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Abstract—In this paper we present a procedure for the

state estimation and fault diagnosis of a labeled Time

Petri net system. Starting from the State Class Graph

defined by Berthomieu and Diaz, we introduce a new

graph called Modified State Class Graph (MSCG) that

allows an exhaustive representation of the evolution of the

timed system. Then, we present a procedure that, given

a timed observation, i.e., a sequence of labels with their

firing time instants, and a time instant τ , allows one to

determine in which states the system can be at time τ by

using the MSCG and solving a certain number of linear

programming problems. Finally, we present a procedure

to perform fault diagnosis using the MSCG.
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I. INTRODUCTION

A. Paper contribution

The explicit consideration of time is crucial for the

specification and the verification of systems such as

communication protocols, circuits, or real-time systems

as well as to study a series of extremely important

problems such as state estimation, state feedback control

and fault diagnosis.

In the Petri net (PN) framework the first main dis-

tinction is between Time PNs [?] and Timed PNs [?]. In

Time PNs enabled transitions may fire within given time

intervals that may either be associated with places or

transitions (P-Time PNs and T-Time PNs, respectively).

In Timed PNs enabled transitions fire as soon as given

time delays have elapsed. As in the previous case, delays

may either be associated with places or transitions (P-

Timed PNs and T-Timed PNs, respectively).

In this paper we deal with the problem of state

estimation and fault diagnosis of labeled T-Time PNs

and we call them labeled Time PNs (TPNs) for short.

In a TPN a state consists of a marking and a set of

constraints, one for each transition enabled at the cor-

responding marking, that specify when transitions may

actually fire. We assume that only the firing of certain

transitions can be observed, e.g., because a sensor, that

produces an observable output when they fire, is asso-

ciated with them. We call such transitions observable.

The other transitions are called unobservable (or silent)

because their firing cannot be observed. Moreover, to

keep the problem statement more general, we assume

that the same sensor can be associated with more than

one transition, i.e., more than one transition may share
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the same label. We call such transitions indistinguish-

able. We first present an algorithm for the construction

of a graph called Modified State Class Graph (MSCG)

that collects all the information on the evolution of

the TPN system; then, we present a procedure based

on the exploration of the MSCG and on the solution

of some linear programming problems, that allows one

to determine which states are consistent with a given

observation and a given time instant. Finally, we show

that the MSCG can also be effectively used to perform

online fault diagnosis.

The MSCG takes inspiration from the State Class

Graph (SCG) firstly presented in [?]. Two are the main

differences between our graph and the one in [?]: 1)

the introduction of labels associated with transitions, and

2) the introduction of timing variables and constraints

associated with edges. Thanks to these information it

is possible to obtain an estimation of the state at a

certain time instant τ , given a timed observation, i.e.,

a sequence of labels occurring at given time instants.

The key idea behind the MSCG definition is that of

expressing the firing domain in a class as a function

of the firing intervals of transitions entering in the class,

associating a variable with each arc entering in a class.

Due to the modifications introduced in the graph, the

number of nodes in the MSCG is always greater than

or equal to the number of nodes in the SCG, but the

finiteness property for bounded TPNs is preserved.

A preliminary version of this paper was presented

in [?]. Specifically, in [?] we solved the problem of

marking estimation of a TPN. Here, we extend such a

procedure to labeled TPNs. Then, we study the problem

of state estimation, thus considering for each timed

observation not only the estimation of the set of markings

consistent with the observation, but also a series of time

intervals, one for each transition enabled at any marking

in the set. Such time intervals specify when the enabled

transitions may fire and, as clarified in the sequel, they

are characterized in linear algebraic terms. In particular,

they depend on a certain number of parameters related to

the possible time occurrences of unobservable transitions

interleaved with the observed transitions. Moreover, we

formalize the procedure for the state estimation giving an

algorithm where the MSCG is used. Finally, we present

a procedure to perform online fault diagnosis of a TPN

using the MSCG.

Diagnosis can be performed both online and offline.

Both approaches have their advantages and disadvan-

tages. Online diagnosis, that uses an interpreted diag-

noser, allows one a saving in memory with respect to

offline diagnosis, that uses a compiled diagnoser. On

the other hand, online diagnosis requires to solve online

linear programming problems. In this paper, the proposed

method aims to keep the advantages of both approaches,

providing a trade-off between memory requirements and

online computations: MSCG is off-line computed and

linear programming problems are solved online to select

the set of possible sequences consistent with the timed

observations.

The presentation is organized as follows. In Subsec-

tion I-B we give an overview of relevant literature on

state estimation and diagnosis of TPNs, and contrast

our contribution with respect to such works. In Sub-

section II-A we present necessary background on Time

Petri nets. In Subsection II-B we provide a series of

definitions related to the labeling function. In Section III

we formalize the problem statement and clarify the

assumptions on which our approach is based. Section IV

presents the algorithm for the computation of the MSCG.

In Section V we propose a procedure for the computation

of the state estimation of a labeled TPN given a sequence

of labels observed at given time instants, and a final

time τ . In Section VI we analyze the complexity of the

proposed procedure. In Section VII an algorithm that

allows to perform diagnosis of a labeled TPN using the

MSCG is introduced. In Section VIII conclusions are

drawn and the future lines of our research in this topic

are outlined.

B. Literature review

The problem of state estimation and diagnosis of

a dynamic system is a fundamental issue in system

theory. Just like for time driven systems, also in the case

of Discrete Event Systems (DES) state estimation and

diagnosis under partial observation has been discussed

in the literature.

As an example, in [?] Giua and Seatzu using

place/transition nets solved the problem of marking

estimation under the assumption that the net structure

is known, the initial marking is not known, and all

transition firings can be observed. Later on, Cabasino

et al. considered different forms of nondeterminism,

namely unobservable transitions and indistinguishable

transitions, but assume that the initial marking is known

[?], [?]. In particular, in [?], [?] the authors not only

address the problem of marking estimation, but also deal

with online fault diagnosis. Other important contribu-

tions in this area have been proposed in [?], [?], [?], [?],

[?], [?], [?], [?], [?], [?], [?], [?].

Both the problems of marking estimation and diagno-

sis have been extensively studied using logic DES. On

the contrary, there are relatively few works dealing with

these topics in the timed DES framework using automata
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[?], [?], [?], [?], [?] as well as PNs [?], [?], [?], [?], [?],

[?]. As a consequence, several related problems are still

open.

The first approach to compute the state-space of a

TPN was proposed by Berthomieu and Diaz in [?].

They presented a graph, called State Class Graph, whose

nodes are sets of states of the TPN and whose edges are

labeled with transitions. They proved that if Lang is the

language accepted by the SCG and Lang′ is the untimed

language accepted by the TPN, then Lang = Lang′.
Then, since the SCG does not accept the timed language

of the TPN, the SCG can only be used conveniently

for checking untimed reachability properties. In order to

check real-time properties a set of places and transitions

representing a non-intrusive observer need to be added to

the TPN and then compute the SCG of the system “TPN

+ observer”. However the observer may be as big as the

net, if the property to be verified involves markings, and

so the number of classes may be squared. Furthermore,

each property requires a specific observer, and thus a

new computation of the SCG [?].

In [?] Ghazel et al. presented a state estimation

method based on the SCG for unlabeled TPNs without

cycles of unobservable transitions. Differently from the

approach here presented, in [?] all sequences firable

from each class of the state estimator and their firing

time intervals are explicitly associated with each node

of the estimator. This makes larger the memory needed

to store the estimator, even if this speeds up the esti-

mation process. In our approach the solution of some

linear programming problems is required to determine

which states are consistent with the timed observation,

thus reducing the memory requirements. Moreover, the

approach here presented also applies to labeled nets and

does not require (despite of [?]) absence of cycles of

unobservable transitions (it is only required that cycles

of unobservable transitions do not fire in time intervals

of null length).

In [?] Bonhomme approached the problem of marking

estimation for P-Time PN models from another perspec-

tive. A marking observer is assumed to be available for

the untimed underlying PN. Then, a linear program-

ming problem is formulated to check the set of firing

sequences feasible on the untimed underlying PN and

consistent with the current timed observation. The state

explosion problem of SCG is avoided but differently

from this paper, the full state of the system, marking and

firing time interval associated with transitions (tokens for

P-Time PN models), cannot be estimated.

In [?] Wang et al. proposed a fault diagnosis ap-

proach for unlabeled TPNs based on a graph called

Fault Diagnosis Graph (FDG). The FDG, that is ob-

tained from the SCG by only keeping the necessary

information for the computation of the fault states and

removing the unnecessary states, is updated online after

each observation. Several are the differences between

our approach and the one presented in [?]. In [?] it

is required that the unobservable portion of the net

is acyclic (since an unobservable subnet is computed

each time an observable transition fires), while in our

approach it is only required that cycles of unobservable

transitions do not fire in time intervals of null length.

In [?] no constraints are imposed on the time intervals

associated with transitions, while we require that the

boundaries of such intervals are rational numbers. In

this paper we deal with labeled TPNs, while in [?]

unlabeled TPNs are considered. Finally, our approach

is based on the online inspection of the MSCG that can

be computed offline, thus reducing the online complexity

of the estimation procedure.

In [?] Lime and Roux presented an approach that

builds the state class graph as a timed automaton (TA),

called State Class Timed Automaton, thus keeping the

temporal information of the TPN. Obtaining a TA instead

of a graph allows one to use all the model checking tools

available for TA. At this aim, translation techniques from

TPNs to TA have been proposed in [?] and [?], thus

some results, such as fault diagnosis using TA, could be

re-used to study fault diagnosis on TPNs. However, we

believe that using methods that are specifically designed

for TPNs is very important and leads to significant

advantages. Firstly, a direct method avoids any inter-

pretation difficulty coming from using different models.

Secondly, as well as we did for untimed PNs ([?], [?],

[?], [?]), we want to build a research line that goes from

state-estimation/fault diagnosis of labeled time Petri nets

to diagnosability (see [?]), up to methods that make

diagnosable a non-diagnosable timed system and/or op-

timally select sensors for ensuring diagnosability (this

is one of the next steps of our research line - see the

contribution [?] for untimed systems).

Finally, several abstractions of TPN space exist in the

literature [?], [?]. Among the abstractions preserving

linear properties like reachability and firing sequences

Relaxed SCG (RSCG) and Contracted SCG (CSCG) are

available [?] in addition to SCG. However, RSCG and

CSCG cannot be used for state estimation since the firing

time constraints of the transitions are not preserved.

Other abstractions, that use clocks to characterize state

classes instead of firing domains, are considered in [?].

A clock is associated with each transition to measure the

time elapsed, since it became enabled most recently. An

element of a state class domain gives the clock value for

each transition, enabled at the class marking, but these
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abstractions such as the Strong SCG (SSCG) yield a

larger graph that do not preserve the finiteness property

for all bounded TPNs. Clocks become essential if the

atomicity property of the state classes within a state

class graph must be preserved. The atomicity property

states that if a state in a state class SC1 has successors

in some successor state class SC2, then all the other

states of SC1 have successors in SC2. This property is

very important in a distributed settings since by making

consistency between the local traces in the local state

classes graphs of different models one can discard the

local states that have no continuations in the successor

state classes in each component [?]. Since, this paper

focuses on state estimation in a centralized settings, then

interval representation can be used avoiding to introduce

clocks.

II. TIME PETRI NETS WITH LABELS

A. Background on Time Petri nets

A TPN is a Place/Transition net (P/T net) [?], [?]

where timing is associated with transition firing. In

particular, time intervals are associated with transitions:

a transition may fire at a given time instant if and only if

it has remained logically enabled for an amount of time

within its own time interval. More details are provided

in the following.

As in Place/Transition nets (P/T nets) the net structure

is defined as a quadruple N = (P, T, Pre, Post) where:

P is a set of m places; T is a set of n transitions; and

Pre : P × T → N and Post : P × T → N are

the pre– and post– incidence functions that specify the

arcs. The incidence matrix C of the net is equal to C =
Post− Pre.

A marking is a vector M : P → N that assigns

to each place a nonnegative integer number of tokens,

represented by black dots. We denote M(p) the marking

of place p.

A transition t is said to be logically enabled at M iff

M ≥ Pre(· , t). The firing of a transition t at a marking

M yields to marking M ′ = M + C(· , t). We denote

A(M) the set of transitions logically enabled at M , i.e.,

A(M) = {t ∈ T | M ≥ Pre(· , t)}.

A Time PN is defined as a couple Nd = (N,Q) where

N = (P, T, Pre, Post) defines the net structure and Q :
T → Q × (Q ∪ {∞}) defines the set of static closed

intervals associated with transitions. In particular, given

a transition ti ∈ T , the function Q associates two rational

numbers with ti (the second one may also be ∞), namely

Q(ti) = (li, ui), where

li ≥ 0, ui ≥ li, li 6= ∞.

Transition ti may fire iff it remains logically enabled for

li ≤ θi ≤ ui, i.e., for a time interval included in [li, ui].
Moreover, here it is assumed that an enabled transition

must fire within its firing interval unless it is disabled

(strong time semantic). Logical enabling condition must

hold consecutively (enabling memory policy) or may not

hold consecutively (total memory policy), depending on

the considered enabling policy [?].

A TPN Nd with a marking M0 at the initial time

instant τ0 = 0 is called a marked TPN, or a TPN system,

and is denoted 〈Nd,M0〉.
A TPN evolution is defined by a time-transition se-

quence (TTS), namely a sequence of pairs (transition,

time instant), that specify the sequence of transitions that

have fired, and the corresponding time instants. As an

example, the firing of σ = (ti1 , τ1)(ti2 , τ2) . . . (tik , τk) ∈
(T×R+

0 )
∗ at the initial marking M0 means that transition

with index i1 has fired at time τ1, transition with index i2
has fired at time τ2, and so on. We denote this in a com-

pact form as M0[ti1(τ1)〉M1[ti2(τ2)〉M2 · · · [tik(τk)〉Mk,

where obviously it is τ1 ≤ τ2 ≤ · · · τk. More concisely,

we also write M0[σ〉Mk or simply M0[σ〉 if we do not

want to specify the marking reached after the firing of

σ, but only want to denote that σ may fire at M0. In the

following we denote tl(σ) the instant of time at which

the last transition in σ fires. Thus according to the above

notation, it is tl(σ) = τk.

Note that while in untimed Petri nets the state co-

incides with the marking of the net, this is no more

true in a timed net. In particular, in a TPN the state

is an (ek + 1)-tuple (Mk,Θk), where Mk ∈ N|P | is a

reachable marking and Θk is a set of ek inequalities

l̄ki
≤ θki

≤ ūki
, i = 1, . . . , ek , and ek is the number of

transitions enabled at Mk.

The generic inequality l̄ki
≤ θki

≤ ūki
means that

transition tki
may fire at Mk only after l̄ki

time units have

elapsed and must fire before ūki
time units have elapsed,

unless another enabled transition has fired meanwhile,

disabling tki
. It holds l̄ki

≥ lki
and ūki

≤ uki
, where

(lki
, uki

) = Q(tki
). Obviously, if tki

has just been

enabled at marking Mk, it is l̄ki
= lki

and ūki
= uki

.

Otherwise, it is l̄ki
> lki

and/or ūki
< uki

. In the

following sections we show how the bounds l̄ki
and

ūki
can be characterized in linear algebraic terms as a

function of a series of parameters related to the possible

time occurrences of silent transitions interleaved with the

observed transitions.

A marking M is reachable in 〈Nd,M0〉 if there exists

a TTS σ such that M0 [σ〉 M . The set of all markings

reachable from M0 defines the time reachability set

of 〈Nd,M0〉 and is denoted by Rt(Nd,M0). Note that

Rt(Nd,M0) is always a subset (usually a strict subset)
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of the reachability set [?] of the underlying untimed PN.

A TPN system 〈Nd,M0〉 is bounded if there exists a

positive constant k such that, for all M ∈ Rt(Nd,M0),
M(p) ≤ k. By virtue of the above consideration, it

obviously may happen that a TPN system is bounded

even if the underlying untimed PN is unbounded.

Finally, the enabling degree of a transition t logically

enabled at a marking M is the highest integer number k
such that M ≥ k Pre(·, t). In simple words, in a purely

logic model, the enabling degree of a transition t at a

marking M denotes how many times t may fire at M at

most.

In the rest of the paper we assume that the considered

TPNs follow a single server semantics and an enabling

memory policy. More details on this can be found in

[?], [?]. In simple words, when using a single server

semantic each transition represents an operation that

can be executed by a single operation unit (a single

server). Therefore, regardless of the current enabling

degree, a transition may only fire once at a time. The

enabling memory policy implies that a transition has

no memory of previous enabling, i.e., if it remains

enabled for a certain time and some other transition fires

disabling it, when it is enabled again it does not keep

into account the time intervals in which it has already

been enabled. Assume as an example that a transition

models the execution of a given operation that requires

a time interval defined by its lower and upper bound. If

such an operation is interrupted, it should start from the

beginning, i.e., the time required to perform the given

operation should be consecutive.

B. Labeling function and timed labels sequences

A labeling function L : T → L∪ {ε} assigns to each

transition t ∈ T either a symbol from a given alphabet

L or the empty string ε. We call labeled Petri net system

the triple 〈N,M0,L〉.
We denote as Tu the set of transitions whose label is

ε, i.e., Tu = {t ∈ T | L(t) = ε}. Transitions in Tu are

called unobservable or silent.

We denote as To the set of transitions labeled with

a symbol in L. Transitions in To are called observable

because, when they fire, their label can be observed. In

this paper we assume that the same label γ ∈ L can be

associated with more than one transition. In particular,

two transitions t1, t2 ∈ To are called indistinguishable if

they share the same label, i.e., L(t1) = L(t2) = γ ∈ L.

We extend the labeling function to define the projec-

tion operator L : T ∗ → L∗ recursively as follows:

(i) if tj ∈ To then L(tj) = γ for some γ ∈ L;

(ii) if tj ∈ Tu then L(tj) = ε;

(iii) if σ ∈ T ∗ ∧ tj ∈ T then L(σtj) = L(σ)L(tj);
Moreover, L(λ) = ε where λ is the empty sequence.

Furthermore, to avoid introducing too many differ-

ent notations, we also extend the labeling function to

TTSs σ ∈ (T × R+
0 )

∗. In particular, we denote as

L(σ) ∈ (L × R+
0 )

∗ the observable projection of σ that

only contains those pairs (label-time instant) relative to

observable transitions.

Finally, we denote as δo =
(γe1 , τ1)(γe2 , τ2) . . . (γeh , τh) ∈ (L × R+

0 )
∗ a time-

label sequence (TLS), namely a sequence of pairs

(label-time instant) that specify the sequence of labels

that have been observed, and the corresponding time

instants. In general, given a TLS δo there exist more

than one TTS σ such that L(σ) = δo. In analogy to

TTSs, we denote as tl(δo) the instant of time at which

the last label in δo is observed.

III. PROBLEM STATEMENT

In this paper we deal with two closely connected

problems, namely the estimation of the state of a labeled

TPN and the fault diagnosis of a timed discrete event

system modeled by a labeled TPN.

As in [?] we make the following assumptions whose

importance will be clarified in the rest of the paper.

(A1) The considered TPN is bounded.

(A2) For all t ∈ T , the bounds l and u associated with t
are rational numbers.

(A3) There do not exist cycles of unobservable transitions

that can fire in a time interval of null length.

A. State estimation problem

Given a TLS δo ∈ (L× R+
0 )

∗
, and a time instant τ ≥

tl(δo), we want to find the set of states in which the

system may be at time τ given the observation δo. We

assume that there is no further observation since the last

event in δo.

Now, the following three main definitions can be

given.

Definition 1: Given an observable TLS δo ∈ (L ×
R+
0 )

∗ and a time instant τ ≥ tl(δo), the set of sequences

consistent with the observation δo and the time instant

τ is

Σ(δo, τ) = {σ ∈ (T × R+
0 )

∗
| M0[σ〉M,
L(σ) = δo,
tl(σ) = τ̄ , with τ̄ ≤ τ,
6 ∃t ∈ Tu : M [t〉 and

rt(M0, σ) ≤ τ − τ̄}
(1)
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where rt(M0, σ) denotes the residual time1 of t after the

firing of σ at M0, i.e., the amount of time within which

t surely fires at M . �

Note that the last constraint in (1) ensures that it is

possible to remain in marking M during the time interval

τ − τ̄ . This is obviously not possible if there exists at

least one unobservable transition whose residual time,

when M is reached, is smaller than or equal to τ − τ̄ .

Indeed if such a transition exists, then for sure it fires in

a time instant smaller than or equal to τ .

Definition 2: Given a TLS δo ∈ (L × R+
0 )

∗ and a

time instant τ ≥ tl(δo), the set of markings consistent

with the observation δo and the time instant τ is

C(δo, τ) = {M ∈ Nm | M0[σ〉M, σ ∈ Σ(δo, τ)}.
(2)

�

Definition 3: Given a TLS δo ∈ (L×R+
0 )

∗ and a time

instant τ ≥ tl(δo), the set of states consistent with the

observation δo and the time instant τ is

S(δo, τ) = {(Mk,Θk) | Mk ∈ C(δo, τ) and

Θk = {(l̄ki
≤ θki

≤ ūki
)} :

tki
∈ A(Mk)}.

(3)

�

Solving a problem of state estimation of a labeled

TPN consists in providing a systematic approach to

characterize the set S(δo, τ) for any observation δo and

any time instant τ .

B. Fault diagnosis

As in most of the literature in the fault diagnosis

framework [?], [?], [?], the set of unobservable transi-

tions is partitioned in two subsets, namely Tu = Tf∪Treg

where Tf includes all fault transitions (modeling anoma-

lous or faulty behavior), while Treg includes all tran-

sitions pertaining to unobservable but “regular” events.

The set Tf is further partitioned into r different subsets

T i
f , where i = 1, . . . , r, that model the different fault

classes.

Obviously, in the fault diagnosis framework rather

than being interested in the set of markings in which the

system can be, we are interested in the set of transitions

that may have fired.

Given a TTS σ = (ti1 , τ1)(ti2 , τ2) . . . (tih , τh) ∈
(T × R+

0 )
∗
, we denote as log(σ) = ti1ti2 . . . tih the

“logic” sequence of transitions associated with σ, ne-

glecting the time instants at which they have fired.

1The residual time of a transition t is clearly not a function of the

current marking but is a function of the particular evolution that led

to it, i.e., according to our notation, it is a function of M0 and σ.

Based on the definitions given in the previous subsec-

tion, we generalize the notion of diagnoser we provided

in [?] in the case of untimed labeled PNs.

Definition 4: A diagnoser is a function

Γ : [L× R+
0 ]

∗ × R+
0 × {T 1

f , T
2
f , . . . , T

r
f } → {N,U,F}

that associates with each observation δo ∈ (L × R+
0 )

∗,

each time instant τ ∈ R+
0 , and each fault class T i

f , i =
1, . . . , r, a diagnosis state.

• Γ(δo, τ, T
i
f ) = N if ∀σ ∈ Σ(δ0, τ) and ∀tf ∈ T i

f , it

is tf /∈ log(σ). In such a case the ith fault cannot

have occurred, because none of the TTSs consistent

with the observation and the time τ , contains fault

transitions of class i.

• Γ(δo, τ, T
i
f ) = U if:

(i) ∃σ ∈ Σ(δ0, τ) and tf ∈ T i
f such that tf ∈

log(σ),
(ii) ∃σ′ ∈ Σ(δ0, τ) such that ∀tf ∈ T i

f , it is

tf /∈ log(σ′).
In such a case a fault transition of class i may have

occurred or not, i.e., it is uncertain, and we have no

criteria to draw a conclusion in this respect.

• Γ(δo, τ, T
i
f ) = F if ∀σ ∈ Σ(δ0, τ) ∃tf ∈ T i

f such

that tf ∈ log(σ).
In such a case the ith fault must have occurred,

because all firable sequences consistent with the

observation and the time instant τ contain at least

one fault transition of class i. �

Solving a problem of fault diagnosis in a labeled TPN

framework consists in providing a systematic approach

to compute the diagnosis states.

IV. MODIFIED STATE CLASS GRAPH

In this section we introduce a graph called Modified

State Class Graph (MSCG). This graph takes inspiration

from the State Class Graph presented in [?] but, as

explained in the Introduction, it has significant novelties

with respect to it. In particular, it contains a series of

information that allow to estimate the set S(δo, τ), as

explained in the next section.

Let us consider a labeled TPN system 〈Nd,M0〉,
where Nd = (N,Q), N = (P, T, Pre, Post), Q : T →
Q × (Q ∪ {∞}). Let L : T → L ∪ {ε} be its labeling

function defined over an alphabet L.

The Modified State Class Graph is a directed graph

whose nodes are called classes. With each class is

associated a state of the net, namely a reachable marking

M ∈ Rt(Nd,M0) and a set of inequalities Θ that define

the timing constraints relative to all transitions enabled

at M , as explained in Subsection III-A.
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Edges are labeled as (t, γ,∆ ∈ [l∗, u∗]), where t ∈ T
is the transition whose firing leads from the marking

in the target node to the marking in the source node;

γ = L(t) is the label associated with t, and ∆ ∈ [l∗, u∗]
is a constraint on the time to go from the target node to

the source node of the edge.

We say that two classes are equivalent if they share

the same marking and the same set of inequalities.

The construction of the MSCG first requires the defini-

tion of the Modified State Class Tree (MSCT) according

to Algorithm 1.

In simple words, Algorithm 1 constructs the MSCT

starting from the initial class (Step 1) to which it corre-

sponds the initial marking M0 at time τ = 0 and a set

of inequalities, denoted Θ0, associated with transitions

enabled at M0. Such inequalities simply define the static

intervals of such transitions.

Tags are used to guarantee an exhaustive exploration

of the graph with no repetition. At Step 2 an unexplored

node, i.e., a node tagged “new”, is arbitrarily selected.

Let Ck be the corresponding class with marking Mk.

At marking Mk a certain number of transitions are

logically enabled, i.e., they belong to A(Mk). In general,

only a subset of them may actually fire, in particular

those whose lower bound at that class is less than

or equal to the minimum of the upper bounds at the

same class of the transitions logically enabled at Mk

(Step 4). Indeed if such a constraint is violated for a

given transition ti, it means that such a transition, even

if logically enabled, requires a time interval to fire that

is too long with respect to the other transitions enabled

at the same marking. So, in practice it cannot occur.

Note that this is correct since we are considering an

enabling memory policy, so transitions have no memory

of previous enabling conditions. Finally, in Step 4 we

write max{0, lki } to impose that the lower bound is

always a nonnegative number.

Now, for all transitions that may actually fire, we

compute the marking resulting from their firing. In Step 5

we denote Mq the marking resulting from the firing

of the generic transition ti at marking Mk. Note that

such a marking is not related to the enabling degree

since we are considering single server semantics, so

all transitions at any marking, may only fire once at

a time. To completely define the class we need to

compute the set of inequalities Θq, namely the timing

constraints relative to all transitions that are enabled at

Mq. Obviously such constraints are different, depending

on the fact that a transition has just become enabled,

or it was already enabled at the previous class. In the

first case the timing constraints simply coincide with the

timing constraints associated with the transition. In the

Algorithm 1: Construction of the Modified

State Class Tree

input : A labeled TPN system.

output: Its Modified State Class Tree.

1 Initialize: The root node C0 is labeled with the

initial marking M0 and a set of inequalities Θ0

defined as follows: ∀ti ∈ A(M0), let

l0i ≤ θi ≤ u0i where l0i = li and u0i = ui. Tag the

root node “new”. while a node tagged “new”

exists do

2 Select a node Ck tagged “new”.

3 for all ti ∈ A(Mk) do

4 if max{0, lki } ≤ minj: tj∈A(Mk){u
k
j },

where lki (ukj ) is the lower (upper) bound

associated with ti (tj) at class Ck, then

5 Let Mq = Mk + C(·, ti) be the

marking reached from Mk firing ti.
for all transitions tr ∈ A(Mq) do

if tr ∈ A(Mk), i.e., if tr was

already enabled at class Ck, and

Mk − Pre(:, ti) ≥ Pre(:, tr),
then

let

lqr = lkr −∆i, uqr = ukr −∆i

else
let

lqr = lr, uqr = ur.

6 Add a new node Cq labeled with

marking Mq and a set of inequalities

Θq defined as follows: ∀tr ∈ A(Mq),
let max{0, lqr} ≤ θr ≤ uqr.

7 Add an edge from Ck to Cq labeled

“ti,L(ti), ∆i ∈
[max{0, lki },minj: tj∈A(Mk){u

k
j }]”.

8 if there already exists a node

equivalent to Cq in the tree then
tag node Cq “duplicate”,

else
tag it “new”.

9 Untag node Ck.
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second case, we need to reduce the upper and lower

bounds at the previous class by an amount ∆i, equal

by definition to the time elapsed when going from the

previous class to the new one. Such bounds should

obviously be nonnegative.

Finally, at Step 8 we associate labels with edges.

The label associated with an edge obviously contains

information on the transition whose firing leads from the

marking in the target node to the marking in the source

node. Moreover, the edge also contains information on

the time that must elapse when moving from such two

markings. The condition is obviously the same as in the

“if” condition in Step 4, thus explaining the label in

Step 8.

The MSCG can be immediately obtained from the

MSCT simply merging duplicate nodes corresponding

to equivalent classes.

Under Assumptions A1 and A2 the number of classes

of the MSCG, as well as the number of classes of the

SCG [?], is finite, as proved in the following proposition.

Proposition 5: Let 〈Nd,M0〉 be a TPN. Under As-

sumptions A1 and A2 the MSCG built according to

Algorithm 1 is finite.

Proof: Assumption A1 guarantees that the number

of reachable markings is finite. This is clearly not enough

to guarantee the boundedness of the graph since the

same marking may be associated with several classes.

However, since a reachable marking always enables the

same set of transitions, and since the timing constraints

associated with the enabled transitions are in a finite

number (due to Assumption A2 and to their structure

0 ≤ lqr ≤ θr ≤ uqr), the combinations reachable

markings–timing constraints are in a finite number. Thus

the number of classes corresponding to the same marking

is finite as well, and consequently the number of classes

in the MSCG is also finite. �

The following example clarifies the notions introduced

until now. Note that we voluntarily chose the example

simple for the sake of clarity.

Example 6: Let us consider the labeled TPN system

whose net structure and labeling function are shown in

Fig. 1. It is To = {t1, t5}, Tu = {t2, t3, t4}, L(t1) = a,

and L(t5) = b. Moreover, it is Q(t1) = (0, 1), Q(t2) =
(0, 2), Q(t3) = (1, 3), Q(t4) = (1, 5), and Q(t5) =
(2, 3). Finally, the initial marking is M0 = [1 0 0 0 0]T .

The corresponding MSCG is shown in Fig. 2. Each

class is labeled with a reachable marking M ∈
Rt(Nd,M0) and a set of inequalities Θ that characterize

the timing intervals of the transitions enabled at that

class. As an example, the initial marking M0 and the set

of timing constraints Θ0 = {0 ≤ θ1 ≤ 1} are associated

with the initial class C0. In fact, M0 only enables t1 and

 

 

 

ε 

p3  ε 

b 

p5 

p2 p4 

t4 
p1 a 

0≤θ1≤1 

0≤θ2≤2 

1≤θ3≤3 

1≤θ4≤5 

2≤θ5≤3 

 

t1 t5 

t3  ε 

t2 

Fig. 1. The TPN considered in Example 6.

it is Q(t1) = (0, 1).

Class C1 is labeled with marking M1 = [0 1 1 0 0]T

resulting from the firing of t1 at M0. Moreover, at

marking M1 only two transitions, namely t2 and t3,

are enabled. Therefore this class is characterized by the

timing constraints Θ1 = {0 ≤ θ2 ≤ 2, 1 ≤ θ3 ≤ 3} that

result from the fact that t2 and t3 are not enabled at M0,

and it is Q(t2) = (0, 2), Q(t3) = (1, 3).

Class C3 is labeled with marking M3 = [0 1 0 0 1]T

resulting from the firing of t3 at M1, and with the set

of timing constraints Θ3 = {0 ≤ 0 − ∆3 ≤ θ2 ≤ 2 −
∆3, 1 ≤ θ4 ≤ 5} with ∆3 ∈ [1, 2]. Indeed, t2 is also

enabled at the class C1 from which C3 is reached, while

t4 is not enabled at C1, and it is Q(t4) = (1, 5).

Moreover, according to Algorithm 1, each

edge of the MSCG is labeled as “ti,L(ti),∆i ∈
[max{0, lki },minj: tj∈A(Mk){u

k
j }]”. As an example,

the edge directed from C1 to C3 is labeled

“t3, ε,∆3 ∈ [1, 2]”, since the minimum of the upper

bounds of the set of transitions logically enabled at C1

is 2. In fact, either t3 will fire before 2 time instants

elapse after C1 is reached, or it will never fire from C1

(since the upper bound of t2 is 2).

Analogously the edge directed from C3 to C5 is la-

beled “t2, ε,∆2 ∈ [max{0, 0−∆3},min{(2−∆3, 5}]”.

Note that instead of writing max{0, 0 − ∆3} we can

obviously simply write 0 since by definition it is ∆3 ≥ 0.

We preferred to leave it like that only to better explain

the procedure for the MSCG construction. �

Remark 7: Consider a generic class Ck labeled with

marking Mk. If Mk is not a deadlock marking, i.e, if

there exists at least one transition that is logically enabled

at Mk, then for sure there exists at least one transition

ti ∈ A(Mk) that satisfies the if condition in Step 4.

This can be intuitively explained by simply observing

that timing constraints on the transition firings impose

a sort of priority among transitions, that may also end

up in transition disabling, however they cannot induce

deadlock. �
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 C0     [1 0 0 0 0]
T
 

   0 ≤θ1≤ 1 

C2       [0 0 1 1 0]
 T

 

        0≤1-∆2≤θ3≤ 3-∆2 

                

C1     [0 1 1 0 0]
 T

 

   0 ≤θ2≤ 2 

  1 ≤θ3≤ 3 

t1, a, ∆1 ϵ [0,1] 

C4     [0 0 0 1 1]
 T

 

   1 ≤θ4≤ 5 

  2 ≤θ5≤ 3 
C6         [0 1 0 1 0]

 T
 

     0≤ 0-∆3-∆4≤θ2≤ 2-∆3-∆4 

              

t4, ε, ∆4 ϵ [1, min{(2-∆3),5}] 

C3     [0 1 0 0 1]
 T

 

          0≤0-∆3≤θ2≤ 2-∆3 

             1 ≤θ4≤ 5 

 

t2, ε, ∆2 ϵ [0,2] 
t3, ε, ∆3 ϵ [1,2] 

t2, ε, ∆2 ϵ [max{0,0-∆3},  min{(2-∆3),5}] 

C5     [0 0 0 1 1]
 T

 

         0≤1-∆2≤θ4≤ 5-∆2

  2 ≤θ5≤ 3 

 

C7     [0 0 0 2 0]
 T

 

 

t2, ε, ∆2 ϵ [max{0,0-∆3-∆4}, 2-∆3-∆4] 

t4, ε, ∆4 ϵ [max{0,1-∆2}, min{(5-∆2),3}] 

t5, b, ∆5 ϵ [2,3] t5, b, ∆5 ϵ [2, min{(5-∆2),3}] 

t4, ε, ∆4 ϵ [1,3] 

t3, ε, ∆3 ϵ [max{0, 1-∆2},3-∆2] 

Fig. 2. The MSCG relative to the TPN in Fig. 1 assuming M0 = [1 0 0 0 0]T .

V. STATE ESTIMATION OF A TIME PETRI NET

We now present a procedure based on the MSCG

to compute the set of states S(δo, τ) defined as

in eq. (3), consistent with an observation δo =
(γi1 , τ1)(γi2 , τ2) · · · (γih , τh) ∈ (L× R+

0 )
∗

and a time

instant τ ≥ 0. With no ambiguity in the notation we

extend the log operator to TLSs.

Such a procedure consists in the following three main

steps.

• First, we compute the set of paths in the MSCG

that are logically consistent with the observation

δo, namely those paths to which it corresponds a

sequence of labels equal to log(δo).
• Then, a set of linear constraints is associated with

such paths to select those paths that are also timing

consistent with the given δo and the given time τ ,

i.e., such that the observation of labels may occur

at the same time instants as in δo and no further

observation has occurred until time τ . A path is

consistent if and only if the corresponding set is

feasible.

• Each consistent path ends in a class that iden-

tifies a consistent marking. Moreover, the set of

inequalities associated with transitions enabled at

such a marking allows us to fully identify the

corresponding consistent states as explained in the

following Proposition 8.

To explain the above steps in detail we introduce some

preliminary notation and prove a key result.

Given a class Cq we denote out(Cq) the set of transi-

tions associated with edges that exit from Cq. Therefore,

if δo = (γi1 , τ1)(γi2 , τ2) . . . (γih , τh) ∈ (L× R+
0 )

∗
is

a given TLS, then log(δo) = γi1γi2 . . . γih denotes the

“logic” sequence of labels associated with δo, neglecting

the time instants at which labels have been observed.
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Now, let

π =

Cq0

ti1 ,L(ti1),
∆(1) ∈ [max{0, lq0i1 },minj: tj∈A(Mq0

){u
q0
j }]

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Cq1

ti2 ,L(ti2),
∆(2) ∈ [max{0, lq1i2 },minj: tj∈A(Mq1

){u
q1
j }]

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

· · · · · ·

Cqk−1

tik ,L(tik−1
),

∆(k) ∈ [max{0, lqk−1

ik
},

minj: tj∈A(Mqk−1
){u

qk−1

j }]
−−−−−−−−−−−−−−−−−−−−−−−−→

Cqk
(4)

be a generic path in the MSCG2.

The following results holds.

Proposition 8: Consider a path π defined as in equa-

tion (4), starting from the root node of the MSCG and

terminating in a class Cqk , that is logically consistent

with a given TLS δo = (γi1 , τ1)(γi2 , τ2) . . . (γih , τh) ∈
(L× R+

0 )
∗
, where it is k ≥ h. Consider a time instant

τ ≥ τh. Associate with π the following set of constraints:










































































































k
∑

l=1

∆(l) ≤ τ, (a1)

τ −
k

∑

l=1

∆(l) < min
r:tr∈out(Cqk

)
{uqkr }, (a2)

∆(l) ≥ max{0, l
ql−1

il
}, l = 1, . . . , k,

(b1)

∆(l) ≤ min
j:tj∈A(Mql−1

)
{uql−1

j }, l = 1, . . . , k,

(b2)
q

∑

l=1

∆(l)= given number, ∀tiq ∈ log(δo),

(c)
(5)

2A remark should be done concerning the above notation and the

notation used in the previous section. Indeed, if we look at Fig. 2 the

time interval associated with the generic transition tk is denoted as

∆k in all the edges in which it appears. Obviously, when a path is

followed in the graph, the same edge may be visited multiple times.

Whenever this occurs multiple variables should be associated with it,

since the time intervals spent in the input class is usually not the same

whenever it is visited. Analogously, paths visiting different edges

characterized by the same transition label require different variables

to denote the time interval spent in the input class.

where the meaning of “given number” in Constraints (c)

is explained in detail in the following proof. If the above

set of constraints is feasible then the corresponding

path π is also timing consistent with δo. Moreover, if

(Mk,Θk) is the state identified by class Cqk where

Θk = {lqkj ≤ θj ≤ uqkj , tj ∈ A(Mk)}, (6)

then it is (Mk,Θ
′
k) ∈ S(δo, τ) where:

Θ′
k = {l̄j ≤ θj ≤ ūj, tj ∈ A(Mk) }, (7)

and

l̄j = max{0, lqkj − (τ −
∑k

l=1∆
(l))},

ūj = max{0, uqkj − (τ −
∑k

l=1∆
(l))}

(8)

are subject to constraints (5).

Proof: The consistency of the path with respect

to time follows from the physical meaning of the con-

straints, that can be explained as follows.

— Constraints (a) impose limitations on the total

length of the observation. In particular, (a1) implies that,

if the observation really corresponds to the considered

path, then the class at the end of the path, namely Cqk ,

is reached at a time that is smaller than or equal to the

given time instant τ . Now, since ∆(l) denotes the time

interval to go from Cql−1
to Cql , the sum in the left hand

side of (a1) is equal to the time spent to reach class Cqk .

Constraint (a2) imposes that class Cqk is the last visited

class. This is verified if the difference between τ and the

time spent to reach class Cqk is less than the minimum of

the upper bounds of the output transitions of class Cqk .

Indeed, once the node Cqk is reached a transition enabled

at Mqk will fire at most after a time interval equal to the

minimum of the upper bounds of the transitions enabled

at Cqk .

— Constraints (b) simply imposes the limitations on

the time intervals ∆(l) as given in the MSCG.

— Constraints (c) imply that the observable transitions

actually occur in accordance to the observation. Note

that we do not specify the value of the “given num-

ber” to avoid heavy notation that would be required to

completely formalize this. We clarify this via a simple

example. Let

δo = (a, 1)(b, 5)(c, 8)

and let

σ = (ε4,∆
(1))(t1,∆

(2))(ε5,∆
(3))(t2,∆

(4))

(ε6,∆
(5))(t3,∆

(6))

be the sequence corresponding to the considered path,

where L(t1) = a, L(t2) = b, and L(t3) = c. Constraints
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(c) take the following form:

∆(1) +∆(2) = 1,

∆(1) +∆(2) +∆(3) +∆(4) = 5,

∆(1) +∆(2) +∆(3) +∆(4) +∆(5) +∆(6) = 8.

Thus, in such a case the “given number” is 1 for

constraint (c1), 5 for constraint (c2), and 8 for constraint

(c3).

Now, if the path is both logically and timing con-

sistent, then the marking Mk associated with the last

class in the path obviously belongs to C(δo, τ), i.e., it is

consistent with the observation δ.

Finally, by definition, the set of constraints associated

with transitions enabled at a given class, tell us when

a transition may fire as soon as the class is reached.

Therefore, Θk provides the set of timing constraints

that transitions enabled at Mk should satisfy as soon

as class Cqk is reached. Now, at time τ , namely when

τ −
∑k

l=1 ∆
(l) time instants have elapsed after reaching

Mk, the residual times of all the enabled transitions

are reduced by an amount equal to τ −
∑k

l=1 ∆
(l),

thus explaining the new lower and upper bounds in

equation (8). �

Constraints (5) are clearly nonlinear. However, they

can be easily linearized leading to the following result.

Corollary 9: Consider a path π defined as in equation

(4), starting from the root node of the MSCG and

terminating in class Cqk , that is logically consistent

with a given TLS δo = (γi1 , τ1)(γi2 , τ2) . . . (γih , τh) ∈
(L× R+

0 )
∗
. Consider a time instant τ ≥ τh. Associate

with π the following set of constraints:






























































































k
∑

l=1

∆(l) ≤ τ, (a1′)

τ −
k

∑

l=1

∆(l) < uqkr , ∀tr ∈ out(Cqk), (a2′)

∆(l) ≥ l
ql−1

il
, l = 1, . . . , k, (b1′)

∆(l) ≥ 0, l = 1, . . . , k, (b2′)

∆(l) ≤ u
ql−1

j , l = 1, . . . , k,

∀j : tj ∈ A(Mql−1
), (b3′)

q
∑

l=1

∆(l)= given number, ∀tiq ∈ log(δo). (c′)

(9)

If the above set of constraints is feasible then the

corresponding path π is also timing consistent with δo.

Moreover, if (Mk,Θk) is the state identified by class Cqk

where

Θk = {lqkj ≤ θj ≤ uqkj , tj ∈ A(Mk)}, (10)

then it is (Mk,Θ
′
k) ∈ S(δo, τ) where:

Θ′
k = {l̄j ≤ θj ≤ ūj , tj ∈ A(Mk) } (11)

and

l̄j = max{0,lqkj − (τ −
∑k

l=1 ∆
(l))},

ūj = max{0,uqkj − (τ −
∑k

l=1∆
(l))}

(12)

are subject to constraints (9). �

A. State estimation algorithm

In this subsection we provide an algorithm of state

estimation based on the above results.

Note that given a path π in the MSCG, we denote

as obs(π) the sequence of labels associated with it.

Therefore, for the path π in equation (4) it is obs(π) =
L(ti1ti2 . . . tik).

Algorithm 2 computes the set of states that are con-

sistent with a timed observation and it can be explained

as follows. If no label has been observed, then it is

δo = ε. We compute all paths that correspond to a null

observation. Note that a path may also have one node

and no edge, therefore such a set surely includes the

path only containing the root node. However, there may

also be other paths consistent with the null observation

at time 0. Steps 2, 3 and 4 look for them. At Step 3 the

feasibility of the set of constraints (9) is checked for any

path that is logically consistent with the observation ε to

establish if it is also consistent with respect to the time.

Note that the paths we need to evaluate at Step 3

are always in a finite number thanks to Assumption A3

that guarantees that we have no cycle of unobservable

transitions that can fire in a null interval of time.

A similar reasoning can be applied to explain the

remaining steps.

Remark 10: The proposed approach, despite of simi-

lar approaches in the literature [?], does not require that

the unobservable subnet is acyclic. It simply requires that

cycles of unobservable transitions cannot fire in a time

interval of null length (see Assumption A3). Indeed, as

already mentioned in the explanation of Algorithm 2,

under such an assumption, for any finite value of τ
we have to check the feasibility of a finite number of

constraints sets. �

Example 11: Let us consider again the TPN system

and its MSCG shown respectively in Figures 1 and 2,

and introduced in Example 6.

Let δo = (a, 1)(b, 5)(a, 5) and τ = 5.5. We want

to compute the set of consistent states S(δo, τ). The

paths in the MSCG that start from the initial node

and whose “logic” label has an observable projection

equal to log(δo) are: t1t2t3t5t1, t1t3t2t5t1, t1t2t3t5t1t2,
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Algorithm 2: State Estimation using the

MSCG

input : A labeled TPN system, its MSCG, a

TLS δo = (γi1 , τ1) . . . (γih , τh), and a

time instant τ ≥ τh.

output: Set of consistent states S(δo, τ).
1 Initialize: Let δo = ε and S(ε, 0) = ∅.

2 Determine all paths π that start from the initial

node and such that obs(π) = ε. Let Π̃ be the set

containing all such paths.

3 Select those paths π ∈ Π̃ such that constraints (9)

are feasible for τ = 0. Let Π be the set

containing all such paths.

4 for all π ∈ Π, do

let S(ε, 0) = S(ε, 0) ∪ {(M,Θ)}, where

(M,Θ) is the state associated with the last

node of π.

5 if we are interested in S(ε, τ) for a given τ > 0,

then

6 let S(ε, τ) = ∅.

7 Select those paths π ∈ Π̃ such that

constraints (9) are feasible for the given

τ > 0. Let Πτ be the set containing all such

paths.

8 for all π ∈ Πτ , do

let S(ε, τ) = S(ε, τ) ∪ {(M,Θ′)}, where

M is the marking associated with the

last node of π and Θ′ is defined as a

function of the constraints Θ in the last

node according to equations (11)–(12)

and constraints (9).

9 Wait until a new observation (e, τ̄ ) occurs.

10 Let δ′o = δo, δo = δ′o(e, τ̄ ), Π
′ = Π,

S(δo, τ̄) = ∅.

11 Select those paths in Π′ that can be continued

in an extended path π such that

obs(π) = log(δo). Let Π̃ be the set containing

all such extended paths.

12 Select those paths π ∈ Π̃ such that constraints

(9) are feasible for τ = τ̄ . Let Π be the set

containing all such paths.

13 for all π ∈ Π, do

let S(δo, τ̄) = S(δo, τ̄) ∪ {(M,Θ)}, where

(M,Θ) is the state associated with the last

node of π.

14 if we are interested in S(δo, τ) for a given

τ > τ̄ , then

15 let S(δo, τ) = ∅,

16 Select those paths π ∈ Π̃ such that

constraints (9) are feasible for the given

τ > τ̄ . Let Πτ be the set containing all such

paths.

17 for all π ∈ Πτ , do

let S(δo, τ) = S(δo, τ) ∪ {(M,Θ′)},

where M is the marking associated with

t1t2t3t5t1t3, t1t3t2t5t1t2, t1t3t2t5t1t3, t1t2t3t5t1t2t3,

t1t2t3t5t1t3t4, t1t2t3t5t1t3t2, t1t3t2t5t1t2t3,

t1t3t2t5t1t3t4, t1t3t2t5t1t3t2, t1t2t3t5t1t2t3t4,

t1t2t3t5t1t3t4t2, t1t2t3t5t1t3t2t4, t1t3t2t5t1t2t3t4,

t1t3t2t5t1t3t4t2, t1t3t2t5t1t3t2t4. [Note that for

simplicity of notation we omitted here the classes and

the edges along the path.]

Consider as an example the path t1t2t3t5t1 that can be

rewritten as C0 t1,∆
(1) ∈ [0, 1]

−−−−−−−−−−→
C1 t2,∆

(2) ∈ [0, 2]
−−−−−−−−−−→

C2

t3,∆
(3) ∈ [max{0, 1 −∆(2)}, 3−∆(2)]

−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
C4

t5,∆
(4) ∈ [2, 3]

−−−−−−−−−−→
C0 t1,∆

(5) ∈ [0, 1]
−−−−−−−−−−→

C1. The set

of constraints associated with this path is:







































































































































∆(1) +∆(2) +∆(3) +∆(4) +∆(5) ≤ 5.5

5.5− (∆(1) +∆(2) +∆(3) +∆(4) +∆(5)) < 2

}

(a)

∆(1) ≥ 0

∆(1) ≤ 1

∆(2) ≥ 0

∆(2) ≤ 2

∆(3) ≥ 0

∆(3) ≥ 1−∆2

∆(3) ≤ 3−∆2

∆(4) ≥ 2

∆(4) ≤ 3

∆(5) ≥ 0

∆(5) ≤ 1











































































(b)

∆(1) = 1

∆(1) +∆(2) +∆(3) +∆(4) = 5

∆(1) +∆(2) +∆(3) +∆(4) +∆(5) = 5







(c)

The existence of a solution has been tested using

LINDO package3, introducing a fictitious objective func-

tion (we used min
∑

l ∆
(l)) to obtain a LPP formulation.

In particular, the solution we found is: ∆(1) = 1,∆(2) =
1,∆(3) = 0,∆(4) = 3, and ∆(5) = 0. If we do

the same for all “logic” consistent paths listed above

we find that the set of constraints is feasible only for

paths: t1t2t3t5t1, t1t3t2t5t1, t1t2t3t5t1t2, t1t3t2t5t1t2.

Obviously, once we find that one path is not consistent,

also all its continuations will not be consistent, so we

discard them a priori. In fact, there is no possibility that

a path, that is the continuation of an unfeasible path, is

consistent.

Once all consistent paths are selected, we can compute

the set of consistent states, i.e., the states that can be

reached following such paths. In the case at hand it is

S(δo, 5.5) = {(M1,Θ1), (M2,Θ2)}, where Θ1 = {(0 ≤

3LINDO website: http://www.lindo.com/
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θ2 ≤ 1.5), (0.5 ≤ θ3 ≤ 2.5)} and Θ2 = {(0 ≤ 0.5 −
∆(2) ≤ θ3 ≤ 2.5−∆(2)), ∆(2) ∈ [0, 0.5]}. �

Note that, the state estimation of a timed PN could also

be done online, without using the MSCG, computing all

information each time an event is observed. However,

the construction of the MSCG is important because it

allows to move offline the most burdensome part of the

computations.

VI. COMPLEXITY OF THE PROCEDURE

In this section we analyze the complexity of each step

of the proposed procedure.

1) Construction of the MSCG.

The number of nodes of the MSCG increases expo-

nentially with the system complexity (net structure,

and number of tokens in the initial marking).

2) Computation of the paths in the MSCG that are

logically and timing consistent with the observa-

tion δo and the given time τ .

Our approach first requires the computation of

all paths that are logically consistent with the

observation δo. Now, in the case of cycles of

unobservable transitions, there may also be paths

of infinite length. However, as discussed above,

thanks to Assumption (A3), given a finite value of

τ , only finite paths may also be timing consistent

with the observation. We denote lmax the length

of the longest path in the MSCG that is logically

consistent with the observation δo and the given

value of τ . The complexity of finding all such

paths is O(|T |lmax). Indeed we need to analyze

all the output arcs from each node in the path. To

establish if the above paths are timing consistent

with all the labels in δo we associate with each path

a set of linear constraints of the form (9), and eval-

uate if they are feasible. This can be done solving,

for each path, a LPP with a number of constraints

at most equal to 1+|T |+3lmax|T |+lmax. In partic-

ular, one constraint is of type (a1’). The number of

constraints of type (a2’) is equal to the number of

output transitions of the last node in the path, that

is at most equal to |T |. Constraints of type (b1’),

(b2’) and (b3’) are each in a number equal at most

to lmax|T |. The number of constraints of type (c’)

is equal to h since one constraint is associated with

each observable transition in the path. Therefore,

in the worst case the number of constraints of type

(c’) is equal to the length of the path, that cannot be

greater than lmax. Finally, the number of unknowns

of each LPP is equal to k, i.e., to the length of the

path that cannot be greater than lmax.

Note that our approach is based on the solution

of some LPPs that as we know can be solved using

polynomial time algorithms. Moreover there are many

softwares, such as CPLEX, that allow to compute LPPs

in a very efficient way. However, if the system evolution

is very fast compared with the time required to solve

the LPPs, it may be impossible to use our approach.

Obviously, this is a limitation of the procedure but it is

common to all approaches that require online computa-

tions.

VII. FAULT DIAGNOSIS OF A TIME PETRI NET

In this section we address the problem of fault diagno-

sis introduced in Subsection III-B, namely we show how

to compute the diagnosis state relative to an observation

δo, a time instant τ , and a fault class tf ∈ T i
f .

The following corollary shows how the diagnosis

states can be computed using the MSCG.

Corollary 12: Consider an observation δo ∈ (L ×
R+
0 )

∗, a time instant τ ≥ 0, and a fault class T i
f .

• Γ(δo, τ, T
i
f ) = N if for all paths π in the MSCG

starting from the root node such that obs(π) =
log(δo) and such that the corresponding set of

constraints (9) is feasible, it is tf 6∈ π for all

tf ∈ T i
f .

• Γ(δo, τ, T
i
f ) = U if:

(i) there exists a path π in the MSCG starting

from the root node such that obs(π) = log(δo), the

corresponding set of constraints (9) is feasible, and

there exists at least a fault transition tf ∈ T i
f such

that tf ∈ π but

(ii) there also exists another path π′ in the MSCG

starting from the root node, such that obs(π′) =
log(δo), the corresponding set of constraints (9) is

feasible, and for all tf ∈ T i
f it is tf /∈ π′.

• Γ(δo, τ, T
i
f ) = F if for all paths π in the MSCG

starting from the root node, such that obs(π) =
log(δo) and such that the corresponding set of

constraints (9) is feasible, there exists a transition

tf ∈ T i
f such that tf ∈ π.

Proof: It simply follows from Definition 4 of di-

agnosis states and the definition of MSCG. Indeed, if

a path is such that obs(π) = log(δo) then the path is

logically consistent with the observation. The feasibility

of constraints (9) implies that it is also consistent with

respect to time, i.e., the TLS associated with the path

belongs to the set Σ(δo, τ). �

Algorithm 3 summarizes how to perform online fault

diagnosis using the MSCG and can be explained as

follows. The state corresponding to the root node is

surely consistent with the observation ε at τ = 0. If
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Algorithm 3: Diagnosis using the MSCG

input : A labeled TPN system, its MSCG, a

TLS δo = (γi1 , τ1) . . . (γih , τh), and a

time instant τ ≥ τh.

output: Diagnosis states Γ(δo, τ, T
i
f ), with

i = 1, . . . , r.

1 Initialize: Let δo = ε, Γ(ε, 0, T i
f ) = N ,

i = 1, . . . , r, and Π = ∅.

2 Determine all paths π that start from the initial

node and such that πo = ε. Let Π̃ be the set

containing all such paths.

3 Select those paths π ∈ Π̃ such that constraints (9)

are feasible for τ = 0. Let Π be the set

containing all such paths.

4 for all i = 1, . . . , r, do

if ∃π ∈ Π and ∃tf ∈ T i
f such that tf ∈ π,

then

Γ(ε, 0, T i
f ) = U .

5 Wait until a new observation (e, τ̄ ) occurs.

6 Let δ′o = δo, δo = δ′o(e, τ̄ ), Π
′ = Π.

7 Select those paths in Π′ that can be continued in

an extended path π such that obs(π) = log(δo).
Let Π̃ be the set containing all such extended

paths π.

8 Select those paths π ∈ Π̃ such that constraints (9)

are feasible for τ = τ̄ . Let Π be the set

containing all such paths π.

9 for all i = 1, . . . , r, do

if ∀ π ∈ Π ∧ ∀tf ∈ T i
f it is tf /∈ π, then

Γ(δo, τ, T
i
f ) = N ;

else if ∃ π ∈ Π and π′ ∈ Π s.t.: (i) ∃tf ∈ T i
f

such that tf ∈ π, (ii) ∀tf ∈ T i
f , tf /∈ π′,

then

Γ(δo, τ, T
i
f ) = U ;

else if ∀ π ∈ Π ∃tf ∈ T i
f such that tf ∈ π,

then

Γ(δo, τ, T
i
f ) = F .

10 Go to Step 5.

it is the only consistent state then the diagnosis state is

set equal to N . If there exists some other consistent state

that is reachable at τ = 0 via a sequence containing some

fault transition in a given class, then the diagnosis state

relative to such a class is set equal to U . Steps 2 and 3

check if other consistent states exist. Step 4 eventually

updates the values of the diagnosis states initialized at

N in Step 1.

Steps 7, 8 and 9 are relative to a generic observation.

In particular, Steps 7 and 8 look for the paths that are

consistent with the observation considered at Step 5.

Step 9 computes the values of the diagnosis states

accordingly using Corollary 12.

Example 13: Let us consider again the TPN system

and its MSCG shown respectively in Figures 1 and 2,

and introduced in Example 6. Let us consider one single

fault class Tf = {t4}.

Let δo = (a, 1)(b, 5)(a, 5) and τ = 5.5. We want to

compute the diagnosis state for such time observation

and for such time instant. The set of paths that are

consistent with δo and τ have been already computed in

Example 13 and are: t1t2t3t5t1, t1t3t2t5t1, t1t2t3t5t1t2,

t1t3t2t5t1t2. Since none path contains the fault transition

t4, then it is Γ(δo, 5.5, Tf ) = N . �

VIII. CONCLUSIONS AND FUTURE WORK

In this paper we have first presented an algorithm

for the construction of a graph, called Modified State

Class Graph (MSCG), that collects in a compact form

the main information on all the possible evolutions of a

given labeled TPN system initialized at a given marking.

Then, given a timed observation, i.e., a sequence of

observed labels with the corresponding time instants of

observation, and a given time instant, we have illustrated

a procedure based on the exploration of the MSCG

and on the solution of some integer linear programming

problems that allows one to determine which states are

consistent with the observation. Finally, we have given

a procedure that uses the modified state class graph to

associate with each time observation a diagnosis state.

As a future research we plan to investigate the problem

of diagnosability of a labeled TPN. Some preliminary

results on this topic have been presented in [?].
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