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Abstract 10 

The paper provides an analysis of severe crashes (fatal and injury accidents only) occurred 11 

in 260 Italian road tunnels on the basis of random-parameters regression models. In particular, 12 

factors influencing “crash frequency” over a four-years monitoring period are investigated by 13 

means of a random-parameters Negative Binomial model (RPNB). This approach reveals that 14 

some regression model parameters should be considered as random variables, thus 15 

contributing to gaining new insights into the way the corresponding covariates influence 16 

accident frequency.  17 

The presence of a year effect on the number of accidents was also investigated. To this 18 

aim, random-parameters models with random-effects were considered to account for temporal 19 

correlation in the data collected from the same road tunnel over successive time periods. In 20 

particular, a Negative Binomial model in which both the intercept and regression parameters  21 

are allowed to vary randomly (RPINB) was developed.  It was found that in the present case 22 

study the unobserved heterogeneity is small, so as it is sufficient just using the random-23 

intercept model. 24 
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This study also explores the use of crash rate  instead of crash frequency as dependent 25 

variable of the regression model, in order to understand more especially the effect of this 26 

choice on the significance of the covariates. A random-parameters tobit regression model 27 

showed that the significance of some independent variables is in contrast with the results 28 

found upon the RPNB model based on crash frequency. 29 

 30 

Keywords:  Random-parameters Negative Binomial, Random-parameters Poisson, Crash 31 

frequency, Tobit regression, Crash rate. 32 
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 37 

1. Introduction 38 

A variety of statistical methods have been applied over the years to accident data analysis 39 

for developing prediction models and assessing the significance of factors influencing 40 

crashes. Lord and Mannering (2010), Savolainen et al. (2011), Mannering and Bhat (2014) 41 

provide a listing of the methods applied with their strengths and weaknesses, as well as 42 

methodological frontiers and future directions. With respect to the purposes of this paper 43 

random-effects and random-parameters regression models are here of special interest. This is 44 

to account for possible temporal correlations in accident data collected on the same tunnels 45 

over successive time periods or to capture the possible unobserved heterogeneity across 46 

accident observations both in absence than in presence of random-effects.  47 

Random-effects models become necessary when spatial correlations (data collected from 48 

the same geographic region) or temporal correlations (data collected on the same 49 

mailto:ccaliendo@unisa.it


Journal of Transportation Safety & Security                                             doi: https://doi.org/10.1080/19439962.2015.1013167 

 

This is a post-peer-review, pre-copyedit version of an article published in Journal of Transportation Safety & Security. The 

final authenticated version is available online at: https://www.tandfonline.com/doi/full/10.1080/19439962.2015.1013167 

 

3 

observational unit over successive time periods) are suspected to be present. It is to be said 50 

that random-effects  models are more especially appropriate for capturing  respectively spatial 51 

correlations or temporal correlations, but not a combination of the two. Regression models to 52 

account for temporal correlation were proposed by Hausman et al. (1984) (the Random 53 

Effects Negative Binomial model, RENB) and by Guo, (1996) (the Negative Multinomial 54 

model, NM). Analyses of count data based on RENB model and/or NM model were 55 

considered in Shankar et al. (1998), Shankar and Ulfarsson (2003), Chin and Quddus (2003), 56 

Hauer (2004), Caliendo et al. (2007), Caliendo et al. (2013), Caliendo and Guida (2014). 57 

Further studies concerning temporal and spatial correlation models can be found also in Wang 58 

and Abdel-Aty (2006).   59 

Random-parameters models have been recently considered in Milton et al. (2008), 60 

Anastasopoulos and Mannering (2009), El-Basyouny and Sayed (2009), Washington et al. 61 

(2011), Garnowski and Manner (2011), Anastasopoulos et al. (2012b), Venkataraman et al. 62 

(2013), Chen and Tarko (2014). These models attempt to account for possible unobserved 63 

heterogeneity (unobserved factors that may vary across accident observations) by allowing 64 

the regression model parameters to be random-parameters, in contrast with the assumption 65 

that parameters are considered to be constant across observations. In this respect, Greene 66 

(2007) has developed estimation procedures for incorporating random parameters in count-67 

data models which are within the scope of this paper. Additionally, it is to be reminded that a 68 

special case in the class of random-parameters models is the so called random-intercept 69 

Negative Binomial model (RINB). In this model only the regression intercept is random, and 70 

this model is known in the literature to be equivalent to the random-effects Negative Binomial 71 

model (e.g., see Hilbe (2007) and Greene (2007) for greater in-depth knowledge). 72 

In terms of methodological approaches, recent research has also shown the potential of the 73 

mixed logit model. This model (also called random-parameters logit model) may be used for 74 
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better understanding the injury-severity distribution and might account for the unobserved 75 

heterogeneity  that is to be probably present in using limited data as opposed to detailed crash-76 

specific data. Applications of the mixed- logit model, the use of which  is not within the scope 77 

of this paper, can be found, for example, in Milton et al. (2008), Anastasopoulos and 78 

Mannering (2011), Manner and Wunsh-Ziegler (2013), Ye and Lord (2014). 79 

Crash models are usually exploited in order to investigate the effects that various variables 80 

may have on the value of a pre-selected crash indicator, assumed as dependent variable. In 81 

this respect, the most common crash indicators that have been hitherto used in road accident 82 

analyses are the number of crashes per year (crash frequency), and the number of crashes per 83 

100-million vehicle-kilometres (crash rate). Independent variables that affect crashes are more 84 

especially related to traffic flow, section length, road geometric characteristics, and weather.  85 

In particular, the fact that the number of accidents might not be a linear function of traffic 86 

flow and road section length, generally  induces one to use crash frequency instead of crash 87 

rate as the more appropriate dependent variable. However, the use of accident rate has 88 

considerable appeal because this indicator is widely used in aggregate-level accident reports, 89 

and provides a standardized measure of the relative safety of road segments that is more 90 

easily interpreted than crash frequency. 91 

Accident frequencies have been widely investigated over years using a variety of 92 

statistical approaches, and more especially the Negative Binomial regression model with fixed 93 

parameters (NB). However, constraining the parameters to be constant, when they may 94 

possibly vary across observations, might lead to inconsistent and biased parameter estimates 95 

(Washington et al., 2011). Given the potential heterogeneity in accident-frequency data, a 96 

random-parameters Negative Binomial (RPNB) model might be more appropriate in some 97 

cases.    98 
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As an alternative to the aforementioned models based on accident frequencies,  regression 99 

models based on accident rates might be taken into account. From the perspective of 100 

statistical modeling, crash rate is a continuous random variable, in contrast to crash frequency 101 

which is a discrete random variable. However, because accidents on specific road segments 102 

are assessed over necessarily limited time periods, the likelihood exists that many road 103 

segments will have no accidents reported during the observation period, which is an event not 104 

in keeping with the assumption of a continuous random variable. In this respect, an interesting 105 

model appears to be the tobit regression model (Tobin , 1958) that considers the dependent 106 

variable as a continuous random variable, left-censored at zero. This model has been used 107 

more especially in economics (Amemiya, 1973; Nelson, 1977;  McDonal and Moffitt, 1980) 108 

or social sciences (Fair, 1978; Roncek, 1992; Smith and Brame, 2003). In the transportation 109 

area, and in particular with reference to road accident analysis, tobit model is not commonly 110 

used, and only few papers can be found in the literature. For example,  Anastasopoulos et al. 111 

(2008) considered a tobit model with fixed-parameters to predict vehicle accident rates as a 112 

function of pavement condition, road geometry, and traffic characteristics. More recently 113 

Anastasopoulos et al. (2012a) presented a multivariate tobit model of road accident-injury-114 

severity rates; and  Anastasopoulos et al. (2012b) developed a random-parameters tobit model 115 

to account for unobserved heterogeneity in motor-vehicle accident rates. While these studies 116 

are exploratory in nature, they suggest that the use of tobit regression models needs to be 117 

supported by more studies. Therefore, another intent of this paper is to further analyze the 118 

potential of tobit regression model with random-parameters. 119 

Considerable research has been carried out on accidents occurred on open roads, while 120 

accidents in road tunnels have been rarely investigated.  However, if a motor vehicle accident 121 

occurs, the crash severity may be significantly higher in tunnels than on the corresponding 122 

open roads. In this respect, it is to be mentioned that, according to a monitoring study 123 
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regarding Italian motorway tunnels (Caliendo and De Guglielmo, 2012), it has been found an 124 

average rate of 12 severe accidents/108 veh-km  in  road tunnels in contrast to 9 severe 125 

accident/108 veh-km on the corresponding motorways. Therefore, there are reasons to 126 

investigate motor-vehicle accidents in road tunnels in a deeper detail. 127 

From the view point of statistical modeling, Caliendo et al. (2013) used the Bivariate 128 

Negative Binomial regression model, jointly applied to non-severe crashes (accidents 129 

involving material damage only) and severe crashes (fatal and injury accidents only) to 130 

analyse the frequency of accident occurrence in Italian motorway tunnels with unidirectional 131 

traffic only. Furthermore, for understanding the trend of severe crashes over a 4-years period 132 

the random-effects Negative Binomial (RENB) regression model and the Negative 133 

Multinomial model were also used. It is to be said that Caliendo and Guida (2014) have 134 

recently developed also a new Bivariate Regression model for the simultaneous analysis of 135 

severe and total crashes occurrence. However, in Caliendo et al. (2013) as well as in Caliendo 136 

and Guida (2014) heterogeneity across observations was not investigated in a great depth. 137 

Moreover, also accident rates were not examined in detail.     138 

In the light of the above considerations, there are at least two main reasons which 139 

motivated the present paper. The first one is the need to develop some random-parameters 140 

models  in analysing accident frequency both in absence and in presence of random-effects, 141 

which may contribute to gaining new insights into the way the covariates influence accident 142 

frequency. The second one is for  studying the potential of the random-parameters tobit 143 

regression model, which is based on accident rate, and making a possible comparison with the 144 

random-parameters Negative Binomial model based on accident frequency. This is for 145 

understanding more especially if results based on accident rates are possibly in contrast with 146 

those based on accident frequencies.  147 
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For these purposes, on the basis of the aforementioned data-base concerning  the number 148 

of severe crashes occurred in Italian motorway tunnels in a 4-years time period, a random-149 

parameters Negative Binomial (RPNB) model is developed. Moreover, in order to account for 150 

temporal correlation in accident data, expressed in terms of severe crash frequency per year,  151 

another random-parameters Negative Binomial model in which both the  intercept and 152 

regression coefficients are allowed to vary randomly (RPINB)  is developed. It was found  153 

that the “inverse dispersion” parameter ( ) of the RPINB  model diverged to infinity (i.e., the 154 

over-dispersion parameter α converged to zero), thus indicating that the outcomes of the 155 

RPINB model converged to those of the corresponding Poisson model. For this reason the 156 

Poisson model where both the intercept and regression parameters are allowed to vary 157 

randomly (RPIP) is commented on this paper. Finally, an analysis of severe-crashes rate 158 

based on the random-parameters tobit regression model is also proposed. Then, some 159 

differences emerged between the analysis based on crash rates and the ones based on crash 160 

frequencies are commented on. 161 

 162 

2. Data description 163 

The database consists of 765 severe accidents which occurred within 260 Italian 164 

motorway tunnels (232 two-lane and 28 three-lane) with unidirectional traffic only over a 4-165 

years period (2006-2009). In two-lane tunnels 670 severe accidents were observed, while in 166 

three-lane tunnels 95 severe accidents were counted. More especially  accident count data for 167 

year 2006, 2007, 2008, and 2009 were, respectively, 247, 181, 122, 120 for two-lane tunnels;  168 

and 32, 33, 16, 14 for three-lane tunnels. 169 

Annual average daily traffic (AADT) values ranging from 4500 to 40,760 vehicles per day 170 

were found for two-lane tunnels and between 5030 and 32,260 vehicles per day for three-lane 171 

tunnels. The percentage of trucks was 14-31% and 17-23%  for two- and three-lane tunnels, 172 
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respectively. Two-lane tunnels have lengths  ranging  from 387 m to 3254 m, while three-lane 173 

tunnel have lengths between  524 m and 4725 m. The presence of sidewalk was recorded in 174 

147 tunnels. More detailed information on accident counts, summary statistics of tunnel 175 

length,  AADT, and percentage of trucks, are reported in Caliendo et al. (2013) who used the 176 

same database of  severe crashes. 177 

Summary statistics of tunnel length, AADT and percentage of trucks are given in Table1.   178 

Table 1. Summary statistics of independent variables 179 

Variable  Mean Mode Standard deviation Minimum Maximum 

Length (km) 

 

Two-lane tunnels 

 

1.188 

 

0.529 

 

0.637 

 

0.387 

 

3.254 

Three-lane tunnels 0.957 0.632 0.791 0.524 4.725 

AADT /10,000 (veh/day) 

 

Two-lane tunnels 

 

1.512 

 

0.613 

 

0.837 

 

0.450 

 

4.076 

Three-lane tunnels 2.179 2.364 0.665 0.503 3.226 

Percentage of trucks (%) 

 

Two-lane tunnels 

 

21.5 

 

16 

 

4 

 

14 

 

31 

Three-lane tunnels 22.1 23 2 17 23 

 180 

It is to be said that 63 out of 260 tunnels had no severe accidents reported during the 181 

analysis period.  182 

 183 

3. Functional form for traffic volume 184 

A preliminary exploratory data analysis was carried out in order to assign a suitable 185 

functional form to AADT per lane (AADTL), which represents the most influential variable in 186 

predicting the number of accidents. To this aim (see Caliendo et al., 2013, or  Caliendo and 187 

Guida, 2014) we used the approach proposed by Hauer and Bamfo (1997).  In particular by 188 

following the Integrate-Differentiate method in its generalization to more than one explanatory 189 

variable, the Empirical Integral Function (EIF) for the traffic volume per lane was derived in 190 

the case of severe accidents. Since this function showed to have two inflection points: one at an 191 
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AADTL of about 5000 vehicles per day and another one at an AADTL of  about 13,000 vehicles 192 

per day, simple forms such as x  and 
xe
 appeared to be inadequate for describing the 193 

dependence of the expected number of severe accidents on traffic volume over the entire range 194 

of the observed AADTL values in the present situation. In fact, it was found that the relative 195 

error of prediction when using the power model, although smaller than that for the exponential 196 

model, was still high in the regions (AADTL < 5000) and (AADTL > 13,000), with 197 

underestimation in the former one and overestimation in the latter one. Thus, in order to get a 198 

better fit to tunnel data, also in the present paper we propose the following functional form for 199 

the AADTL variable: 1 3 22 1( )   
DD

L Lg AADT AADT e e
 

= where 1D  is a dummy variable which is 1 200 

when the AADTL is fewer than 5000 vehicles per day and 0 otherwise, while 2D  is a dummy 201 

variable which is 1 when the AADTL is greater than 13,000 vehicles per day and 0 otherwise. 202 

When using this model, the predicted number of accidents computed in the said intervals of 203 

traffic volume practically coincides with the observed number of accidents. Moreover, it was 204 

also found that, under this model, the CURE (Cumulative Residuals) line is entirely contained 205 

within two standard deviations ( *2 ); which according to Hauer and Bamfo (1997)  indicates 206 

that the functional form assumed for the AADTL  variable fits the data well along the entire 207 

range of values assumed by this variable. Thereby, in the current paper, which uses the same 208 

dataset of severe accidents relative to 260 Italian motorway tunnels, random-parameters 209 

Negative Binomial models are carried out on the basis of the aforementioned modified power 210 

function. 211 

 One possible explanation of the trend of crash frequency versus AADTL might be 212 

attributable to the fact  that  free-flowing conditions (AADTL <  5,000 vehicles/day) or almost 213 

congested flow-traffic situations (AADTL > 13,000 vehicles/day) might be found. In particular 214 

when the traffic volume is low, as AADTL increases, the frequency of lane changing and 215 

overtaking movements increase so that more traffic conflicts and consequently more crashes 216 
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are expected. In almost congested conditions, as AADTL increases, the drivers’ freedom of 217 

manoeuvre (changing lanes and/or overtaking) begins to become ever more limited, and 218 

consequently a minor increase of crashes may be expected.    219 

    220 

4. Set of independent variables 221 

The candidate set of independent variables is: tunnel length (L), annual average daily 222 

traffic per lane (AADTL), percentage of trucks (%Tr), number of lanes (NL), presence of 223 

sidewalk (SW). In addition the two dummy variables 1D  (1 if AADTL ≤ 5000 vehicles per day; 224 

0 otherwise) and  2D (1 if  AADTL ≥ 13,000 vehicles per day; 0 otherwise) are also considered. 225 

Moreover, when one wants to capture also the trend of severe crashes over time during the 226 

4-years monitoring period, the dummy variables year 2007, year 2008, and year 2009 are also 227 

introduced, by assuming  2006 as reference year.  228 

The dependent variable is crash frequency (number of severe crashes per year) in the case 229 

of Negative Binomial model and crash rate (number of severe crashes per 100-milion vehicle-230 

kilometers)  in the case of tobit regression model. It is to be reminded that, in the latter case, 231 

tunnel length  (L) and AADTL  are to be excluded from the set of independent variables, so that 232 

for the tobit model the set of potential independent variables is: %Tr, NL, SW, D1, and D2.  233 

It is to be stressed that the scope of the paper is to investigate crashes occurred in road 234 

tunnels. In this respect, some variables such as those concerning weather, lighting, and 235 

junctions or intersections are in general not present in contrast with crashes occurred on open 236 

roads. In other terms, often a lower number of variables are available for investigating crashes 237 

occurred in tunnels compared to those of open roads.  238 

 239 

 240 
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5. Data analysis based on Negative Binomial regression models 241 

5.1 Methodology 242 

A very basic way for describing the fluctuation of accident counts, say iY , occurring on a 243 

road section i during given time intervals, is to assume that iY  is a Poisson random variable, 244 

which implies that ( )i iE Y =  and ( )i iVar Y = . In many situations, however, accident counts 245 

appear to be “over-dispersed”, i.e. ( ) ( )i iVar Y E Y . Hence, the Negative Binomial (NB) 246 

model 247 

( )
( )

! ( )

iy

i i
i

i i i

y
f y

y



  

    

    +
=    

 + +   
    (1) 248 

which has ( )i iE Y =  and ( )( ) 1 /i i iVar Y   = + , is often used, thus allowing for the variance 249 

of accident counts to be greater than the mean, provided that 1/ 0  . Then, in order to take 250 

into account the effect of explanatory variables, a regression model of the expected number of 251 

accidents is defined by typically using the log-linear function exp( )T

i i = x β , where β  is a 252 

vector of fixed, even if unknown, coefficients. In presence of unobserved factors which may 253 

vary across road sections, however, a better approach is considering the β  parameters as 254 

random variables, by assuming  255 

i iβ = β+δ        256 

where iδ  is a random variable with some probability density function ( )f  , for example a 257 

normal variable with zero mean and constant standard deviation. 258 

Let ( | , )i iL Y X   be the likelihood function for tunnel i ( 1,..., )i N= , given  , and the 259 

vector of independent variables iX . The marginal likelihood of all observed data is given by 260 

1

( | , ) ( )d
N

i i

i

L L Y X f


  
=

=       (2) 261 
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from which unknown parameters can be estimated by a maximization procedure. It is to be 262 

noted, however, that conventional procedures based on numerical maximization of eq. (2) are, 263 

in most cases, unfeasible when the number of unknown parameters is not very small. Thus, 264 

Green (2007) has developed an efficient simulation procedure, based on the Halton draws (see 265 

Halton (1960) for greater depth of knowledge), which allows to estimate the model 266 

parameters even in presence of a high number of random parameters. 267 

5.2. Estimation results of the random-parameters Negative Binomial (RPNB) model 268 

The data set consists of the number of severe accidents registered in 4n =  years from 269 

2006 to 2009  in 260N =  tunnels. The  explanatory variables are: L, AADTL, %Tr, NL, SW, 270 

D1, and D2. 271 

Table 2 presents the estimation results of the random-parameters Negative Binomial 272 

(RPNB) model based on the number of severe crashes registered in the 4 years period (crash 273 

frequency can be easily computed dividing the expected number of crashes by 4 years). The 274 

random-parameters model was estimated by using 2000 Halton draws. Since some of the 275 

potential covariates could actually have very little or even no effect on accident counts, a 276 

procedure based on the Likelihood Ratio Test (LRT) was used in order to decide which subset 277 

of the full set of potentially explanatory variables should be included in the regression model 278 

(the likelihood-ratio statistic ˆ ˆˆ ˆ2 ( , ) ( , 0, )kl l    = − =
 
β β  where ˆ ˆ( , )l β  is the log-279 

likelihood of the regression model containing all the covariates, and ˆ ˆ( , 0, )kl   =β  is the log-280 

likelihood of the regression model with the k-th covariate out, is asymptotically distributed as 281 

a chi-squared distribution with 1 degree of freedom).  In this respect, all variables were found 282 

to be significant at a significance level much less than 0.05 (this reflects at least a 95% 283 

confidence), except the percentage of trucks (%Tr) and the presence of sidewalk (SW) that do 284 

not appear to be statistically significant in the RPNB model. Among the statistically 285 
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significant variables, the coefficients that were found to be random are associated to the 286 

variables L and D1. The estimated “inverse dispersion” parameter   (φ = 1/α) is large, thus 287 

possibly indicating that part of unexplained heterogeneity is captured by random parameters. 288 

However, it is to be said that in an exploratory analysis we have found that the random-289 

parameters Negative Binomial (RPNB) model is not statistically superior to the fixed-290 

parameters NB model in the case of tunnels investigated. One possible explanation of this 291 

finding, which appears to be in contrast with the results of studies based on accidents occurred 292 

on open roads (where in general a major difference between random-parameters and fixed-293 

parameters models is found), might be that tunnels do not have maybe as much unobserved 294 

heterogeneity as open roads. In fact, tunnels are closed structures with confined space where 295 

some factors that can cause accidents and/or contribute to unobserved heterogeneity are 296 

indeed to be controlled. For example there is absence of rain, snow, ice, wind, and fog; except 297 

that in the entrance and exit zones of tunnels. No difference exists between night and day 298 

because lighting conditions are constant within tunnels. Moreover hazardous points as 299 

junctions or intersections in general are not present in tunnels. However, this needs to be 300 

better investigated by means of other studies also in tunnels different from Italian ones.  301 

In the present paper we discuss only the random-parameters Negative Binomial (RPNB) 302 

model in order to focus more especially on the factors that influence motor-vehicle accidents 303 

occurred in road tunnels and save space. Additionally, it is to be said that the interpretation of 304 

regression coefficients  that are found to be random contributes, however,  to a deeper 305 

understanding of the way in which the corresponding covariates influence crashes occurred in  306 

road tunnels.  307 

The number of severe accidents appears to be positively associated with tunnel length (L), 308 

average daily traffic per lane (AADTL), number of lanes (NL), and percentage of trucks (%Tr).  309 

Moreover, a multiplicative coefficient greater than 1 ( 2 1D
e


) is associated to a small traffic 310 
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volume (AADTL < 5000 vehicles per day), whilst a multiplicative coefficient lower than 1 311 

( 3 2D
e


) is associated to a high traffic volume (AADTL > 13,000 vehicles per day); (for more in-312 

depth knowledge about the influence of different AADTL intervals on crashes see Caliendo et 313 

al. (2013) and/or Caliendo and Guida (2014)). However, tunnel length resulted in a random 314 

parameter that is normally distributed, with mean 0.484 and standard deviation 0.588, so that 315 

79.5 percent of its distribution is greater than 0 and 20.5 percent less than 0. This suggests that 316 

a large majority of road tunnels result in an increase in accident occurrences as length 317 

increases, but a few ones result in a decrease. Similarly, the indicator variable D1 resulted in a 318 

random parameter that is normally distributed, with mean 0.353 and standard deviation 0.673, 319 

so that 70.0 percent of its distribution is greater than 0 and 30.0 percent less than 0. This 320 

suggests that a majority of road tunnels result in an increase in severe accident occurrences 321 

when traffic volume is small, but a few ones result in a decrease. 322 

We observe that in the present case study the continuous variables enter the model in 323 

logarithmic form. In such a case, the estimated coefficient can also be interpreted as the 324 

percent increase in the expected number of accidents corresponding to a 1 percent increase in 325 

the variable. Thus, from Table 2, it can be readily seen that the variable that has the strongest 326 

effect on the number of accidents is AADTL. In fact, a 1 percent increase in annual average 327 

daily traffic per lane on average leads to a 2.01 percent increase in the expected number of 328 

accidents in the 4-year period. Similarly, a 1 percent increase in tunnel length on average 329 

leads to a 0.484 percent increase in the expected number of accidents; and a 1 percent increase 330 

in the percentage of trucks on average leads to a 0.436 percent increase in the expected 331 

number of accidents.  332 

 333 

 334 

 335 
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Table 2. Estimation results of random-parameters Negative Binomial (RPNB) model based on the 4-year number of severe crashes 

Variables 

RPNB 

Point Estimate  Standard Error LRT statistic  

Constant  2.09599 0.46310  

*Log of length (km) 0.48430 0.11320 15.38 

Standard deviation of parameter distribution: 0.58760    

Standard error of standard deviation:0.09521    

Log of AADT per lane /10,000 2.01479 0.20901 81.48 

* D1 (1 if AADT per lane <5000; 0 otherwise) 0.35333 0.25119 7.72 

Standard deviation of parameter distribution: 0.67320    

Standard error of standard deviation:0.13258    

D2 (1 if AADT per lane >13,000; 0 otherwise) -0.50690 0.22040 7.23 

Log of percentage of trucks/100 0.43569 0.27822 1.64 

Number of lanes (0 if two lanes, 1 if three lanes) 0.42335 0.15613 5.23 

*Sidewalk (1 if present, 0 if absent) -0.04211 0.13203 0.30 

Standard deviation of parameter distribution: 0.19418    

Standard error of standard deviation:0.06890    

 
   

Overdispersion parameter  (1/ ) 13.1519 5.69355 

 
       

Number of observations 260 

Log likelihood function LL() -484.34800 

Log likelihood with constant only LL(0) -580.20329 

* random parameters 

 336 

Therefore, the results obtained confirm that longer tunnels are (in large majority) 337 

associated with a greater number of severe accidents, possibly due to the drivers’ diminishing 338 

concentration with increasing length (which reflects an increased exposure). However,  it is to 339 

be stressed that the coefficient associated to the tunnel length is less than 1, so as the 340 

relationship between the number of crashes and tunnel length is nonlinear with a less than 341 

proportional increase. Moreover, in free-flowing conditions (small traffic volumes), the 342 

frequency of lane changing and overtaking movements increases so that more severe 343 

accidents are expected. Likewise as the percentage of trucks increases more severe accidents 344 
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are expected to occur. Finally, severe accidents are also expected to increase in 345 

correspondence of an increase in the number of lanes, which is attributable to the greater 346 

opportunities for lane change and consequently to more traffic conflicts. 347 

In order to investigate on the predictive accuracy of the random parameters Negative 348 

Binomial (RPNB) model proposed in this paper, we have numerically estimated the total 349 

number of crashes for the 260 tunnels investigated obtaining an estimate of 768 severe 350 

crashes over a 4-year period (2006-2009) against 765 severe crashes observed in field.  Thus, 351 

this model seems to fit well the crashes observed in the tunnels investigated.  352 

5.3. Estimation results of the random-parameters model with random-effects 353 

This analysis is based on the number of severe crashes observed in each tunnel in each 354 

year from 2006 to 2009. It is to be said that the number of severe crashes occurring in the 355 

same tunnel in different years cannot be considered stochastically independent observations, 356 

since for example they share at least the effect of the geometrical traits (not considered in this 357 

study) of that road tunnel. Thus, it is reasonable to assume that they form a cluster of 358 

observations sharing common, even if unknown, random effects. Random-effects models 359 

analyses data by clusters, thus ensuring that the presence of correlation among observations 360 

pertaining to the same road tunnel in different years is taken into account. It is understood that 361 

random-effects are the same within each panel of cluster, but they differ across clusters. 362 

However, the regression parameters are the same within and across clusters. In other words, 363 

random-effects models do not consider that the regression parameters, which can be fixed 364 

within a cluster (same tunnel), can vary across clusters.  In this respect,  random-parameters 365 

models represent a big advantage because they can account for this information (e.g., in 366 

LIMDEP  statistical package (Greene, 2007) a panel-data vector (PDS) is included for taking 367 

into account that the estimated random parameters can be  fixed within clusters and vary 368 

between them). 369 
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In the light of the above considerations, in order to account for both temporal correlations 370 

and unobserved heterogeneity in crash data the Negative Binomial model where both the 371 

intercept and regression parameters are allowed to vary randomly (RPINB) was considered. 372 

The dummy variables year 2007, year 2008, and year 2009 (assuming as reference year 2006) 373 

were added to capture the year effect on severe accidents counts. 374 

In an exploratory analysis, however, we found that the “inverse dispersion” parameter  375 

(φ = 1/α) of the aforementioned RPINB model diverged to infinity, thus indicating the 376 

convergence of this model to the corresponding Poisson model. This suggested that, at least in 377 

the present case study, the Poisson model where both the intercept and parameters are allowed 378 

to vary randomly (RPIP) could be used as an alternative to the RPINB model.  Moreover, we 379 

also found that the RPIP model is not statistically superior to the random-intercept Poisson 380 

(RIP) model (i.e., to the random-effects Poisson model).  In the present paper, however,  we 381 

discuss only the random-parameters Poisson (RPIP) model.  382 

Table 3 shows that all variables are significant at a level much less than 0.05, except the 383 

percentage of trucks (%Tr) and sidewalk (SW) that do not appear to be statistically significant. 384 

Note that, in addition to the regression intercept assumed a priori random, also the parameters 385 

associated to L,  D1, and SW were found to be random. The L resulted in a random parameter 386 

normally distributed, with mean 0.482  and standard deviation 0.547, so that 81.1 percent of 387 

its distribution is greater than 0 and 18.9 percent less than 0. The indicator variable D1 388 

resulted in a random parameter that is normally distributed, with mean 0.457  and standard 389 

deviation 0.547, so that 79.8 percent of its distribution is greater than 0 and 20.2 percent less 390 

than 0. This analysis confirms the presence of a significant year effect, consisting in a 391 

systematic reduction in severe crashes over time in Italian motorway tunnels. This reduction 392 

of the severe crash occurrence might be attributable to: implementation and/or reinforcement 393 

of some facilities in tunnels, increasing installation on the Italian motorways  of an electronic 394 
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system for checking the average speed of vehicles, introduction of  the driving licence with a 395 

demerit point system (see Caliendo et al. (2013) for a greater in-depth knowledge about the 396 

year effect; where we also showed that the random-effects Negative Binomial (RENB) model 397 

is statistically superior to fixed-effects one).  398 

Table 3. Estimation results where both the intercept and parameters are allowed to vary randomly in the Poisson (RPIP) model 

Variables 

RPIP 

Point Estimate  Standard Error LRT statistic  

* Constant  0.94672 0.39353  

Standard deviation of parameter distribution: 0.28138    

Standard error of standard deviation: 0.03570    

* Log of length (km) 0.48166 0.09660 15.69 

Standard deviation of parameter distribution: 0.54744    

Standard error of standard deviation: 0.08069    

Log of AADT per lane /10,000 2.03744 0.19233 89.42 

* D1 (1 if AADT per lane <5000; 0 otherwise) 0.45704 0.23255 7.29 

Standard deviation of parameter distribution: 0.54736    

Standard error of standard deviation: 0.11678    

D2 (1 if AADT per lane >13,000; 0 otherwise) -0.52615 0.15449 9.93 

Log of percentage of trucks/100 0.36440 0.23315 1.28 

Number of lanes (0 if two lanes, 1 if three lanes) 0.41827 0.13685 5.36 

* Sidewalk (1 if present, 0 if absent) -0.06276 0.11646 0.21 

Standard deviation of parameter distribution: 0.24082    

Standard error of standard deviation: 0..06129    

year 2007 -0.26570 0.10960 8.50 

year 2008 -0.70650 0.13895 48.91 

year 2009 -0.71325 0.12517 46.46 

Number of observations 1040 

Log likelihood function LL() -997.28054 

Log likelihood function LL()(1) -997.21528(1) 

Overdispersion parameter  (1/ )(1) 8.341E+06(1) 

Log likelihood with constant only LL(0) -1132.23540 

*  random parameters 

(1)  Binomial Negative model having both the intercept and parameters that are allowed to vary randomly (RPINB) 

 399 
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It is to be said that a reason why the RPIP and RIP models come to the same results might 400 

be that tunnels, being closed structures with controlled conditions, might not have as much 401 

unobserved heterogeneity as open roads. It is worth mentioning that, in a recent paper on 402 

work zones data, also Chen and Tarko (2014) found that the random-parameters Negative 403 

Binomial model gives quite similar results to the corresponding random-intercept model. 404 

 405 

6. Tobit regression models 406 

6.1. Methodology 407 

The accident rate is to be considered as a continuous random variable (rv), in contrast to 408 

accident count which is a discrete one. Since, however, the time of observation is finite, a 409 

cluster in zero is often observed for the accident rate, due to road segments with no accidents. 410 

In this respect, a suitable candidate to address the abovementioned situation  may be the tobit 411 

model (Tobin, 1958), conceived for the case where there is a latent variable *

iY  which is 412 

observable only when above a given threshold Ly  (in particular, 0Ly = ). 413 

Specifically, the tobit model for the latent variable *

iY  is formulated as 414 

*

i i iY X = +        (3) 415 

thus assuming that *

iY  linearly depends on the independent vector of variables iX  via the 416 

vector of parameters  . In addition, there is a normally distributed error term i , with zero 417 

mean and constant variance 
2  across i. Then, the observable variable iY , i.e. the accident 418 

rate in the present application, is defined as 419 

* *

*

   if  >0 

0    if  0

i i i

i i

Y Y Y

Y Y

 =


= 
      (4) 420 

The likelihood function for tobit model over N road sections is 421 
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  ( )
( )1 ( )

1

1 ( / ) ( ) /
ii

N
I YI Y

i i i

i

L X Y X    
−

=

  = −  −     (5) 422 

where ( )   is the standard normal distribution function, ( )   is the standard normal density 423 

function,   is the standard deviation of the error term, and ( )I   is the indicator function 424 

which takes value 0 if  0iY =  and 1 otherwise. 425 

Note that the expected value of the observable variable iY  for all cases is 426 

( | ) ( ) ( )i i iE Y X X z z =  +      (6) 427 

where /iz X = , and ( )z  represents the probability of iY  being above zero. Instead, the 428 

expected value for cases above zero only is given by 429 

( )
( | ; 0)

( )
i i i i

z
E Y X Y X

z


  = +


     (7) 430 

In order to evaluate the effect of an independent variable on the expected value, the first-431 

order partial derivatives of eq. (6) or (7) with respect to kX  can be used. In particular, 432 

McDonald and Maffin (1980) found that 433 

( | ) ( | , 0) ( )
( ) ( | , 0)i i i i i

i i i

k k k

E Y X E Y X Y z
z E Y X Y

X X X

   
=  + 

  
  (8) 434 

where 435 

( )( ) k

k

zz

X

 




=


       436 

and, from eq. (7), 437 

2

( | , 0) ( ) ( )
1

( ) ( )

i i i
k

k

E Y X Y z z
z

X z z

 


   
= − −  

     

   (9) 438 
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In the model discussed above, parameters k  are assumed to be fixed (even if unknown) 439 

constants. However, when heterogeneity due to unobserved factors is possibly present among 440 

road sections, a better approach is considering the k  parameters as random variables, by 441 

assuming 442 

ki k ki  = +   1,...,k p=  1,...,i N=     443 

where ki  is a random variable with some probability density function ( )kf  , for example a 444 

normal variable with zero mean and constant standard deviation k  across i. As such, the 445 

marginal likelihood is given by 446 

1

( | , ) ( )d
N

i i

i

L L Y X f


  
=

=      (10) 447 

from which parameters k  and k  1,...,k p=  can be estimated by a maximization procedure. 448 

For this case too, Green (2007) has developed a procedure which allows to estimate the model 449 

parameters even when the number of random parameters is large.  450 

6.2. Estimation results of random-parameters tobit model 451 

Table 4 presents the estimation results of the analysis based on severe crash rate, when 452 

using the tobit model with random-parameters.  453 

For this model severe accident rate is negatively associated with D1, D2, and SW;  while it 454 

is positively associated with percentage of trucks (%Tr) and number of lane (NL). Only the 455 

parameter associated to the independent variable D1 resulted to vary randomly. Moreover,  the 456 

number of lanes (NL) and the indicator variable of a high traffic level per lane (D2) are not 457 

statistically significant variables, whereas percentage of trucks (%Tr) and the presence of 458 

sidewalk (SW) are here statistically significant. 459 

 460 
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Table 4. Estimation results of random-parameters tobit model based on severe accident rates per lane 

Variables 

Random-parameter tobit 

Point Estimate  

Standard 

Error 

LRT statistic  

Constant  89.40460 21.49088  

* D1 (1 if AADT per lane <5000; 0 otherwise) -26.67970 5.21823 28.38 

Standard deviation of parameter distribution: 34.8216    

Standard error of standard deviation: 3.34164    

D2 (1 if AADT per lane >13,000; 0 otherwise) -1.54928 15.18658 0.04 

Log of percentage of trucks/100 34.31410 13.38183 6.70 

Number of lanes (0 if two lanes, 1 if three lanes) 3.06836 6.38422 0.19 

Sidewalk (1 if present, 0 if absent) -19.96890 4.76867 14.43 

 
   

σ 28.40140 1.09930   

Number of observation (N) 260 

Log likelihood function LL() -1003.43897 

Log likelihood with constant only LL(0) -1030.19755 

* random parameter 

 461 

 Note that the above results are in contrast with the aforementioned results based on crash 462 

counts. This seems to indicate that modeling accident occurrence by using crash rate instead 463 

of crash counts may result in very different significance of the regression covariates. One 464 

possible explanation is that, when using crash rate, two very important factors which 465 

significantly influence crash occurrence such as length (L) and annual average daily traffic per 466 

lane (AADTL) no longer act as independent variables in the regression model, but they directly 467 

act on the value of the dependent variable, i.e. the crash rate, in a linear way. However, since 468 

the dependence of crash occurrence on L and AADTL is usually far from being linear (in 469 

particular, in the present case study the crash occurrence multiplicatively depends on the 470 

square root of L and on the square of AADTL), this reveals that the significance of the 471 

remaining variables on crash rate could not be correct in the tobit model.  472 

 473 
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7. Summary and Conclusions 474 

The paper explores the use of the random-parameters Negative Binomial model (RPNB) 475 

to account for heterogeneity across accident observations by allowing model parameters to 476 

randomly vary in contrast with the fixed-parameters Negative Binomial (NB) model. 477 

Using 4 years of severe crash data from Italian motorway tunnels with unidirectional traffic 478 

only, and assuming crash counts (number of severe crashes in the 4-year period) as dependent 479 

variable, the following results may be drawn. Severe crashes are positively associated with: 480 

tunnels length (L), annual average daily traffic per lane (AADTL), and number of lanes (NL). 481 

In contrast the presence of the sidewalk (SW) and the percentage of trucks (%Tr) are not 482 

found statistically significant factors. It was found that the coefficients associated to the 483 

significant variables L and D1 should be considered as random variables. The interpretation of 484 

random coefficients has contributed to a fuller understanding of the way in which the 485 

corresponding covariates influence crash frequency.  486 

The RPNB model was found to be  statistically quite similar to NB one, which appears to 487 

differ form results relative to accidents occurred on open roads. One possible explanation is 488 

that, being tunnels closed structures with controlled conditions, they might not have as much 489 

heterogeneity as open roads. This, however, need to be better investigated by means of other 490 

studies in tunnels different from Italian ones. 491 

To account for temporal correlations in crash data, the Negative Binomial model where 492 

both the intercept and parameters are allowed to vary randomly (RPINB) was considered. 493 

Since, however, the “inverse dispersion” parameter   of the RPINB model was found to 494 

diverge to infinity, the Poisson model where both the regression intercept and parameters are 495 

allowed to randomly vary (RPIP) was adopted. It was found that the coefficients associated to 496 

the variables L and D1 should be considered as random variables, which added more 497 

information about the way in which the corresponding covariates influence crash frequency. 498 
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This model confirmed the presence of a significant year effect, consisting in a systematic 499 

reduction in severe crashes over years. The RPIP model, however, was found to be 500 

statistically quite similar to the intercept-random Poisson (RIP) model.  501 

The fact that, in the present case study, random-parameters models are found to be 502 

statistically quite similar to fixed-parameters ones might be attributable to the combination of 503 

different factors. In particular, in addition to the fact that tunnels might not have as much 504 

heterogeneity as open roads, this might have been caused also by the number of independent 505 

variables available for the analysis, the sample size,  the number and type of parameters that 506 

are found to be random compared to fixed ones. In this respect, however, it is to be stressed 507 

that also Garnowki and Manner (2011) found that the use of a random-parameters model 508 

compared to a fixed-parameters one might lead to a small improvement in the model fit; 509 

moreover Chen and Tarko (2014) showed that the random-parameters negative binomial 510 

model with random-effects (both the intercept that parameters are allowed to vary randomly) 511 

gives results similar to those of the random-intercept model. However, this is not, in our 512 

opinion, a justification for “a priori” using  an approach which cannot account for regression 513 

parameters varying randomly across observations. Therefore studies should be addressed 514 

towards unobserved heterogeneity to make additional developments possible in research. 515 

Future research should also be addressed to analyzing the effect of distributions of random-516 

parameters different from the normal one (e.g., uniform, log-normal, Weibull, triangular, etc.) 517 

on the significance of the regression model.  518 

The use of crash rate (number of crashes per 100-million vehicle-kilometres) instead of 519 

crash frequency as dependent variable in statistical modelling is also investigated, in order to 520 

understand more especially if a different significance of the covariates might be expected. In 521 

this respect, a random-parameters tobit regression model that use accident rate as dependent 522 

continuous variable left-censored at zero was developed. In contrast to the analysis based on 523 
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accident counts,  it resulted that number of lanes (NL) and high level of traffic per lane (D2) 524 

are not statistically significant variables, whereas the percentage of trucks (%Tr) and the 525 

presence of sidewalk (SW) is statistically significant. In the light of this findings, it is to be 526 

stressed that modeling accident occurrence by using crash rate instead of crash counts may 527 

result in different significance of covariate in regression models. This appears to be 528 

attributable to fact that the variables L and  AADTL  are no more involved as independent 529 

variables in the regression model, but they act on the value of the dependent variable (i.e. the 530 

crash rate) in a linear way. Given that the dependence of crash occurrence on L and AADTL is 531 

usually not linear, this could lead to a misinterpretation of the influence of the remaining 532 

variables on crash rate. Therefore, it is suggested that some caution has to be used when using 533 

crash rates to detect significant variables. 534 

It is to be said that in the current study we have modeled crash frequencies and rates 535 

without taking into account of their injury-severities. Therefore a possible direction of 536 

expansion of the present work could be an analysis based on the injury-severity distribution.  537 

Another possible extension of this paper in future studies should be testing the influence of 538 

trucks on crashes occurred in tunnels using dummy variables for truck percentage. 539 

 540 
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