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Abstract

A non-homogeneous stochastic model based on a type Gompertz diffusion with

jumps is proposed to describe the evolution of a solid tumor subject to an inter-

mittent therapeutic program. Each therapeutic application, represented with

a jump in the process, instantly reduces the tumor size to a fixed value and,

simultaneously, produces an increasing of the growth rate of the model to rep-

resent the toxicity of the therapy. This effect is described via the introduction

of a time-dependent function in the drift of the process. The resulting model

is a combination of non-homogeneous diffusion processes characterized by dif-

ferent drifts for which the transition probability density function and its main

characteristics are studied. The estimation of the model is realized discerning

if the therapeutic instances are fixed priorly and if they are established with a

strategy based on the mean of the first-passage-time through a control thresh-

old. Simulation studies are made for different choices of the involved parameters

and time-dependent functions.
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1. Introduction

Due to the increasing concrete interest, in the last decades various mathe-

matical models of cancer dynamics are been proposed to analyze the evolution

of the illness when a therapy is administered. Moreover, to take in account of

some discrepancies existing between clinical data and theoretical predictions,

due to more or less intense environment fluctuations, generally the notion of

growth in random environment has been formulated (cf., for instance, [1], [2]

and references therein). The attention is often placed on the definition of par-

ticular time-dependent functions that change the natural growth rates of the

cancer by modeling anti-proliferative and pro-apoptotic effects. Another aspect

of interest is the interaction between proliferating and quiescent cells (cf. [3]),

this one is also studied to analyze the relevant differences between non-specific

cycle drugs (that can damage tumor cells in any phase of the cellular cycle) and

specific cycle drugs (that act on tumor cells only in a fixed phase of the cellu-

lar cycle) (cf., [4], [5]). The problem of model estimation has been also taken

into account, by considering first of all the estimation of the natural growth pa-

rameters and then contriving ad hoc procedure to estimate the time-dependent

functions used to describe the effects of the therapies (cf. [6], [7], [8]).

Recently, following [9] and [10], in [11] a stochastic model was proposed to

analyze the effect of a therapeutic program that provides intermittent suppres-

sion of cancer cells. In [12] we assumed that each application of the therapeutic

program leads the cancer mass to a return state ρ and it produces a deleterious

effect on the organism by increasing the growth rate of the cancer cells of a

constant quantity. The result was a diffusion process with jumps. Note that,

although in different contexts, such processes were recently extensively studied

(cf., [13], [14], [15] for instance). Specifically, following the widespread assump-

tion that the Gompertz law is adapter to describe the growth of a solid tumor

(cf., for instance, [16], [17], [18], [19]), we assumed that starting from ρ > 0 at

the initial time, the process evolves according to the Gompertz law with posi-

tive parameters α0 = α and β that represents the natural growth parameters
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of the tumor cells in the absence of therapies. After a fixed time, a therapy is

applied, the effect of which is to reduce the tumor size to ρ on the one hand

and to increase the growth rate with a constant amount on the other hand. In

this way, the process X(t), describing the tumor size at the time t, consists of

independent cycles, each of one is described by a stochastic diffusion process

Xk(t) with different time independent growth rates. The effectiveness of the

therapeutic program is considerable influenced by the choice of the instants in

which the therapy is applied; for this reason in [12] a strategy to select the inter-

jump intervals was proposed so that the first-passage-time of X(t) through a

constant control boundary is as large as possible and the cancer size remains

under this control threshold during the treatment. An estimation of parameters

based on the maximum likelihood method was also provided.

In the present paper we modify the model discussed in [12], assuming that

after each therapeutic application the process evolves with a time-dependent

growth parameter αk(t) = α+ hk(t), so that the single processes Xk(t), as well

as X(t), become time non-homogeneous, and we focus on the estimation of the

model.

The paper is organized as follows. In Section 2 the stochastic model is intro-

duced and the main characteristics of the related stochastic process are given.

In Section 3 we assume that the instants of therapeutic applications are fixed

before the beginning of the experimental phase. In this case only the estimation

of the parameters and functions hk(t) is addressed. In Section 4 we suppose

that the time instants are unknown. Here we propose firstly a strategy for

determining optimal time instants of therapeutic application based on the first-

passage-time of the process through a control threshold. Since determining each

time instant involves to know the process until the previous application cycle,

a recursive procedure for estimating the model is proposed. Some simulation

studies illustrate the procedures of estimation in both scenarios for different

choices of the involved parameters and time-dependent functions hk(t).
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2. The Model

Let X(t) be the stochastic process describing the growth of a tumor mass.

We assume that each application of the therapy resets the cancer mass to a state

ρ and it produces a deleterious effect on the organism by increasing the growth

rate of the cancer cells. Let τ0 = 0 be the initial time, τk are the instants of

therapeutic application for k = 1, 2, . . . , N and τN+1 = ∞. We suppose that

the return state ρ is equal to the initial tumor mass, i.e. the tumor size recorded

at the diagnose’s time. Therefore, one has:

X(t) =
N∑

k=0

Xk(t)1[τk,τk+1)(t), (1)

where X0(t) represents the natural evolution of the cancer, whereas Xk(t) de-

scribes the dynamics of the tumor between the k-th and the (k + 1)-th ther-

apeutic application. We assume that Xk(t) is a stochastic Gompertz process

whose sample paths are solution of

dXk(t) = [α+ hk(t)− β lnXk(t)]Xk(t)dt+ σXk(t)dW (t), (τk < t < τk+1),

(2)

Xk(τk) = ρ, k = 0, 1, 2, . . . , N.

In Eq. (2), α and β are the natural growth parameters in the absence of therapy,

σ > 0 measures the width of environment fluctuations and W (t) is a standard

Brownian motion. The functions hk(t) represent the harmful effect of the k-

th therapeutic application; actually after each jump, the cancer growth rate

increases and it is greater in correspondence of more aggressive therapies. This

perspective is representative of targeted drugs that have a certain degree of

toxicity for the patient. Differently from the past (cf. [12]), we now consider

that after an therapeutic application the growth parameter changes according

to a time-dependent function. Specifically, we assume that h0(t) = 0 and for

k = 1, 2, . . . , N the functions hk(t) ≥ 0 are continuous and increasing with k.

To characterizeX(t) we specify each single processXk(t), for k = 0, 1, . . . , N .

Note that Eq. (2) defines a time non-homogeneous Gompertz process with drift
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and infinitesimal variance

A(k)
1 (x, t) = [α+ hk(t)− β lnx]x, A(k)

2 (x) = σ2x2,

respectively. Note that the process Xk(t) can be transformed in a time ho-

mogeneous Ornstein-Uhlenbeck stochastic process as shown in the following

proposition.

Proposition 1. The process

Yk(t) = logXk(t) + qk(t|τ), (3)

with

qk(t|τ) = −e−βt

∫ t

τ
hk(θ)e

βθ dθ, (4)

is a time homogeneous Ornstein-Uhlenbeck process characterized by drift and

infinitesimal variance

B(k)
1 (y) = α− σ2

2
− β y, B2(y) = σ2. (5)

Proof. Let fk[Xk(t), t] = Yk(t), for the Ito’s lemma we have that Yk(t) satisfies

the following stochastic equation

dYk(t) =
[∂fk[Xk, t]

∂t
+
∂fk[Xk, t]

∂x
Fk(t)+

1

2

∂2f [Xk, t]

∂x2
G2(t)

]
dt+

∂fk[Xk, t]

∂x
G(t) dW (t),

where

Fk(t) = [α+ hk(t)− β log x]x, G(t) = σ x fk(x, t) = log x+ qk(t|τ)

and

∂fk(x, t)

∂t
= −βqk(t|τ)− hk(t),

∂fk(x, t)

∂x
=

1

x
,

∂2fk(x, t)

∂x2
= − 1

x2
.

It follows

dYk(t) =

[
α− σ2

2
− β y

]
dt+ σ dW (t),

that is the Ito’s equation for the diffusion process Yk(t) characterized by in-

finitesimal moments (5).
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Making use of Proposition 1 and recalling that the transition probability density

function (pdf) of Yk(t) defined in (3) is a normal density with mean and variance

Mk(t|u, τ) =
α− σ2/2

β

[
1− e−β(t−τ)

]
+u e−β(t−τ), V2(t|τ) = σ2

2β

[
1− e−2β(t−τ)

]
,

respectively, from (4) we have the transition pdf of Xk(t):

fk(x, t|y, τ) =
1

x
√
2πV 2(t|τ)

exp

{
− [lnx−Mk(t| ln y, τ ]2

2V 2(t|τ)

}
, τk ≤ τ < t

where

Mk(t|y, τ) =
α− σ2/2

β

[
1− e−β(t−τ)

]
+ y e−β(t−τ) + e−βt

∫ t

τ
hk(θ)e

βθ dθ,

V 2(t|τ) = σ2

2β

(
1− e−2β(t−τ)

)
.

Moreover, τk ≤ τ ≤ t the conditional moments of Xk(t) are:

E[Xn
k (t)|Xk(τ) = y] = exp

{
nMk(t| ln y, τ) +

n2

2
V 2(t|τ)

}
, n = 1, 2, . . . .

Concerning X(t), from (1) we can easily obtain the mean of X(t):

E[X(t)|X(0) = ρ] =
N∑

k=0

E[Xk(t)|Xk(τk) = ρ]1[τk,τk+1)(t).

Figures 1 and 2 show some simulated sample paths of X(t) in the interval

[0, 45] for several choices of the functions hk(t). Moreover we assume N = 5,

being (4, 8, 12, 20, 30) the instants of therapeutic application, and σ = 0.01

(Figure 1) and σ = 0.1 (Figure 2). Following [20], in the simulation we have

considered α = 6.46 year−1, β = 0.314 year−1, Xk(τk) = ρ = 108. The tumor

size represents the tumor cell density; the value 1.074× 108 is representative of

a 0.1 g tumor mass (namely the smallest diagnosable mass).

In these simulations almost always the sample paths of X0(t) (red curves) over-

hang those of X(t); actually, note that an efficient therapy should keep the

tumor size under control and surely at a level lower than the tumor size X0(t)

corresponding at the case in which no therapy is applied. This one suggests the

need to find a criterion to choose the instants of therapeutic application in such
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a way that the therapy results to be truly effective. Some consideration have

been also made in [12] and, for a deterministic model in [21].

Comparing Figure 1 with Figure 2, we note that increasing the value of σ the

trends remain unchanged and only the oscillations of the sample paths are more

evident.
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(a) hk(t) = 0.1(k − 1/t)
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(b) hk(t) = 0.1(k + 1/t)
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Figure 1: The sample paths of X(t) are plotted for ρ = 108, α = 6.46, β = 0.314,

σ = 0.01 and different choices of the functions hk(t); therapeutic application times are

(4, 8, 12, 20, 30). The red (upper) curve represents X0(t).
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(c) hk(t) = 0.1(1− (τk/t)k)

Figure 2: As in Figure 2 for σ = 0.1.

In order to estimate the model, we will distinguish two situations: the time

instants of therapeutic applications are fixed from the beginning of experimen-

tation or they will be determined via some strategies during experimentation.

In the first situation we estimate the parameters α, β and σ2 and the func-

tions hk(t). In the second, we propose a strategy similar to that proposed in

[12], for determining optimal time instants of therapeutic application based on

the first-passage-time of the process through a control threshold. Obviously
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determining each time instant involves the knowledge of the process until the

previous application cycle. This question leads to a recursive procedure for esti-

mating the model: for each cycle the corresponding function hk is estimated, the

estimates of the parameters is updated and the next time instant of application

is determined.

In both cases, we consider two situations: a) hk(t) ≡ hγ
k(t) is known except

for a parameter γ > 0 to be estimated; b) hk(t) is completely unknown.

3. Model with fixed time instants of therapeutic application

The aim of the present section is to estimate the parameters of X(t) and

the function hk(t) when the therapy is applied at fixed time instants. Then, a

simulation study is performed.

3.1. Estimation

In this case, we consider dk sample paths of each process Xk(t) at times

tkij with τk ≤ tkij < τk+1, i = 1, . . . , dk; j = 1 . . . , nik ; k = 0, . . . , N . For

each process it may have a different number of sample paths (the experimental

subjects may decrease) and each sample path can have a different number of

values and be observed at different time instants. Let {xk
ij} be the observed

values.

a) hk(t) ≡ hγ
k(t) has a closed functional form except for the value of a parameter

γ.

In this case, the estimation of the parameters α, β and σ2 can be based only

on observations of the process X0(t) (as in [6]). However, it is preferable to use

the information of all involved processes and jointly estimate α, β, σ2 and γ.

Here, we assume hγ
k(t) = γ rk(t), where rk(t) is a known positive and increasing

function with k, and r0(t) = 0, ∀t ∈ [τ0, τ1).
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Denoting by

a = α− σ2

2
, T i,j

β,k =
1− e−β(tkij−tki,j−1)

√
β
(
1− e−2β (tkij−tki,j−1)

) ,

Si,j
β,k =

√
β e−β tkij

√
1− e−2β (tkij−tki,j−1)

∫ tkij

tki,j−1

rk(θ)e
β θdθ,

taking the variable change

vi,jβ,k =

√
β
[
log xk

ij − e−β(tkij−tki,j−1) log xk
i,j−1

]

√
1− e−2β(tkij−tki,j−1)

,

and considering that the processes Xk(t), k = 0, 1, . . . , N are independent, the

log-likelihood function for the transformed sample, v = {vkij}, is

Lv(a, γ,β,σ) = −M

2
log σ2 − M

2
log π − 1

σ2

N∑

k=0

d∑

i=1

nik∑

j=2

[
vijβ,k − aT ij

β,k − γ Sij
β,k

]2

where M =
N∑

k=0

dk∑

i=1

(nik−1). Deriving the log-likelihood function with respect to

a, γ, β and σ2 and making the derivatives equal to zero, one has the following

system of equations:

• ∂Lv(a, γ,β,σ)

∂a
= 0 ⇔

N∑

k=0

dk∑

i=1

nik∑

j=2

vijβ,kT
ij
β,k = a

N∑

k=0

dk∑

i=1

nik∑

j=2

(T ij
β,k)

2

+γ
N∑

k=1

dk∑

i=1

nik∑

j=2

Sij
β,kT

ij
β,k (6)

• ∂Lv(a, γ,β,σ)

∂γ
= 0 ⇔

n∑

k=1

dk∑

i=1

nik∑

j=2

vijβ,kS
ij
β,k = a

N∑

k=1

dk∑

i=1

nik∑

j=2

T ij
β,kS

ij
β,k

+γ
n∑

k=1

dk∑

i=1

nik∑

j=2

(Sij
β,k)

2 (7)
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• ∂Lv(a, γ,β,σ)

∂β
= 0 ⇔

N∑

k=0

dk∑

i=1

nik∑

j=2

vijβ,k
dvijβ,k
dβ

−a




N∑

k=0

dk∑

i=1

nik∑

j=2

vijβ,k
dT ij

β,k

dβ
+

N∑

k=0

dk∑

i=1

nik∑

j=2

T ij
β,k

dvijβ,k
dβ





+a2
N∑

k=0

dk∑

i=1

nik∑

j=2

T ij
β,k

dT ij
β,k

dβ

−γ




N∑

k=1

dk∑

i=1

nik∑

j=2

vijβ,k
dSij

β,k

dβ
+

N∑

k=1

dk∑

i=1

nik∑

j=2

Sij
β,k

dvijβ,k
dβ





+γ2
N∑

k=1

dk∑

i=1

nik∑

j=2

Sij
β,k

dSij
β,k

dβ

+aγ




N∑

k=1

dk∑

i=1

nik∑

j=2

T ij
β,k

dSij
β,k

dβ
+

N∑

k=1

dk∑

i=1

nik∑

j=2

Sij
β,k

dT ij
β,k

dβ



 = 0(8)

• ∂ logLv(a, γ,β,σ)

∂σ2
= 0 ⇔ Mσ2 = 2

N∑

k=0

dk∑

i=1

nik∑

j=2

[
vijβ,k − aT ij

β,k − γ Sij
β,k

]2
(9)

For arbitrary functions g and h, we denote by

Xβ,k∗

g,h =
N∑

k=k∗

dk∑

i=1

nik∑

j=2

gi,jβ,kh
i,j
β,k, Y β,k∗

g,h =
N∑

k=k∗

dk∑

i=1

nik∑

j=2

gi,jβ,k

dhij
β,k

dβ
, k∗ = 0, 1,

so that from (6) and (7) one has:

Xβ,0
vT = aXβ,0

TT + γXβ,1
ST

Xβ,1
vS = aXβ,1

TS + γXβ,1
SS

from which it follows

aβ =
Xβ,0

vT Xβ,1
SS −Xβ,1

TSX
β,1
vS

Xβ,0
TTX

β,1
SS − (Xβ,1

TS )
2
, γβ =

Xβ,0
TTX

β,1
vS −Xβ,0

vT Xβ,1
ST

Xβ,0
TTX

β,1
SS − (Xβ,1

TS )
2
.

Moreover from (9) one has

σ2
β =

2

M

[
Xβ,0

vv + a2βX
β,0
TT + γ2

βX
β,1
SS − 2aβ X

β,0
vT − 2γβ X

β,1
vS + 2aβγβ X

β,1
ST

]
.

10



Finally, Eq. (8) becomes

Y β,0
vv −aβ

[
Y β,0
vT + Y β,0

Tv

]
+a2βY

β,0
TT −γβ

[
Y β,1
vS + Y β,1

Sv

]
+γ2

βY
β,1
SS +aβγβ

[
Y β,1
TS + Y β,1

ST

]
= 0.

This last equation in the variable β can be solved with a simple numerical

method as the bisection method. After the estimation β̂ of β has been obtained,

we can find the estimation of âβ = aβ̂ , γ̂β = γβ̂ and σ̂2
β = σ2

β̂
.

b) hk(t) unknown

In this case, the observations of the process X0(t) must be used to estimate

the parameters α, β and σ2. The results in [6] can be used to estimate the control

group by means of a homogeneous Gompertz diffusion process; alternatively we

can use the previous results with γ = 0 and k = 0. In any case we have

aβ =

d0∑

i=1

ni0∑

j=2

vijβ,0T
ij
β,0

d0∑

i=1

ni0∑

j=2

(T ij
β,0)

2

σ2
β =

2

M

d0∑

i=1

ni0∑

j=2

[
vijβ,0 − aT ij

β,0

]2

d0∑

i=1

ni0∑

j=2

vijβ,0
dvijβ,0
dβ

− aβ




d0∑

i=1

ni0∑

j=2

vijβ,0
dT ij

β,0

dβ
+

d0∑

i=1

ni0∑

j=2

T ij
β,0

dvijβ,0
dβ



+ a2β

d0∑

i=1

ni0∑

j=2

T ij
β,0

dT ij
β,0

dβ
= 0

Next, following a similar procedure to that proposed in [6] the function

hk(t) can be estimated. Concretely, denoting by X0,k(t) the time homogeneous

process with the same infinitesimal moments that X0(t), but defined in the time

interval [τk, τk+1) with initial condition X0,k(τk) = ρ, one has

E[Xk(t)] = exp

(
Mk(t| log ρ, τk) +

V 2(t|τk)
2

)
,

E[X0,k(t)] = exp

(
M0(t| log ρ, τk) +

V 2(t|τk)
2

)
,

and

Mk(t| log ρ, τk) = M0(t| log ρ, τk) + e−βt

∫ t

τk

hk(θ)e
βθ dθ.
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Finally, since
E [Xk(t)]

E [X0,k(t)]
= exp

(
e−βt

∫ t

τk

hk(θ)e
βθ dθ

)
,

it follows

hk(t) = e−βt d

dt

{
eβt log

(
E [Xk(t)]

E [X0,k(t)]

)}
.

So, for each k = 1, . . . , N , from observations {xk
i,j}, i = 1, . . . , dk, j = 1, . . . , nik ,

E [Xk(t)] can be estimated on each tj by means of
∑dk

i=1 x
k
i,j/dk, while E[X0,k(tj)]

can be estimated from the mean of sample paths of the processes X0,k(t) sim-

ulated in the same time instants of observations of each process Xk(t). From

the estimations of E[Xk(tj)] and E[X0,k(tj)], j = 1, . . . , nik , the procedure pro-

posed in [6] to approximate the function that model the therapy effect can be

used.

3.2. Simulation study

The present simulation study is aimed at validating the estimation proce-

dures described in Subsection 3.1. We consider the following cases:

a) hk(t) ≡ hγ
k(t) has a functional closed form except for the value of a

parameter γ. Concretely we consider

hγ
k(t) = γ

(
k − 1

t

)
and hγ

k(t) = γ

(
k +

1

t

)
.

b) hk(t) unknown. For this case we consider

hk(t) = γ

(
1−

(τk
t

)k
)
.

In all cases, the pattern for the simulations is the following:

• We consider 25 simulated sample paths of the process X(t) in the interval

[0, 35], with step h = 0.05 and time instants of therapeutic application

(5, 10, 15, 20, 25).

• We assume α = 6.46, β = 0.314, γ = 0.1 + 0.1(i− 1), for i = 1, . . . , 5, and

σ = 0.01, 0.05, 0.1.

• The initial value for each Xk (k=1,. . . ,5) is ρ = 108.
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Lastly, this pattern is replicated 100 times.

Table 1 includes the estimation of the parameters in the case of hγ
k(t) =

γ (k − 1/t) known. The last column includes the relative absolute error between

the estimated and the real log-likelihood function. Table 2 is as the previous

but considering hγ
k(t) = γ (k + 1/t). In both cases we conclude that regardless

the procedure provides good estimations of the true values. As it is expected,

the error on the log-likelihood function increases with σ.

γ σ α̂ β̂ γ̂ σ̂ LogLik.Err

0.1 0.010 6.45989 0.31398 0.01000 0.09997 0.000005

0.025 6.45650 0.31381 0.02498 0.09983 0.000011

0.050 6.45296 0.31365 0.04991 0.09997 0.000035

0.075 6.41131 0.31149 0.07503 0.09950 0.000070

0.100 6.39508 0.31071 0.09965 0.09921 0.000139

0.2 0.010 6.45699 0.31382 0.01000 0.19979 0.000007

0.025 6.46064 0.31402 0.02497 0.19990 0.000010

0.050 6.45237 0.31364 0.04996 0.19995 0.000028

0.075 6.44243 0.31307 0.07489 0.19950 0.000037

0.100 6.43951 0.31293 0.09989 0.19951 0.000054

0.3 0.010 6.45135 0.31353 0.00998 0.29942 0.000013

0.025 6.45406 0.31364 0.02500 0.29939 0.000023

0.050 6.45752 0.31383 0.04982 0.29954 0.000043

0.075 6.43779 0.31276 0.07471 0.29851 0.000077

0.100 6.43248 0.31251 0.09986 0.29841 0.000093

0.4 0.010 6.44614 0.31324 0.00998 0.39884 0.000053

0.025 6.44264 0.31304 0.02492 0.39856 0.000062

0.050 6.44514 0.31320 0.04997 0.39895 0.000063

0.075 6.44492 0.31321 0.07488 0.39885 0.000063

0.100 6.44248 0.31298 0.09964 0.39821 0.000081

0.5 0.010 6.43960 0.31288 0.00999 0.49790 0.000018

0.025 6.44096 0.31294 0.02492 0.49794 0.000076

0.050 6.44268 0.31300 0.04982 0.49802 0.000131

0.075 6.44194 0.31300 0.07457 0.49789 0.000136

0.100 6.44132 0.31301 0.09964 0.49861 0.000187

Table 1: Parameter estimation in the case of hγ
k = γ (k − 1/t) known, α = 6.46, β = 0.314,

k = 5, τk = (5, 10, 15, 20, 25), ρ = 108.

The case b) is considered in Table 3. Note that in this case hk(t) is esti-

mated jointly with the parameter γ. This table includes the estimation of the
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γ σ α̂ β̂ γ̂ σ̂ LogLik.Err

0.1 0.010 6.45936 0.31396 0.01000 0.09997 0.000004

0.025 6.45270 0.31362 0.02501 0.09988 0.000014

0.050 6.44246 0.31311 0.04994 0.09990 0.000031

0.075 6.43412 0.31271 0.07498 0.09991 0.000040

0.100 6.39841 0.31076 0.10002 0.09893 0.000112

0.2 0.010 6.45407 0.31370 0.01000 0.19980 0.000007

0.025 6.45746 0.31387 0.02495 0.19991 0.000014

0.050 6.44925 0.31344 0.05004 0.19965 0.000020

0.075 6.44847 0.31342 0.07483 0.19974 0.000028

0.100 6.42806 0.31229 0.09988 0.19894 0.000071

0.3 0.010 6.44932 0.31344 0.00999 0.29943 0.000010

0.025 6.44975 0.31347 0.02498 0.29949 0.000029

0.050 6.44827 0.31337 0.04988 0.29932 0.000038

0.075 6.44362 0.31319 0.07502 0.29948 0.000039

0.100 6.44301 0.31308 0.09993 0.29899 0.000067

0.4 0.010 6.44388 0.31315 0.00999 0.39883 0.000012

0.025 6.44554 0.31324 0.02495 0.39891 0.000053

0.050 6.44313 0.31312 0.04992 0.39881 0.000086

0.075 6.43778 0.31283 0.07479 0.39853 0.000081

0.100 6.43608 0.31280 0.09989 0.39878 0.000095

0.5 0.010 6.43690 0.31278 0.01000 0.49797 0.000077

0.025 6.43619 0.31275 0.02492 0.49793 0.000186

0.050 6.43159 0.31250 0.04981 0.49762 0.000220

0.075 6.42700 0.31225 0.07463 0.49725 0.000230

0.100 6.43500 0.31267 0.09968 0.49771 0.000330

Table 2: Parameter estimation in the case of hγ
k = γ (k + 1/t) known, α = 6.46, β = 0.314,

k = 5, τk = (5, 10, 15, 20, 25), ρ = 108.

parameters α, β and σ obtained from the data of X0(t). The last column is

a error measure of the estimation of hk(t) taking that is the relative absolute

error between the real hk(t) functions and their estimations, both of them eval-

uated at the observation time instants. In this case the procedure for estimating

hk(t) in each interval has been replicated 25 times, that is, after estimating the

parameters α, β and σ from the data of X0, we have considered 25 replications

of X0,k(t) in the same time instants of observations of each process Xk(t). For

each one the procedure described before is applied and then the mean values

are considered.

14



The value of σ influences the estimation of the parameters, worsening as

σ increases, for any γ. It also occurs in the error of the estimation of hk(t).

However, it is interesting to note that as γ increases this error tends to decrease

for each value of σ fixed, which seems logical since in this case the growth

process is faster, the values of the process are higher and the method allows

more accurately capture the differences between the theoretical and estimated

models.

γ σ α̂ β̂ σ̂ Error

0.1 0.010 6.45872 0.31393 0.01001 0.05690

0.025 6.43226 0.31258 0.02494 0.09111

0.050 6.38698 0.31034 0.04988 0.17905

0.075 6.15154 0.29816 0.07492 0.22136

0.100 6.03425 0.29221 0.09940 0.34913

0.2 0.010 6.45541 0.31377 0.00997 0.03972

0.025 6.44308 0.31313 0.02490 0.05543

0.050 6.38993 0.31041 0.04987 0.10182

0.075 6.29227 0.30545 0.07480 0.14929

0.100 6.06437 0.29371 0.09997 0.17595

0.3 0.010 6.46326 0.31417 0.00996 0.04682

0.025 6.44978 0.31347 0.02496 0.05273

0.050 6.36492 0.30912 0.05005 0.06046

0.075 6.26308 0.30386 0.07479 0.08457

0.100 6.05824 0.29325 0.09996 0.13916

0.4 0.010 6.45344 0.31366 0.00998 0.04033

0.025 6.43670 0.31280 0.02485 0.04579

0.050 6.32423 0.30705 0.04985 0.05339

0.075 6.19194 0.30023 0.07506 0.07421

0.100 5.91984 0.28630 0.09960 0.11160

0.5 0.010 6.45321 0.31366 0.01004 0.03351

0.025 6.44963 0.31348 0.02509 0.04303

0.050 6.33809 0.30775 0.04998 0.05113

0.075 6.26878 0.30415 0.07502 0.05551

0.100 6.06640 0.29384 0.10011 0.08059

Table 3: Estimation in the case of hγ
k = γ

(
1−

( τk
t

)k)
unknown, α = 6.46, β = 0.314, k = 5,

τk = (5, 10, 15, 20, 25), ρ = 108.

Figures 3 and 4 shows the estimations of the considered hk(t) functions for

several values of γ and σ.
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Figure 3: Estimation of the γ
(
1−

( τk
t

)k)
functions in the unknown case for several values

of σ and γ for α = 6.46, β = 0.314, k = 5, τk = (5, 10, 15, 20, 25), ρ = 108.
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Figure 4: (continued) Estimation of the γ
(
1−

( τk
t

)k)
functions in the unknown case for

several values of σ and γ for α = 6.46, β = 0.314, k = 5, τk = (5, 10, 15, 20, 25), ρ = 108.

4. Model with time instants of therapeutic application non estab-

lished in advance

In this case we assume that the instants of therapeutic application are un-

known, so a criterion to establish the times τk is formulated.

4.1. Strategy for determining the time instants

The effectiveness of an intermittent treatment depends on the time instants

of therapeutic application. The choice of such times have to balance the positive

effect (the reduction of the cancer mass) and the negative effect (the survival of

the most aggressive clones) of the treatment.

Denoting by S a control threshold, we require that X(t) < S during the
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treatment. Hence, following [12], we propose to applied therapy before X(t)

reaches S. Specifically, for S > ρ, we denote by Tk(S|ρ, τk) = inft>τk{t :

Xk(t) > S|Xk(τk) = ρ} the random variable first-passage-time (FPT), by

gk(S, t|ρ, τk) the FPT pdf and tk(S|ρ, τk) is the mean FPT. As shown in [12],

better results can be obtained by applying the therapy as late as possible; so,

for k = 0, 1, . . . , N − 1, τk+1 can be determined as follows:

τk+1 = 0.99 tk(S|ρ, τk). (10)

The maximum number of applications N is chosen such that for k > 0 one has

τk+1− τk > θ, where θ can be considered as the minimum waiting time between

consecutive applications. Since for k = 1, 2, . . . , N the processes Xk(t) are time

non-homogeneous, a closed form for tk(S|ρ, τk) is not available. Specifically,

being X0(t) is time homogeneous one has

t0(S|ρ, τ0) =
∫ S

ρ
dzφ(z)

∫ z

0
s(u)du, (11)

where

φ(x) = exp

{
−2

∫ x A(0)
1 (ξ)

A(0)
2 (ξ)

dξ

}
= x−2α/σ2

exp
{ β

σ2
ln2 x

}
, s(x) =

2

A(0)
2 (x)h(x)

,

are the scale function and speed density of X0(t), respectively. Instead, for

k = 1, 2, . . . , N the mean tk(S|ρ, τk) can be evaluated from the numerical ap-

proximation of the FPT pdf gk(S, t|ρ, τk) obtained making use of the package

fptdApprox of R [22], [23]. We ensure that the therapy is efficient by verify-

ing that the mean FPT of X(t) through S, denoted by E[T (S|ρ)]1, is greater

than t0(S|ρ, τ0) representing the mean FPT of the process X0(t) that describes

1E[T (S|ρ)] can be computed by using the numerical evaluation of its density function

g(S, t|ρ, τ0) obtained by means of

g(S, t|ρ, τ0) =






g0(S, t|ρ, τ0), t ∈ I0

k−1∏

j=0

[
1−

∫ τj+1

τj

gj(S, τ |ρ, τj)dτ
]
gk(S, t|ρ, τk), t ∈ Ik.
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the tumor growth in the absence of therapy. Moreover, we monitor the mean

function of X(t) to verify that it is below S until the end of the treatment.

In the following we show the application of the strategy for different choices

of the function hk(t) when it is fully determined. Specifically, we consider α =

6.46, β = 0.314, ρ = 108, S = 6 · 108, with hk(t) = γ rk(t) and we analyze how

different choices of values of γ,σ and of the functions rk(t) affect the times of the

therapeutic application and hence the mean FPT of X(t) through S. To this

aim we consider for σ the values 0.01, 0.05 and 0.1, and for rk(t) the following

choices

rk(t) = k − 1/t, rk(t) = k + 1/t, rk(t) = 1− (τk/t)
k,

with values of γ = 0.1 + (i− 1) · 0.1, i = 1, . . . , 5.

For each choice of rk(t) and several values of γ and σ, Tables 4-6 show the

values of time instants of therapeutic applications, the mean FPT of each Xk(t)

through S and the mean FPT of the process X(t) when the therapy is applied

k times. Note that the mean FPT of X(t) and of Xk(t), for fixed values of k,

decrease when σ increases. Indeed, due to the more width of the fluctuations,

some sample paths reach the control threshold in a shorter time when σ in-

creases. Moreover, when γ increases, the growth of the process becomes more

quick so that the values of tk(S|ρ, τk), as well as those of E[T (S|ρ)], decrease.

In Figures 5, 6 and 7, the mean of the process X(t) are plotted for some

choices of parameters and functions hk(t) considered (for the sake of brevity we

have only considered the cases γ = 0.1, 0.5 and σ = 0.01, 0.1). The times τk

are those obtained from the described strategy as listed in the Tables 4, 5 and

6, respectively. Note that selecting the times of therapeutic application via the

proposed strategy, the mean of X(t) results limited by the control boundary S

(red line) until the end of treatment.
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Figure 5: For ρ = 108, α = 6.46, β = 0.314, and hk(t) = γ(k − 1/t) the means of

X(t) are plotted for different choices of γ and σ, the therapeutic application times are

chosen according to Table 4. The red (upper) line represents the control threshold.
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Figure 6: As in Figure 3 with hk(t) = γ(k + 1/t). The times of the therapeutic

application are chosen according to Table 5. The red (upper) line represents the

control threshold.
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Figure 7: As in Figure 3 with hγ
k = γ[1 − (τk/t)

k]. The times of the therapeutic

application are chosen according to Table 6. The red (upper) line represents the

control threshold.
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4.2. Estimation

In this case, to determine the time of the first application τ1, the observations

of the time- homogeneous process X0(t) are needed until a time instant enough

large depending of the used strategy. Moreover, for each k = 1, 2 . . . , N , once

τk is determined, we observe the process Xk(t), starting at time τk, to establish

τk+1. However, both when hγ
k(t) has a functional closed form except for the

value of the parameter γ, and when hk(t) is unknown, the parameters α, β and

σ2 must be estimated from the observations of the process X0(t) from the initial

time to the total time of experimentation T .

a) hk(t) ≡ hγ
k(t) has a functional closed form except for the value of a parameter

γ.

For k = 1, from the observations of the processes X0(t) for t ∈ [τ0, τ1)

and X1(t) for t ∈ [τ1, T ], we can estimate the parameter γ and update the

estimations of the parameters α, β and σ2 by using the procedure described in

3.1.a). Next, for each k = 2, . . . , N , once obtained each τk from observations of

the processes X0(t), X1(t), . . . , Xk(t) we can update the estimations of α, β, σ2

and γ.

b) hk(t) unknown.

A procedure similar to one described in 3.1.b) can be used, but it is iteratively

applied once every τk is determined making use of the observations of the process

Xk(t) and of the simulations of the processX0,k(t) (i.e. the processX0(t) defined

in [τk, τk+1) with X0,k(τk) = ρ).

4.3. Simulation study

Also in this case we consider the following situations:

a) hk(t) ≡ hγ
k(t) has functional closed form except for the value of a param-

eter γ. Specifically,

hγ
k(t) = γ

(
k − 1

t

)
and hγ

k(t) = γ

(
k +

1

t

)
.
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b) hk(t) unknown. For this case we consider

hk(t) = γ

(
1−

(τk
t

)k
)
.

The pattern for the simulations is the same as that used in Section 3 but

considering the time instants of therapeutic application obtained in Subsection

4.1.

Tables 7 to 10 summarize the process of iterative estimation following the

procedure established in subsection 4.2. when hγ
k(t) if known. For each choice

of σ and γ, the tables include the values τk, the successive updated estimates

of the parameters obtained from the sample data available at every stage and,

from them, the estimated values of the time instants of therapeutic application

(τ ′k) are calculated. In all cases it can be observed that the real time instants of

therapeutic applications (τk) and their estimates (τ ′k) are very similar. Only a

small difference is observed in the first instant of application when σ = 0.1, al-

though this discrepancy decreases as the number of iterations grows. As regards

the estimation of the parameters, the fact most significant is found in the first

iteration. Indeed, when only information for X0(t) is available, the estimates

obtained for α, β and σ worsen as σ increases, although the additional informa-

tion on the successive stages improve the update of these estimates and stabilize

them around the real values of the parameters, even in the case σ = 0.1.

The results when hk(t) is unknown are summarized in Tables 11 and 12.

Again the values of τk and τ ′k are quite similar in all cases, showing a behavior

similar to the previous case. Consequently, the method proposed for estimating

the hk(t) functions appears useful for the purpose of estimating the time instants

of the therapeutic application. As regards the estimates of α, β and σ (note

that γ is estimated in conjunction with the hk(t) function) we can see how they

worsen as σ increases, while the update of the estimates presents a behaviour

similar to that observed when hk(t) is known.
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σ = 0.01 σ = 0.05 σ = 0.1

γ k τk tk(S|ρ, τk) E[T (S|ρ)] τk tk(S|ρ, τk) E[T (S|ρ)] τk tk(S|ρ, τk) E[T (S|ρ)]

0.10 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63107

1 5.6 9.85303 8.94970 5.6 9.85307 7.66324 5.5 9.75642 7.34916

2 9.7 13.03168 11.44508 9.7 13.03396 8.77928 9.6 12.94221 8.19690

3 12.9 15.66740 13.51413 12.9 15.66967 9.47694 12.8 15.57754 8.64827

4 15.5 17.87631 15.24809 15.5 17.87827 10.01571 15.4 17.78504 8.93047

5 17.6 19.68636 16.66896 17.6 19.68800 10.45545 17.6 19.69365 9.13680

6 19.4 21.26159 17.90549 19.4 21.26296 10.83777 19.4 21.26776 9.30168

7 21 22.68171 19.02026 21 22.68286 11.18244 21 22.68696 9.44462

8 22.4 23.93423 20.00348 22.4 23.93521 11.48644 22.4 23.93874 9.57065

9 23.6 25.01099 20.84872 23.6 25.01183 11.74778 23.6 25.01489 9.67893

10 24.7 − − 24.7 − − 24.7 − −

0.20 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63107

1 5.6 9.05894 8.32348 5.6 9.06109 7.24768 5.5 8.97097 6.95104

2 8.9 11.32226 10.10829 8.9 11.32431 8.15098 8.8 11.23176 7.63188

3 11.2 13.08478 11.49818 11.2 13.08625 8.78300 11.1 12.99144 8.03072

4 12.9 14.44817 12.57332 12.9 14.44923 9.26944 12.8 14.35299 8.31708

5 14.3 15.61556 13.49390 14.3 15.61635 9.68550 14.2 15.51919 8.54708

6 15.4 16.54466 14.22657 15.4 16.54526 10.01635 15.3 16.44748 8.72922

7 16.3 17.31351 14.83288 16.3 17.31399 10.29014 16.2 17.21576 8.88001

8 17.1 18.00957 15.38177 17.1 18.00995 10.53802 17 17.91140 9.01653

9 17.8 18.62510 15.86717 17.8 18.62541 10.75723 17.7 18.52662 9.13727

10 18.4 − − 18.4 − − 18.3 − −

0.30 0 0 5.68727 5.687267 0 5.67102 5.671021 0 5.63108 5.63107

1 5.6 8.53607 7.911151 5.6 8.53840 6.973422 5.5 8.44906 6.68650

2 8.4 10.31692 9.315527 8.4 10.31844 7.735666 8.3 10.22419 7.25314

3 10.2 11.63785 10.357219 10.2 11.63881 8.276137 10.1 11.54231 7.60759

4 11.5 12.65383 11.158417 11.5 12.65447 8.689827 11.4 12.55682 7.86568

5 12.5 13.46467 11.797851 12.5 13.46512 9.019916 12.4 13.36681 8.06964

6 13.3 14.12929 12.321970 13.3 14.12963 9.290493 13.2 14.03089 8.23671

7 13.9 14.62749 12.714851 13.9 14.62774 9.493320 13.8 14.52873 8.36194

8 14.4 15.04807 13.046521 14.4 15.04827 9.664553 14.3 14.94906 8.46768

9 14.8 15.38436 13.311718 14.8 15.38452 9.801469 14.7 15.28516 8.55222

10 15.2 − − 15.2 − − 15.1 − −

0.40 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63107

1 5.6 8.15990 7.61449 5.6 8.16204 6.77594 5.5 8.07221 6.49549

2 8 9.59124 8.74326 8 9.59239 7.45482 7.9 9.49691 7.02224

3 9.4 10.56535 9.51144 9.4 10.56602 7.92180 9.4 10.56826 7.35541

4 10.4 11.32155 10.10778 10.4 11.32197 8.28437 10.4 11.32344 7.58794

5 11.2 11.96281 10.61348 11.2 11.96310 8.59186 11.2 11.96413 7.78446

6 11.8 12.45105 10.99851 11.8 12.45126 8.82598 11.8 12.45203 7.93422

7 12.3 12.86800 11.32732 12.3 12.86816 9.02593 12.3 12.86874 8.06212

8 12.7 13.20382 11.59214 12.7 13.20394 9.18697 12.7 13.20440 8.16515

9 13 13.45272 11.78843 13 13.45282 9.30634 13 13.45319 8.24152

10 13.3 − − 13.3 − − 13.3 − −

0.50 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63107

1 5.6 7.87393 7.38898 5.6 7.87582 6.62576 5.5 7.78524 6.35003

2 7.7 9.06239 8.32620 7.7 9.06327 7.22814 7.7 9.06619 6.75503

3 8.9 9.88069 8.97151 8.9 9.88117 7.64313 8.9 9.88282 7.02024

4 9.7 10.46774 9.43447 9.7 10.46804 7.94091 9.7 10.46909 7.21068

5 10.3 10.93129 9.80002 10.3 10.93149 8.17605 10.3 10.93221 7.36112

6 10.8 11.33620 10.11933 10.8 11.33634 8.38147 10.8 11.33687 7.49256

7 11.2 11.66611 10.37950 11.2 11.66622 8.54885 11.2 11.66662 7.59967

8 11.5 11.91229 10.57364 11.5 11.91237 8.67374 11.5 11.91269 7.67960

9 11.7 12.06966 10.69775 11.7 12.06972 8.75358 11.7 12.06997 7.73069

10 11.9 − − 11.9 − − 11.9 − −

Table 4: Values of τk, tk(S|ρ, τk) and E[T (S|ρ)] for α = 6.46, β = 0.314, ρ = 108, S = 6 · 108

for hγ
k = γ[(k − 1/t)] and several choices of γ and σ.
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σ = 0.01 σ = 0.05 σ = 0.1

γ k τk tk(S|ρ, τk) E[T (S|ρ)] τk tk(S|ρ, τk) E[T (S|ρ)] τk tk(S|ρ, τk) E[T (S|ρ)]

0.10 0 0 5.68726 5.68726 0 5.67102 5.67102 0 5.63107 5.63107

1 5.6 9.57927 8.73382 5.6 9.58052 7.52023 5.5 9.48368 7.21092

2 9.4 12.61701 11.12877 9.4 12.61940 8.67655 9.3 12.52692 8.06532

3 12.4 15.10470 13.09003 12.4 15.10696 9.53111 12.4 15.11454 8.52702

4 14.9 17.23697 14.77107 14.9 17.23891 10.23357 14.9 17.24546 8.84380

5 17 19.05940 16.20785 17 19.06102 10.82845 17 19.06659 9.08672

6 18.8 20.64201 17.45554 18.8 20.64336 11.34446 18.8 20.64810 9.28477

7 20.4 22.06688 18.57885 20.4 22.06803 11.80895 20.4 22.07208 9.45865

8 21.8 23.32263 19.56890 21.8 23.32360 12.21828 21.8 23.32710 9.61098

9 23 24.40166 20.41959 23 24.40249 12.57001 23 24.40553 9.74148

10 24.1 − − 24.1 − − 24.1 − −

0.20 0 0 5.68726 5.68726 0 5.67102 5.67102 0 5.63107 5.63107

1 5.6 8.70517 8.04450 5.6 8.70770 7.06225 5.5 8.61373 6.76997

2 8.6 10.89282 9.76819 8.6 10.89479 7.86636 8.6 10.80064 7.40219

3 10.7 12.51883 11.04926 10.7 12.52024 8.46847 10.6 12.42466 7.81750

4 12.3 13.80852 12.06536 12.3 13.80954 8.94719 12.3 13.81309 8.11249

5 13.6 14.88931 12.91688 13.6 14.89008 9.34841 13.6 14.89274 8.33868

6 14.7 15.82606 13.65491 14.7 15.82665 9.69617 14.7 15.82875 8.53305

7 15.6 16.59966 14.26441 15.6 16.60013 9.98338 15.6 16.60183 8.69344

8 16.4 17.29889 14.81531 16.4 17.29927 10.24298 16.4 17.30066 8.83842

9 17.1 17.91664 15.30201 17.1 17.91694 10.47233 17.1 17.91810 8.96651

10 17.7 − − 17.8 − − 17.8 − −

0.30 0 0 5.68726 5.68726 0 5.67102 5.67102 0 5.63107 5.63107

1 5.6 8.15830 7.61324 5.6 8.16060 6.77518 5.5 8.06561 6.49214

2 8 9.78829 8.89865 8 9.78969 7.54535 7.9 9.69360 7.06676

3 9.6 10.97457 9.83416 9.6 10.97547 8.10838 9.5 10.87816 7.47238

4 10.8 11.91666 10.57709 10.8 11.91727 8.55563 10.7 11.81918 7.79351

5 11.7 12.64035 11.14779 11.7 12.64078 8.89921 11.7 12.64231 8.06537

6 12.5 13.31225 11.67766 12.5 13.31258 9.21823 12.5 13.31374 8.28656

7 13.1 13.81487 12.07402 13.1 13.81512 9.45688 13.1 13.81603 8.45187

8 13.6 14.23836 12.40799 13.6 14.23856 9.65796 13.6 14.23929 8.59117

9 14 14.57665 12.67477 14 14.57681 9.81859 14 14.57742 8.70245

10 14.4 − − 14.4 − − 14.4 − −

0.40 0 0 5.68726 5.68726 0 5.67102 5.67102 0 5.63107 5.63107

1 5.6 7.77984 7.31478 5.6 7.78176 6.57640 5.5 7.68549 6.29947

2 7.7 9.16830 8.40971 7.7 9.16932 7.15560 7.6 9.07199 6.73276

3 9 10.10593 9.14912 9 10.10653 7.55090 8.9 10.00828 7.03072

4 10 10.88708 9.76514 10 10.88748 7.88017 9.9 10.78869 7.27163

5 10.7 11.44044 10.20151 10.7 11.44072 8.11342 10.6 11.34160 7.44155

6 11.3 11.93544 10.59187 11.3 11.93564 8.32210 11.2 11.83631 7.59358

7 11.8 12.35652 10.92393 11.8 12.35667 8.49961 11.7 12.25719 7.72292

8 12.2 12.69503 11.19087 12.2 12.69514 8.64232 12.1 12.59556 7.82690

9 12.5 12.94576 11.38860 12.5 12.94585 8.74802 12.4 12.84619 7.90393

10 12.8 − − 12.8 − − 12.7 − −

0.50 0 0 5.68726 5.68726 0 5.67102 5.67102 0 5.63107 5.63107

1 5.6 7.50098 7.09487 5.6 7.50257 6.42991 5.5 7.40526 6.15743

2 7.4 8.64562 7.99754 7.4 8.64639 6.97198 7.3 8.54825 6.56993

3 8.5 9.42515 8.61228 8.5 9.42559 7.34458 8.4 9.32678 6.85714

4 9.3 10.03569 9.09375 9.3 10.03597 7.63645 9.2 9.93678 7.08188

5 9.9 10.51056 9.46823 9.9 10.51075 7.86348 9.8 10.41133 7.25656

6 10.4 10.92179 9.79253 10.4 10.92193 8.06010 10.3 10.82236 7.40786

7 10.8 11.25554 10.05573 10.8 11.25564 8.21967 10.7 11.15598 7.53067

8 11.1 11.50420 10.25183 11.1 11.50427 8.33856 11 11.40453 7.62216

9 11.3 11.66323 10.37723 11.3 11.66329 8.41460 11.2 11.56351 7.68068

10 11.5 − − 11.5 − − 11.4 − −

Table 5: As in Table 4 for hγ
k = γ(k + 1/t).
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σ = 0.01 σ = 0.05 σ = 0.1

γ k τk tk(S|ρ, τk) E[T (S|ρ)] τk tk(S|ρ, τk) E[T (S|ρ)] τk tk(S|ρ, τk) E[T (S|ρ)]

0.10 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63108

1 5.6 10.60672 9.54406 5.6 10.60128 8.05584 5.5 10.48243 7.71716

2 10.5 15.43612 13.06243 10.4 15.32781 9.70663 10.3 15.21313 8.96870

3 15.2 20.10349 16.45730 15.1 19.99641 10.91375 15 19.88345 9.71552

4 19.9 24.78593 19.85767 19.7 24.57751 11.87111 19.6 24.46552 10.18012

5 24.5 29.37330 23.18837 24.3 29.16563 12.62656 24.2 29.05423 10.47747

6 29 33.86321 26.44830 28.8 33.65605 13.25413 28.7 33.54509 10.67451

7 33.5 38.35583 29.71020 33.3 38.14903 13.80125 33.2 38.03837 10.80656

8 37.9 42.74910 32.89997 37.7 42.54257 14.29198 37.6 42.43216 10.90462

9 42.3 47.14377 36.09076 42.1 46.93744 14.73815 42 46.82723 10.97419

10 46.6 − − 46.4 − − 46.3 − −

0.20 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63108

1 5.6 10.15805 9.19024 5.6 10.15632 7.82236 5.5 10.04430 7.49508

2 10 14.43612 12.55139 10 14.43502 9.32969 9.9 14.32809 8.63962

3 14.2 18.58101 15.80811 14.2 18.58013 10.50743 14.1 18.47535 9.35591

4 18.3 22.64836 19.00391 18.3 22.64759 11.49874 18.2 22.54400 9.85966

5 22.4 26.72789 22.20928 22.4 26.72717 12.32404 22.3 26.62433 10.19701

6 26.4 30.71172 25.33945 26.4 30.71101 13.05765 26.3 30.60872 10.43497

7 30.4 34.69989 28.47304 30.4 34.69919 13.70868 30.3 34.59728 10.60951

8 34.3 38.58921 31.52895 34.3 38.58851 14.31012 34.2 38.48692 10.74358

9 38.2 42.48078 34.58663 38.2 42.48006 14.88063 38.1 42.37871 10.84712

10 42 − − 42 − − 41.9 − −

0.30 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63108

1 5.6 9.82835 8.93024 5.6 9.82822 7.65020 5.5 9.71886 7.33013

2 9.7 13.77290 12.02712 9.7 13.77325 9.05618 9.6 13.66914 8.42208

3 13.6 17.60335 15.03412 13.6 17.60386 10.13267 13.5 17.50194 9.09544

4 17.4 21.36237 17.98505 17.4 21.36294 11.01427 17.3 21.26225 9.54687

5 21.1 25.03368 20.86712 21.1 25.03428 11.79084 21 24.93439 9.86134

6 24.7 28.61136 23.67569 24.7 28.61199 12.50716 24.6 28.51265 10.11472

7 28.3 32.19502 26.48896 28.3 32.19565 13.18662 28.2 32.09672 10.30522

8 31.8 35.68053 29.22517 31.8 35.68115 13.82877 31.7 35.58255 10.46490

9 35.3 39.16907 31.96377 35.3 39.16968 14.45565 35.2 39.07133 10.60091

10 38.7 − − 38.7 − − 38.6 − −

0.40 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63108

1 5.6 9.57060 8.72698 5.6 9.57127 7.51538 5.5 9.46302 7.20045

2 9.4 13.18612 11.57811 9.4 13.18712 8.97648 9.3 13.08403 8.30996

3 13 16.70392 14.35219 13 16.70503 10.17493 12.9 16.60413 9.05127

4 16.5 20.15561 17.07413 16.5 20.15676 11.20212 16.4 20.05709 9.56433

5 19.9 23.52192 19.72874 19.9 23.52309 12.14432 19.8 23.42421 9.94772

6 23.2 26.79583 22.31049 23.2 26.79700 13.03671 23.1 26.69868 10.26372

7 26.5 30.07671 24.89773 26.5 30.07787 13.89713 26.4 29.97996 10.51930

8 29.7 33.25983 27.40788 29.7 33.26099 14.72235 29.6 33.16339 10.73798

9 32.9 36.44648 29.92081 32.9 36.44762 15.53760 32.8 36.35027 10.92540

10 36 − − 36 − − 35.9 − −

0.50 0 0 5.68727 5.68726 0 5.67102 5.67102 0 5.63108 5.63108

1 5.6 9.36082 8.56154 5.6 9.36189 7.40552 5.5 9.25411 7.09456

2 9.2 12.75685 11.23965 9.2 12.75816 8.83338 9.1 12.65537 8.17000

3 12.6 16.06621 13.84940 12.6 16.06757 9.97747 12.5 15.96694 8.87010

4 15.9 19.31301 16.40981 15.9 19.31439 10.94471 15.8 19.21496 9.34659

5 19.1 22.47599 18.90412 19.1 22.47736 11.81680 19 22.37871 9.70783

6 22.2 25.54738 21.32620 22.2 25.54875 12.64575 22.1 25.45064 10.00296

7 25.2 28.52367 23.67330 25.2 28.52504 13.44043 25.1 28.42733 10.25911

8 28.2 31.50549 26.02475 28.2 31.50685 14.22807 28.1 31.40945 10.48397

9 31.1 34.38891 28.29860 31.1 34.39025 14.98949 31 34.29310 10.68440

10 34 − − 34 − − 33.9 − −

Table 6: As in Table 4 for hγ
k = γ[1− (τk/t)k].
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γ = .4 γ = .5

σ k τk α̂ β̂ σ̂ γ̂ τ ′
k τk α̂ β̂ σ̂ γ̂ τ ′

k

0.01 0 0 6.45422 0.31371 0.01001 5.6 0 6.45506 0.31376 0.01000 5.6

1 5.6 6.46868 0.31444 0.01000 0.40088 8 5.6 6.46834 0.31442 0.00998 0.50082 7.7

2 8 6.46138 0.31406 0.00999 0.40001 9.4 7.7 6.46078 0.31403 0.00999 0.49999 8.9

3 9.4 6.46037 0.31401 0.01000 0.39996 10.4 8.9 6.45911 0.31394 0.00999 0.49994 9.7

4 10.4 6.45786 0.31387 0.01000 0.39977 11.2 9.7 6.45884 0.31393 0.00997 0.49983 10.3

5 11.2 6.45704 0.31385 0.01000 0.39974 11.8 10.3 6.45539 0.31376 0.01001 0.49954 10.8

6 11.8 6.45437 0.31369 0.00997 0.39952 12.3 10.8 6.45188 0.31356 0.01001 0.49919 11.2

7 12.3 6.45317 0.31363 0.00998 0.39942 12.7 11.2 6.44981 0.31344 0.00998 0.49897 11.5

8 12.7 6.45054 0.31349 0.01001 0.39924 13 11.5 6.44593 0.31324 0.01001 0.49863 11.7

9 13 6.44783 0.31333 0.00999 0.39900 13.3 11.7 6.44205 0.31304 0.01002 0.49834 11.9

10 13.3 6.44449 0.31315 0.00999 0.39878 11.9 6.43724 0.31275 0.01002 0.49778

0.05 0 0 6.32064 0.30714 0.04993 5.6 0 6.31260 0.30673 0.05004 5.6

1 5.6 6.45107 0.31349 0.05005 0.39800 8 5.6 6.45353 0.31367 0.04998 0.49890 7.7

2 8 6.46005 0.31396 0.04997 0.39916 9.4 7.7 6.46086 0.31412 0.04992 0.50104 8.9

3 9.4 6.45319 0.31366 0.04996 0.39964 10.4 8.9 6.45571 0.31368 0.04995 0.49869 9.7

4 10.4 6.46302 0.31414 0.05001 0.40015 11.2 9.7 6.45071 0.31349 0.04999 0.49895 10.3

5 11.2 6.45781 0.31384 0.04997 0.39963 11.8 10.3 6.45011 0.31349 0.05001 0.49910 10.8

6 11.8 6.45288 0.31358 0.05002 0.39929 12.3 10.8 6.45391 0.31366 0.05000 0.49926 11.2

7 12.3 6.45657 0.31382 0.04997 0.39966 12.7 11.2 6.44715 0.31331 0.04988 0.49870 11.5

8 12.7 6.45253 0.31357 0.04993 0.39930 13 11.5 6.44520 0.31323 0.04995 0.49866 11.7

9 13 6.44540 0.31317 0.04993 0.39874 13.3 11.7 6.44031 0.31290 0.04996 0.49800 11.9

10 13.3 6.44824 0.31334 0.04989 0.39900 11.9 6.43380 0.31262 0.04994 0.49771

0.1 0 0 5.90189 0.28653 0.09997 5.9 0 5.89744 0.28637 0.10004 5.9

1 5.5 6.40954 0.31135 0.10002 0.39435 8 5.5 6.45652 0.31370 0.09993 0.49573 7.7

2 7.9 6.46195 0.31419 0.10006 0.40118 9.4 7.7 6.42944 0.31238 0.10005 0.49621 8.9

3 9.4 6.45639 0.31364 0.09993 0.39881 10.4 8.9 6.47060 0.31455 0.09994 0.50110 9.7

4 10.4 6.46895 0.31447 0.10028 0.40078 11.2 9.7 6.45552 0.31379 0.09996 0.49961 10.3

5 11.2 6.45760 0.31402 0.10000 0.40028 11.8 10.3 6.45620 0.31373 0.10002 0.49901 10.8

6 11.8 6.44905 0.31353 0.09998 0.39980 12.3 10.8 6.44840 0.31338 0.09973 0.49900 11.2

7 12.3 6.45783 0.31384 0.09993 0.39958 12.7 11.2 6.44969 0.31336 0.09992 0.49874 11.5

8 12.7 6.44989 0.31350 0.09993 0.39942 13 11.5 6.44755 0.31319 0.09985 0.49825 11.7

9 13 6.44457 0.31317 0.09994 0.39878 13.3 11.7 6.44249 0.31310 0.10000 0.49854 11.9

10 13.3 6.44854 0.31336 0.09966 0.39885 11.9 6.43714 0.31282 0.09962 0.49811

Table 8: (continued) Estimates of the parameters, and real and estimated first-passage-times

through S = 6 · 108 for hk(t) = γ(k − 1/t) (k = 1, . . . , 10) and α = 6.46, β = 0.314.
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γ = .4 γ = .5

σ k τk α̂ β̂ σ̂ γ̂ τ ′
k τk α̂ β̂ σ̂ γ̂ τ ′

k

0.01 0 0 6.45190 0.31360 0.00998 5.6 0 6.45342 0.31368 0.00999 5.6

1 5.6 6.45608 0.31380 0.00999 0.39954 7.7 5.6 6.45673 0.31384 0.01001 0.49955 7.4

2 7.7 6.45749 0.31388 0.01000 0.39974 9 7.4 6.45582 0.31379 0.00999 0.49961 8.5

3 9.0 6.45701 0.31386 0.01000 0.39985 10 8.5 6.45706 0.31385 0.01000 0.49967 9.3

4 10.0 6.45671 0.31383 0.00998 0.39974 10.7 9.3 6.45539 0.31377 0.00999 0.49958 9.9

5 10.7 6.45458 0.31372 0.00999 0.39957 11.3 9.9 6.45289 0.31363 0.00997 0.49933 10.4

6 11.3 6.45349 0.31366 0.01000 0.39950 11.8 10.4 6.45045 0.31350 0.00999 0.49910 10.8

7 11.8 6.45099 0.31353 0.00998 0.39932 12.2 10.8 6.44689 0.31330 0.00999 0.49875 11.1

8 12.2 6.44892 0.31341 0.00998 0.39915 12.5 11.1 6.44362 0.31313 0.01000 0.49847 11.3

9 12.5 6.44633 0.31327 0.00998 0.39896 12.8 11.3 6.44013 0.31294 0.01001 0.49814 11.5

10 12.8 6.44323 0.31311 0.00999 0.39876 11.5 6.43663 0.31274 0.01002 0.49782

0.05 0 0 6.30572 0.30643 0.04993 5.7 0 6.32391 0.30732 0.04999 5.7

1 5.6 6.45150 0.31358 0.04999 0.39938 7.8 5.6 6.45686 0.31386 0.04994 0.49958 7.5

2 7.7 6.46424 0.31425 0.04998 0.40048 9.1 7.4 6.44215 0.31308 0.04999 0.49827 8.6

3 9.0 6.45509 0.31375 0.05004 0.39968 10.1 8.5 6.45753 0.31385 0.04998 0.49946 9.4

4 10.0 6.46080 0.31404 0.05001 0.39990 10.8 9.3 6.45449 0.31369 0.04996 0.49934 10

5 10.7 6.45748 0.31388 0.05001 0.39984 11.4 9.9 6.45535 0.31376 0.05002 0.49956 10.5

6 11.3 6.45393 0.31373 0.04996 0.39979 11.9 10.4 6.44923 0.31349 0.04998 0.49930 10.9

7 11.8 6.45254 0.31363 0.04994 0.39950 12.3 10.8 6.44453 0.31311 0.05000 0.49823 11.2

8 12.2 6.44823 0.31337 0.04992 0.39901 12.6 11.1 6.44611 0.31324 0.04992 0.49861 11.4

9 12.5 6.44276 0.31307 0.04995 0.39866 12.9 11.3 6.43666 0.31277 0.04991 0.49789 11.6

10 12.8 6.44256 0.31306 0.04993 0.39866 11.5 6.43472 0.31264 0.04988 0.49767

0.1 0 0 5.93139 0.28804 0.10006 5.9 0 5.91030 0.28699 0.09994 5.9

1 5.5 6.43175 0.31256 0.10005 0.39713 8 5.5 6.44549 0.31329 0.10004 0.49756 7.7

2 7.6 6.43369 0.31263 0.09988 0.39780 9.3 7.3 6.45416 0.31370 0.09995 0.49946 8.8

3 8.9 6.46111 0.31407 0.09996 0.39984 10.3 8.4 6.43016 0.31248 0.09996 0.49747 9.6

4 9.9 6.45753 0.31387 0.10006 0.39992 11 9.2 6.44227 0.31310 0.09989 0.49868 10.2

5 10.6 6.45266 0.31362 0.09988 0.39948 11.6 9.8 6.45350 0.31371 0.09991 0.49981 10.7

6 11.2 6.45409 0.31381 0.10003 0.40013 12.1 10.3 6.44710 0.31324 0.09986 0.49833 11.1

7 11.7 6.44758 0.31336 0.09997 0.39918 12.5 10.7 6.44353 0.31312 0.09986 0.49834 11.4

8 12.1 6.45037 0.31346 0.09987 0.39922 12.8 11.0 6.44123 0.31288 0.09995 0.49776 11.6

9 12.4 6.44185 0.31298 0.09993 0.39845 13.1 11.2 6.44620 0.31314 0.09999 0.49819 11.8

10 12.7 6.44684 0.31324 0.09986 0.39874 11.4 6.43645 0.31267 0.09974 0.49757

Table 10: (continued) Estimates of the parameters, and real and estimated first-passage-times

through S = 6 · 108 for hk(t) = γ(k + 1/t) (k = 1, . . . , 10) and α = 6.46, β = 0.314.
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Conclusions

We propose a cancer growth model based on a time non homogeneous Gom-

pertz diffusion process with jumps to study the effect of an intermittent therapy.

We assume that each therapeutic application reduces the cancer size at a fixed

level and produces an increase in the growth rate of the cancer cells. The

rate increase is expressed via a time dependent function, hk(t), increasing with

the number of applications k. The obtained stochastic process X(t) is time non

homogeneous being a combination of different non-homogeneous Gompertz pro-

cesses, Xk(t), that describe the phenomenon in each inter-jump interval. After

the study of the main characteristics of X(t), we focus on the estimation of the

model.

Specifically we distinguish two situations: if the instants (τ1, τ2, . . . τN ) of

therapeutical applications are known before that the experimentation or they

are unknown priorly. In this second case we determine a strategy based on the

FPT mean though a control threshold to chose τi. If the instants are priorly

fixed, the informations of all involved processes are used to jointly estimate

α,β,σ2 and the functions hk(t); whereas when the instants are not established

in advanced, we use the previous procedure, but it is iteratively applied after the

determination of each therapeutic instant so that we can update the estimations

at each step. Moreover, in both cases we consider two different situations: if

hk(t) is known except for a parameter γ > 0 to be estimation and if hk(t) is

completely unknown. This last case is specially interesting because of it mainly

represents real situations, together with the case of unknown time instants of

therapeutic application.

Extensively simulation studies, performed by using algorithms implemented

with R, allow to conclude that the procedures provide good estimation of the

true values and, as it is expected, the error increases as σ increases.
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γ = .4 γ = .5

σ k τk α̂ β̂ σ̂ τ ′
k τk α̂ β̂ σ̂ τ ′

k

0.01 0 0 6.45605 0.31381 0.01000 5.6 0 6.45399 0.31371 0.00998 5.6

1 5.6 6.45466 0.31373 0.00994 9.4 5.6 6.45509 0.31374 0.01001 9.1

2 9.4 6.45236 0.31360 0.01003 12.9 9.2 6.45563 0.31376 0.00995 12.5

3 13 6.44846 0.31340 0.01001 16.4 12.6 6.45722 0.31386 0.00995 15.8

4 16.5 6.46293 0.31413 0.01006 19.8 15.9 6.44617 0.31328 0.01005 19

5 19.9 6.44642 0.31332 0.01002 23.2 19.1 6.46050 0.31403 0.00997 22.2

6 23.2 6.46988 0.31450 0.01004 26.4 22.2 6.46532 0.31426 0.01002 25.1

7 26.5 6.45160 0.31357 0.01000 29.7 25.2 6.46620 0.31431 0.01006 28.1

8 29.7 6.43981 0.31297 0.00999 32.8 28.2 6.46572 0.31429 0.01003 31

9 32.9 6.44764 0.31336 0.01003 35.9 31.1 6.45404 0.31369 0.01000 34

10 36 6.47173 0.31461 0.00996 34 6.46580 0.31431 0.01003

0.05 0 0 6.23802 0.30316 0.05008 5.7 0 6.20531 0.30153 0.04992 5.8

1 5.6 6.36359 0.30910 0.04984 9.4 5.6 6.40388 0.31114 0.05007 9.1

2 9.4 6.35466 0.30866 0.04984 12.9 9.2 6.39066 0.31050 0.05010 12.5

3 13 6.44860 0.31342 0.04985 16.4 12.6 6.36026 0.30887 0.05013 15.8

4 16.5 6.33804 0.30771 0.04994 19.8 15.9 6.38265 0.31001 0.05010 19

5 19.9 6.40750 0.31134 0.04998 23.2 19.1 6.41111 0.31150 0.05008 22.1

6 23.2 6.29281 0.30547 0.05000 26.4 22.2 6.34697 0.30821 0.05026 25.2

7 26.5 6.35181 0.30847 0.04988 29.6 25.2 6.34053 0.30788 0.05045 28.1

8 29.7 6.40700 0.31139 0.05014 32.8 28.2 6.37038 0.30936 0.05018 31

9 32.9 6.38814 0.31035 0.04999 35.9 31.1 6.42165 0.31205 0.04967 33.9

10 36 6.37991 0.30995 0.04997 34 6.31765 0.30669 0.05008

0.1 0 0 5.64001 0.27387 0.09972 6.2 0 5.65392 0.27456 0.09986 6.2

1 5.5 6.03754 0.29248 0.09956 9.3 5.5 6.19615 0.30043 0.10003 9

2 9.3 6.15078 0.29808 0.09933 12.8 9.1 6.06846 0.29394 0.10012 12.4

3 12.9 6.01161 0.29100 0.09948 16.3 12.5 6.09925 0.29552 0.09997 15.7

4 16.4 6.08699 0.29472 0.09961 19.7 15.8 6.14507 0.29792 0.09990 18.9

5 19.8 6.07383 0.29424 0.09962 23.1 19 6.02979 0.29201 0.10006 22

6 23.1 6.02149 0.29140 0.10007 26.3 22.1 6.17674 0.29950 0.10000 25.1

7 26.4 6.02436 0.29169 0.09962 29.6 25.1 6.05982 0.29355 0.10019 28

8 29.6 6.08830 0.29484 0.10061 32.7 28.1 6.05554 0.29324 0.09958 31

9 32.8 6.07034 0.29427 0.10001 35.9 31 6.06891 0.29388 0.10062 33.8

10 35.9 6.03297 0.29207 0.09958 33.9 5.97297 0.28906 0.09987

Table 12: (continued) Estimates of the parameters, and real and estimated first-passage-times

through S = 6 · 108 for hk(t) = γ[1− (τk/t)k] (k = 1, . . . , 10) and α = 6.46, β = 0.314.
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x A non-homogeneous Gompertz process with jumps is built as model of tumor 
dynamics 

x In real applications the instants of therapeutical application can be known or not 
x The estimation of the model is developed in both cases. 
x A strategy for obtaining optimal instants of therapeutical application is developed 

Highlights (for review)
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