UNBOUNDED PERTURBATIONS OF THE
GENERATOR DOMAIN

SAID HADD

Department of Mathematics, Faculty of Sciences
Ibn Zohr University
B.P. 8106, Agadir, Morocco

ROSANNA MANZO AND ABDELAZIZ RHANDI

Dept. of Information Eng., Electrical Eng. and Applied Mathematics
University of Salerno
Via Giovanni Paolo II, 132, I 84084 Fisciano (SA), Italy

ABSTRACT. Let X,U and Z be Banach spaces such that Z C X (with continu-
ous and dense embedding), L : Z — X be a closed linear operator and consider
closed linear operators G, M : Z — U. Putting conditions on G and M we
show that the operator A = L with domain D(A) = {z € Z : Gz = Mz}
generates a Cop—semigroup on X. Moreover, we give a variation of constants
formula for the solution of the following inhomogeneous problem

2(t) = Lz(t) + f(t),  t>0,

Gz(t) = Mz(t) + g(t), t>0,

2(0) = 2°.
Several examples will be given, in particular a heat equation with distributed
unbounded delay at the boundary condition.

1. Introduction. Given Banach spaces X,U and Z such that Z C X (with con-
tinuous and dense embedding) and closely defined linear operators L : Z — X and
G, M : Z — U, we consider the Cauchy problem

(1.1)

where

A:=1L, D(A) :={z € Z: Gz = Mz}.
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This problem can be reformulated as the following boundary problem

2(t) = Lz(t), t >0,
Gz(t) = Mz(t), t>0, (1.2)
2(0) = 2°.
Then z is a classical solution of the standard Cauchy problem (1.1) if and only if z
is a solution of the boundary problem (1.2).
The first objective of this paper is to find conditions on G and M for which the

Cauchy problem (1.1) (and hence the boundary problem (1.2)) is well-posed.
Problem (1.2) can be considered as the following input—output boundary system

2(t) = Lz(t), t>0,

Gz(t) = u(t), t=0,

2(0) = 2Y,

y(t) = M=(t), t=0,
with the feedback law ‘u(t) = y(t)’. The well-posedness of the problem (1.1) is then
reduced to the investigation of the feedback theory for the input—output system
(1.3). Intuitively, the operator A will coincide with the generator of the closed—
loop system associated to (1.3) and the feedback law u(t) = y(¢). In order to use

the (recent) feedback theory in the standard way (mainly developed for distributed
systems, see e.g. [16]), additional conditions on L,G and M should be satisfied

(1.3)

to reformulate the boundary system (1.3) as a distributed linear system. In the
literature, there are natural conditions on G and L such as G is onto and the
restricted operator A C L with domain D(A) = ker G generates a Cy—semigroup on
X. It is well-known that these conditions imply that the input equation associated
with (1.3) can be rewritten as 2(t) = Az(t) + Bu(t), t > 0, for an unbounded
control operator B : U — X_;, where X_; is an extension of the state space X
(see Section 2 for definitions). If we denote by C' the restriction of M to D(A),
the system (1.3) is transformed in the state space form 2(t) = Az(t) + Bu(t) and
y(t) = Cz(t). We now can state the other condition: we assume that the triple
operator (A, B,C) generates a regular linear system ¥ on X,U,U (in the Weiss
sense [16]) with the identity operator I : U — U as an admissible feedback (this
will give sense to the feedback law u(t) = y(t)). We will prove in the first main
result of this paper (Theorem 4.1) that the operator A coincides with the generator
of the closed—loop system associated with the system X, hence it generates a Co—
semigroup (7 (¢))¢>0. In the second main result (Theorem 4.3), we show that the
solution of the inhomogeneous boundary problem

2(t) = Lz(t) + f(t), t>0,
Gz(t) = Mz(t) + g(t), t>0, (1.4)
2(0) = 2Y,

has a unique (mild) solution given by the formula

2(t) = T(t)2° + /0 T 1(t —s)(Bg(s) + f(s))ds

for all 2° € X and t > 0, where T_1(t) is the extension of T (¢) to X_1 and B : U —
X _1 is the unbounded control operator given above. Here the nonhomogeneous
terms f and g are p—integrable functions. Some examples on the well-posedness
of a difference equation, and a heat equation with delay at the boundary will be
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studied using the obtained abstract results. The techniques used in these examples
can be also used to treat more general examples such as heat equation in a domain
of R™ and also for neutral equations.

We first mention the previous results in the literature and we compare them with
the ones that we obtain in this work. We shall first recall that the abstract theory of
boundary control systems started with Fattorini [6] was significantly developed by
Salamon [10]. We refer to [1], [3], [11] and [12, chap. 10] for recent developments on
boundary problems. Perturbation theory of boundary problems was mainly devel-
oped by Salamon [10] and Greiner [7]. In [10, Corollary 4.5 (iii)], Salamon showed
that (1.1) is well-posed in the case of M € L(X,U) or U is finite dimensional space,
using feedback theory. The same result has been proved by Greiner [7] using Desch-
Schappacher perturbations [4]. We refer also to [9] for recent application of Greiner
results. In the present work we have considered unbounded boundary perturba-
tions M € L(Z,U) (with possibly Z C X) and infinite dimensional boundary space
U. The importance of the results comes from the fact that the approach is based
on methods that are not simply extensions of the methods used by Salamon and
Greiner. In particular, we make use of the recent feedback theory of regular linear
systems [16]. Ome of the keys in the proof of the first main result (Theorem 4.1)
is Lemma 3.6 which show that the unbounded perturbation M coincides with the
Yosida extension of an appropriate admissible observation operator. This help us
to identify the generator of the closed—loop system associated with the system (1.3)
and the operator A. We mention that in [10, Cor. 4.5], Salamon only proved the
identification in the case of bounded operator M or if the input space U has finite
dimension. The well-posedness of the inhomogeneous boundary problem (1.4) is
not treated in the aforementioned references. The proof of the well-posedness of
the problem (1.4) is very technical which use matrices transformations and closed—
loop systems. We think that the results of this paper made a good case that the
feedback control system-based method is the “right approach” in dealing with this
particular class of problems.

The organization of the paper is as follows: In the next section we recall some
notations and results on feedback theory of distributed linear systems. In Section 3
we discuss some facts about boundary control systems. Section 4 contains our main
results on unbounded perturbations of the generator domain. The last section is
devoted to examples.

2. A background on well-posed and regular linear systems. Let X,U and
Y be Banach spaces and T := (T'(¢))+>0 be a Co—semigroup generated by (A, D(A))
on X. The type of T'(t) is defined as wo(A) = inf {t"1log (|| T(¢)]|) : t > 0}. We
denote by X; the domain D(A) endowed with the graph norm. For A € p(A4) (the
resolvent set of A) we set R(\, A) := (A—A)~. The completion of X with respect to
the norm ||z||_1 := ||R(\, A)z|| for some A € p(A) is called the extrapolation space
associated with X and 7. We denote this space by X_;. Note that the norms
Il - |-1 are equivalent on X w.r.t. A € p(A), hence the space X_; is independent
of the choice of A. The unique extension of T on X_; is a Cy—semigroup which we
denote by (T_1(t))t>0, and whose generator is denoted by A_;. For more details
and references on extrapolation theory we refer, e.g., to [4, Chap. II.

Let us now recall some useful tools on abstract regular linear systems. For more
details on the topic we refer to [11, Chap. 5 and 7], [15] and [16].
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Let u € LP(R4,U) (R4 :=[0,+00)) and ¢ € R. The truncation P, and the right
shift S; are defined by

Pru(s) := {u<s)7 s<h Siu(s) = {u(s —1), s>t

0, s>t 0, s <t

respectively. The 7—concatenation (7 > 0) of u,v € LP(R4,U), denoted by uv,

is the function

udv :=Pru+ S;v.

Definition 2.1. A well-posed linear system on the state space X, the input space
U and the output space Y is a quadruple ¥ := (T, ®, U, F) such that

(i) T := (T(t))>0 is a Cop—semigroup on X.
(ii) @ := (Py)¢>0 is a family of bounded linear operators from LP(R;,U) to X
such that
Dy (uv) =T ()P ru + Do (2.1)

for u,v € LP(R;,U) and t,7 > 0. We call (T,®) control linear system on
X,U.

(iii) ¥ := (¥¢)¢>0 is a family of bounded linear operators from X to LP(R4,Y)
such that ¥y = 0 and

Uy e =V, 200, T(1)x (2.2)

for z € X and t,7 > 0. We call (T, V) observation linear system on X,Y".
(iv) F := (Fi)t>0 is a family of bounded linear operators from LP(Ri,U) to
LP(R4,Y) such that Fy = 0 and

Frpr(udv) = Frud (Vi@ u + Fo) (2.3)

for u,v € LP(R4,U) and t,7 > 0. The operators Fy, ¢ > 0, are called input-
output operators of X.

Example 2.2. Let p €]1,+00) and U be a Banach space and X = L?([-1,0],U)
be the space of all p-integrable F—valued functions. Let T'(t) : X — X, t > 0, be

the operators defined by
fE+0), t+0<0,
0, if not.

(T@))0) = {

It is well-known (see e.g., [4]) that (T(¢))¢>0 is a Co—semigroup on X. Now let

®, : LP(RT,U) — X, t > 0, be the linear operators defined by
u(t+0), t+6>0,
0, if not.

(Pru)(0) := {

It is not difficult to prove that (T, ®) is a control system on X, U.
Let ¥y : X — LP(RT,U), t > 0, the operators defined by

f(O'—l), O-SL
0, if not

(Wef)(o) = {

for any o € [0,¢). For o >t we put (¥;f)(0) = 0. Then one can see that (T, V) is
an observation system on X, U.
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Let for any ¢ > 0, 0 € [0,¢) and u € LP(RT,U)

{u(o -1, o>1,

(Fru)(o) = 0, if not.

For 0 >t we put (F;f)(c) = 0. Then (T, ®,V,F) is a well-posed linear system on
X,U,U.

Due to causality properties (see e.g., Weiss [15]) one can define the operators
Uor: =Wz and Fu:=Fu on each interval [0, ¢]

for v € X and v € L (Ry,U). Hence, Uy € L(X,L} (R;,Y)) and Fo, €
L(LY (R4, U), LY (Ry,Y)) are called the extended output map and the extended
input-output map of the system X, respectively. Due to (2.3) and by letting t — +o0

one obtains
Foo (udv) = Foou (Voo @ru + Fouv) (2.4)

for u,v € L .(R4,U) and 7 > 0.
The fact that (T, ®) is a control system implies (see Weiss [14]) that there exists
a unique operator B € L(U,X_1), called admissible control operator for A, such

that
b u= /0 T_1(r — 0)Bu(o) do (2.5)

for any 7 > 0 and u € LP(R,, U). In addition, for all 2 € X and u € L ([0, +o0),
U), the initial value problem

2(t) = Az(t) + Bu(t), 2(0) = 2°, (2.6)

has a unique solution in X_;. This solution is given by z(t) = T'(t)z° + ®u, t > 0,
and satisfies 2 € C([0, +00), X) N WHP((0,4+00), X_1). Moreover, if 2° € X and
u € W’li’f(((), +00),U) are such that Az° + Bu(0) € X then the solution z of (2.6)
satisfies 2 € C([0, +00), Z) N C*(]0, +00), X), where Z = D(A) + R(\, A_1)BU for
some A € p(A) (see [12, Chap. 4] and [11, Chap. 4]).

If B is an admissible control operator for A, then according to [11, Prop. 4.2.9],
for all & € C with a > wg(A), there exists a constant ¢, > 0 such that

C
ROA_B| < —2 2.7

(see also [12, Prop. 4.4.6, page 128] in the case of p = 2 and Hilbert spaces X, U).
We say that C' € L(D(A),Y) is an admissible observation operator for A (or T')
if the estimate

t
[ ier@aie ar < 7lalp 28)
0

holds for some (hence for all) ¢ > 0 and all x € D(A) with constant v = ~(¢) > 0.

According to (2.8), the map Vooz := CT(-)zx for x € D(A) extends to a bounded
operator Vo, : X — L (RT,Y). For any € X and any t > 0 we set ¥,z = U
on [0,¢]. Then (T, ) is an observation system on X,Y".
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As shown by Weiss [13], one can associate with each operator C' € £(X;,Y) the
following operator

D(Cp) :={z € X, lim CAR(X A)z exists in Y},
)\:>E+Roo

Cpaz:= lim CAR(N A)x for z € D(Cy).
)\?&oo

(2.9)

We note that Cj is an extension of C' which is called the Yosida extension of C for
A (or T) (see [15]).

It is known that for an admissible observation operator C' we have T'(¢t)x € D(Cy)
for all z € X and a.e. t > 0. Moreover, if (T, V) denotes the observation system
associated with C, then

(oe)(t) = CAT(H)z (2.10)

for all x € X and a.e. ¢t > 0. We refer to Weiss [13, 15] for the proof.
Next, we recall the definition of a more appropriate subclass of abstract linear
systems.

Definition 2.3. Let ¥ = (T,®,¥,F) be a well-posed linear system. Then ¥ is
called a regular linear system (RLS) if for any v € U, the following limit
1 T
Dv:=lim - [ (Feo(xr, -v))(0)do (2.11)
0

T—=0 T

exists in Y, where xr, is the constant function equals to 1 on R,. In this case, the
operator D € L(U,Y) defined by (2.11) is called the feedthrough operator of X.

The following theorem gives a characterization of the regularity for an abstract
linear system (see [15]).

Theorem 2.4. Let ¥ = (T,®,V,F) be a well-posed linear system with generator
A, control operator B and observation operator C. The following statements are
equivalent.
(i) X is reqular (with feedthrough D).
(i) Range(R(A\, A_1)B) C D(Cy) holds for some (and hence for all) X € p(A).
(i1i) For any v € U, G(A)v has a limit when A — 400 (equals to Dv) where G is
the transfer function associated to F (or X).

In this case, the transfer function G is given explicitly by
G(A) =CAR(\A_1)B+ D, Re(A) > wo(A). (2.12)

We have to mention that the triple (A, B,C), where A is the generator of a
Co—semigroup , B is an admissible control operator with respect to A and C is an
admissible observation operator with respect to A, are not necessarily issued from
an abstract linear system. The reason is that we do not have in general the existence
of the input-output operators F; satisfying (2.3) and this even if the assertion (i%)
is satisfied.

Definition 2.5. Let A be the generator of a Cy—semigroup 7', B an admissible
control operator issued from the control system (T, ®) and let C' be an admissible
observation operator issued from the observation system (7, ¥). The triple (A, B, C)
is called regular if (ii) of Theorem 2.4 is satisfied.

We say that (A, B,C) generate an abstract linear system if there exists an op-
erator Foo € L(L} (R4, U), LY (R4,Y)) such that ¥ := (T, ®, ¥,F) is an abstract
linear system.
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Definition 2.6. Let ¥ be a regular linear system on X,U,Y with input-output
operators F;, t > 0. We say that an operator K € L(Y,U) is an admissible feedback
operator for ¥ if I — F, K has an inverse in £(LP([0,t0],Y")) for some ¢ > 0.

Note that in the case of Hilbert spaces X,Y,U and p = 2 one can use transfer
functions instead of input-output operators for the definition of admissible feedback
operators.

The following result, due to Weiss [16] (in the case of Hilbert spaces) and to
Staffans [11, Chap.7] (in the case of general Banach spaces), will be the main key
for the proof of the new results obtained in the next section.

Theorem 2.7. Let (A, B,C) generates a regular linear system with feedthrough
zero (D =0) and admissible feedback K € L(Y,U). Let us define the operator
D(AX) ={z € D(Cp) : (A_1 + BKCy)z € X},

2.13
ARz = (A1 + BKCy)z,  x <€ D(AX). (2.13)

Then (AKX, D(AX)) is the generator of a Co—semigroup on X. Moreover, the triple
(AKX B,Cy) generates a reqular linear system

EK _ (TK,q)K,\I/K,FK)

with feedthrough zero called closed—loop system associated to ¥ with respect to the
admissible feedback K. Now, let u and y be the input and the output, respectively,
of the system % and let u. be another suitable input such that u = Ky + u.. Then
the state trajectory of XX is given by

() =TK ()" + oFu,, t>0, leX.

3. Boundary control systems. In this section, we assume that U, Z and X are
Banach spaces such that Z C X with continuous embedding. We shall call U the
input space, Z the solution space and X the state space.

Systems described by linear PDEs with nonhomogeneous boundary conditions
often appear in the following, quite different looking, form

2(t) = Lz(t), t>0,
Gz(t) = u(t), t>0, (3.1)
2(0) = 2Y,

where L : Z — X is a linear (often differential) operator and G : Z — U a boundary

trace operator. It is clear that some assumptions are needed in order to be able to
translate these equations into the familiar form 2(t) = Az(t) + Bu(t), see Section 2.

Main Assumptions 3.1. We assume that

(i) The restricted operator A C L with domain D(A) := ker G generates a Co—
semigroup (T(t))i>0 on X;
(ii) the boundary operator G : Z — U is surjective.

Under these assumptions the following properties have been shown by Greiner [7,
Lemmas 1.2, 1.3].

Lemma 3.2. Let Assumptions 3.1 be satisfied. Then the following assertions are
true for each A € p(A):

(i) Z = D(A) @ker(A — L);
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-1
(ii) G|xer(r—r) is invertible and the operator Dy := (G‘ker()\_L)> : U — ker(A—
L) C Z is bounded.

The following operator is important for the reformation of the boundary control
system (3.1) to a distributed one.

Definition 3.3. For A € p(A) we call the operator Dy introduced in Lemma 3.2
(ii), the Dirichlet operator and define

B:=(\A—A_1)Dy € L(U, X_1). (3.2)
Lemma 3.2 implies that for all u € U and X\ € p(A) we have Dyu € ker(\ — L),
so ADyu = LDyu. Hence
(L—A_1)Dyu=(A—A_1)Dyu
= Bu.
Now, as D), is the inverse of G, we can also write
(L—A_1)z=BG. (3.3)
So the boundary control system (3.1) can be reformulated as
3(t) = Az(t) + Bu(t), t>0, 2(0)=2" (3.4)

Observe that A2% + Bu(0) = A_1(2° — Dyu(0)) + ADu(0) for A € p(A). Then the
condition Az° + Bu(0) € X is equivalent to G2 = u(0). Under Assumptions 3.1
and according to Section 2, one can see that for any to > 0 and u € W2P([0,t,],U)
satisfying Gz° = u(0), the equation (3.1) has a unique solution z € C([0, 0], Z) N
C1([0,t0], X). On the other hand, if B is an admissible control operator for A, then
the same conclusion holds for every to > 0, 2° € X and u € WP([0,t0],U) that
satisfies G2" = u(0) (see [12, Chap 10], [11], and [5, Prop.2.8]). We then have the
following definition.

Definition 3.4. Let Assumptions 3.1 be satisfied. The boundary control problem
(3.1) is called well-posed if B is an admissible control operator for A.

Let us now consider the augmented boundary input-output system
i(t) = Lz(t), 2(0)=2° t>0,
Gz(t) =u(t), t>0, (3.5)
y(t) = M=(t), t=0,
where L, G as in Assumptions 3.1 and M : Z — Y is a linear operator with Y a
Banach space (output space).

In the Hilbert space setting, it is shown in [2, Thm. 2.6] that the input—output
operator of the boundary system (3.5), i.e., the operator u — y, is well defined for
all smooth inputs v € H'([0,7],U) such that w(0) = 0 (here 7 > 0). This output
can be written as y(t) = ¢(t)*u(t), where ¢ is a distribution with Laplace transform

H(s)= MR(s,A_1)B (3.6)

for s € C with Re(s) > a for some a € R.

The operator H(s) € L(U,Y), Re(s) > «, is the system transfer function.

It is noteworthy that the boundary control system can be written in state-space
form (A, B,C) [10]. Define the operator

C = Mi € L(D(A),Y), (3.7)
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where ¢ denote the canonical injection from D(A) to Z. Assumptions 3.1 and (3.4)
show that the boundary system (3.5) can be reformulated as

{z’(t) = Az(t) + Bu(t), 2(0) =2 t>0, 58)

y(t) = Cz(t), t>0.

According to the notion of regular linear systems introduced in Section 2, we state
the following definition.

Definition 3.5. We call the system (3.5) regular boundary system if the associ-
ated operator triple (A, B,C) generates a regular linear system on X,U,Y (with
feedthrought zero).

The following lemma shows the relationship between the operator M and the
Yosida extension of the operator C.

Lemma 3.6. Let Assumption 3.1 be satisfied. Assume that the boundary system
(3.5) is regular and let (A, B,C) be its associated state-space operators. Then Z C
D(Ch) and Crx = Mx for all x € Z, where Cy is the Yosida extension of C for A.

Proof. By assumptions the triple operator (A4, B, C) generates a regular linear sys-
tem ¥ with feedthrough zero. According to Theorem 2.4 together with (3.2) we
have Range(Dy) C D(Cy) for all A € p(A). Moreover, we have D(A) C D(Cy).
Now, by Lemma 3.2, Z = D(A) & Range(Dy) C D(Cy). As the systems ¥ and
(3.5) have the same transfer function, Theorem 2.4 combined with (3.2) and (3.6)
imply CaDy = MD) for all A € p(A). On the other hand, for any z € Z and
A € p(A) we have x — D\Gx € D(A), due to Lemma 3.2. Hence Cp(x — D)\Gz) =
C(z — DyGz) = M(x — D\Gx) for all x € Z and A € p(A). This shows that
Cphrxz =Mz for all x € Z. O

4. Unbounded perturbation of the semigroup generators. Let Z, U and X
be Banach spaces such that Z C X with continuous embedding, let L : Z — X be
a differential operator, and let G, M : Z — U be linear operators (trace operators).
We start this section with a discussion on the well-posedness of the following Cauchy
problem

: = >
2(t) = Az(t), t>0, (4.1)
2(0) = 27,
where the operator (A, D(A)) is defined by
Az =Lz for z€ D(A)={r€Z:Gx= Mz}. (4.2)

Under Assumptions 3.1, the generator A C L coincides with A in the case of M = 0.
Then the operator A results from perturbing the domain D(A) by M. We then call
M the boundary perturbation of A.

We shall use the notation of Section 3. Then B € L(U, X_1) is defined by (3.2),
Dy, A € p(A) is the Dirichlet operator, and C = M € L(D(A),U).

The first main result of this paper is the following

Theorem 4.1. Let Assumptions 3.1 be satisfied and let A, B and C be the opera-
tors defined from the operators L, M,G. If the triple operator (A, B,C) generates
a reqular linear system X with the identity operator I : U — U as admissible feed-
back, then (A, D(A)) is the generator of a Co—semigroup (T (t))i>0 on X satisfying
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T(s)2Y € D(Cy) for all 2° € X and almost every s > 0. In addition

t
T(t)2° =T(t)2° + / T_1(t — 8)BCAT (5)2° ds, v2%c X, t>0. (4.3)
0

On the other hand, for any X € p(A) we have
AEp(A) <= 1€ p(D\M) < 1€ p(MD,).
Finally, for A € p(A) N p(A),
R(\,A) = (I —D\M)""R(), A).

Proof. Let us prove that the operator A coincides with the following one

A'z:=(A_1 + BCy)z for x€ D(A"):={z € D(Cp): (A_1 +BCp)z € X}.
In fact, let z € D(AT). For any )\ € p(A) we know that B = (A — A_1)D,. Then

Alz = A_j(x — D)\Crz) + ADACrz € X.

This implies that A_; (x—DxChz) € X, hence x—D\Chrz € D(A). As Range(Dy) C
Z, we then obtain z € Z, and by Lemma 3.6 Chxz = Mx. We then have 0 =
Gz —DyMz) = Gx — GD\Mx = Gz — Mz, as GD) = I by Lemma 3.2. Thus
x € D(A). On the other hand, by using (3.3) we have

Av=Lr=A_ 12+ BGx =A_1x+ BMz = A_1z + BChx = Alz.

Conversely, let x € D(.A), in particular we have x € Z C D(Cy) and Gz = Mz =
Chz, due to Lemma 3.6. This shows that

(A_1+ BCp)x =A_1z+ BGx = Lz = Az € X,

due to (3.3). Hence D(A) C D(A!) and A’ = A. This shows our aim. Now
due to Theorem 3.1 the operator A’ is a generator, so that A generates a Co—
semigroup (7 (t))i>0 on X satisfying T(s)z € D(Cx) for all x € X and almost
every s > 0 and formula (4.3). Let now A € p(A) and = € D(A), in particular, we
have z € Z C D(Cyp) and Cpz = Mz (Lemma 3.6). As A coincides with A, we
have

A=Az =(A—A_1)x — BChzx
= ()\ — A,1)1L' — ()\ — A,l)D,\Mx
(/\ - A_l)(l‘ - D)\M.Z‘)

because v — DyMzx = x — D Gz € D(A). Hence A — A= (A — A)(I —D\M) on
D(A). This shows that A € p(A) if and only if I —DyM is invertible and we have
RO\A) = (I —DyAM)~'R(), A). O

Remark 4.2. It is to be noted that the operator (A, D(A)) is associated to the
following boundary value problem
2(t) = Lz(t), t >0,
Gz(t) = M=z(t), t>0, (4.4)
2(0) = 2Y.
We can consider the equation (4.4) as the system (3.5) (hence as the system (3.8))
with the feedback law “u = y”. With the hypotheses of Theorem 4.1 the feedback

law v = y has a sense and by the proof of this theorem, the equation (4.4) can be
reformulated as the Cauchy problem generated by A, hence by A.
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In the rest of this section we consider the following nonhomogeneous problem

2(t) = Lz(t) + f(t), t>0,
Gz(t) = M=z(t)+g(t), t>0, (4.5)
2(0) = 29,

where the operators L, G, M satisfy the conditions in Theorem 4.1, f € L} (R, X)
and g € LY (RT,U) for some p € [1,400).
The second main result of the paper is the following

Theorem 4.3. Under the conditions and notation of Theorem 4.1 and for f €
LP (RT,X) and g € LY (RT,U), the nonhomogeneous boundary value problem

loc loc
(4.5) is reformulated as the nonhomogeneous Cauchy problem

At) = A12(t) + By(t) + f(1), =0,
2(0) = 2% € X.

Moreover, for the initial condition 2° € X, the problem (4.5) has a unique strong
solution satisfying z(s) € D(Ca) for almost every s > 0 and

2(t) = T(H) + / Too(t— s)(Bg(s) + f(s) ds, 0.

Proof. One can consider the boundary value problem (4.5) as the mixed bound-
ary/distributed control system

At) = Lz(t) + f(t), t>0,
Gz(t) = u(t), >0,
2(0) = (4.6)
y(t) = Mz(t) +g(t), t=0,

with the feedback law u = y. On the other hand, using (3.3) the system (4.6) can
be rewritten as

2(t) = Az(t) + Bu(t) + f(t), t>0,

2(0) = 2Y, (4.7

y(t) = Cz(t) + 9(1), t>0,
where A, B,C are defined in Section 3. In order to reformulate this system in a
more standard way, we introduce an input space U = U x X, an output space
Y := U x X (here U :=Y), a new input u = (%) and a new output y = (§).
Then the system (4.8) becomes

W
—
~
N2
Il

Az(t) + Bu(t), t>0,
2(0) = 29, (4.8)
A+ (9F)), t=0,

<

=
I
Q

where

B:= (B I)eL(U/X_,) and C:= (g) € L(D(A),Y).

By assumptions the triple (A, B, C') generates a regular linear system 3 = (T, ®, ¥, F)
on X,U,U with the identity operator I : U — U as an admissible feedback. This
implies that B and C are, respectively, admissible control and observation operators
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for A. We can easily verify that the triple operator (A4, B, C) generates an abstract
linear system 3 = (T, ®, ¥, F) on X, U, U, where

D, (u,v) = Pyu+ /OtT(t —s)v(s)ds, Vt>0, (u,v) € LP([0,+00),U),

v
‘Ilt = ( Ot> )
t
Fou+ CA/ T(t — s)v(s)ds
0

0

Let us now show that X is a regular linear system.The Yosida extension of C for A
is given by D(C,) = D(Cy) x U, where Cy is the Yosida extension of C for A. For
A € p(A), we have

Fi(u,v) = , Yt>0, (u,v) € LP([0, +0), U).

R\ A_)B=(R(\A1)B R(\A)).

By using Theorem 2.4 and the fact that ¥ is regular, we have Range(R(\, A_1)B) C
D(Cp) for A € p(A). Thus X is regular. On the other hand,
Iy —F, -7
0 Iy
Since Iy is an admissible feeback for X, Iy is an admissible feedback for 3. Let
%! be the associated closed-loop system and let (T'(t)),.,
generator Al. Let u = (u, f) and yo = (y0,0) are, respectively, the input and
the output of 3, where yq is the output of 3. Let u. be another input such that
u = yo + .. Then, Theorem 2.7 shows that the state trajectory of X! satisfies

t
Iy —F, = < t> with Y0 = CA/ T(t — s)v(s)ds.
0

be its semigroup with

2(t) = T!(£)2° + /t T!(t — 5)Buc(s)ds, t>0, 22'eX. (4.9)
0

We recall that the regular system represents the system (4.8) (and hence the system
(4.6)) with g = 0 (we have y = yo + g, where yg is the output of ¥). Now if we
choose u. = (f,g) then we have u = y. Then the function given by (4.8) coincides
with the solution of the boundary problem (4.5). Moreover, we have

AT=A1+BCy=A1+B(%)=A_1+ BCy.
Then, by the proof of Theorem 4.1 we have A’ = A. This ends the proof. O

5. Examples.

Example 5.1. Let (U, || - ||) be a Banach space and p € (1,+00), r > 0 be real
numbers. Let X := (Lp([fr, 0,0),] - ||p> be the Banach space of all p-integrable

functions ¢ : [-r,0] — X. We denote Z := WYP([—r,0],U) the Sobolev space
associated with X, the Banach space of all absolutely continuous functions ¢ such
that the derivative ¢’ is a p—integrable function. The space Z is endowed with the
norm |¢|l1,, = l|¢llp+ ¢’ || for ¢ € Z. Tt is then clear that Z C X with continuous
embedding.

To any function z : [—r,+00) — U and ¢t > 0, we associate a function z; :
[—7r,0] — U defined by z,(8) = z(t + 0) for 6 € [—r,0], called the history function
of z. We now consider the difference equation

0
z(t) = / du(0)z(t+6), t=>0, 2(0) = p(0) a.e. 6 € [—r,0], (5.1)

-

where p : [—r,0] = L(U) is a function of bounded variation with 1(0) = 0.
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It is well-known that the function v(¢,0) = z(t + 0), (¢,0) € [0,4+00) x [—7,0]
(here v(t,-) = 2z(+)), satisfies (see e.g. [8])
0 0
av(t,@) = %U(t,ﬂ), (t,0) € [0,4+00) x [—r,0],
v(t,0) = z(t), t>0,
v(0,) = .
Then, by (5.1), the above equation can be rewritten as

0 0
av(t,ﬂ) :O%U(t, 6), (t,0) € [0,400) x [—r,0],

MMD=/ du(0)o(t,0), t >0,

—-Tr
’U(07 ) = .
In order to use results of Section 4, we need the following operators

L::%:Z—)X7 G=060:Z2—->U and M:Z—-U
with
0
My= [ du)p6), ez

-T

The equation (5.1) is then reformulated in the abstract from
o(t,-) = Lo(t, ), t >0,
Gu(t,-) = Mo(t,-), t>0,
’U(O7 ) = $-
We know that the operator A := L with domain D(A) = ker L generates the
following left shift semigroup on X:
0, t+60>0,
(T(H)e)(0) = (5.2)
pt+0), t+60<0
forallt >0, 6 € [-r,0] and ¢ € X. Moreover, the resolvent set of the generator A
is p(A) = C (see e.g. [4, Chap. II]). On the other hand, the operator L is surjective.
Then the couple operator (L, G) satisfies Assumptions 3.1. The Dirichlet operator
in given by Dy = ey for any A € C with ey : U — Z defined by (exz)(0) = e*x for
x € U and 8 € [—r,0]. The control operator associated with (L,G) is B = —A_jey.
We define C = M1 : D(A) — U (with ¢ the canonical injection). It is shown in
[8] that the triple (A4, B, C) generates a regular linear system on X, U, U with the
identity operator I : U — U as an admissible feedback, and the control maps of the
system are explicitly given by

(‘I)tu) (0) = {

for t > 0 and 6 € [—r,0] and u € LP(]0,4+00),U) . Now, according to Theorem 4.1,
the operator

u(t+8), t+0>0,

(5.3)
0, t+60<0

0

Av=v', D) ={v e W(=r0LU): 00) = [ du(®)u) }

—r

generates a Co—semigroup (7 (t));>0 on X, given by
T(t)e=Tt)p+2CAT()p, t>0, p€X,
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where C} is the Yosida extension of C for A. Using (5.2) and (5.3), we have
CaAT(t+0)p, t+6>0,
(T(t)e)(0) =
o(t+0), t+60<0

for t > 0 and 6 € [-r,0] and ¢ € X. The solution of the difference equation (5.1)
is then given by

(5.4)

z=T{t)p, t>0, peX.

Example 5.2. Consider a one dimensional heat equation with Neumann boundary

conditions
0z 0%z
—_ = — >
gt(xvt) 6%—2(%;15)7 O<ax<m t2>0,
§(O,t) =/ / du(0)z(x,t +0)dz, z(m,t)=0, t>0,

€z 0 —7

z(z,0) = ¢(z,0), 0<z<m,fel-m0
z(2,0) = z0(z), 0<z<m,

(5.5)

where p : [—7,0] — R is a function of bounded variation with £(0) = 0. We denote
by |u| the positive Borel measure on [—, 0] defined by the total variation of .

As in Example 5.1, if we put v(z,t,0) = z(z,t+60) = z(x,0) for t > 0, 6 € [—7,0]
and z € [0, 7], then we have

%(m,t,@) = a—;(x,t,ﬁ), (t,0) € [0,400) x [—r,0],
v(x,t,0) = z(x, t), t>0, (5.6)

v(z,0,-) = o(x,-).
By using (5.6) and introducing the new state

w(t,z) = (jt((f;t))) . O<z<m t>0,

the heat equation (5.5) can be reformulated as

82
Wiey= o |wn, Oce<m t20
"
%2(0 t) /7r Od(G)z (z,0)dx
oxr V" =/ 777# (T, . z2(mt)=0, O0<z<m t>0,
#(@,0) 2(x,t)
0
w(w,O):(Z(x)>
e(,)

Let us now introduce some auxiliary spaces and operators. We define
HY0,7) = {(;5 € HY(0,7) : ¢(n) = O}.
Define the following Hilbert spaces
Xo = L*[0,7], Zo=H?*(0,m)NHL0,7), Uy=C,
and operators
i
dx?’

=05 Gof =20, €
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On the other hand, we define

™ 0
Mow= [ [ du@pe0)de. b Wm0, Xo).
0 —7
Moreover, we introduce the Hilbert spaces
X = Xy x L*([~7,0], Xo), Z = Zy x Wh2([—m,0], Xo), U=CxC,

the differential operator

and the boundary operators

_(Go 0 (0 My
G_<O 6O>.Z%U, M_(I 0>.Z%U.

With these spaces and operators, problem (5.7) becomes
w(t) = Lw(t), t >0,
Gw(t) = Mw(t), t>0, (5.8)
w(0) = (%)
We now check that the operators L, G, M satisfy conditions of Theorem 4.1. We
first recall that the operator

A =Lop,  D(A) = {6 2: 2(0) = 0}

generates a positive (exponentially stable) Co—semigroup (7o (%)):>0 on Xo (this due
to the fact that Ag < 0). Moreover the couple operator (Lo, Gg) satisfies Assump-
tions 3.1. We then define By = (A—Ap,—1)Do.» € L(C, D(A})’) for A € p(Ap), where
Ap,—1 is the extension of Ay in the extrapolation sense, and Dy  is the Dirichlet op-
erator associated with (Lo, G) as in Lemma 3.2, and Aj is the adjoint of Ag (as X
is a Hilbert space, the extrapolation space Xy —; associated with Xy is isomorph to
the topological dual D(A), cf. [12, Prop. 2.10.2]). For heat equation with bound-
ary Go it is well know that the adjoint operator of By is given by Bi¢ = —¢(0) for
all ¢ € D(Aj) = D(Ap) (we mention that Ay = Af). Moreover, Bf is an admissible
observation operator for Tjf, hence By is an admissible control operator for Tj (as
we work in Hilbert spaces).

On the other hand, as shown in Example 5.1, (%, dp) satisfy Assumptions 3.1
with generator

Qoh =1, D(Qo) = {h € W"?([—m,0], Xo) : h(0) = 0},
and the admissible operator 3 € L'((C,D(QS)’) is given by By = (—Qo,—1)eo. We

denote by (So(t))i>0 the left shift semigroup generated by Qo (see (5.2)).
We define the operator

A=1L, D(A) =kerG.
Then

A 0
Ao ( o QO) . D(A) = D(4) x D(Qu),

so that A is the generator of a Cy—semigroup on X given by

= (0 ) e
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Now, it is clear that (L, G) satisfies Assumptions 3.1. Observe that the control
operator associated to (L, G) is
B
(3 5
0 Bo

which is an admissible operator for A. On the other hand define Cy = Myt with
D(Qo) — W2([—m,0], Xo) the canonical injection. So the restriction of M to
D(A) is given by

C = (0 CO) :D(A) - U =C x Xo.
I 0

In order to use Theorem 4.1 we shall prove that the triple operator (4, B,C) gen-

erates a regular linear system with the identity operator as an admissible feedback.

We first prove that C' is an admissible observation operator for A. In fact, let

(2) € D(A) and 0 < o < 7. By using the expression of Sy (see (5.2)) we obtain

r

cr)(3)[at= [ (Il +ICasa(oyel) o
<2 [ (1700l +ICaSalt) )

< calldllx, + 2/ |CoSo(t)p|*dt
0

for a constant ¢, > 0. By using Holder’s inequality and Fubini’s theorem, we obtain

_/Oa|0050( )l ?dt = /
-l
< [([ [ 1o+ opauo) a

2
dﬂ )(So(t))(z, 9)dx‘ dt

—T

[ du(0)p(x,t + 9)dx’2dt

< 7lul([ wo/// o(x,t + 0)|2d|u|(0)dx dt
—alul(-mo) [ [ / (.t +0) 2z dlul(6) dt

= el [ [ et + 1, o) a

— lul([—,0)) / ] / (st + 0)]3, dt dlul(6)

< (Il (1= 0)) TplZa o (59)

Finally, we have

[ ez @) e <211

where v := max {\/Cq, /7|p|([-7,0])}. This shows that C' is an admissible ob-
servation for A. We then have a system defined by (A, B,C) with B admissible
control operator for A and C admissible observation operator for A. Denote (T, ®)
and (T, ) the associated control system and observation system. Then, one can
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d, 0 0 U,
— . — >
b (o @t)’ Ve (To<t> o)’ t20,

where ®; are the control maps associated with By, and ¥ = (So,tit,\ilt,lﬁ‘t) is
the regular linear generated by the triple (Qo, 8o, Co) (in fact this can be proved
similarly as in [8, Thm. 3] by using (5.9)). In order to define input—output operators
associated to the triple operator, we first need to compute the Yosida extension of
C for A. Let X be a sufficiently large real number. Then

_ 0 CoAR(\, Qo)
C)\R()\,A)_<)\R()\7AO) 0 0 °>.

If we denote by Cp s the Yosida extension of Cy for Qq, then

see that

0 C
Cp = (I 8") ., D(Cp) = Xo x D(Co.p). (5.10)
For any input u we have
<i>tu
du=| - > 0. A1
tu (q)tu) ) t = 0 (5 )

In addition, we have du € Xo, t > 0 (because ®, is associated to the admissible
control operator B) and ®;u € D(Cp ») for almost every ¢ > 0 (because ®; are the
input operators of a regular linear system ). Hence ®,u € D(C,) for almost every
t>0and ue L2 ([0,+00),C x Xg). We now define

loc
(Foou)(t) := Cpr®ru
for t > 0 and u € L?([0,t],C x X;). According to (5.10) and (5.11) we have

(Fost) (1) = (“)

Diuy

for u = (41) € L*([0,400),Cx Xp) and a.e. ¢ > 0. Hence Fo, € L(L*([0, 400), C x
Xop)). Let us know show that the operator F, satisfies the property (2.4). Let
7> 0and u,v € LY ([0,+00),C x Xg) and let ¥, be the extended output maps

loc

associated to (¥;)¢>o. For s > 7 there exists ¢ > 0 such that s =t + 7. Then

(Fac(w00)) (5) = Carpr (upv)
= CA(T(t)®-u + ®yv)
= CA\T(t)P,u+ CrPiv
= (Voo ®r)(t) + (Foov) (1)
= (Voo @7 + Fov)(t)
= (Voo ®r + Foov)(s — 7).
On the other hand, if s < 7 then (udv)(s) = u(s), so that <I>S(u<7>v) = ® u. This

T

shows that (Foo (uv))(s) = Ca®s(udv) = CpPsu = (Foou)(s). This implies that
Foo (uQv) = Fooud (Voo @ru + Foov).

If we define the operators Fu = Foou on each interval [0,¢], then ¥ = (T, ®, U, F) is
an abstract linear system generated by (A, B, C). Let us use Theorem 2.4 to prove
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that X is a regular linear system. From (5.10), we have
R(\ Ao —1)9

R(NA_1)B(?) = ( P
( VB(7) R(A, Qo,—1)Bov

because (Qo, 5o, Co) generates a regular system. Hence ¥ is regular. We prove now
that the identity I : Cyp x Xg — Cp x Xq is an admissible feedback for ¥. The
transfer function of X is given by

) € Xo x D(Co,a) = D(Ch),

o o 0 Moe)\
H(\) = MR(\,A_1)B = (R(A,Ao,l)Bo 0 > X € p(Ag).

Since By is an admissible control operator for Ay, then according to (2.7), there
exists a constant ¢ > 0 such that

C
[ R(A, Ao,—1)Bo| <

VReX

Hence ||R(\, Ao,—1)Bo|| — 0 as ReX — 4o00. On the other hand, we have e :
Xo — L3([-,0], Xo), then (ex¢)(z,0) = e*¢(z) for all ¢ € X, z € [0,7] and
6 € [—m,0]. For an arbitrary 0 < ¢ < 7 and all ¢ € X, we have

[Mex| < VAlolx, (e ul([=,0]) + lul(~=,0]) ).
Using the fact that |u|([—¢,0]) — 0 as € — 0, we then obtain

Re}gnJroo ‘M@)\(Zﬂ =0

vV ReA > 0.

Thus,
Re}gnJroo I )] = 0.
This implies that there exists § > 0 such that
1
sup [HOV < 3.
ReA>s
So I — H()) is invertible and ||(I — H(\)) 7| < 2 for all ReA > §. Now, due to [15],

I is an admissible feedback for 3. Finally, Theorem 4.1 implies that the operator

82

| 5.2
A= 333 E)
00

D(A) = {(Zi) € H?(0,m) x Wh2([=m,0], L*([0,])) : ¢(7) = 0, p(0) = ¢,

T 0
%0 = / a(6)(z.9) dx}

—T

generates a Cop—semigroup (7 (¢)):>o on X and the solution of the delay boundary
problem (5.7) is w(t) = T(t)( %) for allt > 0 and ($) € X.
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