ⌉ + 1 bit of the

binary expansion of Ǥօ to construct the codeword of the
symbol ǥօ.

The algorithm is straightforward. Intuitively, its correctness fol-
lows from the strictly increasing values of Ǥօ, for ǭ = 1,… , Ǡ, which
ensure both the preax and alphabetic properties of the constructed
codewords.

To illustrate this better, let us consider an example. Consider
a set of source symbols Ǎ = {ǥ1, ǥ2, ǥ3, ǥ4}, which are ordered asǥ1 ≺ ǥ2 ≺ ǥ3 ≺ ǥ4. Let Ǣ = ⟨0.25, 0.5, 0.125, 0.125⟩ be its associ-
ated probability distribution. Let us apply the Gilbert and Moore
algorithm.

We arst compute the values of Ǥօ for each symbol:

Ǥ1 = Ǣ12 = 0.252 = 0.125
Ǥ2 = Ǣ1 + Ǣ22 = 0.25 + 0.52 = 0.5
Ǥ3 = Ǣ1 + Ǣ2 + Ǣ32 = 0.25 + 0.5 + 0.1252 = 0.8125
Ǥ4 = Ǣ1 + Ǣ2 + Ǣ3 + Ǣ42 = 0.25 + 0.5 + 0.125 + 0.1252 = 0.9375.

Next, for each ǭ = 1,… , 4 we have to take the arst ⌈− log Ǣօ⌉ + 1
bits of the binary expansion of Ǥօ. For ǥ1, the arst ⌈− log2(0.25)⌉ +1 = 3 bits of the binary expansion of Ǥ1 = 0.125, which is 0.001, are001. Thus, the codeword for ǥ1 is 001. For ǥ2 the arst ⌈− log2(0.5)⌉+1 = 2 bits of the binary expansion of Ǥ2 = 0.5, that is 0.10, are 10.
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Thus, the codeword for ǥ2 is 10. For ǥ3 the arst ⌈− log(0.125)⌉+1 =4 bits of the binary expansion of Ǥ3 = 0.8125, that is 0.1101, are1101. Thus, the codeword for ǥ3 is 1101. Finally, for ǥ4 the arst⌈− log2(0.125)⌉+1 = 4 bits of the binary expansion of Ǥ4 = 0.9375,
that is 0.1111, are 1111. Thus, the codeword for ǥ4 is 1111. The
resulting code is ƽ = {001, 10, 1101, 1111}. As one can see, this
code satisaes both the preax and alphabetic properties.

Moreover, since the codeword lengths are explicitly deaned
(⌈− log Ǣօ⌉ + 1), one can see that they satisfy the existence condi-
tions for an alphabetic code presented in Section 2.4. Formally, we
can summarize the result as follows.

Theorem 6 ([56]). For any set of symbols Ǎ = {ǥ1,… , ǥ֙}, ǥ1 ≺ ⋯ ≺ǥ֙, with associated probabilities Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, Algorithm 4 constructs
an alphabetic code ƽ for Ǎ whose average length ਇ[ƽ] satisaes

ਇ[ƽ] = ∑֙օ=1 Ǣօℓօ < ǂ(Ǣ) + 2, (2.9)

where ℓօ is the length of the ǭֱℎ codeword. Algorithm 4 runs in linear
time.

It is worth noticing that since the average length of any preax
code is lower bounded by the Shannon entropy, ǂ(Ǣ), (and, there-
fore, a fortiori, the average length of any alphabetic code is also
lower bounded by ǂ(Ǣ)) Gilbert and Moore’s codes are at most
two bits away from the optimum.

It is interesting to remark that the upper bound of Theorem 6
is tight and cannot be improved unless one has some additional
information about the probability distribution Ǣ of the symbols.
To illustrate this, consider a set of three symbols ǥ1 ≺ ǥ2 ≺ ǥ3, with
the probability distribution Ǣ = ⟨ܼ, 1 − 2ܼ, ܼ⟩. For this instance, one
can see that the average length of the optimal alphabetical code is2 − ܼ. On the other hand, the entropy ǂ(Ǣ) of the distribution Ǣ
can be arbitrarily small, as ܼ → 0.

Successively, Horibe [68] provided a better upper bound than
that of Gilbert and Moore. He achieved this by providing an al-
gorithm to construct alphabetic codes of average length less than

ǂ(Ǣ) + 2 − (Ǡ + 2)Ǣmin, (2.10)
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where Ǣmin is the smallest probability of Ǣ. The initial naive im-
plementation of the algorithm given in [68] has a quadratic time
complexity, ǉ(Ǡ2). Walker and Gottlieb [132] later designed a
more eëcient implementation, reducing the time complexity toǉ(Ǡ logǠ). Subsequently, Fredman [47] provided a clever method
that further reduced the time complexity to ǉ(Ǡ). We will delve
deeper into Fredman’s approach in Chapter 3, as it constitutes a
crucial component of our linear-time procedure.

Let us now describe the idea of Horibe’s algorithm. Unlike Al-
gorithm 4, Horibe’s algorithm does not explicitly specify the code-
word lengths. Instead, it is a weight-balancing algorithm, similar
to the classical Fano algorithm for sub-optimal preax codes [125,
p.17]. Horibe’s algorithm constructs a binary tree whose root-
to-leaf paths represent the codewords of the alphabetic tree (as
illustrated in Section 2.2.1). The construction process begins by
associating the root of the tree with the whole probability distribu-
tion Ǣ = ⟨Ǣ1,… , Ǣ֙⟩. Successively, one computes the index ǝ that
partitions the probabilities into the two sequences ⟨Ǣ1,… , Ǣ֍⟩ and⟨Ǣ֍+1,… , Ǣ֙⟩, where ǝ is chosen in such a way that it minimizes
the absolute diêerence between the sums of the probabilities in
the two partitions, i.e.,∣∣∣∣ 1=׉∑֍ Ǣ׉ − 1+֍=׉֙∑ Ǣ׉∣∣∣∣ = min1≤ℓ<֙ ∣∣∣∣ ℓ∑1=׉ Ǣ׉ − ℓ+1=׉֙∑ Ǣ׉∣∣∣∣ . (2.11)

The sequence ⟨Ǣ1,… , Ǣ֍⟩ is associated to the left child of the root,
and the sequence ⟨Ǣ֍+1,… , Ǣ֙⟩ is associated to the right child of
the root.

This partitioning process is recursively iterated in ⟨Ǣ1,… , Ǣ֍⟩
and ⟨Ǣ֍+1,… , Ǣ֙⟩. In general, for any consecutive sequence of prob-
abilities ⟨Ǣօ,… , Ǣ։⟩, associated to a node Ǫ in the tree, one computes
the index ǝօ։ such that

∣∣∣∣
֍ֆ֊∑׉=օ Ǣ׉ − ։∑׉=֍ֆ֊+1 Ǣ׉∣∣∣∣ = minօ≤ℓ<։ ∣∣∣∣ ℓ∑׉=օ Ǣ׉ − ։∑׉=ℓ+1 Ǣ׉∣∣∣∣ .

Successively, the sequence ⟨Ǣօ,… , Ǣ֍ֆ֊⟩ is associated to the left child
of the node Ǫ, and ⟨Ǣ֍ֆ֊+1,… , Ǣ։⟩ is associated to the right child of
the node Ǫ. The process is iterated until one obtains sequences
made up of just one single element (or symbol).



42 literature review

One can see that the binary tree built by such an algorithm is,
by construction, a valid alphabetic code.

To make it clearer, let us illustrate through a speciac example.
Consider a set of source symbols Ǎ = {ǥ1, ǥ2, ǥ3, ǥ4}, which are
ordered as ǥ1 ≺ ǥ2 ≺ ǥ3 ≺ ǥ4. Let Ǣ = ⟨0.5, 0.125, 0.125, 0.25⟩
be its associated probability distribution. According to Horibe’s
weight-balancing algorithm, we begin with the whole probability
distribution ⟨0.5, 0.125, 0.125, 0.25⟩. We need to partition it into two
subsequences that minimize the absolute diêerence of the sums
of their probabilities. Thus, for ⟨0.5, 0.125, 0.125, 0.25⟩, an optimal
partition is ⟨0.5⟩ and ⟨0.125, 0.125, 0.25⟩, whose absolute diêerence
is 0. Then, since ⟨0.5⟩ contains only one element, we need to repeat
the operation only on ⟨0.125, 0.125, 0.25⟩. For ⟨0.125, 0.125, 0.25⟩,
an optimal partition is ⟨0.125, 0.125⟩ and ⟨0.25⟩. We reiterate again
the procedure on ⟨0.125, 0.125⟩ obtaining ⟨0.125⟩ and ⟨0.125⟩. The
procedure now stops since all subsequences contain only one
element. This process constructs the balanced binary shown below.

1
0.5

0

0.25
0.25

0.125
0

0.125
1

0 0.251

1

By assigning the bit 0 to the left branches and the bit 1 to the
right branches, from the paths from the root to the leaves, one
obtains the following anal code ƽ = {0, 100, 101, 11}.

Furthermore, Horibe proved the following upper bound on the
average length of the obtained binary tree.

Theorem 7 ([68]). For any set of symbols Ǎ = {ǥ1,… , ǥ֙}, ǥ1 ≺ ⋯ ≺ǥ֙, with associated probabilities Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, the alphabetic code ƽ
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for Ǎ constructed by Horibe’s weight balancing algorithm has an average
length ਇ[ƽ] upper bounded by

ਇ[ƽ] ≤ ǂ(Ǣ) + ֙−1∑օ=1 max(Ǣօ, Ǣօ+1) − Ǣmin≤ ǂ(Ǣ) + 2 − (Ǡ + 2)Ǣmin,
where Ǣmin = minօ Ǣօ.

Later, Yeung [139], following the same approach of Gilbert and
Moore, improved their upper bound (2.9). He achieved this by
designing an algorithm that produces an alphabetic code whose
average length is upper-bounded by

ǂ(Ǣ) + 2 − Ǣ1 − Ǣ֙,
where Ǣ1 and Ǣ֙ are the probabilities of the arst and the last symbol
of the ordered set of symbols Ǎ, respectively. To demonstrate the
existence of a code with such an average length, Yeung proved that
for a given probability distribution Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, the codeword
lengths ǆ = ⟨ℓ1,… , ℓ֙⟩ deaned as follows

ℓօ = ⎧{⎨{⎩⌈− log Ǣօ⌉ if ǭ = 1 or ǭ = Ǡ,⌈− log Ǣօ⌉ + 1 otherwise,
(2.12)

satisfy the condition stipulated in Theorem 2. Therefore, it is estab-
lished that an alphabetic code with lengths ǆ = ⟨ℓ1,… , ℓ֙⟩ exists.
Moreover, following an implementation strategy similar to Gilbert
and Moore’s or Horibe’s algorithms, such an alphabetic code can
be constructed in linear time. Let us brieby summarize the core
idea of Yeung’s approach.
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Algorithm 5: Yeung’s algorithm
1 Let Ǎ = {ǥ1,… , ǥ֙} be a set of symbols and Ǣ = ⟨Ǣ1,… , Ǣ֙⟩

the associated probability distribution.
2 Compute the lengths ǆ = ⟨ℓ1,… , ℓ֙⟩ as follows

ℓօ = ⎧{⎨{⎩⌈− log Ǣօ⌉ if ǭ = 1 or ǭ = Ǡ,⌈− log Ǣօ⌉ + 1 otherwise,

3 For each ǭ = 1,… , Ǡ, choose the leftmost available leaf at the
level ℓօ to be the codeword of the symbol ǥօ.

As for the others, let us build some intuition through a spe-
ciac example. Consider a set of source symbols Ǎ = {ǥ1, ǥ2, ǥ3, ǥ4},
which are ordered as ǥ1 ≺ ǥ2 ≺ ǥ3 ≺ ǥ4. Let Ǣ = ⟨0.25, 0.5, 0.125,0.125⟩ be its associated probability distribution. We start by com-
puting the lengths ℓօ for ǭ = 1,… , 4:ℓ1 = ⌈− log Ǣ1⌉ = ⌈− log(0.25)⌉ = 2ℓ2 = ⌈− log Ǣ2⌉ + 1 = ⌈− log(0.5)⌉ + 1 = 2ℓ3 = ⌈− log Ǣ3⌉ + 1 = ⌈− log(0.125)⌉ + 1 = 4ℓ4 = ⌈− log Ǣ4⌉ = ⌈− log(0.125)⌉ = 3.
Then, sequentially for each ǭ = 1,… , Ǡ, we take the leftmost avail-
able leaf at the level ℓօ of a full binary tree to be the leaf associated
with the symbol ǥօ, i.e., we take, according to the alphabetical or-
der, the arst available binary string of length ℓօ to be the codeword
of ǥօ. Thus, the codeword for ǥ1 is 00 because it is the arst available
binary string of length 2. Similarly, for ǥ2 we take the codeword 01
that which is the arst available binary string of length 2 that comes
after 00. Then, for ǥ3 we take 1000, which is the arst available binary
string of length 4 that comes after 01. And anally, for ǥ4 we take101,which is the arst available binary string of length 3 that comes
after 1000. Thus, the resulting code is ƽ = { 00, 01, 1000, 101}.

Like Gilbert and Moore’s approach, since the lengths in the
above algorithm are explicitly deaned, one can quite easily get the
following result.
Theorem 8 ([139]). For any set of symbols Ǎ = {ǥ1,… , ǥ֙}, ǥ1 ≺⋯ ≺ ǥ֙, with associated probabilities Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, there exists an
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alphabetic code ƽ for Ǎ, that can be constructed in linear time and whose
average length satisaesਇ[ƽ] ≤ǂ(Ǣ) + 2 − Ǣ1 (2 − log Ǣ1 − ⌈− log Ǣ1⌉)− Ǣ֙ (2 − log Ǣ֙ − ⌈− log Ǣ֙⌉)≤ǂ(Ǣ) + 2 − Ǣ1 − Ǣ֙.

In [139], Yeung also established a signiacant relationship be-
tween alphabetic codes and Huêman codes (or, more generally,
optimal preax codes) [77].
Theorem 9 ([139]). For any set of symbols Ǎ = {ǥ1,… , ǥ֙}, ǥ1 ≺ ⋯ ≺ǥ֙, with associated probabilities Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, if the probabilities Ǣ are
in ascending or descending order, then the average length of an optimal
alphabetic code for Ǎ is equal to the average length of the Huêman code
for Ǎ.

A signiacant consequence of this equivalence is that existing up-
per bounds on the average length of Huêman codes (e.g., [3]) can
be directly applied to obtain upper bounds on the average lengths
of optimal alphabetic codes, when the probability distribution Ǣ is
ordered. In general, these upper bounds are much tighter than the
known upper bounds for alphabetic codes that hold for arbitrary
probability distributions (i.e., not necessarily ordered). Bounds
on the length of Huêman codes as functions of partial knowledge
of the probability distribution have been widely studied, e.g., [3,
20, 29–31, 42, 43, 51, 81, 112, 138, 140].

Several other signiacant contributions to the literature on upper
bounds for the average length of alphabetic codes have followed.
Nakatsu [115] claimed a new upper bound on the minimum av-
erage length of alphabetical codes. Nakatsu’s method requires
the construction (as a preliminary step) of a Huêman code for
the probability distribution Ǣ, which is then suitably modiaed to
obtain an alphabetic code for the same probability distribution Ǣ.
Unfortunately, Sheinwald [126] later pointed out a gap in the anal-
ysis carried out in [115]. In a related but distinct approach, Fariña
et al. [46] provided a multiplicative factor approximation. Indeed,
they designed an algorithm to build an alphabetic code whose
average length is at most a factor of 1 + ǉ(1/√log |Ǎ|) more than
the optimal one, where |Ǎ| is the cardinality of the set of symbolsǍ.
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Another new upper bound on the minimum average length
of optimal alphabetic codes was proposed by De Prisco and De
Santis [40]. However, recently Dagan et al. [37] pointed out an
issue in the analysis in [40] and, building on the original idea,
proposed a modiaed upper bound. The core idea in [37] can be
summarized as follows:

• from the initial probability distribution Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, com-
pute the extended distribution ǣ = ⟨0, Ǣ1, 0,… , 0, Ǣ֙, 0⟩;

• apply the classic algorithmofGilbert andMoore [56] (seeAl-
gorithm 4) to construct an alphabetic code ƽ for the distribu-
tion ǣ, whose average length is less thanǂ(ǣ)+2 = ǂ(Ǣ)+2
since ǂ(ǣ) = ǂ(Ǣ);

• prune the binary tree representing the alphabetical codeƽ by
eliminating the leaves associated with the null probabilities
in ǣ, and re-adjust the resulting tree.

Dagan et al. proved that the average length ਇ[ƽ] of the resulting
alphabetic code satisaes the following inequality:

ਇ[ƽ] ≤ ǂ(Ǣ) + 2 − Ǣ1 − Ǣ֙ − ֙−1∑օ=1 min(Ǣօ, Ǣօ+1)
= ǂ(Ǣ) + 1 − Ǣ1 + Ǣ֙2 + 12 ֙−1∑օ=1 |Ǣօ − Ǣօ+1|. (2.13)

In Chapter 3, we re-examine the approach presented in [37]. We
arst point out an issue in the analysis in [37], and subsequently we
reane the idea to improve the upper bound (2.13). Furthermore,
we design a new linear-time procedure for constructing these near-
optimal alphabetic codes, whose average is upper-bounded by a
quantity smaller than (2.13). Finally, in Section 3.3, by leveraging
the intrinsic connection between binary search trees and alphabetic
codes, we utilize our results on alphabetic codes to also improve
the current best-known upper bound on the average length of
optimal binary search trees.
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2.6 variations and generalizations

In this section, we will survey the known results about variations
and generalizations of the classical problem of constructing alpha-
betic codes of minimum average length.

2.6.1 Alphabetic codes optimum under diêerent criteria

In the classical formulation of the problem, one is given a sequence
of positive weights ǩ = ⟨ǩ1,… ,ǩ֙⟩, which is usually assumed to
be a probability distribution, and the objective is to construct an
alphabetic code for ǩ of minimum average cost, that is,

min∑֙օ=1 ǩօℓօ, (2.14)

where ℓօ is the length of the codeword associated with the weightǩօ. However, in some cases, it is more useful to consider other
criteria for the construction of the optimal code.

Hu, Kleitman and Tamaki in [70] considered a variant of the
problem (2.14), in which instead of minimizing the average length
of the tree representing the alphabetic code, they seek to mini-
mize suitable cost functions that they call regular cost functions. As
an example of a regular cost function in [70], they consider the
following minimax criterion:

minmaxօ ǩօ2ℓֆ. (2.15)

Alphabetic trees optimized according to (2.15) are also called al-
phabetic minimax trees. Other examples of regular cost functions
are described in [70], together with their justiacations. Moreover,
Hu et al. [70] observed that through a suitable modiacation, the
classic Hu-Tucker algorithm (see Section 3) can be adapted to
compute an optimal alphabetic tree for any arbitrary regular cost
function in ǉ(Ǡ logǠ) time. Successively, for the speciac case of
alphabetic minimax trees, Kirkpatrick and Klawe [88] improved
the result given in [70]. Indeed, they proposed a linear time al-
gorithm for the problem when the weights are integers (actually,
their algorithm minimizes the quantity maxօ{ǩօ + ℓօ}, but one can
see this minimization is equivalent to (2.15), as discussed in [55]).
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Later, Gagie [50] provided a ǉ(Ǡǘ log log Ǡ) time algorithm for
the same problem considered in [88], where ǘ is the number of
distinct integers in the set {⌈ǩ1⌉,… , ⌈ǩ֙⌉}. A more eëcient algo-
rithm has been designed by Gawrychowski [55], who gave anǉ(Ǡǘ) algorithm for the construction of the optimal alphabetic
minimax tree, where ǘ is the number of distinct integers in the set{⌊ǩօ⌋,… , ⌊ǩ֙⌋}.

In the paper [36], Cun-Quan introduced a new variant of the
problem. Given a sequence of positive weights ǩ = ⟨ǩ1,… ,ǩ֙⟩,
and an alphabetic tree ǎ֙ (i.e., a tree representing an alphabetic
code for ǩ), one deanes the cost ǩ(ǎ֙) of ǎ֙ in the following way:

• the cost of the ǭֱℎ leaf (read from left to right) is equal to ǩօ;
• the cost ǩ(ǧ) of any internal node ǧ of ǎ֙ is given by

ǩ(ǧ) = max{ǩ(ǧℓ), ǩ(ǧ֩)},
where ǧℓ is the left child and ǧ֩ is the right child of ǧ, respec-
tively;

• the cost ǩ(ǎ֙) is

ǩ(ǎ֙) = ∑ǩ(ǧ), (2.16)

where the summation is over all internal nodes of ǎ֙.
One can see that the kind of minimization problem described
above does not at in the framework of regular cost functions de-
aned by Hu, Kleitman, and Tamaki in [70]. Furthermore, Cun-
Quan [36] provides an ǉ(Ǡ logǠ) algorithm to compute an alpha-
betic tree whose cost (as deaned in (2.16)) is minimum.

Fujiwara and Jacobs [48] analyzed a generalization of the clas-
sical alphabetic-tree problem, called general cost alphabetic tree,
where instead of associating a weight to each leaf, they associate
an arbitrary function.More formally, the problem can be described
as follows: Given Ǡ arbitrary functions ǚ1,… , ǚ֙ ∶ ℕ → ℝ+, the
objective is to construct an alphabetic tree such that

∑֙օ=1 ǚօ(ℓօ) (2.17)
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is minimized, where ℓօ is the depth of the ǭֱℎ leaf from left to
right. The authors of [48] showed that the dynamic programming
approach for the classical alphabetic tree problem can be extended
to arbitrary cost functions, obtaining an ǉ(Ǡ4) time and ǉ(Ǡ3)
space algorithm for the construction of an optimal general cost
alphabetic tree. They also extended their andings to Huêman
codes with general costs. However, unlike the case of alphabetical
trees, in the Huêman scenario, they showed that the problem
becomes NP-hard in the general preax scenario.

In a separate study, Baer [12] considered minimizing a dif-
ferent cost function: Given a sequence of positive weights ǩ =⟨ǩ1,… ,ǩ֙⟩, the goal is to minimize

logե ⎛⎜⎝∑֙օ=1 ǩօǕℓֆ⎞⎟⎠ ,
for a given Ǖ ∈ (0, 1), over the class of all alphabetic codes withǠ codewords. Baer provided an ǉ(Ǡ3) time and ǉ(Ǡ2) space dy-
namic programming algorithm to and the optimal solution. More-
over, he noted that methods traditionally used to improve the
speed of optimizations in related problems, such as the Hu–Tucker
procedure, fail for this speciac variant of the problem. In the same
paper, Baer proposed two algorithms that and suboptimal solu-
tions in linear time or ǉ(Ǡ logǠ) time, respectively, and provided
redundancy bounds to guarantee their coding eëciency.

2.6.2 Height-limited alphabetic trees

In contexts of routing lookups [63, 114], it emerges the necessity
to minimize the average packet lookup time while keeping the
worst-case lookup time within a axed bound. This requirement
directly translates into considering a speciac class of alphabetic
trees known as height-limited alphabetic trees. In this scenario, the
main problem is to and alphabetic codes of minimum average
length, under the constraint that no word in the code has a length
above a certain input parameter. More formally, given an ordered
set of symbols Ǎ = {ǥ1,… , ǥ֙}, and a probability distribution Ǣ =
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⟨Ǣ1,… , Ǣ֙⟩ on Ǎ, one seeks to solve the following optimization
problem:

minի alphabetic
ਇ[ƽ] = minի alphabetic

∑֙օ=1 Ǣօ ℓօ,
subj. to ℓօ ≤ ǆ, ∀ǭ = 1,… , Ǡ,

where ℓօ is the length of the codeword associated with the symbolǥօ. These codes are also called ǆ-restricted alphabetic codes.
In [73], Hu and Tan presented an algorithm for constructing

an optimal binary tree with the restriction that its height does
not exceed a given integer ǆ. However, the time complexity of the
algorithm is exponential in ǆ. Garey [53] introduced a polynomial-
time solution with complexity ǉ(Ǡ3 logǠ) for the construction of
an optimal height-limited alphabetic tree. Successively, Itai [78]
and Wessner [133] independently reduced this time to ǉ(Ǡ2ǆ).
Similarly, Larmore [99] also designed an ǉ(Ǡ2ǆ) time algorithm
for the construction of an optimal height-limited alphabetic tree
by reaning the previous Hu and Tan’s algorithm [73].

Hassin and Henig [64] extended a monotonicity theorem of
Knuth [91] to hold under weaker assumptions and applied this
new result to reduce the complexity of several optimization sce-
narios, including height-limited alphabetic trees.

Successively, Larmore and Przytycka [101] provided a more eë-
cient algorithm with a complexity of ǉ(Ǡǆ logǠ) for constructing
an optimal alphabetic tree with height restricted to ǆ.

Gupta et al. [63] focused their attention on the construction
of nearly optimal ǆ-restricted alphabetic codes. They provided
an ǉ(Ǡ logǠ) time algorithm for constructing an alphabetic tree
whose average length diêers from the optimal value by at most 2.
Similarly, Laber et al. [98] suggested a simple approach to construct
sub-optimal ǆ-restricted alphabetic codes, comparing their average
length with the average length of the Huêman code for the same
distribution.

In Chapter 4, we will turn our attention to another variant of
alphabetic codes that generalizes the ǆ-restricted alphabetic codes.
Furthermore, beyond exploring this new framework, we will also
see how some of our andings can be extended to the broader and
more challenging domain of preax codes.
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2.6.3 Binary trees that are alphabetic with respect to given partial
orders

In the classic alphabetic tree problem, a total order ≺ is deaned
on the set of symbols Ǎ = {ǥ1,… , ǥ֙}, and the left-to-right reading
of the leaves in the tree must preserve the same ordering of the
elements in Ǎ, according to the relation ≺.

However, in some scenarios (see, e.g., [106]) there might be
known only a partial order on the set of symbols Ǎ = {ǥ1,… , ǥ֙},
and the challenge is to construct a tree (or a code) in which the
left-to-right reading of the leaves of the tree is consistent with the
partial order on Ǎ.

Lipman and Abrahams [106] studied this variant, motivated
by the problem of detecting defects in a pipeline. They proposed
an indirect solution to solve the problem. Speciacally, they arst
decompose the given partial order into a set of linear total orders.
Then, they apply the Hu-Tucker algorithm (see Algorithm 3) to
each of these subproblems, and anally construct the anal tree by
applying, again, the Hu-Tucker algorithm to the partial solutions
previously obtained. In [106], the authors left open the problem
of providing explicit upper bounds on the average length of the
trees produced by this construction.

Later, Barkan and Kaplan [13] addressed a problem similar to
the one considered by Lipman and Abrahams [106]. Speciacally,
Barkan and Kaplan [13] considered a generalized version of the
classic problem, which they called partial alphabetic tree problem.
In the partial alphabetic tree problem, given a multiset of non-
negative weights Ǒ = {ǩ1,… ,ǩ֙}, partitioned into ǟ ≤ Ǡ blocksƼ1,… , Ƽ֕, the aim is to build a tree ǎ, where the elements of Ǒ
reside in its leaves, satisfying the following property: If we traverse
the leaves of ǎ from left to right, then all leaves of Ƽօ precede all
leaves of Ƽ։ for every ǭ < Ǯ. Furthermore, among all such trees, it
is required that ǎ has minimum average length

∑֙օ=1 ǩօℓօ,
where ℓօ is the depth of ǩօ in ǎ. For Ǡ = ǟ, the problem reduces to
the classical one. In [13], Barkan and Kaplan developed a pseudo-
polynomial time algorithm for the construction of an optimal tree,
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whose complexity depends on the weight values. Moreover, the
technique developed in [13] is general enough to apply to sev-
eral other objective functions, possibly diêerent from the average
length of the tree. However, the problem of whether there exists
or not an algorithm for the partial alphabetic tree problem that
runs in polynomial time, for any set of weights, remains open.

2.6.4 Alphabetic AIFV codes

Preax codes, which include alphabetic codes, are an example of
uniquely decodable codes that allow instantaneous decoding. This
means a codeword can be uniquely identiaed and decoded as
soon as its last bit is received, without needing to see subsequent
bits.

Yamamoto et al. [136] introduced binary Almost Instantaneous
Fixed-to-Variable length (AIFV) codes. These are uniquely decod-
able codes that might have a small decoding delay, speciacally, at
most a two-bit decoding delay. This means that a codeword can
be uniquely decoded after its bits and, at most, two additional
bits are received. Yamamot et al. [136] demonstrated that AIFV
codes can sometimes provide better compression for stationary
memoryless sources. Later, Hiraoka and Yamamoto [67] deaned
the alphabetic version of the AIFV codes, using three code trees for
the decoding process to achieve at most a two-bit decoding delay.
They also proposed an algorithm for the construction of almost
optimal binary alphabetic AIFV codes by modifying Hu-Tucker
codes [74]. Furthermore, despite their non-optimality, the con-
structed codes still attain a better compression rate than classical
Hu-Tucker codes. A further natural extension of the alphabetic
AIFV codes, called alphabetic AIFV-ǟ, was proposed by Iwata and
Yamamoto [79]. These codes use 2ǟ − 1 code trees for decoding
and have a decoding delay of at most ǟ-bits for any integer ǟ ≥ 2.
Moreover, they also designed a polynomial-time algorithm for the
construction of an optimal binary AIFV-ǟ code.
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2.6.5 Linear time algorithms for special cases

In Section 2.3, we mentioned that the best-known algorithms for
constructing optimal alphabetic codes have an ǉ(Ǡ logǠ) time
complexity in the general case. However, under speciac circum-
stances, it is possible to achieve linear-time algorithms for the
problem.

Klawe and Mumey [89] extended the ideas and techniques of
Hu and Tucker, creating an ǉ(Ǡ) time algorithm to construct opti-
mal alphabetic codes either when all the input weights are within
a constant factor of each other or when they are exponentially sep-
arated. A sequence ǩ1,… ,ǩ֙ of weights is said to be exponentially
separated if there exists a constant ƽ such that it holds that|{ǭ ∶ ⌊logǩօ⌋ = ǝ}| < ƽ,∀ǝ ∈ ℤ.
Later, Larmore and Przytycka [102] considered the integer alpha-
betic tree problem, where the weights are integers in the range[0, Ǡ֛(1)]. They provided an ǡ(Ǡ logǠ) time algorithm for the con-
struction of an optimal integer alphabetic tree. Moreover, by relat-
ing the complexity of the optimal alphabetic tree problem to the
complexity of sorting, they gave an ǉ(Ǡ√logǠ)-time algorithm
for the cases in which the weights can be sorted in linear time,
or, equivalently, the weights are all integers in a small range [71].
Successively, Hu et al. [71] further improved the results of [102],
designing an ǉ(Ǡ) time algorithm for the construction of an opti-
mal integer alphabetic tree.

Following a diêerent line of research, Hu and Morgenthaler
[75] analyzed several classes of inputs on which the Hu-Tucker
algorithm [74] runs in linear time. For instance, they showed that
for almost uniform sequences of weights, which are sequences Ǒ of
weights for which∀ǩօ, ǩ։, ǩ֍ ∈ Ǒ, ǩօ + ǩ։ ≥ ǩ֍,
and also for bi-monotonal increasing sequences, i.e., sequences of
weights for whichǩ1 + ǩ2 ≤ ǩ2 + ǩ3 ≤ ⋯ ≤ ǩ֙−1 + ǩ֙,
holds, the Hu-Tucker algorithm requires only linear time.
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In [76], Hu et al. introduced the concept of valley sequence for
the purpose of understanding the computational complexity of
constructing optimal alphabetic codes. We recall that a sequenceǩ1,… ,ǩ֙ of weights is a valley sequence ifǩ1 > ǩ2 > ⋯ > ǩ։−1 ≤ ǩ։ ≤ ǩ։+1 ≤ ⋯ ≤ ǩ֙.
In other words, the weights are arst decreasing and then increas-
ing. They [76] showed that if the weight sequence Ǒ is a valley
sequence, then the cost of the optimal alphabetic tree for Ǒ is the
same as the cost of the Huêman tree for Ǒ. In addition, one can
construct an optimal alphabetic tree for a valley sequence in linear
time. Moreover, since an ordered sequence is just a special case of
a valley sequence, one can also construct an optimal alphabetic
tree for an ordered sequence in linear time. A similar result for
ordered sequences also derives from the well-known fact that the
minimum average length of an alphabetic code for an ordered
sequence Ǒ, is equal to the minimum average length of a preax
code for Ǒ (see Theorem 9). Therefore, since Huêman codes for
ordered sequences can be computed in linear time [130], it fol-
lows that minimum average length alphabetic codes for ordered
sequences can as well.

2.6.6 ǝ-ary alphabetic trees
Most of the literature on alphabetic codes focuses on binary alpha-
betic codes. In this section, we will describe the known results for
general ǝ-ary alphabetic codes, where ǝ ≥ 2 is an arbitrary integer.
The papers containing results on ǝ-ary alphabetic codes use the
terminology of search trees. Since we have already seen that there
is an equivalence between alphabetic codes and search algorithms
(search trees) that operate through comparison tests, we will stick
to the search-tree terminology.

The arst author to study the problem of constructing optimal
(i.e., minimum average length) ǝ-ary alphabetic trees was Itai
[78]. He claimed an ǉ(Ǡ2ǆ log ǝ) time algorithm for constructing
optimal ǝ-ary alphabetic trees of maximum depth ǆ, a scenario
similar to the one considered in Section 2.6.2. Furthermore, he also
claimed anǉ(Ǡ2 log ǝ) time algorithm for constructing unrestricted
optimal ǝ-ary alphabetic trees. However, Gotlieb and Wood [61]
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later pointed out a gap in the analysis of [78], invalidating its
claims. Moreover, they designed an ǉ(Ǡ3ǆ log ǝ) time algorithm
for constructing optimal ǝ-ary alphabetic trees of maximum depthǆ, and an ǉ(Ǡ3 log ǝ) time algorithm for constructing unrestricted
optimal ǝ-ary alphabetic trees.

Ben-Gal [16] considered the problem of constructing almost op-
timal ǝ-ary alphabetic trees. Speciacally, he generalized Horibe’s
weight-balancing algorithm [68] (that we have described in Sec-
tion 2.5) to the arbitrary case of ǝ ≥ 2, and provided some upper
bounds on the average length of the ǝ-ary alphabetic trees one
obtains.

Kirkpatrick and Klawe [88] considered the ǝ-ary alphabetic
minimax tree problem, which is a generalization of the problem
discussed in Section 2.6.1, providing a linear time algorithm when
the weights are integers and an ǉ(Ǡ logǠ) time algorithm for the
general case. Subsequently, Coppersmith et al. [33] considered a
variant of the problem in [88], in which each internal node of the
tree has degree at most ǝ (not exactly ǝ as in [88]). They provided
a linear-time algorithm when the input weights are integers, and
an ǉ(Ǡ logǠ) time algorithm for real weights. They also provided
a tight upper bound for the cost of the constructed solution.

Finally, Gagie [50] developed an ǉ(Ǡǘ log log Ǡ) time algorithm
for the same problem considered in [88], where ǘ is the number of
distinct integers in the set {⌈ǩ1⌉,… , ⌈ǩ֙⌉}. The algorithm improves
upon the previous result of Kirkpatrick and Klawewhen ǘ is small.

2.7 miscellanea

In this section, we review a few interesting results on alphabetic
codes that deal with distinct and unrelated problems, not classia-
able under a uniaed theme.

Let Ǎ = {ǥ1,… , ǥ֙} be an ordered set of symbols and Ǣ = ⟨Ǣ1,… ,Ǣ֙⟩ be the probabilities of the symbols in Ǎ. The minimum aver-
age length of an alphabetic code for Ǎ, regarded as a function ofǢ, is not invariant with respect to permutations of the probabil-
ities Ǣ1,… , Ǣ֙. By contrast, if Ǎ is unordered, then one has that
the minimum average length of a preax encoding of Ǎ (i.e., the
average length of a Huêman code for Ǎ), is invariant with respect
to permutations of the probabilities Ǣ1,… , Ǣ֙.
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This leads to the following natural question: for a given ordered
set of symbols Ǎ = {ǥ1,… , ǥ֙}, and an arbitrary probability dis-
tribution Ǣ1,… , Ǣ֙, what is the permutation of the probabilitiesǢ1,… , Ǣ֙ that forces the average length of an optimal alphabetic
code for Ǎ to assume its maximum value? Kleitman and Saks [90]
studied this problem and found an elegant answer. Given a prob-
ability distribution Ǣ = (Ǣ1,… , Ǣ֙), such that Ǣ1 ≤ Ǣ2 ≤ … ,≤ Ǣ֙,
then the permutation of the elements of Ǣ that produces the costli-
est optimal alphabetic code is an alternating sequence of the small-
est and largest probabilities: Ǣ1, Ǣ֙, Ǣ2, Ǣ֙−1,… ,. Moreover, they
showed that the average length of such costliest optimal alpha-
betic code can be expressed in terms of the average length of a
Huêman code for a related probability distribution ǣ, easily com-
putable from Ǣ.

Related problems were explored in [72, 122], whose results can
be seen as corollaries of the main anding in [90]. Later, Yung-chin
[143] extended the main result of the work of Kleitman and Saks
[90] to the alphabetic codes with a hard limit on the maximum
codeword length, a setting similar to the one discussed in Section
2.6.2.

Ramanan [121] considered the important problem of eëciently
testing whether or not a given alphabetic code is optimal for an
ordered set of symbols Ǎ = {ǥ1,… , ǥ֙}, and its associated probabil-
ity distribution Ǣ. Based on the correctness proof of the Hu-Tucker
algorithm [74], Ramanan provided necessary and suëcient con-
ditions on the probability sequence Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, for a given
code tree to be optimal. From this result, Ramanan also demon-
strated that the optimality of two speciac types of alphabetic code
trees can be tested in linear time: very skewed trees (trees in which
the number of nodes in each level is bounded by some constant)
and well-balanced trees (trees in which the maximum diêerence
between the levels of any two leaves is bounded by some constant).
The problem of testing the optimality of an arbitrary code tree in
linear time, however, remains one of the main open problems in
the aeld.

In their paper, Anily and Hassin [9] considered the problem of
ranking the best ǅ trees for a given sequence of weights ǩ1,… ,ǩ֙.
More precisely, given the weights ǩ1,… ,ǩ֙, the problem is that
of computing the binary tree with the smallest average length, the
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binary tree with the second smallest average length, and so on,
up to the binary tree with the ǅֱℎ smallest average length. They
studied both the alphabetic and non-alphabetic cases, providing
an ǉ(ǅǠ3) time algorithm for ranking both the ǅ-best binary al-
phabetic trees and the ǅ-best binary non-alphabetic trees.

In [100], Larmore introduced the concept of minimum delay
codes. A minimum delay code is a preax code in which, instead of
minimizing the average length, the aim is to minimize the expected
delay of the code. Expected delay is deaned as the expected time
between a request to transmit the symbol and the completion of
that transmission, assuming a channel with axed capacity, where
requests are queued. Larmore formally deaned the expected delay
as a particular nonlinear function of the average code length of
the code. Furthermore, he presented an ǉ(Ǡ5) time and ǉ(Ǡ3)
space algorithm to and a preax code of minimum expected de-
lay. The algorithm can also be adapted to build an alphabetic
code of minimum expected delay. However, its time complexity
is not guaranteed to be polynomial, as it depends heavily on the
monotonicity of the weights. Therefore, the question of whether a
polynomial-time algorithm exists for constructing an alphabetic
code of minimum delay remains open.

In [1], Abrahams considered the problem of constructing opti-
mal monotonic codes, which are codes with monotonic codeword
lengths (i.e. the codeword lengths are either increasing or de-
creasing). She compared optimal monotonic codes with optimal
alphabetic codes, establishing bounds between their lengths. Ad-
ditionally, she also provided suëcient conditions under which
the Hu-Tucker algorithm can be used to build optimal monotonic
codes.

In [2], Abrahams considered a parallelized version of the classi-
cal search problem described in Section 2.2.1. Speciacally, the idea
of the parallelized version is to distribute the set of Ǡ items, with a
given probability distribution Ǣ1,… , Ǣ֙, into ǝ subsets. These sub-
sets are then searched simultaneously (i.e., in parallel) to and the
single item of interest. The aim remains the one to minimize the
average search time. The case with ǝ = 1 corresponds exactly to
the classical case of alphabetic codes. While, the case with ǝ = Ǡ is
trivial: one item is placed in each subset. Thus, the main challenge
is to solve the intermediate cases, where 1 < ǝ < Ǡ. The goal is
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to decide which items should be grouped together into a com-
mon subset. Within each subset, the search is performed using the
Hu-Tucker algorithm, which, as shown in Section 2.3, constructs
the optimal alphabetic code/tree. In [2], Abrahams provided an
algorithm for the problem and established upper bounds on the
resulting average search time.

In [11], Baer focused on constructing alphabetic codes optimized
for power law distributions, that is, when the probability of the ǭֱℎ
symbol Ǣօ is of the form Ǣօ ∼ Ǘǭ−܄, where Ǘ and 𝛼 > 1 are constant,
and ǚ (ǭ) ∼ Ǜ(ǭ) means that the ratio of the two functions, ǚ (ǭ)/Ǜ(ǭ),
approaches 1 as ǭ increases.

Kosaraju et al. introduced the Optimal Split Tree problem in [96].
This problem generalizes several classic tree-building problems.
Let ƻ = {Ǖ1,… , Ǖ֙} be a set of elements where each element Ǖօ has
an associated weight ǩօ > 0. A partition of ƻ into two subsetsƼ, Ƽ∖ƻ is called a split of ƻ. A set Ǎ of splits of ƻ is a complete set of
splits if for each pair Ǖօ, Ǖ։ ∈ ƻ there exists a split Ƽ, Ƽ∖ƻ in Ǎ such
that Ǖօ ∈ Ƽ and Ǖ։ ∈ Ƽ ∖ ƻ. A split tree for a set ƻ and a complete
set Ǎ of splits of ƻ is a binary tree in which the leaves are labeled
with the elements of ƻ and the internal nodes correspond to splits
in Ǎ. Speciacally, for any node Ǩ of a binary tree, let ǆ(Ǩ) be the set
of labels of the leaves of the subtree rooted at Ǩ. A split tree is a full
binary tree such that for any internal node Ǩ with children Ǩ1, Ǩ2
there exists a split {Ƽ1, Ƽ2} ∈ Ǎ such that Ƽ1 ∩ ǆ(Ǩ) = ǆ(Ǩ1) andƼ2∩ǆ(Ǩ) = ǆ(Ǩ2). Hence, given a setƻwith its associated weights
and a complete set of splits of ƻ, the optimal split tree problem is
to compute a split tree with minimum average length. One can see
that the problem is a generalization of many others, including the
Huêman tree problem and the optimal alphabetic tree problem.
Indeed, when the set Ǎ of splits contains all possible splits of ƻ
we get the classic Huêman tree problem, while when the set Ǎ
of splits contains {Ƽ1, ƻ ∖ Ƽ1},… , {Ƽ֙−1, ƻ ∖ Ƽ֙−1} splits whereƼօ = {Ǖ ∈ ƻ ∶ Ǖ ≺ Ǖօ}, the problem reduces to the classic alpha-
betic tree problem. In [96], the authors showed that the optimal
split tree problem, in the general case, is NP-complete. An equiva-
lent proof of NP-completeness was previously provided by Lau-
rent and Rivest [103]. Moreover, in [96] the authors provided anǉ(logǠ) approximation algorithm for the problem, providing also
an example forwhich the algorithmachieves anΩ(logǠ/ log log Ǡ)
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approximation ratio. In addition, they adapted their algorithm,
obtaining an ǉ(1) approximation algorithm for the partially or-
dered alphabetic tree problem (the same problem considered in
Section 2.6.3).

In [105], Levcopoulos et al. presented an interesting and power-
ful result: they demonstrated that for any arbitrarily small ܼ > 0,
one can construct, in ǉ(Ǡ) time, an alphabetic tree whose cost
is within a factor of (1 + ܼ) from the optimum. This means that
their algorithm can eëciently produce almost optimal alphabetical
codes that are very close to the optimal ones.





Part III

THE SHOWCASE

This part presents the original contributions of this
Thesis, demonstrating the deep interplay between Search
Theory and Variable-Length Codes (VLCs).
It beginswith new results for classical alphabetic codes
and binary search trees, establishing tighter bounds
and novel linear-time constructions. The perspective
is then extended to codes with asymmetric symbol
costs—a framework that models search problems with
unequal test outcome costs—for which polynomial-
time construction procedures are provided. Finally, the
analysis broadens to preax codes, speciacally those
using one symbol as a delimiter, providing new linear-
time constructions and bounds on their average cost.
Taken together, these contributions showcase how the
framework of Variable-Length Codes can be used to
reformulate and solve complex search problems, yield-
ing new insights, more eëcient algorithms, and tighter
analytical bounds.





3NEW RESULTS ON ALPHABET IC CODES AND
B INARY SEARCH TREES

As anticipated previously, this chapter presents the primary re-
sults of this thesis, focusing on the classical binary alphabetic code
problem. We establish novel upper bounds on the cost of opti-
mal binary alphabetic codes and optimal BSTs. For both structures,
these bounds signiacantly improve on the best bounds currently
known in the literature. Additionally, we provide linear-time algo-
rithms for their construction. Finally, we introduce a framework
that, in linear time, can transform an alphabetic code into a binary
search tree. This framework ensures that any future advancements
in the aeld of alphabetic codes can be directly and eëciently ap-
plied to the aeld of BSTs, too. The majority of the results presented
in this chapter originate from [24].

3.1 notation and preliminaries

Before presenting our andings, let us recall some notations for the
sake of completeness. Let Ǎ = {ǥ1,… , ǥ֕} be a set of ǟ symbols,
ordered according to a given total order relation ≺, for which it
holds that ǥ1 ≺ ⋯ ≺ ǥ֕, and let ߌ = …,1ߌ⟩ , ⟨֕ߌ be the probability
distribution on the set of symbols Ǎ. We use ߌ instead of the more
common Ǣ to avoid confusion with the notation typically used to
describe the probability distribution of a binary search tree (BST). A
binary alphabetic code, as already seen in Deanition 3, is an order-
preserving mapping ǩ ∶ Ǎ ↦ {0, 1}+, where the order relation
on the set of all binary strings {0, 1}+ is the standard alphabetical
order. Moreover, we denote by ƽ = {ǩ(ǥ) ∶ ǥ ∈ Ǎ} the set of
codewords of ǩ.

In the following sections, as already argued in Section 2.2.1, we
will interchangeably view, depending on the context, an alphabetic
code as a binary tree and vice-versa. Moreover, as said before,
alphabetic codes, in their binary tree representation, naturally
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correspond to search procedures that make use of comparison
queries with binary outcomes.

Thus, BSTs represent, in a sense, a generalization of binary trees
associated with alphabetic codes, since the former can take into
account both successful and unsuccessful searches. More precisely,
any comparison-based search algorithm on an ordered list of ele-
ments Ǫ1 ≺ ⋯ ≺ Ǫ֙ can be represented as a BST, with an internal
node associated with each element Ǫօ and a leaf associated to each
of the Ǡ+1 gaps (−∞, Ǫ1), (Ǫ1, Ǫ2),… , (Ǫ֙−1, Ǫ֙), (Ǫ֙, +∞) among
the Ǫօ’s. Let Ǫ be an element that we want to seek for in the list.
Each internal node represents a comparison operation betweenǪ and the content Ǫօ of the node. The outcome of the comparison
can be either Ǫ ≺ Ǫօ, Ǫ = Ǫօ or Ǫ ≻ Ǫօ (see Section 6.2 of [93]).
Thus, the internal nodes correspond to successful searches, and
the leaves to the unsuccessful ones.

The cost of a BST ǎ is deaned as the average number of questions
needed to identify an arbitrary input element Ǫ. More precisely,
given a probability distributionࠔ = …,1ࠔ⟩ , ⟨2֙+1ࠔ = ⟨Ǣ0, ǣ1, Ǣ2,… ,ǣ֙, Ǣ֙⟩, where the probabilities of successful searches are ǣ1,… , ǣ֙,
and Ǣ0,… , Ǣ֙ are the probabilities of unsuccessful searches, the
cost of the binary search tree ǎ, for the probability distribution ,ࠔ
is equal to

ਇ[ǎ] = ∑֙օ=1 ǣօ ℓ(ǣօ) + ∑֙օ=0 Ǣօ ℓ(Ǣօ), (3.1)

where ℓ(ǣօ) denotes the level of ǣօ in the tree, i.e., the number of
nodes from the root of ǎ to ǣօ, whereas ℓ(Ǣօ) is the level of the
parent of Ǣօ in the tree [91]. We assume that the level of the root
of ǎ is equal to 1.

We observe that when the probabilities of successful searches,ǣ1,… , ǣ֙, are all 0’s, the problem of anding an optimal binary
search tree for the probability distribution ࠔ is equivalent to the
problem of anding an optimal alphabetic code for the probability
distribution ߌ = (Ǣ0,… , Ǣ֙).
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3.2 improved bounds and algorithms for almost-optimal
alphabetic codes

Some of our key andings consist of a series of improvements to the
upper bound (2.13) on the average length of an optimal alphabetic
code, denoted as ǆmin, established byDagan et al. [37]. For instance,
we show that

ǆmin ≤ ǂ(ߌ) + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 −(⌈1ߌ ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ
− ֕−1∑օ=1 min(ߌօ, .(օ+1ߌ (3.2)

We also point out and then ax a gap in their original analysis. But
more importantly, we design a linear-time algorithm to construct
alphabetic codes of average length no greater than the value on
the right-hand side of (3.2). This eëcient algorithmwill be crucial,
as it serves as the foundation for the results we present later on
BSTs in Section 3.3.

Before we dive into our andings, let us develop some useful
machinery and recall some tools and results that will be necessary.

Given a probability distribution ߌ = …,1ߌ⟩ , ,⟨֕ߌ we denote by

ޜ = …,1ޜ⟩ , 2ޜ ֕−1⟩ = ,1ߌ⟩ 0, …,2ߌ , 0, ⟨֕ߌ
its partially extended distribution, and by

ޜ ′ = …,1ޜ⟩ , 2ޜ ֕+1⟩ = ⟨0, ,1ߌ 0, …,2ߌ , 0, ,֕ߌ 0⟩
its fully extended distribution.

For the sake of completeness, we also recall some auxiliary tools
and results from Nakatsu [115] that have already been introduced
and discussed in Section 2.4.

Deanition 8 ([115]). Let ǆ = ⟨ℓ1,… , ℓ֕⟩ be a list of positive integers.
For a binary fraction Ǫ and integer ǭ ≥ 1, let the function trunc be
deaned as

trunc(ǭ, Ǫ) = ⌊2օ Ǫ⌋2օ (3.3)



66 new results on alphabetic codes and binary search trees

that is, trunc(ǭ, Ǫ) is the fraction obtained by considering only the arst ǭ
bits in the binary representation of Ǫ.
Let 𝛼օ = min(ℓօ−1, ℓօ), for ǭ = 2,… ,ǟ. The recursive function sum

is deaned as

sum(ǆ, ǭ) = ⎧{⎨{⎩trunc(𝛼օ, sum(ǆ, ǭ − 1)) + ֆ܄−2 if ǭ ≥ 2,0 if ǭ = 1. (3.4)

To gain some intuition about the functions trunc(⋅, ⋅) and sum(⋅, ⋅)
deaned above, let us examine a small numerical example.

Let ǆ = ⟨4, 2, 3, 3⟩ be a list of integers. We have 𝛼2 = min(4, 2) =2, 𝛼3 = min(2, 3) = 2 and 𝛼4 = min(3, 3) = 3. Now, we can
compute the value of sum for ǆ. By deanition sum(ǆ, 1) = 0. It
follows that

sum(ǆ, 2) = trunc(𝛼2, sum(ǆ, 1)) + =2܄−2 trunc(2, 0) + 2−2 = 2−2,
since trunc(2, 0) takes the value whose binary expansion is the
same as the arst 2 bits of the binary representation of 0 (that are
all 0’s). Similarly, we have

sum(ǆ, 3) = trunc(𝛼3, sum(ǆ, 2)) + =3܄−2 trunc(2, 2−2) + 2−2 = 2−2 + 2−2 = 2−1,
since trunc(2, 2−2) takes the value whose binary expansion is the
same as the arst 2 bits of the binary representation of 2−2 = 14 ,
which corresponds to the same value 2−2 since the binary repre-
sentation of 14 is 0 12 + 1 14 . Finally, we have

sum(ǆ, 4) = trunc(𝛼4, sum(ǆ, 3)) + =4܄−2 trunc(3, 2−1) + 2−3 = 2−1 + 2−3.
Nakatsu [115] proved the following important result (an equiv-

alent result was independently given by Yeung [139], see Section
2.4 for further details).
Theorem10 ([115]). Let ǆ = ⟨ℓ1,… , ℓ֕⟩ be a list of integers, associated
with the ordered symbols ǥ1 ≺ ⋯ ≺ ǥ֕. There exists an alphabetical
code for which the codeword assigned to symbol ǥօ has length ℓօ, for eachǭ = 1,… ,ǟ, if and only if sum(ǆ,ǟ) < 1.
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Nakatsu proved the suëcient part of Theorem 10 by showing
that the arst ℓօ digits of the binary representation of sum(ǆ, ǭ), forǭ = 1,… ,ǟ, (under the hypothesis that sum(ǆ,ǟ) < 1) provide
an alphabetic code for the ordered set of symbols ǥ1 ≺ ⋯ ≺ ǥ֕.
Intuitively, when sum(ǆ, ǭ) < 1, one can see that sum(ǆ, ǭ) enjoys the
property of being the smallest value strictly greater than sum(ǆ, ǭ −1) that diêers from sum(ǆ, ǭ − 1) on at least the 𝛼ֱℎօ bit of their
binary expansion, where 𝛼օ = min(ℓօ−1, ℓօ). This property has
important implications for their binary representations. Indeed,
by denoting with ǩօ the arst ℓօ bits of the binary expansion of
sum(ǆ, ǭ) and with ǩօ−1 the arst ℓօ−1 bits of the binary expansion
of sum(ǆ, ǭ − 1), the property guarantees that ǩօ−1 comes beforeǩօ in the standard lexicographic order among binary sequences.
Moreover, the property ensures that neither ǩօ is a preax of ǩօ−1
nor ǩօ−1 is a preax of ǩօ.

In Lemma 2, we extend its result by showing that an alphabetic
code, whose existence is guaranteed by Nakatsu’s condition (The-
orem 10), can be constructed in timeǉ(ǟ), whereǟ is the number
of symbols.

First, we need the following technical result, whose proof is
provided in Appendix A.

Lemma1. Letǆ = ⟨ℓ1,… , ℓ֕⟩ be a list of integers such that sum(ǆ,ǟ) <1, let ǭ, Ǯ be integers such that 1 ≤ ǭ < Ǯ ≤ ǟ, and let {sum(ǆ, ǭ), sum(ǆ, ǭ+1),… , sum(ǆ, Ǯ)} be a subset of consecutive elements of {sum(ǆ, 1),… ,
sum(ǆ,ǟ)}. For each ǝ = ǭ,… , Ǯ − 1, let Ǧ֍ be the smallest integer ǥ for
which the binary expansion of sum(ǆ, ǝ) diêers from the binary expan-
sion of sum(ǆ, ǝ + 1) on the ǥֱℎ bit, and deane Ǧօ։ = minօ≤֍<։ Ǧ֍. Then,
it holds that:

1. Ǧօ։ = ⌈− log2(sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ))⌉, (3.5)

where sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ) is the numerical value whose binary
expansion is the result of the XOR operation between the binary
expansions of sum(ǆ, ǭ) and sum(ǆ, Ǯ), and

2. there exists an index Ǭ ∈ {ǭ,… , Ǯ − 1} such that sum(ǆ, Ǭ) <
trunc(Ǧօ։, sum(ǆ, ǭ))+2−ֱֆ֊ and sum(ǆ, Ǭ+1) ≥ trunc(Ǧօ։, sum(ǆ, ǭ))+2−ֱֆ֊.
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For completeness, we recall that the XOR sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ) is
computable, in most programming languages, with a single built-
in instruction. Using Lemma 1, we can now prove our constructive
result. To avoid overburdening the notation, when the pair of
integers (ǭ, Ǯ) in (3.5) is clear from the context, we will simply useǦ instead of Ǧօ։.
Lemma 2. Let ǆ = ⟨ℓ1,… , ℓ֕⟩ be a list of integers, associated with the
ordered symbols ǥ1 ≺ ⋯ ≺ ǥ֕. If sum(ǆ,ǟ) < 1, then one can construct
in ǉ(ǟ) time an alphabetic code ƽ for which the codeword assigned to
symbol ǥօ has length at most min(ℓօ, ǟ − 1), for each ǭ = 1,… ,ǟ.
Proof. To prove the lemma, we provide an ǉ(ǟ) time algorithm
to construct the binary tree associated with the code ƽ, that is, the
binary tree whose root-to-leaves paths give the codewords of ƽ.

We recall that Nakatsu [115, Theorem 10] showed that the code
constructed by taking the arst ℓօ bits of the binary expansion of
sum(ǆ, ǭ) as the codeword associated to the symbol ǥօ, for eachǭ = 1,… ,ǟ, is alphabetic (ormore precisely, preax and alphabetic).
Our algorithm constructs the binary codewords by using a subset
of the arst ℓօ bits of the binary expansion of sum(ǆ, ǭ), for eachǭ = 1,… ,ǟ. The algorithm builds the binary tree in a top-down
fashion, proceeding by iterated bisections of the setǍ = {sum(ǆ, 1), sum(ǆ, 2),… , sum(ǆ,ǟ)}. (3.6)

Initially, the root of the tree is associated with the whole set Ǎ. To
perform the arst bisection, we proceed as follows.

For each Ǖ = 1,… ,ǟ − 1, let Ǧե be the smallest integer for which
the binary expansions of the pair sum(ǆ, Ǖ) and sum(ǆ, Ǖ + 1) diêer
on the Ǧֱℎե bit, and let Ǧ = Ǧ1֕ = min1≤ե<֕ Ǧե. From Lemma 1, we
have that Ǧ = ⌈− log2(sum(ǆ, 1) ⊕ sum(ǆ,ǟ))⌉. We now compute
the index ǝ ∈ {1,… ,ǟ − 1} for which it holds that

sum(ǆ, ǝ) < trunc(Ǧ, sum(ǆ, 1)) + 2−ֱ (3.7)

and

sum(ǆ, ǝ + 1) ≥ trunc(Ǧ, sum(ǆ, 1)) + 2−ֱ. (3.8)

We associate the left child of the root with the subset{sum(ǆ, 1),… , sum(ǆ, ǝ)},
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and the right child of the root with the subset{sum(ǆ, ǝ + 1),… , sum(ǆ,ǟ)}.
By 2) of Lemma 1, both {sum(ǆ, 1),… , sum(ǆ, ǝ)} and {sum(ǆ, ǝ +1),… , sum(ǆ,ǟ)} are non empty. The subset {sum(ǆ, 1),… , sum(ǆ, ǝ)}
represents the nodes that are in the left subtree of the root, and
by the deanition of the function trunc and from (3.7) and (3.8),
each numerical value sum(⋅, ⋅) ∈ {sum(ǆ, 1),… , sum(ǆ, ǝ)} has a bi-
nary expansion with 0 in the Ǧֱℎ position. Analogously, the subset{sum(ǆ, ǝ + 1),… , sum(ǆ,ǟ)} represents the nodes that are in the
right subtree of the root and each value sum(⋅, ⋅) ∈ {sum(ǆ, ǝ +1),… , sum(ǆ,ǟ)} has a binary expansion with 1 in the Ǧֱℎ position.
The algorithm proceeds recursively on the left subset {sum(ǆ, 1),… ,
sum(ǆ, ǝ)} and right subset {sum(ǆ, ǝ + 1),… , sum(ǆ,ǟ)}. It stops
when the cardinality of the subset is equal to 1, in such a case, we
have just a leaf, or when it is equal to 2, where we have a anal
subtree with two sibling leaves. The complete pseudo-code of the
algorithm is presented in Algorithm 7.

The procedure presented above for the construction of the bi-
nary tree can be implemented to work in ǉ(ǟ) time and space, by
exploiting a technique devised in [47]. In fact, the crucial operation
in Line 9 of Algorithm 6 can be implemented in ǉ(logmin(ǥ, Ǯ −ǥ)) time, where ǥ = ǝ − ǭ + 1, by arst checking if sum(ǆ, Ǥ) <
trunc(Ǧ, sum(ǆ, ǭ))+2−ֱ with Ǥ = ⌈(Ǯ−1+ǭ)/2⌉ to discover whether
the index ǝ belongs to {ǭ,… , Ǥ − 1} or to {Ǥ,… , Ǯ − 1}. Succes-
sively, we use an exponential search to and the interval in which
the value ǝ is located, and, anally, a binary search in such an
interval to and ǝ. More precisely, we proceed in the following
way: if ǝ ∈ {ǭ,… , Ǥ − 1}, we check the validity of the inequality
sum(ǆ, ǭ + 2ֹ) < trunc(Ǧ, sum(ǆ, ǭ)) + 2−ֱ in Line 9 for increasing
values Ǩ = 0, 1, 2, 3,… , till we and the arst value of Ǩ that satis-
aes the inequality sum(ǆ, ǭ + 2ֹ) ≥ trunc(Ǧ, sum(ǆ, ǭ)) + 2−ֱ. After
log ǥ step, we shall have located the value of ǝ we seek within an
interval of size at most 2ǥ. A successive binary search will exactly
determine the value of ǝ. Altogether, this procedure takes ǉ(log ǥ)
steps. Similarly, if ǝ ∈ {Ǥ,… , Ǯ − 1}, we apply the same procedure
with the caveat that we start the exponential search from the right
end of the interval {Ǥ,… , Ǯ − 1}. In this way, the procedure will
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Algorithm 6: SubTree(ǭ,Ǯ)
1 if ǭ = Ǯ then
2 Construct the leaf Ǩ associated with the symbol ǥօ.
3 return Ǩ
4 else if ǭ + 1 = Ǯ then
5 Construct a node Ǩ whose left child is the leaf ǥօ and

whose right child is the leaf ǥ։.
6 return Ǩ
7 else
8 Ǧ = ⌈− log2(sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ))⌉
9 Let ǝ ∈ {ǭ,… , Ǯ − 1} be the index such that

sum(ǆ, ǝ) < trunc(Ǧ, sum(ǆ, ǭ)) + 2−ֱ and
sum(ǆ, ǝ + 1) ≥ trunc(Ǧ, sum(ǆ, ǭ)) + 2−ֱ.

10 Ǟ = SubTree(ǭ,ǝ)
11 Ǥ = SubTree(ǝ + 1,Ǯ)
12 Construct a node Ǩ whose left child is the tree Ǟ and

whose right child is the tree Ǥ.
13 return Ǩ

Algorithm 7: ConstructTree(ǆ)
Input: The list of lengths ǆ = ⟨ℓ1,… , ℓ֕⟩
Output: An alphabetic code tree with codeword lengthsℓ′օ ≤ min(ℓօ, ǟ − 1), for each ǭ = 1,… ,ǟ.

1 Compute sum(ǆ, ǭ) for each ǭ = 1,… ,ǟ.
2 return SubTree(1,ǟ)
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take ǉ(log(Ǯ − ǥ)) time. Putting the two cases together, the whole
operation takes ǉ(logmin(ǥ, Ǯ − ǥ)) time.

Therefore, by denoting with ǎ(ǟ) the number of operations
performed by the algorithm to construct the tree with ǟ leaves,
because of Line 9, 10, and 11, we have thatǎ(ǟ) ≤ max1≤֍≤֕−1{ǎ(ǟ − ǝ) + ǎ(ǝ)+ 𝛼 log2 min(ǝ,ǟ − ǝ) + ={܌ max1≤֍≤֕/2{ǎ(ǟ − ǝ) + ǎ(ǝ) + 𝛼 log2 ǝ + ,{܌ (3.9)

for suitable constant values 𝛼 and .܌
One can see that the right-hand side of (3.9) grows at most

linearly with ǟ (e.g., Theorem 11, p. 185 of [111]); therefore Algo-
rithm 7 (ConstructTree(ǆ)) requires total time ǉ(ǟ).

The tree produced by this algorithm is alphabetic by construc-
tion since the recursive bisections of the set{sum(ǆ, 1), sum(ǆ, 2),… , sum(ǆ,ǟ)}
preserve the symbol order ǥ1 ≺ ⋯ ≺ ǥ֕.What is left to prove is that
the procedure constructs a tree whose root-to-leaves paths (i.e.,
codewords) have length ℓ′ե ≤ min(ℓե, ǟ − 1), for each Ǖ = 1,… ,ǟ.

The inequality ℓ′ե ≤ ǟ − 1 holds because the constructed binary
tree is full, that is, each node internal node of the tree has two
children. This is due to 2) of Lemma 1 and Line 9,10 and 11 of
Algorithm 6.

We now prove that ℓ′ե ≤ ℓե, for each Ǖ = 1,… ,ǟ. Consider arst
the cases Ǖ ∈ {2,… ,ǟ− 1}. By deanition of sum(⋅, ⋅), we have that

sum(ǆ, Ǖ) = trunc(𝛼ե, sum(ǆ, Ǖ − 1)) + ,զ܄−2 (3.10)

where 𝛼ե = min(ℓե−1, ℓե). Therefore, since trunc(ǖ, Ǫ) is the bi-
nary fraction one gets by considering only the arst ǖ bits of the
binary expression of Ǫ (cfr. (3.3)), from (3.10) one obtains that
the binary expansion of sum(ǆ, Ǖ) diêers from the binary expan-
sion of sum(ǆ, Ǖ − 1) on at least the 𝛼ֱℎե bit. Because of Line 9,10
and 11 of Algorithm 6, this implies that after at most 𝛼ե bisection
steps, the value of sum(ǆ, Ǖ) can no longer be in the same subset
of sum(ǆ, Ǖ − 1). By symmetry, after at most 𝛼ե+1 steps, the value
sum(ǆ, Ǖ) can no longer be in the same subset of sum(ǆ, Ǖ + 1). All
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together, after at most max(𝛼ե, 𝛼ե+1) bisection steps, the value
sum(ǆ, Ǖ) does not belong to the same subset of either sum(ǆ, Ǖ− 1)
or sum(ǆ, Ǖ + 1), that is, sum(ǆ, Ǖ) must correspond to a leaf in the
code-tree. Therefore, the corresponding root-to-leaves path has
lengthℓ′ե ≤ max(𝛼ե, 𝛼ե+1) = max(min(ℓե−1, ℓե),min(ℓե, ℓե+1))≤ ℓե.
Analogously, for Ǖ = 1 it holds thatℓ′1 ≤ 𝛼2 = min(ℓ1, ℓ2) ≤ ℓ1,
and for Ǖ = ǟ it holds thatℓ′֕ ≤ 𝛼֕ = min(ℓ֕−1, ℓ֕) ≤ ℓ֕.

Let us clarify the algorithm’s idea with an example. Figure 3.1
displays two alphabetic trees for the list of lengthsǆ = ⟨6, 6, 5, 2, 9, 9, 8, 6, 3, 2⟩.

The arst one is constructed by taking the arst ℓօ bits of the binary
expansion of sum(ǆ, ǭ) (as done by Nakatsu [115]). The second one
is obtained by the application of our linear-time algorithm. When
comparing the two trees, one can see how the codewords of the
code tree built by our algorithm are subsequences of that built
through Nakatsu’s procedure. For instance, one can see how the
codeword associated with the symbol ǥ7 in our code tree, which is10001, is only a subsequence of the codeword associated with the
symbol ǥ7 in the arst tree, that is, 10000001, where the underlined
bits are those that correspond to the codeword of our code tree.
This property is crucial: it means our algorithm can eëciently
construct a compact code tree, even if some lengths in the input
list are exponentially large. Indeed, in our code tree, all codeword
lengths remain at most linear with respect to the input size.

Before we present our improved results on the average length
of optimal alphabetic codes (as anticipated in Section 2.5), we will
brieby address a problematic issue in the analysis of the bound
(2.13) claimed in [37].
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Figure 3.1: The alphabetic trees constructed on the list of lengths ǆ =⟨6, 6, 5, 2, 9, 9, 8, 6, 3, 2⟩. On the left, the tree constructed by
taking the arst ℓֆ bits of the binary expansion of sum(ǆ, ǭ), (ac-
cording to Nakatsu [115]), on the right, the tree constructed
by our algorithm ConstructTree(ǆ).
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Remark 1. Let us arst of all recall the idea of the proof of the upper
bound (2.13) presented in [37]. The authors proceed as follows: Start-
ing from an input probability distribution ߌ = …,1ߌ⟩ , ,⟨֕ߌ they arst
construct the fully extended distribution ޜ ′ = ⟨0, ,1ߌ 0,… , 0, ,֕ߌ 0⟩
and, subsequently, apply the classic Gilbert and Moore’s algorithm [56]
(see Algorithm 4) to construct an alphabetic code ƽ for the distributionޜ ′ = ⟨0, ,1ߌ 0,… , 0, ,֕ߌ 0⟩. The average length of the constructed code
is less than ǂ(ޜ ′) + 2 = ǂ(ߌ) + 2. Successively, they prune the bi-
nary tree representing the alphabetical code ƽ and show that the average
length of the new code so obtained satisaes the upper bound (2.13). In
[37], the codeword lengths associated with the null probabilities are left
unspeciaed, while for non-null probabilities, the codeword lengths are

⌈− log2 ⌈օߌ + 1,
as required by the Gilbert-Moore algorithm.

Next, we illustrate the problematic issue in the analysis in [37] through
a numeric example. Successively, we generalize the example to inanitely
many cases in Appendix A.2.
Let ߌ = ,1ߌ⟩ ,2ߌ ⟨3ߌ = ⟨12 , 14 , 14⟩ and let ޜ ′ be its fully extended

distribution

′ޜ = ⟨0, 12 , 0, 14 , 0, 14 , 0⟩.
As recalled above, the Gilbert-Moore algorithm assigns codeword lengths⌈− log2 ⌈1ߌ + 1 = 2, ⌈− log2 ⌈2ߌ + 1 = 3 and ⌈− log2 ⌈3ߌ + 1 = 3 to
the symbols of probabilities ,1ߌ 2ߌ and ,3ߌ respectively. However, we will
show that there does not exist any alphabetic code for ޜ ′ with codeword
lengths

ǆ = ⟨ǚ1,… , ǚ7⟩ = ⟨Ǫ1, 2, Ǫ2, 3, Ǫ3, 3, Ǫ4⟩, (3.11)

for any choice of the codeword lengths Ǫ1, Ǫ2, Ǫ3, Ǫ4 ∈ ℕ+ associated to
the symbols of null probability.
Let us start with the choice Ǫ1 = 2 and Ǫ2 = Ǫ3 = Ǫ4 = 3. It is

immediate to verify that in such a case sum(ǆ, 7) = 1. Therefore, by
Theorem 10 there cannot exist an alphabetic code with the chosen lengths.
In fact:

sum(ǆ, 2) = trunc(2, sum(ǆ, 1)) + 2−2 = 2−2
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sum(ǆ, 3) = trunc(2, sum(ǆ, 2)) + 2−2 = 2−1
sum(ǆ, 4) = trunc(3, sum(ǆ, 3)) + 2−3 = 2−1 + 2−3
sum(ǆ, 5) = trunc(3, sum(ǆ, 4)) + 2−3 = 2−1 + 2−2
sum(ǆ, 6) = trunc(3, sum(ǆ, 5)) + 2−3 = 2−1 + 2−2 + 2−3
sum(ǆ, 7) = trunc(3, sum(ǆ, 6)) + 2−3 = 2−1 + 2−2 + 2−2= 1.

Similarly, if we increase the lengths of any Ǫօ, the value of the function
sum(ǆ, 7) remains the same, since the values of 𝛼օ = min(ǚօ−1, ǚօ) do
not change. Even if we decrease the lengths Ǫօ, considering all possible
combinations, we can also verify that the value of sum(ǆ, 7) remains
greater than or equal to 1. In fact, for instance, let us consider Ǫ1 = 1,Ǫ2 = Ǫ3 = 2 and Ǫ4 = 3. It follows that:

sum(ǆ, 2) = trunc(1, sum(ǆ, 1)) + 2−1 = 2−1
sum(ǆ, 3) = trunc(2, sum(ǆ, 2)) + 2−2 = 2−1 + 2−2
sum(ǆ, 4) = trunc(2, sum(ǆ, 3)) + 2−2 = 2−1 + 2−2 + 2−2= 1
sum(ǆ, 5) = trunc(2, sum(ǆ, 4)) + 2−2 = 2−1 + 2−2 + 2−2+ 2−2= 1.25
sum(ǆ, 6) = trunc(2, sum(ǆ, 5)) + 2−2 = 2−1 + 2−2 + 2−2+ 2−2 + 2−2= 1.5
sum(ǆ, 7) = trunc(3, sum(ǆ, 6)) + 2−3 = 2−1 + 2−2 + 2−2+ 2−2 + 2−2 + 2−3= 1.625.

Therefore, by Theorem 10, there cannot exist an alphabetic code with
lengths (3.11).

We can now proceed to present our new results for alphabetic
codes. We divide our analysis into two cases. In the arst case,
we provide an improved upper bound on the average length of
alphabetic codes for dyadic distributions. A dyadic distributionߌ = …,1ߌ⟩ , ⟨֕ߌ is a probability distribution where each օߌ is
equal to 2−֍ֆ, for suitable integers ǝօ > 0.

In the second case, we focus on providing an upper bound on
the average length of alphabetic codes for all other probability
distributions.
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Theorem 11. For any dyadic probability distribution ߌ = …,1ߌ⟩ , ⟨֕ߌ
on the symbols ǥ1 ≺ ⋯ ≺ ǥ֕, we can construct in linear time an
alphabetic code ƽ with

ਇ[ƽ]≤ǂ(ߌ) + 1 − 1ߌ − .֕ߌ (3.12)

Proof. The idea of the proof is simple and is based on Yeung’s
analysis [139, Thm. 5]. Yeung proved that, given a probability
distribution ߌ = …,1ߌ⟩ , ,⟨֕ߌ there exists an alphabetic code ƽ forߌ with lengths of the codewords ǆ = ⟨ℓ1,… , ℓ֕⟩ equal to:

ℓօ = ⎧{⎨{⎩⌈− log2 ⌈օߌ if either ǭ = 1 or ǭ = ǟ,⌈− log2 ⌈օߌ + 1 otherwise.
From Lemma 2, the code ƽ can be constructed in ǉ(ǟ) time.

Using the additional hypothesis that ߌ is a dyadic distribution, it
follows that ⌈− log2 ⌈օߌ = − log2 օߌ for each ǭ = 1,… ,ǟ. Therefore,
the average length of the alphabetic code ƽ with lengths ǆ is

ਇ[ƽ]≤∑֕օ=1 օߌ ℓօ= 1ߌ (− log2 (1ߌ + ֕ߌ (− log2 (֕ߌ
+ ֕−1∑օ=2 օߌ (− log2 օߌ + 1)

= −∑֕օ=1 օߌ log2 օߌ + ֕−1∑օ=2 =օߌ ǂ(ߌ) + 1 − 1ߌ − .֕ߌ
We now turn our attention to the general case of non-dyadic

probability distributions ߌ = …,1ߌ⟩ , .⟨֕ߌ
Let us arst consider the case in which the arst and last probabil-

ities, 1ߌ and ,֕ߌ are positive. For our analysis, we also need the
following property of the function sum(⋅, ⋅), whose proof is given
in Appendix A.3.

Lemma 3. Let ℓ1,… , ℓ֕ be a sequence of positive integers, and letǝ ≥ maxօ ℓօ. The function sum on the list ǆ = ⟨ǚ1, ǚ2,… , ǚ2֕−1⟩ =
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⟨ℓ1, ǝ, ℓ2, ǝ,… , ǝ, ℓ֕⟩ of 2ǟ−1 elements satisaes the following inequality:

sum(ǆ, 2ǟ − 1) ≤ 2−ℓ1 + 2−ℓ֖ + 2 ֕−1∑օ=2 2−ℓֆ. (3.13)

We can now present one of our main improvements. Before
doing so, let us brieby and intuitively describe the idea behind
it. As discussed in Section 2.5, the codeword lengths deaned by
Yeung’s approach satisfy both Yeung’s and Nakatsu’s inequalities,
and therefore an alphabetic code with these lengths indeed exists.
However, one can see that the corresponding codes in their tree
representation typically contain gaps between consecutive leaves,
leaving room for improvement. Therefore, through the additional
null probabilities into our extended distribution, we implicitly
encode these gaps between the leaves. In this way, we capture
more structural information about the code/tree, which ultimately
yields an improvement on its average length.
Theorem 12. For any non-dyadic probability distribution ߌ = …,1ߌ⟩ ⟨֕ߌ, on the symbols ǥ1 ≺ ⋯ ≺ ǥ֕ with ,1ߌ ֕ߌ > 0, we can construct
in linear time an alphabetic code ƽ withਇ[ƽ]≤ǂ(ߌ) + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 −(⌈1ߌ ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ

− ֕−1∑օ=1 min(ߌօ, (օ+1ߌ (3.14)

< ǂ(ߌ) + 2 − 1ߌ − ֕ߌ − ֕−1∑օ=1 min(ߌօ, .(օ+1ߌ (3.15)

Proof. We proceed as follows. We arst show that there exists an
alphabetic code ƽ′ for the partially extended distributionޜ = ,1ޜ⟩ …,2ޜ , ⟨1−2֕ޜ = ,1ߌ⟩ 0,… , 0, ,⟨֕ߌ
whose average length is upper-bounded byǂ(ߌ) + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 −(⌈1ߌ ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 .(⌈֕ߌ (3.16)

Successively,we prune the binary tree representingƽ′ by removing
the additional ǟ − 1 leaves (i.e., the leaves corresponding to the
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ǟ − 1 null probabilities in .(ޜ Then, we show that this pruning
reduces the quantity (3.16) to (3.14).

Let ǝ be an integer greater than max։∶0<֊ߐ⌈− log2 ⌈։ߌ + 1 (the
value of ǝwill be chosen later, in order to satisfy necessary inequal-
ities), and let ǆ = ⟨ℓ1,… , ℓ2 ֕−1⟩ be the lengths of the codewords
for the distribution ޜ = ,1ߌ⟩ 0,… , 0, ,(⟨ߌ deaned as follows:

ℓօ =
⎧{{{⎨{{{⎩
ǝ if օޜ = 0,⌈− log2 ⌈օޜ if ǭ = 1 or ǭ = 2ǟ − 1,⌈− log2 ⌈օޜ + 1 if օޜ > 0. (3.17)

From Lemma 3 we have that

sum(ǆ, 2ǟ − 1) ≤ 2−⌈− log2 ⌈1ߐ + 2−⌈− log2 +⌈֖ߐ 2 ∑օ≠1,֕∶ߐֆ>0 2−(⌈− log2 (ֆ⌉+1ߐ + 2 ∑օ∶ߐֆ=0 2−֍
= ∑օ∶ߐֆ>0 2−⌈− log2 ⌈ֆߐ + 2 ∑օ∶ߐֆ=0 2−֍ < 1,

where the last inequality holds because ∑օ∶ߐֆ>0 2−⌈− log2 ⌈ֆߐ < 1
since ߌ is a non-dyadic distribution1, and we can choose a suë-
ciently large value for ǝ.

Since sum(ǆ, 2ǟ − 1) < 1, by Theorem 10, there exists an alpha-
betic code with lengths ℓօ deaned in (3.17), and from Lemma 2 we
can construct in linear time (ǉ(2ǟ− 1) = ǉ(ǟ)) a code ƽ′ whose
average length satisaes

ਇ[ƽ′] ≤ −⌉1ߌ log2 ⌈1ߌ + −⌉֕ߌ log2 +⌈֕ߌ ∑օ≠1,֕∶ߐֆ>0 −⌉)օߌ log2 ⌈օߌ + 1)
≤ −⌉1ߌ log2 ⌈1ߌ + −⌉֕ߌ log2 +⌈֕ߌ ∑օ≠1,֕∶ߐֆ>0 −)օߌ log2 օߌ + 2)
(since ⌈Ǫ⌉ < Ǫ + 1)

1 Notice that if the distribution is dyadic, this inequality might not hold. However,
we will see later that the theorem can be extended to dyadic distributions as
well.
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= −)1ߌ− log2 1ߌ + 2 − ⌈− log2 −(⌈1ߌ −)֕ߌ log2 ֕ߌ + 2 − ⌈− log2 +(⌈֕ߌ ∑օ∶ߐֆ>0 −)օߌ log2 օߌ + 2)
= − ∑օ∶ߐֆ>0 օߌ log2 օߌ + 2

− −)1ߌ log2 1ߌ + 2 − ⌈− log2 −(⌈1ߌ −)֕ߌ log2 ֕ߌ + 2 − ⌈− log2 =(⌈֕ߌ ǂ(ߌ) + 2 − 2)1ߌ − log2 1ߌ − ⌈− log2 −(⌈1ߌ 2)֕ߌ − log2 ֕ߌ − ⌈− log2 .(⌈֕ߌ (3.18)

We can now eliminate the ǟ − 1 leaves associated with the
additional null probabilities in ,ޜ proceeding similarly to [37, 40].
First, observe that the leaves associated with the probabilities օޜ
appear, from left to right, in the same order as the probabilitiesޜօ (this is due to the fact that the tree represents an alphabetic
code). Moreover, observe that the binary tree of the code ƽ′ is full
by construction, i.e., each node has exactly zero or two children.
Thus, when we prune a leaf Ǫ associated with an additional null
probability, we bring up one level the whole sub-tree ǎwhose rootǤ is the sibling of Ǫ. Since the binary tree is alphabetic, the treeǎ contains either the leaf associated with a probability in ޜ that
immediately follows the additional null probability associated
with Ǫ, or it contains the leaf associated with a probability in ޜ
that immediately precedes Ǫ. Hence, if Ǫ is the “left” child of Ǖ,
its pruning causes a bump up of one level of the leaf that followsǪ, and if Ǫ is the “right” child of Ǖ, it causes a bump up of one
level of the leaf that precedes Ǫ. Figure 3.2 explains the procedure
pictorially.
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Figure 3.2: The agure shows the two cases discussed above: the elimi-
nation of Ǫ bumps up of one level the leaf that precedes it
(above), and the leaf that follows it (below).

Hence, the elimination of each leaf Ǫ associated with an addi-
tional null probability in ޜ bumps up one level at least one leaf
among the two leaves that precede and follow Ǫ. In total, we bump
up leaves whose total probability is at least

֕−1∑օ=1 min(ߌօ, .(օ+1ߌ (3.19)

We recall that the construction of the alphabetic code with av-
erage cost (3.18) requires linear time. Similarly, the elimination
of the ǟ − 1 leaves associated with the additional null probabil-
ities in ޜ requires linear time too. Indeed, the operation can be
implemented through a simple tree visit.

Thus, putting together (3.18) and (3.19), it follows that the
resulting alphabetic code has an average length upper bounded
by

ǂ(ߌ) + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 (⌈1ߌ
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− ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ − ֕−1∑օ=1 min(ߌօ, .(օ+1ߌ
Let us now consider the more general case where the arst and

last probabilities, 1ߌ and ,֕ߌ are not necessarily positive but can
be zero.
Theorem 13. For any non-dyadic probability distribution ߌ = …,1ߌ⟩ ⟨֕ߌ, on the symbols ǥ1 ≺ ⋯ ≺ ǥ֕, we can construct in linear time an
alphabetic code ƽ withਇ[ƽ] ≤ ǂ(ߌ) + 2 − ℓߌ (2 − log2 ℓߌ − ⌈− log2 −(⌈ℓߌ ֍ߌ (2 − log2 ֍ߌ − ⌈− log2 −(⌈֍ߌ ֍−1∑օ=ℓ min(ߌօ, (օ+1ߌ + ℓߌ + =֍ߌ ǂ(ߌ) + 2 − ℓߌ (1 − log2 ℓߌ − ⌈− log2 −(⌈ℓߌ ֍ߌ (1 − log2 ֍ߌ − ⌈− log2 (⌈֍ߌ − ֍−1∑օ=ℓ min(ߌօ, ,(օ+1ߌ

(3.20)

where ℓ = argminօ{ߌօ > 0} and ǝ = argmaxօ{ߌօ > 0}.
Proof. Letߌ′ = …,ℓߌ⟩ , ⟨֍ߌ be the probability distribution obtained
by considering only the elements of ߌ between ℓߌ and .֍ߌ From
Theorem 12, we know that we can construct in linear time an
alphabetic code ƽ′ for ′ߌ whose average length satisaesਇ[ƽ′] ≤ ǂ(ߌ′) + 2 − ℓߌ (2 − log2 ℓߌ − ⌈− log2 −(⌈ℓߌ ֍ߌ (2 − log2 ֍ߌ − ⌈− log2 (⌈֍ߌ − ֍−1∑օ=ℓ min(ߌօ, .(օ+1ߌ

(3.21)

We need to consider four cases according to the values of ℓ and ǝ:
1. ℓ = 1 and ǝ = ǟ: in this case ߌ = ′ߌ and the result follows

directly from Theorem 12.

2. ℓ > 1 and ǝ < ǟ: then ߌ = ⟨0,… , 0⏟ℓ−1 , …,ℓߌ , ,֍ߌ 0,… , 0⏟֕−֍ ⟩. We
have to create the leaves for the symbols ǥ1,… , ǥℓ−1 and
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Figure 3.3: The agure shows the insertion of the subtrees ǎ and ǎ′, with
leaves ǥ1,… , ǥℓ−1 and ǥ֎+1,… , ǥ֚, respectively.

ǥ֍+1,… , ǥ֙. To do so, we let the leaves associated with ǥℓ
and ǥ֍ descend by one level, and we then insert the subtreesǎ and ǎ′ containing the leaves for ǥ1,… , ǥℓ−1 and ǥ֍+1,… , ǥ֙,
respectively. This operation is shown pictorially in Figure
3.3.
Thus, from (3.21) and since ǂ(ߌ) = ǂ(ߌ′), it follows that
the average length of the new code ƽ obtained satisaes

ਇ[ƽ] ≤ ǂ(ߌ) + 2 − ℓߌ (2 − log2 ℓߌ − ⌈− log2 −(⌈ℓߌ ֍ߌ (2 − log2 ֍ߌ − ⌈− log2 −(⌈֍ߌ ֍−1∑օ=ℓ min(ߌօ, (օ+1ߌ + ℓߌ + .֍ߌ
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3. ℓ = 1 and ǝ < ǟ: then ߌ = …,1ߌ⟩ , ,֍ߌ 0,… , 0⏟֕−֍ ⟩. Here, we
have to create the leaves only for the symbols ǥ֍+1,… , ǥ֙.
Therefore, proceeding similarly to case 2), we obtain that

ਇ[ƽ] ≤ ǂ(ߌ) + 2 − ℓߌ (2 − log2 ℓߌ − ⌈− log2 −(⌈ℓߌ ֍ߌ (2 − log2 ֍ߌ − ⌈− log2 −(⌈֍ߌ ֍−1∑օ=ℓ min(ߌօ, (օ+1ߌ + >֍ߌ ǂ(ߌ) + 2 − ℓߌ (2 − log2 ℓߌ − ⌈− log2 −(⌈ℓߌ ֍ߌ (2 − log2 ֍ߌ − ⌈− log2 −(⌈֍ߌ ֍−1∑օ=ℓ min(ߌօ, (օ+1ߌ + ℓߌ + .֍ߌ
4. ℓ > 1 and ǝ = ǟ: then ߌ = ⟨0,… , 0⏟ℓ−1 , …,ℓߌ , .⟨֕ߌ We have to

create the leaves only for the symbols ǥ1,… , ǥℓ−1. Therefore,
again proceeding similarly to case 2), we get a new code ƽ
with

ਇ[ƽ] ≤ ǂ(ߌ) + 2 − ℓߌ (2 − log2 ℓߌ − ⌈− log2 −(⌈ℓߌ ֍ߌ (2 − log2 ֍ߌ − ⌈− log2 −(⌈֍ߌ ֍−1∑օ=ℓ min(ߌօ, (օ+1ߌ + >ℓߌ ǂ(ߌ) + 2 − ℓߌ (2 − log2 ℓߌ − ⌈− log2 −(⌈ℓߌ ֍ߌ (2 − log2 ֍ߌ − ⌈− log2 −(⌈֍ߌ ֍−1∑օ=ℓ min(ߌօ, (օ+1ߌ + ℓߌ + .֍ߌ
Wehave proved Theorem 12 (and subsequently Theorem 13) un-

der the hypothesis that the probability distributionߌ = …,1ߌ⟩ , ⟨֕ߌ
is non-dyadic. However, the result can be generalized to include
dyadic distributions as well. This generalization is shown in the
following corollary, whose proof is postponed in Appendix A.4.
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Corollary 13.1. For any dyadic probability distributionߌ = …,1ߌ⟩ , ⟨֕ߌ
on the symbols ǥ1 ≺ ⋯ ≺ ǥ֕, we can construct in linear time an alpha-
betic code ƽ whose average length satisaes

ਇ[ƽ] ≤ ǂ(ߌ) + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 −(⌈1ߌ ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ − ֕−1∑օ=1 min(ߌօ, (օ+1ߌ
= ǂ(ߌ) + 2 − 1ߌ2 − ֕ߌ2 − ֕−1∑օ=1 min(ߌօ, .(օ+1ߌ (3.22)

Furthermore, Theorem 12 can be explicitly improved under a
slightly stronger hypothesis, speciacally, that the arst two and the
last two probabilities are positive. This improvement is presented
in the following corollary, whose proof is provided in Appendix
A.5.

Corollary 13.2. For any probability distribution ߌ = …,1ߌ⟩ , ⟨֕ߌ on
the symbols ǥ1 ≺ ⋯ ≺ ǥ֕, with1ߌ, ,2ߌ ,1−֕ߌ ֕ߌ > 0, we can construct
in linear time an alphabetic code ƽ with

ਇ[ƽ]≤ǂ(ߌ) + 2 − 2)1ߌ − log2 1ߌ − ⌈− log2 −(⌈1ߌ 2)֕ߌ − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ
− ֕−1∑օ=1 min(ߌօ, −(օ+1ߌ 1ߌ max(0, ⌈− log2 ⌈1ߌ − ⌈− log2 ⌈2ߌ − 2)− ֕ߌ max(0, ⌈− log2 ⌈֕ߌ − ⌈− log2 ⌈1−֕ߌ − 2).

(3.23)

Before concluding this section on alphabetic codes, we will
present a few anal remarks on our results.

By considering our speciac upper bounds for dyadic distribu-
tions, we remark that the bounds (3.12) and (3.22) are not compa-
rable, in the sense that there are dyadic probability distributionsߌ for which (3.12) is better than (3.22), and others for which it
holds the opposite. For instance, if a dyadic ߌ = …,1ߌ⟩ , ⟨֕ߌ is
ordered in non decreasing fashion, then (3.22) becomes

ਇ[ƽ] ≤ ǂ(ߌ) + 1 − 1ߌ2 − ,֕ߌ
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and one can see that it is better than the bound (3.12). On the
other hand, if a dyadic ߌ = …,1ߌ⟩ , ⟨֕ߌ is ordered according to
the “saw-tooth” order, that is,1ߌ < 2ߌ > 3ߌ < 4ߌ > … > 1−֕ߌ < ,֕ߌ
with ǟ even, then (3.22) becomesਇ[ƽ] ≤ ǂ(ߌ) + 2ߌ2 + 4ߌ2 …+ 2−֕ߌ2 − .1ߌ (3.24)

Thus, one can easily verify that there are dyadic probability distri-
butions ߌ = …,1ߌ⟩ , ⟨֕ߌ for which (3.12) is better than (3.24).
Remark 2. It might be worthwhile to point out a way to potentially
improve the upper bound (3.14) of Theorem 12. For simplicity, let us
assume that all probabilities օߌ have distinct values (but the reasoning
holds in general).
The core idea is to reane the analysis of which symbols get bumped

up during the pruning phase described in Theorem 12. Let us consider
the lengths deaned in (3.17). After the pruning phase, we know that
between օߌ and օ+1ߌ it is the smaller probability to be bumped up, in the
worst case. Therefore, let Ǎ1 be the set of all indexes ǭ ∈ {2,… ,ǟ−1} for
which holds that օߌ = min(ߌօ−1, (օߌ and օߌ = min(ߌօ, ,(օ+1ߌ i.e., the
set of the symbols that in the worst case are bumped up at least two times.
Similarly, let Ǎ2 be the set of all indexes ǭ ∈ {2,… ,ǟ − 1} for which
holds that օߌ = min(ߌօ−1, (օߌ or օߌ = min(ߌօ, (օ+1ߌ (but not both),
i.e., the set of all symbols that in the worst case are bumped up at least
one time (except the arst and last symbol). Whereas, for the arst and last
symbol, let Ǎ3 ⊆ {1,ǟ} be a set such that 1 ∈ Ǎ3 if min(1ߌ, (2ߌ = ,1ߌ
and similarly ǟ ∈ Ǎ3 if min(1−֕ߌ, (֕ߌ = .֕ߌ Finally, let Ǎ4 be the
set of the remaining indexes (except the arst and the last one) that in the
worst case are not bumped up, i.e., Ǎ4 = {2,… ,ǟ− 1} ∖ (Ǎ1 ∪Ǎ2). By
partitioning the symbols in this way, we can upper bound the average
length of the obtained alphabetic code in the following way:

ਇ[ƽ] ≤ ֕−1∑օ=2 −⌉)օߌ log2 ⌈օߌ + 1) + −⌉)1ߌ log2 +(⌈1ߌ −⌉)֕ߌ log2 (⌈֕ߌ − 2 ∑օ∈֫1
օߌ − ∑օ∈֫2

օߌ − ∑օ∈֫3
օߌ

= ∑օ∈֫4
−⌉)օߌ log2 ⌈օߌ + 1)
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+ ∑օ∈֫1∪֫2∪{1,֕} −⌉)օߌ log2 (⌈օߌ − ∑օ∈֫1
օߌ − ∑օ∈֫3

օߌ
(3.25)< ∑օ∈֫4

−)օߌ log2 օߌ + 2) + ∑օ∈֫1∪֫2∪{1,֕} −⌉)օߌ log2 (⌈օߌ
− ∑օ∈֫1

օߌ − ∑օ∈֫3
օߌ (since ⌈Ǫ⌉ < Ǫ + 1)

= ∑օ∈֫4
−)օߌ log2 օߌ + 2) + ∑օ∈֫1∪֫2∪{1,֕} −⌉)օߌ log2 (⌈օߌ

− ∑օ∈֫1
օߌ − ∑օ∈֫3

օߌ − ∑օ∈֫1∪֫2∪{1,֕} −)օߌ log2 օߌ + 2)
+ ∑օ∈֫1∪֫2∪{1,֕} −)օߌ log2 օߌ + 2)

= ∑֕օ=1 −)օߌ log2 օߌ + 2)
− ∑օ∈֫1∪֫2∪{1,֕} օ(2ߌ − log2 օߌ − ⌈− log2 (⌈օߌ
− ∑օ∈֫1

օߌ − ∑օ∈֫3
օߌ

= ǂ(ߌ) + 2 − ∑օ∈֫1∪֫2∪{1,֕} օ(2ߌ − log2 օߌ − ⌈− log2 (⌈օߌ
− ∑օ∈֫1

օߌ − ∑օ∈֫3
օߌ (3.26)

< ǂ(ߌ) + 2 − 2)1ߌ − log2 1ߌ − ⌈− log2 −(⌈1ߌ 2)֕ߌ − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ − ∑օ∈֫1∪֫2
օߌ − ∑օ∈֫1∪֫3

օߌ
(since 2 − log2 օߌ − ⌈− log2 ⌈օߌ > 1)= ǂ(ߌ) + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 −(⌈1ߌ ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ − ֕−1∑օ=1 min(ߌօ, (օ+1ߌ
(since ∑օ∈֫1∪֫2 օߌ + ∑օ∈֫1∪֫3 օߌ = ∑֕−1օ=1 min(ߌօ, .((օ+1ߌ

Therefore, it follows that (3.25) and (3.26) cannot be worse than the
upper bound (3.14) of Theorem 12. But we also notice that the right-hand
side of (3.25) and (3.26) depends on the content of the sets Ǎ1, Ǎ2, Ǎ3 andǍ4. Thus, working out an explicit estimate of the sums appearing on the
right-hand side of (3.25) and (3.26) would lead to further improvements



3.3 linear-time framework for almost-optimal binary search trees 87

to (3.14). However, doing so seems challenging. For this reason, we leave
it as an open problem for future investigations in the aeld.

3.3 linear-time framework for almost-optimal binary
search trees

In this section, we turn our attention to BSTs. Since in Chapter 2
we primarily focused on alphabetic codes, in Section 3.3.1, we
will recall some of the main and most relevant results on BSTs
from the literature for our purpose. Then, in Section 3.3.2, we
proceed to present our new results. Speciacally, we provide a
framework that, in linear time, allows the construction of a BST
from an alphabetic code. Subsequently, we demonstrate how this
framework, combined with the new results discussed in Section
3.2, enables us to provide new and improved upper bounds on
the average length of BSTs as well.

3.3.1 Background

As previously anticipated, BSTs can be seen as a generalization of
alphabetic codes. In fact, while alphabetic codes are equivalent to
comparison-based search procedures that employ binary queries,
BSTs are equivalent to comparison-based search procedures that
operate through queries that have a ternary outcome. This means
each query can result in one of three possibilities: the searched
element is equal to the current node, smaller than it, or larger than
it. Due to their fundamental role in Computer Science, BSTs have
been extensively investigated in the literature (e.g., [40, 91, 93, 110,
111, 116]).

Knuth [91] gave an ǉ(Ǡ2) time and ǉ(Ǡ2) space complexity
algorithm to construct an optimum BST, i.e., a BST with minimum
cost, as deaned in (3.1). We notice that the algorithm provided
by Knuth is a variation of the one we discussed in Section 2.3 for
constructing optimal alphabetic codes. This underlines, again, the
strict relationship between the two combinatorial structures. How-
ever, the quadratic complexity of the algorithm designed in [91]
may be prohibitive inmany applications, asMehlhorn remarked in
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[110]. Therefore,Mehlhorn [110] proposed a linear-time algorithm
to construct a BST for an arbitrary probability distributionࠔ = …,1ࠔ⟩ , ⟨2֙+1ࠔ = ⟨Ǣ0, ǣ1, Ǣ1, ǣ2,… , ǣ֙, Ǣ֙⟩,
where the Ǣօ’s are probabilities of unsuccessful searches and theǣօ’s are probabilities of successful searches. Furthermore,Mehlhorn
demonstrated that the cost of the constructed tree in this way is
not greater than

ǂ(ࠔ) + 1 + ∑֙օ=0 Ǣօ. (3.27)

Similarly, De Prisco and De Santis [40] proposed a diêerent
linear-time algorithm for constructing almost optimal BSTs, and
claimed an upper bound on the cost of their tree given byǂ(ࠔ) + 1 − Ǣ0 − Ǣ֙ + Ǣmax, (3.28)

where Ǣmax is the maximum value among Ǣ0,… , Ǣ֙. Unfortunately,
the bound (3.28) does not hold in general, as pointed out later in
[37].

It is also worth recalling the following work of De Prisco and De
Santis [41] in which they provided a lower bound on the average
length of an optimal BST. Speciacally, they demonstrated that the
cost of any BST for a probability distribution ࠔ is lower bounded
by

ǂ(ࠔ)+∑֙օ=1 ǣօ +ǂ(ࠔ) log2(ǂ(ࠔ))−(ǂ(ࠔ)+1) log2(ǂ(ࠔ)+1).
(3.29)

3.3.2 New Bounds on Almost-Optimal Binary Search Trees

In this section, we exploit the results on alphabetic codes we have
derived in Section 3.2 to establish new bounds on the average cost
of optimal binary search trees. Speciacally, we provide a linear-
time algorithm that takes an almost optimal alphabetic code for
a given probability distribution ࠔ and transforms it into an al-
most optimal BST. We also show upper bounds on the cost of the
binary trees constructed in this way. It is clear that our upper
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bounds apply to optimal trees as well; we will also see that our
bounds improve on the best previous results. Moreover, since
our algorithms to construct almost-optimal search trees take in
input almost-optimal alphabetic trees, in order to get linear time
complexity, it is crucial that we can construct almost-optimal al-
phabetic trees in linear time as well. This is one of themain reasons
why we have stressed this feature of the algorithms presented in
Section 3.2.

We begin by presenting our linear-time framework for construct-
ing BSTs from alphabetic codes. Our method is a reanement of the
algorithm proposed by De Prisco and De Santis [40]. Indeed, by
axing the gap pointed out in their analysis by Dagan [37], we
manage to derive a slightly more general result than that of [40].

Theorem 14. Let ࠔ = …,1ࠔ⟩ , 2ࠔ ֙+1⟩ = ⟨Ǣ0, ǣ1, Ǣ1,… , ǣ֙, Ǣ֙⟩ be
a probability distribution that contains the probabilities ǣ1,… , ǣ֙ andǢ0,… , Ǣ֙ for successful and unsuccessful searches, respectively, on an
ordered sequence Ǫ1 ≺ ⋯ ≺ Ǫ֙. Let ƽ be any alphabetic code for ,ࠔ and
let ਇ[ƽ] be its average length. Then, one can construct in linear time,
i.e., ǉ(Ǡ), a binary search tree ǎ for ࠔ whose average length satisaes

ਇ[ǎ] ≤ ਇ[ƽ] − ∑֙օ=1 ǣօ − ֙−1∑օ=0 min(Ǣօ, Ǣօ+1). (3.30)

Proof. Let us start from the binary tree Ƽ corresponding to the
alphabetic code ƽ. The tree Ƽ has 2Ǡ + 1 leaves, which we identify
with the ordered sequence of probabilities Ǣ0, ǣ1, Ǣ1,… , ǣ֙, Ǣ֙. We
transform the leaves corresponding to the ǣօ’s into internal nodes.
As in [40], we raise each ǣօ to the lowest common ancestor of Ǣօ−1
and Ǣօ, which is at least two levels above ǣօ. Hence, ℓ(ǣօ), i.e., the
number of nodes from the root to ǣօ, decreases by at least one unit,
for each ǭ. In addition, when we bring up ǣօ, the whole sub-tree
whose root is the sibling of ǣօ, goes up by at least one level. Hence,
at least one between Ǣօ−1 and Ǣօ goes up one level. 2 Figure 3.4
illustrates an example of the described process.

2 The analysis of [40] is incorrect since it claims that all but only one probability
goes up one level. One can see that this is not the case, as also observed by the
authors of [37].



90 new results on alphabetic codes and binary search trees

Ǣ0 ǣ1
Ǣ1 ǣ2 Ǣ2 ǣ3

Ǣ3

(a) The initial alphabetic tree

ǣ1Ǣ0 Ǣ1 ǣ2 Ǣ2 ǣ3

Ǣ3

(b) The tree after transforming ǣ1 into an internal nodeǣ2ǣ1Ǣ0 Ǣ1
ǣ3Ǣ2 Ǣ3

(c) The anal binary search tree

Figure 3.4: Figure (a) shows the initial alphabetic tree; Figure (b) shows
the tree after performing the arst step; Figure (c) shows the
tree after the application of the algorithm.

Therefore, in total, we bump up leaves whose total probability
is at least∑֙օ=1 ǣօ + ֙−1∑օ=0 min(Ǣօ, Ǣօ+1). (3.31)

Let us prove that the tree ǎ, constructed according to the above
procedure, is a valid binary search tree for the distribution ࠔ …,1ࠔ⟩= , 2ࠔ ֙+1⟩ = ⟨Ǣ0, ǣ1, Ǣ1,… , ǣ֙, Ǣ֙⟩.
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To that purpose, let us observe that the search property holds
in a binary tree if and only if its in-order visit gives the nodes in
the order Ǣ0, ǣ1, Ǣ1,… , ǣ֙, Ǣ֙. To show that such a property holds
in our tree ǎ, we arst point out that each probability ǣօ necessarily
occupies a distinct internal node in ǎ. By the sake of contradiction,
let us suppose that it is not the case, that is, there exist ǣօ and ǣ։,
with ǭ < Ǯ, that have been assigned to the same node Ǫ. Then, Ǫ is
the lowest common ancestor both of Ǣօ−1 and Ǣօ, and of Ǣ։−1 and Ǣ։.
This implies that Ǣօ−1 and Ǣ։−1 are in the left sub-tree of Ǫ, whileǢօ and Ǣ։ are in the right sub-tree of Ǫ. This bagrantly contradicts
the fact that in the starting tree Ƽ the leaves appear in the orderǢ0, ǣ1, Ǣ1,… , ǣ֙, Ǣ֙ (i.e., that Ƽ represents an alphabetic code).

Thus, each ǣօ is assigned to a distinct lowest common ancestor,
and the order of the Ǣօ’s is not aêected by the transformation of
the ǣօ’s in internal nodes. Therefore, an in-order visit of the tree
traverses the nodes in the order Ǣ0, ǣ1, Ǣ1,… , ǣ֙, Ǣ֙. Therefore, we
can conclude that ǎ is a correct BST for .ࠔ

The manipulation of the ǣօ’s to transform them from leaves ofƼ to internal nodes of ǎ can be implemented in linear time, as
argued in [40].

Finally, we evaluate the cost of the obtained binary search treeǎ. From (3.31) the cost of ǎ satisaes the inequality

ਇ[ǎ] ≤ ਇ[ƽ] − ∑֙օ=1 ǣօ − ֙−1∑օ=0 min(Ǣօ, Ǣօ+1).
This concludes the proof of the theorem.

Let us now see how one can use the result of Theorem 14 to
derive new upper bounds for optimal BSTs. By plugging into (3.30)
either formula (3.12) of Theorem 11, or formula (3.14) of Theorem
12, or formula (3.23) of Corollary 13.2 (according to the hypothesis
that holds), one obtains a series of upper bounds on the average
length of BSTs that considerably improve on the bound (3.27) of
[110]. For instance, by using formula (3.15) of Theorem 12 in
formula (3.30), we can construct a BST ǎ whose average length
satisaes

ਇ[ǎ] ≤ ǂ(ࠔ) + 2 − 1ࠔ − 2֙+1ࠔ − 2∑֙օ=1 min(ࠔօ, (օ+1ࠔ
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− ∑֙օ=1 ǣօ − ֙−1∑օ=0 min(Ǣօ, Ǣօ+1)
= ǂ(ࠔ) + 1 + ∑֙օ=0 Ǣօ − (Ǣ0 + Ǣ֙ + ֙−1∑օ=0 min(Ǣօ, ǣօ+1)

+ ∑֙օ=1 min(ǣօ, Ǣօ) + ֙−1∑օ=0 min(Ǣօ, Ǣօ+1))
= ǂ(ࠔ) + 1 + ∑֙օ=0 Ǣօ − (1 − ֙−1∑օ=0

|Ǣօ − ǣօ+1|2
− ∑֙օ=1

|ǣօ − Ǣօ|2 + ∑֙օ=0 Ǣօ − ֙−1∑օ=0
|Ǣօ − Ǣօ+1|2 ). (3.32)

One can easily verify that (3.32) strictly improves with respect to
(3.27).

It isworth noting that the BSTs constructed according to Theorem
14 are not too far from being optimal, and this is due to the lower
bounds (3.29) on the cost of any binary search tree given in [41].
One can see that (3.32) and (3.29) are not too far apart. In fact, the
diêerence between the upper bound (3.32) and the lower bound
(3.29) is smaller than

2 − 1ࠔ − 2֙+1ࠔ − 2∑֙օ=1 min(ࠔօ, (օ+1ࠔ − 2∑֙օ=1 ǣօ
− ֙−1∑օ=0 min(Ǣօ, Ǣօ+1)− ǂ(ࠔ) log2(ǂ(ࠔ)) + (ǂ(ࠔ) + 1) log2(ǂ(ࠔ) + 1)< 2 + log2(ǂ(ࠔ) + 1) + log2 Ǚ − 1ࠔ − −2֙+1ࠔ 2∑֙օ=1 min(ࠔօ, (օ+1ࠔ − 2∑֙օ=1 ǣօ − ֙−1∑օ=0 min(Ǣօ, Ǣօ+1).

(3.33)

Additionally, other results in [41] strengthen the lower bound
(3.29) for a particular range of values of the entropyǂ(⋅) and thus
can be used to reduce the gap between the upper bound and lower
bound given in (3.33). Therefore, in situations where the optimal
but onerous ǉ(Ǡ2) time algorithm by Knuth [91] cannot be used,
our ǉ(Ǡ) time algorithm represents a valid alternative.
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We conclude this section with a anal remark on Theorem 14.
The primary contribution of Theorem 14 is the direct relationship
it establishes between alphabetic codes and BSTs. This means that
any future improvements to the bounds on the average length of
alphabetic codes will immediately translate into better bounds
for BSTs as well. This provides a powerful, forward-looking ben-
eat: advancements in one area of data structures can be directly
leveraged to enhance the theoretical understanding and practical
performance of another.





4ALPHABET IC AND PREF IX CODES WITH
ASYMMETR IC SYMBOL COSTS

In this chapter, we remain in the aeld of binary VLCs, focusing on
a speciac variant of such codes, similar to the one discussed in
Section 2.6.2. Speciacally, we consider a constraint on the code-
words, i.e., given a ”budget”, we associate with each codeword a
cost, and only those codewords that stay within this budget are
allowed. We present a novel, eëcient polynomial-time algorithm
for constructing optimal codes.

More speciacally, Section 4.1 introduces the problem setting, and
Section 4.2 the formal deanition of what we term (𝛼, constrained-(܌
codes. In Section 4.3, we deal with (𝛼, constrained-(܌ alphabetic
codes and provide an eëcient algorithm for their construction. Fur-
thermore, in Section 4.3.2, we establish a necessary and suëcient
condition for the existence of the special case of (0, 1)-constrained
alphabetic codes, building upon the inequalities discussed in liter-
ature (see Section 2.4). Successively, in Section 4.4, we address the
more general and complex challenge of preax codes. For the spe-
ciac case of (0, 1)-constrained preax codes, we derive a Kraft-like
inequality for their existence. The majority of the results presented
in the following chapter are taken from [26].

4.1 problem introduction

We introduce the problem through a well-known and funny math-
ematical puzzle (see [94], p. 53). The puzzle goes as follows:

Suppose we wish to know which windows in a 36-story
building are safe to drop eggs from, and which will cause
the eggs to break on landing. We make a few assumptions:• An egg that survives a fall can be used again.• A broken egg must be discarded.• The eêect of a fall is the same for all eggs.

95
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• If an egg breaks when dropped, then it would break if
dropped from a higher window.• If an egg survives a fall, then it would survive a shorter
fall.• It is not ruled out that the arst-boor windows break
eggs, nor is it ruled out that the 36th-boor windows
do not cause an egg to break.

If only one egg is available andwewish to be sure of obtaining
the right result, the experiment can be carried out in only one
way. Drop the egg from the arst-boor window; if it survives,
drop it from the second-boor window. Continue upward
until it breaks. In the worst case, this method might require
36 droppings. Suppose two eggs are available. What is the
least number of egg droppings that is guaranteed to work in
all cases?

Puzzles of this kind are nowadays commonly used in job inter-
views. However, the generalized version of such a problem has
also entered the halls of academia through several papers[17, 18,
45, 104]. For instance, van Leeuwen et al. [104] employed a gen-
eralization of the problem as a central tool in their work on the
problem of eëcient leader election in asynchronous anonymous
networks. We recall their formulation of the problem (quoted
verbatim, apart from the names of the parameters):

“Consider the casewhen the unknown number is a pos-
itive integer in the interval [1, Ǡ], and the total amountsƾ of admissible overestimates is predetermined. The⟨Ǡ, ∗,ƾ⟩–game consists of determining the unknown
number by asking as few questions as possible”.

In [104] with the term overestimate it is intended that the search
algorithm asks a question of the form: “Is the unknown number
greater than Ǯ ∈ [1, Ǡ]?”, and the answer received is NO. In fact,
in this case, the value Ǯ is greater than the value of the unknown
number one seeks, hence, Ǯ constitutes an overestimate of it. Anal-
ogously, one can also operate with questions of the form:“Is the
unknown number smaller than Ǯ ∈ [1, Ǡ]?”, where an overestimate
corresponds instead to a YES answer. Therefore, the problems of
limiting the number of YES or NO answers are equivalent. Never-
theless, in order to follow the work [104], we stick for the moment
with the arst kind of questions.
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Moreover, one can see that the egg-dropping puzzle of [94]
can be viewed as a special case, namely, it corresponds to the⟨36, ∗, 2⟩–gameof [104].Moreover, vanLeeuwen et al. [104] pointed
out that their ⟨Ǡ, ∗,ƾ⟩–game corresponds to the bounded-searching
problem with variable cost comparisons studied by Bentley and
Brown in [17]. They also remarked that their results about ⟨Ǡ, ∗,ƾ⟩–games lead to improved solutions for the algorithmic prob-
lems studied in [17]; this, in turn, oêers an improvement to some
of the scenarios where the solutions by Bentley and Brown had
been applied: sensitivity analysis, broadcasting to points on a line,
and linear recursion (see [17, 104] for more details).

Formally, the ⟨Ǡ, ∗,ƾ⟩–search game problem consists in deter-
mining the best worst-case comparison-based search algorithm ƻ
that determines the unknown element in the search space [Ǡ],
under the constraints that ƻ never performs a sequence of compar-
isons with more than ƾ overestimates of the unknown number.

Using the well-known correspondence between comparison-
based search procedures and binary alphabetic codes/trees (see
Section 2.2.1), the ⟨Ǡ, ∗,ƾ⟩–search game problem of [104] can be
reformulated as the problem of constructing an alphabetic code
for the search space [Ǡ] that minimizes the maximum codeword
length, i.e., the worst-case number of comparisons, subject to the
constraint that each codeword contains at most ƾ ones, where an1 encodes an overestimate.

A related but more general setting was studied by Dolev et al.
[45], motivated by the goal of quantifying the time–energy trade-
oê in message transmissions between mobile hosts and mobile
support stations. They formulated the problem as a guessing game
in which the mobile support station tries to guess the message that
the mobile host intends to transmit, while the host replies either
by sending an acknowledgment or by simply remaining silent.
This formulation naturally reduces to the problem of constructing
optimal binary preax codes in which each codeword does not
contain more than ƾ ones. Here, the ones encode the explicit
replies of the host, whose number must be controlled to optimize
the energy consumption. More speciacally, they assumed that the
search space [Ǡ] is endowed with a probability distribution Ǣ =(Ǣ1,… , Ǣ֙), where Ǣօ is the probability that the unknown element
one wants to determine is equal to ǭ ∈ [Ǡ]. Thus, the objective
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is to construct a binary preax code of minimum average length
for the search space [Ǡ], under the additional constraint that no
codeword contains more thanƾ ones. One can see that such codes
achieve the shortest expected transmission time, while obeying
a required bound on the energy. Additionally, Dolev et al. [45]
provided an ǉ(Ǡ2+կ) time complexity Dynamic Programming
algorithm to construct an optimal code under these constraints.

Furthermore, by recalling the strict relationship between codes
and search procedure, we notice that anyminimum average length
preax code, satisfying the restriction on the number of ones per
codeword, also naturally corresponds to an average-case optimal
search strategy in which:

• the queries take the form of arbitrary membership queries,
i.e., “Does the unknown number belong to a subset ƻ ⊆[Ǡ]?”(e.g., [5, 6]),

• the number of queries thatmay receive aNo is upper bounded
by ƾ.

Problems of this kind arise in diêerent scenarios [117, 128], pro-
viding additional motivations to study the problem introduced in
[45].

It is also worth noting the contrast with the setting of van
Leeuwen et al. [104]: while their ⟨Ǡ, ∗,ƾ⟩–game focuses on mini-
mizing the worst-case number of comparisons, the formulation
of Dolev et al. instead targets the average-case performance, opti-
mizing the expected number of queries under a given probability
distribution.

In Section 4.3, we introduce and solve a generalized search
problem inspired by the ⟨Ǡ, ∗,ƾ⟩–search games studied in [104].
Indeed, we consider the search space [Ǡ] endowed with a proba-
bility distribution Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, and Ǣօ is the probability that the
unknown element is equal to ǭ ∈ [Ǡ]. Moreover, in our scenario,
we assume that both underestimates and overestimates have a cost
expressed through non-negative integer values 𝛼 and .܌ Thus, we
consider comparison-based search algorithms that are capable of
determining the unknown element in [Ǡ], under the constraint
that they never perform a sequence of comparison with an overall
cost, 𝛼ǧ + ,ǡ܌ more than ƾ, where ǧ and ǡ denote the number of
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underestimates and overestimates in the sequence, respectively,
and 𝛼, ܌ ∈ ℕ. We term such algorithms (𝛼, constrained-(܌ search
algorithms (or equivalently, (𝛼, constrained-(܌ alphabetic codes).
For this problem, we design an ǉ(Ǡ2ƾ) time algorithm to and
the best average case (𝛼, constrained-(܌ comparison-based search
algorithm ƻ that is capable of determining the unknown element
in [Ǡ], under the constraints that ƻ never performs a sequence of
comparisons with a cost greater than ƾ. Our main technical tool
will be the celebrated Knuth-YaoDynamic Programming–speedup
through quadrangle–inequality [91, 137].

Successively, in Section 4.4, we focus on the challenging case of
1-constrained preax codes, which are binary preax codes where
each codeword contains no more than ƾ ones. In this scenario,
our contribution is an extension of the classical Kraft inequality
(see, e.g., Thm. 5.1 of [5]). Indeed, we establish a necessary and
suëcient condition for the existence of a 1-constrained preax code
with a given set of codeword lengths {ℓ1,… , ℓ֙}.
We conclude this introduction by mentioning that our results can
be seen as an extension of classical results, in the sense that the
1-constrained alphabetic case corresponds to the study of binary
alphabetic codes [74] in which all codewords have a bounded
number of 1’s, and the 1-constrained non-alphabetic case corre-
sponds to the extension of the Huêman encoding [77] to the
constrained scenario just mentioned. As such, our work ats into
the long line of research devoted to the construction of minimum
average height binary trees satisfying given structural properties
(see, e.g., [53, 57, 58, 83, 133] and references quoted therein).

4.2 preliminaries

This section formally deanes the problems previously introduced
in the language of binary codes and trees. We leverage the well-
known equivalence between comparison-based search procedures,
binary alphabetic codes, and binary search trees that we have
already discussed in Section 2.2.1. The core of this translationmaps
an ”overestimate” in a search algorithm to traversing a ”right-
pointing” edge (or, symmetrically a left-pointing edge) in the
corresponding binary tree, which in turn corresponds to a ‘1’ ( or
a ’0’) in a binary codeword.
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Let Ǎ = {ǥ1,… , ǥ֙} be a set of symbols, ordered according to a
given total order relation ≺, that is, for which ǥ1 ≺ ⋯ ≺ ǥ֙ holds.
Given a probability distribution Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, where Ǣօ is the
probability of symbol ǥօ, for ǭ = 1,… , Ǡ, we recall that the average
length of an alphabetic code ƽ = {ǩ(ǥ) ∶ ǥ ∈ Ǎ} for Ǎ is equal to

ਇ[ƽ] = ∑֙օ=1 Ǣօℓօ,
where ℓօ is the length of the codewordǩ(ǥօ). Then, we can translate
the ⟨Ǡ, ∗,ƾ⟩–search games of [104] into the language of binary al-
phabetic codes as follows. For any binary string ǩ ∈ {0, 1}+, let us
denote with |ǩ|1 the number of 1’s that appear in ǩ. The problem
of designing the best average case 1-constrained comparison-based
search algorithm ƻ to determine the unknown element in [Ǡ],
under the constraints that ƻ never performs a sequence of compar-
isons with more than ƾ overestimates of the unknown number, is
equivalent to solving the following optimization problem:

minի alphabetic
ਇ[ƽ] = minի alphabetic

∑֙օ=1 Ǣօ ℓօ, (4.1)

subj. to |ǩ(ǥօ)|1 ≤ ƾ, ∀ǭ = 1,… , Ǡ,
where ℓօ is the length of ǩ(ǥօ). In other words, one seeks an

alphabetic code of minimum average length in which each code-
word does not contain more than ƾ ones. For brevity, we will
refer to such codes as 1-constrained alphabetic codes. Furthermore,
we observe, for the sake of completeness, that in this translation
process, depending on the kind of question used to determine an
overestimate in the initial search procedure (and thus whether it
is encoded as a ′0′ or a ′1′), it may be necessary to impose a diêer-
ent total order relation on the set of symbols when constructing
the corresponding alphabetic code. For instance, for the type of
question deaned in [104], when an overestimate is encoded as a
’1’ bit, naturally, translate into alphabetic codes in which the order
of the leaves is reversed with respect to the original ordering. Con-
versely, encoding an overestimate as a ’0’ bit corresponds naturally
to alphabetic codes in which the order of the leaves preserves the
original one. In any case, the anal solutions are equivalent, but
simply symmetric.
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Finally, we can also deane the more general (𝛼, constrained-(܌
alphabetic codes as follows. For any binary string ǩ ∈ {0, 1}+, let
us denote with |ǩ|ܐ,܄ = 𝛼|ǩ|0 + ǩ|1|܌ the cost of 0’s and 1’s that
appear in ǩ, where |ǩ|0 and |ǩ|1 denote the number of zeros and
ones in ǩ respectively. The problem of designing the best average
case (𝛼, constrained-(܌ comparison-based search algorithm ƻ, able
to determine the unknown element in [Ǡ] under the constraints
that ƻ never performs a sequence of comparisons with a total cost
greater than ƾ, is equivalent to solve the following optimization
problem:

minի alphabetic
ਇ[ƽ] = minի alphabetic

∑֙օ=1 Ǣօ ℓօ, (4.2)

subj. to |ǩ(ǥօ)|ܐ,܄ ≤ ƾ, ∀ǭ = 1,… , Ǡ,
where ℓօ is the length ofǩ(ǥօ). Notice that when both 𝛼 and ܌ are

equal to zero, i.e. 𝛼 = ܌ = 0, the problem reduces to the classical
one without any constraint, while when they are both equal to 1,
i.e. 𝛼 = ܌ = 1, it yields the well-known length-limited alphabetic
code problem (already discussed in Section 2.6.2).

Finally, if we relax the alphabetic constraint in Problem (4.1)
to a preax constraint, we arrive at the exact problem studied by
Dolev et al. [45], which was discussed in the previous section.

4.3 (𝛼, constrained-(܌ alphabetic codes

In this section, we provide a straightforward Dynamic Program-
ming algorithm to compute a solution to the optimization prob-
lem (4.2) and therefore also to (4.1). Subsequently, we employ
the Knuth-Yao Dynamic Programming– speed up to get a better
algorithm.

Let ƽ(ǭ, Ǯ, ǩ) denote the minimum average length of any (𝛼, -(܌
constrained alphabetic code (tree) for the symbols ǥօ,… , ǥ։, with1 ≤ ǭ ≤ Ǯ ≤ Ǡ, in which each codeword has a cost of at most ǩ. We
say that ƽ(ǭ, Ǯ, ǩ) is the cost of an optimal (𝛼, constrained-(܌ alphabetic
tree. The solution of the optimization problem (4.2) corresponds
to the problem of determining the value ƽ(1, Ǡ,ƾ). Let c(ǭ, Ǯ) =Ǣօ + … + Ǣ։ denote the sum of the probabilities associated with
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the symbols ǥօ,… , ǥ։. We express the cost ƽ(ǭ, Ǯ, ǩ) as a function of
the cost of its sub-trees. By considering all the possible ways of
splitting the sequence of symbols ǥօ,… , ǥ։ into a left and a right sub-
tree (with at least a node in each sub-tree), we get the following
recurrence relation:

ƽ(ǭ, Ǯ, ǩ) =
⎧{{{{{{⎨{{{{{{⎩

0 if ǭ = Ǯ,∞ if ǭ < Ǯ andǩ < max{𝛼, ,{܌
c(ǭ, Ǯ) + minօ<֍≤։{ƽ(ǭ, ǝ − 1,ǩ − 𝛼)+ƽ(ǝ, Ǯ, ǩ − {(܌ otherwise.

(4.3)

We recall that the right sub-tree is reached from a right-pointing
edge of the root; therefore, all corresponding codewords one ob-
tains begin with symbol 1, and this accounts for the value ǩ − ܌
in the parameters of the right sub-tree cost. Similarly, all the code-
words one obtains from the left sub-tree begin with 0, and this
accounts for the value ǩ − 𝛼.

From the expression of (4.3), one can easily see that ƽ(1, Ǡ,ƾ),
can be computed in ǉ(Ǡ3ƾ) time and ǉ(Ǡ3ƾ) space. Algorithm 8
does that. Moreover, to compute also the optimal alphabetic code
(and not only its cost), the algorithm keeps track of the indices on
which the optimal partition occurs. This is done with the valuesǌ(ǭ, Ǯ, ǩ)’s, i.e., ǌ(ǭ, Ǯ, ǩ) corresponds to the biggest index ǝ for
which ƽ(ǭ, Ǯ, ǩ) = c(ǭ, Ǯ) + ƽ(ǭ, ǝ − 1,ǩ − 𝛼) + ƽ(ǝ, Ǯ, ǩ − .(܌
4.3.1 An improved algorithm

The time complexity of Algorithm 8 can be improved by a fac-
tor of Ǡ by using a technique introduced by Knuth in [91] and
generalized by Yao [137]. For such a purpose, let us recall some
preliminary deanitions and results. Let ǌօ,։,ֽ be the largest index
where the minimum is achieved in the deanition of ƽ(ǭ, Ǯ, ǩ). We
recall that ǌօ,։,ֽ corresponds exactly to the value ǌ(ǭ, Ǯ, ǩ) com-
puted inAlgorithm 8. Moreover, let us use ƽ֍(ǭ, Ǯ, ǩ) to denote the
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Algorithm 8: Dynamic Programming Approach
Input: Symbols Ǎ = {ǥ1,… , ǥ֙}, Ǣ = ⟨Ǣ1,… , Ǣ֙⟩ the

associated probability distribution and an integer
value ƾ

1 for ǭ ← 1 to Ǡ do
2 for Ǯ ← ǭ + 1 to Ǡ do
3 for ǩ ← 0 to max{𝛼, {܌ − 1 do
4 ƽ(ǭ, Ǯ, ǩ) = ∞
5 for ǩ ← 0 to ƾ do
6 for ǭ ← 1 to Ǡ do
7 ƽ(ǭ, ǭ, ǩ) = 0
8 ǌ(ǭ, ǭ, ǩ) = ǭ
9 for ǩ ← max{𝛼, {܌ to ƾ do
10 for ǭ ← 1 to Ǡ − 1 do
11 ƽ(ǭ, ǭ + 1, ǩ) = Ǣօ + Ǣօ+1
12 ǌ(ǭ, ǭ + 1, ǩ) = ǭ
13 for ǩ ← max{𝛼, {܌ to ƾ do
14 for ǥ ← 2 to Ǡ − 1 do
15 for ǭ ← 1 to Ǡ − ǥ do
16 Ǯ = ǭ + ǥ ; // Proceed by diagonals
17 ǟǭǠ = ∞
18 ǟǭǠǘǙǪ = −1
19 for ǝ ← ǭ + 1 to Ǯ do
20 if ƽ(ǭ, ǝ −1,ǩ−𝛼)+ƽ(ǝ, Ǯ, ǩ−܌) ≤ ǟǭǠ then
21 ǟǭǠ = ƽ(ǭ, ǝ − 1,ǩ − 𝛼) + ƽ(ǝ, Ǯ, ǩ − (܌
22 ǟǭǠǘǙǪ = ǝ
23 ƽ(ǭ, Ǯ, ǩ) = c(ǭ, Ǯ) + ǟǭǠ
24 ǌ(ǭ, Ǯ, ǩ) = ǟǭǠǘǙǪ

Output: ƽ(1, Ǡ,ƾ) and ǌ
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cost of an optimal (𝛼, constrained-(܌ alphabetic code under the
constraint that the arst splitting of symbols ǥօ,… , ǥ։ is performed
into ǥօ,… , ǥ֍−1 and ǥ֍,… , ǥ։, i.e, ƽ֍(ǭ, Ǯ, ǩ) satisaes

ƽ֍(ǭ, Ǯ, ǩ) = c(ǭ, Ǯ) + ƽ(ǭ, ǝ − 1,ǩ − 𝛼) + ƽ(ǝ, Ǯ, ǩ − .(܌ (4.4)

We recall that a two-argument function ǚ (⋅, ⋅) satisaes the Quad-
rangle Inequality [137] if it holds thatǚ (ǭ, Ǯ) + ǚ (ǭ′, Ǯ′) ≤ ǚ (ǭ′, Ǯ) + ǚ (ǭ, Ǯ′), ∀1 ≤ ǭ ≤ ǭ′ ≤ Ǯ ≤ Ǯ′ ≤ Ǡ.
A function ǚ (⋅, ⋅) is said to be monotone if it holds thatǚ (ǭ, Ǯ′) ≥ ǚ (ǭ′, Ǯ), ∀1 ≤ ǭ ≤ ǭ′ ≤ Ǯ ≤ Ǯ′ ≤ Ǡ.
One can easily see that c(ǭ, Ǯ) = Ǣօ +⋯+ Ǣ։ is both monotone and
satisaes the Quadrangle Inequality (actually, with the equality
sign).

Let us now recall the work of Borchers and Gupta [22] in which
they showed that the Quadrangle Inequality holds for a large class
of functions.

Let ǀ(ǭ, Ǯ, Ǥ) be the minimum cost of solving a problem on in-
puts ǭ, ǭ + 1,… , Ǯ with “resource” Ǥ (in our case, the resource will
be the maximum cost that a codeword cannot exceed). Borchers
and Gupta showed that the Quadrangle Inequality holds for all
functions ǀ(ǭ, Ǯ, Ǥ) deaned as follows:

ǀ(ǭ, Ǯ, Ǥ) =
⎧{{{{{{⎨{{{{{{⎩

ǩ(ǭ), if ǭ = Ǯ and Ǥ ≥ 0,
minօ≤֍<։{Ǖǀ(ǭ, ǝ, ǚ (Ǥ))+ǖǀ(ǝ + 1, Ǯ, Ǜ(Ǥ)) + ℎ(ǭ, ǝ, Ǯ)}, if ǚ (Ǥ) ≥ 0 andǛ(Ǥ) ≥ 0,
undeaned, otherwise,

(4.5)

where ǩ(ǭ) denotes the cost of ǀ(ǭ, ǭ, Ǥ), ǚ (⋅) and Ǜ(⋅) are two func-
tions such that Ǥ ≥ ǚ (Ǥ) and Ǥ ≥ Ǜ(Ǥ), i.e., they are assuming that
the resource does not increase, Ǖ and ǖ are two positive integers,
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and the function ℎ(ǭ, ǝ, Ǯ) is the cost of dividing the problem ǀ(ǭ, Ǯ, Ǥ)
at the splitting point ǝ. Moreover, the function ℎ must satisfy the
following conditions that are similar to the quadrangle inequality:
for ǭ ≤ Ǯ ≤ Ǧ < ǥ ≤ Ǟ and ǭ ≤ ǥ < Ǟ, if Ǧ ≤ ǝ it holds thatℎ(ǭ, Ǧ, ǥ) − ℎ(Ǯ, Ǧ, ǥ) + ℎ(Ǯ, ǝ, Ǟ) − ℎ(ǭ, ǝ, Ǟ) ≤ 0 (4.6)

and ℎ(Ǯ, ǝ, Ǟ) − ℎ(ǭ, ǝ, Ǟ) ≤ 0. (4.7)

While if ǝ < Ǧ, it holds thatℎ(Ǯ, Ǧ, Ǟ) − ℎ(Ǯ, Ǧ, ǥ) + ℎ(ǭ, ǝ, ǥ) − ℎ(ǭ, ǝ, Ǟ) ≤ 0 (4.8)

and ℎ(ǭ, ǝ, ǥ) − ℎ(ǭ, ǝ, Ǟ) ≤ 0. (4.9)

To summarize, Borchers and Gupta [22] proved the following
result.
Lemma 4 ([22]). For each Ǥ ≥ 0, the function ǀ deaned in (4.5)
satisaes the Quadrangle Inequality, that is, ∀1 ≤ ǭ ≤ ǭ′ ≤ Ǯ ≤ Ǯ′ ≤ Ǡ it
holds thatǀ(ǭ, Ǯ, Ǥ) + ǀ(ǭ′, Ǯ′, Ǥ) ≤ ǀ(ǭ, Ǯ′, Ǥ) + ǀ(ǭ′, Ǯ, Ǥ). (4.10)

Using Lemma 4 we can prove the following result. The proof is
provided in Appendix B.1.
Lemma 5. For each 0 ≤ ǩ ≤ ƾ, our functionƽ deaned in (4.3) satisaes
the Quadrangle Inequality, that is, ∀1 ≤ ǭ ≤ ǭ′ ≤ Ǯ ≤ Ǯ′ ≤ Ǡ, it holds
that ƽ(ǭ, Ǯ, ǩ) + ƽ(ǭ′, Ǯ′, ǩ) ≤ ƽ(ǭ, Ǯ′, ǩ) + ƽ(ǭ′, Ǯ, ǩ). (4.11)

By using Lemma 5 we can show the following result, which is
a generalization of the crucial property called “monotonicity of
the roots” in [91]. This result is the key step for improving the
algorithm.
Theorem 15. For each 0 ≤ ǩ ≤ ƾ it holds that∀1 ≤ ǭ ≤ Ǯ ≤ Ǡ ǌօ,։,ֽ ≤ ǌօ,։+1,ֽ ≤ ǌօ+1,։+1,ֽ. (4.12)
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Proof. Let max{𝛼, {܌ ≤ ǩ ≤ ƾ (for ǩ < max{𝛼, {܌ the theorem is
trivially true). The claim is trivially true also when ǭ = Ǯ. Let us
assume that ǭ < Ǯ.Wewill show thatǌօ,։,ֽ ≤ ǌօ,։+1,ֽ, the argument
for ǌօ,։+1,ֽ ≤ ǌօ+1,։+1,ֽ follows by symmetry. Since ǌօ,։,ֽ is the
largest index where the minimum is achieved in the deanition ofƽ(ǭ, Ǯ, ǩ), it is suëcient to show that ∀ǭ < ǝ ≤ ǝ′ ≤ Ǯ it holds thatƽ֍′(ǭ, Ǯ, ǩ) ≤ ƽ֍(ǭ, Ǯ, ǩ) ⟹ ƽ֍′(ǭ, Ǯ + 1, ǩ) ≤ ƽ֍(ǭ, Ǯ + 1, ǩ).

(4.13)

This is suëcient because the implication (4.13) ensures that the
set of indices achieving the minimum does not shift to the left asǮ increases. Speciacally, if ǝ′ is the largest index that minimizesƽ(ǭ, Ǯ, ǩ), the implication ƽ֍′(ǭ, Ǯ + 1, ǩ) ≤ ƽ֍(ǭ, Ǯ + 1, ǩ) for allǝ < ǝ′ guarantees that the new optimal index ǌօ,։+1,ֽ cannot be
smaller than ǝ′.

We will prove that (4.13) holds by showing the following in-
equality, for all ǭ < ǝ ≤ ǝ′ ≤ Ǯ,ƽ֍(ǭ, Ǯ, ǩ)−ƽ֍′(ǭ, Ǯ, ǩ) ≤ ƽ֍(ǭ, Ǯ +1, ǩ)−ƽ֍′(ǭ, Ǯ +1, ǩ). (4.14)

In fact, let us assume that (4.14) is true. Then,wheneverƽ֍′(ǭ, Ǯ, ǩ) ≤ƽ֍(ǭ, Ǯ, ǩ) of (4.13) holds, from (4.14) we get that0 ≤ ƽ֍(ǭ, Ǯ, ǩ)−ƽ֍′(ǭ, Ǯ, ǩ) ≤ ƽ֍(ǭ, Ǯ+1, ǩ)−ƽ֍′(ǭ, Ǯ+1, ǩ). (4.15)

From (4.15), since 0 ≤ ƽ֍(ǭ, Ǯ + 1, ǩ) − ƽ֍′(ǭ, Ǯ + 1, ǩ), we obtain
that ƽ֍′(ǭ, Ǯ + 1, ǩ) ≤ ƽ֍(ǭ, Ǯ + 1, ǩ), that is, (4.13) holds too. To
prove (4.14) let us rewrite it as followsƽ֍(ǭ, Ǯ, ǩ)+ƽ֍′(ǭ, Ǯ + 1, ǩ) ≤ ƽ֍(ǭ, Ǯ + 1, ǩ)+ƽ֍′(ǭ, Ǯ, ǩ). (4.16)

By expanding all four terms of (4.16) we get (cfr., see (4.4))

c(ǭ, Ǯ) + ƽ(ǭ, ǝ − 1,ǩ − 𝛼) + ƽ(ǝ, Ǯ, ǩ − +(܌ c(ǭ, Ǯ + 1) + ƽ(ǭ, ǝ′ − 1,ǩ − 𝛼) + ƽ(ǝ′, Ǯ + 1, ǩ − ≥(܌ c(ǭ, Ǯ + 1) + ƽ(ǭ, ǝ − 1,ǩ − 𝛼) + ƽ(ǝ, Ǯ + 1, ǩ − +(܌ c(ǭ, Ǯ) + ƽ(ǭ, ǝ′ − 1,ǩ − 𝛼) + ƽ(ǝ′, Ǯ, ǩ − .(܌
Grouping the terms of the above inequality, we obtain

ƽ(ǝ, Ǯ, ǩ−܌)+ƽ(ǝ′, Ǯ+1, ǩ−܌) ≤ ƽ(ǝ, Ǯ+1, ǩ−܌)+ƽ(ǝ′, Ǯ, ǩ−܌).
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(4.17)

This is the quadrangle inequality for the functionƽwith parameterǩ− ,܌ with ǝ ≤ ǝ′ ≤ Ǯ < Ǯ + 1, and from Lemma 5 we know that it
holds true. Thus, this concludes the proof.

Now, according to Theorem 15, the loop inAlgorithm 8 (line 19)
can be optimized. Instead of searching from ǭ+1 to Ǯ, it is suëcient
to search only from ǌ(ǭ, Ǯ − 1, ǩ) to ǌ(ǭ + 1, Ǯ, ǩ). As argued by
Knuth [91, p. 19], with these modiacations, the number of cases
to examine is only ǌ(ǭ + 1, Ǯ, ǩ) − ǌ(ǭ, Ǯ − 1, ǩ) + 1. Summing this
expression for a axed diêerence Ǯ − ǭ gives a telescoping series,
showing that the total amount of work of each iteration of the loop
at line 13 is proportional to ǉ(Ǡ2), at worst. This decreases the
total time complexity of the algorithm from ǉ(Ǡ3ƾ) to ǉ(Ǡ2ƾ).

We conclude this section by showing in the following remark
that the problem remains polynomial in Ǡ even if the parameters𝛼, ܌ and ƾ are not.

Remark 3. We observe that no assumption is required regarding the
magnitude of 𝛼, ܌ and ƾ with respect to Ǡ to guarantee that the problem
can be solved in polynomial time in Ǡ. This is because the algorithm
can be implemented to maintain a time complexity that is polynomial inǠ, regardless of the size of the other parameters. Indeed, the recurrence
in (4.3) implies that the third parameter ǩ assumes only values of the
form ƾ − (Ǫ𝛼 + ǫ܌), with Ǫ, ǫ ∈ ℕ. Moreover, since the depth of the
constructed tree is bounded by Ǡ−1, we have the constraint Ǫ+ǫ ≤ Ǡ−1.
Consequently, the set of eêectively reachable values for ǩ is restricted to{ƾ − (Ǫ𝛼 + ǫ܌) ∣ Ǫ, ǫ ∈ ℕ, Ǫ + ǫ ≤ Ǡ − 1} ∩ [0,ƾ].
The cardinality of this set is bounded by the number of integer points(Ǫ, ǫ) satisfying the length constraint, which is at mostǉ(Ǡ2). Therefore,
regardless of the size of ƾ, the algorithm can be implemented to run in
polynomial time in Ǡ.
4.3.2 A condition for the existence of 1-constrained alphabetic codes
In this section,we brieby focus on the special case of (0, 1)-constrained
alphabetic codes, also referred to as 1-constrained alphabetic codes.
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We provide a necessary and suëcient condition for the existence
of these codes. Speciacally, we naturally extend the classical condi-
tion introduced by Nakatsu [115] (see Section 2.4 for the classical
setting). We begin with some preliminary deanitions.

Deanition 9. Let Ǫ be a binary fraction and let ǭ ≥ 1 be an integer.
Deane the function trunc as follows

trunc(ǭ, Ǫ) = ⌊2օ Ǫ⌋2օ . (4.18)

In other words, trunc(ǭ, Ǫ) is the fraction obtained by considering only
the arst ǭ bits in the binary representation of Ǫ.
Deanition 10. Let Ǫ be a binary fraction and let ǭ ≥ 1 and ƾ ≥ 1 be
integers.
Deane the function կߌ as follows:ߌկ(ǭ, Ǫ) returns Ǫ if the arst ǭ bits in the binary expansion of Ǫ contain
at most ƾ ones.
Otherwise, it returns ǫ, where ǫ is the smallest value greater than Ǫ

whose binary expansion has at most ƾ ones in its arst ǭ bits.
We can now deane our condition.

Deanition 11. Let ǆ = ⟨ℓ1,… , ℓ֙⟩ be a list of positive integers, and
let 𝛼օ = min(ℓօ−1, ℓօ), for ǭ = 2,… , Ǡ. The recursive function sumկ is
deaned as

sumկ(ǆ, ǭ) = ,կ(ℓօߌ⎩}⎨}⎧ trunc(𝛼օ, sumկ(ǆ, ǭ − 1)) + (ֆ܄−2 if ǭ ≥ 2,0 if ǭ = 1.
(4.19)

Following the same approach of Nakatsu, we can now present
our necessary and suëcient condition in the following theorem,
whose proof is deferred to Appendix B.2.

Theorem 16. Let ǆ = ⟨ℓ1,… , ℓ֙⟩ be a list of integers, associated with
the ordered symbols ǥ1 ≺ ⋯ ≺ ǥ֙, and let ƾ be a positive integer. There
exists a 1-constrained alphabetic code for which each codeword contains
at most ƾ ones and for which the codeword assigned to symbol ǥօ has
length ℓօ, for each ǭ = 1,… , Ǡ, if and only if sumկ(ǆ, Ǡ) < 1.
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Intuitively, our condition extends the same idea underlying
Nakatsu’s classical inequality [115]. As in the classical setting,
we interpret the unit interval [0, 1] as our total coding space for
constructing an alphabetic code. Therefore, each codeword is as-
sociated with a value in [0, 1]. Under this point of view, sumկ(ǆ, ǭ)
represents the smallest value greater than sumկ(ǆ, ǭ − 1) that can
be used to build a codeword of length ℓօ while preserving both
the preax property and the constraint on the maximum number
of ones.

4.4 1-constrained prefix codes

Let us now focus on themore complex scenario of (𝛼, constrained-(܌
preax codes. Speciacally, let us consider the special case of 1-
constrained binary preax codes. As discussed in Section 4.1, the
best-known algorithm for constructing such codes has a time com-
plexity ofǉ(Ǡ2+կ) [45]. This high complexity arises because, with-
out a predeaned order of the symbols (like in the alphabetic sce-
nario), one should take into account all possible permutations.
Furthermore, the common technique of reducing the preax coding
problem to the simpler alphabetic one-applicable when the proba-
bility distribution Ǣ of the symbols is ordered (in a non-increasing
or non-decreasing fashion), as in the classical setting [139] or in
the length-limited case [53, 60] (discussed in Section 2.6.2)-does
not carry over to general (𝛼, constrained-(܌ preax codeswith 𝛼 ≠ .܌
This reduction works only in the special symmetric case 𝛼 = ܌ = 1,
which coincides with the length-limited model. To illustrate this
point, consider the following instance of the 1-constrained binary
preax coding problem. Let Ǡ = 11,ƾ = 2 and

Ǣ1 = Ǣ2 = ⋯ = Ǣ8 = 116, Ǣ9 = Ǣ10 = 18, Ǣ11 = 14.
An optimal 1-constrained preax code for this instance is shown in
Figure 4.1; its average length is equal to ǂ(Ǣ) = 3.25.
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ǥ1 ǥ2 ǥ3 ǥ4 ǥ5 ǥ6
ǥ9

ǥ7 ǥ8
ǥ10

ǥ11

Figure 4.1: An optimal 1-constrained binary preax code for Ǣ =(1/16,… , 1/16, 1/8, 1/8, 1/4).
Consider now the alphabetic version of the same instance. If we

impose the alphabetic order on the set of symbols Ǎ = {ǥ1,… , ǥ֙}-
whether the probabilities are ordered in a non-decreasing fashion

⟨ 116,… , 116, 18 , 18 , 14⟩
or in a non-increasing fashion

⟨14, 18 , 18 , 116,… , 116⟩
the optimal 1-constrained binary alphabetic codes obtained in
either case have an average length that is strictly greater than3.25. Moreover, by applying the condition for the existence of 1-
constrained alphabetic codes established in Section 4.3.2, it can be
shown that there does not exist a 1-constrained alphabetic code
for the symbols ǥ1 ≺ ⋯ ≺ ǥ֙ with codeword lengths equal to the
ones used in Figure 4.1.

Given that in this context the preax coding problem cannot be
reduced to the alphabetic problem, in the following we proceed
to establish a Kraft-like condition, i.e., a necessary and suëcient
criterion for the existence of 1-constrained binary preax codes.
Subsequent sections present further results and considerations for
this class of codes.

4.4.1 A Kraft-like condition for the existence of 1-constrained binary
preax codes

In this section, we derive a necessary and suëcient condition
for the existence of an 1-constrained preax code/tree, given a
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multiset {ℓ1,… , ℓ֙} of positive integers, and a positive integer ƾ.
It represents a natural extension of the classical Kraft inequality
to the 1-constrained setting. We point out that there are many
extensions of the Kraft inequality to situations where the codes
have to satisfy additional constraints (besides that of being preax),
see [14, 32, 44, 59, 82, 86, 123, 131]. However, none of the above
quoted papers deal with the extension we derive in the following.

Let us start by presenting the suëcient direction of our Kraft-
like condition, whose proof is deferred to Appendix B.3.

Lemma 6. Let {ℓ1,… , ℓ֙} be a multiset of positive integers, ƾ a pos-
itive integer and ǆ = maxօ ℓօ. Let ǈ։ count the number of integers in{ℓ1,… , ℓ֙} that are equal to Ǯ, for Ǯ = 1,… , ǆ. Then, there exists a 1-
constrained binary preax code with codeword lengths ℓ1,… , ℓ֙, such
that each codeword does not contain more than ƾ ones, if the following
inequalities hold:

ǈ։ ≤ կ−1∑օ=0 (Ǯǭ) + ( Ǯ − 1ƾ − 1) − Ǉ։+1, ∀Ǯ = 1,… , ǆ, where

(4.20)

Ǉ։+1 = ⎧{{⎨{{⎩
0 if Ǯ ≥ ǆ,⌈ǈ։+1 + Ǉ։+22 ⌉ if 1 ≤ Ǯ < ǆ. (4.21)

To build intuition for the construction method presented in
the proof of the previous lemma, let us walk through a concrete
example.

Example 3. Let ⟨4, 2, 3, 4, 3, 3, 3⟩ be the list of lengths associated with
the symbols ǥ1,… , ǥ7 and ƾ = 2. By the deanitions, we get the values:ǈ4 = 2,ǈ3 = 4,ǈ2 = 1 and ǈ1 = 0. Let us arst of all see that for such
values the inequalities (4.20) hold. Indeed:

ǈ4 = 2 ≤ 1∑օ=0 (4ǭ) + (31) = 8, (4.22)

ǈ3 = 4 ≤ 1∑օ=0 (3ǭ) + (21) − ⌈22⌉ = 5, (4.23)
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ǈ2 = 1 ≤ 1∑օ=0 (2ǭ) + (11) − ⌈4 + 12 ⌉ = 1, (4.24)

ǈ1 = 0 ≤ 1∑օ=0 (1ǭ) + (01) − ⌈1 + 32 ⌉ = 0. (4.25)

Since the inequalities hold, we can construct the 1-constrained preax code
with the required list of lengths ⟨4, 2, 3, 4, 3, 3, 3⟩. For such a purpose, let
us start from the complete binary tree ǎ of depth 4 in which, for any nodeǨ, the path from the root to the node Ǩ does not contain more than ƾ = 2
edges with label 1 (Figure 4.2).

Figure 4.2: The complete binary tree ǎ of depth 4
Since ǈ4 = 2 we need two nodes at the level 4 of ǎ to construct the

codewords for the symbols ǥ1 and ǥ4, respectively. As described in Lemma
6, we take the left-most ones, and we get the tree in Figure 4.3. Note that
it is the inequality (4.22) that assures us that we can choose such nodes
at the level 4.

ǥ1 ǥ4
Figure 4.3: The tree ǎ after choosing the nodes for the codewords of

length 4

Now, since ǈ3 = 4, we need to take four nodes at level 3 for the
construction of the codewords for the symbols ǥ3, ǥ5, ǥ6 and ǥ7. However,
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we have to ignore the nodes that are preaxes of the chosen codewords
of length 4. Note that we can do this since the values ǈօ’s satisfy the
required inequalities.

ǥ1 ǥ4
ǥ3 ǥ5 ǥ6 ǥ7

Figure 4.4: The tree after choosing the nodes for the codewords of length4 and 3
Since ǈ2 = 1, there is only one codeword of length 2 that we need

to choose. Therefore, we take the left-most node at level 2 that is still
“available”, as shown in Figure 4.5.

ǥ1 ǥ4
ǥ3 ǥ5 ǥ6 ǥ7

ǥ2

Figure 4.5: The tree after choosing the nodes for the codewords of length4, 3 and 2
Finally, since ǈ1 = 0 we do not need to take any node at level 1. So,

the tree that we get in the end is shown in Figure 4.6.
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ǥ1 ǥ4
ǥ3 ǥ5 ǥ6 ǥ7

ǥ2

Figure 4.6: The anal tree after the choice of all codewords

The 1-constrained preax code ǩ ∶ {ǥ1,… , ǥ7} → {0, 1}+ that we get
from the tree in Figure 4.6 is the following: ǩ(ǥ1) = 0000, ǩ(ǥ2) = 11,ǩ(ǥ3) = 001, ǩ(ǥ4) = 0001, ǩ(ǥ5) = 010, ǩ(ǥ6) = 011 and ǩ(ǥ7) =100.

�

The condition presented in Lemma6 is only a suëcient condition
for the existence of a 1-constrained binary preax code with at mostƾ ones in each codeword. This is because the values Ǉ։+1 (4.21)
do not necessarily represent the minimal number of nodes that
must be removed at each level Ǯ of the complete binary tree to
ensure the preax property is maintained.

However, if we restrict our analysis to codeword lengths of 1-
constrained preax codes that correspond to full binary trees (i.e.,
for which it holds that ∑օ֙=1 2−ℓֆ = 1 or, equivalently, any internal
node has exactly two children [5]), then the condition of Lemma 6
becomes necessary as well. The following lemma, whose proof is
deferred to Appendix B.4, formalizes this result.

Lemma 7. Let ℓ1,… , ℓ֙ be the codeword lengths of a 1-constrained
preax code ƽ in which each codeword does not contain more than ƾ ones
and whose tree representation corresponds to a full binary tree, i.e., for
which ∑օ֙=1 2−ℓֆ = 1. Then the following inequalities hold:

ǈ։ ≤ կ−1∑օ=0 (Ǯǭ) + ( Ǯ − 1ƾ − 1) − Ǉ։+1, ∀Ǯ = 1,… , ǆ, (4.26)

where Ǉ։ and ǈ։ are deaned as in Lemma 6 and ǆ = maxօ ℓօ.
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4.4.2 Additional remarks

Let us maintain our focus on the simpler class of 1-constrained
codes. The constraint that at most ƾ ones must appear in each
codeword might prevent the construction of the (otherwise unre-
stricted) optimal code. Thus, the following natural question arises:
underwhat conditions does this constraint actually limit the choice
of an optimal code? That is, for what value of ƾ is the optimal
constrained code identical to the optimal unrestricted code?

For the case of alphabetic trees, establishing the smallest value
of ƾ that does not prevent the construction of the optimal code
is straightforward. Indeed, it is easy to identify probability dis-
tributions (for example, a decreasing dyadic distribution, i.e.,Ǣ = ⟨1/2, 1/4, 1/8,…⟩) for which any optimal alphabetic codemust
have a codeword with Ǡ − 1 ones. Hence, any value of ƾ strictly
less than Ǡ − 1 is a constraint that prevents the construction of a
code with the same cost of an optimal unrestricted one.

For the case of preax codes, establishing a similar result is not
immediate. In the next theorem (whose proof is deferred to Ap-
pendix B.5), we prove that the smallest value of ƾ that does not
prevent the construction of a tree whose cost is as the cost of an
optimal unrestricted tree is ƾ = ⌊log2 Ǡ⌋.
Theorem17. LetǍ = {ǥ1,… , ǥ֙} be a set of symbols and Ǣ = ⟨Ǣ1,… , Ǣ֙⟩
a probability distribution on Ǎ with Ǣ1 ≤ ⋯ ≤ Ǣ֙. There exists an op-
timal 1-constrained preax tree/code ǎ∗ for Ǎ, in which each codeword
does not contain more than log2 Ǡ ones.

In Theorem 17, we have shown that for ƾ = log2 Ǡ, the restric-
tion on the maximum number of ones per codeword does not
represent a restriction anymore. This naturally leads to the ques-
tion ofwhether, for this speciac value ofƾ, our proposedKraft-like
condition is equivalent to the classical Kraft inequality. In the fol-
lowing theorem, whose proof is deferred to Appendix B.6, we
demonstrate that our Kraft-like condition is indeed equivalent to
the Kraft Inequality when ƾ = ⌈log2 Ǡ⌉.
Theorem 18. For ƾ = ⌈log2 Ǡ⌉, our Kraft-like condition (4.20) is
equivalent to the classical Kraft-inequality.
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4.5 open problems

In this chapter, we studied the problem of constructing minimum
average-length VLCs derived from search problems with asymmet-
ric test outcome costs. We formalized this by introducing (𝛼, -(܌
constrained codes, where distinct outcomes of a binary test incur
diêerent costs, 𝛼 and ,܌ respectively. The central challenge was to
devise search strategies—or equivalently, codes—that minimize
expected query complexity while ensuring the cumulative cost of
any single search path remains within a predeaned budget, ƾ.

Our primary contribution was the development of an eëcient,
polynomial-time dynamic programming algorithm for construct-
ing optimal (𝛼, constrained-(܌ alphabetic codes. Successively, for
the speciac case of (0, 1)-constrained alphabetic codes, we also
established a necessary and suëcient condition for their existence.
Then, we considered the more complex preax code variant, specif-
ically focusing on 1-constrained preax codes. For this class, we
established a novel Kraft-like inequality that characterizes their
existence.

However, the question of whether or not, like in the alphabetic
setting, a polynomial time algorithm exists for constructing (𝛼, -(܌
constrained preax codes, or even 1-constrained preax codes, re-
mains open. Furthermore, the problem of whether our Kraft-like
condition for 1-constrained binary preax codes can be extended to
general (𝛼, constrained-(܌ binary preax codes also remains open.
This generalization is substantially more complex, as the combina-
torial analysis that underpins our Kraft-like inequality in Section
4.4.1 does not readily extend to arbitrary, non-negative costs for
both symbols.

However, for the special case of (0, constrained-(܌ preax codes,
we can see that our condition is still applicable. This is achieved
by showing that the problem of constructing (0, constrained-(܌
preax codes can be reduced to that of constructing 1-constrained
preax codes, for which we have already established the existence
condition. Let us brieby see how this is possible. In the (0, -(܌
constrained preax code problem, one seeks to construct a preax
code in which for each codeword ǩ holds that

|ǩ|ܐ = ǩ|1|܌ ≤ ƾ.
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In other words, for each codeword ǩ it holds that

|ǩ|1 ≤ ƾ/܌. (4.27)

Since |ǩ|1 is an integer, (4.27) is equivalent to

|ǩ|1 ≤ ⌊ƾ/܌⌋.
But, this anal expression is precisely the deanition of a 1-constrained
preax code with a budget ƾ′ = ⌊ƾ/܌⌋. Therefore, establishing
the existence of (0, constrained-(܌ preax codes with budget ƾ is
equivalent to establishing the existence of 1-constrained preax
codes with budget ƾ′ = ⌊ƾ/܌⌋, allowing our established Kraft-
like condition to be directly applied. The exact same reasoning
can be applied to the condition for 1-constrained alphabetic codes
too. Therefore, our necessary and suëcient condition for the exis-
tence of 1-constrained alphabetic codes can be extended to (0, -(܌
constrained alphabetic codes as well.

Finally, another interesting open question is to derive good
upper and lower bounds on the average length of such (𝛼, -(܌
constrained alphabetic and preax codes, in terms of an appro-
priate, easy-to-compute function of the probability distributionǢ = (Ǣ1,… , Ǣ֙) and the parameter ƾ, as done in terms of the Shan-
non entropy of Ǣ in the unrestricted classical case (see Section
2.5).





5PREF IX CODES WITH A SPACE DEL IM ITER

The preceding chapters examined VLCs, focusing mainly on their
close relation with binary search procedures (see Chapter 2 for
further information). In this chapter, we turn our attention to a
more general and distinct setting in which the aim is to construct
”eëcient” preax codes. Speciacally, we consider the problem of
constructing preax codes in which a designated symbol, a ”space”,
can only appear at the end of codewords. We designate such codes
with the name of preax codes ending with a space. This model formal-
izes the intuitive notion of using a special character exclusively as
a word delimiter, as happens in many natural languages.

The chapter is structured as follows: in Section 5.1 we provide
further context on the background and the settings in which such
codes are applicable; in Section 5.2 we investigate the relation-
ship between one-to-one codes and preax codes ending with a
space, and present a linear-time algorithm to construct almost-
optimal preax codes ending with a space, meaning that their av-
erage length diêers from the minimum possible by at most one;
then in Sections 5.3 and 5.4 we derive upper and lower bounds to
the average length of optimal preax codes ending with a space,
again leveraging their relationship with one-to-one codes. Finally,
we will also highlight an interesting link between our preax codes
ending with a space and particular classes of search algorithms.
The main results presented in the following are taken from [27].

5.1 introduction and preliminaries

Manymodern naturalwritten languages typically ensure clarity by
separating words with a designated special character, i.e., a space,
a simple yet eêective parsing mechanism [39] (See [134] for a few
exceptions to this rule). In contrast, classical Information Theory
achieves unique parsability through strict combinatorial rules
imposed on the codeword set, e.g., the preax property, unique
decipherability, etc. [35]. The eëciency of such codes, typically
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measured by the average number of code symbols per source
symbol, as is well-known, is fundamentally lower-bounded by the
Shannon entropy of the information source.

On the other hand, what happens if unique parsability is re-
laxed? Such a relaxation gives rise to one-to-one codes (seeDeanition
1), which assign a unique codeword to each source symbol but do
not guarantee that concatenated messages are uniquely decodable.
This freedom allows their average length to fall below the Shannon
entropy barrier, albeit not substantially ( see, e.g., [7, 21]).

This interesting tradeoê between distinct coding paradigms mo-
tivates a deeper investigation into alternative models that bridge
the gap between them. The arst to formally study problems in
such a scenario was Jaynes. In [80] he investigated codes in which
a designated character of the code alphabet is exclusively used
as a word delimiter. More precisely, Jaynes studied the possible
decrease of the noiseless channel capacity (see [125], p. 8) associ-
ated with any code that uses a designated symbol as an end-of-
codeword mark, as compared with the noiseless channel capacity
of an unconstrained code. Quite interestingly, Jaynes proved that
the decrease of the noiseless channel capacity of codeswith an end-
of-codeword mark becomes negligible as the maximum codeword
length increases.

Following Jaynes’s idea, we investigate the related problem of
constructing preax codes where a speciac symbol (referred to as
a ”space“) can only be positioned at the end of codewords. We
refer to this class of preax codes as preax codes ending with a space.
Our analysis reveals a fundamental relationship between this new
class of codes and the well-established domain of one-to-one codes.
By leveraging this connection, we achieve two main results:

• First,wedesign a linear-time algorithm that constructs almost-
optimal codes with this characteristic, guaranteeing that the
average length of the constructed codes is at most one unit
longer than the shortest possible average length of any pre-
ax code in which the space can appear only at the end of
codewords.

• We also provide upper and lower bounds on the average
length of optimal preax codes endingwith a space, expressed
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in terms of the source entropy and the cardinality of the code
alphabet.

5.2 relation between one-to-one codes and prefix codes
ending with a space

This section establishes the core framework for our study by detail-
ing the relationship between the well-known class of one-to-one
codes and that of preax codes endingwith a space.Wewill demon-
strate that this connection is not merely theoretical; it provides
a direct, constructive method for building almost-optimal preax
codes ending with a space from optimal one-to-one codes. To
ground this discussion, we begin with the formal deanitions of
these classes of codes.

Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols, Ǣ = (Ǣ1,… , Ǣ֙)
be a probability distribution on the set Ǎ, and Σ֍ = {0,… , ǝ − 1}
be the code alphabet, with ǝ ≥ 2.

We denote byΣ+֍ the set of all non-empty sequences on the code
alphabet Σ֍, and by Σ+֍ ⊔ the set of all non-empty ǝ-ary sequences
that end with the special symbol ⊔, i.e., the space symbol.

A (ǝ + 1)-ary preax code ending with a space is a one-to-one
mapping ǩ ∶ Ǎ ⟼ Σ+֍ ∪ Σ+֍ ⊔
that satisaes the preax condition: for any two distinct source sym-
bols ǥ, ǥ′ ∈ Ǎ, ǥ ≠ ǥ′, the codeword ǩ(ǥ) is not a preax of the
codeword ǩ(ǥ′). We note that the space symbol ⊔ may appear
only as the last symbol of a codeword, and its presence is optional.
We denote by ƽ = {ǩ(ǥ) ∶ ǥ ∈ Ǎ} the set of all its codewords.

A ǝ-ary one-to-one code (see [7, 21, 34, 95, 97, 127] and the refer-
ences therein quoted) is a one-to-one mapping ǚ ∶ Ǎ ⟼ Σ+֍ from Ǎ
to the set of all non-empty sequences over the alphabet Σ֍, ǝ ≥ 2.
This class of codes does not enforce the preax property, focusing
only on assigning a unique string to each symbol. Similarly, we
denote by ƾ = {ǚ (ǥ) ∶ ǥ ∈ Ǎ} the set of all its codewords.

For the sake of notation, as done in the previous chapters, we
will often refer to a code by its set of codewords, using ƽ for preax
codes ending with a space and ƾ for one-to-one codes.
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We recall that given an arbitrary code ƽ for a set of source
symbols Ǎ = {ǥ1,… , ǥ֙}, with probabilities Ǣ = (Ǣ1,… , Ǣ֙), its
average length ਇ[ƽ] is deaned as

ਇ[ƽ] = ∑֙օ=1 Ǣօℓօ,
where ℓօ is the length of the codeword assigned to the source
symbol ǥօ.

In the following, without loss of generality, we assume that the
probability distribution Ǣ = (Ǣ1,… , Ǣ֙) of the source symbols is
ordered in a non-increasing fashion, that is Ǣ1 ≥ … ≥ Ǣ֙. Under
this assumption, one can see that the best one-to-one code, i.e.,
the one with the minimum average length, proceeds by assigning
the shortest available codewords to the most probable symbols.
For example, in the binary case, it assigns the shortest codeword0 to the highest probability source symbol ǥ1, the next shortest
codeword 1 to the source symbol ǥ2, the codeword 00 to ǥ3, the
codeword 01 to ǥ4, and so on. An eëcient enumeration of this
sequence of codewords has recently been provided in [23].

In the following, however, for our purposes we utilize an equiva-
lent approach for constructing an optimal one-to-one code, which
proceeds as follows. Let us consider the arst Ǡ non-empty ǝ-ary
strings according to the radix order [93] (that is, the ǝ-ary strings
are ordered by length and, for equal lengths, ordered according
to the lexicographic order). It assigns the strings to the symbolsǥ1,… , ǥ֙ in Ǎ by increasing the string length and, for equal lengths,
by inverse order according to the lexicographic order. For example,
in the binary case, it assigns the codeword 1 to the highest proba-
bility source symbol ǥ1, the codeword 0 to the source symbol ǥ2,
the codeword 11 to ǥ3, the codeword 10 to ǥ4, and so on.

Therefore, in the general case of a ǝ-ary code alphabet, one can
see that an optimal one-to-one code of minimal average length
assigns a codeword of length ℓօ to the ǭ-th symbol ǥօ ∈ Ǎ, where ℓօ
is given by:

ℓօ = ⌊log֍((ǝ − 1) ǭ + 1)⌋. (5.1)

Moreover, these codewords can be visualized as nodes of a ǝ-ary
tree of maximum depth ℎ = ⌈log֍(Ǡ − ⌈Ǡ/ǝ⌉)⌉, where, for each
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node Ǩ, the ǝ-ary string (codeword) associated with Ǩ is obtained
by concatenating all the labels in the path from the root of the tree
to Ǩ.

A direct consequence of this encoding scheme is that concate-
nated sequences of codewords are not uniquely parsable. Let us
see how one can recover unique parsability by appending a space⊔ to a judiciously chosen subset of codewords.

To gain insight, let us consider the following example. Let Ǎ ={ǥ1, ǥ2, ǥ3, ǥ4, ǥ5, ǥ6, ǥ7, ǥ8, ǥ9, ǥ10} be the set of source symbols, and
and let us assume that the code alphabet is {0, 1}. Under the stand-
ing hypothesis that Ǣ1 ≥ … ≥ Ǣ10, one has that the best preax codeƽ, with mappingǩ, one can obtain by the procedure of appending
a space ⊔ to codewords of an optimal one-to-one code for Ǎ is the
following:ƽ(ǥ1) = 1⊔ƽ(ǥ2) = 0⊔ƽ(ǥ3) = 11ƽ(ǥ4) = 10ƽ(ǥ5) = 01⊔ƽ(ǥ6) = 00⊔ƽ(ǥ7) = 011ƽ(ǥ8) = 010ƽ(ǥ9) = 001ƽ(ǥ10) = 000.
We observe that we started from the codewords of the optimal
one-to-one code constructed according to the second procedure pre-
viously described. Moreover, the space symbol is appended pre-
cisely to only those codewords from the original one-to-one code
that are a preax of another; in this case, the codewords associated
with symbols ǥ1, ǥ2, ǥ5, and ǥ6. While, the remaining codewords
associated with symbols ǥ3, ǥ4, ǥ7, ǥ8, ǥ9, and ǥ10 do not necessitate
the space character ⊔. Indeed, the codeword setƽ = {1⊔, 0⊔, 11, 10, 01⊔, 00⊔, 011, 010, 001, 000}
satisaes the preax condition (i.e., no codeword is a preax of any
other); therefore, it guarantees the unique parsability.
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The idea of the above example can be generalized, as shown in
the following lemma.

Lemma 8. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙), with Ǣ1 ≥ … ≥ Ǣ֙ > 0, be a probability distribution on Ǎ.
Let Σ֍ be the ǝ ≥ 2-ary code alphabet. We can construct a preax code ƽ
ending with a space in linear time, ǉ(Ǡ), such that its average lengthਇ[ƽ] satisaes

ਇ[ƽ] = ਇ[ƾ] + ֎ℎ−1−1֎−1 −1∑օ=1 Ǣօ + ֎ℎ−1֎−1 −1∑օ= ֎ℎ+֎ℎ−1−2֎−1 −⌈֙/֍⌉Ǣօ (5.2)

≤ ਇ[ƾ] + ⌈֙/֍⌉−1∑օ=1 Ǣօ, (5.3)

where ਇ[ƾ] is the average length of an optimal ǝ-ary one-to-one code ƾ
and ℎ = ⌈log֍(Ǡ − ⌈Ǡ/ǝ⌉)⌉.
Proof. Under the standing hypothesis that the probabilities of the
source symbols are ordered from the largest to the smallest, we
show how to construct a preax code—by appending the special
character ⊔ to the end of (some) codewords of an optimal one-
to-one code for Ǎ—having the average length upper bounded by
(5.2).

Among the class of all the preax codes that one can obtain by
appending the character ⊔ to the end of (some) codewords of an
optimal ǝ-ary one-to-one code for Ǎ, we aim to construct the one
with the minimum average length. Therefore, we have to ensure
that, in the ǝ-ary tree representation of the code, the following basic
condition holds: For any pair of nodes Ǩօ and Ǩ։, ǭ < Ǯ, associated
with the symbols ǥօ and ǥ։, the depth of the node Ǩ։ is not smaller
than the depth of the node Ǩօ. In fact, if it were otherwise, the
average length of the code could be improved.

Therefore, by recalling that ℎ = ⌈log֍(Ǡ − ⌈Ǡ/ǝ⌉)⌉ is the height
of the ǝ-ary tree associated with an optimal ǝ-ary one-to-one codeƾ, we have that the preax code of the minimum average length
that one can obtain by appending the special character ⊔ to the
end of (some) codewords of ƾ assigns a codeword of length ℓօ to
the ǭ-th symbol ǥօ ∈ Ǎ, where ℓօ is given by:
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ℓօ =
⎧{{{{{⎨{{{{{⎩

⌊log֍((ǝ − 1) ǭ + 1)⌋ + 1, if ǭ ≤ ֍ℎ−1−1֍−1 − 1,⌊log֍((ǝ − 1) ǭ + 1)⌋ + 1, if ǭ ≥ ֍ℎ+֍ℎ−1−2֍−1 − ⌈Ǡ/ǝ⌉
and ǭ ≤ ֍ℎ−1֍−1 − 1,⌊log֍((ǝ − 1) ǭ + 1)⌋, otherwise.

(5.4)

We stress that the obtained preax code ƽ is not necessarily a preax
code ending with a space of minimum average length. Let us now
justify the expression (5.4). First, since the probabilities Ǣ1,… , Ǣ֙
are ordered in non-increasing fashion, the codeword lengths ℓօ of
the code are ordered in non-decreasing fashion, that is ℓ1 ≤ … ≤ ℓ֙.
Therefore, in the ǝ-ary tree representation of the code, it holds the
desired basic condition: For any pair of nodes Ǩօ and Ǩ։, ǭ < Ǯ,
associated with the symbols ǥօ and ǥ։, the depth of the node Ǩօ is
smaller than or equal to the depth of the node Ǩ։.

Furthermore, we need to append the space character only to
the ǝ-ary strings that are the preax of some others. Therefore,
let us consider the arst Ǡ non-empty ǝ-ary strings according to
the radix order [93], in which, we recall, the ǝ-ary strings are
ordered by length and, for equal lengths, ordered according to the
lexicographic order. We have that the number of strings that are a
preax of some others is exactly ⌈ ֍֙ ⌉ − 1. One obtains this number
by seeing the strings as corresponding to nodes in a ǝ-ary tree
with labels 0,… , ǝ − 1 on the edges. The number of strings that
are a preax of some others (among the Ǡ strings) is exactly equal
to the number of internal nodes (except the root) in such a tree.
This number of internal nodes is equal to ⌈֗−1֍ ⌉ − 1, where ǈ is
the total number of nodes that, in our case, is equal to ǈ = Ǡ + 1
(i.e., ǈ counts also the root of the tree).

Moreover, starting from the optimal one-to-one code constructed
according to our second method, that is, by assigning ǝ-ary strings
to the symbols by increasing length and, for equal lengths, by
inverse order according to the lexicographic order, one can verify
that the ⌈ ֍֙ ⌉ − 1 internal nodes are associated with the codewords
of the symbols ǥօ, for ǭ that goes from 1 to ֍ℎ−1−1֍−1 − 1, and from֍ℎ+֍ℎ−1−2֍−1 − ⌈Ǡ/ǝ⌉ to ֍ℎ֍−1 − 2.
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In fact, since the height of the ǝ-ary tree is ℎ = ⌈log֍(Ǡ− ⌈Ǡ/ǝ⌉)⌉
and since all the levels of the tree, except the last two, are full, we
need to append the space to all symbols from 1 to ֍ℎ−1−1֍−1 −1. While
on the second-to-last level, we have to append the space only to the
remaining internal nodes associated with the symbols ǥօ, where ǭ
goes from ֍ℎ+֍ℎ−1−2֍−1 − ⌈Ǡ/ǝ⌉ to ֍ℎ−1֍−1 − 1. Those remaining nodes
are exactly, among all the nodes in the second-to-last level, the
ones associated with the symbols that have smaller probabilities.
Thus, we obtain (5.4).

Summarizing, starting from an optimal ǝ-ary one-to-one codeƾ, we can construct a preax code ƽ ending with a space with
codeword lengths deaned as in (5.4). Moreover, this entire con-
struction can be implemented in ǉ(Ǡ) time. We simply visit the
tree associated with the one-to-one code–—which itself is built in
linear time–—and generate the codewords by appending a space
to the identiaed internal nodes

Thus, the average length of the constructed code satisaes:

ਇ[ƽ] =∑֙օ=1 Ǣօℓօ
=∑֙օ=1 Ǣօ⌊log֍((ǝ − 1) ǭ + 1)⌋ + ֎ℎ−1−1֎−1 −1∑օ=1 Ǣօ + ֎ℎ−1֎−1 −1∑օ= ֎ℎ+֎ℎ−1−2֎−1 −⌈֙/֍⌉Ǣօ

=ਇ[ƾ] + ֎ℎ−1−1֎−1 −1∑օ=1 Ǣօ + ֎ℎ−1֎−1 −1∑օ= ֎ℎ+֎ℎ−1−2֎−1 −⌈֙/֍⌉Ǣօ
≤ਇ[ƾ] + ⌈֙/֍⌉−1∑օ=1Ǣօ
(since we are adding ⌈Ǡ/ǝ⌉ − 1 Ǣօ’s,

and the Ǣօ’s are ordered).

A direct consequence of Lemma 8 is an upper bound on the
average length of any optimal preax codes ending with a space.
Moreover, the upper bound, given by equation (5.2), is expressed
as a function of the average length of an optimal ǝ-ary one-to-one
code.
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Following a similar line of reasoning, we can also derive a lower
bound on the average length of optimal preax codes ending with a
space in terms of the average length of optimal one-to-one codes.
For such a purpose, we need two intermediate results, whose
proofs are deferred in Appendix C.1-C.2. But to establish these
results, let us arst recall the tree representation of codes. Any ǝ-ary
code ƽ can be visualized as a set of nodes in a ǝ-ary tree, where the
edges are labeled from 0 to ǝ −1. Indeed, the codeword associated
with a node Ǩ corresponds to the sequence of labels along the
unique path from the root to a speciac node Ǩ. Moreover, a crucial
observation that will be useful for our analysis is that in a preax
code, the codewords must correspond exclusively to the leaves of
the tree, while in a one-to-one code, they may correspond to any
node, including internal ones.
Lemma 9. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols, and letǢ = (Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙ > 0, be a probability distribution onǍ. There exists an optimal (ǝ + 1)-ary preax code ending with a
space ƽ such that for any internal node Ǩ (except the root) of the tree
representation of ƽ, if we denote by ǩ the ǝ-ary string associated with
the node Ǩ, then the string ǩ⊔ belongs to the codeword set of ƽ.
Lemma 10. Let ƽ be an arbitrary (ǝ + 1)-ary preax code ending with
a space, then the ǝ-ary code ƾ that one obtains from ƽ by removing the
space ⊔ from each codeword of ƽ is a one-to-one code.

We can now derive a lower bound on the average length of
optimal (ǝ + 1)-ary preax codes ending with a space in terms of
the average length of optimal ǝ-ary one-to-one codes.
Lemma 11. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols, and letǢ = (Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙ > 0, be a probability distribution on Ǎ,
then the average length of an optimal (ǝ + 1)-ary preax code ƽ satisaes

ਇ[ƽ] ≥ ਇ[ƾ] + ⌈֙/֍⌉−1∑օ=1 Ǣ֙−օ+1, (5.5)

where ਇ[ƾ] is the average length of an optimal ǝ-ary one-to-one code ƾ
on Ǎ.
Proof. FromLemma 9, we know that there exists an optimal (ǝ+1)-
ary preax code ƽ ending with a space in which exactly ⌈ ֍֙ ⌉ − 1
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codewords contain the space character at the end. Letƻ ⊂ {1,… , Ǡ}
be the set of indices associated with the symbols whose codeword
contains the space. Moreover, from Lemma 10, we know that the
code ƾ′ obtained by removing the space from ƽ is a one-to-one
code. Putting it all together, we obtain that

ਇ[ƾ′] = ਇ[ƽ] − ∑օ∈գ Ǣօ. (5.6)

From (5.6), we have that

ਇ[ƽ] = ਇ[ƾ′] + ∑օ∈գ Ǣօ≥ ਇ[ƾ] + ∑օ∈գ Ǣօ
(since ƾ′ is a one-to-one code and ƾ is an optimal one)

≥ ਇ[ƾ] + ⌈֙/֍⌉−1∑օ=1 Ǣ֙−օ+1
(since ƻ contains ⌈ ֍֙ ⌉ − 1 elements).

We notice that the gap between the upper bound (5.2) and the
lower bound (5.5) is, because of (5.3), less than

⌈֙/֍⌉−1∑օ=1 Ǣօ − ⌈֙/֍⌉−1∑օ=1 Ǣ֙−օ+1 < 1. (5.7)

Therefore, the preax code ending with a space that we construct
in Lemma 8 is almost-optimal. Indeed, it has an average length
that diêers from the minimum possible by at most one. It is also
worth noting that the gap is often signiacantly smaller than one,
since the left-hand side of (5.7) is, usually, much smaller than one.
Furthermore, the gap is decreasing in the size of the code alphabet,ǝ.

Having established an eëcient method for constructing almost-
optimal preax codes ending with a space, the next natural step
is to derive upper and lower bounds on the average length of
such codes. Thus, as anticipated before, the following sections
are dedicated to deriving upper and lower bounds on the aver-
age length of these codes in terms of the ǝ-ary Shannon entropy
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ǂ֍(Ǣ) = −∑օ֙=1 Ǣօ log֍ Ǣօ of the source distribution Ǣ. Speciacally,
our approach is twofold. We arst establish these entropic bounds
for optimal ǝ-ary one-to-one codes. Then, by virtue of the rela-
tionships established in Lemma 8 and Lemma 11, these bounds
will directly translate into corresponding bounds on the average
length of optimal preax codes ending with a space.

5.3 lower bounds

In this section, we provide lower bounds on the average length of
optimal one-to-one codes and, subsequently, thanks to Lemma 11,
on the average length of optimal preax codes ending with a space.

For technical reasons, it will be convenient to analyze ǝ-ary
one-to-one codes that include the empty word ܼ. These codes
correspond to one-to-one mappings of the form ǚ݀ ∶ Ǎ ⟼ Σ+֍ ∪{ܼ}.

One can see (cf. (5.1)) that an optimal one-to-one code of this
type assigns to the ǭ-th symbol ǥօ ∈ Ǎ a codeword of length ℓօ given
by:

ℓօ = ⌊log֍((ǝ − 1)ǭ)⌋. (5.8)

where ǝ is the cardinality of the code alphabet.
For the sake of notation, let ǆ݀ and ǆ+ denote the average length

of optimal one-to-one codes that include and exclude the empty
word, respectively. Then, one obtains the following relationship
between them:

ǆ+ = ǆ݀ + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1 . (5.9)

Our arst result is a generalization of the lower bound on the
average length of the optimal one-to-one codes, presented in [21],
from the binary case to the general setting of ǝ-ary alphabets,
where ǝ ≥ 2. Our proof technique diêers from that of [21] since our
analysis deals with a set of source symbols of bounded cardinality,
while in [21], the authors considered the case of a numerable set of
source symbols. The generalization is presented in the following
lemma, whose proof is deferred to Appendix C.3.
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Lemma 12. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙) be a probability distribution on Ǎ, with Ǣ1 ≥ … ≥ Ǣ֙. The
average length ǆ݀ of an optimal ǝ-ary one-to-one code that includes the
empty word satisaes

ǆ݀ >ǂ֍(Ǣ) − (ǂ֍(Ǣ) + log֍(ǝ − 1))
log֍ (1 + 1ǂ֍(Ǣ) + log֍(ǝ − 1))− log֍(ǂ֍(Ǣ) + log֍(ǝ − 1) + 1), (5.10)

where ǂ֍(Ǣ) = −∑օ֙=1 Ǣօ log֍ Ǣօ.
The bound presented in Lemma 12, which relies solely on the

entropy, can be tightened by incorporating additional information
about the probability distribution—speciacally, the value of the
largest probability mass. The following result, whose proof is also
deferred to Appendix C.4, establishes this improved bound.

Lemma 13. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙, be a probability distribution on Ǎ. The
average length ǆ݀ of an optimal ǝ-ary one-to-one code that includes the
empty word satisaes the following:
1. If 0 < Ǣ1 ≤ 0.5,

ǆ݀ ≥ǂ֍(Ǣ) − (ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (1 − Ǣ1) log֍(ǝ − 1))
log֍ ⎛⎜⎜⎝1 + 1ǂ֍(Ǣ) − Ǣ1 log֍ 1֡1 + (1 − Ǣ1) log֍(ǝ − 1)⎞⎟⎟⎠− log֍(ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (1 − Ǣ1) log֍(ǝ − 1) + 1)
− log֍ ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠ , (5.11)

2. if 0.5 < Ǣ1 ≤ 1
ǆ݀ ≥ǂ֍(Ǣ) − (ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1)))

log֍ ⎛⎜⎝1 + 1ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1))⎞⎟⎠
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− log֍(ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1)) + 1)
− log֍ ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠ , (5.12)

whereℋ֍(Ǣ1) = −Ǣ1 log֍ Ǣ1−(1−Ǣ1) log֍(1−Ǣ1) is the ǝ-ary binary
Shannon entropy.

Thanks to Lemma 11 and to Equation (5.9), we can use the
above lower bounds on ǆ݀ to derive lower bounds on the average
length of optimal preax codes ending with a space, as shown in
the following theorems.

Theorem 19. The average length of an optimal (ǝ + 1)-ary preax code
ending with a space ƽ satisaesਇ[ƽ] >ǂ֍(Ǣ) − (ǂ֍(Ǣ) + log֍(ǝ − 1))

log֍ (1 + 1ǂ֍(Ǣ) + log֍(ǝ − 1))− log֍(ǂ֍(Ǣ) + log֍(ǝ − 1) + 1)
+ ⌈ ֎֚ ⌉−1∑օ=1 Ǣ֙−օ+1 + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1 . (5.13)

Proof. From Lemma 11 and the formula (5.9), we have

ਇ[ƽ]≥ǆ݀ + ⌈ ֎֚ ⌉−1∑օ=1 Ǣ֙−օ+1 + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1 . (5.14)

By applying the lower bound (5.10) of Lemma 12 to (5.14), we
obtain (5.13).

Analogously, by exploiting (the possible) knowledge of the
maximum source symbol probability value, we have the following
result.

Theorem 20. The average length of an optimal (ǝ + 1)-ary preax code
ending with a space ƽ satisaes the following lower bounds:
1. If 0 < Ǣ1 ≤ 0.5:

ਇ[ƽ] ≥ǂ֍(Ǣ) − (ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (1 − Ǣ1) log֍(ǝ − 1))
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log֍ ⎛⎜⎜⎝1 + 1ǂ֍(Ǣ) − Ǣ1 log֍ 1֡1 + (1 − Ǣ1) log֍(ǝ − 1)⎞⎟⎟⎠− log֍(ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (1 − Ǣ1) log֍(ǝ − 1) + 1)
− log֍ ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠
+ ⌈ ֎֚ ⌉−1∑օ=1 Ǣ֙−օ+1 + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1 . (5.15)

2. If 0.5 < Ǣ1 ≤ 1:
ਇ[ƽ] ≥ǂ֍(Ǣ) − (ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1)))

log֍ ⎛⎜⎝1 + 1ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1))⎞⎟⎠− log֍(ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1)) + 1)
− log֍ ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠
+ ⌈ ֎֚ ⌉−1∑օ=1 Ǣ֙−օ+1 + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1 . (5.16)

Proof. From Lemma 11 and Equation (5.9), one obtains

ਇ[ƽ]≥ǆ݀ + ⌈ ֎֚ ⌉−1∑օ=1 Ǣ֙−օ+1 + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1 . (5.17)

By applying the lower bounds (5.11)-(5.12) of Lemma 13 to (5.17),
one gets (5.15) or (5.16) according to the value of the maximum
source symbol probability.

5.4 upper bounds

This section mirrors the structure of the previous one. We arst
derive upper bounds on the average length of optimal ǝ-ary one-to-
one codes. Successively, we translate them into the corresponding
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upper bounds on the average length of optimal (ǝ + 1)-ary preax
codes ending with a space.

We begin by generalizing the upper bound obtained in [135],
extending the result from the binary case to the general ǝ-ary case,
for ǝ ≥ 2. The result is presented in the following lemma, whose
proof is deferred to Appendix C.5.

Lemma 14. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙, be a probability distribution on Ǎ. The
average length ǆ݀ of an optimal ǝ-ary one-to-one code that includes the
empty word satisaes

ǆ݀ ≤ ǂ֍(Ǣ) + log֍(ǝ − 1). (5.18)

Following the sameprinciple used for the lower bound in Lemma
13, we can tighten the upper bound by incorporating additional in-
formation about the source distribution beyond its entropy—specif-
ically, the maximum probability value.

The following lemma, whose proof is deferred to Appendix
C.6, formalizes this improved bound. It generalizes the result
established in [21] from the binary case to the arbitrary ǝ-ary
setting for ǝ ≥ 2.
Lemma 15. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙, be a probability distribution on Ǎ. The
average length ǆ݀ of an optimal ǝ-ary one-to-one code that includes the
empty word satisaes

ǆ݀ ≤ ⎧{⎨{⎩ǂ֍(Ǣ) − Ǣ1 log֍ 1֡1 + (1 − Ǣ1) log֍(ǝ − 1) if 0 < Ǣ1 ≤ 0.5,ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1) log֍ 2(ǝ − 1) if 0.5 < Ǣ1 ≤ 1,
(5.19)

whereℋ֍(Ǣ1) = −Ǣ1 log֍ Ǣ1−(1−Ǣ1) log֍(1−Ǣ1) is the ǝ-ary binary
Shannon entropy.

We can now use the upper bound for one-to-one codes, pre-
sented in Lemma 14 and 15, to derive our results. The following
theorems translate these andings into the corresponding upper
bounds on the average length of optimal (ǝ + 1)-ary preax codes
ending with a space.
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Theorem 21. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols andǢ = (Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙, be a probability distribution on Ǎ. The
average length of an optimal (ǝ + 1)-ary preax code ending with a spaceƽ for Ǎ satisaes

ਇ[ƽ] ≤ǂ֍(Ǣ) + log֍(ǝ − 1) + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1
+ ֎ℎ−1−1֎−1 −1∑օ=1 Ǣօ + ֎ℎ−1֎−1 −1∑օ= ֎ℎ+֎ℎ−1−2֎−1 −⌈֙/֍⌉Ǣօ (5.20)

≤ǂ֍(Ǣ) + log֍(ǝ − 1) + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1 + ⌈ ֎֚ ⌉−1∑օ=1 Ǣօ,
(5.21)

where ℎ = ⌈log֍(Ǡ − ⌈Ǡ/ǝ⌉)⌉.
Proof. From Lemma 8 and formula (5.9), it follows that

ਇ[ƽ] ≤ǆ݀ + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1
+ ֎ℎ−1−1֎−1 −1∑օ=1 Ǣօ + ֎ℎ−1֎−1 −1∑օ= ֎ℎ+֎ℎ−1−2֎−1 −⌈֙/֍⌉Ǣօ. (5.22)

By applying the upper bound (5.18) of Lemma 14 on ǆ݀ to (5.22),
one gets (5.20).

Theorem 22. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols andǢ = (Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙, be a probability distribution on Ǎ. The
average length of an optimal (ǝ + 1)-ary preax code ending with a spaceƽ for Ǎ satisaes

ਇ[ƽ] ≤
⎧{{{{{{⎨{{{{{{⎩

ǂ֍(Ǣ) − Ǣ1 log֍ 1֡1 + (1 − Ǣ1) log֍(ǝ − 1)+∑⌈ ֎֚ ⌉−1օ=1 Ǣօ + ∑⌊log֎⌈ ֚−1֎ ⌉⌋օ=1 Ǣ ֎ֆ−1֎−1 if 0 < Ǣ1 ≤ 0.5,
ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1) log֍ 2(ǝ − 1)+∑⌈ ֎֚ ⌉−1օ=1 Ǣօ + ∑⌊log֎⌈ ֚−1֎ ⌉⌋օ=1 Ǣ ֎ֆ−1֎−1 if 0.5 < Ǣ1 ≤ 1.

(5.23)
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Proof. From Lemma 8 and formula (5.9) and by recalling thatℎ = ⌈log֍(Ǡ − ⌈Ǡ/ǝ⌉)⌉, it follows that

ਇ[ƽ] ≤ǆ݀ + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1
+ ֎ℎ−1−1֎−1 −1∑օ=1 Ǣօ + ֎ℎ−1֎−1 −1∑օ= ֎ℎ+֎ℎ−1−2֎−1 −⌈֙/֍⌉Ǣօ

≤ǆ݀ + ⌈ ֎֚ ⌉−1∑օ=1 Ǣօ + ⌊log֎⌈ ֚−1֎ ⌉⌋∑օ=1 Ǣ ֎ֆ−1֎−1 . (5.24)

Now, by applying the upper bound (5.19) of Lemma 15 on ǆ݀ to
(5.24), one gets (5.23), concluding the proof.

5.5 concluding remarks

This chapter deaned and analyzed the class of preax codes ending
with a space, i.e., a restricted class of preax codes where a speciac
alphabet character is constrained to serve exclusively as a code-
word delimiter. The core of our analysis was based on studying
the strict relationship between such codes and the well-known
class of one-to-one codes. This connection allowed us to obtain
two main contributions. First, we provided a linear-time approach
for constructing almost-optimal preax codes ending with a space
starting from optimal one-to-one codes. Second, by leveraging
their relationship again, we derived entropic lower bounds and
upper bounds on the average length of general optimal (ǝ+1)-ary
preax codes ending with a space.

We conclude this chapter with some anal observations and open
problems.

First, following the line of the work of Jaynes [80], let us see
if one can estimate how much the average length of an optimal
preax code ending with a space diêers from the one of an optimal
unrestricted preax code on the same alphabet, i.e., a preax code
in which the space symbol ⊔ is not constrained to appear as a
termination symbol.

Let Ǎ be the set of source symbols and Ǣ be a probability dis-
tribution on Ǎ. We denote by ƽ⊔ an optimal (ǝ + 1)-ary preax
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code ending with a space for Ǎ and by ƽ an optimal unrestricted(ǝ + 1)-ary preax code for Ǎ. Clearly, the average length of ƽ⊔ is
bounded by ਇ[ƽ⊔] < ǂ֍(Ǣ) + 1. This is because the set of codes
available for ƽ⊔ includes all unrestricted ǝ-ary preax codes (by
simply not using the space symbol), and the average length of an
optimal ǝ-ary preax code is strictly less than ǂ֍(Ǣ) + 1. With this,
we can bound the diêerence in performance as followsਇ[ƽ⊔] − ਇ[ƽ] <ǂ֍(Ǣ) + 1 − ਇ[ƽ]≤ǂ֍(Ǣ) + 1 − ǂ֍+1(Ǣ)

(since ਇ[ƽ] ≥ ǂ֍+1(Ǣ))=ǂ֍(Ǣ)(1 − 1
log֍(ǝ + 1)) + 1.

Since lim֍→∞ log֍(ǝ+1) = 1, we have that, as the cardinality of the
code alphabet increases, the constraint that the space can appear
only at the end of codewords becomes less and less inbuential.
This is somewhat reminiscent of the classic result by Jaynes [80]
that we have discussed in Section 5.1.

In the previous chapters, we emphasized the strong connection
betweenCode Theory and Search Theory. For instance, how binary
codes naturally lead to binary search procedures and vice versa.
Let us see how, in this case too, this link between codes and search
procedures still holds. In fact, preax codes endingwith a space also
admit a search-theoretic interpretation, speciacally 3-ary preax
codes ending with a space map to search procedures based on
ternary-outcome queries.

We recall that classical binary preax codes correspond to search
procedures that ask binary membership queries, e.g., “Does the
unknown element Ǫ belong to a given subset Ǎ?”. Similarly, one
can see how our preax codes ending with a space correspond to
a more powerful search model. They model search procedures
that ask queries of the following kind: “Given a subset Ǎ and a
speciac element ǫ ∈ Ǎ, is the unknown element Ǫ equal to ǫ or
does it belong to Ǎ ∖ {ǫ}?”.

Practically, the space symbol adds the possibility to ask also for
an equality test, which allows for the potential early termination
of the search process if a match is found. These kinds of questions
with ternary outcomes are very similar to those done in binary
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search trees (see Section 3.3.1). In fact, the connection becomes
more explicit whenwe consider the alphabetic variant of such codes.
Depending on which order we decide on the alphabet {0, 1, ⊔},
we get diêerent kinds of search procedures. For example, if we
adopt the order 0 ≺ ⊔ ≺ 1, we get the same kind of queries used
in binary search trees: ”Is the unknown element Ǫ < ǫ, Ǫ = ǫ,
or Ǫ > ǫ?”. Thus, the alphabetic version of 3-ary preax codes
ending with a space provides a somewhat generalization of the
comparison-based model related to binary search trees.

Thus, thanks to this similarity, the problem of constructing opti-
mal code in the alphabetic setting can be solved quite eëciently
by readapting the classical dynamic programming algorithms
originally developed for optimal binary search trees [93].

However, in the general preax setting, the problem of construct-
ing optimal codes remains open. In fact, we provided only an eë-
cient way for constructing almost-optimal codes. The existence of
a polynomial-time algorithm for anding the truly optimal code is
currently unknown. Finally, another interesting open path would
be that of deriving a new Kraft-like condition for the existence of
such a newkind of preax codes. This could lead to an improvement
of the upper bounds that we presented.





6CONCLUS IONS AND OPEN PROBLEMS

This thesis investigated several problems concerning VLCs, with
particular attention to alphabetic and preax codes. In many cases,
we beganwith problems formulated in the context of Search Theory,
and, by exploiting the deep connection between VLCs and search
procedures, we reformulated them in terms of Coding Theory. This
reformulation made it possible to apply the full range of tools
and results from Information Theory. In essence, we reduced the
problem of designing eëcient search procedures—those minimiz-
ing the average number of queries—to the problem of constructing
codes with minimum average length. Using VLCs as a framework
enabled us to develop optimal or near-optimal search procedures
in terms of average complexity across several diêerent settings.
Furthermore, this approach allowed us to derive theoretical lower
and upper bounds on their complexity as well.

To better understand how one can exploit such a framework,
let us brieby recall the main results and contributions that we
presented in this thesis.

In Chapter 3, we considered the natural and classical setting
of search procedures that operate through comparison queries, or
through comparison and equality tests. We showed how such pro-
cedures can be naturally represented by binary VLCs, speciacally
by binary alphabetic codes and BSTs, respectively. By exploiting this
correspondence, the design of eëcient search procedures was
reduced to the study of the average length of the associated codes.
In this context, we established new and improved upper bounds on
the average length of optimal alphabetic codes, making a signia-
cant contribution to the aeld and improving upon the well-known
bound presented in the seminal work [139]. Furthermore, we
also developed an eëcient linear-time algorithm for constructing
near-optimal codes that achieve these bounds.

Focusing on BSTs, we introduced a conceptual framework for
building in linear time almost-optimal BSTs directly from almost-

139
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optimal alphabetic codes, thereby deriving new and meaningful
bounds in the aeld of BSTs as well. Finally, this framework makes
it possible to translate any future improvement in the theory of
alphabetic codes directly into corresponding advances for BSTs.

In Chapter 4, we considered search problems with asymmetric
test outcome costs. As in the previous chapter, we reformulated the
problem within the framework of VLCs, introducing a new class of
codes that we denoted as (𝛼, constrained-(܌ codes. In these codes,
each codeword must satisfy a cost constraint where every 0-bit
and 1-bit incur a cost of 𝛼 and ,܌ respectively.

We arst considered the simpler case of the alphabetic variant
of such codes and presented an eëcient polynomial-time algo-
rithm for constructing optimal codes, i.e., codes corresponding
to search procedures with minimum average complexity. More-
over, for the speciac case of (0, constrained-(܌ alphabetic codes,
we also provided a necessary and suëcient condition for their
existence. Then, we turned to the more challenging case of preax
codes, where we derived a Kraft-like condition for the existence
of (0, constrained-(܌ preax codes, i.e., a necessary and suëcient
condition for the existence of (0, constrained-(܌ preax codes given
their codeword lengths.

In Chapter 5, we focused on preax codes. Speciacally, we ad-
dressed the problem of constructing preax codes in which one
symbol of the alphabet is constrained to serve solely as a termi-
nation character, following the line of work introduced in [80].
We exploited the more general class of one-to-one codes to de-
vise a linear-time method for constructing almost-optimal codes
of this type. Furthermore, we established both lower and upper
bounds on the average length of such codes. Finally, following the
main line of the thesis, we connected this class of codes to search
problems. In particular, the alphabetic variant of these codes cor-
responds to search procedures that operate through comparison
and equality tests, thereby re-obtaining the class of BSTs.

To conclude, this thesis has explored the profound correspon-
dence between search procedures and variable-length codes, show-
ing that these two seemingly distinct domains are, in fact, closely
connected. Every deterministic search strategy can be viewed as
a code that encodes the information acquired during the search,
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while every code implicitly deanes a search procedure that pro-
gressively reveals information.

This perspective is not only conceptually elegant but also practi-
cally powerful. It enables classical search problems to be reformu-
lated, analyzed, and optimized through the mathematical frame-
work of Coding Theory and, by extension, Information Theory.
The results presented throughout this work demonstrate that ef-
aciency in information acquisition and eëciency in information
representation are governed by the same fundamental principle:
both seek to minimize uncertainty as eêectively as possible.

Ultimately, the contribution of this thesis lies in establishing a
general methodology for translating problems of search optimiza-
tion into problems of code design, and vice versa. This conceptual
bridge proposes a fascinating paradigm for understanding search
as an act of compression.

6.1 open problems

In this anal section of the thesis, we list and highlight several
open problems related to the topics studied previously and to the
broader area of VLCs.

• In Chapter 4, we provided polynomial-time algorithms for
constructing optimal (𝛼, constrained-(܌ alphabetic codes.
However, the existence of a polynomial-time algorithm for
the general (𝛼, constrained-(܌ preax code problem with 𝛼 ܌≠ remains an open question.

• While Chapter 5 introduced an eëcient algorithm for con-
structing near-optimal preax codes endingwith a space, amethod
for anding the truly optimal code in polynomial time is not
yet known and remains an open area for investigation.

• As presented in Section 2.3, the Hu-Tucker algorithm [74]
constructs an alphabetic code of minimum average length inǉ(Ǡ logǠ) time. To date, there is no non-trivial lower bound
on the complexity of algorithms that construct alphabetic
codes of minimum average length. This leaves a signiacant
gap in the aeld, motivating the following open question:
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Does an algorithm exist for constructing optimal alphabetic
codes with a time complexity below Ǡ logǠ?

• An open problem, strictly related to the previous one, con-
cerns the optimality veriacation of a code: given a code ƽ
and a probability distribution Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, can one check
in ǉ(Ǡ) time whether ƽ is an optimal alphabetic code for Ǣ?
This veriacation problem is signiacant because its computa-
tional complexity serves as a lower bound on the complexity
of constructing an optimal alphabetic code. Some partial
results have been presented in [121], but the general prob-
lem remains open. On the other hand, for a preax code, the
optimality can be checked in linear time [121].

• A diêerent variant of comparison-based search algorithms,
introduced by Ambainis et al. [8] and Ahlswede and Cai [4],
considers a delayed-query model. In this model, the outcome
of any test is received ǘ time units after the test has been
performed. This implies that the algorithm’s ǭֱℎ query can
only be based on the outcomes of the queries from the 1ֱ֭ to
the (ǭ − ǘ − 1)ֱℎ. This class of algorithms induces alphabetic
codes with a structure that diêers from that of classical ones.
The studies presented in [4, 8] focus on worst-case analysis
of such algorithms. However, the analysis of average-case
performance for such delayed-query models remains an
open problem.

• In [38], Dagan et al. extend the classical setting of alpha-
betic codes (or, equivalently, comparison-based search pro-
cedures) to scenarios in which “lies” may occur—that is,
cases where the search procedure must correctly identify
the unknown element even though up to a axed numberǝ of queries may return erroneous answers. They further
prove the existence of an algorithm for this problem whose
expected number of queries is upper-bounded by

ǂ(Ǣ)+ǝ ∑֙օ=1 Ǣօ log log 1Ǣօ +ǉ⎛⎜⎝ǝ ∑֙օ=1 Ǣօ log log log 1Ǣօ + ǝ log ǝ⎞⎟⎠ ,
(6.1)
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where Ǣ = ⟨Ǣ1,… , Ǣ֙⟩ denotes the probability distribution
over the elements of the search space. Moreover, they estab-
lish that any algorithm solving the problem must perform
an average number of queries lower bounded by

ǂ(Ǣ) + ǝ ∑֙օ=1 Ǣօ log log 1Ǣօ − (ǝ log ǝ + ǝ + 1). (6.2)

Thus, a natural question that follows is whether the gap
between the upper bound (6.1) and the lower bound (6.2)
can be tightened.

• In Subsection 2.6.1, we reviewed several results concerning
alphabetic codes that are optimal under diêerent criteria.
For some of these cases, eëcient algorithms for constructing
optimal alphabetic codes are known. However, the problem
of establishing tight upper bounds on the cost of optimal
solutions remains largely open. In fact, the class of codes
studied in Chapter 4 also falls within this research direction.

• In Subsection 2.6.3, we presented the existing results in the
area of alphabetic codes for partially ordered sets. Although
some interesting results have been established, this research
area remains largely unexplored.

• To the best of our knowledge, no algorithms currently exist
that can eëciently update the structure of optimal alphabetic
codes as the symbol probabilities change. It would be of
great interest to design such algorithms, in the spirit of the
dynamic approach proposed by Knuth [92] for classical
preax codes.

• Given a probability distribution Ǣ = ⟨Ǣ1,… , Ǣ֙⟩, there may
exist several distinct alphabetic codes that achieve the same
minimum average length. In such cases, it would be interest-
ing to modify existing algorithms for constructing minimum
average-length alphabetic codes so that they also minimize
the maximum codeword length or other relevant parame-
ters. For preax codes, this problem has been investigated in
[124].
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ACHAPTER 3 - NEW RESULTS ON ALPHABET IC
CODES AND B INARY SEARCH TREES

a.1 proof of lemma 1

Lemma. Let ǆ = ⟨ℓ1,… , ℓ֕⟩ be a list of integers such that sum(ǆ,ǟ) <1, let ǭ, Ǯ be integers such that 1 ≤ ǭ < Ǯ ≤ ǟ, and let {sum(ǆ, ǭ), sum(ǆ, ǭ+1),… , sum(ǆ, Ǯ)} be a subset of consecutive elements of {sum(ǆ, 1),… ,
sum(ǆ,ǟ)}. For each ǝ = ǭ,… , Ǯ − 1, let Ǧ֍ be the smallest integer ǥ for
which the binary expansion of sum(ǆ, ǝ) diêers from the binary expan-
sion of sum(ǆ, ǝ + 1) on the ǥֱℎ bit, and deane Ǧօ։ = minօ≤֍<։ Ǧ֍. Then,
it holds that:

1. Ǧօ։ = ⌈− log2(sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ))⌉, (A.1)

where sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ) is the numerical value whose binary
expansion is the result of the XOR operation between the binary
expansions of sum(ǆ, ǭ) and sum(ǆ, Ǯ), and

2. there exists an index Ǭ ∈ {ǭ,… , Ǯ − 1} such that sum(ǆ, Ǭ) <
trunc(Ǧօ։, sum(ǆ, ǭ))+2−ֱֆ֊ and sum(ǆ, Ǭ+1) ≥ trunc(Ǧօ։, sum(ǆ, ǭ))+ 2−ֱֆ֊.

Proof. To prove claim 1) of the lemma, let ǥ be the smallest integer
for which the binary expansions of the pair sum(ǆ, ǭ) and sum(ǆ, Ǯ)
diêer on the ǥֱℎ bit. We arst prove that ǥ and Ǧ = Ǧօ։ (cfr, eq. (A.1))
have the same value.

First of all, by deanition of ǥ, we know that the binary expansions
of sum(ǆ, ǭ) and sum(ǆ, Ǯ) are equal on the arst ǥ − 1 bits. Moreover,
since sum(ǆ, ǭ) and sum(ǆ, Ǯ) are equal on the arst ǥ − 1 bits and
sum(ǆ, ǭ) < ⋯ < sum(ǆ, Ǯ), it follows that for each ǝ = ǭ,… , Ǯ − 1,
the binary expansions of sum(ǆ, ǝ) and sum(ǆ, ǝ + 1) are equal on
the arst ǥ − 1 bits, too. Therefore, it holds that ǥ ≤ Ǧ.

Since sum(ǆ, ǭ) and sum(ǆ, Ǯ) diêer on the ǥֱℎ bit and sum(ǆ, ǭ) <
sum(ǆ, Ǯ), we know that the ǥֱℎ bit of sum(ǆ, ǭ) is 0, while the ǥֱℎ bit
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of sum(ǆ, Ǯ) is 1. As a consequence, since sum(ǆ, ǭ) < ⋯ < sum(ǆ, Ǯ)
and for each ǝ = ǭ,… , Ǯ − 1, both the binary expansions of sum(ǆ, ǝ)
and of sum(ǆ, ǝ +1) are equal on the arst ǥ−1 bits, there must exist
an index ǝ ∈ {ǭ,… , Ǯ − 1} such that the ǥֱℎ bit of sum(ǆ, ǝ) is 0, and
the ǥֱℎ bit of sum(ǆ, ǝ +1) is 1. Therefore, since Ǧ = Ǧօ։ = minօ≤֍<։ Ǧ֍
and there exists ǝ such that Ǧ֍ = ǥ, it holds that ǥ ≥ Ǧ. Thus, we
anally get that ǥ = Ǧ.

One can also see that ǥ = ⌈− log2(sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ))⌉, where
sum(ǆ, ǭ)⊕sum(ǆ, Ǯ) is the numerical valuewhose binary expansion
is equal to the XOR operation between the binary expansions
of sum(ǆ, ǭ) and sum(ǆ, Ǯ). Indeed, since the binary expansions of
sum(ǆ, ǭ) and sum(ǆ, Ǯ) are equal on the arst ǥ − 1 bits, it holds that
the binary expansion of the value sum(ǆ, ǭ)⊕sum(ǆ, Ǯ) contains the
arst bit equal to 1 exactly in the ǥֱℎ position. Therefore, one gets
that ǥ is the smallest integer for which it holds that

2−֭ ≤ sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ). (A.2)

From (A.2), we obtain that ǥ = ⌈− log2(sum(ǆ, ǭ) ⊕ sum(ǆ, Ǯ))⌉.
To prove claim 2) of the lemma, let Ǭ ∈ {ǭ,… , Ǯ − 1} denote an

index for which it holds that Ǧ׉ = Ǧօ։. Then, we have that the bi-
nary expansion of sum(ǆ, Ǭ) diêers from the binary expansion of
sum(ǆ, Ǭ + 1) on the Ǧֱℎօ։ bit. In particular, from the deanition of Ǧ׉,
the binary expansions of sum(ǆ, Ǭ) and sum(ǆ, Ǭ + 1) are equal on
the arst Ǧօ։ − 1 bits, and, since sum(ǆ, Ǭ) < sum(ǆ, Ǭ + 1), we have
that sum(ǆ, Ǭ) has a binary expansion with 0 in the Ǧֱℎօ։ position,
while sum(ǆ, Ǭ + 1) has a binary expansion with 1 in the Ǧֱℎօ։ posi-
tion. Finally, since sum(ǆ, ǭ) < ⋯ < sum(ǆ, Ǯ) and since the binary
expansions of the values in the subset {sum(ǆ, ǭ),… , sum(ǆ, Ǯ)} are
equal on the arst Ǧօ։ − 1 bits (this follows from the deanition ofǦօ։), we obtain that for the index Ǭ it holds that

sum(ǆ, Ǭ) < trunc(Ǧօ։, sum(ǆ, ǭ)) + 2−ֱֆ֊
and

sum(ǆ, Ǭ + 1) ≥ trunc(Ǧօ։, sum(ǆ, ǭ)) + 2−ֱֆ֊.
This concludes the proof.
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a.2 lemma of remark 1

Lemma. For any non-increasing dyadic distribution ߌ = …,1ߌ) , ,(֕ߌ
let ޜ ′ = (0, ,1ߌ 0,… , 0, ,֕ߌ 0) be its fully extended distribution, then
there does not exist any alphabetic code with lengths ǆ = ⟨ℓ1,… , ℓ2 ֕+1⟩
deaned as follows

ℓօ = ⎧{⎨{⎩Ǫօ if ޜ ′օ = 0,⌈− log2 ޜ ′օ⌉ + 1 if ޜ ′օ > 0,
where Ǫօ ∈ ℕ+ are arbitrarily chosen values.

Proof. Without loss of generality, let us assume that ֕ߌ > 0. Other-
wise, we can simply show that the lemma holds for …,1ߌ) , (1−֕ߌ
and hence for .ߌ

Let ǆ = ⟨ℓ1,… , ℓ2 ֕+1⟩ be the list of lengths as deaned in the
statement of the lemma. We will consider two cases. The arst
corresponds to the case in which, for each ǭ ∈ {1, 3,… , 2ǟ − 1},
we have Ǫօ = ℓօ ≥ ℓօ+1 and Ǫ2 ֕+1 = ℓ2 ֕+1 ≥ ℓ2 ֕; the second case
is for all other possible choices of the Ǫօ.

Case 1: Recall that, for ǭ ∈ {2,… ,ǟ}, we have that 𝛼օ = min(ℓօ−1, ℓօ).
Since ߌ is non-increasing, for each ǭ ∈ {2, 4,… , 2ǟ − 2}, it fol-
lows that ℓօ ≤ ℓօ+2. Thereby, for each ǭ ∈ {2,… , 2ǟ}, it holds that𝛼օ ≤ 𝛼օ+1. In particular, for each ǭ ∈ {2, 4,… , 2ǟ}, we have that

𝛼օ = 𝛼օ+1 = ⌈− log2 ߌ ֆ2 ⌉ + 1 = − log2 ߌ ֆ2 + 1.
Putting it all together we obtain that

sum(ǆ, ǭ) = trunc(𝛼օ, sum(ǆ, ǭ − 1)) + =ֆ܄−2 sum(ǆ, ǭ − 1) + ֆ܄−2
= sum(ǆ, ǭ − 1) + 2−(− log2 ⌋ߐ ֆ2 ⌋+1)
= sum(ǆ, ǭ − 1) + ⌋ߌ ֆ2 ⌋2 ,

where the second equality holds because the 𝛼օ are non-decreasing,
and therefore the binary representation of sum(ǆ, ǭ − 1) contains
bits equal to 1 only in the positions less than or equal to 𝛼օ.
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Since we add up each օߌ exactly once without any truncation,
sum(ǆ, 2ǟ + 1) = ∑օ֕=1 օߌ = 1 and by Theorem 10 there does not
exist any alphabetic code for the lengths ǆ.
Case 2: In this case, there is at least one ℓօ = Ǫօ that does not

satisfy the condition of Case 1. Let us suppose that sum(ǆ, 2ǟ+1) <1 and show that this leads to a contradiction.
Consider the sub-case in which we increase by 1 Ǫօ, with 1 <ǭ < 2ǟ+1. Let ǆ′ = ⟨ℓ1,… , ℓօ−1, ℓօ +1, ℓօ+1,… , ℓ2 ֕+1⟩ be the list of

lengths after increasing such Ǫօ by 1. Let us show that sum(ǆ′, 2ǟ+1) can only decrease with respect to sum(ǆ, 2ǟ + 1). Since Ǫօ can
only aêect 𝛼օ and 𝛼օ+1, we have four cases:

• 𝛼օ increases by 1 and 𝛼օ+1 does not change:

sum(ǆ′, ǭ) = trunc(𝛼օ + 1, sum(ǆ, ǭ − 1)) + ≥(ֆ+1܄)−2 trunc(𝛼օ, sum(ǆ, ǭ − 1)) + +(ֆ+1܄)−2 =(ֆ+1܄)−2 trunc(𝛼օ, sum(ǆ, ǭ − 1)) + =ֆ܄−2 sum(ǆ, ǭ).
• 𝛼օ does not change and 𝛼օ+1 increases by 1:

sum(ǆ′, ǭ + 1) = trunc(𝛼օ+1 + 1, sum(ǆ, ǭ))+ ≥(ֆ+1+1܄)−2 trunc(𝛼օ+1, sum(ǆ, ǭ))+ (ֆ+1+1܄)−2 + =(ֆ+1+1܄)−2 trunc(𝛼օ+1, sum(ǆ, ǭ)) + =ֆ+1܄−2 sum(ǆ, ǭ + 1).
• Both 𝛼օ and 𝛼օ+1 increase by 1: then 𝛼օ = 𝛼օ+1 and

sum(ǆ′, ǭ + 1) = trunc(𝛼օ+1 + 1, sum(ǆ′, ǭ))+ =(ֆ+1+1܄)−2 trunc(𝛼օ+1 + 1,
trunc(𝛼օ + 1, sum(ǆ, ǭ − 1))+ +((ֆ+1܄)−2 (ֆ+1+1܄)−2
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= trunc(𝛼օ + 1, sum(ǆ, ǭ − 1))+ (ֆ+1܄)−2 + (ֆ+1+1܄)−2
(since 𝛼օ = 𝛼օ+1)= trunc(𝛼օ + 1, sum(ǆ, ǭ − 1))+ (ֆ+1܄)−2 + =(ֆ+1܄)−2 trunc(𝛼օ + 1, sum(ǆ, ǭ − 1)) + ≥ֆ܄−2 trunc(𝛼օ, sum(ǆ, ǭ − 1))+ ֆ܄−2 + >(ֆ+1܄)−2 trunc(𝛼օ, sum(ǆ, ǭ − 1))+ ֆ܄−2 + =ֆ+1܄−2 trunc(𝛼օ+1,
trunc(𝛼օ, sum(ǆ, ǭ − 1)) + +(ֆ܄−2 =ֆ+1܄−2 trunc(𝛼օ+1, sum(ǆ, ǭ)) + =ֆ+1܄−2 sum(ǆ, ǭ + 1).

• Both 𝛼օ and 𝛼օ+1 do not change: the anal sum remains the
same.

Therefore, we have that sum(ǆ′, 2ǟ + 1) ≤ sum(ǆ, 2ǟ + 1).
Consider now the sub-cases in which we increase by 1 Ǫ1 orǪ2 ֕+1. In such sub-cases, only 𝛼2 and 𝛼2 ֕+1 can be aêected. Let

us consider the case when Ǫ1 is increased and let ǆ′ = ⟨ℓ1 +1,… , ℓ2 ֕+1⟩ be the list of lengths after increasing Ǫ1. We have
two possibilities:

• 𝛼2 increases by 1:

sum(ǆ′, 2) = trunc(𝛼2 + 1, sum(ǆ, 1)) + =1−2܄−2 trunc(𝛼2, sum(ǆ, 1)) + >1−2܄−2 trunc(𝛼2, sum(ǆ, 1)) + =2܄−2 sum(ǆ, 2)
• 𝛼2 does not change: then sum(ǆ′, 2) = sum(ǆ, 2).

A similar reasoning holds for Ǫ2 ֕+1 too. By denoting with ǆ′ =⟨ℓ1,… , ℓ2 ֕+1 + 1⟩ the list of lengths after increasing Ǫ2 ֕+1, we
have two possibilities:
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• 𝛼2 ֕+1 increases by 1:

sum(ǆ′, 2ǟ + 1) = trunc(𝛼2 ֕+1 + 1, sum(ǆ, 2ǟ))+ 2܄)−2 ֖+1+1)≤ trunc(𝛼2 ֕+1, sum(ǆ, 2ǟ))+ 2܄)−2 ֖+1+1) + 2܄)−2 ֖+1+1)= trunc(𝛼2 ֕+1, sum(ǆ, 2ǟ))+ 2܄−2 ֖+1= sum(ǆ, 2ǟ + 1)
• 𝛼2 ֕+1 does not change: then sum(ǆ′, 2ǟ + 1) = sum(ǆ, 2ǟ +1).

Therefore, in such cases too, we have that sum(ǆ′, 2ǟ + 1) ≤
sum(ǆ, 2ǟ + 1).

However, the above conclusions readily lead to a contradiction
since, if we repeat the process iteratively for each Ǫօ, we obtain that
when Ǫօ = ℓօ+1 for each ǭ ∈ {1, 3,… , 2ǟ − 1}, and Ǫ2 ֕+1 = ℓ2 ֕,
it holds that sum(ǆ′, 2ǟ + 1) < 1 and by Theorem 10 there exists
an alphabetic codes with lengths ǆ′. But, for such lengths ǆ′, we
are in Case 1 and we know that this is not possible. Thus, even for
values of Ǫօ arbitrarily chosen, we have that sum(ǆ, 2ǟ + 1) ≥ 1
and by Theorem 10 there does not exist any alphabetic code for
the list of length ǆ.
a.3 proof of lemma 3

Lemma. Let ℓ1,… , ℓ֕ be a sequence of positive integers, and let ǝ ≥
maxօ ℓօ. The function sum on the listǆ = ⟨ǚ1, ǚ2,… , ǚ2֕−1⟩ = ⟨ℓ1, ǝ, ℓ2, ǝ,… , ǝ, ℓ֕⟩ of 2ǟ − 1 elements satisaes the following inequality:

sum(ǆ, 2ǟ − 1) ≤ 2−ℓ1 + 2−ℓ֖ + 2 ֕−1∑օ=2 2−ℓֆ. (A.3)

Proof. By the deanition of number 𝛼օ (see Deanition 8), it follows
that 𝛼2 = min(ǚ1, ǚ2) = ℓ1,
and 𝛼2֕−1 = min(ǚ2֕−2, ǚ2֕−1) = ℓ֕.
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Similarly, for each ǭ ∈ {3, 5,… , 2ǟ − 3}, it follows that𝛼օ = min(ǚօ−1, ǚօ) = min(ǚօ, ǚօ+1) = 𝛼օ+1 = ℓ ֆ+12 .
Furthermore, by the deanition of the functions sum(⋅, ⋅) and trunc(⋅, ⋅),
for each index ǭ it holds that

sum(ǆ, ǭ) = trunc(𝛼օ, sum(ǆ, ǭ − 1)) + ≥ֆ܄−2 sum(ǆ, ǭ − 1) + .ֆ܄−2
Thus, given that sum(ǆ, 1) = 0, iteratively unrolling sum(ǆ, 2ǟ− 1)
yields to

sum(ǆ, 2ǟ − 1) ≤ 2֕−1∑օ=2 ֆ܄−2

= 2−ℓ1 + 2−ℓ֖ + 2 ֕−1∑օ=2 2−ℓֆ.
a.4 proof of corollary 13.1

Corollary. For any dyadic probability distribution ߌ = …,1ߌ⟩ , ⟨֕ߌ on
the symbols ǥ1 ≺ ⋯ ≺ ǥ֕, we can construct in linear time an alphabetic
code ƽ whose average length satisaesਇ[ƽ] ≤ ǂ(ߌ) + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 −(⌈1ߌ ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ − ֕−1∑օ=1 min(ߌօ, (օ+1ߌ

= ǂ(ߌ) + 2 − 1ߌ2 − ֕ߌ2 − ֕−1∑օ=1 min(ߌօ, .(օ+1ߌ (A.4)

Proof. Let ǟ ≥ 4. For a given dyadic probability distribution ߌ …,1ߌ⟩= , ,⟨֕ߌ let us deanêߌ = ⟨ ,1ߌ̂ ,2ߌ̂ 3ߌ̂ …, ⟨֕ߌ̂ = ,1ߌ⟩ 2ߌ − ܼ, 3ߌ + ܼ, …,4ߌ , ⟨֕ߌ (A.5)

for a suëciently small ܼ > 0. Since ߌ̂ is a non-dyadic probability
distribution, it follows from Theorem 12 that we can construct in
linear time an alphabetic code ƽ withਇ[ƽ] ≤ ǂ( (ߌ̂ + 2 − 1ߌ̂ (2 − log2 1ߌ̂ − ⌈− log2 (⌈1ߌ̂
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− ֕ߌ̂ (2 − log2 ֕ߌ̂ − ⌈− log2 (⌈֕ߌ̂ − ֕−1∑օ=1 min( ,օߌ̂ ≥(օ+1ߌ̂ ǂ( (ߌ̂ + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 −(⌈1ߌ ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 −(⌈֕ߌ min(1ߌ, 2ߌ − ܼ) − min(2ߌ − ܼ, 3ߌ + ܼ)
− min(3ߌ + ܼ, (4ߌ − ֕−1∑օ=4 min(ߌօ, .(օ+1ߌ

Since the Shannon entropy ǂ(⋅) and the operator min(⋅, ⋅) are
continuous functions for ܼ > 0, by letting ܼ → 0 we obtain thatਇ[ƽ] ≤ ǂ(ߌ) + 2 − 1ߌ (2 − log2 1ߌ − ⌈− log2 −(⌈1ߌ ֕ߌ (2 − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ − ֕−1∑օ=1 min(ߌօ, .(օ+1ߌ
The probability distribution ߌ̂ is not equal to ߌ for ܼ > 0. However,
the code tree constructed for ߌ̂ can be used for ,ߌ provided thatܼ > 0 is suëciently small.

a.5 proof of corollary 13.2

Corollary. For any probability distribution ߌ = …,1ߌ⟩ , ⟨֕ߌ on the
symbols ǥ1 ≺ ⋯ ≺ ǥ֕, with ,1ߌ ,2ߌ ,1−֕ߌ ֕ߌ > 0, we can construct in
linear time an alphabetic code ƽ withਇ[ƽ]≤ǂ(ߌ) + 2 − 2)1ߌ − log2 1ߌ − ⌈− log2 −(⌈1ߌ 2)֕ߌ − log2 ֕ߌ − ⌈− log2 (⌈֕ߌ

− ֕−1∑օ=1 min(ߌօ, −(օ+1ߌ 1ߌ max(0, ⌈− log2 ⌈1ߌ − ⌈− log2 ⌈2ߌ − 2)− ֕ߌ max(0, ⌈− log2 ⌈֕ߌ − ⌈− log2 ⌈1−֕ߌ − 2).
(A.6)

Proof. We begin by assuming arst that ߌ is a non-dyadic proba-
bility distribution. The core idea of the proof is to improve the
analysis of Theorem 12 by leveraging speciac knowledge about
the codeword lengths for the arst and last two symbols Indeed,
such knowledge in these two particular cases allows us to state
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more precisely how many levels we bump up the arst and last
symbol during the construction of the anal alphabetic code. We
begin by considering the same code ƽ, constructed in Theorem 12.

Let ℓ1 = ⌈− log2 ⌈1ߌ and ℓ2 = ⌈− log2 ⌈2ߌ + 1 be the lengths of
the codewords associated with symbols ǥ1 and ǥ2, according to
(3.17). When the level of the codeword associated to ǥ1 exceeds the
level of the codeword of ǥ2 bymore than one unit, that is when ℓ1 −ℓ2 ≥ 2, it holds that for each of these additional levels, there would
have been a redundant internal node having only one child in the
tree representation of the code. However, these nodes are removed
since the intermediate code ƽ′ constructed through Lemma 2 is
full in its tree representation. The elimination of such nodes bumps
up the symbol ǥ1, since the nodes would have been on the path
from the lowest common ancestor of ǥ1 and ǥ2 to ǥ1. Thus, whenℓ1 −ℓ2 −1 > 0 we can bump up 1ߌ of at least ℓ1 −ℓ2 −1 additional
levels. This explains the 1ߌ− max(0, ⌈− log2 −⌈1ߌ ⌈− log2 (2−⌈2ߌ
term in the bound.

A similar reasoning can be made with ǥ֕ and ǥ֕−1, whereℓ֕ = ⌈− log2 ⌈֕ߌ and ℓ֕−1 = ⌈− log2 ⌈1−֕ߌ + 1. Note that such
reasoning cannot be applied to the other pairs of probabilities,
since the knowledge of the codeword lengths alone is not enough
to determine which of the symbols will get bumped up. We need
to examine the entire set of codewords to gather suëcient infor-
mation.

The bound (A.6) can be extended to dyadic probability distri-
butions proceeding as in Corollary 13.1.





BCHAPTER 4 - ALPHABET IC AND PREF IX CODES
WITH ASYMMETR IC SYMBOL COSTS

b.1 proof of lemma 5

Lemma. For each 0 ≤ ǩ ≤ ƾ, our function ƽ deaned in (4.3) satisaes
the Quadrangle Inequality, that is, ∀1 ≤ ǭ ≤ ǭ′ ≤ Ǯ ≤ Ǯ′ ≤ Ǡ, it holds
that ƽ(ǭ, Ǯ, ǩ) + ƽ(ǭ′, Ǯ′, ǩ) ≤ ƽ(ǭ, Ǯ′, ǩ) + ƽ(ǭ′, Ǯ, ǩ). (B.1)

Proof. We need to show that the function ƽ is a special case of
(4.5). For such a purpose, let ǩ(ǭ) = 0 for each ǭ = 1,… , Ǡ, and letǕ = ǖ = 1. While as functions ǚ and Ǜ we take ǚ (Ǫ) = Ǫ − 𝛼 andǛ(Ǫ) = Ǫ − .܌ Finally, we deane the function ℎ(ǭ, ǝ, Ǯ) = c(ǭ, Ǯ) for
each ǭ ≤ ǝ < Ǯ, where c(ǭ, Ǯ) = Ǣօ + ⋯ + Ǣ։. One can see that the
function ℎ deaned in this way satisaes the conditions (4.6-4.9). In
fact, for ǭ ≤ Ǯ ≤ Ǧ < ǥ ≤ Ǟ and ǭ ≤ ǥ, if Ǧ ≤ ǝ it holds thatℎ(ǭ, Ǧ, ǥ) − ℎ(Ǯ, Ǧ, ǥ) + ℎ(Ǯ, ǝ, Ǟ) − ℎ(ǭ, ǝ, Ǟ) (B.2)= c(ǭ, ǥ) − c(Ǯ, ǥ) + c(Ǯ, Ǟ) − c(ǭ, Ǟ) = 0 (B.3)

and ℎ(Ǯ, ǝ, Ǟ) − ℎ(ǭ, ǝ, Ǟ) = c(Ǯ, Ǟ) − c(ǭ, Ǟ) < 0. (B.4)

Similarly, if ǝ < Ǧ, it holds thatℎ(Ǯ, Ǧ, Ǟ) − ℎ(Ǯ, Ǧ, ǥ) + ℎ(ǭ, ǝ, ǥ) − ℎ(ǭ, ǝ, Ǟ) (B.5)= c(Ǯ, Ǟ) − c(Ǯ, ǥ) + c(ǭ, ǥ) − c(ǭ, Ǟ) = 0 (B.6)

and ℎ(ǭ, ǝ, ǥ) − ℎ(ǭ, ǝ, Ǟ) = c(ǭ, ǥ) − c(ǭ, Ǟ) < 0. (B.7)

Since we have shown that the function ƽ is a special case of (4.5),
from Lemma 4 we get that the function ƽ satisaes the Quadrangle
Inequality.

157
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b.2 proof of theorem 16

Theorem. Let ǆ = ⟨ℓ1,… , ℓ֙⟩ be a list of integers, associated with the
ordered symbols ǥ1 ≺ ⋯ ≺ ǥ֙, and let ƾ be a positive integer. There
exists a 1-constrained alphabetic code for which each codeword contains
at most ƾ ones and for which the codeword assigned to symbol ǥօ has
length ℓօ, for each ǭ = 1,… , Ǡ, if and only if sumկ(ǆ, Ǡ) < 1.
Proof. We have to show that whenever a 1-constrained alphabetic
code with codeword lengths ǆ exists, then sumկ(ǆ, Ǡ) < 1. Con-
versely, whenever a list of integers ǆ satisaes sumկ(ǆ, Ǡ) < 1,
then there exists a 1-constrained alphabetic code whose codeword
lengths are exactly ǆ.

Let us start by considering the arst implication. Let ǆ = ⟨ℓ1,… , ℓ֙⟩
be the codeword lengths of a 1-constrained alphabetic code for
which each codeword contains at most ƾ ones, and let ǩ1,… ,ǩ֙
be the codewords associated with the symbols ǥ1,… , ǥ֙. Further-
more, given a codeword ǩ, let Ǩ(ǩ) denote the decimal value of
the binary expansion that the codeword ǩ represents. Since for
any alphabetic code Ǩ(ǩօ) < 1 ([115]), to prove the implication,
we need to show that sumկ(ǆ, Ǡ) ≤ Ǩ(ǩ֙) < 1. Speciacally, we
prove by induction that sumկ(ǆ, ǭ) ≤ Ǩ(ǩօ) for ǭ = 1,… , Ǡ.

For ǭ = 1, since ǥǧǟկ(ǆ, 1) = 0 ≤ Ǩ(ǩ1), the inequality trivially
holds.

Suppose it holds for ǭ. Then, we have two cases:

• ℓօ < ℓօ+1: in this case 𝛼օ+1 = ℓօ, thus we have that

sumկ(ǆ, ǭ + 1) = ,կ(ℓօ+1ߌ trunc(𝛼օ+1, sumկ(ǆ, ǭ)) + =(ֆ+1܄−2 ,կ(ℓօ+1ߌ trunc(ℓօ, sumկ(ǆ, ǭ)) + 2−ℓֆ)≤ ,կ(ℓօ+1ߌ trunc(ℓօ, Ǩ(ǩօ)) + 2−ℓֆ)
(by inductive hypothesis)= ,կ(ℓօ+1ߌ Ǩ(ǩօ) + 2−ℓֆ)≤ ,կ(ℓօ+1ߌ Ǩ(ǩօ+1))
(since ǩօ and ǩօ+1 diêer on the arst ℓօ bits)= Ǩ(ǩօ+1).
(since ǩօ+1 contains at most ƾ ones)
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• ℓօ ≥ ℓօ+1: in this case 𝛼օ+1 = ℓօ+1, thus we get that

sumկ(ǆ, ǭ + 1) = ,կ(ℓօ+1ߌ trunc(𝛼օ+1, sumկ(ǆ, ǭ)) + =(ֆ+1܄−2 ,կ(ℓօ+1ߌ trunc(ℓօ+1, sumկ(ǆ, ǭ)) + 2−ℓֆ+1)≤ ,կ(ℓօ+1ߌ trunc(ℓօ+1, Ǩ(ǩօ)) + 2−ℓֆ+1)
(by inductive hypothesis)≤ ,կ(ℓօ+1ߌ Ǩ(ǩօ+1))
(since ǩօ and ǩօ+1 diêer on the arst ℓօ+1 bits)= Ǩ(ǩօ+1).
(since ǩօ+1 contains at most ƾ ones)

This proves that sumկ(ǆ, ǭ) ≤ Ǩ(ǩօ) for ǭ = 1,… , Ǡ; therefore,
for any 1-constrained alphabetic code, it holds that sumկ(ǆ, Ǡ) ≤Ǩ(ǩ֙) < 1.

Let us prove the other implication, i.e., if a list of integers ǆ =⟨ℓ1,… , ℓ֙⟩ satisaes sumկ(ǆ, Ǡ) < 1, then there exists a 1-constrained
alphabetic code in which each codeword contains at most ƾ ones
and whose codeword lengths are exactly ǆ. We prove that when
sumկ(ǆ, Ǡ) < 1, we can construct a 1-constrained alphabetic code
with codeword lengths ǆ. We utilize the same method of Nakatsu
[115] to construct the code: for every ǭ = 1,… , Ǡ, we assign the arstℓօ bits of the binary expansion of sumկ(ǆ, ǭ) as the codeword for ǥօ.
We need to show that the code constructed in this way is preax,
alphabetic and satisaes the constraint on the number of ones per
codeword. The latter two properties are satisaed by construction.
Speciacally, the strictly increasing nature of the values sumկ(ǆ, ǭ)
ensures the code is alphabetic, while the deanition of sumկ guar-
antees that the arst ℓօ bits of each sumկ(ǆ, ǭ) contain at most ƾ
ones for each ǭ = 1,… , Ǡ. It remains to prove that the code is preax.
We observe that because the code is alphabetic (lexicographically
ordered), if a codeword ǩօ were a preax of ǩ։ for any ǭ < Ǯ, thenǩօ would necessarily be a preax of all intermediate codewords ǩ֍
where ǭ < ǝ < Ǯ. Consequently, the preax condition for the entire
set is guaranteed if the condition holds for every pair of consecu-
tive codewords. To this end, we observe that when ℓօ ≥ ℓօ+1, the
deanition of sumկ implies that sumկ(ǆ, ǭ) and sumկ(ǆ, ǭ + 1) have
at least one diêerent bit among their arst ℓօ+1 bits. Similarly, whenℓօ < ℓօ+1, it follows that sumկ(ǆ, ǭ) and sumկ(ǆ, ǭ + 1) have at least
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one diêerent bit among their arst ℓօ bits. In both cases, neither the
codeword for ǥօ nor that for ǥօ+1 is a preax of the other. Therefore,
the code is preax. This concludes the proof.

b.3 proof of lemma 6

Lemma. Let {ℓ1,… , ℓ֙} be a multiset of positive integers, ƾ a posi-
tive integer and ǆ = maxօ ℓօ. Let ǈ։ count the number of integers in{ℓ1,… , ℓ֙} that are equal to Ǯ, for Ǯ = 1,… , ǆ. Then, there exists a 1-
constrained binary preax code with codeword lengths ℓ1,… , ℓ֙, such
that each codeword does not contain more than ƾ ones, if the following
inequalities hold:

ǈ։ ≤ կ−1∑օ=0 (Ǯǭ) + ( Ǯ − 1ƾ − 1) − Ǉ։+1, ∀Ǯ = 1,… , ǆ, where

(B.8)

Ǉ։+1 = ⎧{{⎨{{⎩
0 if Ǯ ≥ ǆ,⌈ǈ։+1 + Ǉ։+22 ⌉ if 1 ≤ Ǯ < ǆ. (B.9)

Proof. As per established convention, we assume that (։օ) = 0 ifǭ > Ǯ. Let ǎ be the binary tree of maximum depth ǆ such that:
1) ǎ is full, 2) ǎ has the maximum number of nodes, and 3) any
root-to-leaf path of ǎ has at most ƾ right-pointing edges

We label each left-pointing edge of ǎ with 0 and each right-
pointing edge with 1. The set of all binary words one gets by
reading the sequences of binary labels from the root of ǎ to each
leaf gives a binary preax code Ǌ in which |ǩ|1 ≤ ƾ, for each ǩ ∈ Ǌ,
i.e., Ǌ is a 1-constrained binary preax code. We now show that the
number of nodes at the level Ǯ of such a tree ǎ is exactly equal to

կ−1∑օ=0 (Ǯǭ) + ( Ǯ − 1ƾ − 1) ∀Ǯ = 1,… , ǆ. (B.10)

First of all, we recall that each path in the tree can be seen as
a binary string. Therefore, (B.10) holds because the arst term∑կ−1օ=0 (։օ) counts the number of binary strings of length Ǯ, each
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containing at most ƾ − 1 ones. The number of binary strings of
length Ǯ containing exactly ƾ ones that one obtains, by reading
the root-to-leaves path in ǎ is equal to ( ։−1կ−1). This is true because
any binary string of length Ǯ that one obtains by reading the root-
to-leaves path in ǎ and that contains ƾ ones must end with 1. In
fact, let us consider a binary string of length Ǯ that contains exactlyƾ ones and does not end with 1. In the path from the root to the
node associated with such a binary string, there will be at least
one internal node that has only exactly one child. Therefore, such
a node cannot belong to the binary tree ǎ since, by hypothesis, ǎ
is full.

We show that for an arbitrary list of positive integers ℓ1,… , ℓ֙, ƾ
that satisfy the inequalities (B.8), there is a preax code ƽ withℓ1,… , ℓ֙ as codeword lengths, obeying the constraint that |ǩ|1 ≤ ƾ,
for each ǩ ∈ ƽ. The idea of the proof is to build the code by taking
as codewords the binary sequences one gets by following the paths
from the root to nodes of ǎ of levels ℓ1,… , ℓ֙, starting from levelǆ = maxօ ℓօ (i.e., by constructing the longest codewords arst).
From (B.8) we know that

ǈ֏ ≤ կ−1∑օ=0 (ǆǭ) + (ǆ − 1ƾ − 1). (B.11)

Hence, there are enough available nodes in the level ǆ of ǎ to
construct ǈ֏ codewords of length ǆ. In particular, to construct
such codewords one can choose the arst ǈ֏ nodes, in sequence,
starting from the left-most one. The constraint that the obtained
codewords ǩ’s have to satisfy (i.e., that |ǩ|1 ≤ ƾ) is automatically
satisaed since in the tree ǎ any root-to-leaf path has at most ƾ
right-pointing edges, each labeled with 1.

The nodes at level ǆ − 1 that are parents of the chosen nodes
at level ǆ cannot be used anymore in the construction of the code,
to comply with the preax constraint of ƽ. Therefore, we need
to ignore such nodes at level ǆ − 1 and their number is exactlyǇ֏ = ⌈ǈ֏/2⌉. Thus, the number of nodes at level ǆ − 1 that can
be still used isկ−1∑օ=0 (ǆ − 1ǭ ) + (ǆ − 2ƾ − 1) − Ǉ֏. (B.12)
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From (B.8) and (B.9) we know that

ǈ֏−1 ≤ կ−1∑օ=0 (ǆ − 1ǭ ) + (ǆ − 2ƾ − 1) − Ǉ֏, (B.13)

therefore we can iterate the same process to construct the desired
number of codewords of length ǆ − 1. We choose the arst ǈ֏−1
available nodes at level ǆ − 1 (that are all the nodes at level ǆ − 1
that give rise to non-preaxes of the chosen nodes at level ǆ) in
sequence, starting from the left-most one. Again, we have to ignore
all the nodes at level ǆ − 2 that are ancestors of the chosen nodes
at level ǆ and ǆ − 1. This number is exactly

Ǉ֏−1 = ⌈ǈ֏−1 + Ǉ֏2 ⌉ . (B.14)

From (B.8) and (B.9) we know that

ǈ։ ≤ կ−1∑օ=0 (Ǯǭ) + ( Ǯ − 1ƾ − 1) − Ǉ։+1, ∀Ǯ = 1,… , ǆ. (B.15)

We can iterate this operation for each level of ǎ. Thus, we can con-
struct a preax code with codeword lengths ℓ1,… , ℓ֙ in which each
codeword does not containmore thanƾ ones, i.e., an 1-constrained
preax code with codeword lengths ℓ1,… , ℓ֙.
b.4 proof of lemma 7

Lemma 16. Let ℓ1,… , ℓ֙ be the codeword lengths of a 1-constrained
preax code ƽ in which each codeword does not contain more than ƾ ones
and whose tree representation corresponds to a full binary tree, i.e., for
which ∑օ֙=1 2−ℓֆ = 1. Then the following inequalities hold:

ǈ։ ≤ կ−1∑օ=0 (Ǯǭ) + ( Ǯ − 1ƾ − 1) − Ǉ։+1, ∀Ǯ = 1,… , ǆ, (B.16)

where Ǉ։ and ǈ։ are deaned as in Lemma 6 and ǆ = maxօ ℓօ.
Proof. First of all, let us recall that

կ−1∑օ=0 (Ǯǭ) + ( Ǯ − 1ƾ − 1) (B.17)
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is the maximum number of nodes that a complete binary tree (in
which any root-to-leaf path has at most ƾ right-pointing edges)
can have at level Ǯ = 1,… , ǆ. Moreover, since we are considering
only full binary trees, one can see that Ǉ։, for each Ǯ = 2,… , ǆ,
corresponds to the minimum number of nodes at level Ǯ − 1 that
are necessarily preaxes of some nodes associated with codewords
of length ≥ Ǯ, regardless of how such nodes are chosen. Putting all
together, since by hypothesis, ℓ1,… , ℓ֙ are the codeword lengths
of a preax code ƽ in which each codeword does not contain more
than ƾ ones and whose binary tree representation is full, we have
that the number of leaves at level Ǯ in the binary tree of ƽ, which
is ǈ։, cannot be greater than

կ−1∑օ=0 (Ǯǭ) + ( Ǯ − 1ƾ − 1) − Ǉ։+1, (B.18)

for each Ǯ = 1,… , ǆ. This holds because (B.18) is obtained by
subtracting from the total number of nodes at level Ǯ (counted
by (B.17)) the minimum number of nodes at level Ǯ − 1 that are
necessarily preaxes of some nodes associated with codewords of
length≥ Ǯ (counted byǇ։+1). In otherwords, (B.18) represents the
maximum number of leaves at level Ǯ = 1,… , ǆ, that a complete
binary tree — where any root-to-leaf path has at most ƾ right-
pointing edges — has still “available” (i.e., they are not preaxes
of the nodes associated with codewords of length ≥ Ǯ).
b.5 proof of theorem 17

Theorem. Let Ǎ = {ǥ1,… , ǥ֙} be a set of symbols and Ǣ = ⟨Ǣ1,… , Ǣ֙⟩
a probability distribution on Ǎ with Ǣ1 ≤ ⋯ ≤ Ǣ֙. There exists an
optimal 1-constrained preax tree/code ǎ∗ for Ǎ, in which each codeword
does not contain more than log2 Ǡ ones.

Proof. We prove the theorem by contradiction.
Let ǎ∗ be an optimal preax tree for Ǎ whose leaves are ordered
from left to right in a non-increasing fashion with respect to their
codeword lengths. We observe that an optimal preax code with
leaves ordered in such a way always exists (see Theorem 9). Let
us assume that there exists a codeword Ǩ in ǎ∗ that contains more
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than log2 Ǡ > ⌊log2 Ǡ⌋ ones, i.e., in the path from the root to the
leaf associated with Ǩ there are more than ⌊log2 Ǡ⌋ right edges.
But since by optimality ǎ∗ is a full binary tree and its leaves are
ordered in non-increasing fashion from left to right, it follows that
to each of these right edges corresponds a full sub-tree whose
leaves are at depth at least ⌊log2 Ǡ⌋+ 1 in the tree. Therefore, there
must be at least 2⌊log2 ֙⌋+1 > Ǡ leaves in the tree. However, this is
not possible, since ǎ∗ contains Ǡ leaves. Thus, no codeword in ǎ∗
can contain more than log2 Ǡ ones. This concludes the proof.

b.6 proof of theorem 18

Theorem. For ƾ = ⌈log2 Ǡ⌉, our Kraft-like condition deaned in (4.20)
is equivalent to the classical Kraft-inequality.

Proof. To prove the equivalence, we have to show that our condi-
tion implies the Kraft inequality and vice-versa. Since our condi-
tion is suëcient and necessary only if we consider the lengths of
a full binary preax tree, for a meaningful comparison we will as-
sume that the lengths ℓ1,… , ℓ֙ correspond to the codeword lengths
of a full binary preax tree and thus satisfy the Kraft inequality
with equality, i.e., ∑օ֙=1 2−ℓֆ = 1. We also note that when we are
dealing with full binary trees, the values Ǉ։, deaned in (B.9), forǮ = 1,… , ǆ − 1 (where ǆ is the maximum length), are precisely
equal to ֗֊+֓֊+12 . This holds because if ǈ։ + Ǉ։+1 were not even,
it would imply the existence of an internal node at level Ǯ − 1 with
only one child, which is not possible in a full binary tree. Let us
now prove the equivalence.
(⇒) This direction is relatively straightforward because our con-
dition represents a special case of the classical one. However, for
the sake of completeness, we provide a direct proof.

Assume our Kraft-like condition holds, that is,

ǈ։ ≤ ⌈log2 ֙⌉−1∑օ=0 (Ǯǭ)+( Ǯ + 1⌈log2 Ǡ⌉ − 1)−Ǉ։+1, ∀Ǯ = 1,… , ǆ. (B.19)

Since we are dealing with lengths of a full binary tree, we have

ǈ1 = 21 − Ǉ2 = 21 − ǈ2 + Ǉ32 (B.20)
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= 21 − ǈ2 + ֗3+֓422 (B.21)

= 21 − ǈ2 + ֗3+ ֘4+֔5222 (B.22)

= ⋯ = 21 − 2֏−2ǈ2 + 2֏−3ǈ3 + ⋯+ 2֏−֏ǈ֏2֏−1 , (B.23)

from which it holds that

∑֙օ=1 2֏−ℓֆ = ֏∑օ=1 2֏−օǈօ = 2֏. (B.24)

Dividing by 2֏, formula (B.24) yields ∑օ֙=1 2−ℓֆ = 1. Thus, our
condition implies the Kraft inequality.
(⇐) Let us assume now that the classical Kraft inequality holds,
that is, ∑օ֙=1 2−ℓֆ = 1, which can be rewritten as

∑֙օ=1 2−ℓֆ = ֏∑օ=1 ǈօ2−օ = 1,
that yields ֏∑օ=1 ǈօ2֏−օ = 2֏.
We need to show above equality implies our condition (4.20). We
note that, for each Ǯ > ⌈log2 Ǡ⌉, the inequality

ǈ։ ≤ ⌈log2 ֙⌉−1∑օ=0 (Ǯǭ) + ( Ǯ − 1⌈log2 Ǡ⌉ − 1) − Ǉ։+1, (B.25)

is satisaed since∑⌈log2 ֙⌉−1օ=0 (։օ)+( ։−1⌈log2 ֙⌉−1) ≥ Ǡ andǈ։+Ǉ։+1 ≤ Ǡ
(because the number of nodes at level Ǯ cannot exceed the total
number of symbols Ǡ). Thus, we only have to prove that the in-
equalities in (4.20) hold for Ǯ ≤ ⌈log2 Ǡ⌉. For each Ǯ ≤ ⌈log2 Ǡ⌉, we
have

ǈ։ = 2։ − ∑օ≠։ 2֏−օǈօ2֏−։ (B.26)

≤ 2։ − ∑֏օ=։+1 2֏−օǈօ2֏−։ (B.27)
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= 2։ − ǈ։+1 + ֗֊+2+ ֘֊+3+…222 (B.28)

= 2։ − ǈ։+1 + Ǉ։+22 = 2։ − Ǉ։+1 (B.29)

= ⌈log2 ֙⌉−1∑օ=0 (Ǯǭ) + ( Ǯ − 1⌈log2 Ǡ⌉ − 1) − Ǉ։+1, (B.30)

which concludes the proof.



CCHAPTER 5 - PREF IX CODES WITH A SPACE
DEL IM ITER

c.1 proof of lemma 9

Lemma. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols, and letǢ = (Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙ > 0, be a probability distribution onǍ. There exists an optimal (ǝ + 1)-ary preax code ending with a
space ƽ such that for any internal node Ǩ (except the root) of the tree
representation of ƽ, if we denote by ǩ the ǝ-ary string associated with
the node Ǩ, then the string ǩ⊔ belongs to the codeword set of ƽ.
Proof. Let ƽ be an arbitrary optimal (ǝ + 1)-preax code ending
with a space. Let us assume that, in the tree representation ofƽ, there exists an internal node Ǩ whose associated string ǩ is
such that ǩ⊔ does not belong to the codeword set of ƽ. Since Ǩ is
an internal node, there is at least a leaf Ǫ, which is a descendant
of Ǩ, whose associated string is the codeword of some symbol ǥ։.
We modify the encoding, by assigning the codeword ǩ⊔ to the
symbol ǥ։. The new encoding is still preax, and its average length
can only decrease since the length of the newly assigned codeword
to ǥ։ cannot be greater than the previous one. We can repeat the
argument for all internal nodes that do not satisfy the property
stated in the lemma to complete the proof.

c.2 proof of lemma 10

Lemma. Let ƽ be an arbitrary (ǝ + 1)-ary preax code ending with a
space, then the ǝ-ary code ƾ that one obtains from ƽ by removing the
space ⊔ from each codeword of ƽ is a one-to-one code.

Proof. The proof is straightforward. Since ƽ is preax, it holds that,
for any pair ǥօ, ǥ։ ∈ Ǎ, with ǥօ ≠ ǥ։, the codeword ƽ(ǥօ) is not a
preax of ƽ(ǥ։) and vice versa. Therefore, since ƾ is obtained fromƽ by removing the space, we have four cases:
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1. ƽ(ǥօ) = ƾ(ǥօ) and ƽ(ǥ։) = ƾ(ǥ։): then ƾ(ǥօ) ≠ ƾ(ǥ։) sinceƽ(ǥօ) ≠ ƽ(ǥ։);
2. ƽ(ǥօ) = ƾ(ǥօ)⊔ and ƽ(ǥ։) = ƾ(ǥ։)⊔: thenƾ(ǥօ) ≠ ƾ(ǥ։) sinceƽ(ǥօ) is not a preax of ƽ(ǥ։) and vice versa;

3. ƽ(ǥօ) = ƾ(ǥօ)⊔ and ƽ(ǥ։) = ƾ(ǥ։): then ƾ(ǥօ) ≠ ƾ(ǥ։) sinceƽ(ǥ։) is not a preax of ƽ(ǥօ);
4. ƽ(ǥօ) = ƾ(ǥօ) and ƽ(ǥ։) = ƾ(ǥ։)⊔: then ƾ(ǥօ) ≠ ƾ(ǥ։) sinceƽ(ǥօ) is not a preax of ƽ(ǥ։).

Therefore, for any pair ǥօ, ǥ։ ∈ Ǎ, with ǥօ ≠ ǥ։, ƾ(ǥօ) ≠ ƾ(ǥ։), andƾ is a one-to-one code.

c.3 proof of lemma 12

Lemma 17. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙) be a probability distribution on Ǎ, with Ǣ1 ≥ … ≥ Ǣ֙. The
average length ǆ݀ of an optimal ǝ-ary one-to-one code that includes the
empty word satisaes

ǆ݀ >ǂ֍(Ǣ) − (ǂ֍(Ǣ) + log֍(ǝ − 1)) log֍ (1 + 1ǂ֍(Ǣ) + log֍(ǝ − 1))− log֍(ǂ֍(Ǣ) + log֍(ǝ − 1) + 1),
where ǂ֍(Ǣ) = −∑օ֙=1 Ǣօ log֍ Ǣօ.
Proof. The proof is an adaptation of Alon et al.’s proof [7] from
the binary case to the ǝ ≥ 2-ary case.

We recall that the optimal one-to-one code (i.e., whose average
length achieves the minimum ǆ݀) has codeword lengths ℓօ given
by:

ℓօ = ⌊log֍((ǝ − 1)ǭ)⌋. (C.1)

For each Ǯ ∈ {0,… , ⌊log֍ Ǡ⌋}, let us deane the quantities ǣ։ as
ǣ։ = ֎֊+1−1֎−1∑օ= ֎֊−1֎−1 +1Ǣօ.
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It holds that ∑⌊log֎ ֙⌋։=0 ǣ։ = 1. Let Ǔ be a random variable that takes
values in {0,… , ⌊log֍ Ǡ⌋} according to the probability distributionǣ = (ǣ0,… , ǣ⌊log֎ ֙⌋), that is∀Ǯ ∈ {0,… , ⌊log֍ Ǡ⌋} Pr{Ǔ = Ǯ} = ǣ։.
From (C.1), we have

ǆ݀ =∑֙օ=1⌊log֍((ǝ − 1)ǭ)⌋Ǣօ
= ⌊log֎ ֙⌋∑։=0

֎֊+1−1֎−1∑օ= ֎֊−1֎−1 +1⌊log֍((ǝ − 1)ǭ)⌋Ǣօ
= ⌊log֎ ֙⌋∑։=0 Ǯǣ։ = ਇ[Ǔ]. (C.2)

By applying the entropy grouping rule ([35], Ex. 2.27) to the
distribution Ǣ, we obtain

ǂ2(Ǣ) = ǂ2(ǣ) + ⌊log֎ ֙⌋∑։=0 ǣ։ǂ2 ⎛⎜⎜⎝
Ǣ ֎֊−1֎−1 +1ǣ։ ,… , Ǣ ֎֊+1−1֎−1ǣ։ ⎞⎟⎟⎠

≤ ǂ2(ǣ) + ⌊log֎ ֙⌋∑։=0 ǣ։ log2 ǝ։
(since ǂ2 ⎛⎜⎝

֡ ֎֊−1֎−1 +1֥֊ ,… , ֡ ֎֊+1−1֎−1֥֊ ⎞⎟⎠ ≤ log2 ǝ։)
= ǂ2(ǣ) + ⌊log֎ ֙⌋∑։=0 Ǯǣ։ log2 ǝ
= ǂ2(ǣ) + ਇ[Ǔ] log2 ǝ. (C.3)

We now derive an upper bound to ǂ2(Ǔ) = ǂ2(ǣ) in terms of the
expected value ਇ[Ǔ].

To this end, let us consider an auxiliary random variable Ǔ′
with the same distribution of Ǔ, but with values ranging from 1 to⌊log֍(Ǡ)⌋ + 1 (instead of from 0 to ⌊log֍(Ǡ)⌋). It is easy to verify
that ސ = ਇ[Ǔ′] = ਇ[Ǔ] + 1.
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Let 𝛼 be a positive number, whose value will be chosen later.
We obtain that

ǂ֍(Ǔ) − 𝛼ސ = ⌊log֎(֙)⌋+1∑օ=1 ǣօ−1 log֍ 1ǣօ−1 − 𝛼 ⌊log֎(֙)⌋+1∑։=1 Ǯǣ։−1
= ⌊log֎(֙)⌋+1∑օ=1 ǣօ−1 log֍ 1ǣօ−1 + ⌊log֎(֙)⌋+1∑։=1 (−𝛼Ǯ)ǣ։−1
= ⌊log֎(֙)⌋+1∑օ=1 ǣօ−1 log֍ 1ǣօ−1 + ⌊log֎(֙)⌋+1∑։=1 ǣ։−1 log֍(ǝ−܄։)
= ⌊log֎(֙)⌋+1∑օ=1 ǣօ−1 log֍ ǝ−܄օǣօ−1
≤ log֍

⌊log֎(֙)⌋+1∑օ=1 ǝ−܄օ ( by Jensen’s inequality)

= log֍ ⎡⎢⎣( 1ǝ1⎝⎜⎛(܄ − ǝ−܄(⌊log֎(֙)⌋+11 − ǝ−܄ ⎞⎟⎠⎤⎥⎦≤ log֍ ⎛⎜⎝1 − ǝ−܄(log֎(֙)+1)ǝ܄ − 1 ⎞⎟⎠= log֍ (1 − (ǝǠ)−܄ǝ܄ − 1 ) .
By substituting log֍ 1−ޔޔ with 𝛼 in the obtained inequality

ǂ֍(Ǔ) ≤ 𝛼ސ + log֍ (1 − (ǝǠ)−܄ǝ܄ − 1 ) ,
we obtain

ǂ֍(Ǔ) ≤ ސ log֍ ސސ − 1 + log֍(ސ − 1) + log֍ ⎛⎜⎜⎝1 − ( 1ǝǠ)log֎ 1−ޕޕ ⎞⎟⎟⎠ .
(C.4)

Since ( 1֍֙)log֎ 1−ޕޕ is decreasing in ,ސ and because ސ = ਇ[Ǔ]+1 > 1,
we obtain:

ǂ֍(Ǔ) < ਇ[Ǔ] log֍ (1 + 1ਇ[Ǔ]) + log֍(ਇ[Ǔ] + 1). (C.5)
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By applying (C.5) to (C.3) and since ǂ֍(Ǔ) = տ2(׃)
log2 ֍ , we obtain

ǂ2(Ǣ) <ਇ[Ǔ] log2 ǝ + ਇ[Ǔ] log2 (1 + 1ƿ[Ǔ]) + log2(ƿ[Ǔ] + 1).
(C.6)

From (C.2), we have that ǆ݀ = ਇ[Ǔ]; moreover, from the in-
equality (5.18) of Lemma 14, we know thatǆ݀ ≤ ǂ֍(Ǣ) + log֍(ǝ − 1). (C.7)

Hence, since the function ǚ (Ǭ) = Ǭ log֍ (1 + (׉1 is increasing in Ǭ,
we can apply (C.7) to upper-bound the term

ਇ[Ǔ] log2 (1 + 1ƿ[Ǔ]) ,
to obtain the following inequality:

ǂ2(Ǣ) <ǆ݀ log2 ǝ + (ǂ֍(Ǣ) + log֍(ǝ − 1)) log2 (1 + 1ǂ֍(Ǣ) + log֍(ǝ − 1))+ log2(ǂ֍(Ǣ) + log֍(ǝ − 1) + 1).
(C.8)

Rewriting (C.8), we anally obtain

ǆ݀ >ǂ֍(Ǣ) − (ǂ֍(Ǣ) + log֍(ǝ − 1)) log֍ (1 + 1ǂ֍(Ǣ) + log֍(ǝ − 1))− log֍(ǂ֍(Ǣ) + log֍(ǝ − 1) + 1),
and that concludes our proof.

c.4 proof of lemma 13

Lemma. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙, be a probability distribution on Ǎ. The
average length ǆ݀ of an optimal one-to-one code that includes the empty
word satisaes the following:
1. If 0 < Ǣ1 ≤ 0.5,

ǆ݀ ≥ǂ֍(Ǣ) − (ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (1 − Ǣ1) log֍(ǝ − 1))
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log֍ ⎛⎜⎜⎝1 + 1ǂ֍(Ǣ) − Ǣ1 log֍ 1֡1 + (1 − Ǣ1) log֍(ǝ − 1)⎞⎟⎟⎠− log֍(ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (1 − Ǣ1) log֍(ǝ − 1) + 1)
− log֍ ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠ , (C.9)

2. if 0.5 < Ǣ1 ≤ 1ǆ݀ ≥ǂ֍(Ǣ) − (ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1)))
log֍ ⎛⎜⎝1 + 1ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1))⎞⎟⎠− log֍(ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(1 + log֍(ǝ − 1)) + 1)
− log֍ ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠ , (C.10)

whereℋ֍(Ǣ1) = −Ǣ1 log֍ Ǣ1−(1−Ǣ1) log֍(1−Ǣ1) is the ǝ-ary binary
Shannon entropy.
Proof. The proof is the same as the proof of Lemma 12. However,
we change two steps in the demonstration.

First, since

( 1ǝǠ)log֎ 1−ޕޕ = ( 1ǝǠ)log֎ ਇ[ׄ]+1ਇ[ׄ] = ( 1ǝǠ)log֎(1+ 1ਇ[ׄ] )
is decreasing in ސ and ਇ[Ǔ] = ǆ݀ = 0Ǣ1 + 1Ǣ2 + ⋯ ≥ 1 − Ǣ1, we
have

log֍ ⎛⎜⎜⎝1 − ( 1ǝǠ)log֎ 1−ޕޕ ⎞⎟⎟⎠ ≤ log֍ ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠ . (C.11)

Hence, by applying (C.11) to the right-hand side of (C.4), we
obtain

ǂ֍(Ǔ) ≤ਇ[Ǔ] log֍ (1 + 1ਇ[Ǔ]) + log֍(ਇ[Ǔ] + 1)
+ log֍ ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠ . (C.12)
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Now, by applying (C.12) (instead of (C.5)) to (C.3) and sinceǂ֍(Ǔ) = տ2(׃)
log2 ֍ , we obtain

ǂ2(Ǣ) ≤ਇ[Ǔ] log2 ǝ + ਇ[Ǔ] log2 (1 + 1ƿ[Ǔ]) + log2(ƿ[Ǔ] + 1)
+ log2 ⎛⎜⎜⎜⎝1 − ( 1ǝǠ)log֎(1+ 11−֢1 )⎞⎟⎟⎟⎠ . (C.13)

Here, instead of applying the upper bound:

ǆ݀ ≤ ǂ֍(Ǣ) + log֍(ǝ − 1)
of Lemma 14 to the right-hand side of (C.13), we apply the im-
proved version:

ǆ݀ ≤ ⎧{⎨{⎩ǂ֍(Ǣ) − Ǣ1 log֍ 1֡1 + (1 − Ǣ1) log֍(ǝ − 1) if 0 < Ǣ1 ≤ 0.5,ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1) log֍ 2(ǝ − 1) if 0.5 < Ǣ1 ≤ 1,
proven in Lemma 15. Then, we simply need to rewrite the inequal-
ity, concluding the proof.

c.5 proof of lemma 14

Lemma. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙, be a probability distribution on Ǎ. The
average length ǆ݀ of an optimal one-to-one code that includes the empty
word satisaes

ǆ݀ ≤ ǂ֍(Ǣ) + log֍(ǝ − 1). (C.14)

Proof. Under the standing hypothesis that Ǣ1 ≥ … ≥ Ǣ֙, it holds
that

Ǣօ ≤ 1ǭ ∀ǭ = 1,… , Ǡ. (C.15)

We recall that the length of the ǭ-th codeword of an optimal one-
to-one code ƾ that includes the empty word is equal to

ℓօ = ⌊log֍((ǝ − 1)ǭ)⌋. (C.16)
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Therefore, from (C.15), we can upper bound each length ℓօ as
ℓօ = ⌊log֍((ǝ−1)ǭ)⌋ ≤ log֍((ǝ−1)ǭ) ≤ log֍(ǝ−1)+log֍ 1Ǣօ . (C.17)

Hence, by applying (C.17) to the average length of ƾ, one gets

ǆ݀ = ∑֙օ=1 Ǣօℓօ ≤ ∑֙օ=1 Ǣօ (log֍(ǝ − 1) + log֍ 1Ǣօ) = ǂ֍(Ǣ)+log֍(ǝ−1).
This concludes our proof.

c.6 proof of lemma 15

Lemma. Let Ǎ = {ǥ1,… , ǥ֙} be the set of source symbols and Ǣ =(Ǣ1,… , Ǣ֙), Ǣ1 ≥ … ≥ Ǣ֙, be a probability distribution on Ǎ. The
average length ǆ݀ of an optimal one-to-one code that includes the empty
word satisaes

ǆ݀ ≤ ⎧{⎨{⎩ǂ֍(Ǣ) − Ǣ1 log֍ 1֡1 + (1 − Ǣ1) log֍(ǝ − 1) if 0 < Ǣ1 ≤ 0.5,ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1) log֍ 2(ǝ − 1) if 0.5 < Ǣ1 ≤ 1,
(C.18)

whereℋ֍(Ǣ1) = −Ǣ1 log֍ Ǣ1−(1−Ǣ1) log֍(1−Ǣ1) is the ǝ-ary binary
Shannon entropy.

Proof. Let us prove arst that the length of an optimal one-to-one
code that includes the empty word satisaes the inequality:

ǆ݀ ≤∑֙օ=2 Ǣօ log֍(ǭ(ǝ − 1)) − 0.5 ∑։≥2∶ ֎֊−1֎−1 ≤Ǣ֙ ֎֊−1֎−1 . (C.19)
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By recalling that ℓ1 = ⌊log֍(ǝ − 1)⌋ = 0, we can rewrite ǆ݀ as
follows:

ǆ݀ =∑֙օ=2 Ǣօ⌊log֍(ǭ(ǝ − 1))⌋
= ∑։≥1∶ ֎֊−1֎−1 +1≤֙

min( ֎֊+1−1֎−1 −1,֙)∑օ= ֎֊−1֎−1 +1 Ǣօ⌊log֍(ǭ(ǝ − 1))⌋
+ ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1

⎢⎢⎣log֍ ⎛⎜⎝ǝ։ − 1ǝ − 1 (ǝ − 1)⎞⎟⎠⎥⎥⎦
= ∑։≥1∶ ֎֊−1֎−1 +1≤֙

min( ֎֊+1−1֎−1 −1,֙)∑օ= ֎֊−1֎−1 +1 Ǣօ⌊log֍(ǭ(ǝ − 1))⌋
+ ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 log֍(ǝ։ − 1)
− ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 (log֍(ǝ։ − 1) − ⌊log֍(ǝ։ − 1)⌋)

≤∑֙օ=2 Ǣօ log֍(ǭ(ǝ − 1)) − ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 (log֍(ǝ։ − 1) − ⌊log֍(ǝ։ − 1)⌋),
where the last inequality holds since

∑։≥1∶ ֎֊−1֎−1 +1≤֙
min( ֎֊+1−1֎−1 −1,֙)∑օ= ֎֊−1֎−1 +1 Ǣօ⌊log֍(ǭ(ǝ − 1))⌋ ≤

∑։≥1∶ ֎֊−1֎−1 +1≤֙
min( ֎֊+1−1֎−1 −1,֙)∑օ= ֎֊−1֎−1 +1 Ǣօ log֍(ǭ(ǝ − 1)).

We observe that the function ǚ (Ǯ) = log֍(ǝ։ −1)− ⌊log֍(ǝ։ −1)⌋ is
increasing in Ǯ. Therefore, it reaches its minimum at Ǯ = 2, where
it takes the value

log֍(ǝ2 − 1) − ⌊log֍(ǝ2 − 1)⌋ = 1 + log֍ (1 − 1ǝ2) > 0.5,
for any ǝ ≥ 2. Thus, (C.19) holds as we claimed.
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Let us now show that

ǆ݀ ≤ ǂ֍(Ǣ)−Ǣ1 log֍ 1Ǣ1 +(1−Ǣ1) log֍(ǝ−1)−0.5 ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 .
(C.20)

Since the distribution Ǣ is ordered in a non-increasing fashion,
from (C.15) and (C.19), we have that

ǆ݀ ≤ ∑֙օ=2 Ǣօ log֍(ǭ(ǝ − 1)) − 0.5 ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1
≤ ∑֙օ=2 Ǣօ log֍ 1Ǣօ (ǝ − 1) − 0.5 ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 (since ǭ ≤ 1֡ֆ )

= ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (1 − Ǣ1) log֍(ǝ − 1) − 0.5 ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 .
Therefore, (C.20) holds.

To conclude the proof, it remains to prove that

ǆ݀ ≤ ǂ֍(Ǣ)−ℋ֍(Ǣ1)+(1−Ǣ1)(log֍ 2(ǝ−1))−0.5 ∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 .
(C.21)

By observing that for any ǭ ≥ 2, it holds that

Ǣօ ≤ 2(1 − Ǣ1)ǭ , (C.22)

we obtain:

ǆ݀ ≤∑֙օ=2 Ǣօ log֍(ǭ(ǝ − 1)) − 0.5 ∑։≥2∶ ֎֊−1֎−1 ≤ Ǣ֙ ֎֊−1֎−1
≤∑֙օ=2 Ǣօ log֍ (2(1 − Ǣ1)Ǣօ (ǝ − 1)) − 0.5 ∑։≥2∶ ֎֊−1֎−1 ≤Ǣ֙ ֎֊−1֎−1

(since from (C.22), we have ǭ ≤ 2(1−֡1)֡ֆ )

=ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (log֍ 2 + log֍(1 − Ǣ1)



C.6 proof of lemma 15 177

+ log֍(ǝ − 1))(1 − Ǣ1) − 0.5 ∑։≥2∶ ֎֊−1֎−1 ≤ Ǣ֙ ֎֊−1֎−1=ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(log֍ 2(ǝ − 1)) − 0.5∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 .
Therefore, (C.21) holds as well.

From (C.20) and (C.21), since

∑։≥2∶ ֎֊−1֎−1 ≤֙ Ǣ ֎֊−1֎−1 ≥ 0,
one gets

ǆ݀ ≤ ǂ֍(Ǣ) − Ǣ1 log֍ 1Ǣ1 + (1 − Ǣ1) log֍(ǝ − 1),
and

ǆ݀ ≤ ǂ֍(Ǣ) − ℋ֍(Ǣ1) + (1 − Ǣ1)(log֍ 2(ǝ − 1)).
Now, one can see that Ǣ1 log֍ 1֡1 ≥ ℋ֍(Ǣ1) + (1 − Ǣ1) log֍ 2 for0 < Ǣ1 ≤ 0.5, concluding the proof.
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