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Abstract— An efficient probe-compensated near-field – far-field 

(NF–FF) transformation with plane-polar scanning, particularly 
suitable for quasi-planar antennas, is experimentally assessed in 
this letter. It exploits the nonredundant sampling representations 
of electromagnetic fields and adopts an oblate ellipsoid to model 
the antenna under test. A two-dimensional optimal sampling in-
terpolation expansion is employed to accurately recover the NF 
data needed by the standard plane-rectangular NF–FF transfor-
mation from the nonredundant plane-polar ones collected by the 
probe. A remarkable reduction of the number of NF data to be ac-
quired and of the related measurement time is so obtainable. 
Some results of the experimental tests, performed at the UNISA 
Antenna Characterization Lab and assessing the effectiveness of 
such a NF–FF transformation technique, are reported. 
 

Index Terms—Antenna measurements, nonredundant sampling 
representations of electromagnetic fields, plane-polar near-field - 
far-field transformation. 
 

I. INTRODUCTION 

S well-known the near-field – far-field (NF–FF) transfor-
mations [1], [2] are well-assessed and widely used tech-

niques for the precise determination of the radiation pattern of 
electrically large antennas from NF measurements performed 
in an anechoic chamber and allow one to overcome the draw-
backs of direct measurements in a conventional FF range. Among 
the NF–FF transformations, the classical plane-rectangular one 
[3], [4] is particularly suitable for highly directive antennas 
characterized by pencil beam patterns well within the solid 
angle specified by the edges of the antenna under test (AUT) 
and those of the scanning area. The NF–FF transformation 
with plane-polar scanning (see Fig. 1) is a convenient and ap-
pealing alternative to the classical one. In fact, the plane-polar 
scanning is from a mechanical viewpoint simpler than the 
plane-rectangular one, because it can be done by rotating the 
AUT while moving the probe linearly. Moreover, for a given 
size of the anechoic chamber, it allows one to cover a scanning 
area greater than in the plane-rectangular case. The drawback 
of the earliest approach [5], namely, the very large computer 
time needed to reconstruct the antenna far field, has been over-
come in [6] by applying the bivariate Lagrange interpolation to 
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Fig. 1. Plane-polar scanning for a quasi-planar antenna. 
 
recover the plane-rectangular data from the plane-polar ones, 
thus enabling the use of the FFT algorithm for the FF evalua-
tion. However, such a simple technique is not particularly suit-
able to interpolate antenna radiated fields, so that it requires 
very close NF data spacings to make the interpolation error neg-
ligible. A more efficient interpolation scheme, relying on the 
spatial quasi-bandlimitation properties of radiated electromag-
netic (EM) fields [7] and using the optimal sampling interpola-
tion (OSI) expansions of central type, has been proposed in 
[8]. Although the number of data required by the technique in 
[8] is remarkably lower than in [5], [6], and [9], such a number 
is still unbounded when the size of the scanning zone ap-
proaches infinity. At last, by exploiting the nonredundant sam-
pling representations of the EM fields [10], [11] and assuming 
the antenna as enclosed in a double bowl or in an oblate ellip-
soid, efficient sampling representations over a plane from a mini-
mum number of plane-polar samples (which stays finite also 
for an unbounded scanning plane) have been developed in [12] 
and [13], respectively. A remarkable saving of the number of 
the needed NF data and related measurement time is so ob-
tained in the case of large antennas and extended scanning 
zones. This is a very important result, since the measurement 
time is nowadays even many orders of magnitude greater than 
the computer time to carry out the NF–FF transformation. 

Aim of this paper is to provide the experimental assessment 
of the NF–FF transformation with plane-polar scanning [13], 
which uses an oblate ellipsoid to model a quasi-planar AUT. 
Such a model reduces the redundancy of the spherical one for 
these antennas and allows the use of measurement planes at 
distances less than one half of the AUT maximum size, thus 
lowering the error due to the truncation of the scanning surface. 
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II. NONREDUNDANT VOLTAGE REPRESENTATION 

Let us consider a quasi-planar AUT, enclosed in an oblate 
ellipsoid Σ with major and minor semi-axes equal to a and b, 
and a nondirective probe scanning a plane at distance d from 
the AUT center via a plane-polar NF facility system (Fig. 1). 
The spherical coordinate system (r, ϑ, ϕ) is adopted to denote 
any observation point, whereas a point P lying on the plane 
can be also identified by the plane-polar coordinates (ρ, ϕ). 
Since the voltage measured by a nondirective probe is a spa-
tially quasi-bandlimited function having the same effective spa-
tial bandwidth of the AUT field [14], the nonredundant sam-
pling representations of EM fields [10], [11] can be exploited 
to obtain an efficient voltage representation requiring a mini-
mum number of samples. Therefore, it is convenient to intro-
duce the “reduced voltage” 

     V (ξ ) =V (ξ ) e jγ (ξ )  (1) 
 

where   V (ξ )  is the voltage 
 
Vϕ  or 

 
Vρ  measured by the probe or 

by the rotated probe, ξ is the optimal parameter used to de-
scribe the curves (radial lines and rings) representing the plane 
in a plane-polar reference system, and γ (ξ)  is a proper phase 
function. Since    V (ξ )  is not rigorously spatially bandlimited, an 
error occurs when approximating it with a bandlimited func-
tion. In any case, such a bandlimitation error is negligible as 
the bandwidth exceeds a critical value 

 
Wξ  [10] and can be ef-

fectively controlled by considering a bandwidth equal to 
 
χ'Wξ , 

where  χ '  is a bandwidth enlargement factor slightly greater 
than unity for electrically large antennas [7]. 

For a radial line, it results [10], [13]:  

   
Wξ = 4a/λ( ) E π / 2 ε 2( )  (2) 

   
ξ = π 2( ) E sin−1u ε 2( ) E π / 2 ε 2( )⎡⎣ ⎤⎦  (3) 

 

 
  
γ = βa v v2 −1

v2 − ε 2
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v2 − ε 2
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⎞
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⎡

⎣
⎢

⎤

⎦
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where λ is the wavelength, E(• | •) is the elliptic integral of 
second kind, β is the wavenumber,   u = (r1− r2) / 2 f  and

  v = (r1+ r2) / 2a  are the elliptic coordinates,   r1,2
 

being the dis-
tances from the point P to the foci of   C ' (intersection ellipse 
between a meridian plane and Σ), 2f the focal distance, and 

  ε = f /a
 
the eccentricity. 

On a ring, γ  is constant and any parameter proportional to the 
curvilinear abscissa is optimal, therefore it is convenient to 
choose ϕ as optimal parameter [10]. The related bandwidth is 

  
Wϕ(ξ ) = β asinϑ∞(ξ ) , where   ϑ∞= sin−1u

 
[10], [13]. 

The reduced voltage at the point P on the radial line speci-
fied by ϕ can be reconstructed via the OSI expansion [10], [13]: 

 

 
   

V ξ(ϑ ),ϕ( ) = V ξn,ϕ( )G ξ,ξn,ξ , N, N"( )
n = n0−q+1

n0+q

∑  (5) 

wherein 2q is the number of retained intermediate samples 

   V ξn,ϕ( ) , i.e., the reduced voltages at the intersection points 
between the radial line through P and the sampling parallels, 

  n0 = ξ Δξ⎢⎣ ⎥⎦ ,  

   ξn = nΔξ = 2πn (2N"+ 1) ;     N"= χN '⎢⎣ ⎥⎦ +1  (6) 

   
N ' = χ 'Wξ⎢⎣ ⎥⎦ +1 ;     N = N"− N '  ;    ξ = qΔξ  (7) 

 x⎣ ⎦ is the integer part of x,  χ > 1 an oversampling factor needed 
to control the truncation error [10], and 

   
G ξ,ξn ,ξ , N, N"( ) = ΩN ξ −ξn ,ξ( )DN" ξ − ξn( )  (8) 

is the OSI interpolation function. Moreover, 
 

   
DN " ξ( ) = sin (2N"+1)ξ / 2[ ]

(2N "+1) sin(ξ / 2)
 (9) 

 
  
ΩN ξ ,ξ( ) = TN 2cos2 ξ / 2( ) cos2 ξ / 2( )−1⎡⎣ ⎤⎦

TN 2 cos2 ξ / 2( )−1⎡⎣ ⎤⎦
 (10) 

 
are the Dirichlet and Tschebyscheff sampling functions [10], 

  TN (ξ )  being the Tschebyscheff polynomial of degree N. 
The intermediate samples are recovered by interpolating the 

samples acquired on the rings via a quite similar OSI expan-
sion along as ϕ [13]. The two-dimensional expansion to recover 
the voltage at any point on the plane is then determined [13] 
by matching the one-dimensional ones, thus obtaining:  

 
  

V ξ (ϑ),ϕ( ) =  e− jγ (ξ ) G ξ,ξn,ξ , N,N"( ){
n = n0−q+1

n0+q

∑ ⋅  

 
   

V ξn,ϕm,n( )G ϕ ,ϕm,n,ϕ,Mn,Mn"( )}
m=m0− p+1

m0+ p

∑  (11) 

where   m0 = ϕ /Δϕn⎣ ⎦ , 2p is the retained samples number 
along ϕ,   

   
ϕm,n =mΔϕn= 2πm/(2Mn"+1)

 
;    Mn" = χMn'⎣ ⎦ +1  (12) 

   
Mn' = χ*Wϕ (ξn)⎢⎣ ⎥⎦+ 1 ;  

  Mn= Mn"− Mn' ;    ϕ = pΔϕn  (13) 

   χ
*= 1+ (χ '−1) sinϑ∞(ξn)[ ]−2/3  (14) 

and the other symbols have the same meanings as in (5). Note that 
the variation of  χ

*  with ξ is required to guarantee a bandlimita-
tion error constant on each sampling ring. 

By applying (11), it is possible to reconstruct in an accurate 
and efficient way the voltages 

 
Vϕ  and 

 
Vρ , which would be ac-

quired by the probe and rotated probe, at the points needed by 
the standard plane-rectangular NF–FF transformation [3], [4]. 
Unfortunately, the probe corrected formulas in [4] (whose ex-
pressions in the here used reference system are reported in [15]) 
are valid when the probe maintains its orientation with respect 
to the AUT and this requires its co-rotation with it. In any case, 
such a co-rotation can be avoided by using a probe exhibiting 
only a first-order azimuthal dependence in its radiated far field, 
as, e.g., an open-ended rectangular waveguide excited by a 

 TE10  mode [16]. In fact, in such a case, the voltages  VV  and 

 VH  (measured by the probe and rotated probe with co-rotation) 
can be determined from 

 
Vϕ  and 

 
Vρ  via the relations:  

  
  
VV =Vϕ cosϕ − Vρ sinϕ ;    

  
VH =Vϕ sinϕ + Vρ cosϕ  (15) 
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III. EXPERIMENTAL ASSESSMENT 

The tests assessing the effectiveness of the described tech-
nique have been performed on two different antennas in the 
anechoic chamber of the UNISA Antenna Characterization Lab, 
equipped with a plane-polar NF facility, besides the cylindrical 
and spherical ones. The plane-polar scanning is performed by 
mounting the AUT on a roll positioner and the probe (an open-
ended WR90 rectangular waveguide) on a vertical scanner. 

The AUT considered in the first set of figures is a X-band 
flat plate slot array of Rantec Microwave Systems Inc., with 
radius of 23 cm, located on the plane z = 0 and working at 9.3 
GHz. It has been enclosed within an oblate ellipsoid with a = 
23.5 cm, and b = 9.0 cm. The NF data have been acquired in a 
circle with radius 110 cm on a plane at z = 18.3 cm. The ampli-
tude and phase of 

 
Vρ  on the radial line at ϕ = 0°, recovered 

from the nonredundant plane-polar NF data, are compared in 
Figs. 2 and 3 with those directly measured on the same line. 
The comparison between the recovered amplitudes of 

 
Vρ  and 

 
Vϕ  on the radial line at ϕ = 30° and the directly measured 
ones is also shown in Fig. 4. As can be seen, all reconstructions 
are very accurate, save for small differences occurring in the 
peripheral zones characterized by very low voltage levels. Note 
that the low pass filtering properties of the interpolation func-
tions allow to cut away the spatial harmonics of the noise 
outside the AUT spatial bandwidth, so that the interpolated 
voltages exhibit a smoother behaviour with respect to the di-
rectly measured ones. The overall effectiveness of this tech-
nique is assessed by comparing the recovered FF patterns in 

 

 
Fig. 2. Amplitude of  Vρ  on the radial line at ϕ = 0°. Solid line: measured. 
Crosses: recovered from nonredundant plane-polar NF data. 

 

 
Fig. 3 . Phase of  Vρ  on the radial line at ϕ = 0°. Solid line: measured. Crosses: 
recovered from nonredundant plane-polar NF data. 

the principal planes E and H (Figs. 5 and 6) with those (refer-
ences) obtained via a standard NF–FF cylindrical transformation. 

The second set of figures refers to a H-plane monopulse an-
tenna, placed on the plane z = 0, built by using two pyramidal 
horns ( 8.9× 6.8  cm) at a distance of 26 cm (between centers) 
and a hybrid Tee, and working in the sum mode at 10 GHz. The 
NF data have been collected in a circle with radius 110 cm on a 
plane at z = 17 cm, and an oblate ellipsoid with a = 18.3 cm and 
b = 6.6 cm has been adopted as AUT modelling. In Figs. 7 and 
8, the amplitude and phase of 

 
Vρ  on the radial line at ϕ = 90°, 

recovered from the nonredundant plane-polar NF data, are com-
pared with the directly measured ones. At last, the recovered FF 
patterns are shown in Figs. 9 and 10. As can be seen, also for 
this AUT, very good NF and FF reconstructions resulted. 

Finally, Table I shows the number of the NF data required by 
the described technique and those needed by the classical plane-
polar approaches [5], [6] and by classical plane-rectangular one. 

 
TABLE I 

NUMBER OF NF DATA NEEDED BY THE DIFFERENT NF–FF TRANSFORMATIONS 

 Plane-rectangular 
scanning [3], [4] 

Classical plane-polar 
approaches [5], [6] 

Here described 
approach 

 AUT 1 18 769 29 105 2 134 

AUT 2 21 609 33 581 1 675 

IV. CONCLUSION 

A nonredundant NF–FF transformation with plane-polar scan 
using an oblate ellipsoid to shape a quasi-planar AUT has been 

 

 
Fig. 4. Amplitudes of  Vρ ,  Vϕ  on the radial line at ϕ = 30°. Solid lines: meas-
ured. Crosses: recovered from nonredundant plane-polar NF data. 

 

 
Fig. 5. E-plane pattern. Solid line: reference. Crosses: reconstructed from 
nonredundant plane-polar NF data. 
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Fig. 6. H-plane pattern. Solid line: reference. Crosses: reconstructed from 
nonredundant plane-polar NF data. 

 

 
Fig. 7. Amplitude of  Vρ  on the radial line at ϕ = 90°. Solid line: measured. 
Crosses: recovered from nonredundant plane-polar NF data. 

 
experimentally tested in this letter. The very good NF and FF 
reconstructions obtained for two different testing antennas have 
confirmed the effectiveness of such a technique, which allows 
a remarkable measurement time saving with respect to the clas-
sical plane-rectangular and plane-polar scannings. 
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