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4 CONTENTS

Introduction

The thesis is composed of three interconnected chapters, each examining commu-
nity detection in financial networks from a distinct perspective. The first chapter
provides a broad overview of the most relevant literature on network studies in fi-
nance, with a particular focus on networks reconstructed from financial time series.
It highlights their community structures and discusses how these structures have
been used to implement risk diversification and asset allocation strategies, whether
based on the overall network topology or on the organization of communities. The
second chapter constitutes the main contribution of this thesis and seeks to advance
the state of the art by improving standard methodologies along three dimensions:
robustness, the joint consideration of multiple data types, and the integration of dif-
ferent frequencies. The chapter demonstrates how these improvements lead to more
reliable and informative analyses, showing clear advantages over existing approaches
across various aspects of community detection. The third chapter then investigates
the application of generative community detection methods to financial time series,
offering an alternative perspective to the correlation-based approaches employed in
the previous chapter and prevailing in most studies of this kind. This exploration
aims to extend the analytical framework by considering how generative models can
capture structural regularities that might not be directly observable from empirical

correlations alone.



Chapter 1

Literature Review

1.1 Introduction

Network science is an interdisciplinary field whose origins trace back to the classical
Konigsberg Bridges problem, the solution of which laid the foundations of graph the-
ory. Its interdisciplinary nature stems not only from the diversity of tools it draws
upon, including mathematics, statistics, physics, computer science, and sociology,
but also from the wide range of scientific domains in which it has been successfully
applied. Over the years, network science has contributed to major advances in fields
such as biology Barabasi and Oltvai (2004), epidemiology Pastor-Satorras et al.
(2015), medicine Barabdsi et al. (2011), neuroscience Bassett and Sporns (2017),
sociology Borgatti et al. (2009), computer science Zhou et al. (2020), the study
of physical and digital infrastructures Boccaletti et al. (2006), as well as various
branches of economics Jackson et al. (2008); Hidalgo and Hausmann (2009) and
finance Caccioli et al. (2018).

Network science has been extensively applied in finance since the early 2000s, and
its relevance grew substantially after the 2008 global financial crisis, which high-

lighted the inability of traditional models to account for phenomena such as cascad-
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ing failures, effects that arise naturally in network-based representations of system
interconnectedness. Because network concepts have been deployed across a wide
range of financial contexts, the term “financial network” has become too broad to
be associated with a single type of structure or methodology. As a result, financial
networks now encompass diverse constructions that differ in their underlying data,
the analytical techniques applied, and the specific objectives pursued in each line of
research.

The following section introduces the fundamental theoretical concepts underpinning
network science. It begins with the formal definition of a graph in its various rep-
resentations, proceeds with an examination of centrality measures, and concludes
with an introduction to community structures, a central component in the study of
network organization.

Subsequently, the discussion turns to networks constructed from stock return time
series, with a particular focus on stock correlation networks. Both methodologi-
cal developments and their applications to asset allocation and risk diversification
are reviewed. A broader overview of additional successful applications of network

science in finance is then provided.

1.2 Networks: Theoretical foundations

Network science builds around the concept of graph, a mathematical object con-
ceived to describe relations among objects. A graph can be defined as a collection
of vertices V and edges E:

G=(V.E)

in which vertices V' represent the objects and edges F represent some kind of pair-
wise relations between pairs of vertices.

A graph is usually defined by a square matrix, the adjacency matrix A whose entries
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indicate the existence and, as it will be explained later, the entity of relations be-
tween any two vertices. A first classification of graphs can be made based upon the
type of pairwise relations they represent. The simplest form is the unweighted undi-
rected graph G = (V, E) where relations between vertices are represented by 0/1 en-
tries in the adjacency matrix and the edges have no directions (v; — vy = vy — vy).
Unweighted undirected graphs therefore provide the most basic information about
the relations between entities concerning the existence / absence of a relation be-
tween the vertices.

A more informative type of graph is the weighted graph G(V, E, W) in which edges
have an associated weight W which represents the magnitude of the relation between
the entities, providing a distinction and a notion of importance for the edges.

A different type of information is provided by directed graphs, in which the relations
have an associated direction indicating that the order in the edge set matter and,
generally, v; — vy # vo — v1. A further refinement providing the most complete
information is represented by the weighted directed graph in which edges are both
directional and have an associated weight.

As shown below the adjacency matrices associated with the different type of graphs:
unweighted (A,), weighted (A,) and directed (A,) are significantly different and

have different properties.

0o 1 1 0 04 1.2 0 1 0
A.=11 0 0 Av=104 0 0 Ag=10 0 1
1 0 0 12 0 0 1 0 0

1.2.1 Centrality measures

The notion of connectedness naturally associated to the graph gives the space to

the definition of some measures of importance of a vertex or an edge based on the
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connection patterns it is part of. The research on centrality metrics has a long
history and there are several important centrality metrics introduced over the years,
each one conveying a different definition of centrality with it. Here we will briefly
introduce the most relevant measures whose basic understanding is fundamental to
fully appreciate the remainder of the thesis. The first and most straightforward
centrality measure is the vertex degree D defined as the number of connections a
vertex has, or, differently, the number of vertices a vertex is connected to. For and

unweighted undirected graph the degree of a node ¢ is defined as:

D(i) = ZAU,

where the A; ;s are the entries of the adjacency matrix A corresponding to node i.
This measure can be generalized to weighted networks where it is defined as strength
and corresponds to the total weights of the edges connected to node i. For what
concerns directed networks we can distinguish between the in-degree given by the
sum of incoming edges (from other vertices to vertex ¢) and out-degree (from vertex
i to other vertices).

A complementary perspective on node centrality is given by the betweenness cen-
trality, which basically measures the extent to which a vertex stands between other
vertices. Betweenness centrality is based on measuring how often a vertex lies on
shortest paths ' between other vertices. For a node i betwenness centrality is defined
as:

SPj(4)

Bi)= Y =AY
s b

where SPj is the total number of shortest paths between vertices j and k, and

SPji(7) is the number of such shortest paths that pass through vertex i.

1a shortest path between two vertices is a sequence of vertices and edges connecting them such
that no other route uses fewer steps
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Shortest paths form the basis also for the closeness centrality which basically mea-
sures how close a vertex is to all other vertices in the graph. Closeness centrality is
given by the reciprocal of the sum of the shortest path (connecting a vertex to all

other vertices) lengths. For a vertex i

1

C(i) = S Tsrl])

where (sp is the length of the shortest path between ¢ and j. The last two mea-
sures, betweenness and closeness centrality can be generalized to both weighted
and directed networks by switching to, respectively, weighted shortest paths? and
directional shortest paths®. Here we presented a concise, basic overview of a few
important centrality measures as a comprehensive treatment of all existing metrics

is neither feasible nor required within the scope of this work.

1.2.2 Community detection on networks

Besides measuring the centrality of vertices another important task in network sci-
ence is understanding the mesoscale structure of a system by grouping the vertices
into communities. This is one of the most widely studied topics since the early days
of network science and an extended exposition of the topic would be too much for
the scope of this thesis; therefore, we will briefly introduce the intuition behind the
most relevant approaches in the literature and, in the next sections, focus on the
specifics of some of these methodologies applied in finance.

The main goal of community detection is to partition a graph G = (V, E) into groups
whose internal connections are denser than the external ones. This can be achieved

through a variety of methods building upon different theoretical frameworks.

?Instead of counting steps, the weighted shortest path is the one whose total weight is minimal
3In this case the route of the shortest path must follow the direction of the edges, so only paths
consistent with the edge directions can be considered.
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A first method stems directly from the goal defined above and consists of dividing
the network by ”cutting” edges between groups. Here the community partition is
achieved by minimizing the edges to ”cut” (Wu and Leahy (2002)), hence the name
min-cut. For subset of vertices S C V from a weighted graph G(V, E, W) the cut is
defined as:

cut (S, S) Z Wij,

i€S,je8
where S denotes the set of vertices V that are not in S and W; is the weight of the
edge between nodes ¢ and 7. The min-cut algorithm seeks to minimize the cut. It
is important to note that min-cut produces a bipartition of the network, dividing it
into exactly two groups. To obtain finer community structures with more than two
communities, the method must be applied recursively to each resulting partition.
Furthermore, minimizing cut(S, S) alone tends to select unbalanced partitions. To

avoid that the normalized cut was introduced by Shi and Malik (2000):

cut (S, S) cut( ,S)
vol(S) vol(S)

Neut(S, S) =

where vol(S) = 3,5 > ; Wi is the total volume defined by the sum of the strengths
(weighted degrees) of all the vertices in subset S. The normalized cut has a strong
connection with spectral partitioning methods. Meila and Shi (2001) proved that
minimizing Ncut is approximately equivalent to finding the eigenvector of the second
smallest eigenvalue of the normalized graph Laplacian, showing that both edge-
cutting and spectral approaches solve the same underlying optimization from a
random-walk 4 perspective.

Another class of methods is based on the maximization of a quantity called mod-

ularity (Girvan and Newman (2002), Newman and Girvan (2004)). The basic idea

“here "random walk” denotes a graph-based random walk, a Markov chain on the vertex set
with transition probabilities determined by the network structure, in contrast to the classical
random-walk processes extensively used in finance.
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is that a good partitioning should have an internal edge density greater than the
one expected in a random graph. Formally, for a partition of the vertices V' into

communities ¢, the modularity is defined as:

kik;

/L?-]

where k; = Zj Wi; is the strength of node 7, m = %E” W; represents the total

weight of all edges, and d(c¢;,¢;) = 1 if nodes i and j belong to the same com-

g:j represents the expected weight of the

munity and 0 otherwise. The quantity
edge between nodes i and j in the configuration model (Newman et al. (2001)), a
null model that preserves the degree sequence of the original graph while randomiz-
ing connections. Modularity based algorithms seek to find the community partition
which maximizes (). Despite its popularity, modularity maximization has important
conceptual and practical limitations. As pointed out by Peixoto (2023) modular-
ity maximization can lead to overfitting, ambiguous interpretations, and resolution
limits.

A further different perspective is provided by Infomap Rosvall and Bergstrom (2008),
which leverages the dynamics of information flow to reveal community structure. In-
fomap interprets the communities as regions of the graph where random walks ° tend
to be trapped for longer periods. Formally, considering a random walker on a graph
G = (V, E,W), with transition probabilities

I/Vi‘
Py=— k=) Wy,
J

)

5also here the term “random walk” denotes a graph-based random walk, a Markov chain on
the vertex set with transition probabilities determined by the network structure, in contrast to the
classical random-walk processes extensively used in finance.
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and stationary distribution =; satisfying m; = ). m; P;;, Infomap seeks a partition
C = {C4,Cs,...,Cy} of the nodes into communities that minimizes the expected
description length of a trajectory of the random walker under a two-level coding

scheme. The associated map equation is

L(C) = q~H(Q)+ Y _pi H(P'),

=1

where ¢, is the probability of exiting any module, H(Q) is the entropy of the mod-
ule codebook, p;, is the probability of visiting nodes inside module 7 and H(P?) is
the entropy of the codebook for module i. The minimization of L(C) identifies a
partition where most of the random walk remains within modules. This flow-based
perspective allows Infomap to detect smaller or nested communities that might be
missed by purely density-based measures, and it naturally extends to weighted and
directed networks.
Lastly, another class of methods that has gained prominence in recent years is rep-
resented by community detection frameworks based on generative modeling, par-
ticularly the Stochastic Block Model (SBM). These methods have been shown to
perform very well in recovering meaningful community structure in diverse networks.
Since SBMs are the central subject of Chapter 3, a full description is deferred to
that chapter.

Besides the approaches introduced here, several other methods exist in the liter-
ature (Fortunato (2010)). Some of these, based on traditional clustering techniques,
remain the standard in certain types of financial networks and will be described in

the following sections.
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1.3 Networks from stock returns time series

The methodologies introduced above operate on an explicitly defined graph and
therefore assume that the network structure is already given. In many empirical
settings this is not the case, and the graph itself must be reconstructed from raw
data before any centrality metric or community detection method can be meaning-
fully applied. Finance is no exception since when dealing with collections of asset
price or return time series the underlying network is not directly observed. There-
fore, the network must be inferred from the statistical relationships among the asset
returns time series. In this context the construction of a meaningful and robust
financial network becomes a crucial preliminary step, as it determines the structure
on which the techniques discussed earlier will be applied.

There exist numerous contributions from both econometrics and econophysics that
propose different ways of reconstructing a network from financial time series, often
tailored to distinct modeling assumptions and empirical objectives. Depending on
the purpose, be it risk propagation, market structure identification, portfolio diver-
sification or systemic stability analysis, different reconstruction strategies may be
more appropriate. In what follows, we outline the most widely applied approaches
for building networks from stock returns, which form the foundations for much of

the subsequent contributions in the literature.

Spillover Networks. One of the first contributions from the Econometrics liter-
ature is the work of Diebold and Yilmaz (Diebold and Yilmaz (2009), Diebold and
Yilmaz (2012), Diebold and Yilmaz (2014)) which can be considered the first and
probably most successful methodological framework combining econometric and net-
work science tools. The fundamental idea of this approach is that of using forecast
error variance decomposition within a VAR framework to measure the interconnect-

edness of financial institutions. In detail they implement a two step approach in
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which the first step consists of estimating a VVAR(p) model for an N-dimensional set

of time series:

p
yi = Z Ay, i +e, €~ N(O, ¥).

i=1
In the second step, using the moving average (M A) representation of the VAR,
the H-step-ahead generalized forecast error variance decomposition (GFEV D) is
computed.

This quantifies the contribution of shocks in variable j to the forecast error variance

of variable i:
5 Yoy (04Te)?

ot _ %ii
K (@S Pe;)

where @), is the M A coefficient matrix at horizon h, e; is a selection vector, and X
is the residual covariance matrix. The resulting matrix © = [HfjH)] is interpreted as

a weighted, directed adjacency matrix representing a network of shock transmission

and is used to compute both node-level and global spillover metrics.

Network Estimation for Time Series (NETS). Barigozzi and Brownlees (2019)
introduced NETS, a methodology for recovering sparse causal networks from high-
dimensional financial time series by estimating a penalized VAR model. Formally,

the approach considers a N-dimensional time series Y, following a VAR(p) process:

N
yt = ZAth—j + €4,

J=1

where both the autoregressive coefficient matrices A; and the precision matrix
Q = 7! of innovations are assumed sparse. Two distinct network structures are

extracted:

e a contemporaneous network from the sparsity pattern of €2 representing in-

stantaneous relationships and shock transmission;
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e a dynamic Granger network from the A; matrices capturing predictive rela-

tionships and lead-lag dependencies.

The NETS estimation procedure employs a two-step LASSO-based approach:

first estimating VAR coefficients:

T
. ] 1 2
A = argmlin {ﬁ tzl HYt - AXt71H + AA”AHI} )

and then estimating the precision matrix using residuals through:

~

Q= argmﬂin {— log det(£2) + tr(S€) + )\Quﬂﬂl} )

with regularization parameters selected via information criteria or cross-validation.
They apply the framework to a panel of volatilities of US blue chips stocks be-
tween 2004-2015 and using general centrality metrics find a general high degree of

interconnectedness particularly for financial firms.

Granger causality networks. Another widely used methodology from the Econo-
metrics literature is the one introduced in Billio et al. (2012) in which the key step is
to build a directed network from pairwise Granger causality tests between the time
series associated to the nodes in the network.

This work is considered foundational in the field and introduced several measures
of connectedness that are widely used both within and beyond academia. Its pri-
mary innovation, however, lies in the application of Granger causality tests Granger
(1969) to construct directed networks for the purpose of understanding how shocks
propagate through the financial system.

The network is built by testing whether institution j’s lagged returns contain infor-
mation useful for predicting institution ¢’s future returns beyond what ¢’s own history

provides, the approach is able to capture lead-lag relationships that could emerge
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from portfolio rebalancing, funding constraints, information asymmetries, and con-
tagion effects that are central to understanding how financial distress spreads across
institutions and sectors. The network construction methodology employs VAR mod-
els estimated over rolling windows, where each institution’s returns are regressed on

lagged values of all other institutions’ returns according to:

p p
K K
Tit = QG + g 51-(7,~)7“z',t—k + E E Bi(J)rj,t—k + i,
k=1

j#i k=1

with the null hypothesis Hj : Bz(’;) = 0 for all lags k tested using F-statistics to
determine whether j Granger-causes .

The authors use this methodology to analyze a set of monthly returns time se-
ries for hedge funds, broker/dealers, banks, and insurers and find that the Granger-
causality networks exhibit dramatic structural changes over time, indicating that
predictive relationships proliferate when the financial system comes under stress.
They also show that network-based measures provide superior early warning ca-
pabilities for identifying periods of heightened systemic risk, with network density

and centrality metrics exhibiting significant predictive power for subsequent market

downturns.

1.4 Stock correlation networks

Among the various methodologies for reconstructing networks from stock return
time series, the approach introduced by Mantegna (1999) is the most widely applied,
particularly in the context of community detection. This methodology constructs

the network directly from the stock return correlation matrix by transforming it into
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a dissimilarity measure using the following transformation:

Since the correlation matrix, and consequently the dissimilarity matrix, contains no
inherently non-zero entries it is necessary to apply a filtering procedure to extract a
meaningful network structure. Over the years various methods have been proposed
to obtain a sparse representation of the dissimilarity matrix. These methods can be
broadly classified into two categories: i) threshold-based filters, which retain only
the elements not exceeding a specified threshold, and ii) topological filters, which

enforce a specific topological structure on the resulting network.

1.4.1 Threshold filters

Threshold filters Onnela et al. (2003a), as the name implies, are based on the appli-
cation of a threshold # to the dissimilarity matrix. Each entry of the dissimilarity
matrix for which d > 6 is set to zero, resulting in the following filtered dissimilarity

matrix:

di,j _ di,j if d@j <0

0 otherwise

This approach has been widely employed in numerous studies, however, it presents
certain limitations. In particular, weak but potentially important correlations are
discarded when set to zero. Another critical issue is the selection of an appropriate
threshold, as a threshold that is too stringent may produce a disconnected network,
whereas a more permissive threshold can introduce spurious edges, thereby com-
promising the analysis. These challenges are especially pronounced when analyzing
time-evolving networks.

As a result, topological filters have emerged as a common solution, and they are
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described in detail in the next section.

1.4.2 Topological filters

Topological filters constitute another class of filtering methodologies for the dissim-
ilarity matrix and are among the most widely used in practice. Indeed, the seminal
work of Mantegna (1999) employed a topological filter to extract the backbone of
the network.

The fundamental idea is to impose a specific topological structure on the resulting
graph and to filter the dissimilarity matrix conditional on this imposed topology.
Three principal topological filtering methodologies are commonly employed: the
minimum spanning tree (MST), the planar maximally filtered graph (PMFG), and

the triangulated maximally filtered graph (TMFG).

Minimum Spanning Tree. The Minimum Spanning Tree (MST) was the first
technique employed to extract a network from the stock return correlation matrix, as
introduced in Mantegna (1999). The MST imposes a tree structure on the network,
which is an acyclic graph that connects all nodes with N — 1 edges while mini-
mizing the total sum of dissimilarities. It is commonly constructed using Kruskal’s

algorithm:
1. Compute the dissimilarity matrix D from the correlation matrix;
2. Create a list of all possible edges (i, j) sorted in ascending order by d,;;
3. Initialize each node as a separate tree;
4. ITterate through the sorted edge list:

e For each edge (i,7), add it to the MST if it connects two different trees

(i.e., no cycle is formed);
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5. Continue until N — 1 edges have been added;

The MST therefore preserves the most significant relationships while ensuring that
the graph remains connected and free of loops or cliques. However, as the simplest
possible network structure, the tree can be considered overly restrictive, since it

discards a substantial amount of information.

Planar Maximally Filtered Graph. The Planar Maximally Filtered Graph
(PMFG) Tumminello et al. (2005) generalizes the MST by permitting additional
edges, up to 3(N — 2), while preserving planarity. The key distinction from the
MST is that the resulting graph is not restricted to a tree but is a general planar
graph. This allows more edges to be retained and therefore captures additional
information, albeit at the cost of increased computational complexity. Specifically,
the PMFG preserves the most significant links under the constraint that the graph
can be embedded in a plane without edge crossings, and it is constructed using a

greedy algorithm:
1. Compute the dissimilarity matrix D;
2. Sort all pairwise dissimilarities d;; in ascending order;
3. Initialize an empty graph;
4. Tterate through the sorted edge list:

e Add edge (7,7) if it does not violate planarity (checked using planarity

test algorithms);
5. Stop when the graph reaches 3(N — 2) edges;

The PMFG construction shares many similarities with the MST algorithm, but

it includes an additional planarity check that significantly increases computational
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complexity. At each iteration, the procedure must verify whether adding a candidate
edge preserves the planarity of the resulting graph. Since the number of edges in
a complete graph grows proportionally to the square of the number of nodes, the

overall computational complexity of the algorithm can be shown to scale as O(N3).

Triangulated Maximally Filtered Graph. The Triangulated Maximally Fil-
tered Graph (TMFG) Massara et al. (2016) is a planar graph constructed through
local operations that triangulate the network while maximizing the information re-
tained. Because it relies on local moves rather than global planarity checks, it is
significantly faster to compute than the PMFG. Its original formulation is based on
a similarity matrix, but, as shown in Briola and Aste (2022), can also be adapted

to dissimilarity matrices. The construction follows the procedure outlined below:

1. Create an ordered list of all node pairs (4, j) sorted by increasing dissimilarity
di j;

2. Identify the 4 nodes with the lowest total dissimilarity ;

3. Connect these 4 nodes into a tetrahedron (a 4-clique with 4 triangular faces);

4. While the number of edges is less than 3N — 6:

e For each node not yet in the graph, consider all existing triangular faces;

e Compute the gain (or minimized cost) of inserting that node into each

triangle, forming three new triangular faces;
e Select the insertion (node and triangle) that optimizes this criterion;
e Insert the node, connect it to the three nodes of the selected triangle, and

update the graph;

The TMFG offers two primary advantages compared to the PMFG: i) it is more

computationally efficient due to its reliance on local moves, and ii) it is a chordal
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graph, which allows its use in graph-based statistical inference models. For these
reasons, it is increasingly adopted as the standard topological filter in such studies.
Figure 1.1 illustrates the MST, PMFG, and TMFG on the left, alongside the corre-
sponding threshold networks on the right, obtained by retaining the same number of
edges as in the respective filtered graphs. These networks are constructed from the
stocks composing the S&P 100 index, and the resulting structures differ markedly,

potentially leading to substantially different outcomes in analytical applications.

o O e ©
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(e) TMFG (f) threshold —TMFG—

Figure 1.1: Different filtering methodologies.
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1.5 Community detection in stock correlation net-
works

As discussed above, understanding the mesoscale organization of networks through
community detection is a key area of research in complex network theory. Identifying
communities not only provides deeper insight into the structure and dynamics of a
system but also enables dimensionality reduction by representing each community
as a single node. In the context of financial networks, the study of community
structures has been a central topic since the field’s early development, beginning

with the pioneering work of Mantegna (1999).

Traditional Hierarchical Clustering. Hierarchical clustering is the most com-
monly applied methodology in such studies, serving both exploratory analyses and
asset allocation purposes. This approach generates a hierarchical organization of
partitions, providing a theoretically grounded interpretation of the dissimilarities
between individual elements as well as between clusters. Hierarchical clustering
methods employ a linkage criterion to measure dissimilarities between clusters. The
most widely used linkage criteria are single linkage, complete linkage, and average
linkage. Single linkage computes the distance between two clusters as the minimum
distance between any pair of points from the respective clusters, often resulting in
elongated, chain-like cluster formations. In contrast, complete linkage defines the
distance as the maximum distance between any pair of points, which promotes the
formation of compact, spherical clusters. Average linkage calculates the distance
as the average of all pairwise distances between points in the two clusters, yielding
results that fall between the two extremes. For further details on these and other
linkage criteria approaches, see Hastie et al. (2009).

These methods use as input the dissimilarity matrix derived from the cross-
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correlations of stock return time series and are closely related to spanning tree
extraction. Specifically, the MST corresponds to the hierarchy obtained through
single linkage clustering, whereas an alternative spanning tree, the Average Linkage
Minimum Spanning Tree Tumminello et al. (2007a), corresponds to the hierarchical

structure produced by average linkage clustering.

Directed Bubble Hierarchical Tree. While hierarchical clustering is commonly
linked to filtered graphs like the MST, the Directed Bubble Hierarchical Tree (DBHT)
Song et al. (2012) is directly informed by the topology of the Planar Maximally
Filtered Graph (PMFGQG), integrating its structural information into the resulting
hierarchy.

The method starts from the PMFG built from the dissimilarity matrix and exploits
the structural role of the 3-cliques® in the graph to extract clusters.

Specifically, it makes a distinction between separating 3-cliques, cliques whose re-
moval disconnects the graph, and non-separating 3-cliques. The separating cliques
identify boundaries between distinct subgraphs, called bubbles. The bubbles are
organized into a bubble tree, a directed structure where edges are oriented based on
the weight distribution of links across the separating clique. Converging bubbles,
nodes with only incoming edges, are taken as cluster centers and all other nodes are
assigned to these centers based on topological proximity and strength of connection,
without needing to pre-specify the number of clusters.

This assignment is then used to build a three-tier hierarchy:
e Intra-bubble hierarchy representing clustering within individual bubbles;
e Intra-cluster hierarchy among bubbles assigned to the same cluster;

e Inter-cluster hierarchy representing the hierarchical organization among

6A 3-clique of is a fully connected triplet of vertices, that is, a set {V;,V;,V;} C V such that all
three edges (V;,V;), (V;, V1), and (V;,V;) belong to E.
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the resulting clusters;

This method has been applied for the first time to stock return correlation networks
in Musmeci et al. (2015) which shown that DBHT clustering provides better results

overall with respect to other methodologies.

Partition Decoupling Method. Another notable approach is the Partition De-
coupling Method (PDM) introduced by Leibon et al. (2008), which provides a multi-
scale framework for detecting community structures. PDM uncovers multiple inter-
acting partitions across hierarchical layers and is capable of identifying topological
features such as cycles within the community graph.

The method combines two algorithms: the partition scrubbing method and hier-
archical spectral clustering. The spectral clustering algorithm is specifically adapted
for correlation matrices. Let p denote a symmetric correlation matrix computed
from a set of time series. The first step involves transforming the correlations into
dissimilarities using a different transformation compared to the previously discussed

methods. In particular, the dissimilarity matrix d = (d;;) is defined as:
i 1
d;; = sin (§ arccos(pij)) ,

representing half the chordal dissimilarity between two points on the unit sphere,
which respects the geometry of correlations.

The dissimilarities are then used to build a complete graph from the affinity matrix:

and then the graph Laplacian L is computed as:

L=I-D2xWxD2,
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where D be the diagonal degree matrix with entries D;; = > i Wi;. Then the next
step is to compute the eigenspectrum {\;, v;} of L, and select the k& most relevant
eigenvectors.

The number of clusters k is determined by comparing the spectrum of the Lapla-
cian to that of a suitable null model, such as the Laplacian derived from random
correlation matrices. The rows of the matrix corresponding to the selected eigenval-
ues are then normalized to unit length, and k-means clustering is applied to these
normalized rows to partition the nodes into k& communities.

After performing spectral clustering, the partition scrubbing method is applied iter-
atively in combination with spectral clustering to construct a hierarchy of partitions.
Specifically, for each cluster obtained from spectral clustering, a prototype is gener-

ated by computing the mean time series:

1€CH

X00) = 30X,

so that each prototype represents the average dynamics of cluster c,.
Then each original time series X;(t) is orthogonally projected onto the subspace

spanned by the set of cluster prototypes {X((¢)}. This is basically a linear regres-

sion step:
c
Xi(t) = > B X@(t) + €M (1),
a=1
where egk) (t) is the exogenous component of X;(t), orthogonal to the span of the

cluster prototypes and is used to build another set of time series:

XEV () = Pty
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which are then used to construct the next-layer correlation matrix:

,0(].“1) = Corr(X(kH) X;kﬂ)),

i % )

capturing the correlations not explained by the first layer partitions. The two steps

are then iteratively repeated to uncover deeper layers of modular organization:

The authors apply the method to a set of 4 years time series for 2547 stocks and
find that the US equity market exhibits rich, multiscale community structure and

nontrivial topology, including loops that reflect sector rotation.

Random Matrix Theory and Modularity Maximization. The methods dis-
cussed so far are applied to the dissimilarity matrix derived from correlations and are
largely associated with traditional clustering techniques for community detection.
In contrast, MacMahon and Garlaschelli (2015) adopt a different approach by oper-
ating directly on the correlation matrix and adapting community detection methods
based on modularity to account for the specific properties of empirical correlation
matrices. Their method is closely linked to random matrix theory, which provides
a key set of tools for filtering noise from correlation matrices. In particular, the
authors redefine the modularity function using null models that are consistent with
the spectral characteristics of empirical correlation matrices. Formally, a correlation

matrix p is decomposed as:
p= p(T) + p(g) + p(m)’

e p") represents a noise component corresponding to the eigenvalues within the
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Marcenko—Pastur bounds;

e p(™ represents the global mode corresponding to the largest eigenvalue also

known as the market mode;
e pl9 represents the signal which contains information about the group structure

By using this decomposition of the correlation matrix the authors derive three re-
definitions of modularity for different levels of complexity of the underlying time

series:

1. Infinite time series, no global mode:

QUC) = —— S (i — 6,)8(ci, )

pnorm 17]

2. Finite time series, noise-filtered:

Q:(C) = —— 3 iy — P10 (i)

pl’lOI‘l’l’l Z,]

3. Finite time series, noise and global mode filtered:

1 r m
Q3(C) = > (pij - P — piM(es, ¢j),

pnorm ’L,j

where C' = {c1,¢a,...,cy} denotes a partition of the N assets into communities,
with ¢; indicating the community to which asset i belongs, d(c;,¢;) = 1if ¢; = ¢
and 0 otherwise, and p,,,, = >_; ; pij is a normalization factor ensuring that the
modularity is properly scaled.

The authors then adapt three widely used algorithms to maximize the redefined
modularity. They further extend the framework by introducing a multiresolution

approach, which recursively applies community detection to submatrices of p. Each
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submatrix corresponds to a detected community and is re-filtered by removing
community-specific modes. This methodology is consistent with the intrinsic prop-
erties of correlation matrices and allows for a principled analysis of hierarchically

nested community structures in high-dimensional systems.

1.6 Applications

With regard to practical applications, two main strands of literature link financial
networks to portfolio construction. Although both build on the methodologies de-
scribed above, they differ in whether portfolios are constructed using (i) network
centrality metrics or (ii) the hierarchical community structure. Given the extensive
literature, we focus on the most influential approaches and indicate when contribu-
tions are primarily exploratory and when they include extensive backtesting against

standard portfolio optimization benchmarks.

Network centrality-based methods. The intersection of network topology and
portfolio design has been explored through several approaches, all converging on a
central insight: an asset’s position within the correlation network carries informa-
tion about diversification potential and systemic exposure.

The first explicit link between filtered networks and portfolio construction is found
in Onnela et al. (2003b), where 477 NYSE stocks (1980-1999) are analyzed using
MST- and hierarchical-based representations. Besides introducing concepts such
as the central vertex, market “backbone,” and mean occupation layer (MOL), the
authors show that assets appearing at the periphery of the MST systematically dom-
inate optimal Markowitz portfolios. The work demonstrates how tree-filtered net-
works provide interpretable representations that preserve essential economic struc-
ture while reducing noise in the correlation matrix.

A more systematic exploitation of network position is proposed by Pozzi et al. (2013),
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who construct hybrid centrality indicators combining several metrics into compos-
ite indices X and Y. High X 4 Y values identify peripheral assets, while X — Y
captures differences in link quality. Portfolios consisting of peripheral stocks con-
sistently achieve superior signal-to-noise ratios, and even portfolios containing only
about 20 peripheral assets match or outperform the full 300-stock benchmark. The
approach provides a transparent rule-based selection procedure and shows how net-
work layouts visually encode diversification opportunities.

In Peralta and Zareei (2016), the authors establish a theoretical link between Markowitz
optimization and network centrality, proving that the optimal Markowitz weight is
negatively related to node centrality. Building on this insight, they introduce the
p-dependent portfolio rule, which selects assets within a specified centrality range.
Extensive in-sample and out-of-sample tests across markets and time periods show
that the resulting portfolios achieve lower realized variance and higher Sharpe ratios
than standard benchmarks.

Overall, despite methodological differences, these works lead to the same conclu-
sion: assets located on the network periphery tend to provide better risk-adjusted
performance, suggesting that investors should “invest in the peripheries(Pozzi et al.

(2013))”.

Clustering-based methods. A second line of research focuses on the hierarchical
community structure derived from the dissimilarity matrix and its use in portfolio
construction. A seminal reference is Tola et al. (2008), which studies how hierarchi-
cal clustering can reduce estimation noise in correlation matrices. Assuming fixed
expected returns and volatilities, the authors treat uncertainty as arising only from
correlation estimation. They transform correlations into dissimilarities and apply

hierarchical clustering to obtain an ultrametric structure; the resulting filtered corre-
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lations pfj are positive-definite and retain essential structure while attenuating noise.
Using data on over 1,000 NYSE stocks (1988-1998), they show that average-linkage
filtered matrices produce more reliable risk forecasts, reducing the error between
ex-ante and realized portfolio variance. The study provides early evidence that
clustering-based filtering is effective for improving Markowitz optimization.

A different path is taken by Lopez de Prado (2016), which abandon mean-variance
optimization entirely and introduce the Hierarchical Risk Parity (HRP) methodol-
ogy. HRP begins by computing dissimilarities and then a dissimilarity-of-dissimilarities
matrix, followed by hierarchical clustering to reveal the nested asset structure. Af-
ter reordering the covariance matrix into quasi-diagonal form, a recursive bisection
allocates capital inversely to cluster-level risk. This prevents concentration, en-
sures diversification across and within clusters, and avoids matrix inversion entirely.
Through extensive Monte Carlo simulations, the authors show that HRP reduces
out-of-sample variance by more than 70% compared to the Critical Line Algorithm
(CLA) and by 38% relative to inverse-variance portfolios.

Building on HRP, Raffinot (2018) proposes Hierarchical Clustering-Based Asset Al-
location (HCAA), a general framework that extends the dissimilarity-of-dissimilarities
approach of Lopez de Prado (2016). Multiple clustering algorithms are tested, and
a statistically motivated stopping rule based on the gap statistic Tibshirani et al.
(2001) is introduced to determine the optimal depth of the dendrogram, in contrast
to HRP’s full recursive bisection. Once cluster-level weights are assigned, capital
is distributed equally within each cluster. Extensive backtesting shows that HCAA
provides more robust out-of-sample performance than traditional risk-based strate-
gies. While no single clustering method dominates, DBHT tends to yield slightly
better risk-adjusted returns, whereas average linkage offers greater robustness.

The same author further refines the hierarchical framework with the Hierarchical

Equal Risk Contribution (HERC) portfolio, which integrates the stopping rule of
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HCAA with the recursive ERC-based allocation scheme of HRP. Large-scale empiri-
cal tests show that HERC improves risk-adjusted performance and further stabilizes

portfolio weights relative to its predecessors.

1.7 Other Financial Networks

Beyond networks constructed from stock return data, a wide variety of financial sys-
tems have been analyzed using network science, providing insights into the structure
and dynamics of interconnections of those systems.

A first major strand concerns interbank networks, where nodes are banks and edges
capture bilateral exposures. Typically directed and weighted, these networks are
used to study shock propagation and systemic fragility. Theoretical work relates
topology to contagion amplification (e.g., Acemoglu et al. (2015)), while metrics
such as DebtRank Battiston et al. (2012) assess institutional importance. Empirical
studies reveal robust structural patterns and early-warning signals Squartini et al.
(2013), and multilayer models account for heterogeneity across instruments Alda-
soro and Alves (2018).

A second major category is that of portfolio-overlap networks, where bipartite insti-
tution—asset structures capture indirect contagion through common holdings. Their
projections link portfolio similarity to potential fire-sale spillovers, and contagion
models quantify amplification channels (e.g., Greenwood et al. (2015); Cont and
Schaanning (2017)). Empirical evidence shows the increasing relevance of overlaps
before stress episodes Gualdi et al. (2016), and multilayer frameworks combining
direct and indirect exposures reveal that direct links alone underestimate systemic
risk Poledna et al. (2021).

Payment networks constitute another important class, reflecting settlement systems
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such as Fedwire or TARGET2. These networks exhibit scale-free and small-world
characteristics Soramiki et al. (2007), efficient liquidity distribution Becher et al.
(2008), and community structures tied to institutional roles Galbiati and Stanciu-
Vizeteu (2015). Simulation studies examine alternative settlement mechanisms (
Leinonen and Soramiki (1999)), and measures such as SinkRank Soramiki and
Cook (2013) evaluate systemic relevance.

Finally, network approaches extend to areas including counterparty exposures un-
der central clearing Duffie and Zhu (2011), overnight lending relationships lori et al.
(2008), and global corporate ownership Vitali et al. (2011), underscoring their broad

applicability in modern financial systems.

1.8 Concluding remarks

This chapter has provided a broad overview of the main theoretical and method-
ological foundations underlying the study of networks in financial markets, with a
particular focus on stock correlation networks. By presenting the essential concepts,
tools, and established approaches used in the literature, the chapter lays the foun-
dation for understanding how network-based methods can be applied to financial
time series and why they have become a central component in the analysis of market
structure and dynamics. The chapter highlights how networks offer a flexible and
intuitive framework for representing relationships between financial assets and iden-
tifying patterns not immediately visible through traditional analyses. It also shows
that the study of correlation networks intersects with a wide range of applications,
demonstrating the breadth of contexts in which these methods have been employed.
This chapter does not introduce methodological advances per se. Rather, its role
is to provide the reader with the background and context necessary to interpret

and fully appreciate the contributions developed in the subsequent chapters. The
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subsequent chapters of the thesis build on this foundation to explore more specific

questions and applications within the broader field of financial networks.



Chapter 2

Robust Multi-Source Financial

Network Analysis

2.1 Introduction

The previous chapter provided a general overview of methodological advances in
applying network science concepts to financial time series, defining a wide range of
financial networks. Among these, stock correlation networks Mantegna and Stanley
(1999); Mantegna (1999) have emerged as a prominent research avenue with numer-
ous studies covering both theoretical innovations and practical applications in asset
allocation and risk diversification frameworks.

However, despite the substantial and continuously expanding literature on stock cor-
relation networks, several fundamental aspects remain insufficiently explored. This
chapter addresses these gaps through two complementary methodological advances,
each supported by extensive empirical evidence through the most comprehensive
empirical study of its kind in the literature.

Our first contribution addresses a systematic yet largely neglected challenge in

stock correlation network analysis. Extreme observations in financial returns intro-

34
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duce substantial distortions in community detection algorithms, with these effects
becoming particularly pronounced at higher sampling frequencies Bhachech et al.
(2022). By implementing robust statistical methods for correlation computation, we
demonstrate performance improvements exceeding 50% in sector recovery at intra-
day frequencies compared to conventional approaches. These findings fundamentally
challenge the widespread practice of applying sample correlation estimators to in-
herently noisy financial data.

Our second contribution investigates the joint consideration of multiple information
sources in community detection, a dimension of analysis almost absent from the stock
correlation networks literature despite its established importance in related domains.
We examine this along two complementary perspectives. The first concerns cross-
variable integration, which incorporates returns, volume, and volatility dynamics
rather than relying exclusively on returns. The second explores cross-frequency
integration, synthesizing information across multiple temporal resolutions. Both
approaches yield substantial improvements over traditional single-source method-
ologies: cross-variable integration achieves nearly twofold enhancement in sector
overlap relative to returns-only analysis, while cross-frequency integration attains
unprecedented alignment with economic fundamentals, substantially surpassing all
existing benchmarks.

While each contribution represents a substantial advancement on its own, their joint
implementation through robust cross-frequency integration could play an important
role in shaping subsequent developments in the field. The resulting community
structures achieve the highest sector alignment ever documented in the literature
while simultaneously exhibiting superior economic efficiency. Portfolios constructed
from these data-driven communities generate positive risk-adjusted returns over the
market average, with markedly reduced volatility compared to sector-based group-

ings. When these empirically derived communities diverge from traditional sector
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classifications, they capture economically meaningful regime shifts that remain in-
visible to conventional methods.

We validate these findings using a novel analytical framework that enables a di-
rect economic interpretation of stock groupings over time. The validation relies on
comprehensive empirical analysis (Section 2.6) leveraging twenty years of financial
data observed across multiple sampling frequencies, representing the most exten-
sive multi-frequency investigation in the stock correlation networks literature with
respect to both data variety and temporal resolution. Collectively, these results
demonstrate that financial markets possess an intrinsic capacity for efficient self-
organization, a property that becomes empirically observable only when multiple
information dimensions are jointly considered within robust estimation frameworks.
The remainder of this chapter is organized as follows. Section 2.2 provides essential
context by reviewing the historical development of correlation-based network meth-
ods and their evolution toward the current standard framework. Sections 2.3, 2.4,
and 2.5 establish the theoretical foundations underlying our methodological contri-
butions, while Section 2.6 presents the comprehensive empirical analysis supporting

our findings and, lastly, Section 2.7 concludes.

2.2 Standard analysis framework

The current standard framework originated from Mantegna (1999) which introduced
the idea of building a sparse graph from stock return time series cross-correlations.
The method consisted of computing the Pearson cross-correlation between the stock
returns time series and then transform the correlations to dissimilarities using the
transformation 1.1. The dissimilarity matrix was then used to extract a sparse graph
by computing the Minimum Spanning Tree (MST) and to obtain a hierarchical tree

and the associated community structure by using the single linkage clustering. The
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original work analyzed both the MST and the hierarchical tree extracted from the
log-returns time series of the stocks composing the DJIA index and the S&P 500
index and found a correspondence between clusters and clear economic groupings
such as industry sectors, suggesting the exposure to common industry specific risk
factors.

This approach has been extended and improved in many ways over the last 25 years
with both methodological contributions and practical applications that use either
the network topology or the community structure as the backbone of asset allocation
and diversification strategies. A key refinement to the standard procedure originates
from the empirical findings of Borghesi et al. (2007), who conducted an extensive
analysis across different sampling frequencies and methodological settings. Their
results emphasize the importance of accounting for the common market component,
the systematic factor driving broad co-movements in asset returns, before construct-
ing the network and identifying communities. The rationale is that this pervasive
component dominates the correlation structure, inducing high average correlations
that mask the genuine cross-sectional dependencies among individual stocks. Re-
moving or controlling for this market-wide effect allows the residual correlations to
capture more accurately the idiosyncratic relations among assets.

The idiosyncratic component of stock returns is typically extracted using a standard
single-factor model with respect to the market return Sharpe (1964), which can be
represented either by a broad market index or by the cross-sectional average of all
stock returns. Although the financial econometrics literature has progressed sub-
stantially since the foundational contributions to asset pricing, most notably with
the introduction of the Fama—French three-factor model Fama and French (1993) and
its subsequent extension to the five-factor specification Fama and French (2015), our
analysis is primarily empirical and relies on real financial data observed at multiple

frequencies. Unfortunately, the additional firm-level variables required to estimate
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such multi factor models are not available. For this reason we adopt the traditional
single-factor specification which remains a parsimonious and widely accepted ap-
proach for isolating the idiosyncratic component of returns. Let r;(¢) be the return
of asset 7 at time ¢ and r);(¢) the market return at time ¢, typically represented by

a market index, the single factor model is defined as:

ri(t) = o + B T (t) + €i(t) (2.1)

where «; is the intercept, (; is the slope coefficient capturing the sensitivity of asset
i’s return to the market return and €;(t) = r;(t) — Elri(t)|rm(t)] is a random vari-
able representing the portion of asset ¢’s return not explained by the market factor,
under the assumption of onthogonality of € with respect to rys (Ele|ry] = 0). Ac-
cordingly, the correlations are computed on the idiosyncratic component of returns,
€;(t), as opposed to the raw returns 7;(t). Both the extraction of the idiosyncratic
return component through the single-factor model and the subsequent computation
of correlations constitute the two fundamental steps of the analysis outlined in fig-
ure 2.1. In principle, one could assess the statistical adequacy of both the factor
model estimation and the resulting Pearson correlations. However, given the high
dimensionality of the datasets used in these analyses, usually in the order of hun-
dreds of stocks, it becomes practically infeasible to monitor the performance of each
individual regression and correlation estimate. Consequently, the overall procedure
operates in a de facto unsupervised manner. This setting underscores the necessity
for estimation techniques that are intrinsically robust, as standard methods such as
OLS and the classical Pearson correlation are known to be sensitive to deviations
from model assumptions and the presence of outliers. To address these limitations,
we introduce robust counterparts for both steps, designed to enhance the stability

and reliability of the analysis. The following section introduces these methods and
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illustrates how robustness can fundamentally reshape the interpretation of depen-
dence structures in financial markets. A vast amount of literature has also been
addressed to the exploration of alternative clustering methods to apply to the dis-
similarity matrix. In this regard Coronnello et al. (2007) applies the Average Linkage
Hierarchical clustering algorithm and finds that it provides more structured infor-
mation with respect to the Single Linkage. The most complete work in this regard
is represented by Musmeci et al. (2015) which analyzes the results from five different
clustering algorithms, namely: i) Single Linkage Hierarchical Clustering Anderberg
(2014), ii) Average Linkage Hierarchical Clustering, iii) Complete Linkage Hierarchi-
cal Clustering, iv) K-medoids Kaufmann and Rousseeuw (1987), v) Directed Bubble
Hierarchical Tree (DBHT) Song et al. (2012). This study is particularly relevant
because, beyond comparing the performance of a broad set of clustering algorithms,
it also examines how each algorithm performs when applied to correlation matrices
computed from raw returns and from returns purged of the systematic component.
The findings show that, when correlations are estimated from idiosyncratic returns,
the resulting clusters display a substantially stronger alignment with the underlying
economic sector classification, consistently across all algorithms considered. The
analytical framework developed in Musmeci et al. (2015) serves as the reference

standard for this type of analysis; its overall structure is illustrated in Figure 2.1.

2.3 The case for robustness

As already anticipated in the previous section, a key limitation of the standard ap-
proach lies in its sensitivity to extreme observations in the data. Estimating the
single-factor model for each asset via OLS can lead to distorted coefficient esti-
mates when outliers are present, producing outcomes that misrepresent the true

idiosyncratic component. Since these idiosyncratic returns form the basis for the
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Figure 2.1: Schematic representation of the standard procedure

subsequent correlation calculations, even a few extreme values can propagate dis-
tortions through the entire analysis. This issue is particularly relevant in financial
time series, where large deviations occur more frequently than in most other con-
texts. To address these challenges and improve the stability and reliability of the
results, we adopt robust regression techniques Maronna et al. (2006); Ronchetti and
Huber (2009), which limit the influence of outliers.

Several robust regression methods have been proposed in the literature, with the
most widely used being M-estimators Huber (1964), MM-estimators Yohai (1987),
and Least Trimmed Squares (LTS) Roussecuw (1984). All of these approaches share
the common principle of reducing the influence of extreme observations, thereby
achieving a compromise between bias and efficiency. For the present work we employ
the LTS estimator due to its simplicity, interpretability and favorable performance
in small samples, as well as the straightforward interpretation of its single hyperpa-
rameter.

The basic idea of LTS is to reduce the influence of extreme values by minimizing
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not the sum of all squared residuals, like the OLS, but the sum of the h smallest

squared residuals. Sorting the squared residuals in ascending order:

6?1)<O{,ﬁ) < 6%2)(04”8) < < E(2T)(a7/8)7

the LTS estimator solves:

min 3 el (. 9)
where the parameter h determines the proportion of observations contributing to
the fit. In our empirical analyses, we set h = 0.8 T, meaning that only the 80% of
observations with the smallest residuals are used to estimate the regression coeffi-
cients. This choice corresponds to a breakdown point of 20%, indicating that up
to one fifth of the data can be arbitrarily contaminated without compromising the
validity of the estimates. By trimming the largest residuals, LTS concentrates the
regression fit on the central bulk of the data, producing coefficient estimates that
more accurately reflect the underlying systematic relation and residuals that better
capture the idiosyncratic component of returns. From a computational perspective,
solving the LTS problem exactly is NP-hard, as it requires evaluating all possible
subsets of size h. In practice, efficient approximation algorithms are employed to
obtain the estimates. As an example of the impact of robust regression methods
we show, in figure 2.12, the scatter plot of the monthly estimated beta coefficients
over time for two stocks in our sample, representing Colgate and Procter & Gamble.
The coordinates of the points in the scatter represent the B of the one factor models
estimated through OLS on the x axis and LTS on the y axis. Some of the points
deviate significantly from the diagonal demonstrating a huge difference between the
two beta estimates, with some points showing remarkably different results. The dif-

ference in the parameter estimates directly affects the resulting idiosyncratic return

component, as shown in figure 2.3 which shows the time series of the differences be-



42 2.3. THE CASE FOR ROBUSTNESS

tween the idiosyncratic return components from the OLS models and the residuals
from the LTS models, with the green dots highlighting the biggest ones in magnitude
(1%). These differences are directly reflected in the correlations between the time
series, as shown by figure 2.4 which shows the Pearson cross-correlation between the
idiosyncratic return component extracted from, respectively, the OLS and LTS one
factor models of the two stocks analyzed above on the left and on two other stocks in
the Real Estate sector on the right. We decided to show the correlations between two
stocks belonging to Consumer Staples, a traditionally defensive sector weakly corre-
lated to the market conditions, and two Real Estate stocks, a sector which has been
the epicenter of the biggest financial crisis of the 21st century, to show how different
the two correlations dynamics are. In particular the two Consumer Staples stocks
show a steadily increasing correlation over time while the two Real Estate ones have
some steep variations right after the 2008 subprime crisis and the COVID-19 and,
interestingly, a significant and persistent difference between correlation computed

on OLS and LTS residuals after the COVID-19 pandemic.
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Figure 2.2: Comparison of monthly beta estimates (30-day windows) obtained with
OLS and LTS methods for Colgate (left) and Procter & Gamble (right).

The differences in residuals resulting from robust regression, as illustrated in the
previous figures, naturally propagate to the computation of cross-correlations be-

tween assets. Even moderate deviations in the estimated idiosyncratic components
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Figure 2.3: Time series of deviations between idiosyncratic return components ex-
tracted from one-factor models estimated via OLS and LTS methods for Colgate
(left) and Procter & Gamble (right).
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Figure 2.4: Comparison of rolling window Pearson correlations computed from resid-
uals estimated using OLS and LTS methods for Colgate and Procter & Gamble (left)
and for Equity Residential and Realty Income Corporation (right). The correlations
are computed on 1000 days rolling windows with a 30 days shift between windows.
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can lead to substantial changes in the measured pairwise dependence, particularly in
high-dimensional financial datasets. While the sample correlation is asymptotically
consistent under relatively mild regularity conditions, it lacks robustness in finite
samples. Specifically, the estimator’s efficiency deteriorates substantially and it ex-
hibits high sensitivity to outlying observations when the underlying distribution
is heavy-tailed. This is particularly problematic in the context of financial time
series, where leptokurtosis, asymmetry, and volatility clustering constitute well-
documented stylized facts, especially at higher sampling frequencies Cont (2001).
Consequently, the finite-sample properties of the sample estimator may be severely
compromised in practical applications, potentially producing misleading conclusions
about the underlying dependence structure. These considerations highlight the need
for a robust counterpart to the sample correlation that is able to capture the central
dependence patterns while mitigating the effects of outliers.

A wide range of robust covariance estimators have been proposed, often based on
M-estimation principles or adaptive weighting schemes that down-weight the influ-
ence of extreme observations Maronna et al. (2006). In this work, we employ the
Tyler’s scatter estimator Tyler (1987) for its distribution-free nature and its scale
invariance properties. The key idea of the Tyler estimator is to work with a matrix
that is proportional, but not identical, to the covariance matrix: the scatter matrix,

obtained by normalizing the observations as follows:

Ty

S = 7T——
' |24 [2

and then applying MLE on the normalized points s. While normalization removes
scale information from the observations, it preserves their relative differences and

directional properties, thereby providing numerical stability. The probability density
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function of the normalized points is thus represented by their angular distribution:

1

VIEl

with 3 being the parameter to estimate.

f(s) o (s"=71s) e

Observing that (s?Zflst)fN/Z x (xfE7 'z N2 We can write the MLE for T
observations as:

T
. N _
min log det(X) + ra ;1 log (z{ =7 'x,)

if we express the gradient with respect to X7 we get:

T
1
> = T ;wt(E) X :I:ta:,f

and the weights w, given by:

N

) [ S
wi(%) Iy,

this fixed-point equation can be solved through the following procedure, for k =
0,1,2, ..., at k = 0 set £ equal to the sample covariance matrix and then iteratively

update it:
T
- (k+1) 1 ( N ) T
3y = — — - | XX
r 2 o)
After each iteration normalize the scatter by the trace:

E(k+1) - 2(k+1)

o (5)

The procedure then stops when reaching convergence:

||E(k+1) . E(kz)HF <€
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However, when applied to financial settings with a large number of assets N
relative to the available time span T, the standard unregularized estimator may
become unstable or not defined, as it requires 7' >> N. This high-dimensional set-
tings are pretty common in empirical financial studies, where the trade-off between
temporal resolution and dimensionality is unavoidable. Longer estimation windows
increase the reliability of covariance estimates but risk mixing heterogeneous market
regimes, whereas shorter windows preserve local stationarity at the cost of increased
noise in the estimates. In such contexts, a regularized version of the Tyler’s scatter
estimator Sun et al. (2014) provides a principled compromise. Regularization stabi-
lizes the estimation procedure by augmenting the log-likelihood with a penalization
term, typically promoting shrinkage toward a structured target such as the identity
matrix.

The regularized Tyler estimator addresses the finite-sample instability that arises
when the sample-to-dimension ratio N/T is large, even when N < T'. Indeed, the
degeneracy and noise amplification in multivariate estimators manifest well before
the singular case where NV > T'. The regularization penalty shrinks the estimate to-
ward a target matrix, thereby numerically stabilizing the estimator and reducing the
contribution of weak spurious correlations arising from sampling noise. Therefore, in
this work, we adopt the regularized Tyler scatter estimator to obtain robust and sta-
ble correlation structures that remain reliable under both heavy-tailed distributions
and challenging dimensionality regimes. As already anticipated, the regularized

Tyler’s scatter is obtained by adding a penalization term to the likelihood:

T
mzin g log det(X) + g Z log (z/ 7 '@,) + a (Nlog (Tr (X7'82)) + log det(X)) ,
t=1
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where €2 is the target matrix and the main step of the iterative procedure becomes:

T
N Tzl N
2(k+1) —(1— ot tlt + Q
=07 ; w35l T (30)

where p = The correlations are then extracted by normalizing the scatter

@
T/2+4a”

matrix by its diagonal entries.

To illustrate the practical relevance of adopting robust methodologies in the cor-
relation computations, figure 2.5 compares pairwise correlations estimated using the
conventional Pearson estimator and the regularized Tyler’s estimator. The left panel
reports the correlations between Procter & Gamble (PG) and Colgate (CL), while
the right panel shows those between Equity Residential (EQR) and Realty Income
(O). All correlations are computed over 1,000-day rolling windows using OLS resid-
uals.

For the two Consumer Staples firms, CL and PG, the differences between estima-
tors are moderate and the temporal evolution of the correlations remains largely
consistent across methods, in line with the patterns previously observed in Figure
2.3. In contrast, for the two Real Estate stocks, EQR and O, the discrepancies are
substantial, particularly during and after major market events. Following the 2008
subprime crisis, the Pearson correlations rise markedly above the Tyler estimates,
while the opposite occurs in the aftermath of the COVID-19 shock. These diver-
gences highlight how the regularized Tyler estimator attenuates the disproportionate
impact of extreme co-movements and provides a smoother and arguably more reli-
able depiction of the underlying dependence structure.

The benefits of robustness become even more apparent when both stages of the anal-
ysis, the removal of the market mode and the estimation of the correlation structure,

are performed using robust methods. Figure 2.6 compares the correlations obtained
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using the Pearson estimator on OLS residuals with those obtained using the Tyler
estimator on residuals from the LTS regressions. The combination of LTS regres-
sion and the regularized Tyler estimator yields correlations that are simultaneously
robust to extreme observations in the factor modeling stage and in the correlation
estimation stage. Once again, the Consumer Staples pair shows stable correlations
across specifications, whereas the Real Estate pair exhibits pronounced differences,
consistent with the greater volatility and tail risk characteristic of that sector.

Overall, these results demonstrate that robust methods can substantially alter the
empirical assessment of financial dependencies, especially in sectors prone to heavy-
tailed behavior and regime shifts. By mitigating the influence of extreme events,
the resulting correlation structures better reflect the typical co-movements of assets
rather than transient shocks. In section 2.6 we will show how robustness impacts
community detection performances, demonstrating its contribution to clearer and
more economically coherent groupings. The same section then reports results based
on the integration of heterogeneous information sources, a dimension often neglected
in prior studies. Therefore the next paragraphs introduce this further dimension in

detail, outlining the underlying rationale and methodological approach.
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Figure 2.5: Comparison of rolling window correlations on OLS residuals computed
from the Pearson and regularized Tyler estimators for Colgate and Procter & Gam-
ble (left) and for Equity Residential and Realty Income Corporation (right). The
correlations are computed on 1000 days rolling windows with a 30 days shift between
windows.
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Figure 2.6: Comparison of rolling window correlations computed with the Pearson
estimator on OLS residuals and the regularized Tyler estimator on LTS residuals for
Colgate and Procter & Gamble (left) and for Equity Residential and Realty Income
Corporation (right). The correlations are computed on 1000 days rolling windows
with a 30 days shift between windows.

2.4 Information from different data sources

Aa already anticipated, another aspect that has received relatively little attention
in the literature concerns the integration of the informative content carried by dif-
ferent data types. This idea can be conceived along two complementary directions.
Horizontally, the focus is on the joint behavior of different measures such as returns,
trading volumes, and volatilities observed at a common frequency, capturing their
mutual relationships and co-movements. Vertically, attention shifts to the same
variable examined across different temporal resolutions, revealing how its statisti-
cal properties change from high to low frequency representations. In both cases,
most works in the literature are based on comparisons of reconstructed networks
and community structures obtained from different data, addressing cross-variable or
cross-frequency relationships in an indirect manner rather than explicitly integrat-
ing information, leaving the joint dynamics across variables and frequencies largely
unexplored.

Within the cross-variable dimension, a number of studies briefly introduced below

have explored how different market variables interact when observed at a common
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frequency. These works often focus on the co-movement of returns, trading vol-
umes, and volatilities, typically by comparing networks and community structures
derived from each data type. While such analyses shed light on the patterns of
interdependence across variables, they generally examine each data type separately,
without providing a unified view that integrates multiple sources of market infor-
mation, with a few notable exceptions that attempt to combine different measures
to capture more comprehensive relationships.

Among them Micciche et al. (2003) built Minimum Spanning Trees from both re-
turns and volatility and analyzed their structure and degree stability over time and
found that return MSTs are more stable in time with respect to volatility MSTs,
while Musmeci et al. (2017) used a method based on multiplex networks and PM-
FGs built from four different dependence measures between the same set of stocks
and found that different dependency measures capture complementary aspects of
the structure and dynamics of financial markets. Among the attempts to integrate
different data types, some works have focused on embedding trading volume along-
side returns in network constructions. Brida et al. (2016) combined log-returns and
volumes in a single time series by taking the element-wise product between return
and volume series, applying time series symbolization, computing a dissimilarity
from the symbolized series, and then building the MSTs. Similarly, Coletti (2016)
created a new time series as the element-wise product of closing prices and volumes,
directly embedding the symbolized series while giving more weight to returns than
to volumes.

With respect to the cross-frequency dimension, the literature has been primarily
concerned with investigating and comparing correlations, reconstructed networks
and communities between returns measured at different sampling frequencies. The
most important work in this regard is Epps (1979) which documented what is now

known as Epps effect: the fact that empirical correlations between stock returns
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decrease as the sampling frequency of the data increases. Epps also found that this
phenomenon appears to be caused by the nonstationarity of price changes and by
correlations between transactions.

In the specific context at hand this difference in the correlations would mean that
both the filtered networks and the detected communities would be different for each
frequency, being based on fundamentally different dissimilarities. This has been the
object of study of many works since the early days, Bonanno et al. (2001) analyzed
the MST built from returns at different frequencies and found that the hierarchi-
cal organization strongly depends on the sampling frequency of the returns used to
compute the correlations, while Tumminello et al. (2007b) analyzes the topological
properties of the PMFGs between 300 stocks built from returns sampled at different
time horizons and find that they exhibit markedly distinct topological structures,
indicating that the correlation architecture of the market depends on the sampling
frequency. In this sense, PMFGs derived from different frequencies encode comple-
mentary aspects of market organization. More recently Wang et al. (2017) analyzed
MSTs and PMFGs constructed from US stock returns decomposed via wavelets at
multiple time scales and found that network topologies, sectoral clustering, and link
persistence vary significantly across scales, indicating that data at different frequen-
cies provide complementary information about the market structure.

To the best of our knowledge, despite the growing literature on financial data at dif-
ferent frequencies, no study has yet attempted to jointly exploit the information pro-
vided across multiple frequencies. To address this gap, both in the cross-frequency
and the cross-variable dimension, an existing methodology originally developed in
genomics has been adapted. This approach allows for the joint exploitation of in-
formation across different views of the same set of observational units, and will be

introduced in detail in the following subsection.
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2.4.1 Data integration and Similarity Network Fusion

Data integration refers to the combination of heterogeneous data sources, represent-
ing different views of the same sampling units, into a unified representation that
captures both shared and view-specific information.

Despite the historically large and heterogeneous amount of financial data available,
finance has not traditionally been the field in which data-integration methods have
been developed or most widely applied.

Indeed, many of the methodological advances in this domain stem from genomics and
bioinformatics, where researchers routinely integrate transcriptomic, proteinomic,
clinical and other types of data. Comprehensive reviews of data integration methods,
such as Reel et al. (2021) and Subramanian et al. (2020), outline several major fami-
lies of approaches. These include subspace alignment methods that project different
datasets into a common latent space, multi-view representation learning approaches
that jointly embed heterogeneous data, network-based integration frameworks that
operate on pairwise similarity structures, and deep multimodal learning methods
capable of capturing nonlinear relationships across modalities.

Among these approaches, Similarity Network Fusion Wang et al. (2014) stands out
as particularly suitable method for the problem at hand. SNF constructs a simi-
larity graph for each data modality and iteratively fuses them through a diffusion
process that emphasizes both shared and complementary information, resulting in
an integrated similarity network that preserves the consensus structure across data
types. More in detail, the process starts by computing dissimilarities separately
from ¢ different data sources, leading to ¢ different dissimilarity matrices D between
the same observational units D™, D@ . D@  The dissimilarity matrices are then

turned to similarity matrices W through a scaled exponential kernel, for a single
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element of a single dissimilarity matrix:

d*(i, j)
Wi, j) = exp ——= 2.2
(.9 5 (2.2

where d(i, j) is the i, j element of the dissimilarity matrix, u is an hyperparameter

of the method and ¢; ; controls the scaling and is defined as:

avg {d (i, Ni)} + avg {d (j, N})} + d(i, j)

(57;,]' — 3

where d (i, V;) is the dissimilarity between element i and each one of his k nearest-
neighbors, k is therefore another hyperparameter of the method. This leads to ¢
similarity matrices W W® W@ derived directly from the dissimilarity ma-
trices, these similarity matrices are then used to build two different normalized
similarity matrices for each single original similarity matrix:

W (i.j) ji W (i,j) je N,

PO, j) = { TesWOGR? HO (G, j) =  Sren WO

N =

) J=1 0, otherwise

where the P matrices embed the full information about the original similarity ma-
trices W, while the H matrices represent a sparse representation of the original
W matrices retaining information only about the k nearest-neighboring points. The
core step of the methodology consists of cross-diffusing the sparse matrices H on the
full ones P through a procedure that iteratively updates the full similarity matrices

P at each iteration ¢, in the case of ¢ = 2:

T
Pt(i)l = HOp® (H(l))

2 1 T
Py = HO R (1)
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where Pt(i)l and Pﬁ)l are, respectively, the similarity matrices of the data type 1 and
2. The number of iterations 7 is another hyperparameter of the methodology, at the
last iteration 7 the final fused similarity matrix is obtained as:
1

Pr = (P +PP)
The final fused similarity P* thus embeds information from all the ¢ different data
sources and can be used for tasks like clustering and classification.
Although originally developed for genomic data, SNF offers a natural framework for
financial applications. Furthermore, as already explained before, in financial time
series this multiview framework can be further refined to capture distinct forms of
heterogeneity, both across variables and across time scales. On one hand, we can
consider horizontal views of a set of stocks, corresponding to distinct data types
capturing complementary aspects of market dynamics. On the other hand, we can
define vertical views, obtained by observing the same data type at different tempo-
ral resolutions. For example, returns computed from high-frequency intraday data
provide a short-term view of market fluctuations, while daily or monthly aggregates
reflect longer-term dependencies.
We adapted the SNF methodology to the context of financial time series by declin-
ing it into two complementary frameworks covering, respectively, the horizontal and
the vertical multi-view perspectives. These two frameworks will be described in the

following subsections.

2.4.2 Cross-variable SNF

To embed information horizontally across different data types, the first step is to

transform the raw OHLCV time series into informative measures. While for price
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data there exists a standard transformation, namely the logarithmic return
ry = log(P;) — log(P;—1),

the choice of suitable transformations for other variables such as trading volume
and volatility proxies is less straightforward. Regarding volume, we employ the

differences between the logarithms of traded volumes,
ve = log (V) — log(Vi-a),

which have been shown to share many statistical properties with returns, such as
heavy tails and volatility clustering Podobnik et al. (2009). This makes them a
natural choice for ensuring consistency across data types.

For volatility proxies, we need a measure computable at any sampling frequency and
capable of capturing intra-period price variations. Among the various alternatives
available in the literature, we use the Parkinson Parkinson (1980) range-based esti-

mator, which takes into account both the highest and lowest prices within a given

e 4lo;<2> (k)g @))2

This estimator is non-parametric, efficiently exploits high—low information, and per-

period:

forms well across different time frequencies, justifying its choice among other volatil-
ity measures. Table 2.1 summarizes the three transformations applied to the data
to obtain information on price variations, traded volumes, and volatility.

After computing these three measures, the next step consists in calculating the cor-
relations over time series of T observations for each variable, thus obtaining three
correlation matrices {p™, p(*), p(*)}. These matrices are converted into dissimilar-

ities through the transformation 1.1, resulting in {D(r), D), D(“’)}, which serve as
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input dissimilarity matrices for the SNF algorithm. The SNF then returns a sin-
gle fused similarity matrix that integrates information from returns, volumes, and

volatilities at a given frequency. The procedure is summarized in figure 2.7.

log-returns, ( clustering fromthe
volumes, fused similarity matrix
volatilities spectral clustering
timeseries \_ )
one-factor model compute the ) é embedthe )
w.r.t. market index cross-correlations for single frequency affinities
toremove the systematic |___| residuals, volumes intoafusedsimilarity
returncomponent and volatilities through SNF
fromlog-returns - J

— |

- \
[ convertcorrelations [ convertdissimilarities ]
B

J

todissimilarities to affinitites

Figure 2.7: Schematic representation of the procedure used to embed different data
types

2.4.3 Cross-frequency SNF

The framework for embedding information vertically across frequencies is illustrated
in figure 2.8, though some details go beyond what the schematic representation alone
can convey. The procedure starts from the daily time series, selecting a time window
of T" days. For each window, the idiosyncratic return component is extracted using
the one-factor model (equation 2.1), from which the cross-correlations are computed
to obtain the daily correlation matrix p(%¥). The analysis then moves to a higher
frequency while keeping the same time window, selecting the last T" observations
and repeating the same steps, idiosyncratic returns extraction and correlation com-

putation, to obtain another correlation matrix p/) for the same set of stocks but at
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Table 2.1: Summary of all the data used in the analysis
Measure Raw data Pre- Definition
processing
returns adjusted clos- missing values log-returns:
ing prices replaced  with
(split/dividend last  observed Tt =log(F) —log(Fi-1)
adjusted) at 1- value (LOCF)
minute to daily
frequency
volumes trading volume at missing values log-volume changes Podob-
l-minute to daily replaced — with nik et al. (2009):
frequency last observed
value (LOCF) v = log(V;) — log(Vi-1)
volatilities High (H) and Low missing values Parkinson range-based esti-
(L) prices at 1- replaced  with mator Parkinson (1980):
minute to daily last observed )
frequency value (LOCF) w, = m <log<f—:>)
detrended log-returns of — one-factor model:
returns each stock 7 vs.
SPY at 1l-minute Tig = o+ Bragg + €y
to daily frequency
idiosyncratic returns €
used in analysis
sectors GICS-11 classifi- — “Ground truth” labels used

cation (11 sec-

tors)

to evaluate community de-
tection performance
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a different frequency. This process continues up to the highest frequency, resulting

day) . p(™m)1 " These are converted into dis-

in a set of correlation matrices {p
similarities using equation 1.1, giving {D@¥) . DUmm} which are used as input
dissimilarity matrices for the SNF algorithm. The SNF then outputs a single fused

similarity matrix embedding information from returns at all considered frequencies.

Given that SNF here operates across multiple frequencies, we adopt a fixed ob-
servation window for correlation estimation at each frequency, thereby maintaining
consistent sample-to-dimension ratios. Alternative specifications based on keeping
a constant calendar time window were explored. The results for these alternative
specifications are not shown here, but they generally produced inconsistent esti-
mates, particularly at higher frequencies.

Furthermore, a clarification is needed on the role that correlation estimates play in
our analysis framework. A central issue in the econometrics literature is the develop-
ment of sophisticated estimators that account for microstructure noise, asynchronous
trading, and other high-frequency effects, in order to obtain precise correlation es-
timates. Here, however, the goal is different since we are not interested in precisely
estimating correlations, but in capturing the overall dependence structure among
stocks. In this context, microstructure and other low-frequency noises are not detri-
mental and should be included, as they contribute to the observed associations and
allow us to characterize the network of relationships among stocks, which is the
ultimate focus of our analysis.

More recently, a promising line of research has emerged in the frequency domain
Barigozzi and Farne (2024); Krampe and Paparoditis (2025), where high-dimensional
procedures are developed for estimating large spectral density matrices. These con-
tributions provide an alternative route to network recovery based on frequency-

domain conditional dependence, which is complementary to the perspective adopted
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here. Once we have the fused matrix, we need to choose a clustering algorithm to
detect communities of actions that share similar patterns. The next section will

present the chosen algorithm and justify its choice.

log-returns clusteringfromthe
timeseries fused similarity matrix
atdifferent spectral clustering
frequencies

one-factor model computethe ‘

w.r.t. market index cross-correlation between embedthe )

toremove the systematic N the idiosyncratic singlefrequency affinities
returncomponent returns into afusedsimilarity
at eachfrequency ateachfrequency through SNF

J

\
convertcorrelations convertdissimilarities
todissimilarities to affinitites
J

Figure 2.8: Schematic representation of the procedure used to embed different fre-
quencies

2.5 Detecting communities via spectral clustering

The fused similarity matrix produced by the SNF algorithm represents an affinity
network rather than a collection of feature vectors in a Euclidean space. Each entry
S;; measures the strength of the relationship between samples ¢ and j and results
from nonlinear similarity transformations, normalization over local neighborhoods,
and an iterative diffusion process across heterogeneous data types. Consequently, S
encodes the topological structure of sample-to-sample relationships, not dissimilar-
ities in a metric space. Therefore applying clustering algorithms completely based
on Euclidean dissimilarities, such as k-medoids or hierarchical clustering, is con-

ceptually unjustified, as these methods presuppose a globally consistent geometric
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structure where cluster membership reflects spatial proximity:.

In contrast, the affinity matrix S defines a weighted graph G = (V, E, W) whose
edges represent pairwise similarities among samples. This graph structure can, in
principle, be analyzed using any network-based community detection method (For-
tunato (2010)), for instance modularity maximization Newman (2006) or stochastic
block modeling Peixoto (2019).

Spectral clustering Ng et al. (2002); Von Luxburg (2007) naturally occupies an
intermediate position between these two domains: it treats S as a graph by con-
structing its Laplacian, but then relaxes the discrete partitioning problem through
an eigen-decomposition of L to obtain a continuous embedding in which Euclidean
dissimilarities reflect the underlying graph connectivity. Moreover, the SNF diffu-
sion process itself can be interpreted as a Laplacian-based propagation of similarity
information across networks, making spectral clustering not only compatible but
conceptually aligned with the way SNF integrates data across modalities. For these
reasons, spectral clustering represents a theoretically and geometrically appropriate
choice for identifying coherent sample groups in the fused similarity network.

As already suggested above, the similarity matrix effectively represents a similarity
graph and spectral clustering is based on the eigen decomposition of the Laplacian

of the similarity graph, in this particular case the symmetric normalized Laplacian
1 1
L=1—-D2WD 2,

with I being the identity matrix and D being the diagonal degree matrix of the
similarity matrix W
N

J=1
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The algorithm then proceeds to compute the first k£ eigenvectors corresponding to
the k smallest eigenvalues of the normalized Laplacian L and builds a new matrix

U whose columns are the the k eigenvectors extracted above:
U= [ul,u2, c ,uk} € RNXk

Finally the rows of U are normalized to unit length:

Uy
N

Finally, the clusters are extracted by applying k-means to the rows of Y. This dis-

Y =

cretization step assigns each sample to one of the k clusters based on its position in
the spectral embedding.

A central issue in spectral clustering is the determination of the appropriate number
of clusters, K, to retain from the eigen-decomposition of the graph Laplacian. Two
main strategies are commonly employed: the eigen-gap heuristic and the rotation
cost criterion.

The eigen-gap heuristic Ng et al. (2002) relies on inspecting the ordered eigenvalues
A < Ay < -0 < N, of the normalized Laplacian. In theory, when the similarity
graph consists of K disconnected components, the first K eigenvalues are exactly
zero, and the (K + 1)-th eigenvalue marks a positive jump. In empirical settings
with noisy or weighted graphs, one looks for the largest gap between consecutive
eigenvalues, that is, A1 — Ag, and interprets the corresponding index £ as the op-
timal number of clusters. While this method is simple and grounded in the spectral
theory of graphs, it is often unstable in real-world data where eigenvalue spectra
decay smoothly, making it difficult to identify a distinct gap.

An alternative approach is provided by the rotation cost criterion Zelnik-Manor and
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Perona (2004), which evaluates the stability of cluster assignments after rotating the
continuous spectral embedding towards a discrete partition. In spectral clustering,
the eigenvectors of the Laplacian define a continuous n x K embedding, which is
then discretized (typically by k-means) to assign samples to clusters. The rotation
cost quantifies the alignment error between the continuous embedding and its closest
discrete counterpart, Intuitively, it measures how “well-separated” the eigenvector
structure is when projected onto a simplex of cluster indicators. Lower rotation costs
indicate a clearer and more stable partitioning of the data. Compared to the eigen-
gap heuristic, the rotation cost provides a more data-driven and robust measure of
cluster separability, especially when the graph spectrum lacks clear discontinuities
or when clusters have unbalanced sizes and densities. This is precisely the situation
encountered in our data, where the fused similarity network exhibits a smoothly
decaying spectrum and heterogeneous community sizes. An interesting alternative
worth mentioning (Di Nuzzo and Farne (2025)) employs nuclear-norm penalization
of the Laplacian matrix to estimate the number of clusters. This method represents
a novel, promising alternative direction for determining K. While we explored al-
ternative methods (the corresponding results are not shown here), these analyses
generally produced unstable results. By contrast, the rotation cost criterion yielded
partitions that were more stable and more consistent with empirical evidence, and

is therefore adopted to determine the number of clusters in the subsequent analyses.

2.6 Empirical Analysis

So far we have discussed the main gaps we identified in the standard methodol-
ogy and motivated the use of the proposed solutions but, in order to test whether
these methodological improvements translate into better empirical performances,

we should evaluate them on real market data. For this reason we performed an
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extended empirical analysis covering all the aspects outlined above.

The empirical analysis is based on OHLCV (Open, High, Low, Close, Volume)
data at frequencies ranging from 1 minute to daily for both a set of stocks and the
SPY (SPDR S&P 500 ETF Trust) used as a proxy for the S&P 500 index for a time
period of 20 years: from 01/01/2003 to 31/12/2023. The stocks were selected from
the stocks included in the S&P 500 index (at the last update before 31/12/2023)
for the whole 20 years period, for a final set of 310 stocks. Additionally the GICS
sector classification (sourced from Wikipedia) was used to validate the clustering
performances. It is a classification of stocks into 11 sectors, representing the main
industrial sectors of activity of the companies. These data represent the three main
aspects relative to stock movements over time: price, volume and volatility. All the
OHLCYV data at different frequencies went through a common pre-processing step
to handle NAs and missing values. The missing values were replaced with the last
observed value in the time series. This is a common practice when dealing with
high-frequency data for which missing values are pretty common, especially for less
liquid stocks.

The empirical analysis presented in this chapter represents, to the best of our knowl-
edge, the most comprehensive examination of multi-data, multi-frequency correla-
tion structures in the literature. Our dataset comprises 310 stocks, for which we
compute pairwise correlations across three distinct dependence measures and six
time scales. Each correlation matrix contains approximately 48, 000 unique pairwise
correlation coefficients, and we perform this analysis over 143 rolling time windows
using multiple estimation methodologies. For return-based correlations, we remove
the market factor at each frequency using non-overlapping short windows, employ-
ing two different regression methodologies, resulting in hundreds of thousands of

performed regressions. In total, our analysis encompasses several hundred million
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estimated pairwise correlation coefficients, allowing us to comprehensively charac-
terize the evolution of the world’s most important equity market over the past 20
years, including two of the most extensively studied crises: the subprime mortgage
crisis and the COVID-19 pandemic.

The information contained in these correlation structures is jointly explored along
both the cross-variable and cross-frequency dimensions through SNF and spectral
clustering. We perform clustering analyses at multiple levels: on single-frequency
and single-measure matrices, on cross-frequency fused networks that integrate infor-
mation across temporal scales, and on cross-variable fused networks that combine
different measures. This multi-level approach yields tens of thousands of clustering
solutions, enabling us to comprehensively characterize the multi-scale dependence
structure of equity markets and to evaluate the stability and robustness of the iden-
tified groupings across different market conditions, estimation procedures, and tem-
poral resolutions.

The three aspects to cover in the analysis are related to robustness, joint information
from different data types and joint information from different frequencies. The last
two aspects are more specific to the type of information one wants to extract while
the first one is more of a general aspect that can be applied in any type of correla-
tion based financial analysis independently of the filtering or clustering methodology
used. For this reason we will first discuss some results related to robustness on single
frequency returns by showing the results of using both frameworks, the standard one
and the novel one we introduced, on dissimilarities from both robust and non-robust
methodologies and then, when addressing the remaining two aspects, we also present
and compare the results obtained under both robust and non-robust dissimilarities.
The results for all methodologies reported below are derived using a uniform anal-
ysis approach, based on a rolling window applied to daily data with window length

T = 1000 and window shift h = 30.
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The de-facto standard for validating clustering results in these studies is to check
the overlap between detected communities and economic sector classifications. This
validation approach addresses a fundamental challenge: there is no objective ground
truth for what constitutes a ”correct” clustering of stocks and therefore the com-
munities we seek to identify from correlation networks are latent structures whose
validity cannot be directly verified. However, economic theory provides clear expec-
tations about which companies should cluster together. Firms operating in the same
sector, sharing similar factor exposures and regulatory environments, face common
economic fundamentals that should manifest as correlated behavior in their time
series. Therefore, if detected communities show strong alignment with sector classi-
fications, this suggests the clustering algorithm has successfully identified econom-
ically meaningful information embedded in the correlation structure. Conversely,
communities that are completely disconnected from sectoral boundaries would be
difficult to interpret and economically implausible, likely reflecting statistical ar-
tifacts rather than genuine underlying relationships. While sector alignment has
clear limitations, relying on business models that may no longer fully reflect mod-
ern, service-driven economies, it is still an important benchmark since it connects
clustering results to familiar economic intuition about how firms relate in the real
economy.

In this work we employ the Global Industry Classification Standard (GICS) 11-sector
taxonomy, developed jointly by MSCI and Standard & Poor’s. GICS-11 assigns
companies to sectors based on their main business activity, determined through a
combination of revenue sources, earnings profiles, and market perception.

Following the standard practice in the literature, we quantify the overlap between
clusters and economic sectors using the Adjusted Rand Index (ARI). Previous stud-

ies show that best-in-class methods achieve ARI values in the range 0.3-0.5 for daily



66 2.6. EMPIRICAL ANALYSIS

data, while ARIs are generally much lower at higher intraday frequencies, reflecting
the increased difficulty of recovering sector structure at finer temporal resolutions.
In the following sections, we use the ARI as the primary validation measure, and for
our best-performing clustering method, we complement it with additional, original
validation approaches. The empirical analysis, as outlined above, is structured as a
sequence of interdependent processing stages, where each step builds on the output of
the previous one. Within each stage, estimations are conducted on a rolling-window
basis. Because computations across windows are conditionally independent, they are
parallelized whenever possible. Thus, while the overall analytical workflow follows
a sequential pipeline, the implementation exploits parallel processing at the window

level to improve computational efficiency and reduce overall runtime.

2.6.1 Robustness Consistently Pays Off

As a first step we applied the standard framework, outlined in figure 2.1, on re-
turns at different frequencies by using both robust and non-robust methodologies.
The results are shown in figures 2.9 and 2.10 which shows the ARIs between the
clusters extracted by applying the standard method on both robust and non-robust
idiosyncratic returns. In this case the number of clusters has been fixed to 11, the
number of GICS sectors. Both figures provide pretty strong evidence in favor of
using robust methods and, interestingly, the higher the frequency the bigger the
improvement in terms of ability to retrieve the underlying economic sector when
using robust methods instead of standard non-robust ones.

Moving on to our methodology, figures 2.11 and 2.12 show the results of applying
our novel framework, based on spectral clustering, on returns at different frequencies
by using both robust and non-robust methodologies. The results are consistent
with the standard methodology in the fact that robust idiosyncratic returns provide

better results in general with significant improvements for higher frequencies. These
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Figure 2.9: time series of Adjusted Rand Index between clusters extracted by ap-
plying AL hierarchical clustering clustering to the affinity matrices extracted by
computing the Pearson correlation between OLS idiosyncratic returns (in blue) and
Tyler correlations between LTS idiosyncratic returns (in green) on returns sampled
at different frequencies.
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Figure 2.10: box plots of Adjusted Rand Index between clusters extracted by apply-
ing AL hierarchical clustering to the affinity matrices extracted by computing the
Pearson correlation between OLS idiosyncratic returns (in blue) and Tyler correla-
tions between LTS idiosyncratic returns (in green) on returns sampled at different
frequencies.
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findings suggest that as the frequency increases and noise becomes more dominant,
relying on robust methods is crucial to capture the true underlying relations between

the assets.
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Figure 2.11: time series of Adjusted Rand Index between clusters extracted by
applying spectral clustering to the affinity matrices extracted by computing the
Pearson correlation between OLS idiosyncratic returns (in blue) and Tyler correla-
tions between LTS idiosyncratic returns (in green) on returns sampled at different
frequencies.

Since the next step of the analysis is concerned with the integration of different
data sources when detecting the communities, it is worth investigating the impact
of robust methods also individually on the alternative data sources, namely vol-
umes and volatilities, since these data might have different features compared to
returns and therefore respond differently to robust estimation methods. In this case
robustness concerns only the correlation computation since we work directly with
the original data and not with extracted idiosyncratic components. Therefore we
applied our novel framework to both volumes and volatilities individually on each
frequency and the results, in figures 2.13 and 2.14, show a marginal improvement
for the volumes but a massive one for volatilities which is even stronger compared

to the improvement we found on idiosyncratic returns. This could be due to the
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Figure 2.12: box plots of Adjusted Rand Index between clusters extracted by apply-
ing spectral clustering to the affinity matrices extracted by computing the Pearson
correlation between OLS idiosyncratic returns (in blue) and Tyler correlations be-
tween LTS idiosyncratic returns (in green) on returns sampled at different frequen-
cies.

fact that volatility time series tend to be noisier and exhibit more extreme values

compared to other measures, making make robust methods more effective.

2.6.2 Uncovering Enhanced Structures via Horizontal Data

Integration

Having established the advantages of robust methods over non-robust ones, we now
turn to the results obtained from jointly analyzing the different data types instead of
focusing solely on returns. First we will show the results for the different frequencies
using robust methodologies for all the data types and then, as a further argument
in favor of robustness we will show the differences between fused data from both ro-
bust and non-robust methods. Figures 2.15 and 2.16 show the results for the clusters
extracted from returns and from the fused matrix embedding information from re-
turns, volatility and volumes. There is a clear improvement on the ability to retrieve

the economic sectors at each single frequency, proving that volatilities and volumes
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Figure 2.13: box plots of Adjusted Rand Index between clusters extracted by apply-
ing spectral clustering to the affinity matrices extracted by computing the Pearson
correlation (in blue) and Tyler correlations (in green) between volumes sampled at
different frequencies.
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Figure 2.14: box plots of Adjusted Rand Index between clusters extracted by apply-
ing spectral clustering to the affinity matrices extracted by computing the Pearson

correlation (in blue) and Tyler correlations (in green) between volatilities sampled
at different frequencies.
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indeed provide complementary information with respect to returns and can therefore
improve over the standard method at any frequency. We have already shown the
advantage of using robust methodologies over standard ones on single data types at
any frequency and reached the general finding that robust methodologies, being less
sensitive to noise, perform significantly better at higher frequencies. The next step
is to check the importance of robustness also in the case of communities extracted
from a single matrix embedding the affinities extracted from returns, volumes and
volatilities. Intuitively one would expect that merging together affinities from noisy
correlation estimates would lead to an ever more noisy final matrix, resulting in
worse overall performances. As shown in figure 2.17 this is exactly what happens
when using non-robust fused matrices to extract the communities with respect to

robust ones.
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Figure 2.15: time series of Adjusted Rand Index between clusters extracted by
applying spectral clustering to the affinity matrices extracted by computing the
Tyler correlation on LTS idiosyncratic returns (in blue) and on the fused matrix from
Tyler correlations computed on LTS idiosyncratic returns, volumes and volatilities
(in green) sampled at different frequencies.
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Figure 2.16: box plots of Adjusted Rand Index between clusters extracted by ap-
plying spectral clustering to the affinity matrices extracted by computing the Tyler
correlation on LTS idiosyncratic returns (in blue) and on the fused matrix from
Tyler correlations computed on LTS idiosyncratic returns, volumes and volatilities
(in green) sampled at different frequencies.
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Figure 2.17: box plots of Adjusted Rand Index between clusters extracted by apply-
ing spectral clustering to the fused matrices from Pearson correlations computed on
OLS idiosyncratic returns, volumes and volatilities (in blue) and Tyler correlations
computed on LTS idiosyncratic returns, volumes and volatilities (in green) sampled
at different frequencies.
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2.6.3 Vertical Data Integration Reveals the Most Coherent

Group Structures

Now we move onto the main result of the chapter coming from the joint consideration
of returns at different frequencies.

Figures 2.18 and 2.21 show the adjusted rand indexes with respect to economic
sectors for both fixed and varying clusters, extracted from both individual frequen-
cies and the similarity matrix embedding information from different frequencies.
Both clustering relied on robust methods for returns detrending and correlation
computation. The results here are pretty striking, with the clustering extracted
from the fused matrix embedding information from different frequencies showing
a remarkable overlap with economic sectors in both the fixed and varying clusters
cases showing that returns across different frequencies convey unique information
that, when jointly analyzed, significantly strengthens the recovery of economic sec-

tors.

ARI
ARI

Figure 2.18: time series of Adjusted Rand Index between clusters extracted by
applying spectral clustering to the affinity matrices extracted by computing the
Tyler correlation on LTS idiosyncratic returns individually for each and on the fused
matrix from Tyler correlations computed on LTS idiosyncratic returns at different
frequencies for fixed clusters (left) and varying clusters (right).

As pointed out above, checking the overlap with economic sectors is the de facto

standard validation procedure for these methods, under the assumption that a higher
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Figure 2.19: time series of Adjusted Rand Index between clusters extracted by
applying spectral clustering to the affinity matrices extracted by computing the
Tyler correlation on LTS idiosyncratic returns individually for each and on the fused
matrix from Tyler correlations computed on LTS idiosyncratic returns at different
frequencies for fixed clusters (left) and varying clusters (right).

degree of overlap reflects a better extraction of economically meaningful informa-
tion. However, since we consider it to capture only part of the overall performance
landscape, we supplemented it with further indicators comparing the time series of
stocks within each cluster to the market average, specifically information ratios and

realized variances computed as described below.

Cluster-wise performances: Information Ratio. As a further measure we
implemented a framework based on the Information Ratio (IR), an indicator used
in finance to measure the risk-adjusted returns of a portfolio with respect to a
benchmark. The IR measures the excess return per unit of active risk and is defined

as
E(rp —7)

IR = ,
Var(r, — 1)

where 7, denotes the return of the portfolio, while 7 is the return of the benchmark,
and \/Var(r, — ) is the standard deviation of the active returns, also defined as
the tracking error. Therefore the higher the IR, the better the performances of
the portfolio with respect to the benchmark. We build upon this measure by im-

plementing the following framework. Let r;; denote the return of asset ¢ at time
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t within a given time window of length 7', and let the assets be grouped either by
detected clusters or by economic sectors. Denote by C' the set of clusters or sectors,
and by N. the number of assets in cluster/sector ¢ € C. For each cluster/sector c,

we construct an equally weighted portfolio:

1
Tet = F E Tit-
c .

The IR of cluster/sector ¢ with respect to the market portfolio r,,; is then

E[rc,t - rm,t]

IR, =
\/Var(rqt — Tt

To obtain a single measure for the time window, the [ Rs are aggregated using a
volume-weighted average. Let V. be the total traded volume of cluster/sector ¢ over

the time window. The aggregated Information Ratio is defined as

Ve IR,
IRagg:—ZCZGC T
ceC ' ¢

This procedure produces a weighted average Information Ratio for each time win-
dow, for both clusters and sectors, providing a principled way to evaluate the effi-

ciency of the stock groupings.

Cluster-wise variability: Realized volatilities. To complete the picture, we
also measure the internal cluster variability using a procedure analogous to the one
employed for the Information Ratios described above. This measure is based on
the realized volatilities of cluster-wise equally weighted portfolios, computed from
cluster-wise realized covariance matrices derived from 5-minute returns. Formally,

let {r;}L, denote a c-dimensional time series of intraday log-returns for ¢ assets in
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a given cluster or sector. The realized covariance matrix (X) is defined as

T

S T

Y= E Ty,
t=1

where r; € R is the vector of returns at time interval ¢t. The diagonal entries of
5 correspond to the realized variances of individual assets, while the off-diagonal
entries represent the realized covariances between pairs of assets. For each clus-
ter/sector ¢ with N. assets, we construct an equally weighted portfolio and compute

its realized variance using the cluster-wise covariance matrix:

1 ~
-
RV, =—1"%.1

2 C
NC
where 1 is an N_-dimensional vector of ones, and ... is the realized covariance matrix

of cluster/sector ¢. The corresponding realized volatility is then

o. = v/ RV.,.

To obtain a single aggregated measure of internal variability for the time window,

the realized volatilities are combined using a volume-weighted average:

o _ ZCEC ch Oc
YV

As with the Information Ratio, market average returns are used as a benchmark,
and GICS economic sectors serve as an alternative grouping alongside the cluster
partitions, which can have a fixed or time-varying number of clusters. This frame-
work provides a consistent way to evaluate both the efficiency and internal coherence
of the stock groupings. Figure 2.20 shows the information ratios, average extra

returns and standard deviation of the average extra returns with respect to the mar-
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ket average for the three groupings considered, namely: economic sectors, cluster
numbers fixed to 11 and varying cluster numbers over time windows. The results
show that, while both sectors and fixed clusters are somewhat neutral with respect
to the market the varying clusters show positive information ratios with significantly
smaller standard deviations. These results suggest that financial markets exhibit an
intrinsic tendency to self-organize efficiently into economically meaningful groups.
However, this efficient self-organization becomes apparent only when information

from multiple frequencies is jointly considered.
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Figure 2.20: Information ratios of the individual cluster-wise/sector-wise returns
with respect to market average return (left). average individual cluster-wise/sector-
wise extra returns with respect to market average (center). standard deviation of
the individual cluster-wise/sector-wise extra returns with respect to market average
(right). All statistics are aggregated by taking the weighted mean, weighting each
cluster by the total traded volume of its constituents over the period.

The results for all the methods and frequencies considered are summarized in
table 2.2 which outlines the superiority of the proposed methods over the current
state of the art regarding both robustness and data integration. Now we turn our at-
tention to a more intuitive validation method applied to the best performing method

we have, namely the one combining cross-frequency integration and robust methods.
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Figure 2.21: Left: time series of the percentage increase of Realized volatilities of the
individual cluster-wise/sector-wise portfolios with respect to the realized volatility
of the market portfolio. Right: box plots of the percentage increase of Realized
volatilities of the individual cluster-wise/sector-wise portfolios with respect to the
realized volatility of the market portfolio. All statistics are aggregated by taking the
weighted mean, weighting each cluster by the total traded volume of its constituents
over the period.

. ARI with sectors Information Ratio Volatility N clusters

Acronym Frequency Data type Clustering
Mean Median SD IQR Mean Median SD IQR Mean Median SD IQR Mean Median SD IQR

Baseline daily returns Sector —0.001  —-0.014 0.113 0.199 0.057 0.046 0.03  0.026
Baseline daily returns clust fixed 0.314 0.288 0.096 0.167  0.041 0.023 0.142  0.189  0.053 0.045 0.025 0.027
Baseline daily returns clust_rotation 0.1 0.095 0.06 0.034 -—0.001 -0.010 0.30 0.324 0.034 0.007 0.079 0.090 829 2 15.5 1
Baseline 60min returns Sector
Baseline 60min returns clust_fixed 0.304 0.287 0.103  0.135  0.030 0.016 0.132 0.175  0.052 0.045 0.025 0.029
Bascline 60min returns clust_rotation  0.073 0.082 0.049 0.049 —0.083 —0.106 0.276 0.357 0.074 0.009 0.032  0.007  3.07 2 4.1 1
Baseline 15min returns Sector
Baseline 15min returns clust fixed 0.303 0.299 0.085 0.112  0.016 0.002 0.129 0.188  0.055 0.025 0.049  0.029
Baseline 15min returns clust_rotation  0.104 0.073 0.073 0.087 —0.057 —0.057 0.288 0.32  0.049 0.010 0.082 0.032 134 3 19.8 3
Baseline 1min returns Sector
Baseline 1min returns clust _fixed 0.225 0.231 0.075 0.097  0.054 0.049 0.134  0.177  0.057 0.051 0.028  0.03
Baseline 1min returns clust_rotation ~ 0.157 0.185 0.079 0.103  0.055 0.032 0.16 0211 0.175 0.155 0.159 0.088  42.1 47 14.5 4
Baseline fused returns Sector —0.001  —-0.014 0.113 0.199 0.057 0.046 0.03  0.026
Baseline fused returns clust _fixed 0.552 0.558 0.08 0.085 0.019 0.015 0.131 0.202  0.055 0.055 0.027  0.029
Basel fused returns clust_rotation  0.476 0.528 0.191 0.171  0.015 0.008 0.155  0.18  0.048 0.042 0.027 0.028  8.09 9 2.82 1
A daily returns Sector —0.001  -0.014 0.113 0.199 0.057 0.046 0.03  0.026
A daily returns clust_fixed 0.318 0.298 0.108 0.158  0.035 0.022 0.15  0.177  0.051 0.041 0.027  0.028
A daily returns clust_rotation  0.288 0.198 0.341  0.37  —0.047 —0.034 0.145 0.144 0.078 0.074 0.058 0.101  30.3 a7 22.2 a7
A 60min returns Sector
A 60min returns clust_fixed 0.341 0.339 0.11  0.162  0.017 0.010 0.112 0.159  0.049 0.046 0.021  0.028
A 60min returns clust_rotation  0.299 0.308 0.17  0.346 —0.020 —-0.025 0.188 0.222 0.089 0.085 0.071 0.109  31.6 45 20.7 44
A 15min returns Sector
A 15min returns clust_fixed 0.339 0.35 0.113  0.159  0.017 —0.006 0.138 0.139 0.046 0.045 0.021  0.021
A 15min returns clust_rotation  0.325 0.375 0.155 0.218  0.005 —0.014 0173 0.22  0.103 0.105 0.077 0.050  34.8 44 18.5 5
A 1min returns Sector
A 1min returns clust_fixed 0.31 0.098 0.135  0.042 0.033 0.158  0.196  0.055 0.051 0.025 0.03
A 1min returns clust_rotation  0.299 0.107  0.120  0.045 0.039 0.128 0.188  0.157 0.147 0.082  0.002 45.2 45 2.05 3
A fused returns Sector —0.001  -0.014 0.113 0.199 0.058 0.048 0.03  0.026
A fused returns clust_fixed 0.505 0.514 0.051  0.049  0.005 0.000 0.128 0.208  0.040 0.048 0.009 0.018
A fused returns clust_rotation  0.611 0.625 0.091  0.15  0.055 0.035 0.105 0.16  0.026 0.020 0.017 0.034  9.07 9 1.5 1
B fused fused Sector —0.001  -0.014 0.113 0.199 0.058 0.046 0.03
B fused fused clust_fixed 0.55 0.554 0.065 0.083 0.011 —0.002  0.129 0.209  0.055 0.055 0.029
C fused fused clust_rotation  0.496 0.533 0.157 0.136  0.026 0.016 0.146  0.182  0.053 0.046 0.029 8.64 9 2.448 2
C fused fused —0.001  —0.014 0.113 0.199 0.058 0.046 0.03
D fused fused 0.552 0.575 0.071  0.065  0.005 —0.020 0.125 0.219  0.055 0.057 0.031
D fused fused { 0.423 0.501 0.188 0.347  0.026 0.016 0.152  0.200  0.048 0.046 0.03 8.31 8 3.741 4
D fused fused Sector —0.001  -0.014 0.113 0.199 0.058 0.046 0.03
D fused fused clust_fixed 0.552 0.558 0.065 0.055  0.024 0.010 0121 0.19  0.057 0.059 0.031
D fused fused clust_rotation  0.274 0.185 0212 0.444 —0.066 —0.042 0.219 0.329 0.032 0.027 0.026 5.53 5 3.110  3.110

Table 2.2: Statistical analysis results across different configurations
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2.6.4 Meta-Clusters and Co-Occurrence Networks: A Higher-

Level Interpretation and Validation Framework

Having established that vertical data integration yields the most coherent and stable
community structures, we now introduce a further methodological innovation of this
thesis, consisting of a higher-level procedure aimed at validating and interpreting the
clustering results from a broader perspective. To this end, we propose a two-step ap-
proach based on meta-clusters and co-occurrence frequency networks. The method
first identifies meta-clusters by clustering the community labels obtained across mul-
tiple configurations, thus capturing the most persistent structural patterns. In the
second step, statistically validated co-occurrence networks are constructed to rep-
resent the frequency with which assets are assigned to the same meta-cluster. This
novel framework adds an additional layer of validation and interpretability, empha-
sizing the core relationships that consistently emerge across time periods. We begin
by carefully describing the procedure used to extract both the meta-clusters and the

subsequent co-occurrence frequency networks, and then discuss the results obtained.

Meta-cluster extraction. The first step of the procedure consists in extracting
meta-clusters from the cluster labels of the various time windows to analyze the over-
lap between the meta-clusters and meaningful economic periods. In particular, from
set of cluster labels across time windows D = {Ly, Lo, ..., Ly} we compute the vari-
ation of information (V') Meila (2007) between each combination of cluster labels
for all the time windows to obtain a dissimilarity matrix D(L) between each time
window L and then we use the dissimilarity matrix D(L) as input to a Ward clus-
tering Ward Jr (1963) algorithm to extract the meta-clusters M (L;) € {1,2,..., K}

to obtain K meta-clusters:

M ={my,mq,...,mg}
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Therefore this procedure allows us to extract meta clusters in which the clustered
elements are the cluster labels L over time and check the overlap of the meta-clusters

with meaningful economic periods.

Statistically validated co-occurrence networks. The second step consists of
building statistically validated co-occurrence networks for each meta-cluster. More
in detail, for each one of the previously extracted meta clusters m, we create two
subsets of the original cluster labels data-frame, Sy and S_q consisting of all the
cluster label windows included in the meta-cluster m and another including all

cluster labels but the ones belonging to the meta-cluster m:

S ={L: €D : M(L;) =m}, S_.m={L:€D : M(L)) #m}

Then, from the two subsets Sy and S_g, we build two co-occurrence frequency
matrices in which the elements are the original stocks of the sample while the entries
are the frequencies with which two stocks appear in the same cluster in the two

subsets:

1

F = o 3 UL) = L) 7S =

5 > L) = L(5)

LieSm, | _m| LieS_,,

Since the entries of the co-occurrence frequency matrices are in fact frequencies of
co-occurrence of the same pair of elements, we can interpret the entries Fi(jm)and

Fi(j_m) as empirical success probabilities of a Bernoulli trial over INV,, and N_,, trials

respectively:
(m) (=m)

~(m) _ a(m) _ L A(—m) _ a(-m) _ Ly
bi; —Fz'j _N_m bi; —Fz‘j _N—,m
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(m
ij

('—m)

where 2™ and Ty

are, respectively, the count of windows in §,, and S_,,, where

stocks ¢ and j co-occur. We can then use the probabilities 152(;”) and ﬁg;m) to run a

z-test for the difference between two independent proportions:

~(m) . A(‘fm)
I il

SEij

where SEy; = /002 + 0§ ™2 and of"? = o (a) om0 (™)
7 1]

ij tj Nm Y] N_m
This procedure allows us to obtain a 0/1 matrix B in which 1s represent signifi-

cant differences while Os represent non-significant differences in the co-occurrence

frequencies between the two frequency matrices F™ and F(—™):

1 |ZU| > z*
Bz‘j =

0 otherwise

Now we build a new matrix D whose elements are the element wise differences

—m

between the two adjacency matrices F™ — F(=™) in the case where the difference

is meaningful and 0 otherwise:
5 (m)  A(=m)
Dij = Si (B — by ™)

This new matrix D can be viewed as the adjacency matrix representing a signed
weighted network whose edges are the meaningful differences in the co-occurrence
frequencies between the two subset frequency networks F(™ and F(™). The last
step then consists of aggregating the nodes by GICS-11 sector and then building a
summary adjacency matrix A in which nodes represent economic sectors and edges
represent the average value of the edges between nodes in the previous network D.

This procedure leads us to K aggregated co-occurrence frequency networks whose
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edges represent statistically validated average over/under expressions between eco-
nomic sectors for the time windows included in a meta-cluster m with respect to the
rest of the time windows m™. in this way we can directly analyze the evolution of
the between-sectors relationships over time.

The results of this procedure, for the case of robust cross-frequency SNF, are shown
in figure 2.22. In the top figure we can observe a striking overlap between meta
clusters and meaningful economic periods while in the bottom part of the figure we
can observe the differences between the co-occurrence frequency networks extracted
from these meta clusters. There are some interesting patterns worth investigating.
The first meta cluster, roughly overlapping with the subprime crisis period, shows a
strong over expression of connections of the Real Estate sector with most of the other
sectors in the graph, highlighting its central role in the crisis. Meta cluster 2, corre-
sponding approximately to the aftermath of the subprime crisis and the European
debt crisis, shows a persistence of the over expression of the Real Estate links, even
though with smaller values and, interestingly, a strong positive co-occurrence fre-
quency between energy and utilities, likely reflecting the impact of the oil price crisis
of 2014. Moving on meta cluster 3, representing a relatively stable economic period,
we observe mostly negative co-occurrences with respect to the rest, likely indicating
that in stable period clusters tend to overlap more with economic sectors and there-
fore create less cross-sectoral clusters. In meta-cluster 4, then, corresponding to
the first phase of the COVID-19 pandemic period, we observe an over-expression of
co-occurrences between Utilities and Financials, Consumer Staples, Consumer Dis-
cretionary, and Industrials. This pattern likely indicates a liquidity-driven regime
in which massive policy interventions and market stress temporarily erased sectoral
distinctions, causing defensive and cyclical sector stocks to move in unison. Finally,
meta-cluster 5 shows is a strong over-expression of co-occurrences between Mate-

rials, Consumer Discretionary, and Industrials, likely reflecting the broad recovery
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and reactivation of the real economy following the pandemic. A pronounced over-
expression between Financial and Health Care likely reflecting the central role of the
Health Care sector in the post-crisis adjustment phase and its increasing relevance
for financial markets. Finally, the strong over-expression between Energy and Con-
sumer Staples, Consumer Discretionary, and Industrials likely captures the impact
of the energy crisis triggered by the Russian invasion of Ukraine, which intensified

inter-sectoral linkages through price and supply-chain shocks.
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Figure 2.22: Top: time series of the meta cluster labels over time. Bottom: sparse
co-occurrence frequency graphs for the meta clusters above.
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2.7 Concluding remarks

This chapter has addressed two fundamental yet insufficiently explored aspects of
stock correlation networks through highly relevant methodological advances sup-
ported by an extensive multi-frequency empirical investigation. The joint imple-
mentation of robust estimation and heterogeneous information integration reveals
that financial markets possess an intrinsic capacity for efficient self-organization, a
property that becomes empirically observable only when multiple frequencies are
jointly considered within appropriate robust statistical frameworks.

Several promising directions emerge for future research. First, while our robustness
contribution has demonstrated substantial improvements through robust correlation
estimation, future investigations may extend this framework by applying it to al-
ternative community detection algorithms and exploring different robust statistical
methodologies beyond those considered here.

Second, the data integration framework we have implemented exhibits remarkable
generalizability, as it can be virtually applied to any set of time series describing
various aspects of a set of stocks. A particularly promising extension involves the
integration of individual stock sentiment data, which would capture latent market
dimensions not fully evident from traditional information sources. Such incorpora-
tion could further enhance community detection performances and reveal behavioral
patterns that complement the fundamental economic relationships identified in this
chapter.

Finally, a more applied research direction involves developing comprehensive as-
set allocation frameworks that build upon the two main advancements presented
in this chapter. Such frameworks would apply robust cross-frequency integration
for practical portfolio construction, potentially incorporating rebalancing strategies

that respond to evolving community structures. Careful consideration of transac-
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tion costs, liquidity constraints, and implementation frictions would be essential for
translating our findings into implementable investment strategies.

Collectively, the methodological advances and empirical findings presented in this
chapter not only address critical gaps in the stock correlation networks literature but
also establish a robust foundation for future theoretical innovations and practical

applications in financial network analysis and asset allocation frameworks.



Chapter 3

Stochastic Block Models for
Large-Scale Financial Network

Analysis

3.1 Introduction

The previous chapter’s focus was broadening the scope of correlation-based net-
work analysis, by jointly examining multiple views of the temporal dynamics among
stocks and showing how different representations of co-movement patterns reveal
distinct yet complementary aspects of market structure.

In this chapter, we turn to a complementary perspective and examine how gener-
ative models of network structure, specifically the Stochastic Block Model (SBM),
can be applied to financial time series. The SBM describes networks as outcomes of
probabilistic mechanisms governing interactions between groups of nodes, allowing
community structure to arise directly from an underlying generative process. To
apply this framework in financial contexts where, as already discussed, the network

is not directly observable we adopt a recently developed nonparametric Bayesian
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methodology that reconstructs the latent network jointly with its block structure
from the observed time series. This approach avoids the need for arbitrary thresholds
or fixed community numbers and does not impose external topological constraints,
enabling topological structures to emerge in a fully data-driven way.

We contribute to the existing literature by providing the first comprehensive, large-
scale study of stochastic block models applied to financial time series. Implementing
the generative reconstruction-community detection algorithm across twenty years of
daily returns for continuously traded S&P 500 constituents, we track the evolution
of market mesoscopic organization through economic cycles and crisis periods. This
extensive empirical investigation establishes that generative network approaches can
successfully capture meaningful market structure at the scale required for practical
financial applications.

The second second contribution of this chapter addresses a fundamental limitation
that has constrained network reconstruction research, particularly in the financial
time series domain: without access to the true underlying network, assessing re-
construction quality remains inherently problematic. We introduce a novel graph-
clustering-based validation framework that circumvents this well-known challenge,
enabling systematic evaluation of reconstructed networks through their temporal co-
herence and alignment with economic fundamentals rather than comparison against
unavailable ground truth. The empirical analysis reveals clear temporal signatures
of abrupt transitions associated with major economic events such as the 2008 finan-
cial crisis and the COVID-19 shock, highlighting the ability of the reconstruction
algorithm to capture meaningful changes in market structure.

The remainder of this chapter is organized as follows. Section 3.2 provides a detailed
description of the reconstruction-community detection algorithm and its theoretical
foundations. Section 3.3 introduces the graph-clustering-based framework for re-

construction evaluation. Section 3.4 presents the comprehensive empirical analysis
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supporting our findings, and Section 3.5 concludes.

3.2 Joint reconstruction-community detection

As briefly mentioned, the framework we are using here jointly performs network
reconstruction and community detection, leveraging a synergistic effect that allows
the detected communities to inform the edge reconstruction and, the edge pres-
ence/absence to inform the detection communities through an iterative procedure.
The iterative procedure starts from an empty network structure and then alternates
between two main steps. First, given the current community structure, it updates
the network edges and their weights by evaluating which modifications decrease the
total description length. Second, given the current network structure, it updates
the community assignments using MCMC moves on the block partition. This itera-
tive procedure continues until the description length converges, with the community
structure informing which edges are more plausible (edges within communities have
higher prior probability) and the reconstructed edges informing the community de-
tection (nodes with similar connection patterns are grouped together).

Since this approach relies on the stochastic block model (SBM) as its underlying
generative mechanism for identifying communities, we begin by introducing this
class of models in greater detail and then we will move onto describing in detail the
joint reconstruction-community detection procedure.

The Stochastic Block Model (SBM) Holland et al. (1983), briefly mentioned in
chapter 1, is a generative probabilistic model for networks that partitions nodes into
communities based on their connectivity patterns. In its classical formulation, the
SBM assumes that the probability of an edge between any two nodes depends solely
on the block memberships of those nodes. Formally, given a network with N nodes

divided into K blocks, each node 17 is assigned to a block ¢; € {1,..., K}, and the
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probability of an edge between nodes 7 and j is determined by a K x K matrix of
connection probabilities w,s, where r = ¢; and s = ¢;. The adjacency matrix A is

then generated according to:

P(AZJ =1 ’ C=T,C = 5) = Wrs (31)

This classical formulation of the SBM suffers from a significant limitation since it
assumes that all nodes within a block have the same expected degrees. This homo-
geneity assumption is violated in most real-world networks, which typically exhibit
substantial degree heterogeneity even within the same community.

To address this limitation, Karrer and Newman (2011) introduced the Degree-
Corrected Stochastic Block Model (DC-SBM), which incorporates node-specific pa-
rameters to account for degree heterogeneity within blocks. In the DC-SBM, each
node 7 is assigned both a block membership ¢; and a degree-correction parameter 6;,
which modulates the node’s propensity to form connections. The edge probability
becomes:

P(Ay=1]ci=rc¢;=s5,0;0;) o< 0,00, (3.2)

This extension significantly improves the model’s ability to detect meaningful com-
munity structure in empirical networks, particularly in networks with hub nodes!.
A number of algorithms have been proposed for the SBM esimation, including ex-
pectation—maximization (EM) (Karrer and Newman, 2011) and belief propagation
(Decelle et al., 2011). Despite their computational appeal, these methods exhibit
well-documented deficiencies: EM and maximum-likelihood approaches systemat-
ically overfit by favoring fine-grained partitions (Bickel and Chen, 2009; Peixoto,

2013), while variational approximations tend to underestimate posterior uncertainty

Tn network science hubs are nodes with exceptionally high degree, meaning that they have a
substantially larger number of connections compared to the average node in the network
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and yield biased estimates of the number of blocks (Blei et al., 2017). Another im-
portant point is that both EM and variational inference suffer from strong sensitivity
to initialization and can converge to suboptimal local maxima in the complex like-
lihood shape (Celisse et al., 2012).

In the context of SBMs, the nonparametric Bayesian framework based on the Mini-
mum Description Length (MDL) principle(Peixoto (2013, 2014)) provides an efficient
and principled solution that prevents overfitting and infers the number of commu-
nities from the data.

A further challenge in applying SBMs to real networks is the resolution limit prob-
lem. Indeed, when using standard Bayesian inference with noninformative priors,
the maximum number of detectable groups scales as Ky.x = O(\/N ), where N is the
number of vertices in the network Peixoto (2013). This limitation prevents the de-
tection of small but statistically significant communities in large networks. Peixoto
(2014) provided a solution to this issue by introducing the Hierarchical Stochas-
tic Block Model (HSBM), which replaces noninformative priors with a hierarchy of
priors and hyperpriors. In the HSBM, the network is not characterized by a sin-
gle partition into blocks, but rather by a nested hierarchy of partitions at multiple
scales. The blocks at level ¢ are themselves partitioned into blocks at level ¢ + 1,
forming a tree-like hierarchical structure.

Formally, let ¢ denote the block assignment at level ¢, where c¢() represents the
finest partition of the original nodes. The matrix e of edge counts between blocks
at level ¢ is modeled as being generated by an SBM at level ¢ + 1. This recursive
construction continues until reaching a top level with a small number of blocks. The

joint posterior distribution incorporates all levels simultaneously:

L-1
P({c“},{e®} | A) oc P(A | @, e@) [T P(el? | D &) P(cD) - (3.3)
=0
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The hierarchical formulation removes the resolution limit by allowing the detection of
communities at multiple scales, from fine-grained local structures to coarse-grained
global organization. Importantly, the hierarchy itself is inferred from the data rather
than imposed a priori, and the method employs the Minimum Description Length
(MDL) principle to prevent overfitting by balancing model complexity against good-
ness of fit. Moreover Peixoto (2017) developed a microcanonical formulation of the
SBM that imposes hard constraints on network generation. Rather than sampling
edges independently with specified probabilities, the microcanonical SBM generates
networks with exact prescribed degree sequences and block edge counts. This formu-
lation enables more efficient inference algorithms and facilitates the construction of
deeper Bayesian hierarchies. It follows a nonparametric Bayesian framework based
on the posterior distribution:

P(A | c,e,k)P(e,k | c)P(c)
P(A)

P(c,e,k | A) = (3.4)

where k denotes the degree sequence. Under the MDL principle, the optimal
model parameters correspond to those that minimize the description length D =
—In P(c,e,k | A), which balances the complexity of describing the model against
the complexity of describing the data given the model. Although the SBM in all its
variants is designed to operate on a fully observed network, in many empirical ap-
plications the underlying structure is not directly accessible. Instead one typically
observes indirect measurements, such as time series of node-level variables whose
dynamics are shaped by an unobserved interaction network. In such settings the la-
tent network W must be inferred from the available data rather than taken as given.
This task is referred to as network reconstruction in the network science literature.
Formally, consider a data matrix X of dimensions N x T, where N is the number

of nodes and T is the number of observations for each node. In the formulation we
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are adopting the likelihood assumes independent and identically distributed obser-

vations:

P(X|W,0) = ﬁp(xt W, 0) (3.5)

t=1
where W represents the weighted adjacency matrix and 6@ denotes additional node-

specific parameters. The reconstruction problem is formulated as a maximum a

posteriori (MAP) estimation:
(W,0) =max P(W, 0 | X) = max P(X | W,0)P(W, 0) (3.6)

The prior P(W,0) implements regularization to prevent overfitting. Here we use
a nonparametric regularization scheme based in the Minimum Description Length
(MDL) principle introduced in Peixoto (2025a). The key innovation is to incorporate
a hierarchical SBM as part of the prior for the latent network structure, combined
with a weight quantization scheme that discretizes edge weights into categories.

The weight quantization works by partitioning the range of observed weights into ()
discrete categories. Each edge weight WW;; is assigned to the category whose repre-
sentative value best explains the observed data, with the number of categories () and
their representative values determined automatically during inference by minimizing
the description length. This discretization serves dual purposes since it reduces the
model complexity by limiting the number of distinct weight values, and it also in-
troduces a natural sparsity-promoting mechanism since edges with weight zero form

a natural category. The total description length combines three components:
D=—-InPX|W,0)—InP(W|c,q)—InP(cq) (3.7)

where q represents the weight quantization, c denotes the block partition, and

the second term represents the likelihood of the weighted network under the SBM
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prior. The third term accounts for the prior probability of the block structure and
quantization scheme. This formulation does not assume a fixed number of edges or
a predetermined sparsity level and the optimal network density emerges naturally
from minimizing the description length, which automatically balances goodness of
fit against model complexityPeixoto (2025b).

More specifically, for stock-return time series we employ a multivariate normal
model, starting from the assumption that the log-prices log(P;) follow a random
walk Granger and Cootner (1965), Palomar (2025). This is one of the simplest
return models, dating back to the early foundations of price theory, and it allows
returns to be represented in a particularly simple form. Under this hypothesis, the
log-returns

re = log(P/Pi1),

are IID conditional on past information. Although this is a crude simple model, em-
pirical evidence suggest that if take not too large time windows returns are rather
well represented by this simple model. A standard short-time return model is there-
fore

= U + Et, E¢ IID(O, E),

so that E[r;] = p and Var[r,] = 3. Formally, let R be a T' x N data matrix of
log-returns, where each row corresponds to an observation time ¢ and each column

corresponds to a stock. Denote by

ry = (Ttla e J’tN)T7

the N-dimensional vector of returns at time t. Assuming the normality of the

stochastic fluctuation around the mean, that is €, it follows that

ry NN(“’? 2)7
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where p is the vector of mean returns and X is the covariance matrix shared across
all time steps. The previous normality assumption is rather strong, given the well-
known heavier-than-normal tail behavior of stock returns. However, this assumption
allows us to keep the analysis and computations tractable. In future work, it will
be interesting to investigate the model under more general elliptically symmetric
distributions for the IID shocks. The precision matrix £ = X! encodes conditional
independence relationships. Thus, nonzero entries €2;; # 0 correspond to edges in
the underlying network, representing direct interactions between variables ¢ and j.
The network reconstruction problem then consists of determining which entries of

2 are nonzero and estimating their magnitudes.

Given T observations R = (ry,...,r7y)7, the likelihood under the multivariate

normal model is

P(R| 9, p) = [[2m) Q)2 exp (—%m — )" QU — m) .

t=1

The reconstruction approach parameterizes €2 in terms of a weighted adjacency
matrix W and node parameters @, introducing sparsity through the hierarchical
SBM prior. Specifically, the precision matrix 2 is constructed from the weighted
adjacency matrix W, where the sparsity is determined by the inferred network struc-
ture, with €;; # 0 only when W;; # 0
The procedure alternates between updating the network structure and updating the
node parameters, with each modification evaluated according to its impact on the
total description length. This results in a reconstructed network that represents
the most parsimonious explanation of the observed dependencies in the data, with
the number and strength of edges automatically determined by the MDL principle
rather than requiring manual tuning of regularization parameters.

For our specific setting, each node represents a stock, and each observation corre-
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sponds to the log-return at a specific time point. The reconstructed network reveals
dependencies between asset returns that persist after controlling for indirect effects
mediated through other assets. Additionally, the hierarchical SBM uncovers com-
munity structure among the assets, identifying groups of stocks with similar patterns

of co-movement.

3.3 Graph Clustering and Network Reconstruc-
tion Evaluation

The reconstruction framework described in the previous section provides a princi-
pled approach to inferring both the latent topology of the financial network and
its community organization directly from the data. However, assessing the qual-
ity and consistency of the reconstructed networks remains a non-trivial task, as
no true reference network structure exists for such financial networks. Unlike con-
trolled simulations, where the underlying network is known, empirical financial data
only provide indirect observations of asset interdependencies through co-movement
patterns over time. This absence of a ground truth calls for alternative strategies
capable of evaluating reconstruction quality in a meaningful and data-driven man-
ner.

Traditionally, financial network studies rely on meso-scale validation, comparing the
detected communities with economic sector classifications to assess the economic
interpretability of the inferred modules. We already expressed our views on this
evaluation method that, while confirming that reconstructed groupings align with
known fundamentals, provides only a partial view of the problem. Two networks
may exhibit similar community partitions yet differ substantially in their edge config-
urations, density, or connectivity profiles. To complement this limited perspective,

we propose a graph-clustering-based evaluation framework, similar in spirit to the
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meta clustering-based framework of the previous chapter, that operates directly on
the reconstructed networks enabling the assessment of structural consistency and
temporal organization.

The central idea of this approach is that a well-reconstructed network should dis-
play structural continuity during periods of market stability and undergo identifiable
reconfigurations when the market transitions between regimes.

To this end we analyze the temporal sequence of networks reconstructed via
the Bayesian procedure and quantify their pairwise structural similarity. Following
Felippe et al. (2024), we employ three complementary similarity measures: i) the
basic network normalized mutual information (NMI), capturing overall structural
resemblance; ii) the degree-corrected NMI, which accounts for heterogeneity in node
degree distributions and iii) the meso-scale NMI, which assesses similarity based on
group-level organization, using in this case economic sectors as a reference.

We will briefly describe the intuition behind these measures starting from the
basic NMI?, moving then to the DC-NMI and concluding with the meso-scale NMI.
Let G; and G5 be two undirected, unweighted graphs with the same set of vertices
V', with edge sets £} and Fs, and let M = (];7 ) denote the number of possible edges.
The first measure is a micro-scale NMI obtained by representing each graph as a
binary vector of length M, where each component encodes the presence or absence
of an edge. The marginal edge probabilities are defined as:

| B | | By

=G0 PO

and Eip = |E; N Ey| is the number of common edges, with joint probability pjo =

E15/M. The two graphs therefore induce a 2 x 2 joint distribution (contingency

2here NMI stands for Network Mutual Information. This should not be confused with the
Normalized Mutual Information used in clustering quality evaluation, also commonly referred to
as NMI.



3.3. GRAPH CLUSTERING AND NETWORK RECONSTRUCTION
97 EVALUATION

table):
Pio(1,1) = pr2,  Pia(1,0) = p1—p12,  Pr2(0,1) = pa—p1a,  P12(0,0) = 1—p1—pa+pia.
Writing the binary entropy * as:

H,(p) = —plogp — (1 = p)log(1 —p)

and the Shannon entropy as:

Hy(Pi3) = — Z Pry(2,y) log Pra(,y)

z,y€{0,1}

the mutual information between the two edge encodings is given by:
I(G1,Ga) = Hy(p1) + Hy(p2) — Ho(Pr2).

Then, in order to obtain a bounded similarity measure in [0, 1], the authors define

the normalized NMI as

2[(G1, Gz)
NMI =
(1 C2) = 5 o0 & (o)

Therefore NMI(Gy, Gy) captures the extent to which the presence or absence of
edges in one graph reduces the uncertainty about edge occurrences in the other.
However, the simple NMI does not take degree heterogeneity into account, since
two graphs may share nearly identical degree sequences yet differ substantially in
how edges are distributed across nodes. Therefore, to capture similarity from a local

neighborhoods perspective, the authors introduce a degree-corrected version of the

3Hy(p) denotes the binary entropy of a Bernoulli random variable with success probability p,
defined as Hy(p) = —plogyp — (1 — p) log,(1 — p). We use base 2 logarithms so that all quantities
are expressed in bits.
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NMI. For each node i, let k(i) and ky(7) denote its degrees in Gy and Gq, and let
k12(7) be the number of neighbors shared by 7 in the two graphs. The normalized

probabilities are defined as:

and the corresponding joint distributions Pj5(i) defined analogously to the simple

NMI. The node-wise mutual information is:

I; = Hy(p1 (7)) + Hy(p2(i)) — Hy(Pi2(i))

then, averaging over all nodes yields:
| N
Ideg(Glu G2) = N Z I’L

=1

Therefore the degree-corrected NMI is defined as:

zjdeg (G17 GQ)

% Z [Hy(p1(0)) + Hy(ps(i))]

DC-NMI(Gy, Gs) =

This measure quantifies similarity in terms of local neighborhoods rather than indi-
vidual edges, thereby taking into account degree variation across nodes.

Lastly, the third measure addresses mesoscale similarity by comparing coarse-
grained representations obtained from a partition ¢ = {cy, ..., cy} of the nodes into
K groups. For a graph G, (¢ = 1,2), let my(r, s) be the number of edges between
groups r and s. The coarse-grained representation G~—’E,C) is a multiset where each

element (r,s) with r < s appears with multiplicity m,(r,s). The overlap between
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the two coarse-grained representations is quantified by:

EY = Z Z min{my (r, s), ms(r,s)}.

r=1 s=r

The entropy of each coarse-grained representation is:

K
(e K
H(GE )) = log (((2) N >)
Ey
where ((Z)) denotes the multiset coefficient. The joint entropy is bounded by:
K K K

+ K + K + K
H(c) <log <(2)(C) ) + log ((2) (C)) + log ((2) (C)) .

Ey, Ey — Eypy Ey — Eyy

The mesoscale mutual information is then:
I$9),,(G1,Go) = H(GY?) + H(GY) — H(c),

and the corresponding normalized measure is:

211(1250(Gla G2)
H(G) + H(GY)

MesoNMI®(Gy, Gs) =

This quantity captures similarity in mixing patterns between the groups defined by
the chosen partition ¢, thereby quantifying resemblance at a specific structural res-
olution. In this work we use the GICS-11 economic sectors as the defined partition.

Taken together, these three measures cover the similarity between graphs from
three complementary perspectives, providing a complete overview of the similar-
ity between graphs. The method proceeds by converting each similarity value s; ;
between networks ¢ and j to a dissimilarity measure as d; ; = 1 — s, j, producing a
dissimilarity matrix that summarizes structural dissimilarities over time. To uncover

temporal patterns in these evolving network structures, we apply Ward’s hierarchical
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clustering to the dissimilarity matrix. This procedure groups networks with similar
topological properties into clusters. The resulting clusters reveal periods of struc-
tural persistence, when network topology remains relatively stable, as well as abrupt
transitions. In this way, the graph-clustering-based evaluation provides a dynamic,
network-based complement to sector-based validation. The framework thus serves a
dual purpose: it acts as both a validation tool and an interpretative lens, offering a

complete overview of how network structure reflects the changing market dynamics.

3.4 Empirical analysis

Having outlined the methodological foundations of the Bayesian network reconstruc-
tion and the graph-clustering-based evaluation framework, we now turn to their
empirical implementation on financial data. The goal of this section is to assess
how effectively the proposed approach captures the evolving structure of financial
markets and to examine the interpretability of the resulting networks in light of
economic fundamentals.

In practice, the Bayesian reconstruction framework is applied to time series of asset
returns, producing both a full-sample reconstruction and a sequence of time-resolved
networks. The full-sample analysis serves as an initial exploration of the global de-
pendency structure, allowing us to characterize the overall topology of the financial
market, its community organization, and the sectoral composition of the detected
groups. This static perspective also provides a benchmark against which the subse-
quent dynamic analysis can be interpreted.

We then extend the reconstruction to a rolling-window setting, tracing the evolution
of network topology over time. These temporally resolved networks are analyzed
using the graph-clustering-based evaluation framework introduced in the previous

section, which enables the identification of persistent configurations and the detec-
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tion of regime shifts in market organization. By combining rolling window recon-
struction and graph-clustering-based evaluation, we obtain a comprehensive under-
standing of how the underlying dependency network evolves across different market
conditions. In doing so, we demonstrate that the proposed framework yields robust,
interpretable, and economically meaningful representations of the financial system’s
structural and temporal complexity.

Our analysis uses daily adjusted closing prices and GICS industrial sector classifica-
tions for 383 stocks from the S&P 500 index constituents, which serves as a widely
accepted proxy for the whole U.S. stock market. The price data were obtained from
Yahoo Finance, covering the 20-year period from January 1, 2003, to December 31,
2023, while the GICS sector classifications were sourced from Wikipedia. Since dy-
namic analysis tracks the stocks over time, only the stocks that were continuously
traded in the period under analysis were selected. This selection leads to a strong
survivor bias, but is essential for our analysis. Table 3.1 shows a comparison between
the sectoral composition of the complete S&P 500 index (composition at the 31 De-
cember 2023) and our dataset. As shown, our dataset maintains a generally propor-
tional representation across all sectors, with some minor differences. Communication
Services show the most significant under-representation (2.61% in our dataset versus
4.37% in the full index), while Utilities exhibits slight over-representation (7.05%
versus 5.96%). Importantly, the Financial sector, which plays a central role in mar-
ket structure analysis during crisis periods, maintains nearly identical representation
in our dataset (14.62%) compared to the full index (14.12%). These differences in
sectoral composition, while generally minor, should be considered when interpreting
sector-specific analyses. However, the overall sectoral balance of our dataset suggests
that it remains broadly representative of the S&P 500 index, making it suitable for
studying both market-wide structural patterns and sector-level dynamics. The joint

reconstruction-community detection framework is applied directly to the log-returns
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S&P 500 ‘ Dataset

Sectors N  perc. ‘ N  perc.

Communication Services 22 4.37% | 10 2.61%
Real Estate 31 6.16% |26 6.79%
Utilities 30 5.96% |27 7.05%
Consumer Discretionary 52 10.34% | 37  9.66%
Consumer Staples 38 7.55% |31 8.09%
Energy 93 457% |17  4.44%
Financials 71 14.12% | 56 14.62%
Health Care 64 12.72% | 53 13.84%
Industrials 79 15.71% | 57 14.88%
Information Technology 65 12.92% | 48 12.53%
Materials 28 557% |21  5.48%

Table 3.1: S&P 500 composition vs dataset composition.

time series. As already anticipated we first applied the framework to the full 20 years
sample and then on different time windows following a rolling window scheme with
1000 days windows and a 30 days shift between windows. The following subsections
will discuss the results in detail for both the static and the dynamic case. While the
reconstruction procedure returns a weighted network to leverage information about
the strength of dependencies, all analyses presented below consider the binarized
network structure. Specifically, we retain only edges with nonzero weights from the
reconstruction, treating the network as unweighted for community detection and

topological analysis.

3.4.1 Static

As an initial investigation, we applied our methodology to the entire 20-year period
to establish a base understanding of the market’s overall structure. Figure 3.1
displays the reconstructed network showing nodes colored according to their sector
classification (graph on the right) and positioned based on the communities identified

by our algorithm.
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Several notable patterns emerge from both the reconstructed network and his
community structure. First there is a strong correspondence between detected com-
munities and GICS sector classifications, indicating that our algorithm successfully
captures fundamental economic relationships without requiring predetermined sec-
tor information. This alignment is particularly striking given that our methodology
is entirely data-driven and makes no assumptions about the number or composition
of communities. Second we observe several mixed communities that span multiple
sectors, a first naive interpretation would lead to the conclusion that cross-sectoral
communities represent algorithmic limitations but a closer examination of the com-
position of these communities leads to the opposite conclusion since these cross-
sectoral groupings often reflect economic realities that transcend strict classification
boundaries. As an example in figure 3.1 bottom-left we see that companies like Ama-
zon and eBay, classified as Consumer Discretionary stocks under GICS, are grouped
with Information Technology stocks by our algorithm: a grouping that arguably
better reflects their business models and risk characteristics as technology-driven
platforms. Third, some sectors are split into multiple communities, suggesting the
presence of sub-sectoral dynamics that the broad GICS classification may not fully
capture, this aligns with the hierarchical nature of the GICS framework which in-
cludes more granular industry classifications beyond the sector level used in our
comparative analysis. Both bottom graphs in figure 3.1 clearly show the ability of
the algorithm to detect communities at higher granularity than GICS sectors. The
bottom-left graph shows two communities for the I'T sector, by looking at the single
companies we can see that the two comminutes roughly correspond to, respectively,
IT Services and IT hardware companies while, in the bottom-right graph, we can
clearly see that the Financial sector is split into three communities corresponding
approximately to Insurance, Banks and Financial Services companies.

These observations demonstrate that our community detection approach not only
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recovers known economic sectors but also identifies more nuanced groupings that
may better reflect functional similarities between companies, exploiting both estab-
lished and emergent structures and improving the understanding of the evolving
nature of market relationships. A well established idea in the literature is that the
more overlap there is between communities and economic sectors, the better the
community detection method is in retaining economic information. Despite the lim-
itations of this idea, directly coming from to the limitations of the strict industry
sector classification discussed above, it is still important to measure this overlap and
use it as a first indicator of performances for community detection algorithms.
Here we measure the overlap with economic sectors by computing the partition
overlap Peixoto (2021) between community labels and GICS economic sectors. In
figure 3.2 we show the partition overlap between the partition obtained through
different clustering methodologies based on the dissimilarities computed from the
correlations (except for the SBM) and, in the last column, the overlap with the
economic sector classification for both 11 clusters (same as economic sectors) and
15 (same as the SBM). Our algorithm shows a significant overlap with both DBHT
and CL hierarchical clustering and, more importantly, the hightest overlap with

economic sectors in both cases.

While the static analysis provides useful insights into the overall market struc-
ture, financial systems are inherently dynamic, continuously evolving in response
to new information, changing economic conditions, and shifting market sentiment.
To capture this temporal dimension in the next section we implement a dynamic

analysis framework.
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Figure 3.1: top: Network reconstructed from the full 20 years sample. Nodes are
positioned according to the communities they belong to. Node color represents the
communities found by the SBM (left) and the economic sectors of activity (right);
bottom-left: sub graph of two communities of stocks belonging mostly to the IT
sector; bottom-right: sub-graph of communities of stocks belonging mostly to the
IT sector.
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Figure 3.2: Partition overlap between the community labels of different algorithms
for 11 clusters (left) and 15 clusters (right). The last column shows the overlap with
industrial sectors.

3.4.2 Dynamic

To study the dynamic evolution of the market we divide the 20-year sample into
partially overlapping 1000-day moving windows, with a 30-day shift between consec-
utive windows and, for each time window, we perform network reconstruction and
community detection using our nonparametric Bayesian approach. We then analyze
the evolution of network properties and community structures over time, assessing
the algorithm’s ability to capture economically meaningful information across dif-
ferent market regimes.

Community detection is an important task in network science in general, helping us
understand the macroscopic structure of a system and, possibly, reduce its dimen-
sionality to better analyze it. In the context of stock returns time series networks
this task is perhaps even more important since it constitutes one of the building
blocks of many network-based risk management and asset allocation frameworks.

To meaningfully measure the community detection performances we compare it to



107 3.4. EMPIRICAL ANALYSIS

the Louvain algorithm based on a redefinition of modularity adapted to the unique
features of stock returns time series correlation matrices in MacMahon and Gar-
laschelli (2013). We chose to use the adapted Louvain algorithm because it presents
many points in common with our algorithm since it is hierarchical and does not
require the number of communities as input.
The upper panel of figure 3.3 shows the partition overlap between communities found
by both the adapted Louvain and our algorithm and the economic sectors. We can
clearly see that the DC-SBM shows superior performances in all time windows, es-
pecially after the COVID-19 pandemic, and is generally much better on average
than the Louvain algorithm. The bottom panel of figure 3.3 then shows the number
of communities found in each window by the two algorithms. We can clearly see
that the DC-SBM is capable of detecting much more structure with communities
ranging between 5 and 12 while the Louvain algorithm is tied up on a range between
3 and 8. This is a further confirmation that our method is capable of extracting
meaningful information and significantly outperforms modularity-based methods.
The detected communities reveal an interesting structure, but the method also
produces a reconstructed network for each time window, which deserves as much
attention—if not more—than the community structures themselves. Therefore we
perform a deep analysis of these networks with particular regard to their structural
evolution over time. The reconstructed networks are unweighted and undirected.
Figure 3.5 presents the Spearman correlation between a series of node-level statistics
across the time-windowed networks. Notably, all four measures exhibit consistent
temporal patterns, revealing three well-defined structural blocks and a less distinct
block spanning from 2012 to 2020. These blocks largely align with major economic
phases: the first corresponds to the period preceding the 2008 subprime crisis, the
second encompasses the time frame from the subprime crisis through the European

debt crisis, the third reflects a relatively stable economic phase and the final block
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Figure 3.3: top: partition overlap between partitions found by the algorithms and
economic sectors of activity, vertical dashed lines represent the temporal averages;
bottom: number of communities found by the algorithms.
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clearly coincides with the aftermath of the COVID-19 pandemic.

These results suggest that the reconstructed networks carry meaningful economic
information in their structure, reflecting changes in market conditions over time,
giving us more confidence in the method and showing that it can be a useful way to
explore how financial networks evolve in correspondence of different economic peri-
ods. Another interesting thing to study is the persistence of edges over time and, to
do this, we aggregated the unweighted networks over all time windows by summing
up the adjacency matrices for each window and then dividing each entry of the final
aggregated adjacency matrix by the total number of windows. Therefore each entry
of the final graph represents the share of windows in which the edge appears in
the time-window networks with respect to the total number of windows. Figure 3.4
shows the aggregated network with the most persistent edges at different threshold
levels with nodes colored and positioned according to the economic sectors. We
can notice some interesting patterns such as the cohesiveness of sectors like Utilities
and Information Technology and most notably the high interconnectedness of the
financial sector with other important sectors such as Industrials and Information

Technology.

The block structure observed in the node level statistics correlation inspired us
to further investigate the evolution of the reconstructed networks over time on a
global scale. Therefore we applied the graph-clustering procedure introduced in the
previous section to the graphs reconstructed from the different windows. Clustering
the graphs reconstructed from the different windows can be viewed as a different
way of clustering the time windows themselves and therefore this clustering structure
can be analyzed and used as a further validation of the reconstruction algorithm, as
already explained in the previous section.

Figure 3.6 shows, in the upper panel, the S&P 500 index time series colored according
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Top 90% of edges Top 80% of edges Top 70% of edges

Figure 3.4: Threshold graph at different levels of the graph resulting from aggre-
gating the (unweighted) graphs from all the time windows and applying different
thresholds. The goal is to show the most persistent edges over time at the various
levels.
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to the cluster labels of the underlying reconstructed networks from the DC-NMI
similarity measure, there is a striking overlap between particularly relevant economic
periods and clusters suggesting that the reconstructed networks embed the changing
market conditions in their structure.

In order to better analyze these structures we computed the aggregated networks
for each temporal cluster in the same way as the full period aggregated network
of figure 3.4. The results are displayed in the bottom panel of figure 3.6 and show
some interesting features of the graphs, most notably the strong connection between
financial and real estate sectors in the aftermath of the subprime financial crisis
(cluster 2) which disappears in other clusters. This is a manifestation of the central
role played by these two sectors in the build-up and subsequent explosion of the
subprime mortgage bubble. Another interesting aspect is the strong connectedness
between the Utilities and Consumer Staples sectors during the COVID-19 pandemic
period, likely reflecting investor behavior in times of market stress. These sectors,
traditionally considered defensive, were targeted by investors seeking stable and
'safe’ investments amid heightened uncertainty and volatility. Such co-movement is

typical during systemic disruptions, when capital flows into low-risk assets.

3.5 Concluding remarks

This chapter has demonstrated the effectiveness of the joint reconstruction-community
detection method in analyzing financial market dynamics from both static and dy-
namic perspectives. Through the application to twenty years of S&P 500 stocks, we
have shown how market structures evolve over time and respond to major economic
events, revealing both sectoral patterns that align with traditional classifications
and cross-sectoral relationships that may be overlooked by conventional industry

groupings.
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Figure 3.5: Spearman correlation between network statistics computed on graphs
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right), Closeness centrality (lower-left), local clustering coefficient (lower-right)
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Figure 3.6: a) Value of the S&P 500 index over time. Colors represent the clusters
obtained from the DC-NMI similarity. b) networks reconstructed by aggregating the
reconstructed networks within each cluster and retaining the 10% most significant
edges.
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The novel graph clustering based evaluation methodology introduced in this work
represents a significant contribution, providing a market-driven validation approach
that complements traditional metrics. The strong correspondence between identi-
fied regime transitions and known economic events confirms that our reconstruction
framework effectively captures meaningful economic information in network struc-
ture.

Several promising directions emerge for future research. The most straightforward
extension would involve incorporating fat-tailed distributions for return modeling,
which could improve reconstruction quality, particularly at higher sampling frequen-
cies. Another particularly valuable direction would be investigating whether changes
in network structure can provide early warning signals of market regime transitions
or emerging sector-specific vulnerabilities.

In conclusion, this work demonstrates that generative modeling approaches offer
valuable insight into the complex evolving structure of financial markets, with the
graph clustering methodology providing a natural evaluation framework that aligns

with the dynamic nature of financial systems.
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Conclusions

This thesis provides several advances to the analysis of financial markets through
the lens of network science, spanning both methodological and empirical contribu-
tions to the understanding of how financial markets evolve and respond to shocks.
Chapter 1 provides a concise overview of the main theoretical and methodological
foundations of financial network analysis, covering the essential concepts and estab-
lished approaches in the literature. As such, it could serve as a general reference for
researchers approaching this field. Chapter 2 introduces a novel, robust framework
for stock correlation network analysis that combines robust estimation with multi-
view data integration, revealing an intrinsic capacity for self-organization in equity
markets that becomes visible only when these two elements are jointly employed. Fi-
nally, Chapter 3 explores financial markets through a generative modeling approach,
demonstrating, through twenty years of S&P 500 data and a novel graph-clustering
evaluation methodology, that network topology encodes meaningful economic infor-
mation and faithfully tracks major market regime transitions. The results presented
across the thesis reinforce the value of network science as a rigorous and versatile
framework for the empirical and theoretical study of financial markets. Notwith-
standing these contributions, some limitations should be acknowledged. The em-
pirical scope is concentrated on large-cap U.S. equities, and how well the findings
generalize to less liquid markets or other asset classes remains an open question.
Several directions appear promising for future research. Integrating firm-level sen-
timent data into the community detection framework introduced in chapter 2 could
bridge behavioral and structural perspectives on market organization. Developing
dynamic asset allocation strategies that exploit evolving community structure rep-
resents a practically relevant extension. Finally, testing whether network topology

can serve as a leading indicator of systemic stress or sector-specific fragility would
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considerably broaden the practical relevance of the generative modeling approach

introduced in Chapter 3.
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