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28 Abstract

31 The pseudo-stagnation graphs of the current density induced by a magnetic field
33 perpendicular to the plane of the carbon atoms of benzene and cyclopropane, chosen
as archetypal of m- and c-aromatic molecules, have been worked out. Saddle nodes
forming the saddle stagnation lines of the pseudo-stagnation graph have been connected
by means of trajectories of the current density, which delimit the border of four different
40 sectors of flow around each saddle line. The merging of all such boundary trajectories
42 provides local zero-flux surfaces in the pseudo-current density, i.e., separatrices, which
44 split the induced current density field in a number of three-dimensional domains of
46 flow. As a result, a new partition scheme, corresponding to the physical flow that one
48 could observe, has been obtained. For benzene and cyclopropane, by integration of the
current density over the various spatial domains, the parallel component of the nuclear
magnetic shielding and magnetizability tensors has been decomposed into contributions

53 that are hard to reconcile with any atomic models of partition.
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1 Introduction

Nearly twenty-five years ago Keith and Bader published three outstanding papers!® concern-
ing the calculation of accurate origin-independent induced molecular current densities,! the
topological analysis of the three-dimensional vector field associated to such induced current
densities? and the expression of the molecular magnetizability tensor as the sum of atomic
contributions.® These papers have paved the way for a very large number of subsequent
works given by many research groups.
The CSGT (continuous set of gauge transformations) method, ! also referred to as CTOCD-

DZ1 (continuous transformation of the origin of the current density - diamagnetic zero, with-

4 or ipsocentric approach,®® has received

out shifting the origin toward the nearest nucleus),
much attention for the calculation of origin-independent current density maps in aromatic,
antiaromatic and non-aromatic systems.”® In parallel, molecular magnetic properties can be
obtained by volume integration of the current density multiplied by an appropriate geomet-
ric factor, i.e., by integration of a property density function.? However, as it concerns the

calculation of molecular magnetic properties, the GIAO (gauge-including atomic orbital or

London orbitals!®:!!)

predictions for both HF and DFT have been found to converge faster
with respect to basis set size than those determined using the CSGT method, and then the
latter is considered relatively less accurate than GIAO using the same basis set,!? so that
most recent work are performed using GIAOs.'? Yet, modification of the CSGT by either a
shift of the current density origin toward the nearest nucleus, as proposed again by Keith
and Bader,! and then referred to as CTOCD-DZ2 (continuous transformation of the origin
of the current density - diamagnetic zero, with shifting the origin toward the nearest nucleus)
by us, or using the nuclear weight function of the Becke’s algorithm,!* greatly improve the
computed nuclear magnetic shieldings.!? Using same basis set, CTOCD-DZ2 predictions for
13C shielding tensor components are generally found very close to the GIAO estimates.
The topological analysis of the magnetically-induced current density, presented by Keith

and Bader in the second of their seminal papers,? enabled one to unambiguously locate and
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1

2

2 classify the critical points for the full three-dimensional vector current field, thus completing
Z and sometime correcting, within a systematic theory, previous works that were limited to
; the analysis of planar maps.®> 22 The recognition that the current density is a fully three-
?O dimensional field represents an essential step to classifying and understanding the structure
:; of such pseudo-observable.

12 In the third paper,?® Bader and Keith showed how to split the magnetizability tensor into
12 atomic contributions, each consisting of a basin and a surface component. The magnetic
1; properties are determined by the electron current density and the atomic behaviour was
;g correlated to the separation into atomic basins of the electron density, in conformity with the
;; quantum theory of atoms in molecules (QTAIM).?? Since, the basin component of an atomic
;i contribution is given by the integral of the magnetization density over the corresponding
;2 atomic basin defined on the topology of Vp(r) and the surface component by the integral of
;é the current density flux through the interatomic surfaces that the atom shares with its bonded
;g neighbours, it has been suggested that the importance of the basin component relative to the
g; surface component could provide a quantitative measure of the electron localization extent
gi within an atomic basin.

22 In this paper we report an in-depth topological analysis of the first-order current density
;73 induced by an external magnetic field perpendicular to the plane of the carbon atoms of
23 benzene and cyclopropane, which open the way of working out a set of surfaces of separation,
2; hereafter referred to as separatrices (single form: separatrix), after Gomes,'® that confine
Zi the current flow into a number of isolated molecular regions, hereafter referred to as current
22 density domains. The parallel component of the magnetizability, '3C, 'H and centre of
j; mass magnetic shielding tensors are then determined integrating the corresponding density
‘;g functions over such domains of current density. Owing to the definition of separatrix, there
g; is no surface components. As a consequence, a new partition scheme that corresponds
gi closely to the effective physical flow is obtained, which permits to understand and quantify
55 the contributions that different molecular regions give to the magnetic properties of the
7
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molecule.

2 Methods

All the results hereafter presented, as well as equilibrium geometries, have been obtained
at the DFT level combining the B97-2 functional?® with the aug-cc-pVTZ basis set.?® A
discussion about the quality of the magnetic properties that can be obtained using the B97-
2 functional has been reported by Flaig et al.?¢

The CTOCD-DZ2 method,*%272® which is based on the CSGT by Keith and Bader,?
has been used to compute the magnetically-induced, origin-independent, first-order current
density. A description of the implementation of the CTOCD method at DFT level has been
given by Havenith et al?*3° and Soncini et al.3!

Equilibrium geometries and unperturbed calculations have been performed using the
Gaussian’09 package.3? First-order coupled-perturbed Kohn-Sham (CPKS) calculations have

been accomplished using the SYSMO suite of programs.33

2.1 Stagnation graph of the current density

This section is aimed at reviewing the stagnation graph (SG) of the current density, the nota-
tion and to describe a simplified SG, i.e., the pseudo-SG,** which provides the fundamental
piece of information to build up the current density domains.

The magnetically-induced current density can be written as a perturbation expansion’

Ja(r) = IO (x) + T (1) Bs + - (1)

where J55(r) is the second-rank current density tensor and J2(r) = J55(r)B; is the first-
order current density. Since the interest here is only on the linear response for system having
a vanishing intrinsic current density, hereafter the magnetically-induced, first-order current

density will be briefly referred to as current density.

4
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1
2
2 The current density JB = JB(r) is a three-dimensional vector field, which can be repre-
Z sented in various ways, for example by means of separated maps of trajectories and moduli'”
; or by using oriented arrows of size proportional to its magnitude.3>3¢ Perhaps, the most
?O convenient and compact way to represent JB is by using the so called stagnation graph
:; of the current density.®' The SG shows the isolated points and the lines at which the
1 i current density vector field vanishes. Points where the field is non-zero are called regular;
12 points where it vanishes are the singular points of the field. The singularities determine the
1; topological structure of the vector field.?
;g The field JB(r) in the vicinity of a singularity at ro can be described as the truncated
;; Taylor series expansion
23
2 B B 1 B
;g T (r) = (rs —ros) (V) + 5 (s = 108)(ry = 705) (VVI3),, +
27
28 . . . . . .
29 where the standard tensor notation is employed and, according to the Einstein convention,
30 . .. .. . . .
31 the summation over repeated Greek indices is implied. The 3 x 3 Jacobian matrix (V.J2)
32 . . . .. .
33 evaluated at the stagnation point ry, has real coefficients and it is non-symmetric in the
34 . . . .
35 absence of molecular point-group symmetry. In the linear approximation,3” only the first
36

term in Eq.(2) is considered and the description of the field about a stagnation point amounts
37 q p g p
38 . . . . . .
39 to solving three coupled linear differential equations arranged into a homogeneous system,
40 . . . .
a1 where the matrix of the system is the Jacobian matrix. Reyn?®® reported a reference model of
42 . .. C .. . . . . .
43 all possible phase portraits in the vicinity of a stagnation point and a classification in terms
44 . . . . . .
45 of the eigenvalues &1, &5, &3 and eigenvectors ty, to, t3 of the Jacobian matrix. A classification
23 of stagnation points adopting the Euler index (rank, signature) has been proposed'®'? and
22 widely adopted.?” The rank r is defined as the number of non-vanishing eigenvalues of the
g? Jacobian matrix. The signature s is the excess of eigenvalues with a positive real part over
gg a negative real part. The continuity equation V,JB = 0 implies that & + & + & = 0, which
gg poses a limit on the possible (r,s). Adopting a conventional nomenclature,® the allowed
56
57
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cases are as follows.

e (3,+£1) points corresponding to isolated singularities. The eigenvalues satisfy the con-
dition & = —R(& + &). If & and & are real then a node or a saddle is observed in
the phase portrait of the flow over the plane of the eigenvectors t; and t,. If & and &

are complex conjugated, a focus is found.

e (2,0) points belong to stagnation lines, {3 = 0 and & = —&. If & o are real (pure
imaginary) the phase portrait of a saddle (vortex) is observed. In the case of a sad-
dle, the corresponding eigenvectors t; and t, are real and give the direction of the
asymptotes through the singularity. In the case of a vortex, the two eigenvectors are
complex. Saddle and vortex stagnation lines are continuous manifolds of (2,0) points.
The eigenvector t3 is locally tangent to the stagnation line, which can be an open line,

as in the case of an axial vortex, or form a close loop, as in the case of a toroidal vortex.

e (0,0) points correspond to transition singularities at which branching of stagnation
lines may occur, &5 = & = & = 0. From a mathematical point of view, these points

correspond to a transition between pure imaginary and pure real eigenvalues.

The direction of flow about a singularity, a focus or vortex in particular, is determined by
the vorticity, i.e., by the local curl (V X JB)rO, which corresponds to the antisymmetric
component of the Jacobian matrix.? Diamagnetic (paramagnetic) vortices of the electronic
current density rotate clockwise (anti-clockwise) with respect to an observer placed at the
north pole of the inducing magnetic field.

A very convenient way to search for singularities of JB(r) is a Newton-Raphson based
procedure. Dropping out all non linear terms in the Taylor series expansion and setting the
current density vector components to zero, one has (vector components by column)

[J%]  ~[I®] + [VJB]rl (rg—1,)=0 (3)

r2 ry
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Then, choosing an arbitrary starting point ry, the following steps

1) [VIP] s=—[J"]

. b 2)ra=Tids, 3)ri=r1y

oNOYTULT D WN =

11 are repeated until the current density components are found less than a certain minimum

13 criterion or a maximum number of steps has been taken. At the end of a successful search

15 one has the Jacobian matrix, whose eigenvalues and eigenvectors permit to characterize the

17 singularity as described above. The procedure is fast enough and the SG can be readily

19 determined considering a sufficiently large number of starting points within the molecular

2 region.

23 Stagnation graphs have revealed useful in a series of applications, such as the under-

25 standing of the proton magnetic shielding in benzene,?® the study of the topology of the
27 current density in diatropic monocyclic molecules,’ the elaboration of the spatial ring cur-
29 rent model of the [2.2]paracyclophane molecule,*! the realization of topological models for
31 the induced current density in small molecules,*? the study of the induced paramagnetism
33 and paratropism in closed-shell molecules,*? the study of the magnetic-field induced elec-

35 tronic anapoles in small molecules.** Moreover, three-dimensional models of the quantum

37 mechanical current density, induced in the electron cloud of the cyclopropane molecule by a

39 uniform magnetic field applied either along the C3 or the Cy symmetry axes, have been con-

a1 structed from the corresponding SGs.34* These models of near Hartree-Fock quality have

43 been used to interpret the exceptionally large in-plane component of the magnetic shielding

in the centre of mass, which dominates the anomalous average of the tensor.

59 7
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The SG of the current density induced by a magnetic field parallel to the main symmetry
axis (i.e., perpendicular to the plane of the carbon atoms) calculated at the level of theory
adopted in the present work, is given in Fig. 1. More figures and stereo-views of the SGs
can be found in the Supporting Information. First of all, it is worth noting that these SGs

well agree with previously reported ones obtained at the Hartree-Fock (HF) level using a
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large basis set.1%4® In particular, (3, £1) isolated singularities are predicted in same number
and nearly same place: for benzene 24 saddle nodes and 12 foci on the molecular plane
symmetrically placed aside carbon atoms; for cyclopropane 6 foci and 6 saddle nodes on the

C-plane plus 12 out-of-plane foci.

Figure 1: Stagnation graphs of the current density induced by a magnetic field
perpendicular to the plane of the carbon atoms, for the benzene on the left and
cyclopropane on the right. Colour code: blue is used to indicate isolated saddle
nodes and saddle stagnation lines; red and green are used to indicate isolated foci
and vortex stagnation line when B- (V x J B)ro is positive or negative, respectively.
Accordingly the direction of the flow around a vortex line is paratropic or diatropic.

Molecular point group symmetry helps determine the overall features of the induced
current density field and of its SG.?? To discuss the symmetry of molecules in the presence
of a magnetic field one has to consider magnetic groups.“® Magnetic point groups Dgp,(Cep)
and Djsp,(Csp) have to be used for benzene and cyclopropane, respectively. Then, according
to the requirements posed by the magnetic symmetry, it can be observed that stagnation
lines are entirely contained in Ro planes (being R the time reversal operator) and that the
symmetry axes (), are necessarily stagnation lines, here paratropic vortex stagnation lines
in both molecules.

The observed (3,+1) isolated singularities have a three-dimensional nature, as all of the
eigenvalues of their Jacobian are nonzero. This introduces some difficulty, since, according
to previous findings,?3* these singularities can be connected by a complex pattern of flow,

which excludes the possibility of taking sums of purely rotational fields as previously noted.*?

8
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1

2

2 However, we remark that: i) far from isolated singularities the component of the current
Z density parallel to the inducing magnetic field is usually small compared to the in-plane
; components; ii) as can be easily checked looking at Eqgs.(5) and (6) for the magnetizability
?O and magnetic shielding tensors, respectively,

11

12 1

13 Eous = /dV 5l — —eaﬁv/dv (15 — r08) T (1),

14 2c

15

16 1 - R

17 ols= [ AV a5 = —=¢ dv 218 75

8 ad / ad — c Oéﬁ’Y/ ‘ Rllgj ( )

19

20 for any given direction of observation, only the two perpendicular components of the current
21

22 density are sufficient to determine the magnetic response. Incidentally, in eq. 5 and 6, we
23

24 have introduced the magnetizability density and the nuclear magnetic shielding density,

25

26 that will be a matter of discussion in the following. The above observations have prompted
27

28 us to exclude the component of the current density parallel to the inducing magnetic field
29

30 and to introduce the pseudo-stagnation graph concept.3* In the present case, the pseudo-
31

32 SG can be obtained by formally setting JB = 0 and considering only the field over the zy
33

34 plane, i. e., J5, = JPe; + J e;. Although this suffices to determine the magnetic properties
35

36 by means of Egs.(5) and (6), we owe to recall that the two dimensional Jf’y has non-zero
37

38 divergence due to the cancellation of the parallel component.

39

40 Pseudo-SGs corresponding to the SGs examined before are given in Fig.2. More figures
41

42 and stereo-views of the pseudo-SGs can be found in the Supporting Information. An obvious
43

44 observation is that all the stagnation lines and isolated singularities of one SG also belong
45

46 to the corresponding pseudo-SG, which is eventually richer due to the cancellation of JB.
47

48 As can be noted comparing Figs. 1 and 2, the isolated singularities of the SGs make part
49

50 now of new closed stagnation lines, which are the only new entries in the pseudo-SGs. This
51

52 confirms the same finding previously obtained at the HF level for cyclopropane* and extend
53

54 the same consideration also to the benzene molecule. Looking carefully, it can be noticed
55

56 that in cyclopropane the new closed stagnation lines are formed by one semi-portion that
57

58
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Figure 2: Pseudo-stagnation graphs of the current density induced by a magnetic
field perpendicular to the plane of the carbon atoms, for the benzene on the left
and cyclopropane on the right. See caption of Fig. 1 for further details.

is a saddle line and a second semi-portion that is a vortex line, whilst for benzene the new
closed stagnation lines are entirely formed by a saddle line or a vortex line. In summary, 6
more mixed closed stagnation lines appear in the pseudo-SG of cyclopropane; 12 new closed

saddle lines plus 6 new closed vortex line appear in the pseudo-SG of benzene.

3 Results and Discussion

3.1 Current density domains

Let us consider a (2,0) singular point belonging to a saddle line. As already mentioned, the
non-zero eigenvalues & and & (& > &) of its Jacobian matrix are real and opposite and
the current density in its vicinity is two dimensional, flowing on the plane formed by the

t 738 is given by four boundary

real eigenvectors t; and ty. The essential feature of its portrai
trajectories of the current density, whose asymptotes are given by the directions of the two
eigenvectors.

Trajectories, or streamlines, of the current density vector field can be obtained by numer-

ical solution of the real autonomous system of differential equations dr/dr = JB(r), where

10
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1

2

2 7 is some convenient coordinate along the trajectory.” Counting the trajectory, let say, in
Z circular way, trajectories 1 and 3 ( 2 and 4) share the same asymptote. If the asymptote
; is given by the direction of t; (t3), then the trajectories come out from (into) the saddle
?O point. This implies the division of the plane in four closed sectors, since any other trajectory
:; cannot came across the boundary lines.

1 i When symmetry is present, as in the cases considered here, integrating the 4 boundary
12 trajectories of a (2,0) saddle node far enough they eventually match those emerging from
1; symmetry related saddles, a behaviour found in a number of other examples.*”*® This has
;g been implemented taking the saddle points of a pseudo-SG and consistently integrating
;; the boundary trajectories neglecting the component of the current density parallel to the
;i inducing magnetic field. What is obtained corresponds to the superposition of long-range
;2 saddle phase portraits, which can be adequately termed a saddle connection graph (SCG).
;; Fig. 3 shows a selection of SCGs obtained for the benzene molecule on planes parallel
;g to the molecular plane at various heights. The development of the current density field
g; versus the distance from the C-plane can be appreciated at a glance: some compact toroidal
gi vortices” having the diatropic centre on the carbon atoms disappear just over 0.2 bohr; more
22 extended toroidal vortices having the diatropic centre close to the C-H bond middle persist
2373 up to 0.5 bohr; six diatropic vortices located on the C-C bonds remain present up to 1
23 bohr; then some branching occur up to a final branching point at about 2.5 bohr, where the
2; central paratropic vortex dies down. A gap between the C-C bond vortices and the boundary
Zi streamlines that connect the C-H tori should be noted. Staking all together, something like
22 a shape sand mould is obtained as shown in Fig. 4.

j; The interesting fact to note is that the current field is distinctly separated in a number of
‘;g regions by the boundary trajectories, thus rendering the flow as a sum of separated islands
g; of circulation. Exploiting the continuity of the saddle stagnation lines, the distance between
gi the various SCGs can be reduced indefinitely, making the boundary trajectories on adjacent
55 planes to melt together to form a surface, which can be referred to as a separatriz, after
7

58
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Figure 3: Saddle connection graphs (SCGs) of the benzene molecule. Saddle points,
indicated by blue crosses, are from the pseudo-SG and boundary trajectories have
been computed consistently assuming JB=0. Values indicate the distance in a.u.
of the plotting plane from the symmetry o, plane. The external magnetic field is
perpendicular and points toward the reader. Green (red) dots indicate diatropic
(paratroopic) vortices.

Gomes. ! The term separatrix is rather meaningful, since it makes a great analogy with
a container that encloses the flow of current in its interior: whichever trajectory of the
current cannot perforate a separatrix. Therefore, each molecular region inside a separatrix
constitutes a domain of the current density. The term domain is strictly connected with

that of integration domain, see hereafter the discussion on the decomposition of magnetic
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Figure 4: Top and side views of the SCG stack of the benzene molecule. Letters
43 indicate the domains of the current density. Only the upper half is represented, an
44 equivalent part is on the other side of the o}, symmetry plane.

47 properties.

49 In Fig. 4 the current density domains of the benzene molecule have been indicated by
51 a label in the following way: domains C, enclosing local circulations around carbon atoms;
53 domains CH, enclosing local circulations around C-H bonds; domains CC, enclosing local

55 circulations around C-C bonds; an extended domain P of paratropic current enveloping
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the main symmetry axis; a delocalized domain G delimited by domains C, CC and CH,
enclosing a diatropic flow of current. All the above domains are immersed within a unique
large domain of diatropic current indicated with the letter D, which drops down as the
electron charge distribution goes to zero in the tail molecular region.

As it concerns the cyclopropane molecule, the same procedure applied to the benzene
molecule has produce the selection of SCGs shown in Fig. 5 for a perpendicular inducing

magnetic field.

Figure 5: Saddle connection graphs (SCGs) of the cyclopropane molecule. See
caption of Fig. 3 for further details.

The development of the current density flow varying the distance from the plane of
the carbon atoms shows the relevant domains of the cyclopropane current density, which
have been labelled as indicated in Fig. 6. Although significantly different respect to the
benzene molecule, maps show some common features, such as: domains C and CC, enclosing
diatropic local circulations around carbon atoms and C-C bonds, respectively; an extended
domain P of paratropic current enveloping the main symmetry axis. Along the C-H bond

regions the boundary streamlines form a kind of three-rim stem glass, which is formed by

14
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the union of three domains CH of diatropic current enclosing the central paratropic domain.
All around, a unique large domain of diatropic current dropping down as p goes to zero,

indicated with the letter D, encloses everything.

oNOYTULT D WN =

35 Figure 6: Top and side views of the SCG stack of the cyclopropane molecule. Letters
36 indicate the domains of the current density. Only the upper half is represented, an
37 equivalent part is on the other side of the o) symmetry plane.

At this point, one might wonder whether the inclusion of JB could produce a different
picture. To this purpose, we have calculated the SCGs integrating the boundary trajectories
using the three-dimensional current density field. The resulting SCG stacks are given in the
supporting information. As it can be observed, the confinement of the flow is pretty the same;
streamlines present only a small deviation from planarity. In benzene the major difference is
given by some small spirals in proximity of the branching points delimiting the upper part
of domains CC; in cyclopropane some difference is discernible in the region delimiting C
and domains CH. Since the most relevant features of the current density flow have been

grasped by the two-dimensional integration of the boundary trajectories and allowing for a

59 15
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lesser degree of difficulty, we decided to carry on this way for the detachment of the current

density domains and for the molecular magnetic property decomposition described hereafter.

3.2 Current density domain separation

In this section the procedure developed to take apart the various current density domains is
described. This is a required step to prove what stated before and to collect the separatrices
for the partition of the magnetic properties.

Let us consider first the most simple case formed by a unique saddle stagnation line
between two vortex stagnation lines having the same tropicity. For example, this is the case
of hydrogen bonded systems, for which the decomposition of the proton magnetic shielding
in terms of current density domain contributions has permitted to rationalize the large down-
field shift of the proton magnetic resonance that is considered one of the best evidences for
hydrogen bond formation.®" The two domains attached to this single saddle stagnation line
can be conveniently taken apart in the following way. For each saddle node, we take into
account the eigenvector t; associated with the positive eigenvalue & of its Jacobian matrix;
t; provides the direction of the two boundary trajectories coming out from the saddle.
Both trajectories close on the same saddle node approaching the asymptote described by ts.
Therefore, integrating the boundary trajectories one at a time, and repeating the calculation
for each saddle node along the stagnation line, it is easy to devise a way to collect separately
the streamlines that form the two separatrices.

In a more general case, one has also to consider that boundary trajectories starting from
one saddle line could end on a different one, in more than one way, and that many saddle
lines should be used to form the same separatrix. This complex information is provided by
the SCGs. For each SCG an algorithm has been adapted from a recently developed method
for the search of the smallest set of smallest rings (SSSR),? which provides all the circuits
connecting the saddle nodes. With respect to the SSSR, our algorithm exploits also the
versus of each connection, which helps greatly to accomplish the task. Then, looping on the
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SCG stack, the procedure sorts the detected circuits into different separatrices on the basis
of a similarity criterion, i.e., all the circuits forming a separatrix must connect the same
number of saddle nodes belonging to the same saddle stagnation lines. Eventually, a final

selection removes all those separatrices that are too small to be useful.

Figure 7: Domains of the current density induced by a magnetic field parallel to the
main symmetry axis of the benzene molecule. Top row, from left to right: domain
C, CC, and CH. Bottom row, from left to right: domain G, P, and assembled
domains.

The procedure applied to the benzene molecule has produced the result shown in Fig. 7.
The boundary trajectories forming each separatrix are plotted in red. Small blue dots mark
the position of the saddle nodes used to compute the connecting circuits. The current density
domains perceived by inspection of Fig. 4 are now taken apart and enclosed in their own
separatrix. As a check of the goodness of the result, the five benzene current density domains
are then assembled together again, into some sort of a 3D molecular puzzle, to obtain the

last plot in Fig. 7, which reproduces nicely the SCG stack of Fig. 4. In summary 5 different
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current density domains have been separated corresponding to those described previously.
Interesting enough is the isolation of the domain G that, owing to its disposition close
to the plane of the carbon atoms and its extension, indicates the presence of a diatropic
o-electron ring current, in addition to the inner paratropic o-electron ring current inside
domain P. Actually, one should not forget that these five domains contain only a fraction of
the total current density field, the remaining current flows inside the most external domain
D of delocalized diatropic current, which encloses everything dropping down in the tail
molecular region. In order to better view the arguments exposed so far, an animation has
been included within the supporting information that shows the flow confined within domain
P. The animation permits also to grasp the confinement of the current density within the

other domains.

Figure 8: Domains of the current density induced by a magnetic field parallel to
the main symmetry axis of the cyclopropane molecule. Top row, from left to right:
domain C, CC, and CH. Bottom row, from left to right: domain P, and assembled
domains.
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is examined in the next section.

For the cyclopropane molecule the current density domains perceived by inspection of
Fig. 6 are shown taken apart in Fig. 8. The plotting conventions are the same as in benzene.
With respect to the latter, it is interesting to note slightly more extended current domains
around the carbon atoms and sensibly more compact current domains for the C-C bond
region. The domain P containing the central paratropic flow is rather extended near the oy,
symmetry plane and is compressed by the diatropic domains CH in conjunction with the
closing of the domains C and CC. It is quite interesting to note the narrowing around the
carbon atom plane, where the external domain D squeezes the local flows. In this region is
where the diatropic o-electron ring current occurs. A plot showing the superposition of the
o-electron ring current with the local domains is given within the supporting information.

In both molecules, the current density within each inner and external domains contribute

differently to the total out-of-plane component of the molecular magnetic properties. This

31 3.3 Breakdown of the molecular magnetic properties into domain

34 contributions

The partition of the molecular space through the separatrices of the current density as shown

above is fundamentally different from that provided by the QTAIM, which permits current

40 flow out of the atomic basins.? To better appreciate this point, we shall consider in the

following the partitions of the magnetizability £, and of the nuclear magnetic shielding, o7,

44 which are integral properties of the corresponding densities as defined in egs. (5) and (6). As

46 the shielding density is origin-independent, any partition of the molecular space in subspaces

48 D will end up in a partition of the molecular property,

I _§ : I
52 Oy = Uzz,’Dﬂ
D
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where each contribution ¢, 5, is origin-independent. This is not the case for the magnetiz-

ability, where one has

Szz = Zgzz,Da (8)
D

and the contributions . p generally do depend on the origin, as could be expected from
inspection of eq.(5). Indeed, for two independently chosen origins ro and r(, such that

r, = ro + d, assuming B = kB,, one has
/ 1 / B
gzz,D = 56257 D<TB _Toﬂ)j'Y dD =
1
= e V (rg —roﬁ)jWBde—dg/ jfzdp] —

D D

1
= SZZ,'D - Eez,B'ydB /D jWBZdD. (9)

Thus, in order to have origin-independent contributions, the integral in the last term of

eq.(9) should vanish. That condition can be recast as follows. Let us consider the equality
V- -(JBf)=fVv-I®+I%. V], Vr, (10)

where, for the sake of space, JB = JB(r) and f = f(r) is any arbitrary scalar function.

Owing to the continuity condition for stationary states, V - JB = 0, eq.(10) reduces to
V- -(IBf)=I°-Vf, VI (11)
Integrating both sides of the above equation over the subspace D, one has

/DV-(JBf) dD:/DJB-Vde. (12)
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9 /JB.VdezjffJB-ndS,
D S

According to the divergence theorem, the volume integral on the left hand side of the above

equation can be converted into a surface integral over the boundary of volume D. Therefore,

13 where n is the outward pointing unit vector perpendicular to the infinitesimal surface element

15 dS. In particular, setting the arbitrary function f = r,, one has that the integral in the last

17 term of eq.(9) becomes

18
19 / j,YBd’D = % T,YJB . IldS
D S

on the point chosen on the surface separating each pair of subspaces.

45 JB(r)-n(r)=0, Vres,

Therefore, specializing for our initial choice B = kB, if there is current crossing the bound-
ary of the domain, the component ., p will be origin-dependent. Bader and Keith devised
an elegant way out of the problem, adding and subtracting an origin-dependent contribution
for each surface separating a pair of subspaces.® This recipe depends however both on the

space partition chosen, e.g. QTAIM basins, Voronoi cells® or whatever other partition, and

These limitations are absent for the method introduced in the present paper. Starting
from the most general case of a separatrix formed by the union of boundary trajectories
obtained integrating the 3-dimensional current density field, one would arrive at something
like an impenetrable wall that prevents the passage of current between domains, i.e., the flux

in the current density over such a separatrix would be vanishing at any point, as given by

49 where n(r) is a unit vector normal to the separatrix at r. In this case, eq.(14), together with

51 B = kB,, becomes
53 / ijz dD = 0.
D

56 The above equation, when inserted in eq.(9), shows that the magnetizability contributions

59 21

60 ACS Paragon Plus Environment



oNOYTULT D WN =

Accepted Version of J. Ph%‘.edf?élr[rﬂ%‘%%}'ﬁifg! qggé“&%ﬁ% 0.1021/acs.jpca.8b10836

&..p are origin-independent. Incidentally, eq. (16) shows that the integral condition for
the charge current conservation over the full molecular space®® holds also for each closed
domain of the current density.

In the present approach, separatrices have been obtained integrating the components of
the current density perpendicular to the inducing magnetic field. Therefore, eq.(15) does

not hold and in its place we have the modified condition
JB(r) - n(r) =0, Vr e S, (17)

where JB = JB — JBk. Then, substituting JB = JB + JBk in eq.(14) and using eq.(17) one
has

/ JPdD = f{ ryJPk - ndS. (18)
D S

In general n is not perpendicular to k and the integrand on the rhs of the above equation is
not vanishing, although it can be expected to be small due to the presence of the typically
negligible non classical component of the current density, J5+ in our case. At any rate, the
integral could still be vanishing as we will discuss later on.

In practical calculations, performed using basis sets containing a finite number of basis
functions, the continuity equation V,J2 is not vanishing and equation (11) and all that
follows is not exactly fulfilled. However, using basis sets of adequate size containing several
polarization functions, the current density leakage problem can be substantially reduced.

All the above demonstrates the possibility to decompose the magnetic properties in a
rather natural way exploiting the topology of the induced current density field and offers
a different point of view from that given by Bader and Keith with their method of the

properties of atoms in molecules.?
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1

2

2 3.4 Numerical results

5

6 The breakdown into current density domain contributions of the out-of-plane component of
7

8 the molecular magnetic properties of the benzene molecule is shown in Table 1. Looking
9

10 at the reported values, some of them appear very comprehensible, whilst other permit to
11

12 see something never reported before. The out-of-plane component of the carbon magnetic
13

14 shielding shows perhaps the less surprising decomposition. In fact, the major contribution
15

16 comes from one of the six very small domains C, i. e., that containing the carbon nucleus
17

18 in question, where the current density is very large, in agreement with the 1/r? factor
19

20 of the shielding density function. Nevertheless, almost 44 ppm, nearly 25% of the total
21

22 component, come from the two domains of delocalized flow D and G. Of course, only the
23

24 flow fractions closer to the nucleus give these substantial contributions. Contributions to o<
25

26 from domains P, CC, and CH, are not very significant. The small shielding/de-shielding
27

28 effect from domain CC/P should be noted.

29

30 Table 1: Decomposition of the out-of-plane component of the magnetic shieldings

31 and magnetizability tensors of the benzene molecule into current density domain

> contributions (magnetic shielding i izability in 10730 J T2

33 gnetic shielding in ppm, magnetizability 1n )

34

35 Prop. P CC C CH G D Tot Expt

36 ol 1.8 -20 1354 0.1 104 33.5 179.1

i oL 03 -01 00 -14 -09 232 210

39 oM 278 -21 0.0 0.0 5.8 40.4 16.2

p €. 429 72 27 83 881 -1570.0 -1633.3 -1570+42%

42

43

44 As can be observed in Figs. 4 and 7, hydrogen nuclei are immersed within the domain D,
45

46 just outside the domains CH. As a consequence of this disposition and of the 1/r? factor, o
47

48 is almost completely determined by the current density inside the domain D in the vicinity
49

50 of the nucleus. A bit surprising is the small contribution form the closer domain CH. A
51

52 de-shielding effect as large as 1 ppm from G should be noted.

53

54 The breakdown of ¢S deserves a special consideration, since the negative of this quan-
55

56 tity is used to define the out-of-plane component of the nucleus independent chemical shift
57

58
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(NICS,.) tensor, introduced as a better index of the aromatic character of electronic 7 sys-
tem®” with respect to the very well known isotropic NICS.%® Its breakdown clearly shows
how much NICS,, is still contaminated by o-electron contributions coming from: i) the
domain P that largely de-shields (nearly -28 ppm) the centre of mass; ii) the domain G
that gives a fairly large shield of about 6 ppm. A more realistic value of the m-electron
shielding effect on the centre of mass can be accounted by the contribution coming from
the domain D, even if domain separation is not the same as o /m-electron separation. Then,
taking the D contribution, we surely overestimate the magnitude of the benzene NICS,..
to -40.4 ppm, to be compared with -36.15 ppm obtained at the B3LYP/6-31+G* level by
Fallah-Bagher-Shaidaei et al.?*

As far as it concerns the decomposition of the out-of-plane magnetizability, it should be
appreciated that the integral on the rhs of eq.(18) is exactly vanishing by symmetry. This
happens because each current density domain is crossed by a o, symmetry plane of the mag-
netic point groups Dg,(Cp),*® which separates the integral in two equal and opposite parts.
As a consequence each magnetizability contribution is origin independent. The decomposi-
tion of the benzene £, shows that localized contributions coming from domains CC, C, and
CH are negligible compared to those given by delocalized domains P, G, and D. The results
are comprehensible on the basis that the delocalized circulations span a much larger area
with respect to the localized ones. Perhaps, a bit surprising is the extent of the difference
between the two kind of circulation: localized contributions can be safely not counted at
all, for the benzene molecule at least. Among the delocalized contributions, that coming
from the domain D is dominating, i. e., the role of the diatropic 7-electron ring current is
fundamental in this case.

The breakdown into current density domain contributions of the out-of-plane component
of the molecular magnetic properties of the cyclopropane molecule is shown in Table 2. Also
in this case, domain D gives a large contribution that is dominant, except in ¢ . It should

be noted that in cyclopropane the domain D contains a diatropic o-electron delocalized
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Table 2: Decomposition of the out-of-plane component of the magnetic
shieldings and magnetizability tensors of the cyclopropane molecule into
current density domain contributions (magnetic shielding in ppm, magne-
tizability in 1072 J T—2)

Prop. P CC C CH D Tot Expt
oC 0.3 -0.2 1589 46 622 2258

zZz

ol 0.0 0.0 0.0 12.1 23.9 36.1

zZ

o™ 131 -03  -0.2 0.6 45.0 32.0

zZz

£2a 26 -1.1 -2.1 -55.8 -744.0 -800.3 -779+18%

flow, which can be recognized as a o-electron ring current on the plane of the carbon atoms.
Therefore, cyclopropane is often referred to show o-aromaticity on the magnetic criterion.
However, great care should be used assuming such a definition, especially adopting the NICS
as an aromaticity indicator, since, as it has been clearly shown,3*% the big average virtual
shielding evaluated at the centre of mass is mainly determined by an exceptionally large
in-plane component of nearly 50 ppm, to be compared with the out-of-plane component of
32 ppm.

Beside the contribution coming from domain D, the out-of-plane component of each
property obtains another large contribution form a second domain, namely: ¢< from domain
C (58.9 ppm, 70% of the total); ¢! from domain CH (12.1 ppm, roughly 1/3 of the total);
o™ from domain P (-13 ppm, roughly 40% of the total, but with opposite sign); and &..

from domain CH, contributing by only 7% of the total. Contributions coming from other

domains are negligible.

4 Conclusions

A partition scheme of the current density induced at first-order by a magnetic field perpen-
dicular to the plane of carbon atoms of the benzene and cyclopropane molecules has been
presented. The scheme is obtained by subjecting the current density field to a topological

analysis, which provides current domains delimited by separatrices formed by the union of
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all the current trajectories connecting saddle lines of the pseudo-stagnation graph. These
domains give a faithful representation of the current regime in terms of local vortices em-
bedded into a delocalized flow of current, in a way that reminds the inclusion of matryoshka
dolls one inside another. As a consequence, a breakdown of the parallel component of the
magnetic shielding and magnetizability into origin independent domain contributions has
been obtained.

We found that, for the parallel component of magnetizability and magnetic shielding at
13C, 1H, and centre of mass, a large contribution derives from the current density delocal-
ized all over the molecules. Such a contribution is unexpectedly large even in the case of
benzene and cyclopropane, which are archetypal of m/— and o—aromaticity. In the case of
the magnetizability, the ratio of localized to delocalized contributions amounts to 1% and
8% for benzene, and cyclopropane, respectively.

It is interesting to compare these ratios with the corresponding ones obtained by the
atomic partition of Bader and Keith (BK), i.e., the ratios of basin and surface contributions,
which are 38% and 124% for benzene and cyclopropane, respectively. This qualitative dis-
agreement can be understood because the basin contributions by BK are heavily affected by
delocalized currents, as can be appreciated by direct inspection of the current density maps,

both those reported here, and those reported by BK.?
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Sup Inf.pdf: stereo views of SGs and pseudo-SGs; top and side views of SGs and
pseudo-SGs; separatrices obtained integrating trajectories from the three-dimensional
current density field; animation of the current flow superimposed to the innermost
paratropic domain in benzene; superposition of separatrices and current density field

in cyclopropane.

This material is available free of charge via the Internet at http://pubs.acs.org/.
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