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Abstract

High levels of the so-called community noise may produce hazardous effect on the

health of a population exposed to them for large periods of time. Hence, studying the

behaviour of those noise measurements is very important. In this work we analyse that in

terms of the probability of exceeding a given threshold level a certain number of times in a

time interval of interest. Since the datasets considered contain missing measurements, we

use a time series model to estimate the missing values and complete the datasets. Once

the data is complete, we use a non-homogeneous Poisson model with multiple change-

points to estimate the probability of interest. Estimation of the parameters of the models

are made using the usual time series methodology as well as the Bayesian point of view

via Markov chain Monte Carlo algorithms. The models are applied to data obtained from

two measuring sites in Messina, Italy.

Keywords: Markov chain Monte Carlo algorithms; Statistical inference; Community

noise; Non-homogeneous Poisson models; Time-series models
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1 Introduction

Individuals spending time in an environment with high levels of the so-called commu-

nity noise or environmental noise pollution may suffer a deterioration in their health.

Among the many adverse effects caused by high levels of noise are hearing impairment,

sleeping disturbance ([1]), and cardiovascular problems. Therefore, it is a very impor-

tant issue to be able to understand the behaviour of this type of pollution. Once that

behaviour is understood, the corresponding environmental authorities may implement

preventive/palliative measures in a way that either the population is able to avoid a

hazardous situation or the authorities are able to bring the levels down.

There are several ways of measuring sound levels. To give an approximation to the

frequency response of our hearing system, the most common procedure used for environ-

mental noise is the so-called A-weighting (see for instance [2]). That gives low weights

to low frequencies and higher weights to middle and high frequencies. When we have

continuous noise such as road traffic noise (which is the type of noise considered here),

a suggested measure ([2]) is the energy average equivalent level of the A-weighted sound

pressure over a period of time R, which is indicated by LAeq,R and defined by

LAeq,R = 10 log

[
1

R

∫ R

0

p2A(t)

p20
dt

]
where p2A(t) and p20 represent the square of the A-weighted pressure at time t and the

square of the reference pressure, respectively.

Note that sound pressure levels for 24 hours can be between 75dBA and 80dBA along-

side roads and other noisy areas. Therefore, since the majority of human beings live in

urban and suburban areas, that part of the population is largely affected by noise pro-

ceeding from road traffic. Hence, the importance of studying the behaviour of that type

of data.

One of the aims in the present work is to estimate the probability that a given popu-

lation is exposed to a noise level that exceeds a threshold a certain number of times in a

3



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

given time interval. Two types of questions are of interest here. One of them is related to

the ability of predicting future behaviour of the data in terms of exceeding a given noise

threshold. The other is related to the behaviour of the actual measurements. In the lat-

ter type of question also resides the interest in comparing how the data change from one

period of time to another. This change may be captured by the so-called change-points

which will be considered in the analysis.

The datasets analysed here present many missing data. In order to solve this problem

we will use time series analysis to estimate the missing values. Once the dataset is

complete (i.e., with observed and estimated measurements), then a non-homogeneous

Poisson model allowing the presence of multiple change-points is used to estimate the

number of exceedances of a given threshold. In addition to the time series method, the

non-homogeneous Poisson model allows the prediction of the possible behaviour of future

measurements.

Both methodologies considered here (time series and Poisson process) have been used

in several areas of application. When considering environmental problems, we have, for

instance, that non-homogeneous Poisson models are applied to the areas of air pollution

(see for instance [3, 4, 5]) and in species abundance ([6]). When the problem is related

to community noise, we have [7]) where the non-homogeneous Poisson model is applied

to two datasets collected in two locations in the city of Messina, Italy, and [8] where a

non-homogeneous Poisson model with one change-point is applied to data from an airport

in the South of France. In the case of times series applications to air pollution problems

we have for instance [5] and [9]. In [10, 11] two time series models were used to analyse a

subset of one of the datasets considered here. In these works, a multiplicative time series

was used as well as a mixed one where two seasonal effects could be detected. In the

present work we use the model given in [10] to analyse the behaviour of the data and to

fill the gaps related to the missing values.

The daily observational data at a measuring site, are represented by a 16-hour energy

4
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average sound level, LAeq,16h, for the day period (corresponding to 6am to 10pm), and an

8-hour energy average sound level, LAeq,8h, for the night period (corresponding to 10pm

to 6am). The measuring sites considered here are the Viale Boccetta and Via La Farina

located in the city of Messina, Italy.

Remarks. 1. Even though in the present work we also use the Messina data, the entire

dataset is used and not only subsets of the measurements as in [7, 10, 11].

2. Note that the methods considered here could be used in conjunction with traffic

noise models to predict the behaviour of noise levels when changes are made in a given

environment. Using the traffic noise models it would be possible to observe how the noise

levels would change if, for instance, traffic is reduced in busy roads next to a residential

area. Taking into account that information we could apply the methodology considered

here to estimate the number of times that a noise level would be surpassed if traffic is

restricted. Additionally, we could predict future behaviour of the noise measurements un-

der the new restriction. Therefore, the behaviour of the noise levels could be theoretically

studied before the noise reducing measures are implemented in a given community.

This paper is organised as follows. In Section 2 the mathematical models are presented.

In Section 3 the methods used to estimate the parameters of the models are given as well

as criteria for selecting the best model to represent the behaviour of the datasets. Section

4 gives an application to the data from Viale Boccetta and Via La Farina sites in Messina,

a city located in Sicily, Italy. Finally, in Section 5, we present a discussion of the results

obtained.

2 Description of the mathematical models

A two-step approach will be used in order to analyse the problem considered here. The

first step consists of using a time series model to reconstruct the missing data. The second

step consists of using the reconstructed dataset, formed by the actual measurements and

the ones imputed using the time series model, to obtain the days in which exceedances of

5
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a noise threshold of interest occurred. Once these days are obtained a non-homogeneous

Poisson model is used to estimate the probability of having a given number of exceedances

in a time interval of interest. The time series and the non-homogeneous Poisson models

are described as follows.

2.1 The time series model

Time series is a stochastic process, i.e., a sequence of random variables recording the

outcome of a random experiment ([12, 13, 14, 15]). The present study deals with the case

where the random variables registers the daily (day and night periods) noise levels at a

given site of interest.

The time series considered here is described mainly by three components: the trend

component which explain the long time direction of the series, the seasonal component

which accounts for cyclical changes, and the random noise component, also called residual,

to account for other random fluctuations.

Let X = {Xt : t ≥ 0} indicate the time series of interest. Denote by T = {Tt : t ≥ 0}

the trend component of the series, S = {St : t ≥ 0} the seasonal component, and

E = {Et : t ≥ 0} the random noise component.

A mixed times series is used to describe the behaviour of the data. Therefore, we

consider a multiplicative form in the trend and seasonal components and an additive

random component, i.e.,

Xt = Tt × St + Et, t ≥ 0. (1)

A trend of type Tt =
∑n

k=0 bk t
k is taken. In some datasets taking n = 1 will be

enough. However, in some cases higher values of n will be adopted. The seasonal and

random components are given as in [10, 11]. In particular, the seasonal effect St at a given

period t, is obtained by the ratio between the actual (measured/estimated) data Xt and

6
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the moving average value Mt,

St =
Xt

Mt

.

The moving average Mt is calculated with a span of length k. The value of k is the value

that maximises the autocorrelation function of the series X.

Once the seasonal effect St is calculated for every period, k seasonal coefficients, one

for each period of the chosen span, are evaluated averaging on all the homologous periods,

according to the following formula,

Si =

∑mi−1
l=1 S(i+l)k

mi

, i = 1, 2, . . . , k,

where mi is the number of homologous ith periods in the overall time range of the dataset.

(In our case, we will have a span of length seven and each period will correspond to a day

of the week, i.e., we have one for Monday, one for Tuesday, and so on.)

As for the random component, we estimate the error of the model in the calibration

dataset as follows,

Êt = Xt − Ft,

where Ft is the so-called point forecast as given in [10, 11] by,

Ft = Tt × St, t ≥ 0. (2)

The random variables Et are expected to be independent and identically distributed.

Thus, Êt is expected to be normally distributed. Therefore, its mean coincides with its

mode. Thus, the mean error, indicated by mε, can be added to the forecast, in order to

draw the final model prediction Yt, i.e.,

Yt = Tt × Si +mε,

where the value of Si used is the one corresponding to the cycle starting on day t of the

observational period, i.e., if t corresponds to a Monday, then the Si corresponds to the

estimated value for that cycle component.

7



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Remark. Note that for independent and identically distributed errors, the mean of

the distribution is expected to be zero but as we add mε to the forecast, it is possible to

balance the possible presence of distortions in the model.

In order to impute the missing values in the dataset, we consider the point forecast Ft,

given by (2), evaluated on the missing periods. A comparison of this imputation method,

with a standard regression method is reported in [16]. Once the missing values have been

imputed, taking the whole series, the exceedance days are obtained.

2.2 The non-homogeneous Poisson process model

Let X̂ = {X̂t : t ≥ 0} indicate the sequence of measurements formed by both the actual

measured community noise levels and the imputed ones using the time series model. In

order to estimate the probability of having the noise level above a given threshold a certain

number of times, a non-homogeneous Poisson model is used.

Poisson processes ([17, 18]) are a particular case of continuous-time Markov chains

([12, 17]) and they are usually used to count occurrences of events (see[18]). Since in the

present work we are interested in counting the number of times that a given environmental

noise threshold is surpassed, Poisson processes are a suitable choice.

In order to set the model, consider the following notation. Let Nt ≥ 0 be the number

of times that a given community noise threshold is surpassed in the time interval [0, t),

t ≥ 0. Assume that N = {Nt : t ≥ 0} evolves according to a non-homogeneous Poisson

process with rate and mean functions given by λ(t) > 0 and m(t) =
∫ t
0
λ(s) ds, t ≥ 0,

respectively ([18]). Hence, we have that, for k = 0, 1, 2, . . .,

P (Nt+s −Nt = k) =
[m(t+ s)−m(t)]k

k!
exp (−[m(t+ s)−m(t)]) . (3)

Take λ(t), t ≥ 0 of the Weibull type, i.e., λ(t) = (α/σ) (t/σ)α−1, where α > 0 and

σ > 0 are parameters that need to be estimated. When λ(·) is of the Weibull form, the

mean function associated to it is m(t) = (t/σ)α, t ≥ 0 (see for instance [19]).

8
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Remark. If α < 1 (α > 1), then the rate function λ(·) is a decreasing (increasing)

function of t. If α = 1, then the rate function is a constant function of t. An increasing rate

function λ(·) means that exceedances become more frequent events as the time passes. A

decreasing one indicates that exceedances become rarer events as the time passes. If λ(·)

is constant, then no changes occur in the behaviour of the time between two consecutive

exceedances.

3 Estimation of the parameters of the models

There are several ways in which the parameters of a model may be estimated. When

estimating the parameters involved in the time series model, a simple spreadsheet suffices.

In the case of the parameters of the non-homogeneous Poisson model, we use the Bayesian

point of view ([20, 21, 22]). Within the Bayesian framework, we assign prior distributions

to the parameters to describe our uncertainty about them. In this way, they become

random quantities.

3.1 The time series model

When using a spreadsheet, we just need to specify the expression for the trend and also

the lag of the moving average in the case of the seasonal component. These expressions

are given as follows. In the case of the trend, the coefficients of the function are obtained

by means of linear regression methods. As for the lag, the choice is made by maximising

the autocorrelation function. All the other parameters of the model (seasonal coefficients

and mean of the error) are evaluated according to the formulas presented in subsection

2.1 and the detailed description is reported in subsection 4.1.

9
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3.2 Non–homogeneous Poisson model

In the estimation of the parameters of the non-homogeneous Poisson model under the

Bayesian point of view, we take advantage of the natural relationship involving the pos-

terior and the prior distributions and the likelihood function of the model. Hence, we

have ([22]), that P (θ |D) ∝ L(D |θ)P (θ) where P (θ |D) is the posterior distribution of

θ given the data D, P (θ) is the prior distribution of the parameter θ, and L(D |θ) is the

likelihood function of the model. Those components will be specified as follows and when

applying the model to the data.

Let V > 0 and K > 0 be fixed real and natural numbers representing, respectively, the

total number of observed days and the number of days in which a chosen environmental

noise threshold has been surpassed in the time interval [0, V ). Let d1, d2, . . . , dK indicate

those days. The set D = {d1, d2, . . . , dK} will denote, from now on, the set of observed

data.

By hypothesis we have a non-homogeneous Poisson model for the problem. Therefore,

when no change-points are allowed, the likelihood function is of the following form ([23,

24])

L(D |θ) =

[
K∏
i=1

λ(di)

]
exp [−m(V )] ,

where λ(t) and m(t) are the rate and mean functions, respectively, with θ the vector of

parameters that need to be estimated. Therefore, with the form considered for the rate

function we have that, in the case of no change-points, θ = (α, σ) and

L(D |α, σ) ∝
( α
σα

)K ( K∏
i=1

dα−1
i

)
exp [−(V/σ)α] , (4)

(see for example [3, 4]).

In some cases it is necessary to consider the presence of change-points. Hence, if I ≥ 0

change-points are present, let τ1, τ2, . . . , τI indicate them. Therefore, we have that the

10
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rate function λ(·) has the following form,

λ(t) =


λ1(t), 0 ≤ t < τ1

λi(t), τi−1 ≤ t < τi, i = 2, 3, . . . , I

λI+1(t), τI ≤ t ≤ V,

(5)

where λi(t) = (αi/σi) (t/σi)
αi−1, with θi = (αi, σi), i = 1, 2, . . . , I + 1 , the parameters

of the non-homogeneous Poisson model between change-points. The mean associated to

this rate function is (see for instance [4])

m(t |θ) =



m1(t), 0 ≤ t < τ1,

m1(τ1) +m2(t)−m2(τ1), τ1 ≤ t < τ2

mj+1(t)−mj+1(τj)+∑j
i=2[mi(τi)−mi(τi−1)] +m1(τ1), τj ≤ t ≤ V, j = 2, 3, . . . , I,

(6)

where mi(·), i = 1, 2, . . . , I + 1 are the mean functions of the non-homogeneous Poisson

process between change-points. In the case of multiple change-points, we take φ = (θ, τ ),

where τ = (τ1, τ2, . . . , τI), as the vector of parameters to be estimated. We use φi to

denote φ when θ = θi, i = 1, 2, . . . , I + 1. Therefore, the likelihood function is of the

form (see for instance [3, 4, 25])

L(D |φ) ∝

Nτ1∏
i=1

λ1(di)

 e−m1(τ1)

 I∏
j=2

 Nτj∏
i=Nτj−1+1

λj(di)e
−[mj(τj)−mj(τj−1)]

 (7)

 K∏
i=NτI+1

λI+1(di)

 e−[mI+1(V )−mI+1(τI)],

where Nτi represents the number of exceedance days before the change-point τi, i =

1, 2, . . . , I.

We also assume prior independence of the parameters of the Poisson model. Hence,

we have that, P (θ) = P (α)P (σ) and, in the case of one change-point, P (φ) = P (θ, τ) =

11
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P (θ | τ)P (τ ) = P (α, σ | τ)P (τ) = P (α | τ)P (σ | τ) P (τ). The case of multiple change-

points follows in a similar way. The prior distributions will be taken, in most of the cases,

as uniform distributions defined on appropriate range. However, gamma distributions

may also be used.

Remark. Note that when we have uniform prior distributions, then P (φ |D) ∝

L(D |φ) and/or P (θ |D) ∝ L(D |θ).

The sampling of the values of θ and/or φ will be made using a Gibbs sampling

algorithm ([22]) internally implemented in the software OpenBugs (see www.openbugs.net

/w, [26, 27]).

3.3 Model selection

Since several versions of the non-homogeneous Poisson model will be used, we need some

criteria to select the best model fitting the data. Two criteria will be used. One of

them is the graphical criterion where we compare the fit of the estimated and observed

accumulated means associated to a given non-homogeneous Poison model. The other

criterion is the so-called deviance information criterion (DIC). The smaller the value of

DIC the better the model. This criterion may be described as follows. The deviance

is defined by Dev(θ) = −2 log[L(D |θ)] + c, where θ is the vector of parameters of the

model, D is the observed data, and c is a constant that is not needed when comparing the

models. The DIC ([28]) is given by DIC = Dev(θ̂) + 2nD, where Dev(θ̂) is the deviance

evaluated at the posterior mean θ̂ and nD = E[Dev(θ)]−Dev(θ̂) is the effective number

of parameters of the model.

4 An application to the Messina data

In this section we apply the models, described earlier, to the community noise data

(obtained from http://mobilitamessina.it/index.php/monitoraggio-ambientale) from the

12
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Viale Boccetta and Via La Farina measuring sites in the city of Messina, Italy. The

total time intervals considered are from 11 May 2007 until 10 January 2011 in the case

of the Viale Boccetta site, and from 22 April 2008 to 09 November 2010 in the La Fa-

rina. Measurements were split into “Day” (corresponding to 6am – 10pm) and “Night”

(corresponding to 10pm – 6am) periods.

The observational period has 1341 days in the case of the Viale Boccetta site, and has

932 in the La Farina. Of those days, 214 and 216 had missing measurements in the Viale

Boccetta Day and Night periods, respectively. In the case of La Farina Day and Night

periods, these numbers were 177 and 179, respectively.

Remark. As in previous works (see for instance [7, 10, 11]) we will use the notation BD

and BN to indicate that measurements are from the Viale Boccetta site obtained during

the “Day” and “Night” periods, respectively. Similarly we use LFD and LFN to represent

the data from the La Farina site.

4.1 Time series analysis

Using the maximisation of the autocorrelation function of the series X a lag k = 7 was

detected. This value accommodates the weekly periodicity. The reconstruction of the

missing data was performed as follows. In the BD dataset, we have that the first 321

measurements were present. This first group of data is used to calibrate a model that can

be used to impute the following 26 missing measurements, as in [10] and [16].

Using the first 321 measurements, a moving average smoothing of the series has been

applied. Let i = 1, 2, . . . , 7 correspond to the periods related to Friday, Saturday, Sunday,

. . ., Thursday, respectively. The estimated seasonal coefficients corresponding to Si, i =

1, 2, . . . , 7 are, respectively, 1.01, 1.00, 0.99, 1.00, 1.00, 1.00, and 1.00. We take n = 1

in the trend, and the estimated coefficients are b0 = 72.80 and b1 = 0.0017. Finally,

the missing values from the 322nd to the 347th days, were estimated using the forecast

formula (2).

13
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The distribution of the forecast error Êt, is characterized by a mean value of -0.009

and a standard deviation of 0.44. After the missing values have been estimated, the

dataset is complete for the first 544 days. In order to impute the following missing

measurements, another moving average smoothing with lag 7 was applied to this dataset

(made of measurements and imputed data). The new estimated coefficients of Si are,

respectively, 1.00, 1.00, 0.99, 1.00, 1.00, 1.00, and 1.00. The value n = 1 was also used

in the trend and the estimated coefficients are b0 = 72.94 and b1 = 0.00073. With the

new seasonal coefficients and the new trend line, the missing data have been imputed

according to the forecast formula (2).

The resulting mean error of the forecast is -0.027 and the standard deviation is 0.44.

With the latter reconstruction, a complete dataset of size 1280 has been obtained. Again,

using these values another smoothing is performed using a moving average of lag 7. The

estimated coefficients of Si, i = 1, 2, . . . , 7 are, respectively, 1.00, 1.00, 0.98, 1.00, 1.00,

1.00, and 1.00. After that, a trend with n = 1 has been considered with the estimated

coefficients being b0 = 73.49 and b1 = −0.0016. The remaining missing values have been

imputed using the usual forecast formula. A mean forecast error of 0.005 and a standard

deviation of 0.88 were detected.

Similar procedure is applied to the remaining datasets. In all cases, with the exception

of the LFN dataset, a trend with n = 1 was needed. In this dataset, a trend with

n = 4 had to be considered. The estimated parameters of this trend are b0 = 69.671,

b1 = 0.298, b2 = 0.00011, b3 = −1.35E− 07 and b4 = 5.47E− 11, and are the same for all

reconstruction of missing data in LFN dataset. Once all datasets have been completed,

we proceed to apply the non-homogeneous Poisson model.

Figure 1 shows the plots of the time series composed by the actual measurements

and the imputed data (when measurements were missing) using the estimated trend and

seasonality in a moving average setting with a span of length k = 7.

In Table 1 we have the mean, standard deviation (indicated by SD) as well as the

14
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Figure 1: Complete dataset, obtained by merging the actual and the estimated community

noise level for both measuring sites and “Day” and “Night” periods..

minimum (Min) and the maximum (Max) measurements in each complete dataset.
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Mean SD Min Max

BD 72.41 1.19 68.0 75.0

BN 68.24 1.31 63.5 72.0

LFD 70.72 1.51 66.0 74.0

LFN 67.6 1.45 62.4 71.5

Table 1: Mean, standard deviation (indicated by SD), maximum and minimum measure-

ments for all datasets after the missing values are estimated.

4.2 Bayesian estimation and the Poisson models

Even though the recommended interval to which the environmental threshold for noise

levels in countries in the European Community is 50-55dBA for outdoor noise ([29, 30]),

due to the high levels of the measurements used in the present work, we are taking the

threshold values 72dBA for the “Day” and 68dBA for the “Night” periods. The use

of an artificial, higher thresholds (mentioned above) was made only for the purpose of

illustrating the application of the models considered here.

The number of days in which the threshold 72dBA was exceeded in the “Day” period

in the case of the Viale Boccetta and La Farina datasets were 971 and 242, respectively.

In the case of the Night period the threshold 68dBA was surpassed in 900 and 569 days

in those same sites.

Several cases are considered for each dataset. We start by assuming that no change-

points are present and then we include them as necessary.

• No change-points are present

In this case the vector of parameters to be estimated is θ = (α, σ) and the prior

distributions for the parameters α and σ are the uniform distributions U(0, 3) and

U(0, 60), respectively. In the case of the BD dataset a sample of size 20000 was

16
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obtained from five chains after a burn-in period of 30000 using a sampling gap of

10. In the remaining datasets, the sample size was 25000 and the burn-in period

was 20000. The sampling gap was the same as in the BD dataset. Table 2 gives

the means, standard deviations (indicated by SD), the 95% credible intervals of the

parameters of the model as well as the values of the DIC when different datasets

are considered.

Mean SD 95% Credible Interval DIC

BD α 0.834 0.027 (0.781, 0.887) 2517

σ 0.363 0.099 (0.203, 0.58)

BN α 0.924 0.03 (0.866, 0.985) 2514

σ 0.872 0.214 (0.539, 1.362)

LFD α 0.734 0.044 (0.6496, 0.825) 1107

σ 0.575 0.267 (0.198, 1.228)

LFN α 1.082 0.045 (0.997, 1.171) 1703

σ 2.712 0.661 (1.602, 4.179)

Table 2: Bayesian estimates of the parameters of the non-homogeneous Poisson model for

all datasets when no change-points are allowed.

Figure 2 shows the plots of the observed and estimated accumulated means when

all datasets are considered and no change-points are allowed

It is possible to see by looking at Figure 2 that even though in some cases such as

BN and LFD, the fit is good, we may need to allow the presence of change-points.

• Presence of one change-point

In this case the vector of parameters to be estimated is φ = (θ1,θ2, τ), where

θi = (αi, σi), i = 1, 2. The uniform prior distributions varied from dataset to

dataset. Table 3 gives those distributions.

17



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

0 200 600 1000

0
20

0
40

0
60

0
80

0

days

ac
cu

m
ul

at
ed

 m
ea

ns
−

B
D

0 200 600 1000
0

20
0

40
0

60
0

80
0

days

ac
cu

m
ul

at
ed

 m
ea

ns
−

B
N

0 200 400 600 800

0
20

0
40

0
60

0
80

0

days

ac
cu

m
ul

at
ed

 m
ea

ns
−

LF
D

0 200 400 600 800

0
20

0
40

0
60

0
80

0

days

ac
cu

m
ul

at
ed

 m
ea

ns
−

LF
N

Figure 2: Observed (dashed line) and estimated (continuous line) accumulated means

when all datasets are considered and no change-points are allowed.

In the case of the BD dataset, a sample of size 20000 was obtained from five chains

after a burn-in period of 30000 steps using a sampling gap of length 10. When

the LFN dataset is used, the sample size was 15000 and the burn-in period was of

18
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BD BN LFD LFN

α1 U(0.8, 1.5) U(0.8, 1.5) U(0.5, 3) U(0.8, 2)

α2 U(2.5, 5) U(2, 3) U(0.5, 3) U(1.5, 2.5)

σ1 U(0.1, 3) U(1, 7) U(1, 20) U(0.8, 10)

σ2 U(150, 400) U(90, 150) U(1, 20) U(2, 60)

τ U(720, 800) U(720, 740) U(90, 110) U(95, 120)

Table 3: Prior distributions of the parameters when all datasets are considered and one

change-point is allowed.

40000 iterations. In the case of the BN and LFD datasets the sample size was 25000

and the sample was collected after a burn-in period of 20000 steps. The number of

chains and the sampling gap was as in the BD dataset.

Table 4 presents the estimated quantities of interest as well as the 95% credible

intervals and the value of the DIC when each dataset is considered.

In Figure 3 we have the plots of observed and estimated accumulated means for all

dataset when one change-point is allowed.

Note that even though the fit is almost perfect. There are some indication that a

second change-point might exist. Hence, we consider that case as well.

• Presence of two change-points

When two change-points are allowed, we have that the vector of parameters is

φ = (θ1,θ2,θ3, τ ), where θi = (αi, σi) i = 1, 2, 3, and τ = (τ1, τ2). The uniform

prior distributions also varied according to the dataset. Table 5 gives the prior

distributions in each case.

Estimation of the parameters was made using a sample of size 15000 in the case

of the BD and LFN datasets. They were collected from five chains after a burn-in

19
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Mean SD 95% Credible Interval DIC

BD α1 1.032 0.039 (0.957, 1.111) 2449

α2 3.91 0.371 (3.177, 4.556)

σ1 1.297 0.314 (0.767, 2.007)

σ2 315.7 46.66 (222.9, 391.7)

τ 741 1.844 (736.5, 744.6)

BN α1 1.058 0.040 (0.983,1.138) 2451

α2 2.6 0.106 (2.33, 2.737)

σ1 1.807 0.4154 (1.11, 2.726)

σ2 134.4 13.05 (137.8, 149.5)

τ 732 4.553 (722.5, 739.3)

LFD α1 1.126 0.1186 (0.929, 1.382) 146500

α2 1.075 0.118 (0.846, 1.302)

σ1 2.582 1.03 (1.12, 5.02)

σ2 7.699 4.052 (1.723, 17.24)

τ 103 3.019 (95.04, 108.8)

LFN α1 1.05 0.08 (0.93, 1.235) 1882

α2 2.039 0.1007 (1.834, 2.22)

σ1 1.43 0.486 (0.825, 2.687)

σ2 45.45 6.794 (32.07, 58.05)

τ 107 2.871 (102.4, 112.3)

Table 4: Bayesian estimates of the parameters of the Poisson model for all datasets when

one change-point is allowed.

period of 50000 and 40000, respectively. In the case of BN and LFD the sample

size was 10000 and the burn-in period was 100000 iterations. The sampling gap was

the same in all cases and it was equal to 10. Tables 6 and 7 shows the estimated
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Figure 3: Observed (dashed line) and estimated (continuous line) accumulated means

when all datasets are considered and one change-point is allowed.

quantities of interest as well as the values of DIC in all cases.

Figure 4 shows the plots of the estimated and observed accumulated means for all

datasets when two change-points are present.
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BD BN LFD LFN

α1 U(0.8, 1.5) U(0.8, 1.8) U(0.1, 2) U(0.8, 1.2)

α2 U(0.5, 1.5) U(0.5, 0.8) U(0.5, 1.5) U(0.5, 1.8)

α3 U(0.6, 1.9) U(1.1, 1.8) U(0.1, 1) U(0.9, 1.8)

σ1 U(0.1, 3) U(0.1, 5) U(0.1, 10) U(0.5, 2)

σ2 U(0.1, 20) U(0.1, 40) U(0.1, 40) U(0.1, 50)

σ3 U(0.1, 20) U(0.9, 40) U(0.1, 10) U(0.1, 20)

τ1 U(700, 750) U(730, 750) U(100, 130) U(100, 130)

τ2 U(950, 1050) U(950, 1000) U(300, 400) U(300, 3400)

Table 5: Prior distributions of the parameters when all datasets are considered and two

change-points are allowed.

Note that even though in the case of the BD and LFD datasets the value of the

DIC is smaller, we may notice that the fit of the estimated accumulated means to

the observed ones are worse for measurements towards the end of the observational

period when compared to the case of one change-point. The overall fit in the case of

one change-point is better than when two change-points are allowed. However, in the

beginning of the observational period the fit is improved when two change-points are

present. Note that in the case of LFN the smallest DIC is when no change-points are

allowed. However, looking at Figures 2, 3, and 4, we may see that the best graphical

fit is when only one change-point is present. In the case of LFD we may see that

even with two change-points the fit has not improved substantially given the best

fit in the case of only one-change point. Therefore, we have decided to consider

the case of three change-points for the LFD dataset and see if any improvement is

achieved.

• LFD with three change-points
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Mean SD 95% Credible Interval DIC

BD α1 1.031 0.037 (0.962, 1.111) 2385

α2 1.095 0.114 (0.823, 1.251)

α3 1.229 0.173 (0.901, 1.503)

σ1 1.291 0.278 (0.795, 1.973)

σ2 12.54 5.271 (2.051, 19.72)

σ3 7.867 5.492 (0.689, 18.96)

τ1 741 1.74 (736.6, 744.2)

τ2 994 13.34 (953.3, 1020)

BN α1 1.05 0.0425 (0.966,1.135) 2761

α2 1.318 0.174 (0.912, 1.551)

α3 1.424 0.191 (1.123, 1.772)

σ1 1.729 0.018 (1.005, 2.66)

σ2 23.41 10.79 (2.779, 39.25)

σ3 14.9 3.161 (12.2, 35.73)

τ1 735 3.737 (730.3, 741.8)

τ2 986 5.152 (974, 993.6)

Table 6: Bayesian estimates of the parameters of the Poisson model for the Viale Boccetta

datasets when two change-points are allowed.

When the LFD dataset is considered and three change-points are allowed, we have

that the vector of parameters to be estimated is φ = (θ1,θ2,θ3,θ4, τ ), where θi =

(αi, σi) i = 1, 2, 3, 4, and τ = (τ1, τ2, τ3). The forms and hyperparameters of the

prior distributions vary according to the parameter. In the case of α1, α2 , α3 , α4,

σ1, τ1, τ2, and τ3, the prior distributions are, respectively, the uniform distributions

U(0.1, 2), U(0.1, 1.5), U(0.8, 1.5), U(0.5, 1.5), U(0.1, 8), U(90, 110), U(300, 400),

and U(700, 800). When we consider the parameters σ2, σ3, and σ4, Gamma(a, b)

23



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Mean SD 95% Credible Interval DIC

LFD α1 1.095 0.1274 (0.8638, 1.353) 1042

α2 1.037 0.227 (0.5624, 1.428)

α3 0.695 0.059 (0.6264, 0.844)

σ1 2.35 1.028 (0.788, 4.635)

σ2 16.55 10.391 (0.543, 37.07)

σ3 0.337 0.337 (0.104, 1.301)

τ1 104 2.762 (100.7, 110.2)

τ2 319 4.045 (308.3, 323.6)

LFN α1 1.003 0.075 (0.8646, 1.137) 1807

α2 1.088 0.265 (0.605, 1.597)

α3 1.333 0.1467 (1.006, 1.592)

σ1 1.163 0.3799 (0.545, 1.907)

σ2 20.49 13.62 (1.169, 47.68)

σ3 8.454 4.25 (1.415, 17.68)

τ1 108 2.96 (102.8, 112.9)

τ2 315 5.087 (303.8, 323.6)

Table 7: Bayesian estimates of the parameters of the Poisson model for the La Farina

datasets when two change-points are allowed.

prior distributions are considered. (Here, we consider a gamma distribution whose

mean and variance are, respectively, a/b and a/b2.). Therefore, σ2, σ3, and σ4 have

as their prior distributions Gamma(42, 3), Gamma(16, 4), and Gamma(1.44, 0.24),

respectively.

Estimation of the parameters was made using a sample of size 10000 collected from

five chains after a burn-in period of length 50000 using a sampling gap of 10 itera-

tions. The means, standard deviations (indicated by SD), the 95% credible intervals
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Figure 4: Observed (dashed line) and estimated (continuous line) accumulated means

when all datasets are considered and two change-points are allowed.

of the quantities of interest as well as the value of the DIC are given in Table 8.

In Figure 5 we have the estimated and observed accumulated means in the case of

the LFD dataset when three change-points are allowed.
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Mean SD 95% Credible Interval DIC

LFD α1 1.11 0.12 (0.89, 1.37) 1006

α2 1.03 0.08 (0.87, 1.89)

α3 1.04 0.05 (0.94, 1.14)

α4 0.83 0.12 (0.6, 1.08)

σ1 2.49 1.05 (0.88, 4.95)

σ2 13.92 2.17 (10.02, 18.45)

σ3 3.73 0.98 (2.03, 5.85)

σ4 7.1 5.48 (0.61, 21.06)

τ1 104 2.52 (100.5, 109.1)

τ2 319 3.96 (308.9, 324.7)

τ3 726 18.42 (700.6, 761.2)

Table 8: Bayesian estimates of the parameters of the Poisson model for the La Farina

Day dataset when three change-points are allowed.

Looking at Figure 5 we may see that the fit is good even thought the estimated

accumulated mean underestimate the observed one.

4.3 Model selection

If we use the DIC to decide which model fits best the observed behaviour of the data, we

have, by looking at Tables 2, 4, 6, 7, 8, that the selected model is the Poisson with no

change-points in the case of the LFN dataset, Poisson with one change-point in the case

of BN dataset, Poisson with two change-points in the case of BD dataset, and Poisson

with three change-points in the case of LFD dataset. However, looking at Figures 2, 3, 4,

and 5, we may see that in the best overall fit is provided by the Poisson model with one

change-point in all cases. Therefore, this is the case we are going to consider to illustrate

the applications of the model to the estimation of the probability that a population is
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Figure 5: Observed (dashed line) and estimated (continuous line) accumulated means

when the LFD dataset is considered and three change-points are allowed.

exposed to noise levels above a given threshold a certain number of times in a time interval

of interest.

4.4 Calculating probabilities

In this subsection we will provide a way of calculating the probability of some events of

interest. In all cases we use the LFN dataset. Considering the graphical criterion as the

one used to select the best model fitting the data, we have that the chosen model is the

non-homogeneous Poisson model with one change-point. Hence, that is the model we

take.
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• Estimating probabilities of exceedances in a future time

Assume that we want to calculate the probability that during the night a population

will be exposed to noise levels above 68dBA five times in the next 30 days after the

observational period is over. Hence, we want to calculate the probability that during

the time interval [932, 962] the threshold 68dBA is exceeded five times. Since the

time interval belongs to the time segment after the change-point, we have that

the parameters of the mean function of the Poisson process are α2 = 2.039 and

σ2 = 45.45 (see Table 4). Hence, from (3) the probability of interest is

P (N932+30 −N932 = 5) =

[(
932+30
45.45

)2.039 − ( 932
45.45

)2.039]5
5!

× exp

(
−

[(
932 + 30

45.45

)2.039

−
(

932

45.45

)2.039
])

≈ 5.09E − 09.

Another question that may be asked is related to the probability that in those same

30 days we have between five and eight exceedances of the threshold 68dBA. In this

case the probability is

P (5 ≤ N932+30 −N932 ≤ 8) = P (N962 −N932 ≤ 8)− P (N962 −N932 < 5)

=
8∑

k=5

P (N962 −N932 = k)

=
8∑

k=5


[(

962
45.45

)2.039 − ( 932
45.45

)2.039]k
k!

× exp

(
−

[(
962

45.45

)2.039

−
(

932

45.45

)2.039
])}

≈ 6.297E − 07.

• Comparing probabilities of events before and after the change-point
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Take now the time intervals [50, 70] and [120, 140]. Suppose we want to know the

probability of having five exceedances of the threshold 68dBA in each of them. Note

that the change-point is τ = 107. Thus, we are comparing the probabilities of an

event in time intervals of equal lengths, but one of them is before the change-point

and the other is after. Hence, we want to know the values of P (N70−N50 = 5) and

P (N140−N120 = 5). Before the change-point we have that the estimated parameters

of the Poisson model are α1 = 1.05 and σ1 = 1.43 (see Table 4), then

P (N70 −N50 = 5) =

[(
70
1.43

)1.05 − ( 50
1.43

)1.05]5
5!

× exp

(
−

[(
70

1.43

)1.05

−
(

50

1.43

)1.05
])

≈ 2.098E − 04,

and in the case where the time interval is located after the change-point, we have

P (N140 −N120 = 5) =

[(
140
45.45

)2.039 − ( 120
45.45

)2.039]5
5!

× exp

(
−

[(
140

45.45

)2.039

−
(

120

45.45

)2.039
])

≈ 7.86E − 07.

• Estimating the probability of exceedances in a time interval containing a

change-point

Take for instance the time interval [90, 120] and assume that we want to know the

probability of having three exceedances in this interval. Note that the estimated

change-point is τ = 107 which belongs to the time interval in consideration. The

change-point marks the point in time where the process changes behaviour. Hence,

we have to split [90, 120] into two parts, one before the change-point and another

after the change-point. Recall that we have λ(t) = λ1(t), t < τ and λ(t) = λ2(t),

t ≥ τ . Therefore, the time interval is split into V1 = [90, 107) and V2 = [107, 120]. In
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the first time interval the parameters of the Poisson rate function are α1 = 1.05 and

σ1 = 1.43. In the second, those parameters change to α2 = 2.039 and σ2 = 45.45.

There are several ways in which those exceedances may occur. We may have no

exceedances in V1 and all of them occurring in V2, or we may have one exceedance

occurring in V1 and two occurring in V2, or we may have two exceedances occurring

in V1 and one occurring in V2, or or we may have three exceedance occurring in V1

and none in V2. Hence, the probability sought is

P (N120 −N90 = 3) =
3∑

k=0

[P (N107 −N90 = k)P (N120 −N107 = 3− k)]

=
3∑

k=0



[(

107
1.43

)1.05 − ( 90
1.43

)1.05]k
k!

exp

(
−

[(
107

1.43

)1.05

−
(

90

1.43

)1.05
])}

×


[(

120
45.45

)2.039 − ( 107
45.45

)2.039]3−k
(3− k)!

exp

(
−

[(
120

45.45

)2.039

−
(

107

45.45

)2.039
])}]

≈ 2.0E − 07× 0.13 + 3.0E − 06× 0.25

+ 2.38E − 05× 0.33 + 1.22E − 04× 0.22

= 3.585E − 05.

Additionally, note that the probability of having three or less exceedances in the

time interval [107, 120] is
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P (N120 −N107 ≤ 3) =
3∑

k=0

P (N120 −N107 = k)

=
3∑

k=0


[(

120
45.45

)2.039 − ( 107
45.45

)2.039]k
k!

exp

(
−

[(
120

45.45

)2.039

−
(

107

45.45

)2.039
])}

≈ 0.22 + 0.33 + 0.25 + 0.13 ≈ 0.93.

Hence, the probability of having more than three exceedances in that interval is

P (N120 −N107 > 3) = 1−
3∑

k=0

P (N120 −N107 = k) ≈ 1− 0.93 = 0.07

Other variations of the questions considered here may be posed and they may be

answered in the same fashion.

5 Discussion

In this work we have considered two modelling stages to study the behaviour of commu-

nity noise data. In the first stage, subsets of missing data were estimated using a time

series model. The model considered is multiplicative involving the trend and the seasonal

components and additive in the error component. Using the estimated components of

the time series model, missing data were estimated through the forecast values. In the

second stage, after the missing data are imputed, a non-homogeneous Poisson model with

Weibull rate function is used in the complete dataset to estimate the probability that a

population is exposed to community noise level above a certain threshold a given number

of times in a time interval of interest.

The components of the time series were estimated using standard time series method-

ologies. In the case of the non-homogeneous Poisson model, a Bayesian point of view
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is followed. Due to the complexity of the distribution functions involved in the model,

parameters were estimated using a Markov chain Monte Carlo (MCMC) algorithms. The

algorithm used was the Gibbs sampling internally implemented in the software OpenBugs

(http://www.openbugs.info/w). In this case we simply have to specify the likelihood func-

tion of the model and the prior distributions of the parameters involved. Programmes

used to estimate the parameters are a straightforward modification of the ones given in

[7] and [31].

Looking at Tables 2, 4, 6, 7, and 8, we may see that the smallest value of the DIC

corresponds to the Poisson model with two change-points in the case of BD, one change-

point in the case of BN dataset, three change-points in the LFD case, and no change-points

in the case of LFN datase. However, we may see from Figures 2, 3, 4, and 5, that for all

datasets, with the exception of the LFD, the best graphical fit corresponds to the non-

homogeneous Poisson model with one change-point. In the case of the LFD dataset we

have that the model with three change-points provide a very good fit. However, we may

also notice that the observed accumulated mean is approximated by a curve composed by

four segments which are approximately straight lines. Similar approximation is observed

in the case of two change-points. When one change-point is considered we may see that a

good fit is provided and the approximating curves are not straight lines. Hence, it is clear

that the larger the number of change-points the better the fit, but the computational time

increases accordingly. Thus, we must optimise the adequacy of the fit of the estimated

curve to the observed one and the time spent in the estimation of the parameters of

interest. Therefore, when comparing the computational time and the fit of the curves it

seems to be enough to take only one change-point in the LFD dataset.

Using the graphical criterion for selecting the best model to explain the behaviour of

the data, we have obtained the probabilities that a population is exposed to noise levels

that exceed a given threshold a certain number of time in time intervals of interest. The

dataset considered to illustrate this calculation was the LFN dataset. We may see that
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when taking two time intervals of the same length but with one located before and and the

other after the change-point, there are substantial changes in the probability of exposure.

It would be interesting to investigate the causes of this changes and, in particular, what

have caused the presence of the change-point.

The change-point in the case of the LFN, corresponds to a day in the beginning of

August 2008. The change that occurred was a decrease in the rate function at which

noise exceedances occurred. If we plot the rate functions with the estimated parameters

before the estimated change-point, we may see that the plot is always larger for all values

of t ≥ 0, than when we use the estimated parameters after the change-point. That may

be observed by looking at Figure 6 top plots.

The decrease in the rate function (in the case of one change-point) could be caused

by a decrease in road traffic due to the holiday period. The other possible change-point

corresponds to a day in the beginning of March 2009. When we consider the plots of the

rate functions using the estimated parameters in the case of two change-points, the plots

using parameters before the first change-point produce a figure that is larger for all t ≥ 0

than the curve using the estimated parameters after that change-point and before the

second change-point (see plots at the bottom of Figure 6). It is also possible to see that

using the estimated parameters after the second change-point, the rate function lies above

the curve with the estimated parameters between the first and second change-points, but

below the corresponding curve using the estimated parameters before the first change-

point. That means that after the second change-point, the rate at which exceedances

occur is larger than that between the first and second change-points. However, this

rate is smaller than at times prior to the first change-point. Therefore, even though a

deterioration in the noise levels has occurred around March 2009, that is not as bad as in

the beginning of the observational period.
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Figure 6: Estimated rate functions in the case of LFD dataset when different scenarious

are considered. Plots at the top of the figure are the case where only one change-point is

considered. Dashed line represents the rate function when the estimated parameters are

the ones before the change-point and the continuous line is the case of parameters after

the change-point. Bottom plots represent the case with two change-points. In that case

the dashed lines indicate the rate function with the estimated parameters before the first

change-point, the dotted line is the rate function with estimated parameters between the

first and the second change-points and the continuous line represents the rate function

with the estimated parameters after the second change-point
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