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Abstract

Denote the sum of element orders in a finite group G by ¥(G) and let C,, denote
the cyclic group of order n. Suppose that G is a non-cyclic finite group of order
n and ¢ is the least prime divisor of n. We proved that ¥(G) < %w(Cn) and
Y(G) < ﬁw(C’n). The first result is best possible, since for each n = 4k, k
odd, there exists a group G of order n satisfying ¢ (G) = %w(C’n) and the
second result implies that if G is of odd order, then ¥(G) < $3(C,,). Our results
improve the inequality ¥(G) < ¥(C},) obtained by H. Amiri, S.M. Jafarian Amiri
and .M. Isaacs in 2009, as well as other results obtained by S.M. Jafarian Amiri
and M. Amiri in 2014 and by R. Shen, G. Chen and C. Wu in 2015. Furthermore,
we obtained some 1 (G)-based sufficient conditions for the solvability of G.
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1. Introduction

The problem of detecting structural properties of a periodic group by looking
at element orders has been considered by various authors, from many different
points of view. For example, if we denote by w(G) the set of the orders of all

the elements of G, there are many new and old results as well as many open
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questions concerning w(G) (see for example [9]). In [1] H. Amiri, S.M. Jafarian
Amiri and I.M. Isaacs introduced the function ¥ (G), which denotes the sum of
element orders of a finite group G, and proved that if G is a non-cyclic group
of order n then ¥(G) < ¥(C),), where C,, denotes the cyclic group of order n.
Recently S.M. Jafarian Amiri and M. Amiri in [5] (see also [2] and [4]) and R.
Shen, G. Chen and C. Wu in [11] studied finite groups G of order n with the
second largest value of ¥(G), and obtained information about the structure of G
if n=p-pf, p1 <--- <py in the case @y > 1. Products of element orders
of a finite group G and some other functions on the orders of the elements of G
have been recently studied by M. Garonzi and M. Patassini in [3].
In this paper we continue the study of the function ¥ (G).

Our main result is the following theorem:

Theorem 1 If G is a non-cyclic finite group of order n, then

7

This upper bound is best possible, since as shown in the following proposition,

for each n = 4k, k odd, there exists a group of order n satisfying ¢¥(G) = %¢(Cn)~

Proposition 2 Let k be an odd integer and let n = 4k. Then

Y(Cn) = 11Y(Cx)  (Cap, x Co) = TY(Cy,)

and hence

7

P(Cop x Ca) = ﬁi/J(Cn)~

In particular, in view of Theorem 1, it follows by Proposition 2 that if n = 4k
with an odd k, then the group G = Cy; X Cs has the maximal sum of element

orders among non-cyclic groups of order n (see also [11], Theorem 1.1) .



2 We also proved the following result, which improves Theorem 1 for groups of

odd order.

Theorem 3 Let G be a non-cyclic finite group of order n and let q be the

smallest prime divisor of n. Then:

1
P(G) < qu(cn)'

Indeed, this theorem implies the following corollary:

Corollary 4 Let G be a non-cyclic finite group of odd order n. Then

¥(G) < 59(Ca).

An important ingredient in our proofs is Corollary B of [1], which states that

if P is a cyclic normal Sylow p-subgroup of a finite group G, then

(G) < P(P)p(G/P),

with equality if and only if P is central in G (see Proposition 2.10). Another
important ingredient is our Lemma 2.1, where we proved that if p and ¢ are the
largest and the smallest divisors of an integer n, respectively, then the Euler’s
function ¢(n) satisfies the following inequality:

q—1
p

¢(n) = n.

30 We also mention the following almost trivial upper bound for the value of

¥(G) for non-cyclic groups G.

Proposition 5 Let G be a non-cyclic finite group of order n and let q be the

smallest prime divisor of n. Then:



Proof. Since G is non-cyclic, it follows that o(z) < n/q for each x € G. But

o(1) =1, s0 ¥(G) < (n—1)(n/q) + 1 < n?/q, as required. O

Notice, however that ¥(S3) = 13 > 2(?171)1/)(06) = 2. This observation
55 raises the following question: what can we say about groups of order n satisfying

Y(G) > mdz(cn)? A partial answer can be found in our next theorem.

Theorem 6 Let G be a finite group of order n and let ¢ and p be the smallest

and the largest prime divisors of n, respectively. Suppose that G satisfies

1
V(G) = 2(617—1)

Then G is solvable, the Sylow p-subgroups of G contain a cyclic subgroup of index

P(Cn).

p and one of the following statements holds:

(i) The Sylow p-subgroup P of G is cyclic and normal in G
w (i) The Sylow q-subgroups of G are cyclic, G is g-nilpotent and G" < Z(G);
(iii) The Sylow p-subgroups of G are cyclic, G is p-nilpotent and G < Z(G).

Theorem 6 implies the following corollaries. We use p and ¢ as defined in

Theorem 6.
Corollary 7 The conclusions of Theorem 6 hold if G satisfies

H(G) > gwcn).

Proof. Since ¢ > 2, it follows that ¢ < 2(¢ — 1). O

Corollary 8 The conclusions of Theorem 6 hold if G is a group of odd order

satisfying
1
G) > ——¢(Cy).
¥(6) = —(C)
s Proof. Since ¢ > 3, it follows that ¢ +1 < 2(q — 1). O

Corollary 9 If either G is non-solvable or a Sylow p-subgroup of G contains
no cyclic subgroup of index p, then

L _y(ca) < Luic).

O mp =g
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Our next result is another ¢ (G)-based sufficient condition for the solvability

of G.

Theorem 10 Let G be a finite group of order n satisfying

Then G is solvable and G" < Z(G).

This condition is certainly not necessary for the solvability of G. For example,

for n = 8 we have

77/}(02XCQXCQ)=15<§'8'4:§TLQO(7’L).

On the other hand, for n = 60, the simple group As satisfies ¢(A45) = 211 >
inp(n) =192.

In the proof of Theorem 10 we apply the following result of Ramanujan (see
[8], page 46): if ¢ = 2,q2, - ,qn,-- is the increasing sequence of all primes,

then

2 _ == —.
izlqi 1 2

Our final result deals with groups of order n which satisfy ¢ (G) > %mp(n).

Theorem 11 Let G be a finite group of order n and let g and p be the
smallest and the largest prime divisors of n, respectively. Suppose that G satisfies

¥(G) > gnso(n).

Then either G has a normal cyclic Sylow p-subgroup or it is a solvable group
with a cyclic mazimal subgroup of index either p or p + 1.
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2. Preliminary results

First we determine a lower bound for p(n).

Lemma 2.1 Let n be a positive integer larger than 1, with the largest prime
divisor p and the smallest prime divisor q. Then

qg—1
p

p(n) > n.

Proof. Let n = pi'p5? - - - p,*, where the p;’s are primes, the r;’s are positive
integers and p = p; > py > -+ > pr = q. Our proof is by induction on k.
If k=1, then n =p™ and

as required.

Suppose now that k£ > 1 and that the lemma holds for all integers with

k

less than & distinct prime divisors. Set m = pg*---p.*. Then by induction

pr—1
¢(m) = Pe=—=m and
pr—1 . pp—1 pr—1lpp—1 — pp—1 g—1
p(n) = o(p1*)p(m) > Py m > n= n= n,
D1 D2 P opr—1 D1 D
as required. The proof is now complete. O

Our next aim is to find a convenient formula for ¢(G) when G = P x F, P

is a cyclic p-group for some prime p, |F| > 1 and (p,|F|) = 1.
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Lemma 2.2 Let G be a finite group satisfying G = P x F, where P is a
cyclic p-group for some prime p, |F| > 1 and (p,|F|) = 1. Then the following

statements hold.

(1) FEach element of F' acts on P either trivially or fized-point-freely.

(2) Ifx € F, o(x) = m andu € P, then m is the least positive integer satisfying
(ux)™ € P.

(3) Ifue P and x € Cp(P), then o(uz) = o(u)o(x).

(4) Ifue P and x € F\ Cp(P), then o(uz) = o(x).

(5) Let Z=Cp(P). Then

(@) = b(P)Y(Z) + [PlY(F\ Z) < (P)P(Z) + [Py (F).

Proof.

(1) Suppose that © € F acts trivially on w € P\ {1}. Then z acts trivially
on Q1 (P) and hence it acts trivially on P (see [6], Theorem 5.4.2). The claim
follows from this remark.

(2) Since P < G, it follows that if n is a positive integer, then (uz)” = v,z"
for some v, € P. As PN F = {1}, it follows that (uz)" € P if and only if m
divides n. The claim follows.

(3) Trivially holds.

(4) Suppose that o(z) = m. By (2) (uz)™ € P and hence 1 = [(uz)™, ux] =
[(uz)™, x]. Since x € F \ Cp(P), it follows by (1) that (ux)™ = 1 and by (2)
o(ux) = m = o(x), as required.

(5) It follows by (3) that 1(PZ) = (P)y(Z) and by (4) that (G \ (PZ)) =
|P|w(F \ Z). Therefore

(@) = b(P)Y(Z) + [PlY(F\ Z) < (P)P(Z) + [Py (F).
O

We also need information concerning finite groups with a cyclic maximal

subgroup. First we mention the following related result of Herstein [7].
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Proposition 2.3 (Herstein) If G is a finite group with an abelian mazimal

subgroup, then G is solvable.

Using this result we proved the following proposition, which is of independent

interest.

Proposition 2.4 Let G be a finite group with a cyclic mazimal subgroup C'.
Then G is solvable and G" < Z(G).

Proof. The group G is solvable by Proposition 2.3. If G’ < C, then G’ =1 <
Z(G) as required. Otherwise G = G'C and G” < C, since otherwise G = G"C
and G’ < G”, a contradiction since G is solvable and G’ # 1. Hence G” is
cyclic and G/Cq(G") is abelian. Consequently G’ and C' are both subgroups of
Ca(G"), yielding again G” < Z(@G), as required. O

Another important and useful result is the following proposition.

Proposition 2.5 Let G be a finite group and suppose that there exists x € G
such that
G (2)] < 2p,

where p is the mazimal prime divisor of |G|. Then one of the following holds:
(i) G has a normal cyclic Sylow p-subgroup,
(i1) G is solvable and (x) is a mazimal subgroup of G of index either p or

p+ 1.

Proof. First suppose that p divides [G : (z)]. Since [G : (z)] divides |G|, our
assumption implies that [G : (x)] = p and G is solvable by Proposition 2.4. Thus
G satisfies (ii).

Now assume that p does not divide [G : (z)]. Then (x) contains a cyclic
Sylow p-subgroup P of G. If P is normal in G, then (i) holds. So suppose,

finally, that P is not normal in G. Since (z) < Ng(P), it follows from our
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assumptions that [G : Ng(P)] < 2p. Since P is not normal in G, this implies
that [G : Ng(P)] =p+ 1 and that Ng(P) is a maximal subgroup of G. But

G : (z)] o
[G:Ng(P)] p+1

[Na(P) : ()] = <2,

so Ng(P) = (z) and (z) is a cyclic maximal subgroup of G of index p + 1.
By Proposition 2.4 G is solvable, and hence it satisfies (ii). The proof of the

proposition is complete. O
We also need the following related result.

Proposition 2.6 The following statements hold.

(1) If G is a finite 2-group with a cyclic subgroup of index 4, then G” < Z(G).
(2) If G is a finite group of order 293P with a cyclic subgroup of index less
than 6, then G" < Z(QG).

Proof. (1) Let (a) be of index 4 in G and let M be a maximal subgroup of G
containing (a). If M = (a), then the result follows by Proposition 2.4. So assume
that M > (a). Then [G : M] = 2, implying that M is normal in G, G' < M
and G < M’. Moreover, M has a maximal cyclic subgroup and therefore by
Theorem 5.3.4 in [10], either M is abelian, or M’ has order 2, or M is dihedral,
semidihedral or generalized quaternion.

If M is abelian then G” =1 and if |M’| < 2, then G” < M’ implies that G”
is a normal subgroup of G of order at most 2, thus G” < Z(G), as required.

Now suppose that M is either dihedral, or semidihedral or generalized quater-
nion. Then there exists z € M such that a® = a=1a?"
v € 10,1}, o(z) € {2,4} and 2% € Z(M).

Write G = M (y).

If a¥ € (a), then (a) is normal in G, thus G’ < (a) since |G/(a)| = 4. Hence

, where o(a) = 2™,

G’ is abelian and G” = 1, as required.
Suppose, finally, that a¥ ¢ (a). Then a¥ = a’z, where ¢ is an integer. We

have

on—1s 2 _~2n~1l§

5 6,.2 5a'y — 22q7

(a®)Y = a’za’x = a’x?a™

10
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and (a¥)* = (072" 922)2 = 24 = 1. Hence o(a) = o(a¥) = 4, |M| = 8 and
M’ < {a®). Thus G” < M’ has order at most 2 and hence it is contained in
Z(@G), as required.

(2) Let (a) be a cyclic subgroup of G of index less than 6.

If [G: (a)] =2 or [G: (a)] = 3, then the result follows from Proposition 2.4.

Suppose, finally, that [G : (a)] = 4. If 8 = 0 then the result follows by (1),
and if (a) is maximal in G, then the result follows again from Proposition 2.4.

So suppose that 8 > 0 and that {a) is not maximal in G. Then by Proposition
2.5 G has a normal cyclic Sylow 3-subgroup P. Thus G = P x D , where
|D| = 2%*. Obviously P < (a) and D ~ G/P has the cyclic subgroup (a)/P of
index 4. Hence by (1), D" < Z(D). Now we have G = PD, G’ < Cg(P) and
G’ = D'[P, D], which implies that

G"=D"<Z(D)NCq(P) < Z(G),
as required. O

We also state the result of Ramanujan (see [8], page 46), which was mentioned

in the introduction.

Proposition 2.7 (Ramanujan) If ¢1 = 2,q2, -+ ,qn, - is the increasing

sequence of all primes, then

qu—i—l_'é
2_ - —.
is1 i L2

This proposition implies the following lemma.

Lemma 2.8 Let pa,ps,...,ps be primes satisfying po < p3 < -+ < ps. If

p2 > 3 then

S
p%_1>§.

2
ebi+1 6

11
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Proof. If po > 3, then Proposition 2.7 implies that

(22+1>(32+1) . p$+1<5
22 —1/\32 -1/ 4pi—1 "2

1

2
Thus [];_, 5?’:1 < 8, yielding

Tpi-1 5

Hp?+1>5’

=2

as required.

We shall also need some basic facts about (C,,).

Lemma 2.9

(1) If P is a cyclic group of order p” for some prime p, then
ppy - L PP
p+1 p+1

(2) Let p1 < pa < -+ < p = p be the prime divisors of n and denote the

corresponding Sylow subgroups of C,, by Py, P, ..., P;. Then
: 2
Cp) = P) > ——n?
s =IIvr) = o5

Proof.
PP 41 plPP+1

(1) ¥(P) = 1+ pp(p) +p*0(p*) + - +p"0(p") = P5q T
(2) Since C,, = P; X Py x -+ x P, it follows by Lemma 2.2(3) that ¢(C,,) =

HZ:I (P;). Since p;+1 > p; + 1 for all ¢ and p; > 2, it follows by (1) that

t
pz|P| +1 Di 2 2 2
H [Pf? > .
pi +1 ilpi+1 p+1

i=1

In most cases, we shall apply the results of Lemma 2.9 without reference.

12
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Finally, we state Corollary B from [1].
Proposition 2.10 If P is a cyclic normal Sylow p-subgroup of a finite group
G, then

V(G) < P(P)Y(G/P),

with equality if and only if P is central in G.

3. Proofs of the main results.

Since we are using the result of Theorem 3 for the proof of Theorem 1, we
shall prove Theorem 3 first. The proof of Proposition 2 will follow that of

Theorem 1.

Proof of Theorem 3. We need to prove that if ¢(G) > q%llp(cn), then
G=C,.

Clearly ¢(C,,) > np(n) and by Lemma 2.1 ¢p(n) > (¢—1)n/p, where p denotes
the largest prime divisor of n. Hence by our assumptions ¢(G) > % =n?/p,
which implies that there exists © € G with o(z) > n/p. Thus [G : (z)] < p and
(x) contains a Sylow p-subgroup P of G. Since (z) < Ng(P), it follows that P

is a cyclic normal subgroup of G and Proposition 2.10 implies that

1
UPIU(G/P) 2 6(G) 2 V(G 0(Crg),
where p” = |P|. Since P = C),r, cancellation yields

1
Y(G/P) > mﬂ’(cn/p’“)

If n = p", p a prime, then the existence of z € G satisfying o(xz) > n/p
implies that o(z) = n and G is cyclic, as required. So we may assume that n
is divisible by exactly k different primes with & > 1. Applying induction with
respect to k, we may assume that the theorem holds for groups of order which
has less than & distinct prime divisors. Since |G/P| has k — 1 distinct prime

divisors and G/ P satisfies our assumptions, it follows that G/P is cyclic and

13
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G =P xF, with F~ G/P and F # 1. Notice that n = |P||F|, P and F are
both cyclic and (|P|, |F|) = 1. Hence %(C,,) = ¥(P)yY(F).

If Cp(P) =F, then G = P x F and G is cyclic, as required.

So it suffices to prove that if Cp(P) = Z < F, then ¥(G) < (1/(q¢—1))¥(Cy),

contrary to our assumptions. It follows by Lemma 2.2(5) that

W(G) = P(P)P(Z) + [Pl(F\ Z) < p(P)Y(Z) + |PRY(F).

Hence

V(@) < Y(P)Y(F) (m + w@)) = ¥(Cn) (m - 1/)|ZDP|))'

Notice first that since P is a cyclic p-group, we have

Pl _IPl+1) _p+1l _p+l _p+l 1
$(P)  plPP+1 - plP| T opr pP-1 p-17

1
q
Next notice that Z is a proper subgroup of the cyclic group F' and ¢(F) is a
product of ¥(S), with S running over the Sylow subgroups of F. Since also
¥(Z) is a similar product, and since at least one Sylow subgroup of Z, say Sylow
r-subgroup Rz, is properly contained in the Sylow r-subgroup Rp of F' of order

r*, it follows that
W(Z) _ (Rz) _ r?C7 Dt 41

IN

V() ~ Y(Rr) rstl 41
Since r > g and s > 1, we get
Y(Z) _r*l 41 1
G(F) S S glg 1)
Therefore
w(Z)  |P] 1 1 1
G Cn T =Y Cn - )= Cn TR
#(E) <@ gy *+ 5epy) < ¥ (G +g) =T
a contradiction.
The proof is now complete. O

We continue with the proof of Theorem 1.

14



Proof of Theorem 1. Throughout this proof G denotes a non-cyclic finite

group of order n satisfying

7

Y(G) > 11

(Cn).

Let p1 < pa < -+- < p; = p be the prime divisors of n and denote the correspond-
ing Sylow subgroups of C,, by Pi, Py, ..., P.. By Lemma 2.9 ¢(C,) > p—iln27 SO
our assumptions imply that G satisfies

7 4,

war= 2o+ 1)

1o Our aim is to reach a contradiction. Our proof is by induction on the size of p.

By our assumptions there exists € G with o(x) > ﬁn, which implies
that
11(p+1)
G: (z)] < -

Suppose, first, that p = 2. Then G is a 2-group and [G : (z)] < %. Thus
[G: (z)] =2, n >4 and n? > 16, implying that

010) < s (3) - BBELE L B L (D) () - (Do

a contradiction.

Next assume that p =3 and [G : (z)] < %. If G is a 3-group, then Theorem

3 yields ¢(G) < 39(C,) < £(Cy), a contradiction. So we may assume that
n = 2°3% for some positive integers a and b. Since [G : (z)] < 13, it follows
that [G : (z)] < 3. Hence either [G : (z)] = 2 or [G : (x)] = 3. Notice for later

reference that if n = 2%3%, then

7
—(C,,
111/)()

7 7,220+l 4 1y 32041 4
= (G (Cy) = 17 (—5—) ()
7 7 7 7
— 7220. 2b 722(1 _ 2b —

22 3 * 56 +4ﬁ * 132

Suppose first that [G : (z)] = 2. Then (x) contains a cyclic Sylow 3-subgroup
P of G and since (x) < C¢(P), it follows that P is normal in G.

15



If there exists y € G\ (z) with [G : (y)] = 2, then y € Cg(P) and hence
P < Z(G). Thus G = P x @, where @ is a non-cyclic Sylow 2-subgroup of G
and it follows by our result for p = 2 that

W) = 6(PYH(Q) < w(P) (= )u(Cia) = () w(Cn),
a contradiction.
So suppose that o(y) < § for all y € G\ (z). Since a > 1 and b > 1, we
obtain the following final contradiction with respect to [G : (x)] = 2:

7’L2

22a71+1)(32b+1+1) ’I’L2

W@ < v(C)+(5)(5) = ¥(Con)b(Co)t e = (T e
_ Ty Doy Tgny T
o G @™+ -2 m - m)
< %w(cn) - %422&3% - 1—11321’ + 1%
< %w(cn) - %3% + %32” + % < %w(cn»

We approach now the second possibility: p = 3 and [G : {(x)] = 3. By the
previous arguments we may assume that no element of G is of order % and hence
o(y) < % for all y € G. By considering elements of G belonging to (x) and those

outside it, and recalling that b > 1, we obtain the following contradiction:

@ < emvica ) +2(3) = (B (E 2

1 1 1 1 2 5 1 1 1
_ ~o2g2b | “92a  ~ 926 L | Z92a32 _ ° 92ag2b | “92a | - 32b L
18 +6 Jr36 +12+9 18 +6 +36 +12
7 7 7 7
— 722(132b 722& 73217 -
22 + 66 + 44 + 132

5 7 1 7 1 7 11 7

7_722a2b 7_722a - 2b st

+(18 22) 37+ (6 66) * (36 44)3 * (132 132)
7 4 2 1
o _ 7220, 2b 722a -
< 111/’(0") 99 7+ 33 + 33

36 6 1 7
C,) — =224 920 4 — —« ___4)(C,).
V() = 592" + 92" T 33 < T¥(CW)

16
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So assume, finally, that p > 3 and that the theorem holds for smaller values

of p. Then
11(p+1)
: — <
G ) < 2D <
and (z) contains a cyclic Sylow p-subgroup P of G. Since (z) < Ng(P), it
follows that P is a cyclic normal subgroup of G and Proposition 2.10 implies

that

7
¢(Cpr)¢(0n/pr),

WPYG/P) 2 ¥(G) > 11

where p” = |P|. Since P = C),r, cancellation yields

Y(G/P) > Lb(Coppr).

Since the maximal prime dividing n/p" is smaller than p, our induction hypothesis
implies that G/P is cyclic and G = P x F, with F = G/P and F # 1. Notice
that n = |P||F|, with both P and F being cyclic, and (|P|,|F|) = 1. Hence
P(Cn) = Y(P)Y(F).
If Cr(P) = F, then G = Px F and G is a cyclic, a contradiction. So suppose
that Cp(P) = Z < F. Lemma 2.2(5) then implies that
0L Y (8D, 1Ly

9(G) < w(P(E) (55 + 5opy o(F) T o(P)

Notice first that since P is a cyclic p-group and p > 3, we have

Pl _|[Plp+1) _p+1 _p+l
¢(P)  plPP+1 " plP| T p?

<85 .1
—25 4
Next notice that Z is a proper subgroup of the cyclic group F' and ¢(F) is a
product of ¥(S), with S running over the Sylow subgroups of F. Since also
¥(Z) is a similar product, and since at least one Sylow subgroup of Z, say Sylow

r-subgroup Rz, is properly contained in the Sylow r-subgroup Rp of F' of order

r®, it follows that
’(/)(Z) - r2(s—1)+1 41
— r]/-2S+1 + 1

But r > 2 and s > 1, so

r2(s—=1)+1 +1 _ 1
P21 S

17



since this inequality is equivalent to 1 < r2=2(r2 — r — 1), which is true. Hence

v 1 1
Y(F) ~r4+17- 3
and
¥(G) < MC")(% + wlfp)) < w(Cn)G + %) - w(cn)% < w(C”)lll’
a final contradiction.
The proof is now complete. 0

Next we prove Proposition 2.

Proof of Proposition 2. We start with the proof of the first equality:

32+1
2+1

Y(Cn) = Y(Car) = Y(Ca)Y(Cy) = P(Cr) = 119(Cy).

Next we prove the second equality:

1/J(Czk X 02) = 1,/}(0k X CQ X CQ) = d)(ck)w(CQ X CQ) = 71,[)(Ck)

The claim follows. O
195 We continue with a proof of Theorem 6.

Proof of Theorem 6. Since ¥(C,,) > np(n) and by Lemma 2.1 ¢(n) > @,
it follows by our assumptions that ¢(G) > g—;. Hence there exists € G such
that o(z) > g and

(G : (x)] < 2p.

First we shall prove that G is solvable. Let k be the number of prime divisors
of n. Our proof is by induction on k.
If K =1, then G is a p-group, hence solvable, as claimed. So assume that
k > 1 and that the claim holds for £ — 1.
200 If p| [G: (x)], then [G : (z)] = p and (z) is a cyclic maximal subgroup of G.

Hence by Proposition 2.3 G is solvable, as claimed.
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So suppose that pt [G : (x)]. Then (z) contains a cyclic Sylow p-subgroup P
of G.

If P is normal in G, then Proposition 2.10 and our assumptions imply that

_ 1
2(g—1)

and since 9 (P) = 1 (C|p)), it follows that

Y(P)Y(G/P) > ¢(G) > Y(Cp)Y(Ciayp))

Y(G/P) > Y(Ca/p))-

1
2(q—1)
Hence, by induction, G/P is solvable and so G is solvable, as claimed.

Suppose, finally, that P is not normal in G. Since (zx) is a subgroup of Ng(P),
it follows that [G : Ng(P)] < 2p and hence

[G:Ng(P)]=p+1.

Since
@@l _ W _,

N6(P): ()] = 5 et < ppg <%

it follows that Ng(P) = (x) is a cyclic maximal subgroup of G. Hence G is
solvable by Proposition 2.3 and the proof of our claim is complete.

We proceed with the proof of the theorem. As shown above, there exists
x € G such that [G : (z)] < 2p. By Proposition 2.5 this implies that either G has
a normal cyclic Sylow p-subgroup or (x) is a maximal subgroup of G of index
either p or p + 1. In either case, the Sylow p-subgroups of G contain a cyclic
subgroup of index p, as required.

If G has a normal cyclic Sylow p-subgroup, then (1) holds. If () is a maximal
subgroup of G of index p, then it contains a Sylow g-subgroup @ of G. Since @
is cyclic and ¢ is the smallest prime divisor of n, it follows by Theorem 10.1.9
in [10] that G is ¢g-nilpotent. Moreover, by Proposition 2.4 G” < Z(G) and (2)
holds.

Finally, if (z) is a maximal subgroup of G of index p + 1, then it contains a
cyclic Sylow p-subgroup P of G. If P is normal, then (1) holds. So suppose that
P is not normal in G. Since (z) < Ng(P), it follows that [G : Ng(P)] < 2p,
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which implies that [G : Ng(P)] = p+ 1. As shown above Ng(P) = (z) and
hence Ng(P) = Cg(P). Thus G is p-nilpotent by Burnside’s theorem, and since
(x) is a cyclic maximal subgroup of G, Proposition 2.4 implies that G” < Z(QG)
and (3) holds. The proof of the theorem is complete. O

We continue with a proof of a sufficient condition for the solvability of a

finite group G.
Proof of Theorem 10. Suppose that

(@) = —ngp(n)

and let p; be the maximal prime dividing n. By Lemma 2.1 ¢(n) > n/p1, so
by our assumptions ¥(G) > %nz/pl. Hence there exists an element = of G with
o(z) > 2n/p; and

G ()] < 2p1 < 201

It follows by Proposition 2.5 that either G is solvable, or G has a normal cyclic
Sylow pi-subgroup P;.

We prove first that G is solvable. Clearly we may assume that n is divisible
by at least three different primes and hence p; > 5. We may also assume that
G has a normal cyclic Sylow p;-subgroup P;. Hence G = P; x H for a suitable
subgroup H of G, and by Proposition 2.10 ¢(G) < (P )¢(H). Thus

V(H) >

Let |H| = h. Then n = h|P1| and o(n) = ¢(h)e(|P1]) = w(h)(p1 — 1)|Pi|/p1-
Recalling that p; > 5, we get

G(H) > (%) (Tmm) _ (%) (hw(h)|1;11|((12)911;1|12)|41f’11|)(p1 + 1))

5
- () Q) 2w C) ()

Let ps be the maximal prime dividing A. Then by Lemma 2.1 ¥(H) > %Z—z,

and

hence there exists an element y € H satisfying o(y) > %p% Thus [H : (y)] < 2p2

20
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and by Proposition 2.5 either H is solvable or there exists a normal cyclic Sylow
po-subgroup P, of H. If H is solvable, then also G is solvable, as required.

So suppose that there exists a normal cyclic Sylow ps-subgroup P, of H.
Then G = Py x (P, x V) for a suitable subgroup V of G.

Now, let p;1 > p2 > --- > p; > 3 be primes and suppose that
G=P x(Pyx(x(PxK))),

where P; are cyclic Sylow p;-subgroups of G and K is a suitable subgroup of G.
Write | K| = k and suppose that ¢ is maximal under these conditions. It follows

from Proposition 2.10 that

Y(G) < Y(PY(Pa) - Y(Py)y(K),

and hence, noting that p; > 3 and using Lemma 2.9, we get

v(G) 3 S (pit D)
) 2 ey o = 5 gy
3 TP = VIR +1) 3 T PP@E 1)
a 5k¢(k)£[1 pi(pi| Bi? + 1) B 5k¢(k) =2 pi(pil Pl + 1)
> e [T B > keB)(E) = ko).

i=1

Let p;11 be the maximal prime dividing k. Then by Lemma 2.1 ¢(K) >

%pfil, and there exists an element v € K satisfying o(v) > %Ptﬁ» -. Thus
[K : (v)] < 2py1 and by Proposition 2.5 either K is solvable, or there exists a
normal cyclic Sylow p;y1-subgroup P;y; of K. In the former case, K is solvable,
and hence also G is solvable, as required. If, on the other hand, the latter
case occurs, then K = P,y x W for a suitable subgroup W of K, and by the
maximality of ¢, p;+1 < 3. Thus K is a (2, 3)-group, hence solvable, so also G is

solvable. The proof of the solvability of G is now complete.

Moreover, we have proved that

G = Pyt (P (o (P % K))),
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where P; are cyclic Sylow p;-subgroups of GG, and either K has a cyclic maximal
subgroup or |K| = 23 and K has a cyclic subgroup of index < 6. We shall
show now by induction on ¢ that these assumptions imply that G” < Z(G). If
t = 0, then the result follows from Proposition 2.4 and Proposition 2.6(2). So
suppose that t > 0 and set H = (P2 x --- (P x K)). It follows by induction that
H" < Z(H). Since G = P; x H, where P is cyclic group, we have G’ < Cg(Py)
and G’ = H'[Py, H]. Hence

G'=H"<ZH)NCq(P) < Z(G),
which completes the proof of Theorem 10. O

Our last proof is that of Theorem 11, concerning groups of order n satisfying

H(C) = Lng(n).

Proof of Theorem 11. Suppose that G is a group of order n and it satis-
fies Y(G) > %nap(n). Since by Lemma 2.1 ¢(n) > w, it follows by our

assumptions that ¢¥(G) > %. Thus there exists x € G with o(z) > L;;)"

and

G : (z)] < ﬁp < 2p.

Hence by Proposition 2.5 either G has a normal cyclic Sylow p-subgroup, or it is
a solvable group with a cyclic maximal subgroup of index either p or p+ 1, as

required. The proof of the theorem is now complete. O
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