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Abstract

In this paper, we investigate on a class of time-inhomogeneous birth-death
chains obtained by applying the composition method to two time-inhomoge-
neous double-ended chains. Then, we consider the corresponding restricted
birth-death process, with zero reflecting boundary. Finally, starting from
the restricted process, we construct a time-inhomogeneous BD chain sym-
metric with respect to zero-state. We obtain closed form expressions for the
transition probabilities and for the conditional moments; furthermore, the
first-passage-time problem is also taken in consideration. Finally, various
numerical computations are performed for periodic intensity functions.
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1. Introduction and background

Continuous-time birth-death (BD) chains have been extensively used
in various fields, such as physics, chemistry, engineering, biology, genetics,
ecology, population growth dynamics and queueing systems.

In some instances, unrestricted continuous-time BD chains are taken in
account (cf. Conolly [1], Di Crescenzo and Martinucci [2], Hongler and
Parthasarathy [3], Pruitt [4], Tarabia and El-Baz [5]). In particular, double-
ended BD chains can be employed to model several real systems, as the taxi-
passenger queue (cf., for instance, Dobbie [6], Sharma and Nair [7], Tarabia
[8], Conolly et al. [9]). Moreover, BD chains on the nonnegative integers are
considered to model the states of molecules in chemical and physical models
(cf., Buonocore et al. [10], Conolly et al. [11]), to describe population growth
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(see, Crawford and Suchard [12], Ricciardi [13]), to analyze the evolution of
queueing systems (cf., Giorno et al. [14, 15], Lenin et al. [16], Medhi [17],
Sharma [18]).

BD chains are also used to model systems subject to various types of
disasters (see, Dharmaraja et al. [20], Di Crescenzo et al. [21], Economou
and Fakinos [22, 23], Giorno and Nobile [24], Giorno et al. [25], Kapodis-
tria et al. [26]). Moreover, various di↵usion processes have been derived as
continuous approximations of BD chains (cf., Abundo [19], Dharmaraja et
al. [20], Di Crescenzo et al. [21, 27, 28]).

The determination of first-passage time (FPT) probability density func-
tion (pdf) and of its moments is of interest in applications. Unfortunately,
closed form solutions for the transition probabilities and for the FPT den-
sities are available only in special cases (cf. Di Crescenzo et al. [29], Di
Crescenzo and Martinucci [30], Giorno and Nobile [31], Lenin and Partha-
sarathy [32], Poskroblo and Girejko [33]).

Time-inhomogeneous unrestricted and restricted BD Markov processes
are frequently used to model a large number of real queueing systems and
populations growth dynamics (cf., for instance, Giorno et al. [25, 34],
Giveen [35], Di Crescenzo and Nobile [36], Zheng [37], Zeifman et al. [38]).
Most of research on time-inhomogeneous queues and populations are devoted
to the computation of the distribution of the state probabilities and of the
limiting distribution, to the develop of various methods of approximation
of their transient behavior and to the determination of first-passage time
densities via analytical and numerical methods (cf. Crawford et al. [39]).
Moreover, some studies on the ergodicity of time-inhomogeneous BD chains
are considered in Scott and Isaacson [40] and in Zeifman and Isaacson [41].

In this paper, we construct a special class of time-inhomogeneous BD
chains by using the composition method applied to two time-inhomogeneous
double-ended chains. Then, we consider the corresponding restricted time-
inhomogeneous BD process, with zero reflecting boundary. Finally, start-
ing from the restricted process, we construct a time-inhomogeneous BD
chain symmetric with respect to zero. For the considered processes, we
obtain closed form expressions for the transition probabilities and for the
conditional moments; furthermore, the first-passage-time problem is taken
in consideration. The proposed approach allows to obtain stochastic models
suitable to analyze unrestricted chemical queues, in which the motion of a
molecule is modeled by means of a BD chain with time-varying intensity
functions. Furthermore, the considered restricted BD processes are appro-
priate to describe unbounded populations subject to rapid growth, such as
bacterial populations or cancer masses. Extensive numerical computations
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with MATHEMATICA are performed, by devoting special attention to the
case of time-varying intensity functions. These cases are of interest in vari-
ous applied fields, such as in queueing systems and population growth. For
instance, in queueing models the presence of periodicity in the BD inten-
sity functions expresses the existence of rush hours occurring on a daily
basis (see, Di Crescenzo et al. [27, 36], Dong and Whitt [42], Giorno et al.
[25, 34], Satin et al. [43], Whitt [44]), whereas in population dynamics it
expresses the existence of predictable fluctuation in the growth due to sea-
sonal or other regular environmental cycles (see, Thieme [45] and references
therein).

1.1. Plan of the paper

In Section 2, we consider two time-inhomogeneous double-ended systems
{X1(t), t � t0} and {X2(t), t � t0}, whose state-space is Z = {. . . ,�1, 0, 1, . . .},
conditioned to start from j at time t0, with time-dependent BD intensities
�(t) and µ(t) forX1(t) and with BD intensities µ(t) and �(t) forX2(t). Mak-
ing use of the composition method applied to X1(t) and X2(t), we construct
a continuous-time BD chain { eX(t), t � t0}, whose probabilities ⇠j,n(t|t0),
j, n 2 Z, are a linear combination of the transition probabilities of X1(t)
and X2(t), with weights depending on the initial condition (j, t0) and on a
regulation real parameter # 2 [0, 1].

In Section 3, we consider a special time-inhomogeneous BD chain X(t)
with birth and death intensity functions �n(t) and µn(t), whose transition
probabilities fj,n(t|t0) identify with ⇠j,n(t|t0) for j, n 2 Z and t � t0. We
distinguish two di↵erent cases: (a) (j, t0) = (0, 0) and (b) �(t) and µ(t) are
proportional. Closed form expressions for the transition probabilities and
for the FPT densities are obtained. Recently, a similar approach has been
applied in Giorno and Nobile [46] to construct a class of time-inhomogeneous
di↵usion processes starting from some conditioned Gauss-Markov processes.

In Section 4, assuming that �(t) and µ(t) are proportional, we take into
account the time-inhomogeneous restricted BD process {R(t), t � t0}, with
state-space N0 = {0, 1, . . .}, 0 being a regular reflecting state. For R(t), we
determine the transition probabilities pj,n(t|t0) for j, n 2 N0 and t � t0.

In Section 5, starting from R(t) and assuming that �(t) and µ(t) are
proportional, we consider the time-inhomogeneous BD chain {Y (t), t � t0}
symmetric with respect to zero, having state-space Z. We determine the
transition probabilities hj,n(t|t0) for j, n 2 Z and t � t0.

In the case of time-homogeneous BD processes, unrestricted or restricted,
the methods based on the Laplace transforms (LT) and on their inversions
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are often used to determine the transition probabilities and the FPT densi-
ties. In the sequel of the paper, we will denote by b�(s) = Ls(�(t)) (s � 0)
the LT of the function �(t).

2. Time-inhomogeneous double-ended chains: composition method

Let {Xi(t), t � t0} (i = 1, 2) be a time-inhomogeneous double-ended
BD chain having state-space Z, conditioned to start from j 2 Z at time
t0. We assume that births and deaths occur with intensity functions �i,n(t)
and µi,n(t) at time t, respectively. For the process X1(t) we set: �1,n(t) =
�(t), µ1,n(t) = µ(t), n 2 Z, whereas for X2(t) we have: �2,n(t) = µ(t),
µ2,n(t) = �(t), n 2 Z, with �(t) and µ(t) positive, bounded and continuous

functions for t � t0, such that
R +1
t0

�(t) dt = +1 and
R +1
t0

µ(t) dt = +1.
Double-ended BD chains arise in many applications, such as taxi-passenger
systems, financial markets, buyers and sellers in a financial market, assembly
systems, perishable inventory systems and organ transplant systems (cf., for
instance, Dobbie [6], Conolly et al. [9], Di Crescenzo et al. [27], Giveen [35]).

Let

f (i)
j,n(t|t0) = P{Xi(t) = n|Xi(t0) = j}, j, n 2 Z, t � t0, i = 1, 2

be the transition probabilities of Xi(t). For i = 1, 2, they satisfy the Kol-
mogorov forward equations and the related initial condition:

df (i)
j,n(t|t0)
dt

= �i,n�1(t) f
(i)
j,n�1(t|t0)�

⇥
�i,n(t) + µi,n(t)

⇤
f (i)
j,n(t|t0)

+µi,n+1(t) f
(i)
j,n+1(t|t0), j, n 2 Z, (1)

lim
t#t0

f (i)
j,n(t|t0) = �j,n,

where �j,n is the Kronecker delta function. We denote by

⇤(t|t0) =
Z t

t0

�(⌧) d⌧, M(t|t0) =
Z t

t0

µ(⌧) d⌧, t � t0, (2)

the cumulative BD intensity functions. For t � t0, j, n 2 Z and i = 1, 2 we
have (cf. Di Crescenzo et al. [27], Giveen [35]):

f (i)
j,n(t|t0) = e�[⇤(t|t0)+M(t|t0)]


⇤(t|t0)
M(t|t0)

�(�1)3�i(n�j)/2

In�j

h
2
p
⇤(t|t0)M(t|t0)

i
, (3)
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where

I⌫(z) =
+1X

m=0

(z/2)⌫+2m

m!�(⌫ +m+ 1)
, ⌫ 2 R (4)

is the modified Bessel function of first kind. From (3), the following relation
holds:

f (2)
j,n (t|t0) =

hM(t|t0)
⇤(t|t0)

in�j
f (1)
j,n (t|t0), j, n 2 Z. (5)

Furthermore, since (see, Abramowitz and Stegun [47], p. 376, n. 9.6.33)

exp
ns

2

⇣
x+

1

x

⌘o
=

+1X

n=�1
xn In(s), x 6= 0, (6)

by virtue of (3), we obtain the conditional mean and variance of Xi(t):

E[Xi(t)|Xi(t0) = j] = j + (�1)3�i
⇥
⇤(t|t0)�M(t|t0)

⇤
,

Var[Xi(t)|Xi(t0) = j] = ⇤(t|t0) +M(t|t0),
(7)

for t � t0 and j 2 Z. For i = 1, 2, let

T (i)
j,n (t0) = inf{t � t0 : Xi(t) = n}, Xi(t0) = j, j 6= n

be the FPT of Xi(t) through n 2 Z when starting from j 2 Z and denote by

g(i)j,n(t|t0) = dP{T (i)
j,n (t0)  t}/dt its pdf. For i = 1, 2 the following integral

equation holds:

f (i)
j,n(t|t0) =

Z t

t0

g(i)j,k(u|t0) f
(i)
k,n(t|u) du (j < k  n) or (n  k < j). (8)

2.1. Proportional BD intensity functions

We assume that �(t) = �'(t) and µ(t) = µ'(t), with � > 0, µ > 0
and '(t) positive, bounded and continuous function of t � t0, such thatR1
t0
'(t) dt = +1. Denoting by % = �/µ and

�(t|t0) =
Z t

t0

'(⌧) d⌧, t � t0, (9)

the transition probabilities (3) and the FPT pdf of Xi(t) can be expressed
as (cf. Di Crescenzo et al. [27]):

f (i)
j,n(t|t0) = e�(�+µ)�(t|t0) %(�1)3�i(n�j)/2 In�j

⇥
2
p
�µ�(t|t0)

⇤
, j, n 2 Z,

g(i)j,n(t|t0) =
|n� j| '(t)
�(t|t0)

f (i)
j,n(t|t0), j, n 2 Z, j 6= n.

(10)

5



Moreover, by virtue of (5), from (10), one has:

g(2)j,n(t|t0) =
|n� j| '(t)
�(t|t0)

f (2)
j,n (t|t0) = %�(n�j) g(1)j,n(t|t0), j, n 2 Z, j 6= n. (11)

2.2. Composition method

Let 0  #  1 be a real number. For any fixed t � t0, we assume that
Uj,t0(t) is a random variable uniform in (0, 1), independent of X1(t) and

X2(t). We consider the stochastic process { eX(t), t � t0} defined as

eX(t) =

⇢
X1(t), 0  Uj,t0(t) < Qj,t0(#)
X2(t), Qj,t0(#)  Uj,t0(t) < 1,

(12)

where

Qj,t0(#) =
#

#+ (1� #)
h
M(t0|0)
⇤(t0|0)

ij , j 2 Z, t0 � 0. (13)

We note that # is a regulation parameter that controls the relative weighting
of the two components X1(t) and X2(t) in the definition of eX(t). Then,
denoting by

⇠j,n(t|t0) = P{ eX(t) = n| eX(t0) = j}, j, n 2 Z, t � t0,

we have:

⇠j,n(t|t0) = Qj,t0(#) f
(1)
j,n (t|t0) +

⇥
1�Qj,t0(#)

⇤
f (2)
j,n (t|t0)

=
n
Qj,t0(#) +

⇥
1�Qj,t0(#)

⇤ hM(t|t0)
⇤(t|t0)

in�jo
f (1)
j,n (t|t0), (14)

where relation (5) has been used. Note that the probability ⇠j,n(t|t0) is a

mixture of the probabilities f (1)
j,n (t|t0) and f (2)

j,n (t|t0), given in (3). Then, the
regulation parameter # allows the flexibility in the shape of the probability
⇠j,n(t|t0). By virtue of (7), for j 2 Z and t � t0 from (14) one has:

E[ eX(t)| eX(t0) = j] = j + [⇤(t|t0)�M(t|t0)]
⇥
2Qj,t0(#)� 1

⇤
,

Var[ eX(t)| eX(t0) = j] = ⇤(t|t0) +M(t|t0)
+ 4Qj,t0(#)

⇥
1�Qj,t0(#)

⇤
[⇤(t|t0)�M(t|t0)]2.

(15)
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Furthermore, we note that the infinitesimal rates of eX(t) are:

lim
h#0

⇠j,j+1(t0 + h|t0)
h

= �(t0)
#+ (1� #)µ(t0)�(t0)

h
M(t0|0)
⇤(t0|0)

ij

#+ (1� #)
h
M(t0|0)
⇤(t0|0)

ij , j 2 Z,

(16)

lim
h#0

⇠j,j�1(t0 + h|t0)
h

= µ(t0)
#+ (1� #)�(t0)µ(t0)

h
M(t0|0)
⇤(t0|0)

ij

#+ (1� #)
h
M(t0|0)
⇤(t0|0)

ij , j 2 Z.

3. A special class of time-inhomogeneous BD chains

The object of this section is to determine the conditions so that (14) can
be interpreted as the transition probability of a time-inhomogeneous BD
chain {X(t), t � t0}, with state-space Z, conditioned to start from j at time
t0, characterized by BD intensity functions

�n(t) = �(t)
#+ (1� #)µ(t)�(t)

h
M(t|0)
⇤(t|0)

in

#+ (1� #)
h
M(t|0)
⇤(t|0)

in , n 2 Z,

µn(t) = µ(t)
#+ (1� #)�(t)µ(t)

h
M(t|0)
⇤(t|0)

in

#+ (1� #)
h
M(t|0)
⇤(t|0)

in , n 2 Z,

(17)

respectively, where 0  #  1. We assume that �(t), µ(t) are positive
bounded and continuous functions for t � t0, such that

R +1
t0

�(t) dt = +1
and

R +1
t0

µ(t) dt = +1. By virtue of (16) and (17), for fixed (j, t0) we note
that

�j(t0) = lim
h#0

⇠j,j+1(t0 + h|t0)
h

, µj(t0) = lim
h#0

⇠j,j�1(t0 + h|t0)
h

.

For t � t0, from (17) we have: when # = 0, then �n(t) = µ(t) and µn(t) =
�(t); when # = 1, then �n(t) = �(t) and µn(t) = µ(t); when 0 < # <
1, then min{�(t), µ(t)}  �n(t)  max{�(t), µ(t)} and min{�(t), µ(t)} 
µn(t)  max{�(t), µ(t)}. These considerations show that the BD intensity
functions (17) are bounded by the intensity functions of X1(t) and X2(t).
Furthermore, from (17) it follows:

�n(t) + µn(t) = �(t) + µ(t), n 2 Z, t � t0. (18)

7



The transition probabilities of X(t)

fj,n(t|t0) = P{X(t) = n|X(t0) = j}, j, n 2 Z, t � t0

are solution of the Kolmogorov equations and the related initial condition

dfj,n(t|t0)
dt

= �n�1(t) fj,n�1(t|t0)�
⇥
�n(t) + µn(t)

⇤
fj,n(t|t0)

+µn+1(t) fj,n+1(t|t0), j, n 2 Z, (19)

lim
t#t0

fj,n(t|t0) = �j,n,

with �n(t) and µn(t) defined in (17). We now consider two di↵erent cases:
(a) (j, t0) = (0, 0), (b) �(t) and µ(t) are proportional.

Case (a)

Let (j, t0) = (0, 0). We consider the time-inhomogeneous BD chain
{X(t), t � 0}, with BD intensity functions (17). We note that when (j, t0) =
(0, 0), from (13) one has Qj,t0(#) = Q0,0(#) = #, so that the transition prob-

abilities (14) of the process eX(t) are:

⇠0,n(t|0) = # f (1)
0,n(t|0) + (1� #) f (2)

0,n(t|0)

=
n
#+ (1� #)

hM(t|0)
⇤(t|0)

ino
f (1)
0,n(t|0), n 2 Z. (20)

We now prove that f0,n(t|0) coincide with (20) when (j, t0) = (0, 0).

Proposition 1. Let (j, t0) = (0, 0). For the BD chain X(t), with BD in-

tensity functions (17), one has:

f0,n(t|0) = ⇠0,n(t|0) =
n
#+ (1� #)

hM(t|0)
⇤(t|0)

ino
e�[⇤(t|0)+M(t|0)]

⇥

⇤(t|0)
M(t|0)

�n/2
In
h
2
p
⇤(t|0)M(t|0)

i
, n 2 Z, t � 0, (21)

with ⇠0,n(t|0) given in (20).

Proof. We verify that ⇠0,n(t|0), given in (20), satisfies (19) for (j, t0) =
(0, 0), with �n(t) and µn(t) defined in (17). First, by virtue of the initial
conditions in (1), from (20) we have that limt#0 ⇠0,n(t|0) = �0,n. Moreover,
by setting

 0,n(t|0) =
d⇠0,n(t|0)

dt
+

⇥
�n(t) + µn(t)

⇤
⇠0,n(t|0)� �n�1(t) ⇠0,n�1(t|0)

�µn+1(t) ⇠0,n+1(t|0), n 2 Z, t � 0, (22)
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by virtue of (1) and (5), from (20) one has:

d⇠0,n(t|0)
dt

= �
⇥
�(t) + µ(t)

⇤
⇠0,n(t|0)

+�(t)
n
#+ (1� #)

µ(t)

�(t)

hM(t|0)
⇤(t|0)

in�1o
f (1)
0,n�1(t|0)

+µ(t)
n
#+ (1� #)

�(t)

µ(t)

hM(t|0)
⇤(t|0)

in+1o
f (1)
0,n+1(t|0), n 2 Z. (23)

Hence, making use of (17), (18), (20) and (23) in (22), one obtains 0,n(t|0) =
0 for all t � 0 and n 2 Z. For the uniqueness of the solution of (19), one
has f0,n(t|0) = ⇠0,n(t|0) for all t � 0 and n 2 Z. ⇤

Under the assumptions of Proposition 1, by virtue of (15), for t � 0 the
conditional mean and variance of X(t) are:

E[X(t)|X(0) = 0] = (2#� 1)
⇥
⇤(t|0)�M(t|0)

⇤
,

Var[X(t)|X(0) = 0] = ⇤(t|0) +M(t|0) + 4# (1� #)
⇥
⇤(t|0)�M(t|0)

⇤2
.
(24)

Remark 1. Under the assumptions of Proposition 1, by replacing # with

1� # in (17) and (21), one has:

�n(t)
���
#
= µ�n(t)

���
1�#

, µn(t)
���
#
= ��n(t)

���
1�#

, n 2 Z, t � 0,

f0,n(t|0)
���
#
= f0,�n(t|0)

���
1�#

, n 2 Z, t � 0.

Moreover, by replacing # with 1 � # in (24), the conditioned means have

opposite sign, whereas the conditional variances remain unchanged.

Example 1. We consider the BD chain {X(t), t � t0}, with t0 = 0, whose
intensity functions �n(t) and µn(t) are specified in (17), with

�(t) = �
h
1 + a sin

⇣2⇡ t
Q

⌘i
, µ(t) = µ, t � 0, (25)

where � > 0 is the average of the periodic function �(t) of period Q, a is the
relative amplitude with 0  a < 1 and µ > 0. The associated cumulative
BD intensity functions are:

⇤(t|0) = �
h
t+

aQ

⇡
sin2

⇣⇡t
Q

⌘i
, M(t|0) = µ t, t � 0.

9



� � � � �
����

���

���

���

���
λ�(�)

(a) # = 0.25, n = �1, 0, 1

-�� -�� � �� ��
�

���

���

���

���

���

���
λ�(�)

(b) # = 0.25, t = 5.2
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(c) # = 0.25, n = �1, 0, 1
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���

���
μ�(�)

(d) # = 0.25, t = 5.2

Figure 1: For � = 0.6, µ = 0.3, Q = 1 and a = 0.9, the BD intensity functions (17), with
�(t) and µ(t) given in (25), are plotted as function of t in (a) and (c) for n = �1 (red,
dash-dotted curve), n = 0 (black, solid curve) and n = 1 (blue, dotted curve), whereas
they are drawn as function of n for t = 5.2 in (b) and (d).

In Figure 1, for # = 0.25 the BD intensities �n(t) and µn(t), specified
in (17), with �(t) and µ(t) given in (25), are shown as function of t on
the left by choosing n = �1, 0, 1 and as function of n on the right for
t = 5.2; the dotted lines in (b) and (d) show the lower and upper bounds
of the BD intensity functions (17) at t = 5.2. For fixed t, we note the S
shape (sigmoidal behavior) of �n(t) and the inverse sigmoidal behavior of
µn(t). In Figure 2, for # = 0.25 the probabilities f0,n(t|0), given in (21), are
represented as function of t (on the left) for n = �1, 0, 1 and as function
of n (on the right) for t = 5.2. Finally, in Figure 3, the conditional mean
E[X(t)|X(0) = 0] and the conditional variance Var[X(t)|X(0) = 0], given
in (24), are shown as function of t for some choices of #. We note that the
conditional mean oscillates around a line that decreases for 0  # < 0.5 and
increases for 0.5 < #  1. ⇧
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Figure 2: For � = 0.6, µ = 0.3, Q = 1, a = 0.9 and # = 0.25 in (25), the transition
probabilities (21) are plotted as function of t for n = �1 (red, dash-dotted curve), n = 0
(black, solid curve) and n = 1 (blue, dotted curve) on the left and as function of n for
t = 5.2 on the right.
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Figure 3: The conditional mean and the conditional variance (24) are plotted as function
of t, with � = 0.6, µ = 0.3, Q = 1, a = 0.9 in (25) for some choices of #.

Case (b)

We assume that �(t) = �'(t) and µ(t) = µ'(t). In this case, from (13)
one has

Qj,t0(#) =
#

#+ (1� #)%�j
, j 2 Z, t0 � 0,

with 0  #  1 and % = �/µ. Furthermore, the probabilities (14) of the
discrete process eX(t) are:

⇠j,n(t|t0) = Qj,t0(#) f
(1)
j,n (t|t0) +

⇥
1�Qj,t0(#)

⇤
f (2)
j,n (t|t0)

=
#+ (1� #)%�n

#+ (1� #)%�j
f (1)
j,n (t|t0) j, n 2 Z, t � t0, (26)

where the use of (5) has been made.
Recalling (17), we now take into account the time-inhomogeneous BD

11



chain {X(t), t � t0}, with BD intensity functions:

�n(t) = �'(t)
#+ (1� #)%�n�1

#+ (1� #)%�n
, n 2 Z,

µn(t) = µ'(t)
#+ (1� #)%�n+1

#+ (1� #)%�n
, n 2 Z.

(27)

In the following, we prove that the transition probabilities of X(t), with BD
intensity functions (27), coincide with (26).

Proposition 2. For X(t), with BD intensity functions (27), one has:

fj,n(t|t0) = ⇠j,n(t|t0) =
#+ (1� #)%�n

#+ (1� #)%�j
e�(�+µ)�(t|t0) %(n�j)/2

⇥In�j
⇥
2
p
�µ�(t|t0)

⇤
, j, n 2 Z, t � t0, (28)

with �(t|t0) given in (9). Hence, X(t)
d
= eX(t) for all t � t0.

Proof. We prove that ⇠j,n(t|t0), given in (26), satisfies (19), with �n(t)
and µn(t) defined in (27). Recalling the initial conditions in (1), from (26)
it follows limt#t0 ⇠j,n(t|t0) = �j,n. Moreover, we consider the function:

 j,n(t|t0) =
d⇠j,n(t|t0)

dt
+

⇥
�n(t) + µn(t)

⇤
⇠j,n(t|t0)� �n�1(t) ⇠j,n�1(t|t0)

�µn+1(t) ⇠j,n+1(t|t0), j, n 2 Z, t � t0. (29)

By virtue of (1), (5) and (27), from (26) it follows:

d⇠j,n(t|t0)
dt

= �'(t) (�+ µ) ⇠j,n(t|t0) + �'(t)
#+ (1� #)%�n

#+ (1� #)%�j
f (1)
j,n�1(t|t0)

+µ'(t)
#+ (1� #)%�n

#+ (1� #)%�j
f (1)
j,n+1(t|t0), j, n 2 Z, t � t0. (30)

Hence, making use of (26), (27) and (30) in (29), one obtains  j,n(t|t0) = 0
for all t � t0 and j, n 2 Z, implying that ⇠j,n(t|t0) is the solution of (19).
For the uniqueness of the solution of (19), one has fj,n(t|t0) = ⇠j,n(t|t0) for
t � t0 and j, n 2 Z. Then, X(t)

d
= eX(t) for all t � t0. ⇤

When ⌫ is fixed and |z| is large, the following asymptotic approximation
holds (cf. Abramowitz [47]):

I⌫(z) ⇠
ezp
2⇡ z


1 +

+1X

k=1

(�1)k

(2z)k
�(⌫ + k + 1/2)

k!�(⌫ � k + 1/2)

�
, (31)
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so that, making use of (31) in (28), we note that a steady-state distribution
for X(t) does not exist.

By virtue of (15), for t � t0 the conditional mean and variance of X(t),
with intensity functions (27), are:

E[X(t)|X(t0) = j] = j + (�� µ)�(t|t0)
#� (1� #) %�j

#+ (1� #) %�j
,

(32)

Var[X(t)|X(t0) = j] = (�+ µ)�(t|t0) + (�� µ)2�2(t|t0)
4# (1� #) %�j

[#+ (1� #) %�j ]2
.

Remark 2. Under the assumptions of Proposition 2, for # = 1/2 from (27)

one obtains

�n(t) = � '(t)
1 + %�n�1

1 + %�n
, µn(t) = µ'(t)

1 + %�n+1

1 + %�n
, n 2 Z,

so that �n(t) = µ�n(t) for n 2 Z. Therefore, X(t) is a symmetric BD chain

with respect to zero and from (28) one has:

fj,n(t|t0) =
%n/2 + %�n/2

%j/2 + %�j/2
e�(�+µ)�(t|t0) In�j

⇥
2
p
�µ�(t|t0)

⇤
, j, n 2 Z. (33)

Remark 3. Under the assumptions of Proposition 2, by replacing # with

1� # and � with µ, the expression of fj,n(t|t0) does not change, i.e.

fj,n(t|t0)
���
#,�,µ

= fj,n(t|t0)
���
1�#,µ,�

, j, n 2 Z, t � t0.

For t � t0 and j, n 2 Z , we denote by

⌦j,n(t|t0) = � d
dtP{X(t) < n|X(t0) = j} = �n�1(t)fj,n�1(t|t0)� µn(t)fj,n(t|t0)

(34)
the probability current of X(t) in n at time t, given X(t0) = j. By virtue
of (27) and (28), for j, n 2 Z and t � t0 from (34) one obtains:

⌦j,n(t|t0) = '(t) e�(�+µ)�(t|t0) %(n�j)/2

⇢p
�µ

#+ (1� #)%�n

#+ (1� #)%�j

⇥In�1�j
⇥
2
p
�µ�(t|t0)

⇤
� µ

#+ (1� #)%�n+1

#+ (1� #)%�j
In�j

⇥
2
p
�µ�(t|t0)

⇤�
. (35)

Let
Tj,n(t0) = inf{t � t0 : X(t) = n}, X(t0) = j, j 6= n

13



be the FPT of X(t) through n 2 Z, when starting from j 2 Z and we denote
by gj,n(t|t0) = dP{Tj,n(t0)  t}/dt its pdf. For j, n 2 Z one has:

fj,n(t|t0) =
Z t

t0

gj,k(u|t0) fk,n(t|u) du (j < k  n) or (n  k < j). (36)

Proposition 3. Under the assumptions of Proposition 2, it results:

gj,n(t|t0) =
|n� j| '(t)
�(t|t0)

fj,n(t|t0), j, n 2 Z, j 6= n, (37)

with fj,n(t|t0) given in (28). Moreover, the FPT ultimate probability is:

Pj,n =

Z +1

t0

gj,n(t|t0) dt =

8
>><

>>:

#+ (1� #)%�n

#+ (1� #)%�j
, (%� 1) (n� j) � 0,

%n�j #+ (1� #)%�n

#+ (1� #)%�j
, (%� 1) (n� j) < 0.

(38)

Proof. For X(t), with intensity functions (27), making use of (28) in (36),
one has:

f (1)
j,n (t|t0) =

Z t

t0

h#+ (1� #)%�j

#+ (1� #)%�k
gj,k(u|t0)

i
f (1)
k,n(t|u) du

(j < k  n) or (n  k < j), (39)

where (10) has been used. By comparing (8) for i = 1 with (39), one obtains

gj,n(t|t0) =
#+ (1� #)%�n

#+ (1� #)%�j
g(1)j,n(t|t0), j, n 2 Z, j 6= n,

from which, recalling (10) and (28), relation (37) follows. Then, by integrat-
ing (37), we obtain (38). ⇤

From (38), we note that the first passage is never a sure event for 0 < # < 1.
Instead, for # = 0 one has Pj,n = 1 when (% � 1) (n � j)  0, whereas for
# = 1 it follows Pj,n = 1 for (%�1) (n� j) � 0. Furthermore, when # = 1/2,
from Remark 2 one has fj,n(t|t0) = f�j,�n(t|t0) for j, n 2 Z; hence, from
Proposition 3 it follows gj,n(t|t0) = g�j,�n(t|t0) for j, n 2 Z with j 6= n.
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Example 2. We consider the BD chain X(t), where �n(t) and µn(t) are
specified in (27), with �(t) = �'(t) and µ(t) = µ'(t), where � > 0, µ > 0
and

'(t) = 1 + a sin
⇣2⇡ t

Q

⌘
, 0  a < 1, t � t0. (40)

Hence,

�(t|t0) = t� t0 +
aQ

⇡

h
sin2

⇣⇡t
Q

⌘
� sin2

⇣⇡t0
Q

⌘i
, t � t0.

In Figure 4, for # = 0.25 the periodic BD intensity functions �n(t) and
µn(t), specified in (27) with '(t) given in (40), are represented as function
of t on the left by choosing n = �1, 0, 1 and as function of n on the right for
t = 5.2; the dotted lines in (b) and (d) show the lower and upper bounds
of BD intensity functions (27). In Figure 5, for # = 0.25 (top) and for
# = 0.75 (bottom), the probabilities fj,n(t|0), given in (28), are shown as
function of t for j = 1 and n = �1, 0, 1 on the left and as function of n
for j = 1 and t = 5.2 on the right. Moreover, in Figure 6, the conditional
mean E[X(t)|X(t0) = j] and the conditional variance Var[X(t)|X(t0) = j]
given in (32), are plotted as function of t for j = 1 and # = 0.25, 0.5, 0.75.
As in Example 1 the conditional means oscillate around a line. Finally, in
Figure 7, the FPT density gj,n(t|t0), given in (37) is represented as function
of t for # = 0.25 on the left and # = 0.75 on the right, j = 1 and n = �1, 0.
From (38), for # = 0.25 one has P1,0 = 0.8 and P1,�1 = 0.7; instead, for
# = 0.75 it results P1,0 = 0.571429 and P1,�1 = 0.357143. ⇧

In Appendix A, some results on the LT for the time-homogeneous BD
chain X(t) are given. They will play an important role in determining the
transition probabilities of BD processes described in the Sections 4 and 5.

4. Special class of restricted time-inhomogeneous BD process

Let {R(t), t � t0} be a time-inhomogeneous BD process, whose state-
space is N0 = {0, 1, . . .}, with 0 reflecting state and

�n(t) = �'(t)
#+ (1� #)%�n�1

#+ (1� #)%�n
, n 2 N0,

µn(t) = µ'(t)
#+ (1� #)%�n+1

#+ (1� #)%�n
, n 2 N,

(41)

where 0  #  1, � > 0, µ > 0 and % = �/µ. The transition probabilities of
R(t)

pj,n(t|t0) = P{R(t) = n|R(t0) = j}, j, n 2 N0, t � t0
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Figure 4: For � = 0.6, µ = 0.3, Q = 1, a = 0.9, the BD intensity functions (27), with
'(t) given in (40), are shown as function of t for n = �1 (red, dash-dotted curve), n = 0
(black, solid curve) and n = 1 (blue, dotted curve) in (a) and (c) and as function of n for
t = 5.2 in (b) and (d).

are solution of the Kolmogorov equations and the related initial condition:

dpj,0(t|t0)
dt

= ��0(t) pj,0(t|t0) + µ1(t) pj,1(t|t0), j 2 N0,

dpj,n(t|t0)
dt

= �n�1(t) pj,n�1(t|t0)�
⇥
�n(t) + µn(t)

⇤
pj,n(t|t0)

+ µn+1(t) pj,n+1(t|t0), j 2 N0, n 2 N,
lim
t#t0

pj,n(t|t0) = �j,n,

(42)

with �n(t) and µn(t) given in (41). Moreover, the probabilities pj,n(t|t0) can
be written in terms of fj,n(t|t0) and of the probability current ⌦j,n(t|t0) of
the unrestricted BD chain X(t) (see, Giorno and Nobile [31]):

pj,n(t|t0) = fj,n(t|t0)�
Z t

t0

⌦j,0(u|t0) p0,n(t|u) du, j, n 2 N0, t � t0. (43)
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(d) # = 0.75, j = 1, t = 5.2

Figure 5: For � = 0.6, µ = 0.3, Q = 1, a = 0.9 in (40), the transition probabilities (28) are
plotted as function of t with n = �1 (red, dash-dotted curve), n = 0 (black, solid curve)
and n = 1 (blue, dotted curve) on the left and as function of n for t = 5.2 on the right.

Usually, the knowledge of fj,n(t|t0) is not su�cient to determine the tran-
sition probabilities pj,n(t|t0). Such probabilities are actually known only in
few special cases, such as for the M(t)/M(t)/1 queueing system with pro-
portional BD intensity functions and for the non-homogeneous Prendiville
process (see, for instance, Giorno et al. [25], Zheng [37]).

Proposition 4. For the restricted BD process R(t), with BD intensity func-

tions (41), one has:

pj,n(t|t0) =
#+ (1� #) %�n

#+ (1� #) %�j
e�(�+µ)�(t|t0)

⇢
%(n�j)/2 In�j

⇥
2
p
�µ�(t|t0)

⇤

+
�

�
%(n�j+1)/2 In+j+1

⇥
2
p
�µ�(t|t0)

⇤
+ %�j

⇣�
�

⌘n+j⇣
1� �µ

�2

⌘

⇥
+1X

k=n+j+2

⇣�
�

⌘k
%k/2 Ik

⇥
2
p
�µ�(t|t0)

⇤�
, j, n 2 N0, (44)
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Figure 6: The conditional mean and the conditional variance (32) are drawn as function
of t for j = 1, with � = 0.6, µ = 0.3, Q = 1 and a = 0.9 in (40).
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(b) # = 0.75

Figure 7: The FPT densities (37) are shown as function of t for j = 1, with � = 0.6,
µ = 0.3, Q = 1 and a = 0.9 in (40) with n = 0 (black, solid curve) and n = �1 (red,
dashed curve).

where � = µ#+ � (1� #).

Proof. It is obtained by starting from (42) and (43) and is given in Ap-
pendix B. ⇤

We note that for # = 1 (# = 0), Eqs. (44) give the transition proba-
bilities of the queueing system M(t)/M(t)/1 with arrival intensity function
�'(t) (µ'(t)) and service intensity function µ'(t) (�'(t)) (see, for in-
stance, Medhi [17] for '(t) = 1 and Giorno et al. [25] for proportional
intensity functions).

To study the limit behavior of the transition probabilities of R(t), we
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use the definition (4) in (44) by obtaining:

pj,n(t|t0) =
#+ (1� #) %�n

#+ (1� #) %�j
e�(�+µ)�(t|t0)

⇢
%(n�j)/2 In�j

⇥
2
p
�µ�(t|t0)

⇤

+
�

�
%(n�j+1)/2 In+j+1

⇥
2
p
�µ�(t|t0)

⇤
+ %�j

⇣�
�

⌘n+j⇣
1� �µ

�2

⌘

⇥

exp

n⇣
� +

�µ

�

⌘
�(t|t0)

o
�

+1X

m=0

1

m!

h�µ�(t|t0)
�

im m+n+j+1X

r=0

[��(t|t0)]r

r!

��

(45)

for j, n 2 N0. Recalling (31), we note that the first two terms of (45) clearly

go to 0 as t approaches +1 because e�(
p
��p

µ)�(t|t0)}/
p

�(t|t0) goes to 0
irrespective of the values of �, µ and of the function '(t). Furthermore, the
terms of the series in (45) are of the form e�(�+µ)�(t|t0)[�(t|t0)]m+r, implying
that this series goes to zero as t ! +1. Moreover, when 0  #  1, one
has:

�+ µ� � � �µ

�
=
#(1� #)(�� µ)2

�
� 0.

Hence, for 0 < # < 1 the process R(t) does not admit a limit behavior.
Instead, for # = 0, R(t) has a steady-state behavior when % > 1 and one
has qn = limt!+1 pj,n(t|t0) = (1� %�1) %�n (n 2 N0). Finally, for # = 1 the
process R(t) exhibits a steady-state behavior when % < 1 and one obtains
qn = limt!+1 pj,n(t|t0) = (1� %) %n (n 2 N0). We note that the asymptotic
results for # = 0 and for # = 1 are consistent with those obtained in Zeifman
et al. [38] by using the truncation method.

Under the assumptions of Proposition 4, making use of (44) we obtain
the k-th order conditional moment of R(t):

E[Rk(t)|R(t0) = j] =
e�(�+µ)�(t|t0)

#+ (1� #) %�j

(
+1X

n=1

nk [#+ (1� #) %�n]%(n�j)/2

⇥
h
In�j

⇥
2
p
�µ�(t|t0)

⇤
+

�p
�µ

In+j+1
⇥
2
p
�µ�(t|t0)

⇤i

�%�j/2
⇣
1� �2

�µ

⌘ +1X

r=1

⇣ �p
�µ

⌘r
Ir+j+2

⇥
2
p
�µ�(t|t0)

⇤

⇥
rX

n=1

nk
⇣�
�

⌘n
[#+ (1� #) %�n]

)
, k = 1, 2, . . . (46)
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Remark 4. Under the assumptions of Proposition 4, by replacing # with

1� # and � with µ the expression of pj,n(t|t0) does not change, i.e.

pj,n(t|t0)
���
#,�,µ

= pj,n(t|t0)
���
1�#,µ,�

, j, n 2 N0, t � t0.

Finally, for R(t) with BD intensity functions (41), the downward FPT
problem for R(t) from j to n, with j > n � 0, is not a↵ected by the reflecting
boundary in the zero-state, so that the FPT density gj,n(t|t0) is identified
with (37).

Example 3. We consider the BD process R(t) having �n(t) and µn(t) spec-
ified in (41), where �(t) = �'(t) and µ(t) = µ'(t), with � > 0, µ > 0, and
'(t) is given in (40) with 0  a < 1. In particular, for # = 0 (# = 1)
the process R(t) identifies with the M(t)/M(t)/1 queue with proportional
periodic intensity functions that admits an asymptotic behavior as % > 1
(% < 1). Following Zeifman et al. [38], we set dk = �k�1 (k � 1), with
� > 1, ↵k(t) = �k(t) + µk+1(t) � � �k+1(t) � (1/�)µk(t) (k � 0) and
↵(t) = infk�0 ↵k(t). Then, for # = 0 one has ↵(t) = (��1)'(t)(��µ �)/� is
a positive periodic function if and only if % > 1 and � 2 (1, ⇢). Instead, for
# = 1 one has ↵(t) = (� � 1)'(t)(µ � � �)/� is a periodic positive function
if and only if % < 1 and � 2 (1, ⇢�1). Hence, when # = 0 and % > 1, or
# = 1 and % < 1, the process Z(t) is weakly ergodic and in Zeifman et
al. [38] various bounds of truncation for the transition probabilities and for
the conditional mean are obtained.

In Figure 8, for # = 0.25 (top) and # = 0.75 (bottom), the probabilities
pj,n(t|0), given in (44), are shown as function of t for j = 1 and n = 0, 1, 2
on the left and as function of n for j = 1 and t = 5.2 on the right. We
note as the regulation parameter # influences the shape of the transition
distribution. Moreover, by setting � = 0.6 and µ = 0.3, the process R(t)
admits a steady-state distribution if and only if # = 0, i.e qn = (1/2)n+1,
n 2 N; instead, for 0 < #  1, the process R(t) does not admit a limit
behavior. In Figure 9, the conditional mean E[R(t)|R(t0) = j] and the
conditional variance Var[R(t)|R(t0) = j] obtained from (46), are represented
as function of t for j = 1 and # = 0.25, 0.5, 0.75. The behavior of the
conditional mean, showed in Figure 9, suggests that the process R(t) can
be used to model the number of cells in a population starting with a single
cell, when the population is subject to a rapid growth. ⇧
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(b) # = 0.25, j = 1, t = 5.2
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(c) # = 0.75, j = 1, n = 0, 1, 2
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(d) # = 0.75, j = 1, t = 5.2

Figure 8: For � = 0.6, µ = 0.3, Q = 1, a = 0.9 in (40), the transition probabilities (44)
are plotted as function of t with n = 0 (black, solid curve), n = 1 (blue, dotted curve) and
n = 2 (magenta, dashed curve) on the left and as function of n for t = 5.2 on the right.

5. Special class of symmetric BD chain with respect to zero-state

Let {Y (t), t � t0} be a BD chain with state-space Z, characterized by
BD intensity functions

�n(t) = µ�n(t) = �'(t)
#+ (1� #)%�n�1

#+ (1� #)%�n
, n 2 N0,

µn(t) = ��n(t) = µ'(t)
#+ (1� #)%�n+1

#+ (1� #)%�n
, n 2 N,

(47)

with 0  #  1, � > 0, µ > 0 and % = �/µ. Since �n(t) = µ�n(t) for all
n 2 Z, the process Y (t) is symmetric with respect to zero. The transition
probabilities of the symmetric BD chain Y (t)

hj,n(t|t0) = P{Y (t) = n|Y (t0) = j}, j, n 2 Z, t � t0
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Figure 9: The conditional mean and the conditional variance (46) are plotted as function
of t for j = 1, with � = 0.6, µ = 0.3, Q = 1 and a = 0.9 in (40).

satisfy the following relations:

hj,n(t|t0) = h�j,�n(t|t0), j, n 2 Z,

h0,0(t|t0) + 2
+1X

n=1

h0,n(t|t0) = 1.
(48)

Furthermore, for t � t0 and j, n 2 Z, we consider the probability current of
Y (t):

⇥j,n(t|t0) = � d
dtP{Y (t) < n|Y (t0) = j} = �n�1(t)hj,n�1(t|t0)� µn(t)hj,n(t|t0).

(49)
By virtue of the symmetry properties (48), from (49) one obtains:

⇥0,0(t|t0) =
1

2

d

dt
h0,0(t|t0), ⇥j,n(t|t0) = �⇥�j,�n+1(t|t0), j, n 2 Z.

(50)
Moreover, for t � t0 one has:

hj,n(t|t0) = h�j,�n(t|t0) = pj,n(t|t0) +
Z t

t0

⇥j,0(u|t0) p0,n(t|u) du, j, n 2 N0,

hj,n(t|t0) =
Z t

t0

gj,0(u|t0) h0,n(t|u) du (j < 0  n) or (n  0 < j),

(51)

where pj,n(t|t0) is the transition probability of the restricted BD process
R(t), ⇥j,0(t|t0) and gj,0(t|t0) are the probability current and the FPT density
of Y (t) to zero-state at time t starting from Y (t0) = j, respectively. For
Y (t), one has gj,0(t|t0) = g�j,0(t|t0), with j 2 N. Moreover, recalling (49)
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and making use of (51), for t � t0 one obtains:

⇥j,0(t|t0) =
Z t

t0

gj,0(u|t0) ⇥0,0(t|u) du, j > 0,

⇥j,1(t|t0) =
Z t

t0

gj,0(u|t0) ⇥0,1(t|u) du, j < 0.

(52)

Proposition 5. For the symmetric chain Y (t) with BD intensity functions

(47), when j = 0 one has:

h0,n(t|t0) = h0,�n(t|t0) =
h
#+ (1� #)%�n

i
e�(�+µ)�(t|t0)%n/2

⇥
⇢
In
⇥
2
p
�µ �(t|t0)

⇤
+

(�� µ) (2#� 1)

µ(z1 � z2)

+1X

k=n+1

(�1)k�n%(n�k)/2

⇥(zk�n
1 � zk�n

2 ) Ik
⇥
2
p
�µ �(t|t0)

⇤�
, n 2 N0, (53)

where

z1, z2 =
�(�� µ)(1� 2#)±

p
(�� µ)2(1� 2#)2 + 4�µ

2µ
, z1 > z2. (54)

Proof. The proof follows by starting from (49) and from (51) and it is
given in Appendix C. ⇤

Proposition 6. For Y (t) with BD intensity functions (47), when j 6= 0 one

has:

hj,n(t|t0) = h�j,�n(t|t0) =
#+ (1� #)%n

#+ (1� #)%�j

%�j h0,j�n(t|t0)
#+ (1� #)%n�j

,

n  0 < j, (55)

hj,n(t|t0) = h�j,�n(t|t0) = pj,n(t|t0)�
#+ (1� #)%�n

#+ (1� #)%�j
%�j

⇥
⇢
↵

�

h0,n+j+1(t|t0)
#+ (1� #)%�n�j�1

+
# (1� #) (�� µ)2

��

⇥
+1X

k=1

⇣�
�

⌘k h0,k+n+j+1(t|t0)
#+ (1� #)%�k�n�j�1

�
, j, n 2 N, (56)

where ↵ = �#+µ (1�#) and � = µ#+� (1�#), with pj,n(t|t0) and h0,n(t|t0)
given in (44) and (53), respectively.
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Proof. The proof is shown in Appendix D by using (51) and (52). ⇤

The transition probabilities (53), (55) and (56) of the process Y (t), obtained
in Propositions 5 and 6, can be expressed in an alternative form, as shown
in the following proposition.

Proposition 7. For Y (t) with BD intensity functions (47), one has:

hj,n(t|t0) =
#+ (1� #)%�|n|

#+ (1� #)%�|j| e
�(�+µ)�(t|t0)

⇢
%(|n|�|j|)/2In�j

⇥
2
p
�µ �(t|t0)

⇤

+
(�� µ) (2#� 1)

µ (z1 � z2)

+1X

k=|n|+|j|+1

(�1)k�|n|�|j|%|n|�k/2

⇥(zk�|n|�|j|
1 � zk�|n|�|j|

2 ) Ik
⇥
2
p
�µ �(t|t0)

⇤�
, j, n 2 Z, (57)

where z1 and z2 are given in (54).

Proof. In Appendix E, starting from the results (53), (55) and (56), we
derive the expression (57) for the transition probabilities hj,n(t|t0) of the
symmetric BD chain Y (t). ⇤

To analyze the limit behavior of the transition probabilities of Y (t), we use
(4) in (57):

hj,n(t|t0) =
#+ (1� #)%�|n|

#+ (1� #)%�|j| e
�(�+µ)�(t|t0)

⇢
%(|n|�|j|)/2In�j

⇥
2
p
�µ �(t|t0)

⇤

+
(�� µ) (2#� 1)

µ (z1 � z2)
%|n|

+1X

m=0

[��(t|t0)]m

m!
(�1)�m�|n|�|j|

⇥

z�m�|n|�|j|
1

✓
e�µ z1 �(t|t0) �

m+|n|+|j|X

r=0

�[µ z1�(t|t0)]r

r!

◆

�z�m�|n|�|j|
2

✓
e�µ z2 �(t|t0) �

m+|n|+|j|X

r=0

�[µ z2�(t|t0)]r

r!

◆��
(58)

for j, n 2 Z. When 0  #  1, by virtue of (54) and (C.8), one has:

�+ µ+ µ z1 +
�

z1
> 0, �+ µ+ µ z2 +

�

z2
=

4# (1� #)(�� µ)2

�+ µ+ µ (z1 � z2)
� 0.
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Hence, for 0 < # < 1 the process Y (t) does not admit a limit behavior.
Instead, for # = 0, Y (t) has a steady-state behavior when % > 1 and one
has ⇣n = limt!+1 hj,n(t|t0) = (1� %�1) %�|n|/(1+ %�1) (n 2 Z). Finally, for
# = 1 the process Y (t) exhibits a steady-state behavior when % < 1 and one
obtains ⇣n = limt!+1 hj,n(t|t0) = (1� %) %|n|/(1 + %) (n 2 Z).

For Y (t) with intensity functions (47), making use of (57), we obtain the
k-th order conditional moment:

E[Y k(t)|Y (t0) = j] =
e�(�+µ)�(t|t0) %�|j|/2

#+ (1� #)%�|j|

(
+1X

n=1

nk%n/2
⇥
#+ (1� #)%�n

⇤

⇥
h
In�j

⇥
2
p
�µ �(t|t0)

⇤
+ (�1)kIn+j

⇥
2
p
�µ �(t|t0)

⇤i
+
⇥
1 + (�1)k

⇤

⇥(�� µ) (2#� 1)

µ (z1 � z2)

+1X

r=1

(�1)r+1%�(r+1)/2 Ir+|j|+1

⇥
2
p
�µ �(t|t0)

⇤

⇥
rX

n=1

nk(�%)n
⇥
#+ (1� #)%�n

⇤�
zr�n+1
1 � zr�n+1

2

�
)
, k = 1, 2, . . . (59)

In particular, from (59) it follows that E[Y k(t)|Y (t0) = 0] = 0 for t � t0.

Remark 5. Under the assumptions of Proposition 7, the following results

hold:

• for # = 1/2, X(t) and Y (t) are characterized by the same BD intensity

functions, so that from (33) for j, n 2 Z and t � t0 it follows:

hj,n(t|t0) = fj,n(t|t0) =
%n/2 + %�n/2

%j/2 + %�j/2
e�(�+µ)�(t|t0) In�j

⇥
2
p
�µ�(t|t0)

⇤
;

(60)

• for # = 0, one has z1 = 1 and z2 = �%, so that (57) leads to:

hj,n(t|t0) = e�(�+µ)�(t|t0)
⇢
%�(|n|�|j|)/2 In�j

⇥
2
p
�µ�(t|t0)

⇤

�1� %

1 + %

+1X

k=|j|+|n|+1

%�|n|+k/2
⇥
1� (�%)�k+|j|+|n|⇤ Ik

⇥
2
p
�µ�(t|t0)

⇤�
,

j, n 2 Z; (61)
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• for # = 1, one has z1 = % and z2 = �1, so that (57) becomes:

hj,n(t|t0) = e�(�+µ)�(t|t0)
⇢
%(|n|�|j|)/2 In�j

⇥
2
p
�µ�(t|t0)

⇤

+
1� %

1 + %

+1X

k=|j|+|n|+1

%|n|�k/2
⇥
1� (�%)k�|j|�|n|⇤ Ik

⇥
2
p
�µ�(t|t0)

⇤�
,

j, n 2 Z. (62)

In particular, for # = 1/2 the transition probability h0,n(t|t0) (n 2 Z), given
in (60), identifies with the transition probability of the process

eY (t) = BtX1(t), eY (t0) = 0,

where X1(t) is the time-inhomogeneous double-ended BD chain with �n =
�'(t) and µn = µ'(t) (n 2 Z) and Bt is a Bernoulli random variable
taking values ±1 with symmetric probability 1/2, indipendent on X1(t) for
all t � t0.

Remark 6. Under the assumptions of Proposition 7, by replacing # with

1� # and � with µ, the expression of hj,n(t|t0) does not change, i.e.

hj,n(t|t0)
���
#,�,µ

= hj,n(t|t0)
���
1�#,µ,�

, j, n 2 Z, t � t0.

Example 4. We consider the BD chain Y (t), whose intensity functions
�n(t) and µn(t) are given in (47), with �(t) = �'(t) and µ(t) = µ'(t),
where � > 0, µ > 0 and '(t) is specified in (40). The symmetric process
Y (t) is suitable to model the motion of a particle on a straight line with
proportional intensity functions.

In Figure 10, by choosing # = 0.25, the BD intensities �n(t) and µn(t)
are represented as function of t for n = �1, 0, 1 in (a) and (c) and as function
of n for t = 5.2 in (b) and (d). By comparing (a) with (c) and (b) with
(d), we note that the symmetric property of the intensity functions holds,
i.e. �n(t) = µ�n(t) for n 2 Z and t � 0. Instead, in Figure 11, the
probabilities hj,n(t|0), given in (57), are shown as function of t for j = 1,
n = �1, 0, 1 in (a) and (c) and as function of n for t = 5.2 in (b) and
(d). Moreover, in Figure 12 the transition probabilities h0,n(t|0) are plotted
as function of n for t = 5.2 and # = 0.25 (on the left) and # = 0.75 (on
the right), by highlighting the symmetry property h0,n(t|0) = h0,�n(t|0).
As shown in Figures 11 and 12, the transition probabilities may exhibit
di↵erent behaviors as function of n, depending on the regulation parameter
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(d) # = 0.25, t = 5.2

Figure 10: For � = 0.6, µ = 0.3, Q = 1, a = 0.9, the BD intensity functions (47), with
'(t) given in (40), are drawn as function of t for n = �1 (red, dash-dotted curve), n = 0
(black, solid curve) and n = 1 (blue, dotted curve) in (a) and (c) and as function of n for
t = 0.5 in (b) and (d).

# and the initial state j. Furthermore, in Figure 13, the conditional mean
E[Y (t)|Y (t0) = j] and the conditional variance Var[Y (t)|Y (t0) = j] given
in (59), are represented as function of t for # = 0.25, 0.5, 0.75. Thanks to
Remark 5, for # = 0.5 the conditional mean and variance coincide with those
of Figure 6. Furthermore, di↵erently from Figure 6, now the conditional
mean always oscillates around an increases line. ⇧

6. Conclusion

Special time-inhomogeneous BD processes, unrestricted or restricted,
have been obtained. Our procedure provides stochastic processes suitable to
model chemical queues, in which the motion of a molecule can be described
by means of a BD chain with time-varying intensity functions. Further-
more, the considered restricted BD process can be usefully applied to model
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(a) # = 0.25, j = 1, n = �1, 0, 1
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(c) # = 0.75, j = 1, n = �1, 0, 1
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(d) # = 0.75, j = 1, t = 5.2

Figure 11: For � = 0.6, µ = 0.3, Q = 1, a = 0.9 in (47), the transition probabilities (57)
are plotted as function of t with n = �1 (red, dash-dotted curve), n = 0 (black, solid
curve) and n = 1 (blue, dotted curve) in (a) and (c) and as function of n for t = 5.2 in
(b) and (d), respectively.

systems, as cancer masses or bacterial populations, characterized by rapid
growth. For periodic intensity functions, various numerical evaluations have
been developed to highlight the role of the regulation parameter.

Appendix A. Some results on the LT for X(t)

When '(t) = 1 in (27), the BD chain X(t) is time-homogeneous. Then,
under the assumptions of Proposition 2, one has:

fj,n(t|t0) = f⇤
j,n[�(t|t0)|0], j, n 2 Z, t � t0,

⌦j,n(t|t0) = '(t) ⌦⇤
j,n[�(t|t0)|0], j, n 2 Z, t � t0, (A.1)

gj,n(t|t0) = '(t) g⇤j,n[�(t|t0)|0], j, n 2 Z, j 6= n, t � t0,

where fj,n(t|t0), ⌦j,n(t|t0) and gj,n(t|t0) are given in (28), (35) and (37) and
where f⇤

j,n(t|0), ⌦⇤
j,n(t|0) and g⇤j,n(t|0) are obtained from them by setting
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(a) # = 0.25, j = 0, t = 5.2
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(b) # = 0.75, j = 0, t = 5.2

Figure 12: For � = 0.6, µ = 0.3, Q = 1, a = 0.9 in (47), the transition probabilities (57)
are plotted as function of n.
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Figure 13: The conditional mean and the conditional variance (59) are drawn as function
of t for j = 1, with � = 0.6, µ = 0.3, Q = 1 and a = 0.9 in (47).

'(t) = 1. The LT of the transition probability f⇤
j,n(t|0), given in (28) with

'(t) = 1, is:

bf⇤
j,n(s) =

#+ (1� #)%�n

#+ (1� #)%�j

[ ✏(s)]n�j

µ [ 1(s)�  2(s)]
, j, n 2 Z, (A.2)

where ✏ = 1 if n  j, ✏ = 2 if n > j and

 1(s), 2(s) =
s+ �+ µ±

p
(s+ �+ µ)2 � 4�µ

2µ
,  1(s) >  2(s).

(A.3)
We note that  1(s) > 1, 0 <  2(s) < 1 and

 1(s) 2(s) = %, [ 1(s)� 1] [1�  2(s)] =
s

µ
· (A.4)
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Moreover, the LT of the probability current ⌦⇤
j,n(t|0), given in (35) with

'(t) = 1, is:

b⌦⇤
j,n(s) =

[ ✏(s)]n�j

µ [ 1(s)�  2(s)]

µ# [ 3�✏(s)� 1] + (1� #) %�n [µ 3�✏(s)� �]

#+ (1� #)%�j
,

j, n 2 Z. (A.5)

In particular, if j = n = 0, from (A.5) one has:

b⌦⇤
0,0(s) =

µ 2(s)� µ#� �(1� #)

µ [ 1(s)�  2(s)]
· (A.6)

Furthermore, by virtue of (36), the LT of the FPT density g⇤j,n(t|0), given
in (37) with '(t) = 1, is:

bg⇤j,n(s) =
#+ (1� #)%�n

#+ (1� #)%�j

⇥
 ✏(s)

⇤n�j
, j, n 2 Z, n 6= j. (A.7)

Appendix B. Proof of Proposition 4 for R(t)

When '(t) = 1 in (41), the restricted BD processR(t) is time-homogeneous;
let p⇤j,n(t|0) be the related probabilities. Recalling (42), with �n(t) and µn(t)
given in (41), one has:

pj,n(t|t0) = p⇤j,n[�(t|t0)|0], j, n 2 N0, t � t0. (B.1)

Making use of (A.1) and (B.1) in (43), one obtains:

p⇤j,n[�(t|t0)|0] = f⇤
j,n[�(t|t0)|0]�

Z �(t|t0)

0
⌦⇤
j,0(⌧ |0) p⇤0,n[�(t|t0)� ⌧ |0] d⌧,

j, n 2 N0, t � t0. (B.2)

When '(t) = 1, by applying in (B.2) the convolution theorem and making
use of (A.2), (A.5) and (A.6), one obtains the LT of p⇤j,n(t|0) of R(t):

bp⇤0,n(s) =
bf⇤
0,n(s)

1 + b⌦⇤
0,0(s)

=

⇥
#+ (1� #) %�n

⇤
[ 2(s)]n

µ 1(s)� �
, n 2 N0,

(B.3)

bp⇤j,n(s) = bf⇤
j,n(s)� b⌦⇤

j,0(s) bp⇤0,n(s) =
#+ (1� #) %�n

#+ (1� #) %�j

⇢
[ ✏(s)]n�j

µ [ 1(s)�  2(s)]

� %�j [ ✏(s)]n+j

µ [ 1(s)�  2(s)]
+
%�j [ 2(s)]n+j

µ 1(s)� �

�
, j, n 2 N0,
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where ✏ = 1 if n  j, ✏ = 2 if n > j and � = µ# + �(1 � #). In order to
obtain the inverse LT of (B.3), we note that

0 <
�

µ 1(s)
=
�

�
 2(s) < 1, 0  #  1, (B.4)

so that for j, n 2 N0 one has

[ 2(s)]n+j

µ 1(s)� �
=

1

�

+1X

k=0

⇣�
�

⌘k
[ 2(s)]

n+j+k+1, (B.5)

with (cf. Eq. (49), pag. 237, of Erdélyi et al. [48]):

[ 2(s)]
k =

Z +1

0
e�s t

h
e�(�+µ)t k

t
%k/2 Ik(2t

p
�µ)

i
dt, k 2 N. (B.6)

Hence, recalling (A.2), (B.5) and (B.6), taking the inverse LT of (B.3), for
j, n 2 N0 one obtains:

p⇤j,n(t|0) =
#+ (1� #) %�n

#+ (1� #) %�j
e�(�+µ)t

⇢
%(n�j)/2In�j(2t

p
�µ)

�%(n�j)/2 In+j(2t
p
�µ) +

%�j

� t

⇣�
�

⌘n+j
+1X

r=n+j+1

⇣�
�

⌘r
r %r/2 Ir(2t

p
�µ)

�
.

(B.7)

An alternative expression for (B.7) can be derived. Indeed, since

2 r Ir(z) = z
⇥
Ir�1(z)� Ir+1(z)

⇤
, (B.8)

it results:

1

t

+1X

r=k

⇣�
�

⌘r
r %r/2 Ir(2t

p
�µ) = �

⇣�
�

⌘k
%(k�1)/2Ik�1(2t

p
�µ)

+�
⇣�
�

⌘k
%k/2Ik(2t

p
�µ) + �

⇣
1� �µ

�2

⌘ +1X

r=k+1

⇣�
�

⌘r
%r/2Ir(2t

p
�µ) (B.9)

for k � 1. Then, making use of (B.9) in (B.7), we obtain:

p⇤j,n(t|0) =
#+ (1� #) %�n

#+ (1� #) %�j
e�(�+µ)t

⇢
%(n�j)/2 In�j

�
2 t

p
�µ

�

+
�

�
%(n�j+1)/2 In+j+1

�
2 t

p
�µ

�
+ %�j

⇣�
�

⌘n+j⇣
1� �µ

�2

⌘

⇥
+1X

r=n+j+2

⇣�
�

⌘r
%r/2 Ir

�
2 t

p
�µ

��
, j, n 2 N0. (B.10)
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Finally, by changing t with �(t|t0) in (B.10), by virtue of (B.1), we
immediately obtain (44).

Appendix C. Proof of Proposition 5 for Y (t)

When '(t) = 1 in (47), the symmetric BD chain Y (t) is time-homogeneous;
in this case, denoting by h⇤j,n(t|0) the related transition probabilities, one
has

hj,n(t|t0) = h⇤j,n[�(t|t0)|0], j, n 2 Z, t � t0. (C.1)

Furthermore, making use of (47) and (C.1) in (49), for the probability cur-
rent of Y (t) it follows:

⇥j,n(t|t0) = '(t) ⇥⇤
j,n[�(t|t0)|0], j, n 2 Z, t � t0, (C.2)

where ⇥⇤
j,n(t|0) denotes the probability current of Y (t) with '(t) = 1 in

(47). Making use of (C.1) and (C.2) in the first of (51), one obtains:

h⇤j,n[�(t|t0)|0] = h⇤�j,�n[�(t|t0)|0] = p⇤j,n[�(t|t0)|0]

+

Z �(t|t0)

0
⇥⇤

j,0(⌧ |0) p⇤0,n[�(t|t0)� ⌧ |0] d⌧, j, n 2 N0, t � t0. (C.3)

Equations (C.1), (C.2) and (C.3) allow to derive the transition probabilities
(53) by using the LT. Indeed, taking the LT of ⇥⇤

0,0(t|0), from (50) we obtain:

b⇥⇤
0,0(s) =

�1 + sbh⇤0,0(s)
2

. (C.4)

Hence, by setting j = 0 and '(t) = 1 in (C.3), by virtue of (C.4) we have:

bh⇤0,0(s) =
bp⇤0,0(s)

2� s bp⇤0,0(s)
,

bh⇤0,n(s) = bh⇤0,�n(s) =
1 + sbh⇤0,0(s)

2
bp⇤0,n(s) =

bp⇤0,n(s)
2� s bp⇤0,0(s)

, n 2 N,
(C.5)

with bp⇤0,n(s) given in (B.3). Substituting the first of (B.3) in (C.5), it results:

bh⇤0,n(s) = bh⇤0,�n(s) =
⇥
#+ (1� #)%�n

⇤ [ 2(s)]n

2µ 1(s)� 2� � s

= � [#+ (1� #)%�n] [ 2(s)]n+1

µ 2
2(s) + (�� µ)(1� 2#) 2(s)� �

, n 2 N0, (C.6)
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with � = µ#+� (1�#) and where the last equality follows by virtue of (A.4).
The roots of the second degree equation µ z2+(��µ)(1� 2#) z�� = 0 are
z1, z2, given in (54), so that (C.6) becomes:

bh⇤0,n(s) = bh⇤0,�n(s) =
⇥
#+ (1� #)%�n

⇤ [ 2(s)]n+1

µ(z1 � z2)


1

z1 �  2(s)
+

1

 2(s)� z2

�

(C.7)
for n 2 N0. Since z2 < z1, we note that

z2 < 0, z1 > 0, z1z2 = �%, z1 + z2 =
(�� µ)(2#� 1)

µ
. (C.8)

Therefore, by choosing s in such a way that 0 <  2(s) < min(�z2, z1), one
has:

bh⇤0,n(s) = bh⇤0,�n(s) =
#+ (1� #)%�n

µ(z1 � z2)

⇥
⇢+1X

k=0

⇣ 1

z1

⌘k+1
[ 2(s)]

n+k+1 �
+1X

k=0

⇣ 1

z2

⌘k+1
[ 2(s)]

n+k+1

�
, n 2 N0. (C.9)

Taking the inverse LT in (C.9), by virtue of (B.6) one obtains:

h⇤0,n(t|0) = h⇤0,�n(t|0) =
#+ (1� #)%�n

µ(z1 � z2)

e�(�+µ)t

t

⇥
+1X

r=n+1

(�1)r�n�1 r %n�r/2
�
zr�n
1 � zr�n

2

�
Ir(2 t

p
�µ), n 2 N0. (C.10)

Making use of (B.8) and (C.8) in (C.10), we have the following alternative
expression:

h⇤0,n(t|0) = h⇤0,�n(t|0) =
h
#+ (1� #)%�n

i
e�(�+µ) t %n/2

⇥
⇢
In
�
2 t

p
�µ

�
+

(�� µ) (2#� 1)

µ(z1 � z2)

+1X

k=n+1

(�1)k�n%(n�k)/2

⇥(zk�n
1 � zk�n

2 ) Ik
�
2 t

p
�µ

��
, n 2 N0. (C.11)

Finally, by virtue of (C.1), by changing t with �(t|t0) in (C.11), one obtains
(53).

Appendix D. Proof of Proposition 6 for Y (t)

We consider the items: (i) n  0 < j and (ii) j, n 2 N.
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Case (i): n  0 < j

Recalling (A.1) and (C.1), from the second of (51) for t � t0 one has:

h⇤j,n[�(t|t0)|0] =
Z �(t|t0)

0
g⇤j,0(⌧ |0) h⇤0,n[�(t|t0)� ⌧ |0] d⌧, n  0 < j. (D.1)

By setting '(t) = 1 and taking the LT in (D.1), one has bh⇤j,n(s) = bg⇤j,0(s) bh⇤0,n(s),
with bg⇤j,0(s) and bh⇤0,n(s) given in (A.7) and (C.6), respectively. Hence,

bh⇤j,n(s) = bh⇤�j,�n(s) =
#+ (1� #)%n

#+ (1� #)%�j

%�j [ 2(s)]j�n

2µ 1(s)� 2� � s

=
#+ (1� #)%n

#+ (1� #)%�j

%�j bh⇤0,j�n(s)

#+ (1� #)%n�j
, n  0 < j. (D.2)

Then, taking the inverse LT of (D.2), it follows

h⇤j,n(t|0) = h⇤�j,�n(t|0) =
#+ (1� #)%n

#+ (1� #)%�j

%�j h⇤0,j�n(t|0)
#+ (1� #)%n�j

, n  0 < j,

from which, by changing t with �(t|t0) and recalling (C.1), one obtains (55).

Case (ii): j, n 2 N
By virtue of (A.1) and (C.2), from the first of (52) for t � t0 one has:

⇥⇤
j,0[�(t|t0)|0] =

Z �(t|t0)

0
g⇤j,0(⌧ |0) ⇥⇤

0,0[�(t|t0)� ⌧ |0] d⌧, j > 0. (D.3)

By setting '(t) = 1 in (C.3) and in (D.3), making use of the convolution
theorem one obtains:

bh⇤j,n(s) = bh⇤�j,�n(s) = bp⇤j,n(s) + b⇥⇤
j,0(s) bp⇤0,n(s)

= bp⇤j,n(s) + bg⇤j,0(s) b⇥⇤
0,0(s) bp⇤0,n(s), j, n 2 N, (D.4)

where bg⇤j,0(s), bp⇤j,n(s), b⇥⇤
0,0(s) are given in (A.7), (B.3) and (C.4), respec-

tively. From (C.4) and (C.6), for n = 0 it follows

b⇥⇤
0,0(s) =

�µ 1(s) + � + s

2µ 1(s)� 2� � s
=

µ 2(s)� ↵

2µ 1(s)� 2� � s
, (D.5)

with ↵ = �#+ µ (1� #) and � = µ#+ � (1� #). Hence, by virtue of (A.7),
(B.3) and (D.5), one has:

bg⇤j,0(s) b⇥⇤
0,0(s) bp⇤0,n(s) =

#+ (1� #)%�n

#+ (1� #)%�j

µ 2(s)� ↵

µ 1(s)� �

%�j [ 2(s)]n+j

2µ 1(s)� 2� � s
,
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so that, recalling (B.4), one obtains:

bg⇤j,0(s) b⇥⇤
0,0(s) bp⇤0,n(s) =

#+ (1� #)%�n

#+ (1� #)%�j
%�j

⇢
µ

�

+1X

k=0

⇣�
�

⌘k [ 2(s)]k+n+j+2

2µ 1(s)� 2� � s

�↵
�

+1X

k=0

⇣�
�

⌘k [ 2(s)]k+n+j+1

2µ 1(s)� 2� � s

�
, j, n 2 N. (D.6)

By virtue of (C.6), from (D.6) it results::

bg⇤j,0(s) b⇥⇤
0,0(s) bp⇤0,n(s) =

#+ (1� #)%�n

#+ (1� #)%�j
%�j

⇢
µ

�

+1X

k=1

⇣�
�

⌘k bh⇤0,k+n+j+1(s)

#+ (1� #)%�k�n�j�1

�↵
�

+1X

k=0

⇣�
�

⌘k bh⇤0,k+n+j+1(s)

#+ (1� #)%�k�n�j�1

�
, j, n 2 N. (D.7)

Noting that
µ

�
� ↵

�
= �# (1� #) (�� µ)2

��
,

and substituting (D.7) in (D.4), one obtains:

bh⇤j,n(s) = bh⇤�j,�n(s) = bp⇤j,n(s)�
#+ (1� #)%�n

#+ (1� #)%�j
%�j

⇢
↵

�

bh⇤0,n+j+1(s)

#+ (1� #)%�n�j�1

+
# (1� #) (�� µ)2

��

+1X

k=1

⇣�
�

⌘k bh⇤0,k+n+j+1(s)

#+ (1� #)%�k�n�j�1

�
, j, n 2 N, (D.8)

with bp⇤j,n(s) given in (B.3). Then, taking the inverse LT of (D.8), one has:

h⇤j,n(t|0) = h⇤�j,�n(t|0) = p⇤j,n(t|0)�
#+ (1� #)%�n

#+ (1� #)%�j

⇢
↵

�

%�j h⇤0,n+j+1(t|0)
#+ (1� #)%�n�j�1

+
# (1� #) (�� µ)2

��
%�j

+1X

k=1

⇣�
�

⌘k h⇤0,k+n+j+1(t|0)
#+ (1� #)%�k�n�j�1

�
, j, n 2 N,

from which by changing t with �(t|t0) and making use of (B.1) and (C.1),
finally (56) follows.

Appendix E. Proof of Proposition 7 for Y (t)

By setting j = 0, it is easy to see that (57) is equivalent to (53). Fur-
thermore, by assuming that n  0 < j or j < 0  n, it is immediate to
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observe that (57) coincides with (55). We now prove that when j, n 2 N or
�j,�n 2 N, the expression (56) coincides with (57). First, we focus on the
series on the right side of (56) and we make use of (53), so that

+1X

k=1

⇣�
�

⌘k h0,k+n+j+1(t|t0)
#+ (1� #)%�k�n�j�1

= e�(�+µ)�(t|t0)%(n+j+1)/2

⇥
⇢+1X

k=1

⇣�
�

⌘k
%k/2Ik+n+j+1

⇥
2
p
�µ�(t|t0)

⇤
� (�� µ)(2#� 1)

z1 � z2

⇥
✓

z1
� + µ z1

� z2
� + µ z2

◆ +1X

k=1

⇣�
µ

⌘k
%�k/2Ik+n+j+1

⇥
2
p
�µ�(t|t0)

⇤

+�
+1X

k=1

(�1)k %�k/2

✓
zk1

� + µ z1
� zk2
� + µ z2

◆
Ik+n+j+1

⇥
2
p
�µ�(t|t0)

⇤��
.

(E.1)

with � = µ#+ � (1� #) and z1, z2 given in (54). Then, making use of (44),
(53), and (E.1) in (56) one obtains:

hj,n(t|t0) = h�j,�n(t|t0) =
#+ (1� #)%�n

#+ (1� #)%�j
e�(�+µ)�(t|t0)

⇥
⇢
%(n�j)/2In�j

⇥
2
p
�µ�(t|t0)

⇤
+ (�� µ) (2#� 1)

⇥

�%

�j

�

⇣�
�
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+1X
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%k/2Ik

⇥
2
p
�µ�(t|t0)

⇤

+
↵

�µ
%(n�j)/2In+j+2

⇥
2
p
�µ�(t|t0)

⇤
+
#(1� #)(�� µ)2 %n+1

��(z1 � z2)
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⇥
✓
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◆ +1X
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µ
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%�k/2Ik
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2
p
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⇤

� %(n�j+1)/2
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+1X
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(�1)k%�k/2

✓
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� + µ z1
zk1 � ↵ z2 + �

� + µ z2
zk2

◆

⇥Ik+n+j+1

⇥
2
p
�µ�(t|t0)

⇤��
, (E.2)
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with ↵ = �#+ µ (1� #). Finally, noting that

z1
� + µ z1

� z2
� + µ z2

=
� (z1 � z2)

# (1� #) (�� µ)2
,

↵ z1 + �

� + µ z1
zk1 � ↵ z2 + �

� + µ z2
zk2 = zk+1

1 � zk+1
2 ,

from (E.2) one obtains:

hj,n(t|t0) = h�j,�n(t|t0) =
#+ (1� #)%�n

#+ (1� #)%�j
e�(�+µ)�(t|t0)

⇥
⇢
%(n�j)/2In�j

⇥
2
p
�µ �(t|t0)

⇤
+

(�� µ) (2#� 1)

µ(z1 � z2)

+1X

k=n+j+1

(�1)k�n�j%n�k/2

⇥(zk�n�j
1 � zk�n�j

2 ) Ik
⇥
2
p
�µ �(t|t0)

⇤�
, j, n 2 N, (E.3)

that coincides with (57) for j, n integers of the same sign. In conclusion,
(57) holds for all j, n 2 Z.
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