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ABSTRACT 

1. Introduction

Many studies have been delivered in recent years to define 

nonlocal models which are able to capture the effects of small 

length scale [1-12]. In the framework of nonlocal continuum 

mechanics [13-22] the long range forces between atoms and 

internal length scales have been introduced into the model by 

suitable modifications of the constitutive relations. 

The theory of nonlocal continuum mechanics introduced by 

Eringen [23,24] has been used by Peddieson et al. [25] to provide 

a simple nonlocal Bernoulli-Euler beam model. Alternative con

stitutive proposals, also with reference to functionally graded 

materials, have been considered in severa( papers [26-35]. In par

ticular, the gradient elasticity model has been addressed in [36] 

and the nonlocal elasticity model on the Timoshenko beam theory 

[37] has been formulated in many papers, see e.g. [38-43]. Recent

exact solutions of functionally graded beams and plates have 

been contributed in [44-48]. Composite structures are effectively

analyzed by resorting to experimental and numerica( techniques

in [49-63].

In nano- and micro-electromechanical systems (MEMS and 

NEMS), the actuator can be modeled as a Bernoulli-Euler nanocan

tilever subjected to a transverse point load at its tip. If the Eringen 

approach is considered for the nonlocal problem, the solution of 

the nonlocal beam coincides with the one of the classica( (locai) 
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The bending problem of functionally graded Bernoulli-Euler nanobeams is analyzed starting from a non

locai thermodynamic approach and new nonlocal models are proposed. Nonlocal expressions of the free 

energy are presented, the variational formulations are then consistently provided and the differential 

equations with the associated higher-order boundary conditions are derived. Nonlocal Eringen and gra

dient elasticity constitutive models are recovered by specializing the variational scheme. Examples of 

nanobeams are explicitly carried out, detecting thus also new benchmarks far computational mechanics.  

beam. Such a problem is overpassed by using gradient elasticity 

models and couple stress theories, see e.g. [2,8,36,64]. 

In this paper, following a thermodynamic approach [65-67], 

new nonlocal elastic models for bending of Bernoulli-Euler nano

beams, with Young modulus functionally graded in the cross-sec

tion, are provided starting from suitable definitions of the free 

energy which depends on a small length-scale parameter and a 

participation factor. 

An advantage of the presented methodology consists in the fact 

that a nonlocal model can be formulated by the definition of the 

free energy so that a multitude of nonlocal models can be gener

ated depending on the problem at hand. 

Then nonlocal thermodynamics permits to build up a reliable 

methodology to stem the related variational formulation. As a con

sequence, the differential relations with the relevant boundary 

conditions can be obtained in a straightforward manner. 

Appropriate choices of the participation factor, entering in the non

locai models, can make the nanobeam flexible or stiffer. 

Simply supported nanobeams, clamped nanobeams and 

nanocantilevers are considered in arder to investigate the influ

ence of the nonlocal parameters. A comparison among the pro

posed models, the Eringen theory and the gradient elasticity 

model is thus performed. 

2. Preliminary notions

A Bernoulli-Euler straight nanobeam occupying a domain B of a 

three-dimensional Euclidean space is considered. Let us assume 

that the Young modulus E of longitudinal fibers is functionally 
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