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A new methodology based on a superposition of time-dependent Gauss-Hermite wave
packets is developed to describe the wave function of a system in which several inter-
acting electronic states are coupled to a bath of harmonic oscillators. The equations
of motion for the wave function parameters are obtained by employing the Dirac-
Frenkel time-dependent variational principle. The methodology is applied to
study the quantum dynamical behaviour of model systems with two inter-
acting electronic states characterized by a relatively large reorganization
energy and a range of energy biases. The favourable scaling properties make
it a promising tool for the study of the dynamics of chemico-physical processes in

molecular systems.

) raffacle.borrelli@unito.it



DOI: 10.1063/1.4943538

I. INTRODUCTION

The study of quantum dynamics of electronic transitions is a fundamental task of the

theoretical analysis of chemico-physical processes in molecular systems.!

A number of methodologies are currently available to deal with this type of problem.
Some are quite general, in the sense that they are almost “independent” on the type of
Hamiltonian operator of the system, while many others are suited for dealing with a certain
class of problems, identified by specific model Hamiltonians, such as spin-boson systems or

similars.? 6

One of the simplest ways to describe the motion of nuclei in molecules is based on the
use of Gaussian wave packets. Heller was among the first to recognize the primary role of
such a simple approximation of the nuclear wave function in the study of chemico-physical
problems, mainly focusing his work on semiclassical theories.” ! Since then a number of
extensions have been dealing with such a method for multidimensional systems and non-

adiabatic processes, i.e. for the treatment of electronic transitions.

Among others G-MCTDH, DD-vMCG, AIMS, are extremely general and powerful
methodologies that utilizes, in different ways, linear combinations of Gaussian wave pack-
ets to define a time-dependent set of orthonormal basis functions which are then used to
describe the wave function of the entire nuclear system.!? '® Pure Gaussian wave packets,
1.e. coherent states, combined with a time-dependent DVR representation are also em-
ployed in the LCSA methodology'®, and are also at the basis of the MCE methodology of
Shalashilin.'”'® Coherent states are also the basis of the so called Davydov ansatz which is

specifically tailored to handle polaron dynamics.!9 2!

Heller was also the first to suggest that a significant improvement of the semiclassical
description based on Gaussian wave packets could have been obtained by introducing a
polynomial prefactor to the wave function.”® Hagedorn later recognized that the natural
extension of the description of quantum dynamics by Gaussian wave packet was the use of

generalized Gauss-Hermite functions,??>?® known in the quantum optics literature as gen-

26-28 29,30

eralized coherent states, and in molecular dynamics as Hagedorn’s wave packets.

31-34

A similar technique was developed later by Billing in the framework of semiclassical

mechanics as well as non-adiabatic transitions.®

While semiclassical treatments are amenable for high dimensionality systems, they suffer
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a number of criticality when applied to non-classical problems, i.e. to processes involving
more than one potential energy surface. In these methodologies the position and momentum
variables follow classical-like equations which involve only one surface at the time leading
to several problems related to norm and energy conservation.

In this work we develop a methodology that uses generalized Gauss-Hermite (GH) wave
packets to build a simple ansatz of a molecular vibronic wave function. Our approach is based
on the time-dependent Dirac-Frenkel variational principle and provides a new set of equations
in which position and momentum of the wave packet are dynamically coupled to the evolution
of the expansion coefficients of the basis functions. The type of ansatz developed in the
following sections is a powerful extension of the simple Gaussian wave packet approximation,
and is suited to handle problems with a large number of degrees of freedom. With the purpose
of showing how to apply the formalism to large size systems, the methodology is applied
to the study of the dynamics of spin-boson Hamiltonians characterized by relatively large

energy biases.

II. GAUSS-HERMITE WAVE PACKET ANSATZ

Let us consider a physical system which can be described as a set of N interacting
electronic states and d harmonic vibrational degrees of freedom, and whose Hamiltonian

operator can be written in the form

d
H=)_ [Z %(—55” +wizi) + guzi + Ez} D+ Vim|1){(m] + hec. (1)

=1 ) I>m

where }l> label a set of N “electronic” degrees of freedom and z; = (211, 22, ..., 214) € R?
represents a set of d nuclear degrees—offreedom—{d.o.f.} of the [—th electronic state; wy;
are the frequencies of the i—th oscillator in the [—th electronic state; g;; are linear coupling
between the electronic and vibrational d.o.f.’s and E; are the electronic energies. This type
of operator is representative of a wide family of chemico-physical processes whose most
important representatives are charge and energy transfer processes.*® Though not strictly
necessary, we will further assume that the coupling operators V;,,, are independent en nuclear

coordinates and ey time. The system dynamics is described by the Schrédinger equation

10V (z,t) = HV(x,t), with U(ty) = Wy.

3
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Without loosing any generality we write the wavefunction in the form
U(z,t) = Circ(t) Qi (@, t)|1) (2)
LK

where K is a multi-indexqK = (ky, ko, ..., kg) € N&, and the ®;x’s are a complete orthonor-
mal set of time-dependent basis functions defined as the product of d single-oscillator wave

functions g,

d
ixc (1, Tz, s 1) = H Pk, (i, 1)- (3)
i=1

We choose @y, (715, ) as time-dependent Gauss-Hermite wave packets??:3!

ol 1) = 27202y i H (o (8)) exp { —ad (@ — a(®))?/2 4+ in(D)(e - alt)}

(4)
where k € Ny, a;, q;, p1 € R, q;, p; are functions of the time ¢t and H}, is the Hermite polynomial
of degree k. The states ¢y, are concentrated near the position ¢; and near the momentum
pi, and for any fixed set of parameters g, p;, @ form a complete orthonormal basis in L?(R).
Since in our approach ¢; is a constant parametey, we can define a new set of scaled dimen-
sionless coordinates x; < aq;z, and scaled parameters q; < a;q;, p; < pi/a; and rewrite the

wave packet as’”

(i, t) = 272 ()72 H (2 — ()] exp { = (2 — @i(8))?/2 + ip () (21 — (1)) } -

()
If the scaling parameter a; is considered as a function of time the more general form 4
should be preferred over 5. It is well known that the size of the expansion 2 is subject to
an exponential growth and cannot be used for practical purposes as such. On the other
hand, by introducing an explicit time dependence of the basis functions and using the
time-dependent variational approach the quantum dynamical problem is formulated on a
Hilbert bundle, and the Gauss-Hermite wave packets evolve in time providing a “locally
optimal” basis for solving the Schrodinger equation. It is therefore physically sound that a
truncation of the above expansion to a relatively small subset of states already provides a
good description of the state of the system. Many reduction schemes can be provided, such
as matrix-product states, tensor networks as well as ML-MCTDH techniques.?*3840

The approach developed in this work is based on the idea of partitioning the entire

Hilbert space in a set of subspaces which differ in the number of vibrations allowed to

4
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be simultaneously excited. As a consequence the entire Hilbert space " spanned by the

Hamiltonian of Eq. 1 can be partitioned as

2 =S

where S, is the space spanned by the states in which only ¢ basis functions are simultaneously
excited, i.e. have a non-zero value of k;. Obviously for any practical purposes the basis is
truncated to a maximum quantum number. Since in a system with d vibrational degrees of
freedom there will be (i) distinct combinations with ¢ excited modes, using such a partition

the wavefunction of Eq. 2 can be written in the form

N

U(z :Z ZZ chkn ZC ®lkzl ‘l>

l c=11d1...5c kiy ...k

c

_Z[Clo Yoy, t +ZZCm (t) Pk, (21, 1)

7 Z—1

+Z Z Ciik; () Pigire, (21, 1) Ml>

ij (kikj)=

This type of partitioning has been first discussed in the field of molecular spectroscopy

41,42 and later applied by the

as a technique to simulate molecular electronic lineshapes,
authors, though in a different theoretical framework, to the study of electron superexchange

in molecular chains.® This approach provides a remarkable restriction of the active space
of the problem and of the associated numerical complexity. While—it—might seem just—an
operative-definitionwe will later shew thaty if properly applied, it allows to retain the most

important features of the dynamical behaviour of the systemy
The partition 6 allows us to strongly reduce the dimension of the basis set by limiting
its combinatorial explosion. Indeed, if each mode is allowed to have p basis functions, a

combination with ¢ simultaneously excited modes will introduce p® new basis states, and

since there are (Ccl) such combinations the dimension of the S, subspace will be (Ccl) p¢. Thus:

@pg states-and-so-on, As an example, in a system with d = 50 and p = 10 (see infra for

applications) the full tensor product basis set will have dimension 10°°, which is far beyond

the limit of any modern numerical methodology. By assuming that only the combinations
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up to ¢ = 3 are relevant, the size of the basis set will be about 20 - 10%, which is numerically

treatable. This approach can be particularly fruitful in reaction path type Hamiltonian?

44747 in which the size of the basis set has to be large only for a

and effective mode dynamics,
restricted subset of nuclear degrees of freedom. Finally, we-noticethat; since the parameters
(qi(t),pi(t)) of the basis set are different for each electronic statehe excitation level, c,
might differ as well. High energy electronic states could have a very small ¢ values reducing
the computational cost of the integration.

Of course the above partitioning of the the Hilbert space has—an -heuristic
basis-and does not guarantee that converged results can be obtained avoiding the
exponential growth-of the basisset. In principlejthe convergence can be tested

by letting ¢ vary until no significant variations of the properties of interest (i.c.

electronic population or coherences) are observed. Hewewvery this can be applied
only to systems with a quite small number of degrees of freedom. Furthermore,

arge for a numerical approach.— For theese reasons, in the following we will

O A

restrict our-discussion to the ansatz 6 truncated to the excitation level ¢ = 2,

which are the most appealing for treating systems with a large number of degrees

of freedom.

In the following we adopt a mathematical formulation in which all the parameters of

the wave function are real hence we split each coefficient in its real and imaginary part
Cix(t) = rig(t) +isix (t). The equations of motion for the parameters (7, Six, @, pi) can be

derived by using the Dirac-Frenkel time-dependent variational approach with the Lagrangian
L= S[(w|) — (9)w)] - (v H| )

which for a real parametrization results in the set of differential equations?®°

J

where y denotes the set of parameters (1, Six, @i, p1), 75 1S a real antisymmetric tensor, and

6
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H is the Hamilton function:

Nij = i[@yimayj\l]) - <8yjq]‘ay¢\1'>] = _2%<ay¢\1'|8yj\1]> (8)
H:<\II‘H‘\I/>:H(rlKaleac_Zl)pl)' (9)

After carrying out the calculations (see appendix) the tensor 1 can be written in the form

Mrigsms = —20umO0K . (10a)

Nricamn = Otm|[2DinTi — \/§<3l(K—1h) kp — 51(K+1h)\/m>] (10b)

Nsuxcamn = Otm|[2DinS1K + \/§<T1(K—1h) kn — Tl(K-}-lh)\/m)] (10c)

o = —Oom[V2 (i1 En + a0V B+ 1)] (10d)

Nsixcpmn = —Olm [\/§<81(K—1h)\/k7h + Suk+1,)V R + 1)] (10e)

Nagpmn = —OtmOn; Z(ﬁQK + SIZK)' (10f)
K

From the above metric tensor the final equations of motion take the form of the implicit

system

d d
271k + Z nslkq”qu + Z 7781Kpupli = aleH (lla)

251k — Z Nroscans i — Z Mricpibii = =0 H (11b)

Qi Z 70lK + SlK Z Nricpua UK — Z Nsucpii St = Opy H (11c)

K

Dii Z(TIK + SlK) + Z Mricans 1K Z MsucasSik = —0q, M (11d)
K K

K

with K=1,.. . Kpax i=1,...d l=1,..,N

We notice that the metric tensor, n, does not directly couple the variables of two differ-
ent electronic states because the electronic wavefunction is not parametrized, however, the
equations are coupled by the “quantum forces” 0,,. Equations 11a-11d constitute a set of
2 ZIL(NZ + d) differential equations where L is the number of electronic states, N is the size
of the basis set in the electronic state [, and d is the number of nuclear degrees of freedom.

From the definition of the Hamiltonian operator 1 the function H can be partitioned as
H(p,q,r,8) =H"+V

7
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where
H® = Z{ [Elo + %(pi + ql%) + 9uqi; + wlikz} (7”12K + 5121()}

1i,K

+ Z(Wliqu‘ + i)V 2(ki + 1) (rig 1,71k + Sik41,51K)
1i K

+ Z wliplim(rlKSlKJrli — TUK+1,51K)
1i K

VY =2R{ Z VimCi Cong (Puic | @) -
I>m,K,J

The derivatives d,,’H can be easily obtained analytically
O H = Q{Elo + Z [%(pzz@ + qi) + guqu + wliki:| }SlK (12a)
+ Z V2(ki + 1) [(wuqui + 9i3) Stk +1, — Wi +1,)
+ Z 2k (Wi + G1i)Sik —1; + WDk -1, + Os;c V (12b)
O H = Q{Elo + Z [%(MQZ +qir) + Guidus + wliki:| }TlK (12¢)
+ Z V2(ki + D) [(wiqis + gui)Tic 41, + WiibiisSix 1]
+ Z V2ki[ (Wit + )T -1, — wibusig-1,) + OV (12d)
O = wipi Y (i + size) + D wia/2(ki + 1) (rixcsucsn, — T siuc) + 9,V (120)
K

K

O M = (Wisqui + 9) D (i + stic) + > wiv/2(ki + V) (rucen,7ixe + sigc11,51) + O, V-
K

K

(12f)

The explicit formulae for the derivatives of V are given in the appendix. Equa-

The zero-th order Hamiltonian H° includes a classical-like energy part that depends
explicitly on the wave packet positions and momenta (¢;(t),p;(t)), and a purely quantum
contribution that depends on the quantum numbers (&1, ..., k;). The terms (®;x|P,,;) ap-
pearing in the potential energy V are Franck-Condon type integrals and depend on time

through the variables (g;(¢),p;(t)). Their evaluation is a critical step of the time propa-

8
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gation and can be performed analytically using the recurrence relations described in the
appendix.

The numerical solution of the set of differential equations 11 is not an easy task. On
one hand, when the number of variables is small a pseudo-inverse of the tensor 1 can be
computed, e.g. by singular value decomposition, and the system can be solved using standard
methods for ordinary differential equations. On the other hand, for problems with a large
number of degrees of freedom computing a pseudo-inverse of 7 is not feasible and methods

51

for implicit differential equations®® must be used. Here we have used a Krylov subspace

method as implemented in the DASPK package."?

III. NUMERICAL TESTS

We will now consider the application of the above methodology to the case of a system in
which two electronic states are coupled to an ensemble of harmonic oscillators. We write

the Hamiltonian in the standard form
H—eaz—i—AamjLanglqz—i—Z (p} +¢2)

with the usual definition of the o, 0, Pauli matrices. The ensemble of harmonic oscillators

is defined using a Ohmic spectral density
T
J(w) = 50w exp(—w/we)

where w, is a cutoff frequency, « is the so called Kondo parameter and determine the strength
of the system-bath coupling; the quantity A = 2aw, is the reorganization energy associated
to the electronic transition. In order to use a basis set approach the spectral density is
discretized into N, vibrations in the interval (0,w,,] where w,, is a maximum sampling
frequency, ensuring that the total reorganization energy is recovered. Following established

procedures,’ % the frequency of the i-th mode will be given by

Wo

W; = —We ln(l — z—)

We

and its linear coupling term will be

Gi = V/ Awiw,

9
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with w, = we(1—e~“m/“c) /Ny,. In the following we will present two sets of calculations
in which the spectral density has been discretized by using 15 and 60 degrees of
freedom respectively. We point out that our aim is not to discuss exact results
of spin-boson dynamics which can be found, for example, in references 56 and
57, and the discretization of a continuous spectral density is only a technique to
generate an ensemble of phonons with known properties.

For all set of data we provide the result of our methodology with an excitation
level up to ¢ =2 and the numerically exact results obtained using MCTDH and
ML-MCTDH methodologies that are de facto the standard reference methods
for studying quantum dynamics in molecular systems.>%" 5% All calculation have
been performed using the MCTDH Heidelberg package version 8.5.%

Figures 1 and 2 show the population dynamics in the system with 15 degrees
of freedom for two different values of the Kondo parameter, 0.3 and 0.5, and
for three values of the energy bias, ¢ = 0, A,2A. It is well known that systems
with large energy detuning represent a difficult case for most numerical methods
and, furthermore, they are the most representative of electronic transitions in
molecular systems in which exact energy degeneracy between electronic states
is seldom achieved. In all cases the system is initially localized in the higher
energy electronic state.

In the unbiased case (¢ = 0) the agreement is almost quantitative already at
excitation level ¢ = 1 independently of the value of the o parameter (see fig.sla
and 2a). For ¢ = 2 the Gauss-Hermite ansatz reproduces the exact results.
For ¢ = A the agreement between the MCTDH result and our ansatz with an
excitation level c = 2 is again quantitative with slight deviations appearing after
500 fs.

Upon increasing the energy bias to ¢ = 2A the agreement with the exact
MCTDH result worsen. The maximum transition probability is about 5% lower
than the exact value, and the mean lifetime is slightly longer. Interestingly, the
shape of the beatings appearing after the first 100 fs are correctly reproduced.
Therefore, when the electronic energy gaps are large, the results of the method-
ology are not quantitative, still they provide a good qualitative description of

the overall electronic population dynamics.

10



DOI: 10.1063/1.4943538

It is also worth noticing that the increase in the Kondo parameter affects only
marginally the overall behaviour of the ansatz . By increasing a from 0.3 to
0.5 we can observe a deterioration in the performance only in the more difficult
case of ¢ = 2A.

We point out that in all the above calculations converged results with respect
to the size of the basis set can be obtained with at most 4 functions per degree
of freedom.

The behaviour observed above is also reproduced when the number of degrees
of freedom in increased from 15 to 60. The results are shown in figures 3 and
4 for two different values of the Kondo parameter and in the biased case ¢ = A.
As in the previous case the system is initially localized in the higher energy
electronic state.

For o = 0.3 (fig. 3), at the lowest degree of approximation (¢ = 0), that is by using a
single Gaussian wave packet for each electronic state, the electronic population decays to
a constant value of approximately 0.5, meaning that the system is not localized at infinite
time. When single excitations are added to the wavefunction (¢ = 1) the transition proba-
bility becomes significantly larger, reaching a maximum of about 0.82, though a complete
population exchange between the two electronic states cannot be observed. The maximum
transition probability being slightly larger than 0.8. When states with two excited vibra-
tions are included in the dynamics (¢ = 2) the localization in the lowest energy electronic
states is complete after 500 fs. From a comparison with converged numerically exact
ML-MCTDH results we can observe that both methods provide the same mean
lifetime and converge to completely localized state. However, after the first 200
fs the population dynamics become manifestly different, and the agreement is
not quantitative.

Thus when moving from 15 to 60 degrees of freedom we can observe a deteri-
oration of the performances of the method. This can be understood considering
that the fraction of Hilbert space explored by the ansatz is clearly smaller in
the latter case. Notwithstanding, the qualitative behaviour of the dynamics is
correctly reproduced.

For a = 0.5 (fig. 4) the results are qualitatively similar to the preceding case however

the performance of the methodology slightly worsen. Again, at the lowest degree of approx-

11
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imation (¢ = 0) the electronic population decays to a constant value of approximately 0.4.
The addition of single excitations improves the overall result, increasing the maximum tran-
sition probability to 0.75, that becomes about 0.85 when states with two excited vibrations
are included in the dynamics. As in the preceding case comparing our best result
with a ML-MCTDH calculation we observe the same half-life, though the latter
method converges toward larger transition probabilities.

The difference in the performance can be ascribed to the increase in the reorganization
energy with a.. In this case states with higher excitation levels, not included in the dynamics,
might become more relevant in the dynamics, but as discussed in the preceeding sec-
tion, this is feasible only for systems with a small number of degrees of freedom.

Thus, while all the curves exhibit the same short time behaviour, a complete localization
of the system in one of the two electronic states can be observed only at excitation level
¢ = 2. This result is of fundamental importance for the assessment of the methodology since
it shows that it is able to correctly reproduce the qualitative behaviour of such systems at
infinite time.5°

It is also clear that a superposition of single complex Gaussian wave packet cannot prop-
erly describe the quantum dynamics in strongly biased systems. The motion of a single
Gaussian wave packet does not provide an efficient energy exchange between the electronic
degrees of freedom and the bath, hence limiting the population transfer. On the other hand
using Gauss-Hermite wave packets it is possible to improve the overall description of the
wavefuntion by introducing vibronic states with different quantum numbers. In this way en-
ergy can be exchanged between the electronic and vibrational subsystems in a more efficient

way, leading to the expected irreversible population decay.

IV. DISCUSSIONS AND CONCLUSIONS

The Gauss-Hermite wave packet method provides a family of ansdtze for
the vibronic wave function of a molecular system with interacting electronic
states. The partitioning of the Hilbert into subspaces with different levels of
excitations, albeit heuristic, appears quite effective in selecting the active space.
Increasing the number of simultaneously excited vibrations allows to achieve,

at least in principle, converged results, however this procedure can be applied

12
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only to small systems and more advanced truncation schemes must be devel-
oped. The method has been applied to the study of model systems comprised
of two electronic states interacting with a discrete set of bosons. It has been
shown that qualitatively correct results can be obtained even in the case of a
system with a large energy detuning, and using at most two simultaneously ex-
cited vibrational modes. This case is of notable interest in the study of electron-transfer
processes in supramolecular assemblies which is mostly controlled by the differences in the
oxidation-reduction potentials of the donor-acceptor pair.61-65

The theory described in the present paper provides a first fundamental step
in the development of a fully variational methodology for the study of quantum
dynamics using Gauss-Hermite wavepackets.

The explicit time-dependent basis and the multi-set formulation allow to
strongly reduce the number of primitive functions in the calculations, which,
from a numerical perspective, implies very low computer memory requirements.
A forseeable advantage of a quantum dynamical method based on Gauss-Hermite
wave packet is the possibility to develop techniques for on-the-fly quantum me-
chanics. GH wave packets are indeed localized in the configuration space al-
lowing, at least in principle, to compute potential energy surfaces using a small
number of points. Further work is required to better address these develop-
ments.

In its current implementation, the method suffers a number of drawbacks
mostly due to the accuracy of the integrator, and to the improvement of the
active space Possible solutions to these problems will be addressed in future
work.

As in any basis set methodology the number of independent coefficients in the
wave function expansion is of main concern. While we have not yet investigated
the possibility of contraction or projection schemes®:%%7 the methodology could
be easily extended to handle such techniques. Finally, Gauss-Hermite wave
packets could also be implemented in the framework of the MCTDH theory,
and work is being currently done along this line.

From a numerical point of view, the evaluation of the derivatives of the potential energy is

the most crucial step of the numerical integration scheme. Indeed, it requires the calculation

13
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of Franck-Condon type integrals between pairs of time-dependent basis functions. Here we
have developed new recurrence formulae to efficiently compute this type of integrals, that
are akin to the well-known recurrence relations for FC integrals between harmonic oscillators

wavefunctions.5872
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Appendix A: The metric tensor 7

The determination of the metric tensor 1 requires the evaluation of the derivatives of the
wave function W(z,t) and of its complex conjugate W*(x,t) with respect to the set of real
parameters {rx, six, qu, P, K € N¢,i € N}. To ease the notation in the following we will
write @, as a short notation for the basis function @y (21, j2, ..., t) = H?Zl O, (213, 1). By

standard methematical procedures we have

8TZK\II = (I)lK (Ala)
ale\I/ == Z(I)lK Alb)
k + 1 k
09, ¥ = —ipun Z i + isuc) Qi + ay, Z Tk + iSiK) \/ P, — \/ hq)lK 1h
(Alc)

. . [k +1 [k
aplh\:[j = 1a1p ;(T{K -+ ZSZK) |: h2 ¢lK+1h + ?h¢lK—1hi| . (Ald)

The notation K — 1, and alike must be read as subtracting 1 from the h-th elements of
K = (ky, -+ ,kq). Of course for any real parameter y we have the relation 9,¥* = (9,V)*.
Here we only report the explicit caculation of the 7, . tensor elements, the others being
quite straightforward. First we notice that 7., = 0 for [ # n, i.e. for two different

electronic states. Thus we only need to compute the term 7 ,,. By a simple application

14
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of the rules A1 we have

‘ : : o Lo : [Fn+ 1. [Fn g
_2${aqulll aplh\:[j} - —2%{2plh Z(TZK—ZSZK)¢lK+alh1 Z(TZK—ZSZK) |: T©1K+1h_ 7@1[{_1}1]
K K

) . u; + 1 U
X 1ag; Z(T’IU +isw) [\/ ]T(I)IUJrlj +4/ ijq)lUflj} } (A2)
U

Taking the products, integrating over x and taking into account the orthonormality of the

wave functions ®;x we have

Juj +1 [u;
Naypin, = 2Pnai; Z(TlKSIU — SIKTW) [ ’ 9 Ok, u+1; + EjéK,Uflj]
KU

— ayay; Z(TJKTJU + sikSiv) [\/(kh + 1) (u; + 1)5K+1h,U+1J}
KU

+ al?zlalj Z(TlKTlU + SlKSlU) |:\/ khujéKflh,U—lj]

K,U

— ay, @ Z(TJKTJU + siesiv) [\/ (kn + 1)uj5K+1h7U_1j:|

KU

+ ay; i Z(’f’zK’f’zU + Sk Sw) [ En(uj + 1)5K—1h,U+1]} . (A3)
KU

In the above equations the Kronecker over the multi-indices K and U must be read as
products of one-index Kronecker symbols. The two summations with the factor 2p;,a;;

cancel so we are left with

Naypn = —ay, Z<nKT[U + sucsiw) [\/(kh + 1) (u; + ]‘>5K+1hyU+1j:|
KU

+ag,'ay Z(TlKTzU + SiSi) [\/ kjhujéK_lh’U_lj]

KU

— a;; @ Z('r’zK’f’lU + sirsir) [\/ (kn + 1)Uj5K+1h,U71j}

K,U

+ al_hlalj Z(TIKTIU + SlelU) [\ / k’h(Uj + 1)5K—1h,U+1j:| . (A4)

KU

15



DOI: 10.1063/1.4943538

which can be further reduced to

Naypin = —0gp, 0 Z(TlKTK+1h—1jl + 81K8K+1h—1jl)\/(k?h + 1)(k; + 0nj)
K

+ (ll_hlalj Z(TIKTIK—lh-i—lj + lele_thj)\/kh(kj +1—dyy)

K

— ay, a; Z(TIKTZKJrthrlj + 81K81K+1h+1j)\/(/fh + 1) (kj + 1+ dny)
K

+ ay, @ Z('f’lK'f’quhqj + six sk —1,-1,)\/ kn(kj — dpj).  (A5)
K

It is easy to verify that the third and fourth sums cancel each other leaving us with the final

results

Naypin = —0gp 0 Z(TlKT1K+1h—1J- + SlKSlK+1h—1j)\/(7€h + 1)(k; + 0nj)
K

+ ay,ay; Z(T‘lKT‘lK—lh—i—lj + SlKSlK_thj)\/kh(kj +1—04;). (A6)
K

If h = j we have

Najpi; = — E (rixmi + sigsir) (kb + 1) + E (kT + SigSik )kn = — E (rixrik + SikSik)
K=0 K=0 K—0
(A7)

and if h # j

-1 §

K
+ afhlalj Z(TlKrlethrlj + SlKSlethrlj)\ / kh<l€j -+ 1) =0 (AS)

K

This latter result shows that the metric n directly couple the time-dependent parameters

(qi, pr) and the coefficients Cjx.
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Appendix B: The Hamilton function

The Hamilton function H can be easily obtained by using the formulae

2

1
—0 ¢k = [pQ +a*(k + 5)}% - % [\/(k + 1)k +2)ppp2 + VE(k—1) 901%2}

+2iap \/ ¢k+1— \/79019 1)

5oz (VI D0+ Dgnss + VAR i)

L2 < [+ 1 \[ ) (B2)
Pr+1 + Pr—1
1/ [k+1 k
TYE = qpg + a( 2 Pr+1 + \/;Spkl . (B3)

Furthermore, if we let a* = w? we obtain

1
2o = [qz +a %k + 5)} ©Or + 5

1 1
5(—8§ + w?a?) iy, = 5(—@% +a'a?) o =
1 1 o Jk+1 , k
3 [pQ +a*q* + 2a*(k + 5)} o + ala*q + ip) Pk + a(a*q — ip) \/;gokl (B4)

d

H®,00) [m) = { SIS S (-0 i) bgut B (U4 3 Vi1) (] b ) )

l i I>m

thus

k;

1
‘m> Z{[ i (Dot i) [ 2-H a0 (Rt ] ‘(I)mK>+ i G+ i D) _'_ ‘q)mKJrl >

ki
+ (a’iu‘%ni - Zamzpmz)\/i}q)m[(_lz>

k:+1

Dy, +Zvlm\l> (B5)

mKJrl

Introducing a set of scaled coordinates x;; < a;;x and the set of scaled parameters q; < aq

and py; < p/ Qi1 Gi; < i / ay; we obtain

1
H| P )|m) = |m) Z{ [Em + Wini (P + i) /2 + wini (ki + 5) + gmiQmi] | P )

. k; —i— 1
+ [wmz(qmz + mei) + gmz] }(I)mK—i—l >

b Lo — i) + gm]@ e 1)} + Y Vil (B0

17
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The Hamiltonian matrix elements over the basis ’(I)m K> ’m> are

(P |H| P ) = Vit (P | Prwr)  for L #m

2
ki +1

forl=m
2

Thus, using the orthonormality of the basis functions ®;x, we have

712:22{[Eﬁ%wmxp%i+qiﬂ/24wmx@F%)%%m9m4“jmKP}

miK
TR
+7;([w (Gmi + 1Pmi) + Gimi 5 K+1,0mK
miK 2 '

+ Z VimCirc Crny (P1ic| @iy} + hec..

ImKJ

By letting Ey, = Ey, + ), wmi/2, we can partition the Hamiltonian as
H=H"+V

where

H = Z{ [E; + Wi (D + Gi) /2 + Wik + Gonilni | (T + san)}
miK

+ Z(wlemz + gmz) 2<kz + 1)<TmK+1¢TmK + SmKJrliSmK)

miK
+ Z WimiPmi V/ k + 1)<TmK+1iSmK — SmKJrli'rmK)
miK

VY = Z VlmClKCmJ (I)lK\q)mJ Z Z 2Vlm[ TIKTmJ + SlKSmJ) <(I)lK‘q)mJ>

ImKJ JK m>l

+ (rig Smg — SlKTmJ)%<(I)lK|(I)mJ>]

(B10)

(B11)

(B12)

(B13)

The overlap integrals (®;x|®,,,) are complex numbers, that can be evaluated by using the

recurrence relations described in the next section.

The calculation of the derivatives of the Hamilton function with respect to the coefficients

(r1x, Six ) are immediate, and those with respect to (g, pi;) follows easily from the application

18
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of formulae B1,B2 and B3. After some lengthy but straightforward calculations one obtains

Ji+1
2

OpniV = =23 Vinlrusctng+suacsns) | R(Pl @ 1)~ | DR |2 ) ~puiS (@ |2)]

IKJ

+2 3 Vin(risas = sucras=) [\ Eo— SO I@0,0) =\ DS (@l @, ) + piR( @il @)
IKJ
(B14)
and
ji + 1 l n jl l n
OpV = =2 Vin(rucsns — SlK'f’nJ)[ 5 TPk [ BT, + §§R<®K‘®J71i>}
IKJ
ji + 1(\ l n jl(\ l n
= 2 Via(riras + sicsas) [\ 25— (@000 )+ /S S(@L )| (B15)
IKJ

Appendix C: Franck-Condon integrals

The Franck-Condon integrals (®,,;|®;x), are the product of d one-dimensional overlap

(©mgjlew). By using the generating function technique it is possible to derive simple recur-

rence formulae which allow to compute FC integrals for any pair of quantum numbers.™ 72
After some lengthy calculation one obtain the identity
1 T gk
Foexp (o = 5lr (T ) =3 cmtenlon) )
jik
where 7,0 are dummy variables; the scalar Fj, the matrix A, and the vector y are given by:
2 1/2 d* + h? —i2d(p; + apm)
Fy= — = C2
’ <1+a2) eXp{ 2(1+a?) } 2
and
2 —(da+ih 1 a?—1 -2«
g (e (©3
L+a* \ d+iah I+a —2a  1-a?
with

d = gm — apy, h = pm — ap;, a = \/wn/w. (C4)

where w,,,w; are the oscillator frequencies in the two electronic states. From the above

equations it is straightforward to derive the recurrence relations®®7%:73

VIGk) = p( — k) — Auv/g — 10 — 2[k) — AwVE(j — 1|k — 1) (C5)
VE(jlk) = ya(jlk — 1) — Au/5(j — 1|k — 1) — A VE(j|k — 2) (C6)
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from which one can obtain the required integrals.

We notice that in the standard formulation of FC integrals between harmonic oscillator
eigenstates y is real number and depends solely on the difference in the parameters (g, ¢,,)-
In the present case y is a complex vector and depends also on the “momenta” (p;, ppm).
If h is zero the standard recurrence relations of FC integrals between harmonic oscillators
eigenstates are recovered. In the special case o = 1, i.e. when the the frequency of the
two basis functions is the same in both electronic states, A;; = Ags = 0 and the recurrence

relations simplify to

VIIk) = y1 (G = Lk) + VE( = 1]k — 1) (C7)
VE(jIR) = ya(ilk = 1) + VGG = Lk = 1). (C8)
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FIG. 1. Population of the lowest energy electronic
state system. The parameters of the model are A
€ =A c¢) e =2A. The number of bath modes is NN,

two electronic states ¢ = 0; dash-dot line(—-) ¢ = 1; full line (-) ca = 2; (x) MCTDH result.
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FIG. 2. Population of the lowest energy electronic state as a function of time in a in a two electronic

state system. The parameters of the model are A = 100 cm™!, w. = 10A, a = 0.3 and € = A; a)

e =0,b) e=Ac) e =2A. The number of bath modes is N, = 15. Dashed line (- -) excitation

levels of the two electronic states ¢ = 0; dash-dot line(—-) ¢ = 1; full line (-) ¢ = 2; (x) MCTDH

result.
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FIG. 3. Population of the lowest energy electronic state as a function of time in a model spin-boson
system. The parameters of the model are A = 100 cm™!, w, = 10A, a = 0.3 and € = A. The
number of bath modes is N, = 60. Dashed line (- -) excitation levels of the two electronic states
¢1 = 1 and ¢ = 2; dash-dot line(—-) ¢; = ¢ = 1; full line (-) ¢; = 1 and ¢ = 2;; (x) ML-MCTDH

result.
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FIG. 4. Population of the lowest energy electronic state as a function of time in a model spin-boson
system. The parameters of the model are A = 100 cm™!, w, = 10A, a = 0.5 and € = A. The
number of bath modes is N, = 60. Dashed line (- -) excitation levels of the two electronic states

c1 = 1 and ¢y = 2; dash-dot line(—-) ¢; = ¢co = 1; full line (-) ¢; = 1 and ¢ = 2; (x) ML-MCTDH

result.
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