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Abstract

A modified Gompertz diffusion process is considered to model tumor dynamics. The
infinitesimal mean of this process includes non-homogeneous terms describing the effect of
therapy treatments able to modify the natural growth rate of the process. Specifically,
therapies with an effect on cell growth and/or cell death are assumed to modify the birth
and death parameters of the process. This paper proposes a methodology to estimate the
time-dependent functions representing the effect of a therapy when one of the functions is
known or can be previously estimated. This is the case of therapies that are jointly applied,
when experimental data are available from either an untreated control group or from groups
treated with single and combined therapies. Moreover, this procedure allows us to establish
the nature (or, at least, the prevalent effect) of a single therapy in vivo. To accomplish this,
we suggest a criterion based on the Kullback-Leibler divergence (or relative entropy). Some
simulation studies are performed and an application to real data is presented.

Keywords: Tumor dynamics, Gompertz diffusion process, Therapy effect estimation, Kullback-
Leibler divergence, Resistor average distance

1 Introduction

In the last decades, increasing attention has been paid to the formulation and analysis of
mathematical procedures for modeling tumor growth and the effect of therapies in cancer animal
models. Innovative and informative analytical methods modeling tumor growth in vivo could
result in more accurate interpretation of data obtained from these animal models, and help
pharmacologists to adapt administration schedules of drugs at the preclinical setting. Moreover
such tools could also potentially give insights into the mechanism of action of the drugs in
vivo. Actually, mechanistic studies of drugs are conducted in vitro and both the host and the
tumor microenvironment can dramatically affect the mechanism by which a given drug or drug
combination is displaying its activity in vivo.

In a first approach, the models are related to a particular growth curve that is a solution of
a differential equation. The deterministic models more commonly used in the study of tumor
growth are the Malthusian (associated with the exponential curve) and those related to sigmoidal
curves as the logistic or Gompertz. This second model is the most widely accepted to capture
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dynamics in solid tumors (see the classic work of Norton [25], or that of Gerlee [15] for a recent
historical perspective). In order to take into consideration the environmental fluctuations that
are often cause of discrepancies between preclinical data and theoretical predictions, the notion
of growth in random environment has been formulated (see, for instance, [26] and references
therein).

Various approaches (deterministics and stochastics), based on the population dynamics, are
proposed in literature to analyze tumor growth. Essentially, these approaches consist in the
formulation and analysis of models of various natures that can be summarized as follows:

• deterministic models describing the dynamics of a single population. In this context the
study is oriented to the estimation of the involved growth parameters (cf. [27]) to analyze
the effect of specific therapies (cf. [19]);

• deterministic prey-predator type models describing the interaction of immune system cells
(predator) and cancer cells (prey) (cf. [3], [12], [13], [32]);

• stochastic models for cancer dynamics that take into account both cell fission and mortality
(cf. [20], [21]);

• stochastic models describing the effects of therapies that slow the growth according of
continuous functions of the time (cf. [2], [4], [6], [30]) or influence it by inducing some
instantaneous jumps (cf. [18]),

• stochastic models allowing the estimation of parameters involved in the tumor dynamics
(cf. [4], [5]).

Experimental design to test the effectiveness of therapeutic treatments includes untreated
(control) and treated groups in which the progress of the tumor size is evaluated through the
time. This paper addresses experimental studies of tumor growth in mice following the approach
of the diffusion processes by considering the tumor growth data observed in each mouse as a
sample path of the process. We work under the assumption that the tumor growth in the control
group adequately fits with a Gompertz diffusion process. This process is obtained by including
random environment in the deterministic Gompertz model given by the differential equation

dx(t) = [αx(t)− βx(t) lnx(t)]dt, x(t0) = x0,

with α and β positive constant (representing the birth and death parameters respectively). Thus,
the Gompertz diffusion process is defined by means of the stochastic differential equation

dX(t) = [αX(t)− βX(t) lnX(t)]dt+ σX(t)dW (t), X(t0) = X0, (1.1)

where σ > 0 measures the width of the random fluctuations, W (t) is a standard Brownian
motion and X0 is a positive random variable independent from W (t) for all t ≥ t0.

The effect of a given therapy can be included in the model by assuming that the growth
parameters are time-dependent functions. Thus, the study of tumor growth under the effect of
a treatment can be approached by means of a modification of the process fitted to the control
group.

The knowledge of these functions should allow to evaluate the effectiveness of a treatment
throughout time, and also to better establish treatment schedules. However, in experimental
studies is not obvious to deduce the effect of therapies on cancer dynamics, i.e. how they are
capable of modifying the growth rate of tumor cells. By generalizing a previous model (see [2],
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[4]), in which we analyzed the effect of an anti-proliferative therapy (that modifies the birth rate
of the cancer population), now we consider a model in which the death rate of the tumor cells
is also affected. The interest of the formulation of such a model relies on the existence of drugs
displaying both antiproliferative effect (reducing the birth rate) and pro-apoptotic or senescence
action (increasing the death rate) as, for example, some anti-angiogenic and anti-estrogen drugs
(cf. [9], [10]).

Therefore, it would be very interesting to determine if tumor growth inhibition observed
in vivo with drugs or drug combination is occurring by affecting cell death, cell proliferation
or both. The comprehension of mechanisms by which drug combination act in vivo is cru-
cial. Resistance to chemotherapy or targeted therapies in cancer patients is a major issue and
recent preclinical and clinical studies have shown that many patients might benefit of drug com-
bination approaches. Some examples are the combination of BRAF and EGFR inhibitors in
BRAF-mutated colorectal cancer cells ([28]), combination of BRAF and MEK in BRAF mu-
tated cutaneous melanoma patients ([14]) or association of everolimus with hormonotherapy in
breast cancers ([7], [8]).

In the present paper we propose a methodology to estimate the dependent functions rep-
resenting the effect of a therapy (which can affect growth and/or death rate) when one of the
functions is known or can be estimated previously. This is the case when therapies are jointly
applied and experimental data of either an untreated control group and groups treated with
single and combined therapies, are available. Moreover, this procedure allows to establish the
nature (or, at least, the prevalent effect) of a single therapy in vivo.

The paper is organized as follows. In Section 2 we introduce the model with some of its main
characteristics. In Section 3 we provide a procedure, essentially based on the geometric mean of
the process, to estimate the time dependent functions representing the effect of the therapies.
Moreover, some criteria are considered in order to obtain insights into the nature of a therapy
in experimental studies. Some simulation results are developed in Section 4 in order to show
the validity of the proposed procedure. A comparison with a previous procedure suggested in
[4] is also discussed when both of them can be applied. Finally, in Section 5, an application to
real data is presented. We have applied our methodology to data obtained in a patient-derived
uveal melanoma xenografted in mice and challenged with drugs displaying different mechanisms
of action.

2 The model

In this paper we assume that tumor growth in the control group of an experimental study
adequately fits a Gompertz diffusion process (1.1).

To include the effect of an antitumoral treatment, exogenous terms can be included in the
infinitesimal mean to account for modifications in the natural growth rate α and β and to
represent tumor regression rate due to the application of therapy. Specifically, since α and β
represent the birth and death parameters respectively, the inclusion of an additive term −C(t)x
modifies birth rate α by including the effect on cell growth, whereas the inclusion of an additive
term −D(t)x lnx modifies the death rate β by including the cell death effect.

Thus, the resulting model is the time non-homogeneous diffusion process described by the
stochastic differential equation

dX(t) = [(α− C(t))X(t)− (β −D(t))X(t) lnX(t)]dt+ σX(t)dW (t), X(t0) = X0, (2.1)
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where C(t) and D(t) are continuous functions in [t0, T ]. The diffusion process X(t) is defined
in (0,+∞) and characterized by drift and infinitesimal variance (cf. [1]):

A1(x, t) = (α− C(t))x− (β −D(t))x lnx, A2(x) = σ2 x2,

respectively.
Based on the interpretation of parameters α and β of a Gompertz curve, the interpretation

of functions C(t) and D(t) is as follows:

• Negative values of C(t) correspond to an increase in the growth rate of the group treated
with respect to the control group, whereas positive values of C(t) correspond to a decrease
in the growth rate of the group treated with respect to the control group. Moreover, a
decrease in tumor size takes place in the time intervals for which C(t) > α.

• Negative values of D(t) correspond to a deceleration in the growth rate of the group
treated with respect to the control group, whereas positive values of D(t) correspond to
an acceleration in the growth rate of the group treated with respect to the control group.

2.1 Some characteristics

In this section, some of the main characteristics of the diffusion process defined by (2.1) are
presented. Concretely, from the unidimensional distributions of the process, the moments and
the geometric mean are obtained. The latter will facilitate computing the estimates of functions
C(t) andD(t), included in the model. Finally, the expression of the transition probability density
of the process, the solution of the corresponding Fokker-Plank equation, is also presented.

Assuming that X0 is a lognormal random variable Λ1(µ0, σ
2
0), one has (see Appendix A for

details):
X(t) ∼ Λ1(M(t|µ0, t0), V

2(t|σ2
0, t0)), (2.2)

where the general expressions for M and V are given by1

M(t|u, τ) = k(τ)

k(t)
u+

1

k(t)

∫ t

τ

[
α− C(θ)− σ2

2

]
k(θ) dθ, (2.3)

V 2(t|u, τ) = 1

k2(t)

[
u+ σ2

∫ t

τ
k2(θ) dθ

]
, (2.4)

with k(t) = exp
{
β(t− t0)−

∫ t
t0
D(θ) dθ

}
.

From (2.2), one has the n-order moment of X(t)

E[Xn(t)] = exp

{
nM(t|µ0, t0) +

n2

2
V 2(t|σ2

0, t0)

}
.

In particular, the mean and the variance of X(t) are given by

mX(t) = E[X(t)] = exp

{
M(t|µ0, t0) +

1

2
V 2(t|σ2

0, t0)

}
(2.5)

1M and V are time functions used in the notation of the distributions of the process. In this sense, u and
τ are fixed parameters of such distributions: τ indicates the fixed time instant for the transition distribution
X(t)|X(τ) given by (2.7) (t0 for the marginal distribution of X(t) given by (2.2)); u indicates the parameters of
the lognormal initial distribution for the marginal distribution, or the parameters of the lognormal distribution
corresponding to a degenerate distribution in the value of the process at X(τ) for the transition distribution.
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and
σ2
X(t) = V ar[X(t)] = m2

X(t)
[
exp

{
V 2(t|σ2

0, t0)
}
− 1

]
,

and the geometric mean of X(t) by

GX(t) = exp {M(t|µ0, t0)} . (2.6)

Moreover, X(t)|X(τ) = y ∼ Λ1(M(t| ln y, τ), V 2(t|0, τ)), i.e. the transition probability den-
sity function of the process is:

f(x, t|y, τ) = 1

x
√

2π V 2(t|0, τ)
exp

{
− [lnx−M(t| ln y, τ)]2

2V 2(t|0, τ)

}
. (2.7)

3 Determining and fitting the effect of therapies

Experimental studies to test the effectiveness of a therapeutic treatment usually include a control
group and one (or more) treated groups, and tumor size is observed in both at established times.
We assume that the control group is modeled by means of (1.1) and that the treated groups are
described by (2.1), in which functions C(t) and D(t) are unknown and must be estimated.

This Section focuses on solving two important problems:

Problem 1 For each therapy applied, to determine its effect (which can affect growth and/or
death rate) or, at least, to deduce its prevalent effect.

In this case, from data of the control (untreated) group and the group receiving
therapy, in interval [t0, T ], two models (with C(t) = 0 or D(t) = 0, ∀t ∈ [t0, T ]) will
be estimated. Using appropriate criteria, the best one will be chosen.

Problem 2 Fitting the effects of two jointly-applied therapies (whose effects, one of them mainly
affecting cell growth and the other mainly inducing cell death, are known or can be
previously estimated).

The combined application of therapies can be carried out

a) from the initial time t0 of experimentation or

b) by adding a therapy to the previous one from a subsequent time instant t0 <
T ∗ < T .

In the case b), data from the control (untreated) group (in [t0, T ]), from the group
treated with the combined therapies (in [T ∗, T ]), and from the group treated with
the first therapy applied (in [t0, T ]), are necessary. For the case a), which can be
reduced to the second one (by considering or taking T ∗ = t0), data are required from
the untreated group and from the groups treated with single and combined therapies
in [t0, T ]. In the following we will only consider the case b).

The solution of this problem requires two steps: firstly we estimate the term due
to the first therapy applied (in the case b) or simply one of them (in the case a).
Secondly, we estimate the term due to the second therapy applied (in the case b) or
the other (in the case a) assuming that the first (other) term (C or D) is known.

Thus, in either problem it is enough to estimate one of the functions (C or D) when the
other one is known. In addition, for the solution of problem 1 we need to establish a criterion
for the selection of the effect type. We will address both problems below.
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3.1 Estimation of functions C(t) and D(t)

For the processes modeling the control group and the treated groups, let us suppose we have
p sample paths, observed at the same time instants, t1, t2, . . . , tn, of the interval [t0, T ]. Let
{xij , i = 1, 2, . . . , n; j = 1, 2, . . . , p} be the observed values of the sample paths.

Note that, from (2.6) we have, for the general model (2.1),

M(t|µ0, t0) = log GX(t).

Moreover, from (2.3) we can observe that the function M(t|µ0, t0) satisfies the differential equa-
tion:

dM(t|µ0, t0)

dt
= −(β −D(t))M(t|µ0, t0) + α− C(t)− σ2

2
. (3.1)

Eq. (3.1) allows to implement the following procedure:

• From the data of the control group, estimate α, β and σ2, obtaining α̂, β̂ and σ̂2.

• From the data of the group treated with the first therapy applied, in the time interval
[t0, T ] obtain the sample geometric mean of the process. Let g1j be the geometric mean at
tj ∈ [t0, T

∗].

• From the data of the group treated with the combined therapies in [T ∗, T ], obtain the
sample geometric mean of the process. Let g2j be the geometric mean at tj ∈ [T ∗, T ].

• Interpolate values M1
j = log(g1j ) and M2

j = log(g2j ). Let M̂
1(t) and M̂2(t) be the functions

obtained.

• Evaluate the derivative of M̂1(t) and M̂2(t).

• From Eq. (3.1), obtain the estimate of C(t) and D(t) as follows:

– For problem 1:

∗ Estimation of the model with a therapy affecting only growth rate:

Ĉ(t) = α̂− d M̂1(t)
dt + β̂M̂1(t) + σ̂2

2 , D(t) = 0,∀t ∈ [t0, T ]

∗ Estimation of the model with a therapy affecting only death rate:

C(t) = 0, D̂(t) = β̂ − 1

M̂1(t)

[
α̂− d M̂1(t)

dt − σ̂2

2

]
, ∀t ∈ [t0, T ]

– For problem 2, we distinguish two situations:

∗ If a first therapy mainly affecting cell growth is applied from t0 up to a time
instant T ∗ < T and a second therapy mainly inducing cell death in (T ∗, T ] is
coupled,

Ĉ(t) = α̂− d M̂1(t)

dt
+ β̂M̂1(t) +

σ̂2

2
,

D̂(t) =


0 t ∈ [t0, T

∗]

β̂ − 1

M̂2(t)

[
α̂− Ĉ(t)− d M̂2(t)

dt
− σ̂2

2

]
t ∈ (T ∗, T ]
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∗ If a therapy mainly inducing cell death is applied from t0 up to T ∗ and in (T ∗, T ]
a therapy mainly affecting cell growth is added,

D̂(t) = β̂ − 1

M̂1(t)

[
α̂− d M̂1(t)

dt
− σ̂2

2

]
,

Ĉ(t) =


0 t ∈ [t0, T

∗]

α̂− d M̂2(t)

dt
+ (β̂ − D̂(t))M̂2(t) +

σ̂2

2
. t ∈ (T ∗, T ].

3.2 Criteria for determining the prevalent effect of a therapy

To determine the prevalent effect of a particular therapy in a preclinical setting in vivo we
proposed the strategy of estimating two models (considering D(t) = 0 or C(t) = 0, ∀t ∈ [t0, T ]),
that is

Process X(1)(t) : A
(1)
1 (x, t) = (α− C(t))x− β x lnx (3.2)

Process X(2)(t) : A
(2)
1 (x, t) = αx− (β −D(t))x lnx. (3.3)

with A2(x) = σ2x2 in both cases, and then to choose the one that better fits the observed
data. Specifically, in order to determine the prevalent effect of the applied therapy, we establish
which distribution (of X(1)(t) or X(2)(t)) outperforms the other one in order to fit the sam-
ple distribution obtained from the experimental data. To this end, we propose the use of the
Kullback-Leibler divergence (KLD), also known as relative entropy, that measures the diver-
gence between two probability distributions. In the case of two continuous distributions with
probability density functions f0 and f1, the KLD is

DKL(f1||f0) =
∫

f1(x) log

(
f1(x)

f0(x)

)
dx

which provides a measure of the information lost when f0 is used to approximate f1. In other
words, KLD measures how much knowledge of a distribution, e.g. an empirical one, is captured
by a proposed one.

In our context, we can use this measure to compute the divergence between the sample
distribution (available from the data) and the distributions obtained from each estimated model.
The model showing a smaller divergence with respect to the data will be chosen.

Taking into account (2.2), the KLD between the sample and the estimated distributions
becomes:

DKL(fs||fi) =
1

2

[
log

(
V 2
i (t|σ2

0, t0)

V 2
s (t|σ2

0, t0)

)
+

V 2
s (t|σ2

0, t0)

V 2
i (t|σ2

0, t0)
+

(Ms(t|µ0, t0)−Mi(t|µ0, t0))
2

V 2
i (t|σ2

0, t0)
− 1

]
,

where the sub-index s refers to the sample distribution, whereas i = 1, 2 is associated with the
estimated model.

Nevertheless, KLD is not a true distance because it is not a symmetric function and does
not satisfy triangular inequality. It is useful nonetheless because of its relation with important
statistical concepts such as the log-likelihood ratio. For this reason, many efforts has been made
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in order to build distances linked to KLD. One way to do so is through symmetrization. For
example, the resistor average distance (see [17])

DRA(fs||fi) =
DKL(fs||fi) · DKL(fi||fs)
DKL(fs||fi) +DKL(fi||fs)

, (3.4)

is a measure based on the harmonic sum of the two possible divergences between two distribu-
tions. This distance is applied in several fields. For instance, Neymotin et al. in [24] apply it to
the measurement of some characteristics in the context of neuroscience.

In the following sections we will use DRA in order to choose the prevalent effect of a therapy.
Functions Vi andMi will be estimated from (2.3) and (2.4), whereas Vs andMs will be computing
from the data using (2.5) and (2.6), after calculating the arithmetic and geometric means of the
sample paths.

In addition, we will consider, for each estimated model, the absolute relative errors

Errmean =
1

N

N∑
j=1

|mj − ̂E[X(i)(tj)]|
mj

, Errvar =
1

N∗

N∑
j=j∗

|σ2
j − ̂V ar[X(i)(tj)]|

σ2
j

(3.5)

where ̂E[X(i)(t)] and ̂V ar[X(i)(t)] are the estimates of E[X(i)(t)] and V ar[X(i)(t)], i = 1, 2, and
mj and σ2

j are the sample mean and variance at tj of the sample paths, respectively. Note that
for Errvar, j

∗ will be 1 or 2 (and so N∗ = N or N∗ = N−1) depending on the initial distribution
being lognormal or degenerate, respectively. These quantities provide a measure of the fit of the
models to the data, and they are used as an illustrative example (or preliminary quantification)
that there are measurable differences amongst the models, and as such, other, more reliable
statistical analyses can be developed to make a more objective and powerful hypothesis testing.

4 Simulation results

The aim of our simulation study is twofold:

1) to compare the actual procedure with the method proposed in [4] for estimating the effect
of a single therapy that affects growth rate and

2) to test the validity of the procedure and its ability to select the model underlying the data
in order to recognize the nature of the applied therapy in an experimental study.

The control group is described by a Gompertz diffusion process X(t) with infinitesimal
moments

A1(x) = αx− β x lnx, A2(x) = σ2 x2 (α, β, σ > 0), (4.1)

whereas the treated groups are modeled by means of processes (3.2) and (3.3).
Thus, with models (4.1) and (3.2) we will address our first aim, and with models (4.1), (3.2)

and (3.3) we will address the second. Studying the inclusion of a function D(t) in (3.2) once we
know function C(t) (that is, the application of a therapy inducing cell death, once estimated the
effect of a previous affecting cell growth) would be similar to the comparison between models
(3.3) and (4.1). On the other hand, studying the effect of the inclusion of a function C(t) in
(3.3) once we know function D(t) (that is, the application of a therapy affecting cell growth,
once estimated the effect of a previous inducing cell death) would be similar to the comparative
between models (3.2) and (4.1).
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In the simulation we have considered several combinations for the parameters of process
(4.1), around those used in [4]. Concretely, α = 0.25, 0.3, 0.35; β = 0.05, 0.1, 0.15 and σ =
0.01, 0.02, 0.05.

For each combination of the parameters, the simulation pattern is as follows: we have simu-
lated 10, 25, and 50 sample paths in the [0, 50] time interval, taking t∗i = 0.1(i−1), i = 1, . . . , 501,
by considering a degenerate initial distribution at 1. After the simulation, we have considered
three sample sizes (n=11, 26 and 51 data for each sample path), selecting data equally spaced
in the previous time range. Finally, each simulation has been replicated 100 times.

Before tackling any of the two aims of our simulation study we must estimate the parameters
of process (4.1). A study has been carried out to find out the influence that the parameter values,
the number of paths, and the number of data points selected on each path have on the accuracy
of estimations. To this end we have used the absolute relative errors between the real and the
estimated values, i.e.:

RAEα =
|α− α̂|

α
, RAEβ =

|β − β̂|
β

, RAEσ =
|σ − σ̂|

σ
·

In the case of 10 sample paths, Table 1 summarizes the results after applying the estimation
procedure developed in [4]. As expected, results on Table 1 indicate that, regardless of the values
of α, β, and n, the estimation errors for each parameter increase as σ grows, whereas for fixed
values of α and β, errors in σ decrease as n grows.

For the sake of brevity, the others cases (25 and 50 sample paths) are not included, but the
conclusions derived from them are similar. The only exception are the errors in the estimation
of σ, which logically decrease as more sample information becomes available. Since the accuracy
in the estimations of α and β is good and shows little variation, in the following their values will
be fixed.

Comparing the procedures for estimating C(t)

Model (3.2) was studied in [4] where a procedure for estimating function C(t) was proposed,

essentially based on the ratio
E[X(1)(t)]

E[X(t)]
. Now, the procedure suggested in Section 3 can be used

to estimate the same function. In the following we will compare the two procedures when both
can be applied.

For this study, two functional forms of the therapy effect (already used in [4]) are considered:

• linear: C(t) = K t;

• logarithmic: C(t) = C0 ln(1 + C1 t).

In both cases the simulation pattern has been the same one used for the control group taking
α = 0.3, β = 0.1 with σ = 0.01, 0.02, 0.05. Concerning the values of the coefficients of the ther-
apeutical functions, we have considered K = 0.001, 0.002, 0.003 for the linear therapy, whereas
for the logaritmic we have chosen C0 = 0.02, 0.03, 0.04 and C1 = 0.15, 0.2, 0.25.

Table 2 includes, for the case of a linear therapy in which 10 sample paths are taken, the
absolute relative errors given by (3.5) (by considering now the theoretical mean and variance
functions instead of their sample versions obtained from data) for the selected values of K, σ,
and sample size. The results show that both procedures provide similar results regardless of
the values of σ and of the sample size. As a matter of fact, the absolute relative errors for the
mean and variance functions do not differ much when one or the other procedure is chosen to
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α = 0.25 α = 0.3 α = 0.35
β n σ RAEα RAEβ RAEσ RAEα RAEβ RAEσ RAEα RAEβ RAEσ

0.05 11 0.01 0.00164 0.00240 0.00600 0.00017 0.00010 0.01000 0.00000 0.00000 0.01900
0.02 0.00264 0.00460 0.01350 0.00053 0.00020 0.01000 0.00049 0.00010 0.02700
0.05 0.00992 0.01360 0.01480 0.00857 0.01260 0.01120 0.00846 0.01380 0.05200

26 0.01 0.00164 0.00240 0.00100 0.00100 0.00080 0.00300 0.00003 0.00020 0.01000
0.02 0.00272 0.00460 0.00750 0.00267 0.00090 0.00700 0.00046 0.00010 0.01050
0.05 0.01052 0.01460 0.00780 0.00890 0.01180 0.00860 0.00857 0.01400 0.02520

51 0.01 0.00168 0.00260 0.00100 0.00100 0.00080 0.00000 0.00000 0.00000 0.00600
0.02 0.00280 0.00480 0.00250 0.00113 0.00090 0.00350 0.00049 0.00010 0.00950
0.05 0.01056 0.01480 0.00280 0.00997 0.01180 0.00360 0.00857 0.01100 0.00960

0.1 11 0.01 0.00276 0.00340 0.00700 0.00133 0.00140 0.00400 0.00083 0.00140 0.01000
0.02 0.00304 0.00490 0.01100 0.00137 0.00240 0.01150 0.00137 0.00200 0.01150
0.05 0.01748 0.02520 0.03260 0.01640 0.02080 0.01520 0.01434 0.01860 0.01960

26 0.01 0.00284 0.00340 0.00100 0.00097 0.00100 0.00300 0.00069 0.00120 0.00500
0.02 0.00356 0.00500 0.01100 0.00183 0.00290 0.00600 0.00126 0.00120 0.00550
0.05 0.01900 0.02710 0.02320 0.01597 0.02060 0.01240 0.01349 0.01790 0.00640

51 0.01 0.00280 0.00340 0.00000 0.00100 0.00100 0.00200 0.00077 0.00130 0.00300
0.02 0.00364 0.00520 0.00100 0.00170 0.00280 0.00251 0.00106 0.00190 0.00350
0.05 0.01988 0.02820 0.00240 0.01653 0.02130 0.01080 0.01391 0.01840 0.00460

0.15 11 0.01 0.00308 0.00373 0.01000 0.00223 0.00220 0.01200 0.00071 0.00150 0.00900
0.02 0.00572 0.00653 0.01700 0.00517 0.00660 0.00750 0.00343 0.00393 0.01100
0.05 0.04196 0.04900 0.01240 0.04163 0.04947 0.01080 0.01989 0.02253 0.02100

26 0.01 0.00292 0.00367 0.00600 0.00153 0.00147 0.00700 0.00063 0.00093 0.00400
0.02 0.00612 0.00613 0.00650 0.00650 0.00607 0.00550 0.00291 0.00340 0.00750
0.05 0.04424 0.05193 0.00748 0.04333 0.04913 0.00760 0.01954 0.02267 0.00758

51 0.01 0.00304 0.00380 0.00100 0.00157 0.00153 0.00600 0.00063 0.00093 0.00100
0.02 0.00536 0.00740 0.00150 0.00640 0.00793 0.00700 0.00320 0.00373 0.00200
0.05 0.04496 0.05280 0.00340 0.04317 0.04920 0.00200 0.01977 0.02307 0.00760

Table 1: Absolute relative errors for the estimation of several combinations of the parameters of model (4.1), in
the case of 10 sample paths.

approximate function C(t). It can be observed how errors increase with the values of σ, but such
increase is similar for both procedures. On the other hand, when the number of paths increases
there is a similar trend in errors, which generally decrease at the same rate for both procedures
(for the sake of brevity the tables associated with these results have been omitted).

Table 3 shows the case of the logarithmic therapy with a fixed number of paths (p = 10) and
a fixed number of data points (n = 11). The conclusions are similar to those of the linear case,
and behave similarly for several numbers of paths and sample sizes.

In order to provide a graphical illustration of some examples, we have selected two of the
combinations of the parameters for the therapeutical functions. Concretely, (with σ = 0.01) we
have taken K = 0.002 for the linear case and C0 = 0.03, C1 = 0.2 for the logarithmic case (as in
[4]). In both cases we have performed a new replication of the simulation with 10 sample paths
and we have taken 11 data points for each one. Let Ĉold(t) and Ĉ(t) be the estimations of C(t)
obtained via the procedure suggested in [4] and in Section 3, respectively. Figure 1(a) includes
the results for the linear case. Concretely, the theoretical therapy function (black line), Ĉold(t)
(red line) and Ĉ(t) (blue line) are shown. In Figure 1(b) the theoretical mean E[X(1)(t)] (black
line) and its estimates obtained by using Ĉold(t) (red line) and Ĉ(t) (blue line) are shown. In
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K n σ Err
(a)
mean Err

(b)
mean Err

(a)
var Err

(b)
var

0.001 11 0.01 0.00476 0.00504 0.10865 0.10882
0.02 0.00868 0.00978 0.11800 0.11727
0.05 0.02198 0.02353 0.12942 0.13279

26 0.01 0.00463 0.00537 0.08768 0.08762
0.02 0.00869 0.01025 0.06254 0.06417
0.05 0.02299 0.02441 0.09444 0.09881

51 0.01 0.00469 0.00545 0.06138 0.06206
0.02 0.00886 0.01063 0.04496 0.04737
0.05 0.02326 0.02506 0.07405 0.08439

0.002 11 0.01 0.00468 0.00515 0.12623 0.12645
0.02 0.00908 0.01033 0.13324 0.13397
0.05 0.02436 0.02547 0.10454 0.11265

26 0.01 0.00475 0.00521 0.06322 0.06384
0.02 0.00899 0.01056 0.05899 0.06099
0.05 0.02492 0.02641 0.07091 0.08135

51 0.01 0.00476 0.00531 0.05792 0.05875
0.02 0.00978 0.01091 0.04805 0.04990
0.05 0.02520 0.02639 0.05561 0.06886

0.003 11 0.01 0.00495 0.00522 0.09520 0.09528
0.02 0.00958 0.01055 0.11860 0.12127
0.05 0.02396 0.02443 0.13494 0.13788

26 0.01 0.00530 0.00574 0.06777 0.06804
0.02 0.00954 0.01090 0.06951 0.07024
0.05 0.02028 0.02596 0.08468 0.09055

51 0.01 0.00534 0.00575 0.05461 0.05465
0.02 0.01005 0.01094 0.05316 0.05628
0.05 0.02058 0.02660 0.08042 0.08771

Table 2: Absolute relative errors for X(1)(t) with C(t) = K t, in the case of 10 sample paths. (a) Procedure in
[4]; (b) Procedure in Section 3.

Figure 1(c), V ar[X(1)](t) (black line) and its estimates obtained by using Ĉold(t) (red line) and
Ĉ(t) (blue line) are also shown. The results for the logarithmic therapy are shown in Figure 2.

In both cases, the figures illustrate the previous conclusions in the sense that both procedures
provide good (the estimated functions are very close to the real ones) and similar results (see the
errors in tables 2 and 3 for all replications). However, the procedure suggested in [4] is not able
to capture and estimate the effect of a therapy including cell death. Therefore, in the following
we will only focus on the procedure proposed in Section 3.

Selection of the data-generating process

The following simulation study aims at testing the validity of the procedure to estimate C(t)
or D(t), assuming the other one known, and its ability to select the underlying model for data
from a treated group. For this purpose:

• we generate two data sets, each one from the simulation of processes X(1)(t) and X(2)(t);

• for each data set, we estimate two potential models of the type X(1)(t) and X(2)(t);
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C0 C1 σ Err
(a)
mean Err

(b)
mean Err

(a)
var Err

(b)
var

0.02 0.15 0.01 0.00485 0.00505 0.11624 0.11635
0.02 0.00694 0.00962 0.11582 0.11828
0.05 0.02054 0.02285 0.11222 0.11526

0.20 0.01 0.00476 0.00521 0.11809 0.11893
0.02 0.00729 0.00841 0.07888 0.07903
0.05 0.01997 0.02206 0.12455 0.13193

0.25 0.01 0.00491 0.00524 0.10734 0.10691
0.02 0.00912 0.01003 0.13754 0.13820
0.05 0.01913 0.02197 0.13327 0.13468

0.03 0.15 0.01 0.00399 0.00529 0.11383 0.11361
0.02 0.00898 0.01042 0.12449 0.12703
0.05 0.01109 0.01217 0.06138 0.06078

0.20 0.01 0.00396 0.00537 0.09553 0.09618
0.02 0.00805 0.00989 0.10760 0.10850
0.05 0.02091 0.02489 0.12357 0.12855

0.25 0.01 0.00409 0.00566 0.12123 0.12134
0.02 0.00854 0.00994 0.11085 0.11169
0.05 0.01996 0.02385 0.14892 0.15621

0.04 0.15 0.01 0.00461 0.00510 0.13243 0.13265
0.02 0.00819 0.00851 0.11956 0.11957
0.05 0.02033 0.02498 0.12288 0.12987

0.20 0.01 0.00389 0.00458 0.11090 0.11090
0.02 0.00861 0.00938 0.09236 0.09491
0.05 0.02104 0.02352 0.10823 0.11416

0.25 0.01 0.00481 0.00578 0.10629 0.10632
0.02 0.00974 0.01043 0.14739 0.14891
0.05 0.02195 0.02252 0.13114 0.13535

Table 3: Absolute relative errors for X(1)(t) with C(t) = C0 ln(1 +C1 t), in the case of 10 sample paths and 11
data. (a) Procedure in [4]; (b) Procedure in Section 3.

• we deduce the most appropriate model by comparing the fitted models through the errors
made in the estimation of the mean and variance functions and the resistor average distance
between the theoretical distribution and that of the models estimated by the proposed
methodology.

For this study we assume that the particular processes X(1)(t) and X(2)(t) are characterized by
drifts (3.2) and (3.3) with

C(t) = C0 ln(1 + C1 t), D(t) = − r t

ϵ t2 + 1
. (4.2)

respectively. The logarithm function C(t) has been studied by several authors ([4] and [12]) in
the study of antitumoral therapies since it seems that this type of therapy is more tolerable than
one that linearly increases in time. As regards the function D(t), we have considered a function
that produces, at the beginning, a fast increase in the rate of death which will attenuate over
time.

For these processes, sample paths have been simulated in the [0, 50] time interval following the
same previous simulation pattern by taking α = 0.3, β = 0.1 and considering a range of values
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Figure 1: For C(t) = 0.002 t, (a) C(t) (black line), Ĉold(t) (red line) and Ĉ(t) (blue line); (b) E[X(1)(t)] (black

line) and its estimates by using Ĉold(t) (red line) and Ĉ(t) (blue line); (c) V ar[X(1)](t) (black line) and its

estimates by using Ĉold(t) (red line) and Ĉ(t) (blue line).

for σ and for the coefficients of the therapeutical functions. Concretely, σ = 0.01, 0.02, 0.05;
C0 = 0.02, 0.03, 0.04; C1 = 0.15, 0.2, 0.25; r = 0.05, 0.1, 0.15 and ϵ = 0.005, 0.01, 0.015.

Once the models of the type X(1)(t) and X(2)(t) have been fitted, absolute relative errors
are calculated for the mean and variance functions of both processes. In order to select the most
suitable process using resistor average distance, we have chosen to perform a point-by-point
comparison of the distance between the theoretical distribution and that of each of the potential
processes estimated. Thus, a measure (Index) has been calculated indicating % of times that
the distance from the X(1)(t) type process is smaller than that of the X(2)(t) type process. As
this index increases, the more suitable becomes the choice of the X(1)(t) type process; as it
decreases, the better suited the second model will be. In addition we have calculated the mean
difference (in absolute value) between both distances (DifDRA). This measurement allows to
better distinguish between two situations in which the previous index has the same value. In
that case, a greater value for said difference involves a larger discrimination between both fitted
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Figure 2: As in Figure 1 with C(t) = 0.03 ln(1 + 0.2 t).

processes.
Table 4 shows the results of the simulation of process X(1)(t), with 10 sample paths and

11 data in each. The values of Index indicate that the procedure performs a correct selection
of the model (with values over 70% in all instances). Also, for fixed values of σ and C0, the
increase in the values of C1 does not affect the differences between the relative errors of the
means, although it generates a greater distance between the errors of variances. This also
implies that the differences between distances (DifDRA) increase, i.e. the procedure performs
a better discrimination between the fitted models, and leans towards the first. The same is true
when the fixed value is that of C1. On the other hand, when σ increases so do relative errors,
although this does not seem to affect either the index for the selection of the model nor the
differences in the distances between models.

We have also verified that the increase in the number of paths and the number of data points
in each sample path does not modify the conclusions stated above.

Table 5 is similar to the previous one (with the same number of simulated paths and of
data in each) although it simulates process X(2)(t). Results indicate that the procedure also
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discriminates correctly (with values of Index below 10%). For fixed values of σ and r, the
differences in the errors of means remain mostly invariable as ϵ increases. Nevertheless, said
differences decrease in the variances, which implies a decrease in the value ofDifDRA. Therefore,
the lower ϵ becomes, the better the discrimination between the models. When the fixed value is
that of ϵ the general trend is the reverse to the previously stated, as r increases.

Again, the increase in the number of paths and in the number of data points for each does
not modify the conclusions above.

C0 C1 σ Err
(a)
mean Err

(b)
mean Err

(a)
var Err

(b)
var Index DifDRA

0.02 0.15 0.01 0.00384 0.00436 0.03516 0.04466 100 0.00314
0.02 0.00768 0.00772 0.21630 0.29123 100 0.00914
0.05 0.01512 0.01600 0.06790 0.08691 80 0.00111

0.20 0.01 0.00426 0.00448 0.05183 0.07726 90 0.00431
0.02 0.00492 0.00531 0.22393 0.31029 100 0.01114
0.05 0.02380 0.02328 0.10870 0.14244 80 0.00219

0.25 0.01 0.00573 0.00616 0.05761 0.08312 100 0.00885
0.02 0.00631 0.00683 0.22896 0.32507 100 0.01380
0.05 0.04471 0.04280 0.17657 0.26374 70 0.00210

0.03 0.15 0.01 0.00481 0.00535 0.05964 0.09904 100 0.00746
0.02 0.01130 0.01127 0.22275 0.33573 100 0.01633
0.05 0.01430 0.01455 0.09612 0.17185 100 0.00179

0.20 0.01 0.00587 0.00615 0.04941 0.13069 90 0.01103
0.02 0.00421 0.00468 0.22776 0.35681 100 0.01875
0.05 0.02247 0.02360 0.05138 0.15396 100 0.00460

0.25 0.01 0.00352 0.00397 0.05845 0.13998 80 0.01683
0.02 0.00542 0.00571 0.23035 0.37225 100 0.02137
0.05 0.04217 0.04187 0.06468 0.15180 100 0.00793

0.04 0.15 0.01 0.00410 0.00487 0.06341 0.14256 100 0.01264
0.02 0.00600 0.00623 0.23066 0.37847 100 0.02192
0.05 0.01427 0.01459 0.06269 0.15302 90 0.00500

0.20 0.01 0.00387 0.00532 0.05778 0.17543 100 0.02517
0.02 0.01383 0.01450 0.20383 0.37619 100 0.03258
0.05 0.01418 0.01576 0.04858 0.20220 100 0.00794

0.25 0.01 0.00365 0.00494 0.06224 0.19671 100 0.02745
0.02 0.00801 0.00855 0.21664 0.40747 100 0.03573
0.05 0.01773 0.01870 0.07625 0.19649 90 0.01139

Table 4: Absolute relative errors and index for choosing the model that best fits the data. Data generated by
process X(1)(t), in the case of 10 sample paths and 11 data points. Estimated model: (a) type X(1)(t); (b) type
X(2)(t).

As in the study that compared the estimation procedures of C(t), we will now illustrate
some particular cases. Specifically, we will consider C(t) = 0.03 log(1 + 0.2t) when simulating
a process of the type X(1)(t), and D(t) = −0.1/(0.01t2 + 1) when the process is of the type
X(2)(t). In both cases we have simulated 10 sample paths taking σ = 0.01 and then considering
11 data points for each one.

The sample paths of X(t) (control group) and of X(1)(t), which models the group treated
with the therapy affecting cell growth C(t), are shown in Figure 3(a). Similarly, Figure 3(b)
shows the sample paths of X(t) and of X(2)(t) modeling the group treated with the therapy
inducing cell death D(t).
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r ϵ σ Err
(a)
mean Err

(b)
mean Err

(a)
var Err

(b)
var Index DifDRA

0.05 0.005 0.01 0.01101 0.00276 2.60568 0.06325 0 0.67915
0.02 0.01296 0.00623 1.65285 0.21591 10 0.25703
0.05 0.01338 0.00923 2.72032 0.06640 0 0.20885

0.010 0.01 0.00872 0.00323 1.60824 0.06105 0 0.32063
0.02 0.00901 0.00502 0.91320 0.22200 0 0.10432
0.05 0.01978 0.01596 1.71586 0.10403 0 0.12082

0.015 0.01 0.00676 0.00501 1.21567 0.06793 0 0.10910
0.02 0.00761 0.00680 0.61671 0.21991 20 0.04688
0.05 0.02509 0.02593 1.39038 0.15638 10 0.07018

0.10 0.005 0.01 0.00586 0.00795 5.34749 0.08495 10 0.44391
0.02 0.00903 0.00919 3.67151 0.20864 10 0.31447
0.05 0.01184 0.01283 5.57470 0.11286 10 0.40730

0.010 0.01 0.00573 0.00948 3.29242 0.08815 10 0.25033
0.02 0.00490 0.00899 2.12893 0.20668 10 0.14515
0.05 0.01018 0.01392 3.36682 0.08181 10 0.25740

0.015 0.01 0.00686 0.00891 2.46270 0.08910 10 0.21658
0.02 0.00714 0.00983 1.52388 0.20324 10 0.10652
0.05 0.02181 0.02414 2.62420 0.15222 10 0.16690

0.15 0.005 0.01 0.01789 0.01106 8.31349 0.11037 10 0.96902
0.02 0.02009 0.01194 5.82685 0.21411 10 0.57323
0.05 0.02310 0.02096 8.52895 0.14999 10 0.53733

0.010 0.01 0.01791 0.00915 5.13505 0.10194 10 0.82830
0.02 0.02220 0.01136 3.51572 0.20655 10 0.41498
0.05 0.01985 0.01311 5.20792 0.10457 10 0.37876

0.015 0.01 0.01974 0.00973 3.83176 0.10030 10 0.72281
0.02 0.02122 0.01135 2.54057 0.20792 10 0.31557
0.05 0.02377 0.01232 3.93798 0.10183 10 0.29474

Table 5: Absolute relative errors and index for choosing the model that best fits the data. Data generated by
process X(2)(t), in the case of 10 sample paths and 11 data points. Estimated model: (a) type X(1)(t); (b) type
X(2)(t).

We first use the data obtained by the simulation of process X(1)(t), and then estimate models
(3.2) and (3.3). Clearly, the estimate of (3.2) will provide the estimate of C(t) assuming that
D(t) = 0, whereas the estimate of (3.3) will assume C(t) = 0 and will provide the estimate of
D(t). In Figure 4 this case is illustrated. Figure 4(a) shows the theoretical C(t) (black line)
and its estimate found by using model X(1)(t) (red curve). The blue straight line indicates zero,
which is the estimate of C(t) provided by model X(2)(t). In Figure 4(b) the theoretical mean
E[X(1)(t)] (black line) and its estimates found by using X(1)(t) (red line) and X(2)(t) (blue line)
are shown. Both of them appear to be very close to E[X(1)(t)]. On the other hand, the estimates
of variance V ar[X(1)(t)] provide different results, as shown in Figure 4(c). As a matter of fact,
the estimated variance found by using the wrong model X(2)(t) (blue line) appears to be far
from the theoretical V ar[X(1)](t)] (black line), showing that model X(1) is more appropriate
for these data. This is also evident in Figure 4(d), in which the DRA distance given by (3.4)
between the theoretical model and the estimated of type X(1)(t) is closer to zero, at each time
instant, than the distance found when a process of the type X(2)(t) is considered (blue line).
Figure 5 shows the results from the data obtained by process X(2)(t). Figure 5(a) shows the
theoretical D(t) (black line) and its estimate by using model X(2)(t) (blue curve). The red
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Figure 3: (a) Simulated sample paths of X(t) (top) and of X(1)(t) (bottom) with C(t) = 0.03 log(1 + 0.2t); (b)
Simulated sample paths of X(t) (top) and of X(2)(t) (bottom) with D(t) = −0.1/(0.01t2 + 1).

straight line indicates zero, which is the estimate of D(t) provided by model X(1)(t). In this
case the mean seems to not be able to discriminate the right underlying process (see Figure
5(b)), while the estimated variance (see Figure 5(c)) from the model X(1)(t) (red line) detects a
problem to fit the theoretical variance (black line). Finally, the DRA distance is confirmed to be
a useful instrument to select the right underlying model. In this case (see Figure 5(d)) the DRA

distance of the estimated process of the type X(2)(t) with respect to the theoretical distribution
(blue line) fluctuates near zero.

5 Application to real data

In this section we consider an application of the methodology introduced in this paper to
experimental data obtained in mice engrafted with patient-derived uveal melanoma tumors
(patient-derived xenografts) and treated with different therapeutic agents (certican, dasatinib,
and avastin). Our goal was to check if this method is able to correctly determine the predominant
mechanism of action (growth versus death rate).

Whereas certican has been reported to display a cytostatic activity in several in vitro and in
vivo tumor models ([11], [16], [34], [35]), dasatinib exerts its anti-tumor activity at least partially
by induction of apoptosis ([22], [31]). Avastin has been demonstrated to reduce tumor growth
without inducing apoptosis in several models ([23], [29]) but apoptosis has been evidenced in
patients with inflammatory breast cancer ([33]). This indicates that in some cases in vitro data
are not relevant. The mechanism of action of avastin needs to be adressed in vivo, given that
this drug avastin could indirectly affect tumor cell growth by affecting endothelial cells.

We will focus on the first problem discussed in Section 2: to determine for each therapy
applied its effect on tumor cells (growth versus death rate) or, at least, to deduce its prevalent
effect. We will demonstrate that our methodology confirms the already reported prevalent
growth inhibition effect of certican and the predominant apoptotic activity of dasatinib. These
results suggest that this methodology could be useful to get insights into the mechanism of
actions displayed by drugs in vivo. In this way the data obtained with avastin allows to deduce
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Figure 4: For data generated by process X(1)(t), (a) C(t) (black line), Ĉ(t) (red line) obtained via model (3.2);
(b) E[X(1)(t)] (black line) and its estimates by using X(1)(t) (red line) and X(2)(t) (blue line); (c) V ar[X(1)(t)]
(black line) and its estimates by using X(1)(t) (red line) and X(2)(t) (blue line); (d) DRA distance between the
distribution of X(1)(t) and the theoretical distribution (red line) and DRA distance between the distribution of
X(2)(t) and the theoretical distribution (blue line).

a predominant effect on growth rate.

We have considered data about the growth of MP55BL tumor from four experimental groups
of 8, 5, 8 and 7 mice, respectively. The first is the untreated group (control). The other three
groups of mice were treated with dasatinib (per os, 50mg/Kg, 5 days a week), certican (per os,
2mg/Kg, 3 days a week) and avastin (intraperitoneally, 30mg/Kg, once a week), respectively.
The tumor volume was measured at days 1, 5, 9, 13, 17, 19, 22, and 26, and the relative volume
of tumor with respect to the initial volume was calculated. Figure 6 shows the mean of the
relative tumor volume for the four experimental groups as a function of the days after starting
the treatment.

From the data of the control group, the estimated parameters of the Gompertz diffusion
process (4.1) are
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Figure 5: As in Figure 4, when data are generated by X(2)(t).

α̂ = 0.0826194, β̂ = 0.0028546, σ̂ = 0.0589.

To determine the nature (or, at least, the prevalent effect) of each applied therapy, for each
treated group we have estimate models of type (3.2) and (3.3). Table 6 shows the absolute
relative errors for each treated group with respect to each estimated model.

Table 6: Absolute relative errors for the mean and variance functions

Dasatinib Certican Avastin
treated group treated group treated group

X(1)(t) X(2)(t) X(1)(t) X(2)(t) X(1)(t) X(2)(t)

Errmean 0.08379 0.04439 0.07355 0.06887 0.04501 0.03871
Errvar 0.46932 0.31577 0.57431 0.70256 0.28978 0.81475
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Figure 6: Tumor growth for the four experimental groups.

In all cases, from the differences between the errors associated with the mean we cannot
deduce the most appropriate model. From the information provided by the errors associated
with the variance it seems that the most appropriate models are of the type X(2)(t) for the
dasatinib treated group, and of the type X(1)(t) for the certican and avastin treated groups.
However this criterion is not too clear.

Figures 7, 8 and 9 show the DRA distances between the dasatinib, certican, and avastin
treated groups and their corresponding estimated models of the type X(1)(t) and X(2)(t).
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Figure 7: DRA distances to model X(1)(t) (red line) and to model X(2)(t) (blue line) for the dasatinib
treated group.

From this information, we can more clearly confirm the conclusions drawn from the errors
associated with the variance.

Our application classifies certican as a modulator of growth rate and dasatinib as a modulator
of cell death. These results are in accord with in-vitro data showing a cytostatic effect of certican
on uveal melanoma cell lines and an induction of cell death by dasatinib in these cells. Avastin
can modulate tumor dynamics by directly inhibiting tumor cell proliferation or indirectly by
affecting angiogenesis. Our data suggest that in our tumor model avastin affects predominantly
tumor cell proliferation with a similar pattern to that observed with certican.
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Figure 8: DRA distances to model X(1)(t) (red line) and to model X(2)(t) (blue line) for the certican
treated group.
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Figure 9: DRA distances to model X(1)(t) (red line) and to model X(2)(t) (blue line) for the avastin
treated group.

Once this methodology has been applied to detect the kind of effect displayed by the different
drugs, the analysis of the estimations of the corresponding functions C(t) and D(t) could hope-
fully allow to obtain some information about the influence of therapeutic schedules on tumor
growth kinetics. Figures 10 and 11 show the functions that model the effect therapy (D(t) for
the model of type X(2)(t) in the dasatinib treated group and C(t) for models of type X(1)(t) in
the certican and avastin treated groups).

As depicted in Figure 10, treatment with dasatinib results in a deceleration of tumor growth
rate only after one week of treatment and after an acceleration of the growth rate during the
first week. This is followed by an alternance of acceleration/deceleration periods in which ac-
celerations are significantly less and less pronounced. At the end of the treatment deceleration
prevails over acceleration of tumor growth rate.

Treatment with certican (see Figure 11) resulted in a reduction in growth rate over the time
of treatment with the exception of the third week, in which a transient weak increase of growth
rate was observed. In fact a decrease of the tumor size was found during the second week of
treatment. After 21 days the effect of certican on the decrease of growth rate was weaker than
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Figure 10: Estimated D(t) function of a model of type X(2)(t) for the dasatinib treated group.
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Figure 11: Estimated C(t) functions of a model of type X(1)(t) for the certican and avastin treated
groups. Dashed line represents the value of α.

that observed at the beginning of the treatment.
Treatment with avastin (see Figure 11) resulted in a decrease of tumor growth rate through-

out the entire treatment period. A very significant reduction in the tumor size takes place
between days 9 and 17 and an almost imperceptible reduction between days 22 and 24.

C(t) estimations for both certican and avastin (two drugs affecting tumor growth rate rather
than tumor death rate) have been depicted in the same figure (Figure 11) in order to properly
compare the effects of therapy on tumor behavior in mice. It can be observed that these two drugs
perform similarly in the first three or four days, then certican performs better than avastin until
day 9. However, after 9 days of treatment avastin becomes more efficient than certican and it
remains more performant until the end of the experiment. We can also observe periods of tumor
regression with both agents. A regression period could be obtained earlier with certican than
with avastin, but the magnitude of that obtained with avastin was significantly higher. A second
smaller tumor regression period could be detected only with avastin. Therefore, representation
of functions that model the effect of therapies can help to more accurately analyse the kinetics
of anticancer drugs in vivo and also could help to propose hypothesis about the mechanism of
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action displayed by drugs in an in-vivo preclinical setting.

Concluding remarks

A modified Gompertz diffusion process including exogenous factors in its infinitesimal mean
has been considered here in order to model the effect of anti-proliferative and/or pro-apoptotic
therapies. A procedure to estimate the time dependent functions representing the effect of a
therapy assuming that one of the functions is known, has been proposed. This is the case when
therapies are assessed in combination and experimental data of a control untreated group, and
of groups treated with single and combined therapies, are available. A comparison has been
made between the actual procedure and the method proposed in [4] to estimate the effect of an
anti-proliferative therapy.

A criterion to deduce the nature of the anti-tumor effect (reduction of growth rate or increase
of death rate) for each applied drug, or at least its prevalent effect, has been proposed. This
criterion is essentially based on the Kullback Leibler divergence between the distribution of the
estimated models and the sample distribution.

We have applied our criterion to real data obtained from uveal melanoma xenografts chal-
lenged with different therapies displaying different mechanisms of action. Importantly, the
results obtained fit with the mechanism of action observed in vitro with tumor cells, and sug-
gest that our method can be successfully applied to get insights into the mechanism of action
displayed by a given drug or drug combination in vivo.

Moreover, the estimation of functions that model the effect of therapies allows us to analyse
the kinetics of anticancer drugs in vivo.
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A Appendix. Distribution of the process

To find the solution of (2.1) we set

Z(t) =
k(t)

σ
lnX(t), (A.1)

where k(t) = exp
{
β(t− t0)−

∫ t
t0
D(θ) dθ

}
. Making use of (A.1), by Ito’s lemma, equation (2.1)

becomes

dZ(t) =
k(t)

σ

[
α− C(t)− σ2

2

]
dt+ k(t) dW (t), Z(t0) = Z0 =

k(t0)

σ
lnX0. (A.2)

Note that (A.2) is a linear stochastic differential equation, whose solution is

Z(t) = Z0 +
1

σ

∫ t

t0

k(θ)
[
α− C(θ)− σ2

2

]
dθ +

∫ t

t0

k(θ) dW (θ) (A.3)

Recalling (A.1), from (A.3) one can obtain the solution of (2.1):

X(t) = exp

{
k(t0)

k(t)
lnX0 +

1

k(t)

∫ t

t0

[
α− C(θ)− σ2

2

]
k(θ) dθ +

1

k(t)

∫ t

t0

k(θ) dW (θ)

}
.

Note that Eq. (A.3) defines a Markovian process, so its finite-dimensional distributions depend
on the initial distribution and on the transition probability density function (pdf). Moreover,
following [1], Z(t) is a Gaussian process if and only if the initial state Z0 is a normal (or
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degenerate) random variable. In such cases the mean and covariance functions of Z(t) are given
by

mZ(t) = E(Z0) +
1

σ

∫ t

t0

k(θ)
[
α− C(θ)− σ2

2

]
dθ,

RZ(s, t) = V ar(Z0) +

∫ s∧t

t0

k2(θ) dθ, with s ∧ t = min(s, t),

respectively. In particular, the variance function of Z(t) is

σ2
Z(t) = V ar(Z0) +

∫ t

t0

k2(θ) dθ.

The finite dimensional distributions of Z(t) are normal, that is, for n ∈ N

(Z(t1), Z(t2), . . . , Z(tn))
′ ∼ Nn(µ,Σ),

where the i-th component of the vector µ is mZ(ti), i = 1, 2, . . . , n, and Σ is a definite positive
matrix with components RZ(ti, tj), i, j = 1, 2, . . . , n.
Therefore, from (A.1) we can conclude that the finite dimensional distributions of X(t) are
lognormal:

(X(t1), X(t2), . . . , X(tn))
′ ∼ Λn(η,∆), (A.4)

where the components of the vector η and of the matrix ∆ are given by

ηi =
σ

k(ti)
mZ(ti), δij =

σ2

k(ti) k(tj)
RZ(ti, tj),

respectively. From (A.4), the conditioned distributions can be obtained. In particular, the
transition pdf is given by (2.7).
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