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Abstract.  In this paper a simple and a more sophisticated design procedure to design 
moment resisting concrete frames, is presented. This methodology allows to design structures 
having a smart behavior when subjected to seismic excitation. In fact, the structure develops 
the maximum number of dissipative zones by means of a particular collapse mechanism: the 
global one. The proposed procedure is based on the application of the kinematic theorem of 
the plastic collapse through the evaluation of the sum of the plastic moments of the columns 
required, at each storey, to prevent undesired failure modes such as soft-storey mechanism. 
In this work the authors show how the classical design methodology based on the beam-
column hierarchy criterion does not allow to obtain a global mechanism.  
Beam-column hierarchy criterion, commonly suggested by seismic codes, appears only as a 
very rough approximation when compared to Theory of Plastic Mechanism Control (TPMC) 
and its theoretical background. By applying this classic methodology, if a global mechanism 
is obtained, the design of the column section and its reinforcement are not optimized. In fact, 
only with the theory already recalled we can obtain the minimum of section columns able to 
provide the development of a global mechanism. Significant improvements proposed by this 
approach include, among others, the possibility to account for different amount of 
reinforcement, not only at the top and bottom of the beam section, but also at the beam ends 
(left and right). A practical application of the TPMC process for the design of a multi-storey 
frame is presented, with push-over analysis that investigate the actual collapse mechanism of 
the designed structure. All the obtained results confirm the capability of the design procedure 
to achieve a collapse mechanism of global type. The importance of this theory and therefore 
of the design structures is the possibilities to maximize the energy dissipation capacity and 
global ductility because all the dissipative zones are involved in the corresponding yielding 
pattern.
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1. INTRODUCTION 

In order to avoid undesired collapse mechanisms, hierarchy criterion, reported in all the 

modern seismic codes, suggests that at any joint, the sum of the flexural strength of the 

columns is greater than the sum of the flexural strength of the beams converging in the same 

joint [1, 2]. In a collapse mechanism of global type the energy dissipation capacity and global 

ductility supply are maximized because all the dissipative zones are involved in the 

corresponding pattern of yielding while all the other structural parts remain in elastic range. In 

fact, with reference to moment resisting frames, the maximum number of plastic hinges is 

obtained when two plastic hinges develops in each bay and they are usually located at beam 

ends. In a seismic resistant concrete frame, beams and columns are identified as dissipative 

and non-dissipative zones, respectively. These are the basic principles of capacity design 

approach, independently of the structural scheme and the constructional material [3, 5]. 

Unfortunately, the beam-column hierarchy criterion does not assure the development of a 

collapse mechanism of global type but it is, generally, only able to prevent “soft-storey” 

mechanisms; in fact, it is a non-rigorous application of capacity design principles. In addition, 

several research are devote in recent years to the understand of seismic collapse mode of 

reinforced concrete frames, the induced loss and the retrofitting technics to be adopted in 

order to obtain a better and more dissipative collapse mechanism both in case of existing 

structures [6, 9] and in case of new structures [10, 17].  

In order to overcame this problem, a more sophisticated design procedure, based on the 

kinematic theorem of plastic collapse and on second order plastic analysis (i.e. the concept of 

mechanism equilibrium curve) has been presented. “Theory of Plastic Mechanism Control” 

(TPMC) has been obtained as a powerful tool for the seismic design. In particular, it consists 

on the extension of the kinematic theorem of plastic collapse to the concept of mechanism 

equilibrium curve. In fact, for any given structural typology, the design conditions to be 

applied in order to prevent undesired collapse mechanisms can be derived by imposing that 

the mechanism equilibrium curve, corresponding to the global mechanism, has to be located 

below those corresponding to all the other undesired mechanisms up to a displacement level 

compatible with the local ductility supply of dissipative zones. This design approach has been 

applied to different steel structural typologies such as MRFs with RBS connections, EB-

Frames, dissipative truss-moment frames, MRF-CBF dual systems and MRFs equipped with 

friction dampers [18, 26]. Starting from the above background, the TPMC is developed also 

with reference to the reinforced concrete frames [27, 28]. In the present paper, a worked 

example and a validation of the proposed design procedure are presented. 

Furthermore, the simplicity of this smart method will be emphasized by means of a worked 

example aiming to show its practical application which can be carried out even by means of 

hand calculations. In addition, static inelastic analyses are carried out to control the fulfilment 

of the desired collapse mechanism typology, i.e. a collapse mechanism of global type. 

 

2. DESIGN WITH THEORY OF PLASTIC MECHANISM CONTROL 

In general, three main collapse mechanism typologies that the structure is able to exhibit 

can be recognized: these mechanisms, depicted in Figure 1, are to be considered undesired 

because they do not involve all the dissipative zones. 
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Type-1 mechanism starts from the first storey level. Plastic hinges develop at the beam 

ends of all the 𝑖𝑚 -th number of storeys involved, at the base section of the first storey 

columns and at the top section of the 𝑖𝑚-th storey columns. Type- 2 mechanism starts to the 

top of the structure and involves an 𝑖𝑚-th number of storey. Plastic hinges develop at all the 

beam ends and the base section of the 𝑖𝑚-th storey columns. Type-3 mechanism involves only 

one storey, and plastic hinges develop at the top and base section of the same storey columns. 

The design goal is the global mechanism, a particular case of type-2 mechanism, involving all 

the storeys. 

TPMC allows the theoretical solution of the problem of designing a structure failing in 

global mode, i.e. assuring that plastic hinges develop only at beam ends while all the columns 

remain in elastic range with the only exception of base sections at first storey columns. At the 

base of the TPMC there is the concept of linearized mechanism equilibrium curve for each 

considered mechanism, expressed by: 

𝛼 = 𝛼0 − 𝛾𝛿 (1) 

𝛼 depends on two parameters: the kinematically admissible multiplier of horizontal forces α0 

and the mechanism equilibrium curve 𝛾; both derived according to rigid-plastic theory, using 

the principle of virtual work. 

For the better comprehension of the following, the adopted notation is reported to Table 1. 

Within the framework of a kinematic approach, for any given collapse mechanism, the 

mechanism equilibrium curve can be easily derived by equalling the external work to the 

internal work. In the case of global type mechanism, for a virtual rotation 𝑑𝜃 of plastic hinges 

of the columns at first storey, the internal work can be expressed, for earthquake from Left to 

Right (LR) as: 

𝑊𝑖,𝐿𝑅 = [∑ 𝑀𝑐,𝑖,1 + ∑ ∑ 𝑀𝑏.𝑗𝑘,𝐿
+ + ∑ ∑ 𝑀𝑏.𝑗𝑘,𝑅

−

𝑛𝑏

𝑗=1

𝑛𝑠

𝑘=1

𝑛𝑏

𝑗=1

𝑛𝑠

𝑘=1

𝑛𝑐

𝑖=1

] 𝑑𝜃 = [𝑀𝑐,1 + 𝑀𝑏,𝑅𝑑,𝐿
+ + 𝑀𝑏,𝑅𝑑,𝑅

− ]𝑑𝜃 (2) 

For earthquake from Right to Left (RL): 

𝑊𝑖,𝑅𝐿 = [∑ 𝑀𝑐,𝑖,1 + ∑ ∑ 𝑀𝑏.𝑗𝑘,𝐿
− + ∑ ∑ 𝑀𝑏.𝑗𝑘,𝑅

+

𝑛𝑏

𝑗=1

𝑛𝑠

𝑘=1

𝑛𝑏

𝑗=1

𝑛𝑠

𝑘=1

𝑛𝑐

𝑖=1

] 𝑑𝜃 = [𝑀𝑐,1 + 𝑀𝑏,𝑅𝑑,𝐿
− + 𝑀𝑏,𝑅𝑑,𝑅

+ ]𝑑𝜃 (3) 

The external work due to the horizontal forces, is: 

𝑊𝑒 = [𝛼 ∑ 𝐹𝑘ℎ𝑘

𝑛𝑠

𝑘=1

] 𝑑𝜃 = [𝛼𝑀𝐹]𝑑𝜃 (4) 

This value is the same for both LR and RL seismic input direction. 

Therefore, the application of the virtual work principle provides the kinematically 

admissible multiplier that, for LR earthquake, can be written as: 

𝛼0,𝐿𝑅
(𝑔) =

[𝑀𝑐,1 + 𝑀𝑏,𝑅𝑑,𝐿
+ + 𝑀𝑏,𝑅𝑑,𝑅

− ]

𝑀𝐹
 

     (5) 

and for RL earthquake: 

𝛼0,𝑅𝐿
(𝑔) =

[𝑀𝑐,1 + 𝑀𝑏,𝑅𝑑,𝐿
− + 𝑀𝑏,𝑅𝑑,𝑅

+ ]

𝑀𝐹
 

     (6) 
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In addition, in order to account for second-order effects, the external second-order work 

due to vertical load is also evaluated.  

𝑊𝑣 = ∑ 𝑉𝑘ℎ𝑘

𝑛𝑠

𝑘=1

𝛿

𝐻𝑜
𝑑𝜃 = 𝑀𝑉

𝛿

𝐻𝑜
𝑑𝜃 

(7) 

This quantity, as for external work 𝑊𝑒  of Eq. (4), is not dependent on seismic input 

direction. By accounting for this value, the virtual work principle can be written, for LR 

earthquake, as: 

𝑊𝑖,𝐿𝑅 = 𝑊𝑒 + 𝑊𝑣      (8) 

By substituting Eqs. (2), (4) and (7) in Eq. (8) the following relation can be obtained: 

[𝑀𝑐,1 + 𝑀𝑏,𝑅𝑑,𝐿
+ + 𝑀𝑏,𝑅𝑑,𝑅

− ]𝑑𝜃 = [𝛼𝑀𝐹]𝑑𝜃 + 𝑀𝑉

𝛿

𝐻𝑜
𝑑𝜃 (9) 

By means of simple steps it is immediately recognized the form of the linearized 

mechanism equilibrium curve expressed by Eq. (1). So for LR earthquake: 

𝛼𝐿𝑅
(𝑔)

= 𝛼0,𝐿𝑅
(𝑔)

− 𝛾(𝑔)𝛿 =
𝑀𝑐,1 + 𝑀𝑏,𝑅𝑑,𝐿

+ + 𝑀𝑏,𝑅𝑑,𝑅
−

𝑀𝐹

−

1
𝐻𝑜

𝑀𝑉

𝑀𝐹

𝛿 
(10) 

In the same way for RL earthquake the virtual work principle provides: 

𝑊𝑖,𝑅𝐿 = 𝑊𝑒 + 𝑊𝑣 (11) 

and by substituting Eqs. (3), (4) and  (7) in Eq. (11): 

[𝑀𝑐,1 + 𝑀𝑏,𝑅𝑑,𝐿
− + 𝑀𝑏,𝑅𝑑,𝑅

+ ]𝑑𝜃 = [𝛼𝑀𝐹]𝑑𝜃 + 𝑀𝑉

𝛿

𝐻𝑜
𝑑𝜃 (12) 

So for RL earthquake: 

𝛼𝑅𝐿
(𝑔)

= 𝛼0,𝑅𝐿
(𝑔)

− 𝛾(𝑔)𝛿 =
𝑀𝑐,1 + 𝑀𝑏,𝑅𝑑,𝐿

− + 𝑀𝑏,𝑅𝑑,𝑅
+

𝑀𝐹

−

1
𝐻𝑜

𝑀𝑉

𝑀𝐹

𝛿 
(13) 

Therefore, the slope of the mechanism equilibrium curve 𝛾, can be easily obtained. In the 

case of global mechanism it is given by: 

𝛾(𝑔) =

1
𝐻𝑜

𝑀𝑉

𝑀𝐹
=

1
ℎ𝑛𝑠

𝑀𝑉

𝑀𝐹
 

(14) 

also this parameter is not dependent on the seismic input direction. 

Therefore, the linearized mechanism equilibrium curves of global mechanism                 

𝛼𝐿𝑅 = 𝛼0,𝐿𝑅
(𝑔)

− 𝛾(𝑔)𝛿 and 𝛼𝑅𝐿 = 𝛼0,𝑅𝐿
(𝑔)

− 𝛾(𝑔)𝛿 are completely defined. 

For each considered mechanism (Figure 1) a mechanism equilibrium curve can be 

obtained. In particular, for the im -th mechanism (im = 1, 2, … , 𝑛𝑠)  of the 𝑡 -th mechanism 

typology (𝑡 = 1, 2, 3) the application of kinematic theorem of plastic collapse provides for 

LR earthquake: 

                            𝛼𝑖𝑚,𝐿𝑅
(𝑡) = 𝛼0,𝑖𝑚,𝐿𝑅

(𝑡)
− 𝛾𝑖𝑚

(𝑡)
 𝛿                𝑡 = 1,2,3        𝑖𝑚 = 1,2, … 𝑛𝑠      (15) 

While for RL earthquake: 

                            𝛼𝑖𝑚,𝑅𝐿
(𝑡) = 𝛼0,𝑖𝑚,𝑅𝐿

(𝑡)
− 𝛾𝑖𝑚

(𝑡)
 𝛿                𝑡 = 1,2,3        𝑖𝑚 = 1,2, … 𝑛𝑠      (16) 
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where 𝛼0,𝑖𝑚
(𝑡)

 and 𝛾𝑖𝑚
(𝑡)

 represent, respectively, the kinematically admissible multiplier and 

the slope of mechanism equilibrium curve of the 𝑖𝑚-th mechanism of the 𝑡-th mechanism 

typology. As a consequence, the unknowns of the design problem are the column sections. 

They could be determined by means of design conditions expressing that the kinematically 

admissible multiplier corresponding to the global mechanism is the minimum among all 

kinematically admissible multipliers corresponding to all other mechanisms (Figure 1). 

Obviously, this design condition is able to assure the desired collapse mechanism only in case 

of rigid-plastic behaviour, while actual structures are characterized by elastic displacements 

before the development of a plastic mechanism. Due to these elastic displacements, second-

order effects of vertical loads cannot be neglected. These effects can be taken into account by 

imposing that the mechanism equilibrium curve corresponding to the global mechanism has to 

lie below those corresponding to all other mechanisms i.e. the upper bound theorem of plastic 

design is to be satisfied for each value of the displacements 𝛿 (Figure 2).  

However, the fulfilment of this requirement is necessary only up to a selected ultimate 

displacement 𝛿𝑢, which has to be compatible with the ductility supply of structural members. 

This condition corresponds to impose that, for LR earthquake: 

𝛼𝐿𝑅
(𝑔)

= 𝛼0,𝐿𝑅
(𝑔)

− 𝛾(𝑔) 𝛿𝑢  ≤  𝛼0,𝑖𝑚,𝐿𝑅
(𝑡)

− 𝛾𝑖𝑚
(𝑡)

 𝛿𝑢 = 𝛼𝑖𝑚,𝐿𝑅
(𝑡)

      (17) 

and for RL earthquake: 

𝛼𝑅𝐿
(𝑔)

= 𝛼0,𝑅𝐿
(𝑔)

− 𝛾(𝑔) 𝛿𝑢  ≤  𝛼0,𝑖𝑚,𝑅𝐿
(𝑡)

− 𝛾𝑖𝑚
(𝑡)

 𝛿𝑢 = 𝛼𝑖𝑚,𝑅𝐿
(𝑡)

      (18) 

for  𝑖𝑚 = 1, 2 3, … , 𝑛𝑠  and     𝑡 = 1, 2, 3. 

Therefore, there are 𝟔𝐧𝐬  design conditions to be satisfied for a structural scheme 

having 𝒏𝒔  storeys. With reference to 𝒊𝒎 -th mechanism of type-1, the kinematically 

admissible multiplier of seismic horizontal forces is given, for LR earthquake, by:  

𝛼0,𝑖𝑚,𝐿𝑅

(1)
=

𝑀𝑐,1 + ∑ ∑ 𝑀𝑏.𝑗𝑘,𝐿
+𝑛𝑏

𝑗=1
𝑖𝑚−1
𝑘=1 + ∑ ∑ 𝑀𝑏.𝑗𝑘,𝑅

−𝑛𝑏
𝑗=1

𝑖𝑚−1
𝑘=1 + 𝑀𝑐,𝑖𝑚

∑ 𝐹𝑘ℎ𝑘
𝑖𝑚
𝑘=1 + ℎ𝑖𝑚

∑ 𝐹𝑘
𝑛𝑠

𝑘=𝑖𝑚+1

      (19) 

and for RL earthquake by: 

𝛼0,𝑖𝑚,𝑅𝐿

(1)
=

𝑀𝑐,1 + ∑ ∑ 𝑀𝑏.𝑗𝑘,𝐿
−𝑛𝑏

𝑗=1
𝑖𝑚−1
𝑘=1 + ∑ ∑ 𝑀𝑏.𝑗𝑘,𝑅

+𝑛𝑏
𝑗=1

𝑖𝑚−1
𝑘=1 + 𝑀𝑐,𝑖𝑚

∑ 𝐹𝑘ℎ𝑘
𝑖𝑚
𝑘=1 + ℎ𝑖𝑚

∑ 𝐹𝑘
𝑛𝑠

𝑘=𝑖𝑚+1

      (20) 

while the slope of the mechanism equilibrium curve, which is the same for both directions, is: 

𝜸𝒊𝒎

(𝟏)
=

𝟏

𝒉𝒊𝒎

∑ 𝑽𝒌𝒉𝒌 + 𝒉𝒊𝒎
∑ 𝑽𝒌

𝒏𝒔
𝒌=𝒊𝒎+𝟏

𝒊𝒎
𝒌=𝟏

∑ 𝑭𝒌𝒉𝒌
𝒊𝒎

𝒌=𝟏 + 𝒉𝒊𝒎
∑ 𝑭𝒌

𝒏𝒔

𝒌=𝒊𝒎+𝟏

 (21) 

With reference to 𝑖𝑚-th mechanism of type-2 the kinematically admissible multiplier of 

seismic horizontal forces is given, for LR earthquake, by: 

𝛂𝟎,𝐢𝐦,𝐋𝐑

(𝟐)
=

𝐌𝐜,𝐢𝐦 + ∑ ∑ 𝐌𝐛.𝐣𝐤,𝐋
+ + ∑ ∑ 𝐌𝐛.𝐣𝐤,𝐑

−𝐧𝐛
𝐣=𝟏

𝐧𝐬
𝐤=𝐢𝐦

𝐧𝐛
𝐣=𝟏

𝐧𝐬
𝐤=𝐢𝐦

∑ 𝐅𝐤(𝐡𝐤
𝐧𝐬

𝐤=𝐢𝐦
− 𝐡𝐢𝐦−𝟏)

   (22) 

and for RL earthquake by: 
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𝛂𝟎,𝐢𝐦,𝐑𝐋

(𝟐)
=

𝐌𝐜,𝐢𝐦 + ∑ ∑ 𝐌𝐛.𝐣𝐤,𝐋
− + ∑ ∑ 𝐌𝐛.𝐣𝐤,𝐑

+𝐧𝐛
𝐣=𝟏

𝐧𝐬
𝐤=𝐢𝐦

𝐧𝐛
𝐣=𝟏

𝐧𝐬
𝐤=𝐢𝐦

∑ 𝐅𝐤(𝐡𝐤
𝐧𝐬

𝐤=𝐢𝐦
− 𝐡𝐢𝐦−𝟏)

   (23)  

while the slope of the mechanism equilibrium curve is: 

𝛄𝐢𝐦

(𝟐)
=

𝟏

𝐡𝐧𝐬
− 𝐡𝐢𝐦−𝟏

 
∑ 𝐕𝐤(𝐡𝐤 − 𝐡𝐢𝐦−𝟏)

𝐧𝐬
𝐤=𝐢𝐦

∑ 𝐅𝐤(𝐡𝐤
𝐧𝐬

𝐤=𝐢𝐦
− 𝐡𝐢𝐦−𝟏)

 (24) 

Finally, with reference to 𝑖𝑚 -th mechanism of type-3, the kinematically admissible 

multiplier of horizontal forces, is given by: 

𝛂𝟎,𝐢𝐦

(𝟑)
=

𝟐𝐌𝐜,𝐢𝐦

(𝐡𝐢𝐦
− 𝐡𝐢𝐦−𝟏) ∑ 𝐅𝐤

𝐧𝐬

𝐤=𝐢𝐦

 (25) 

In this case the expression is the same for both directions of earthquake because the beams are 

not involved in this collapse mechanism. 

In addition, the corresponding slope of the mechanism equilibrium curve is given by: 

𝛄𝐢𝐦

(𝟑)
=

∑ 𝐕𝐤
𝐧𝐬
𝐤=𝐢𝐦

(𝐡𝐢𝐦
− 𝐡𝐢𝐦−𝟏) ∑ 𝐅𝐤

𝐧𝐬

𝐤=𝐢𝐦

 (26) 

It is important to underline that, for any given geometry of the structural system, the slope 

of mechanism equilibrium curve attains its minimum value when the global type mechanism 

is developed. In fact, it is easy to check that 𝛾(𝑔) , which is equal to 𝛾1
(2)

, is always the 

minimum value among all the 𝛾𝑖𝑚

(𝑡)
. This issue assumes a paramount importance in TPMC 

allowing the extension of the kinematic theorem of plastic collapse to the concept of 

mechanism equilibrium curve by simply checking relations (17) and (18) for the value 𝛿 =

𝛿𝑢, as depicted in Figure 2. 

3. WORKED EXAMPLE 

In order to show the practical application of the proposed design procedure, the seismic 

design of a four-bay four-storey moment resisting frame is presented in this section. The 

inelastic behaviour of the designed structure is successively examined by means of a push-

over static inelastic analysis, confirming the fulfilment of the design goal, i.e. the location of 

the yielding zones at the beam ends with the only exception of the base section of first-storey 

columns. The structural scheme of the frame to be designed is shown in Figure 3. The 

interstorey height is equal to 3m. The characteristic values of the vertical loads acting on the 

beams are equal to 21.89 kN/m and 8 kN/m for permanent (𝐺𝑘 ) and live (𝑄𝑘 ) actions, 

respectively. The structural materials adopted are concrete C25/30 and reinforcement of steel 

grade B450C. According to Eurocode 8, the value of the period of vibration to be used for 

preliminary design is: 

𝑻 = 𝟎. 𝟎𝟕𝟓 𝑯𝟑/𝟒 = 𝟎. 𝟎𝟕𝟓 ∙ 𝟏𝟐𝟑/𝟒 ≈ 𝟎. 𝟒𝟖 𝒔  (27) 

where 𝐻 is the total height of the frame. 
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With reference to the design spectrum for stiff soil conditions (soil class A of Eurocode 8) 

and by assuming a behaviour factor 𝑞 equal to 3.9, the horizontal seismic forces are those 

depicted in Figure 3. 

In the following, the numerical development of the design steps for the structural scheme 

described above is provided. 

a) Selection of the design top sway displacement 
The selection of the maximum top sway displacement up to which the global mechanism 

has to be assured is a very important design issue, because the value of this displacement 

governs the magnitude of second order effects accounted for in the design procedure. A good 

criterion to choose the design ultimate displacement 𝛿𝑢 is to relate it to the plastic rotation 

supply of beams or beam-to-column connections by assuming 𝛿𝑢 = 𝜃𝑢 ∙ ℎ𝑛𝑠 (where 𝜃𝑢 can be 

assumed equal to 0.01 rad).  

As a consequence, the design value of the top sway displacement has been assumed equal to: 

𝛿𝑢 = 0.01 ∙ ℎ𝑛𝑠 = 0.01 ∙ 12 = 0.12 𝑚 (28) 

b) Design of beam sections to withstand vertical loads. 
The load acting on the frame in the vertical load combination is: 

𝑄𝑆𝐿𝑈 = 1.3 𝐺𝑘 + 1.5 𝑄𝑘 = 40.46 𝑘𝑁/𝑚 (29) 

For the design of the beams has been considered a bending moment equal to: 

𝑴𝒎𝒂𝒙 =
𝑸𝑺𝑳𝑼 ∙ 𝑳𝟐

𝟖
 (30) 

Therefore, by imposing the base of the section equal to b=30 cm, is possible to calculate 

the height of the beam through the following design relation: 

𝒅 = 𝒓√
𝑴𝑺𝒅

𝒃
 

(31) 

where 𝑑 is the effective depth of the cross-section, 𝑀𝑆𝑑 is the design value of the applied 

internal bending moment and 𝑟  is a coefficient, function of different factors (normalized 

neutral axis depth 𝜉 , reinforcement ratio between compressive and tension bars 𝜌, design 

value of concrete compressive strength 𝑓𝑐𝑑, design value of yield strength of steel 𝑓𝑠𝑑). 

Assuming 𝜉 = 0.25 and 𝜌 = 0.25 a value of 𝑟 = 0.19 is obtained. As a consequence the 

amount of reinforcement is given by: 

𝐴𝑠 =
𝑀𝑆𝑑

0.85 ∙ ℎ ∙ 𝑓𝑠𝑑
 (32) 

Obviously the number of steel bars in the beam is such that: 

𝑀𝑅𝑑 > 𝑀𝑆𝑑 (33) 

where 𝑀𝑅𝑑 is the design value of the resistant moment and 𝑀𝑆𝑑 is the design value of the 

applied internal bending moment. The reinforcement at the beam ends are reported in Table 2. 

c) Computation of the slopes of mechanism equilibrium curve 𝛾𝑖𝑚

(𝑡). 
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By means of Eqs. (21), (24) and (26) the slopes of mechanism equilibrium curves are 

computed. These values are reported in Table 3. 

In particular it is important to underline that the slope value corresponding to the global 

mechanism 𝛾(𝑔) = 𝛾1
(2)

, is the minimum among all the 𝛾𝑖𝑚

(𝑡)
 values: 

𝛾(𝑔) = 0.0034 𝑐𝑚−1 (34) 

d) Computation of the required sum of plastic moments of columns at first storey 𝑀𝑐,1. 
The required sums of plastic moments of columns at first storey for LR and RL earthquake 

are equal to 𝐌𝐜,𝟏,𝐋𝐑 = 𝟏𝟑𝟖𝟏. 𝟓𝟐 𝐤𝐍𝐦 and 𝐌𝐜,𝟏,𝐑𝐋 = 𝟏𝟑𝟕𝟑. 𝟏𝟖 𝐤𝐍𝐦, respectively. 

e) Distribution among the columns proportionally to their number. 
According to the global mechanism, axial forces in the columns at collapse state depend 

both from the distributed loads acting on the beams and from the shear action due to the 

development of plastic hinges at the beam ends, as depicted in Figure 4 (with reference to the 

earthquake from Left to Right). So that, the total load transmitted by the beams to the columns 

is the sum of two contributions. The first one, 𝑁𝑞, is related to the vertical loads acting in the 

seismic load combination (i.e. the sum of 𝑞𝑙 2⁄  type contributions). 

In Table 4 the axial forces due to vertical loads, for both directions of earthquake, are 

reported for each storey and for each column. 

The second one, 𝑁𝑀,𝐿𝑅 (or 𝑁𝑀,𝑅𝐿), is related to the shear actions due to the plastic hinges 

developed at the beam ends i.e. the sum of (𝑀𝑏.𝑗𝑘,𝐿
+ + 𝑀𝑏.𝑗𝑘,𝑅

− ) 𝑙⁄  for earthquake from left to 

right (or the sum of (𝑀𝑏.𝑗𝑘,𝐿
− + 𝑀𝑏.𝑗𝑘,𝑅

+ ) 𝑙⁄  for earthquake from right to left). In Table 5 these 

contributions are reported. 

Therefore the required bending moment for each column Mc,i,1, the section, the upper and 

lower reinforcement and the axial force, for both directions of the earthquake are reported in 

Table 6. 

The sums of obtained column plastic moments at first storey are: 𝑀𝑐,𝑅𝑑,1,𝐿𝑅 =

1708.70 𝑘𝑁𝑚 for LR earthquake and 𝑀𝑐,𝑅𝑑,1,𝑅𝐿 = 1696.97 𝑘𝑁𝑚for RL earthquake which 

are greater than the required one. As a consequence the value of α0
(g)

 for LR and RL 

earthquake are equal to 𝛼0,𝐿𝑅
(𝑔)

= 2.3856 and 𝛼0,𝑅𝐿
(𝑔)

= 2.3815, respectively. 

f) Computation of the required sum of plastic moments of columns 𝑀𝑐,𝑖𝑚
(𝑡)  at any storey to 

avoid undesired mechanism. 
The sum of the plastic moments of columns governing the column design at each storey is 

given, by the underlined values, in Table 7 for earthquake from Left to Right and in Table 8 

for earthquake from Right to Left. 

g) Design of column sections at each storey. 
The required sum of column plastic moments 𝑀𝑐,𝑖,𝑖𝑚

, the section, the upper and lower 

reinforcement, the axial force for both directions of the earthquake are reported in Table 9 

h) Checking of technological condition 
By observing Table 6 and Table 9 it can be noted that there are some column sections at 

the first storey which are smaller than the corresponding ones required at the second storey, 

therefore, a technological condition at the first storey is not satisfied. As a consequence, the 
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values of 𝑀𝑐,𝑅𝑑,1,𝐿𝑅 and 𝑀𝑐,𝑅𝑑,1,𝑅𝐿 need to be updated and the procedure needs to be repeated 

from the step e). 

 

4. VALIDATION OF THE DESIGN PROCEDURE 

In order to validate the design procedure, a static non-linear analysis has been carried out 

by means SAP2000 computer program [29]. This analysis has the primary aim to confirm the 

development of the desired collapse mechanism typology and to evaluate the obtained energy 

dissipation capacity, testing the accuracy of the proposed design methodology. 

Regarding the structural modelling, the mechanical non-linearities, have been concentrated 

at beam and column ends by means of plastic hinge elements. The constitutive law of such 

plastic hinge elements is provided by a rigid plastic moment-rotation curve. The type of hinge 

depends on the element considered i.e. by its internal action. In fact, for the beams and the 

columns M3 and P-M3 hinge type have been considered, respectively. In case of P-M3 hinge 

type, the interaction domain P-M has been evaluated for each column and used in SAP2000 

computer program. The results of the push-over analysis are mainly constituted by base shear 

– top sway displacement curve which is depicted in Figure 5.   

In this figure is possible to observe, through continuous lines, the push-over curve and the 

linearized mechanism equilibrium curve of global mechanism, for earthquake from Left to 

Right, whose expression is: 

𝜶𝑳𝑹
(𝒈)

= 𝟐. 𝟑𝟖𝟓𝟔 − 𝟎. 𝟎𝟎𝟑𝟑𝟖𝟖 𝛅 (35) 

Dash-dot lines are used for earthquake to Right to Left and the expression is: 

𝜶𝑹𝑳
(𝒈)

= 𝟐. 𝟑𝟖𝟏𝟓 − 𝟎. 𝟎𝟎𝟑𝟑𝟖𝟖 𝛅  (36) 

As already underlined there is a mechanism equilibrium curve for both direction of 

earthquake. The two mechanism equilibrium curves are different but only for what concern 

the 𝛼0 value (even if the difference is very small) while the slope is the same. 

As it was expected, also the LR push-over curve is different from RL one. This difference 

can be easily understood if we consider that the axial forces in the columns are different in the 

two considered push-over and, as a consequence, also the plastic moment is different. 

Notwhitsgtanding, in this case, the two curves are very close one each other but there is no 

proof of the fact that this represent a general result. So that both curves should be always 

considered when a non-symmetric moment-resisting frame is analized. 

A further confirmation, even the most important, of the fulfilment of the design objective is 

represented by the pattern of yielding developed at the occurrence of the design ultimate 

displacement. In fact, developed plastic hinges are shown in Figure 6 and their pattern is in 

perfect agreement with the global mechanism. 

In order to fulfill the serviceability requirements the interstorey drift have been checked 

with reference to the limit reported in the Eurocode 8. In particular the considered limit refers 

to buildings having non structural elements of brittle materials attached to the structure: 

𝐝𝐫 𝛎 ≤ 𝟎. 𝟎𝟎𝟓 𝐡 (37) 
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where 𝑑𝑟  is the design interstorey drift, evaluated as the difference between the lateral 

displacements 𝑑𝑠 at the top and bottom of the storey under consideration, 𝜈 is the reduction 

factor which takes into account the lower return period of the seismic action associated with 

the damage limitation requirement and ℎ is the corresponding interstorey height. The value of 

the reduction factor ν depend on the importance class of the building (a value of 𝜈 = 0.5 was 

adopted). In Table 10 the interstorey limits are reported together the absolute 𝑑𝑠 and relative 

𝑑𝑟 displacements. If this serviceability requirement is not verified the structural stiffness can 

be improved by increasing the beam sections or the ultimate design displacement. In fact, in 

both cases the final results will be a more rigid structure with respect to the one obtained in 

the worked example herein presented. In addition, it useful to note that in the design 

procedure also the effect of modified section could be considered. In fact, in order to increase 

the ductility of a reinforced concrete section an external confinment can be used [30,31]. 

5. CONCLUSIONS 

In this paper a simple and a more sophisticated design procedure to design moment resisting 

concrete frames, is presented. On the base of the extension of the kinematic theorem of plastic 

collapse to the concept of mechanism equilibrium curve, the Theory of Plastic Mechanism 

Control allows to develope a collapse mechanism of global type through the evaluation of the 

sum of plastic moments of the columns required at each storey. The closed form solution of 

the design conditions makes the design procedure very easy to be applied. The classical 

design methodology based on the beam-column hierarchy criterion appears only as a very 

rough approximation when compared to TPMC and its theoretical background. The 

semplicity and the reliability of the proposed design procedure has been also demonstrated 

through its application to a four-bays, four-storey frame, leading to the fulfilment of the 

design objective, i.e. the development of a collapse mechanism of global type, as it has been 

confirmed by the results of both push-over static inelastic analysis. The proposed 

methodology can be considered as belonging to the Performance Based Seismic Design 

philosophy [32]. In fact, in order to satisfy the limit states of “Life Safe” or “Near Collapse” 

the designer has to promote a dissipative collapse mechanism avoiding the so called “soft 

storey mechanism”. The proposed procedure constitutes a rigorous application of the capacity 

design principles. In fact, beams are designed in order to bear external loads, while columns 

are designed according to the maximum internal actions transmitted by the dissipative zones. 

In the next future the research activity will be devoted to account also for the influence of 

joists on the collapse mechanism. This influence is always ignored, but it could change the 

designed collapse mechanism [33].  
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